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Abstract— We re-examine the division by zero prob-
lem which occurs in certainty equivalence based in-
direct adaptive control algorithms applied to linear
systems. By exploiting a parametrization for linear
systems induced by the continued fraction description
of its transfer function, the division by zero problem
obtains a very simple geometric representation that
can be used to virtually eliminate the problem in the
adaptive algorithm.
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I. INTRODUCTION

This paper introduces a novel approach to the pole-
zero cancellation problem encountered in adaptive in-
direct pole placement control applied to linear finite
dimensional discrete time systems [5]. This work ex-
ploits ideas of [1] and [11].

Essentially we propose to exploit a reparametrization
of the coefficients of the polynomials that specify the
linear system to be controlled based on the contin-
ued fraction expansion of the system’s transfer func-
tion. The important property of this system repre-
sentation, from the point of view of adaptive pole
placement control, is that verifying controllability,
expressed in the new model parameters, is equiva-
lent to checking whether some parameters are zero
or not. This simple structure of uncontrollable mod-
els in the new parameter space is useful to derive a
systematic solution of the stabilizability problem in
adaptive control. The price paid for this simplicity is
that the parametrization is nonlinear.

In essence it suffices to use in parallel a number of pa-
rameter identification algorithm in conjunction with
a switching rule [11] to decide which parameter iden-
tification algorithm produces the estimnate for control
purposes. Despite the fact that the parametrization
is nonlinear we establish that the classical gradient
descent based identification algorithms may be used.
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In this contribution we focus on the system
parametrization rather than its application in an
adaptive control algorithm. We use tools from the be-
havioral approach to system theory [15] to expound
our ideas.

The paper is organised as follows. In the next section
we introduce the system parametrization and explore
some of its properties. In Section 3 we describe briefly
how this parametrization could be exploited in an
adaptive control context. Some conclusion are pro-
vided in Section 4. For a more complete description
we refer to [6]. .’

I1. SYSTEM REPRESENTATION VIA CONTINUED
FRACTION

Consider a dynamical system represented as:
A(o)y = B(o)u (1)

where u is the system input, y is the measurable
output, o is the shift operator, for any integer #o,
(c%0w)(t) = w(t +to). A(€), B(€) € R[e] are polyno-
mials:
A) =&+ -+ aé+ao

(2)

B)=bn&™+---+bf+bg n>m

The coeflicients of A(€), B(£) can be reparameterized’
as follows:

Definition II.1 Continued fraction parameteriza-
tion Consider A(£), B(£) € R[¢] as in the system
description (2). Let ¥ € N, r; € ® and [;(¢) € R[¢]
in the form

i) = €%+ %ia-1% 4+ 30 di>0 (3)
be such that:

A(§) = Ro(€) B(€) =riRa(§)

Ri(€§) = Lip1(E) Riva () + rigaRiya(€) (5)

Re(€§) =1 Ry-1(§) = Tx(§)

The coefficients y; ; and r; are referred to as the con-
tinued fraction parameters for the pair of polynomials

A(6), B(£). o



Remark IL.2 If A(¢) and B(¢) are coprime then
Ty(&),...,Tx(€), r1,...,7% can be obtained in the
process of the continued fraction expansion of
A(€)/B'(€), where B'(€) = B(£)/bo. This is where
the notion continued fraction parameterization comes
from. The above algorithmic definition of the contin-
ued fraction parameters follows from the Euclidean
algorithm. o

Remark I1.3 The importance of the continued frac-
tion parameters (II.1) for the system (1) stems from
the observation that the system is controllable iff all
of the r; continued fraction parameters are non-zero.
This fact will be established in the sequel. o

A. Controllability issues

The continued fraction parameters can be used to rep-
resent the systems’ behavior as follows:

Theorem IL.4: Let A(), B(£), T'1(€), ..., Tk (€)

r1,...,7% be as in Definition II.1. Consider the dy-
namical system
rn —Ii(o) - 0 u
0 re e 0 Y
0 0 0 €1 =0 (7)
0 0 ~Tx (o) er_1

The system description (7) represents the same ex-
ternal behavior (in terms of the variables u and y) as
the system description (1) [15], [14].

Remark I1.5 The variables ei,...,er— are referred
to as auxiliary variables.

Proof: The proof is by induction on the auxiliary
variables e. We will show that after elimination of

€k-1,.-.,€l,er41 the system (7) has the following rep-
resentation:

ry  —Ti(0) ‘e 0 u

0 9 - 0 y

0 0 e 0 e1

0 ~T4(0) -1 5

0 e T'[+1R[+1(0’) —R[(O') €l

where R;(£) is defined by (5, 6).

First consider u, vy, ey,...,ex_o as manifest variables
and ej,_; as a latent variable ([14], [15]). In this first
step we eliminate the latent variable e;_;. The pro-
cedure to eliminate the other auxiliary variables is
completely analogous.
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The system representation (7) may alternatively be
written as

r1 =I'i(o) --- 0 u
0 r9 0 y
€1
0 —‘Fk—l(o')
0 Tk -

0 SR )

=| o |aa
1
Ik (o)

Define the matrix Uy (€) in the following way:

Lea 0 0
Uk(£)=[ 0 I’kl(ﬁ) —1] (10)

0 0

Uk (€) is a unimodular matrix. Left multiplication of
(9) by Uk (o) yields an equivalent representation [14],
[15):

1”1 —I‘l(o') e 0
0 rh-1Tk(0) —Tk(0)Tk-1(0) — &
0 Tr~1 —Fk-l(d‘)

U 0

y :
X €1 = 0 €K1

: 0

ek—2 1

According to [14], the behavior in terms of
(u,y,€1,...,€k-2) is described by those rows in the
left hand side of the above expression that corre-
sponds to zeroes in the right hand side. This in con-
junction with (6) yields (8) with [ =k — 2.

Along the same lines we can show that (8) holds for
alll = 0,...,k—1. It follows that (8) is input/output
equivalent to (7) for { = 0,...,k— 1. The description
(8) implies that elimination of all variables e; yields

(I‘l(a')Rl(O') + T'2R2(0'))y = rlRl(a)u (11)

The result now follows from (5) with i = 0. o

We now investigate the controllability properties of
the behaviors described by (1) and (7). We start with
the system description (7).

Lemma IL.6: Consider system (7). Assume that
T'; and r; are as in Definition II.1. Let B =
{(u,y,e1,...,ex-1) | s.t. (7) holds }. B is control-
lable iff 7; # 0 Vi.



Proof: Directly from the Hautus test, see also [6],
(14], [15]. o
Next we observe that the introduction/elimination of
the auxiliary variables has no influence on the con-
trollability.

Lemma II.7: Consider the behavior B as in Lemma
I1.6. Forl=1,...k—1,let

%l = {(uayvela“';el)l
derp1, ..., k-1
S't'(u)y)ela . -7ek—1) € %}
Let
%0 = {(u,y)[ﬁel,...,ek_l
s.t. (u,y,e1,-..,ex—1) € B}

B, is controllable iff 9B;_; is controllable, for all | =
1,2,..,k-1.

Proof: Consider the proof of Theorem I1.4. It follows
that 8, is parameterized by (8). Denote by M;(&)
the matrix in (8). Equations (5, 6)) imply that there
exists a unimodular matrix U;(€) such that
Mi_1(8) 0 ]

(12)

v = | MO

Hence it follows that
rankM;(A\) = rankMj_;(A)+ 1 forall A € C

The result is now a direct consequence of the gener-
alized Hautus test for controllability. O

‘We summarize as follows:

Theorem I1.8: Consider the dynamical system (1)
with continued fraction parameters as given in Defi-
nition (I1.1). The system is controllable iff 7; # 0 Vi.

B. Representation issues

The link between the coefficients in the polynomials A
and B and their continued fraction parameters defines
a non trivial parameter transformation. In order to
be able to construct an identification algorithm for
the continued fraction parameters it is essential to
understand this transformation in some detail. First
we provide an example, then the general theory.
Example I1.9 Consider a pair of polynomials
A) =4 aé+ar B(E)=bé+bo (13)

where a;, b; € R.
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The continued fraction parameterization of A(),
B(¢) is as follows:

AE€) = €+ (motnoé+ (nornotr)
B(€) = mné+rive
for by £ 0
or (14)
Al) = E+ma€tmo
B(§) = nu
forby =0

Let £ in the parameter space {a1, ao, b1, b} represent
polynomials with common factors. Define the corre-
sponding set in the parameter space {71 0,v2,0, 71,72}
as Q°fP,

Q = {(a1,a0,b1,bo) |
bo = Lbi(a1 + v/aZ — dag )
or
bo = Yslos = /T T )
QP = {(v1,0,72,0,71,72) | 1 = 0 or 5 = 0}

QP has a simple structure (as proven above in The-
orem I1.8). This is the main reason to introduce this
parametrization. '

The second interesting property of the continued frac-
tion representation is that the parameters of the poly-
nomials (14) are uniquely determined by the contin-
ued fraction coeflicients of (13) and vice versa.

In particular, if b; # 0 we have

bo
a1 = —71,0— 72,0 7Y1,0= —a;+ B
1
bo
a0 = 71,0720+ T2 V2,0 = —7)-1- (15)
bl =7 ry = b1
— _ bO 2 bO
bo = —7r172,0 ro = ()" —ai1(—=) +ag
by b1
If b = 0 we have
a1 =m1 @@=, bo=ro (16)

The above calculations (15,16) show clearly that to
parameterize the polynomials (13) two sets of contin-
ued fraction parameters, one for b; # 0 and another
for b, = 0 are required. This complicates significantly
the identification aspect of the continued fraction pa-



rameters! 0O

The following Lemma I1.10 relates the parametriza-
tions in the polynomial framework in general.

Lemma I1.10: Let

'Pcfzfp = { (Fl(g))'":Fk(£)1r17~",rk)|

T;(¢) € R[] is monic ,k=1,...,n;

degTy(€) > 1 V3, i, deg Ii(§) = m

ri#0 for i=1,...,k—-1}
and

PCn = {(A(6), B(E))IA() € R¢]

A(€) is monic, deg A(§) =n

B(¢) € R[¢], deg B(§) <n }
The equations (4,5,6) define a bijective mapping
h: PCP 5 PC,,.
Proof: The fact that h('PCpr) C PC,, follows from
(6, 5, 4) and from the fact that Zle degT;(¢) = n.

Step 1: h is injective.
Suppose that this

is not the case. There exist (I'1,...,Tk, r1,...,7%)
ePCP (T,...,Th,h, ..., 7h) € PCEP such that

(A(€), B(E)) =

= h(T%,..

h(I‘l,...,Fk,rl,.‘.,rk)

(17)

/ ! !
I AP AN )

Consider the sequences {R;}%_, and {R;(f)}ﬁ":o cor-
responding to (..., Ti(€), ...,r,...) and (..., T}(§),
..., 7h,..). Tt follows from (6, 5) and from the fact:
deg I';(€) > 1 Vi that

Ri(€), R.(€) are monic
deg Ri(§) > deg Ri41(¢)
deg R;(§) > deg Ry, (£)
Equations (17) and definitions (6, 5, 4) imply
B(¢) = rRi(€) =rRi(§)

A(¢) L1 (€)Ri(€) + r2Ra(€)
T ()R (§) + rRy(€)

It follows from the equations (18,19) that
r=ry, Ri(§) = Ry(§)

1) =T1(§), r2=r5 Ra(€) = R3(E)

(19)

I

(20)
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Next consider

R; =Tit1(&)Ris1(€) + rigaRig2(E)

R; =T} (§)Rit1(§) + iy 2 Riya(6)

It follows from (19),(20) that (...,Ts(§), ..
(..., Ti&), ..., 7, ...) satisfy (21) for i = 0.
Consider the case ¢ > 0. Observe that because of
(18) the pair of equations (21) has only one solution,
Liy1(€) = Tip1(8), Riva(€) = Ripa(€)rize = iy

Hence h is injective.

(21)

.,7”1',‘..),

Step 2: h is surjective.
Take any (A(£),B(§)) € PC, and perform (6, 5,

4) backward such that (18) holds. It is easy
to see that (['i,...,Tk, r1,...,7%) € PCP and
h(Fl,-.-,Fk,rl,.-.,rk)=(A(€),B(f)) =

Lemma I1.11: Let

cf]
Pcnﬁc,{dl,...,dk} = 7

{(Fl(&), .. ka(ﬁ),rl, A
degT;(§) = d;

fori=1,...,k}
and PCp k {dy,....ds} '= h(PC;’};, R

The families PCSY (4 4.q and PCrk (4, dn} de-
fine partitions of PCSP and PC,, respectively.
Proof: The fact that the family ’PCff’iy{dhm,dk} is

a partition of PCP is obvious. Because h is bijec-
tive (see Lemma I1.10), the family PCy k fa,,....d:} 18
a partition of PC,,. |

This allows the following characterization of the pa-
rameter transformation:

Theorem I1.12: Consider the transformation h de-
fined by (4,5,6)
bijective

1. h induces unique :
formations t, k {4, ,....d,} from PCZ,‘I)c,{dl,m,dk} to
(A(€), B(&)) € PCuk,(ds,....de}-

2. tnk {ds,...,d,} 18 & multilinear map.

3.If di # d for some ¢ or k& # k' then

-----

trans-

Proof:

1. Follows from the fact that PCi‘,’c, (dr,de) is iso-

morfic to R x ®*¥~1\ {0} x R and from the bi-
Jjectivity of h ( see Lemma I1.10 ).

2. Follows immediately from the Definition I1.1, es-
pecially (4, 5, 6).

3. Follows from Lemma I1.10, LemmaII.11 and the
first part of Theorem I1.12.

(]



The Lemma I1.11 and Theorem I1.12 imply that in
the context of identifying a single system many dis-
tinct continued fraction parametrization need to be
considered. The natural question is what is the num-
ber of such transformations.

Lemma I1.13: Define Y, = §{(d1,...,dx) | d;i €
N, Yk, di =n} and
o= 4{(dy, ., d) | di € N, Y di = nj k=

1,...,n} where § stands for the number elements of

a set. Then Tn,k: l k 1T1k 1w1tth1—1Vn

and Tp =Y pq Tnk

In the context of Lemma Il.11 and Theorem I1.12 T,

reflects the number of all parameter transformations.

Observe that if the set {(di,...,dx) | di €

k .

N, Z d; = n} consisted of non-ordered k-tuples then
i=1

Y, would be a partition number [3], [4].

One can evaluate T,, as an explicit algorithm of n. It

can be shown that T, grows exponentially fast with

n.

Remark I1.14 Observe that each element in the set
PCo ki {dy,...,di} 18 parameterized by n variables v and
k variables r. Moreover, the corresponding polyno-
mials (A(€), B(£)) € PCn k {4,,...,d,} have relative de-
gree (deg(A) — deg(B)) dy and the number of coefli-
clents is 2n — dy. It follows that if £ < n — d; then
PChn ok {dy,..,di} 18 & measure zero subset of the set

n-

Remark I1.15 If the system (1) has deg(a) = n and
deg(B) = m we could restrict ourselves further to the
single class of systems described by continued fraction
parameters in PCp n_m {m,1,.,1}- Lhis way we only
sacrifice a measure zero set of systems in the classical
parametrization. If only the deg(A) = n of the system
(1) is known, we can similarly restrict attention to the
n parameter transformations b, n_m, {n-m,1,...,1}

III. IDENTIFICATION OF SYSTEMS IN CONTINUED
FRACTION PARAMETERIZATION

In the previous section the continued fraction pa-
rameterization for the polynomial pair (A(£), B(£))
has been introduced and analysed. Here we con-
centrate on the question if the continued fraction
parameters are identifiable from input output data.
The fact that there is a bijective, be it complicated,
mapping between the classical and continued fraction
parametrizations of a system suggests that identifica-
tion in continued fraction parameter space may be
feasible.
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A. The gradient algorithm

Consider the system (1) where (A(¢), B(¢ )) €
PCok {dy,....d}- This system can be expressed in the
followmg compact notation

v =07 (0)gi-1, tEN (22)
where

9= [idim1 V00" Verdml -+ V0T - TE]

8(9) = [an-1(3) . .. ao(9)bp—a, (9) - . .bo(0)]"

b= [ Yemni1Umdy - Upong1]

The notation: a;(¥9), b;(J) means that a; or b; is
expressed in terms of the elements from 9.

Denote by ¥ the vector of parameters of the true
system in continued fraction parametenzatlon and by
z9t the vector of estimates of ¥ at time'instant ¢. The
mismatch between the true model and its estimate
can be detected via the one step ahead prediction
error e:

€t = Y — HT('&t—l)‘?St—l

e¢ can be used for improving the estimate of ¢¢. One
of the standard methods in adaptive control is to up-
date the parameter estimates in the direction of the
negative gradient of e? i.e.

(23)

3 3 B 4 et2+1
'(9t+1 - ’l9t -

f(Be,¢e) OV
where f is suitably chosen real, positive valued func-
tion and px € R4 -
It follows from (23) that

Iﬂ:é; (24)

2 ~
36% =—K(U)t-1€:-1 (25)
where
K(®) = % (26)

The formulation (25) is interesting in the context of
analysis of invariant points of (24).
Theorem III.1: The matrix K(J) defined by (26)
has full row rank iff r; # 0 for all 4

Proof: See [6] for details. O

In general we expect that e? is a non-convex function
of ¥ with non-trivial local minima. Observe however
that in the generic case, when (1) can be parame-
terized by elements from PCj, g141,...,1}, the matrix
K (9) is square. If r; # 0 Vi then we conclude, on the



ground of Theorem III.1 that K (¥) is invertible. This
implies that if 7;; # 0 Vi,¢t and ¢; # 0 V¢ then J* is
an invariant point of (24). if and only if e, (9*) = 0!
This in conjunction with (25) implies that every local
minimum of e? is in fact global.

Every invariant point of (24) specifies the (unique)
system

(6" + an-1(9*)o™ "1+ -+ ag(9*))y =
(27)
(bm(0)o™ + - -+ bo(V7))u

This equation necessarily explains a given data set
(v,w). In [1] such a system is called an unfalsified
model.

Unfalsified models have been carefully investigated
in the context of adaptive pole placement control in
[13]. It has been shown there that the pole placement
controller based on an unfalsified model (27) behaves
as if it was based on the true system. This goes a
long way to certify that the above gradient based al-
gorithm may be used to construct an adaptive algo-
rithm that may overcome the pole-zero cancellation
problem.

At present it is a conjecture that combining the con-
tinued fraction representation, with a gradient based
algorithm complemented with a switching rule to
guarantee that the r; parameters remain of fixed sign
indeed yields a working adaptive pole placement al-
gorithm. Simulation evidence points this way [6].

IV. CONCLUSION

We introduced a novel parametrization for linear dis-
crete time systems that can be used to aid in the
solution of the pole-zero cancellation issue in pole
placement adaptive control algorithms. Simulation
evidence suggests that the identification and adapta-
tion issues can be resolved. Further work is ongoing,
see also [6].
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