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Wavefront shaping makes it possible to form a focus through
opaque scattering materials. In some cases, this focus may be
scanned over a small distance using the optical memory effect.
However, in many cases of interest, the optical memory effect
has a limited range or is even too small to be measured. In
such cases, one often resorts to measuring the full transmis-
sion matrix (TM) of the sample to completely control the
light transmission. However, this process is time-consuming
and may not always be possible. We introduce a new method,
to the best of our knowledge, for focusing and scanning the
focus at any arbitrary position behind the medium by meas-
uring only a subset of the TM, called sparse field focusing
(SFF). With SFF, the scan range is not limited to the memory
effect, and there is no need to measure the full TM. Our ex-
perimental results agree well with our theoretical model. We
expect that this method will find applications in imaging
through scattering media, especially when the optical memory
effect range is small. © 2019 Optical Society of America

https://doi.org/10.1364/OL.44.005226

It is challenging to perform high-resolution imaging deep
inside scattering media. Due to the inhomogeneity of the re-
fractive index, light is scattered during propagation. However,
wavefront-shaping techniques can compensate for this distor-
tion and achieve a focus despite scattering [1,2]. For imaging
applications, it is desirable to scan the constructed focus in a
two-dimensional plane behind or inside a scattering medium.

There are two approaches to scan the focus acquired by wave-
front shaping. First, a single corrected focus is scanned to a new
position by applying a shift and/or tilt to the incident wavefront.
When the correlation of corrections between the new and the
previous positions is high, the previous correction can also be ap-
plied to form a focus in the new position. The correlation is called
the optical memory effect [3–7]. In this approach, a focus can be
scanned over a limited distance called the memory-effect range or,
alternatively, isoplanatic patch. However, to focus light at a posi-
tion outside this range, a different correction is needed. This
problem is illustrated in Figs. 1(a) and 1(b). Figure 1(a) shows
the required shaped wavefront to focus the scattered light through
a strongly scattering layer. In Fig. 1(b), shifting the incident wave-
front causes the light to propagate through a different part of the

sample than what the wavefront was originally constructed for.
Therefore, the shifted wavefront will not form a focus. This is
the limitation of the ordinary scanning technique. The optical
memory-effect range is small when focusing deep inside biological
tissues (e.g., 6 μm through 1 mm of chicken breast tissue) [4].

The second approach is to measure the full transmission ma-
trix (TM) of the scattering medium. The TM is the input-output
response of the scattering medium. Knowledge of the full TM
makes it possible to focus at any arbitrary position behind the
medium [8–10]. Furthermore, the measured TM provides the
required information to transmit images through the medium
[11,12]. However, measuring the full TM, if at all possible, is
computationally expensive, memory consuming, and slow.

Fig. 1. Focusing and scanning via (a), (b) conventional methods
and (c), (d) SFF. (a) Focusing scattered light through a turbid medium.
(b) Shifting the incident wavefront destroys the focus. (c) Discrete set
of shaped waves illuminates the medium. The focus is formed by the
superposition of the resulting plane waves in the image plane.
(d) Changing the relative phase (solid line) between wavefronts makes
the focus move. Note: for clarity, only three non-overlapping incident
waves are drawn. In the experiment, several hundreds of overlapping
incident waves are used.
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In this Letter, we present a method in which a corrected
focus is scanned through a scattering medium beyond its iso-
planatic patch, by only measuring a subset of the TM. We will
first present our new concept of sparse field focusing (SFF) and
experimentally demonstrate that it achieves a scan range that far
exceeds the isoplanatic patch. Then we present an analytical
model for SFF and compare it to our experimental results.

In our method, the scattering medium is illuminated by a
group of superposed wavefronts. Each of these wavefronts is
shaped (optimized) in such a way that, after scattering, the light
forms a plane wave at the back side of the sample (the image
plane). Superposing the optimized wavefronts creates a focus as
a result of constructive interference of the transmitted plane
waves at the image plane.

Figures 1(c) and 1(d) show the principle of SFF. In Fig. 1(c),
the scattering medium is illuminated by a set of wavefronts op-
timized to form apodized plane waves at the image plane. The
apodized plane waves interfere constructively and form a focus at
the image plane. Mathematically, the field in the image plane,
E�x, y�, is now a linear combination ofM apodized plane waves
added to the background field:

E�x,y��
XM
m�1

Am�x,y�exp�ikmxx� ikmyy� iφm��Ebg, (1)

where Am�x, y� is the amplitude of themth optimized field in the
image plane. kmx and kmy are the components of the wave vector
parallel to the image plane, and φm is an optional and additional
phase shift. For simplicity, we only consider one polarization
state. When φm � 0, the waves interfere constructively to form
a focus at x � 0, y � 0. Practically, not all the light can contrib-
ute to form plane waves; part of the light forms a background
speckle, Ebg. (See Appendix A for the quantitative treatment.)

Figure 1(d) shows the proposed method of scanning
the focus constructed using SFF. To scan the focus by a dis-
tance of Δx and Δy, we apply phase shifts of φm �
kmxΔx � kmyΔy to the incident waves. Since we only change
the overall phase of each shaped wave, each individual wave will
still propagate through the medium in the exact same way as
without a phase shift. From Eq. (1), we see that the waves now
interfere constructively at a shifted position x � Δx and
y � Δy. In other words, the focus has been shifted without
the need to use a wavefront-shaping algorithm to re-calculate
the wavefront for focusing in new isoplanatic patches.

We used the setup depicted in Fig. 2 to measure the partial
TM of a scattering sample. A 632.8 nm He–Ne laser beam was
expanded and split into two paths; one was reflected off a phase-
only spatial light modulator (SLM, GAEA-2 NIR, Holoeye).
After a 4f system, the SLM was imaged onto the back focal plane
of a microscope objective (A-Plan 100 × ∕0.8, Zeiss), which fo-
cused the light onto the surface of the sample. The intensity dis-
tribution at the back focal plane of the second objective was
imaged with the CMOS1 camera (acA2000-165umNIR,
Basler), providing feedback for wavefront shaping. An identical
CMOS camera (CMOS2) was used only to visually inspect the
focus that is formed by SFF; it was not used for wavefront shap-
ing. P2 was used to select only one of the polarization states.

The sample under study is a 11� 3 μm thick layer of zinc-
oxide (Sigma Aldrich, average grain size 200 nm) on a coverslip
with a thickness of 170 μm. The transport mean free path of
similar zinc-oxide samples was measured to be around 0.6 μm

at a wavelength of λ � 632.8 nm [13]. Consequently, the sam-
ple is optically thick so that there is no transmitted ballistic
light. Due to the isotropic scattering, there is no anisotropic
memory effect [4]; therefore, this effect cannot be used to scan
the focus inside (or at the back surface) of the sample.

We performed wavefront shaping by running a stepwise se-
quential algorithm [14] and obtaining feedback from 500 indi-
vidual targets on CMOS1. Each target is a circular region with a
diameter of three pixels, corresponding to 11 μm at the back pu-
pil plane of obj2, which is smaller than the speckle size in that
plane (diameter of 30 μm). The locations of the targets are shown
in Fig. 2 (inset). During the wavefront-shaping process, the refer-
ence path is blocked. After performing wavefront shaping, each
optimized wave, corresponding to a row of the TM, provides the
information needed to construct a focus in the back focal plane
(CMOS1) and, consequently, a plane wave in the image plane.

Next, we superposed these optimized waves in the image plane
in order to make a focus. For this superposition, all the optimized
waves need to be in phase to have constructive interference. The
wavefront-shaping algorithm does not give the overall phase for
each wave, so an interferometric measurement is needed to deter-
mine the relative phase among the optimized waves. The
optimized waves have the same phase as the original speckle pattern
[1]; therefore, it suffices to measure the phase of the original speckle
pattern in the targets on CMOS1 using phase-step holography.We
unblocked the reference path and performed phase-step hologra-
phy. Once the relative overall phase among waves has been mea-
sured, we blocked the reference path and subtracted the optimized
wavefronts to their measured overall phase so that all optimized
waves are in phase. Finally, we summed the M optimized fields
in order to generate a superposition of M optimized waves in
the image plane. After displaying the phase of this superposed field
on the SLM, a bright focus appeared in the image plane.

Figure 3(a) shows the random speckle pattern in the image
plane when an unshaped beam is focused onto the sample. In
Fig. 3(b), the result of interfering 500 optimized waves is shown.
A bright focus is formed in the image plane. Figure 3(c) shows
the intensity profile of the focus acquired by interfering 500
waves and the intensity profile of the theoretical diffraction-
limited focus (dashed red). The acquired focus is 47 times
brighter than the non-optimized speckle pattern. The full width

Fig. 2. Schematic of the experimental setup. HWP, half-wave plate;
M, mirror; BS, 50% non-polarizing beam splitter; P, polarizer;
CMOS, complementary metal oxide semiconductor camera; obj, mi-
croscope objective lens; L1, L2, L3, L4, and L5, lenses with focal
lengths of 150, 75, 100, 150, and 200 mm. The inset shows the dis-
tribution of 500 targets on CMOS1, and the circle around the targets
corresponds to the back pupil of obj2.
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at half-maximum of the obtained focus and the theoretical dif-
fraction-limited focus are 0.520 and 0.407 μm, respectively. This
slight difference is most likely caused by a small misalignment of
CMOS2, not perfectly placed in the plane conjugated to
CMOS1, or the aberration caused by L5.

Next, we tried to test how far the focus can be scanned by
manipulating the relative overall phase among the optimized
waves. First, we calculated the required phase shift, θ, for scan-
ning the focus for a specified displacement along the vertical axis
in the image plane. Next, to determine the phase shift of each
incident wavefront, φm [Eq. (1)], we linearly mapped the range
from 0 to θ to the vertical coordinates of 500 target positions
shown in Fig. 2 (inset). By applying the phase shift to the in-
cident wavefronts, the focus was scanned along the vertical axis
in the image plane (see Visualization 1). We measured the en-
hancement of the scanned focus, defined as the ratio of the opti-
mized intensity at the focus location to the reference intensity
which is the averaged intensity over 100 positions for the sample
[2]. In Fig. 3(d), the measured enhancement is plotted as a func-
tion of the spatial displacement of the focus from the beam
center during the vertical scanning. The focus can be scanned
over a range of 30 μm. Measuring 500 optimized waves using
1010 SLM segments took 8 minutes. Scanning the focus for 241
scanning points took 30 seconds. These time intervals are mainly
limited by the response time of the SLM, which can be improved
using the recent advances in wavefront shaping [15].

Finally, we verified that the formed focus could not be
shifted using the optical memory effect applying tilt or shift,
or a combination of the two. This only causes the intensity
of the focus to decrease (data are not shown).

We present an analytical model that describes the enhance-
ment of a focus coming from a superposition of M optimized
fields [Eq. (1)]. In Appendix A, we show that the enhancement
of this focus, η�x, y�, equals

η�x, y� � jγj2M �N − 1�
N s

F�x, y� � 1, (2)

whereM is the number of optimized fields, and N is the num-
ber of controlled segments on the SLM used for wavefront
shaping. jγj2 is the wavefront-shaping fidelity describing the
quality of the wavefront modulation [16,17]. Since we use
phase-only modulation, the fidelity cannot exceed π∕4 [1,2].
Form function F �x, y� corresponds to the ensemble averaged
intensity in the image plane, normalized to a maximum of
one; i.e., F�x, y� is the shape of the diffuse transmission as
may be calculated using diffusion theory. From Eq. (2),
�x, y� also describes how the enhancement decreases as the fo-
cus is scanned away from the center. As such, it corresponds to
the envelope of the scan area. N s is the effective number of
speckles in this area (see Appendix A). As can be seen from
Eq. (2), the enhancement is inversely proportional to the scan
areaN s. In our experiment, the average fidelity of the wavefront
shaping was measured to be 0.54 with N � 1010. The pre-
dicted enhancement for the scanned focus using Eq. (2) is
shown in Fig. 3(d) (red solid line).

The focus is scanned for n individual scanning points by
changing the relative phase between M incident wavefronts.
In other words, we perform a sparse sampling of M rows of
the TM. Measuring only M TM rows is sufficient to focus
at n positions through scattering media. To quantify how effi-
cient SFF can correct in various isoplantic patches, the gain, A, is
defined as the total number of individual scan points (n) divided
by the number of shaped wavefronts (M ) given by the equation

A � n
M

: (3)

In our experiment, two-dimensional scanning in the image plane
provided 2984� 390 individual scanning points with an en-
hancement higher than 10. Using Eq. (3), the calculated gain
for our experiment is 6.0� 0.8, meaning that we obtained
the full TM by performing 6 times less measurement than
measuring the full TM.

In Fig. 3(d), the measured enhancement decreases, where the
focus is scanned further away from the center as the model (red
solid line), given by Eq. (2), predicts. This decrease follows the
distribution of the ensemble averaged intensity in the image
plane, which results in a low enhancement for the focus positions
further away from the beam center and limits the scan range.

According to Eqs. (2) and (3), there is a trade-off between
the gain (A) and enhancement (η). To increase η, we can in-
crease the number of optimized waves (M ), but the number of
measurements increases causing the gain to decrease.

In summary, we have presented a novel focusing and scan-
ning through scattering media with fewer measurements than
those in conventional methods [1,8,18]. This method enables
us to scan the focus approximately 30 μm through a strongly
scattering medium, while the isoplanatic patch is less than
0.38 μm. We assume that the scattering sample remains stable
during the focusing and scanning experiment. Our experimen-
tal results show that we can scan the focus through the scatter-
ing medium for a number of individual points which is
6.0� 0.8 times greater than the number of the measured rows
of the TM. The enhancement of the intensity of the focus can
be described by Eq. (2). We confirmed that we can achieve a
similar resolution by measuring only part of the TM as when
measuring the full TM. In this Letter, we assume that both
sides of the sample are accessible. However, for cases in which
there is no access to the back side of the sample, focusing may
be done using an embedded guide-star [19–22]. Since it is not

Fig. 3. Intensity at the image plane (a) with a non-shaped incident
beam and (b) when combining 500 optimized plane waves. The acquired
focus is 47 times brighter than the original speckle pattern. (c) Intensity
profile of the formed focus at the image plane. The dashed line is the in-
tensity profile of the theoretical diffraction-limited focus. (d) Measured in-
tensity enhancement as a function of the displacement from the center for
the vertical scanning (blue circles). The predicted value for the enhance-
ment, as given by Eq. (2), is represented by the red solid line.
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possible or desirable to have a guide-star everywhere, we also
envision that our sparse sampling approach may be adapted
to imaging inside scattering media using a subset of embedded
guide-stars.

APPENDIX A

In this appendix, we derive the enhancement of the constructed
focus using SFF [Eq. (2)]. In our analytical model, we describe
scattering in the sample with the TM elements, tba, which have
a circular Gaussian distribution. The transmitted field in out-
put mode b located in the image plane is

Eb �
XN
a�1

tbaEa, (A1)

where Ea is the input field coming from the phase modulator.
We optimize the incident field, Ea, by getting feedback from
the intensity of multiple targets located in the back focal plane.
The field in the back focal plane is the Fourier transform of the
field in the image plane [23]. The field in target m placed in the
back focal plane is

Em
k ∝

X
b

Eb exp�−ikmb�, (A2)

where km is the wave vector component. After maximizing the
intensity the ofM targets in the back focal plane, the optimized
incident field of input mode a, Êa, is decomposed into a con-
tribution of the ideal incident field and an orthogonal part to
the ideal field, ζma , accounting for experimental imperfections.
Êa is given by

Ê a � Dγ
XM
m�1

X
b

t�ba exp�ikmb� �
XM
m�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jγj2
NM

r
ζma , (A3)

where the prefactor D � �NM
P

bhjtbaj2i�−1∕2 normalizes the
total incident intensity by assuming that the fields for different
M targets and N SLM segments are orthogonal. ζma has a com-
plex Gaussian distribution with mean zero and standard
deviation one. * represents the complex conjugate. The fidelity
parameter, jγj2, for phase-only modulation is given by [17]

jγj2 � π

4

SNR

1� SNR
, (A4)

where SNR is the signal-to-noise ratio of the feedback signal
used for wavefront shaping. Replacing the incident field in
Eq. (A1) by Eq. (A3) gives

Êb �
XN
a�1

tbaDγ
XM
m�1

X
b 0

t�b 0a exp�ikmb 0�

�
XN
a�1

tba
XM
m�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jγj2
NM

r
ζma , (A5)

which is the field in the image plane corresponding to the M
optimized targets in the back focal plane. The ensemble aver-
aged optimized intensity in the image plane is

hjÊ bj2i � jγj2M�N − 1� hjtbaj2i2P
b 0 hjtb 0aj2i

� hjtbaj2i, (A6)

where the angle brackets denote ensemble averaging over
disorder. The enhancement of the constructed focus in
output mode β, η�β�, is defined as the ratio of the optimized

intensity [Eq. (A6)] to the ensemble averaged intensity,
hjEbj2i � hjtbaj2i:

η�β� � jγj2M�N − 1� hjtβaj2iP
bhjtbaj2i

� 1, (A7)

We define the number of speckles as N s ≡
P

bI b∕max I b,
with Ib � hjtbaj2i, the ensemble averaged diffuse intensity.
Rewriting Eq. (A7) gives

η�β� � jγj2M�N − 1�
N s

hjtβaj2i
maxhjtbaj2i

� 1: (A8)

When we substitute F�β� � hjtβaj2i∕maxhjtbaj2i in Eq. (A8),
we derive Eq. (2) describing that the enhancement follows the
distribution of the original diffuse intensity.
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