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Games with endogenous transition probabilities and endogenous stage payoffs (or ETP–
ESP games for short) are stochastic games in which both the transition probabilities
and the payoffs at any stage are continuous functions of the relative frequencies of all
past action combinations chosen.

We present methods to compute large sets of jointly-convergent pure-strategy
rewards in two-player ETP–ESP games with communicating states under the limit-
ing average reward criterion. Such sets are useful in determining feasible rewards in a
game, and instrumental in obtaining the set of (Nash) equilibrium rewards.
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1. Introduction

Our main purpose is to present several methods to compute large sets of feasible
rewards in games with endogenous transition probabilities and endogenous stage
payoffs (ETP–ESP games, see Joosten and Samuel [2017]). Such nonterminating
stochastic games combine and generalize ESP games in which the stage payoffs
may change as a result of the history of the play until then, and ETP games in
which the transition probabilities may change as a result of the history of the play
until then. FD games, i.e., games with frequency-dependent stage payoffs, are a

∗Corresponding author.
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subclass of the former (cf., Brenner and Witt [2003] and Joosten et al. [2003]),
whereas Joosten and Meijboom [2010] introduced the latter class.

We aim to contribute to filling what we see as a void in the field of stochastic
games, namely that there seems little work on establishing their feasible rewards.
Computing often seems concerned with finding one or a few feasible rewards with
attractive features, such as for Nash equilibria. In many cases, even computing
only a limited number of rewards is very involved and various ardent restrictions
on strategies or the structure of the games under consideration are required (see e.g.,
Raghavan and Filar [1991], Filar and Vrieze [1996], Vrieze [1981, 1987] and Vrieze
et al. [1983]).

In recent years, a series of contributions introducing several types of stochastic
games engineered in the sense of Aumann [2008] has appeared. Early contributions
in this series were generalizations of repeated games called FD games. Joosten et al.
[2003] presented a method of analysis for FD games akin to the one for the Folk
theorems for repeated and stochastic games (cf., e.g., Aumann [1981], Hart [1985],
Forges [1986], Dutta [1995] and Thuijsman and Vrieze [1998]). Such methods yield
large sets of rewards corresponding to Nash equilibria involving threats assuming
all agents wish to maximize their averagea payoffs independently over an infinite
time horizon.

Central in Joosten et al. [2003] were jointly-convergent (pure) strategies, i.e.,
strategy combinations inducing play such that the relative frequency of each pos-
sible action combination converges with probability one as time goes to infinity.
The approach led to new developments regarding the analysis of repeated games
with vanishing actions [Joosten et al., 1995; Joosten, 2005] providing alternatives
to methods of analysis developed independently by Schoenmakers et al. [2002],
Schoenmakers [2004] and Joosten [1996]. It was crucial in a series of contributions
on environmental pollution problems (e.g., Joosten [2019]), competitive advertising
combined with Cournot or Bertrand competition (e.g., Joosten [2009, 2015]) and
fishery games (e.g., Joosten [2007a, 2007b, 2014, 2016] and Joosten and Samuel
[2017]).

Determining the set of jointly-convergent pure-strategy rewards under the lim-
iting average reward criterion is useful to establish which long run average payoffs
are feasible in a given game. In a standard repeated game, this set is the convex
hull of the rewards corresponding to the entries of its payoff matrix. For FD games
however, visualizations provide the insight that this set need not be convex, let
alone the convex hull of a finite number of rewards. Joosten et al. [2003] prove
by construction that the convex hull of the set of jointly-convergent pure-strategy
rewards is feasible for the class of games studied there as well.

The set of jointly-convergent pure-strategy rewards is also useful in determining
(Nash) equilibrium rewards in the fashion of the Folk Theorem. Rewards giving each
player at least the reward he can maximally obtain if all opponents collectively try to

aTechnically, we take the lim inf of the average payoffs as time goes to infinity.
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minimize his long term average payoffs are called individually rational. Joosten et al.
[2003] showed that the convex hull of all individually-rational jointly-convergent
pure-strategy rewards can be obtained by an equilibrium involving threats.

For the purpose of obtaining the set of jointly-convergent pure-strategy rewards,
it seems natural to turn to computational methods. Early endeavors imposed a grid
on the space of the originals, i.e., a unit simplex, and calculated the associated
rewards for each grid point (e.g., Joosten et al. [2003]). The ease of use grew when
replacing the grid-based approach by randomized methods to obtain originals (e.g.,
Joosten [2016, 2015]).

A computational procedure supporting Joosten and Meijboom [2018], addition-
ally checks all the so-called balance equations implied in the context of Markov
chains (cf., e.g., Kemeny and Snell [1976]). If one of these balance equations is
violated, the algorithm discards the original and moves on to generate another
candidate. Results were obtained quickly with this innovation for repeated games
and certain stochastic games in Joosten and Meijboom [2010]. Finding large sets of
rewards took slightly more time for stochastic games in which transition probabil-
ities satisfy the Markov property.

For stochastic games with endogenous transitions, however, the very object
of interest and analysis in Joosten and Meijboom [2018], computations, took an
excessive amount of time. For instance, it might take a couple of days to obtain a
certain (large) number of pairs of rewards, where finding similarly large sets would
take a couple of seconds for FD games, to a couple of minutes for certain “standard”
stochastic games with an ergodic aperiodic Markov chain encompassing all states.
This disappointing finding made chances for further progress look dim for quite
some time.

Joosten and Samuel [2017] extended the framework of Joosten and Meijboom
[2018] by combining it with the framework of Joosten et al. [2003]. For this, it was
imperative to improve the efficiency of the computational procedures first. The dif-
ference between Joosten and Samuel [2017] and this paper is, that the former limits
the scope of the setting as its goal is to introduce a new type of stochastic game first
and foremost, and the computational method remains hidden. Here, we provide our
methods, improvements and subsequent insights for more general settings.

Next, we introduce our model and give an example. In Sec. 3, we describe the
computational procedures for the three different types of stochastic games. Section 4
treats different steps to enhance efficiency. Section 5 discusses generalizations. Sec-
tion 6 concludes.

2. Application for Stochastic Games

We brieflyb introduce a stochastic game with frequency-dependent stage payoffs
and frequency-dependent transition probabilities from Joosten and Samuel [2017]

bFor more elaborate definitions, modeling backgrounds and motivations, we gladly refer to Joosten
et al. [2003], Joosten and Meijboom [2018] and Joosten and Samuel [2017].
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for the sake of clarity and discussion. The game has two players A and B, two
states ω1 and ω2, and in both states, both players have two actions each. Player A

chooses top or bottom row, his opponent B chooses left or right column.c

The game is played at discrete moments in time called stages, the play continues
forever at stages t = 1, 2, . . . As we have both the stage payoffs and transition
probabilities being determined endogenously, i.e., by past play, let us, first, capture
this formally. The past play until stage t, t > 1, is captured by two relative frequency
matrices

Xs,t =

[
xs,t

1,1 xs,t
1,2

xs,t
2,1 xs,t

2,2

]
, s = 1, 2.

Here, e.g., x1,t
1,1 is the relative frequency of action pair top-left in state ω1 having

occurred until stage t and x2,t
2,1 is the relative frequency of action pair bottom-left

in state ω2 in past play. By logic, xt = (x1,t
1,1, . . . , x

1,t
2,2, x

2,t
1,1, . . . , x

2,t
2,2) ∈ Δ7 = {y ∈

R
8|yi ≥ 0 for all i = 1, . . . , 8 and

∑8
j=1 yj = 1}. Vector xt is called a relative

frequency vector.
The interaction during the play is represented by the following two matrices:

ω̃s(·) =

[
(θs

1,1(·), ps
1,1(·)) (θs

1,2(·), ps
1,2(·))

(θs
2,1(·), ps

2,1(·)) (θs
2,2(·), ps

2,2(·))

]
, s = 1, 2.

Here, all functions ps
i,j : Δ7 → [0, 1], θs

i,j : Δ7 → R+ ∪ {0} are assumed continuous
for all i, j, s = 1, 2.

Matrix ω̃s incorporates everything necessary for the description of the play
occurring in and from state ωs at a certain stage t. Say that the play is in
state ωs at stage t, then the relative frequency vector xt is known. Then each
entry of ω̃s contains an ordered pair (θs

i,j(x
t), ps

i,j(x
t)) denoting the immediate

payoffs to the players θs
i,j(x

t) = (θs,A
i,j (xt), θs,B

i,j (xt)), and the probability vector
ps

i,j(x
t) = (ps,1

i,j (xt), ps,2
i,j (xt)) = (ps,1

i,j (xt), 1− ps,1
i,j (xt)) that the system moves to ω1,

ω2, respectively, at stage t + 1, if the corresponding action pair (i, j) is chosen in
the current state t.

To give further insights, we provide the same functions as in Joosten and Samuel
[2017] and explain briefly the following:

θ1
1,1(x) = 4θ2

1,1(x) = (16, 16)c(x), θ1
1,2(x) = 4θ2

1,2(x) = (14, 28)c(x),

θ1
2,1(x) = 4θ2

1,3(x) = (28, 14)c(x), θ1
2,2(x) = 4θ2

1,4(x) = (24, 24)c(x),

c(x) = 1 − x1
1,2 + x1

2,1 + 2(x2
1,2 + x2

2,1)
4

− x1
2,2 + 2x2

2,2

3
.

Note that the stage payoffs in ω1 (or High) are four times the payoffs in ω2 (or
Low) ceteris paribus; c(x) is common to all stage payoff functions. So, the stage

cWe may also refer to actions by numbers 1, 2 indicating top or bottom, respectively, for Player
A and left or right, respectively, for Player B.

2040002-4

In
t. 

G
am

e 
T

he
or

y 
R

ev
. 2

02
0.

22
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

W
E

N
T

E
 o

n 
07

/2
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 10, 2020 8:7 WSPC/0219-1989 151-IGTR 2040002

On Finding Large Sets of Rewards in Two-Player ETP–ESP Games

payoffs at stage t, if xt = x, depend on the eight elements of the relative frequency
vector x. Clearly, c(x) = 1 if and only if x1

1,1 + x2
1,1 = 1, c(x) = 1

3 if and only if
x2

2,2 = 1, so, 1
3 ≤ c(x) ≤ 1. Let

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0

0.35 0.3 0.3 0.25 0.2 0.15 0.15 0.05

0.35 0.3 0.3 0.25 0.2 0.15 0.15 0.5

0.7 0.6 0.6 0.5 0.4 0.3 0.3 0.1

0 0 0 0 0 0 0 0

0.35 0.3 0.3 0.25 0.2 0.15 0.15 0.05

0.35 0.3 0.3 0.25 0.2 0.15 0.15 0.5

0.7 0.6 0.6 0.5 0.4 0.3 0.3 0.1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

With respect to the transition probabilities, let furthermore

ps,1(x) = πs,1 − x · P = (p1,1
1,1(x), . . . , p1,1

2,2(x), p2,1
1,1(x), . . . , p2,1

2,2(x)),

ps,2(x) = (1 − p1,1
1,1(x), . . . , 1 − p1,1

2,2(x), 1 − p2,1
1,1(x), . . . , 1 − p2,1

2,2(x)),

with πs,1 = (0.8 0.7 0.7 0.6 0.5 0.4 0.4 0.15).

The continued use of action pair (1, 1) in both states does not impair the transition
probabilities to go to ω1. All other action pairs decrease the transition probabilities
to move to ω1.

The stage payoffs and the transition probabilities depend on the vector of rel-
ative frequencies capturing the play of the agents until the present stage. These
rather simple linear functions pk,l(·) can be generalized considerably, but the results
depend crucially on continuity (cf., e.g., Joosten et al. [2003] and Joosten and Mei-
jboom [2018]).

2.1. Notations for the general case

In the example, we used the three twos: two players, two states and two actions
per player. The following pertains to the general two-player case and this has some
implications for notations.
State space: Ω = {ω1, . . . , ωN}.
Actions in state ωk: i ∈ Ik = {1, . . . , mk}, j ∈ Jk = {1, . . . , nk}.
Entry/action pair in state ωk: (i, j) ∈ Ik × Jk.

Number of entries/action pairs in state ωk ∈ Ω : mk · nk.

Total number of entries: #E =
∑N

k=1 mk · nk.

Relative frequency of action pair (i, j) in state ωk: xk
i,j .

For state ωk: (xk) = (xk
1,1, . . . , x

k
1,mk , . . . , xk

nk,1, . . . , x
k
nk,mk).
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Relative frequency vector: x = (x1, . . . , xN ) ∈ Δ#E−1.

Relative state frequency for ωk given x: Xk(x) =
∑

i∈Ik

∑
j∈Jk xk

i,j .

Relative state frequency vector given x: X(x) = (X1(x), . . . , XN(x)) ∈ ΔN−1.

Normalized relative frequency vector given x: y(x) = ( 1
X1(x)x

1, . . . , 1
XN (x)x

N ).

Transition probability from state ωk to state ωl if action pair (i, j) ∈ Ik × Jk is
played in ωk given x : pk,l

i,j (x).
Payoffs of action pair (i, j) in state ωk given x: θk

i,j(x).
Vector of payoffs in state ωk given x:

(θk(x)) = (θk
1,1(x), . . . , θk

1,mk(x), . . . , θk
nk,1(x), . . . , θk

nk,mk(x)).

Transition probability from state ωk to ωl given x:

P k,l(x) =
mk∑
i=1

nk∑
j=1

xk
i,j · pk,l

i,j (x).

Normalized transition probability from state ωk to ωl given x:

F k,l(x) =
mk∑
i=1

nk∑
j=1

yk
i,j(x) · pk,l

i,j (x).

Balance equation for state k given x:∑
l �=k

P k,l(x) =
∑
l �=k

P l,k(x) ⇔ Xk
∑
l �=k

F k,l(x) =
∑
l �=k

X lF l,k(x).

Vector of transition probabilities in state ωk given x:

(pk(x)) = (pk,1
1,1(x), . . . , pk,N

1,mk(x), . . . , pk,1
nk,1

(x), . . . , pk,N
nk,mk(x)).

Limiting average rewards given x: γ(x) =
∑N

k=1

∑mk

i=1

∑nk

j=1 xk
i,j · θk

i,j(x).
Vector of transition probabilities given x: p(x) = (p1(x), . . . , pN (x)).
Vector of payoffs given x: θ(x) = (θ1(x), . . . , θN (x)).
System of balance equations given x:∑

l �=1

P 1,l(x) =
∑
l �=1

P l,1(x)

...∑
l �=N

PN,l(x) =
∑
l �=N

P l,N(x)

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
⇔

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

X1
∑
l �=1

F 1,l(x) =
∑
l �=1

X lF l,1(x),

...

XN
∑
l �=N

FN,l(x) =
∑
l �=N

X lF l,N (x).
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Remark 1. We assumed that an ε > 0 and number Z exist such that for all
x ∈ Δ#E−1, it holds that the transition matrix

F (x) =

⎡⎢⎢⎣
F 1,1(x) · · · F 1,N (x)

...
. . .

...

FN,1(x) · · · FN,N(x)

⎤⎥⎥⎦,

satisfies [F (x)z ]k,l > ε for all integers z ≥ Z and for all k, l ∈ N. Therefore, all
components of the matrix F (x)z , the zth power of F (x), are bounded away from
zero for all z large enough.

Remark 2. Let N × N -matrix A(x) for given x, be defined by

Ai,j(x) =

⎧⎪⎪⎨⎪⎪⎩
1 if i = N,

1 − F i,i(x) if i �= N, j = i,

−F j,i(x) otherwise.

Suppose Q(x) = (Q1(x), . . . , QN(x)) satisfies

A(x) · Q(x)� =

[
0N−1

1

]
, (1)

where 0N−1 is an (N − 1)-vector of zeros. Then Q(x) is the solution to the system
of balance equations, as well as

∑N
k=1 Qk(x) = 1.

Remark 3. Remark 1 guarantees that the Markov chain at hand is irreducible
and aperiodic, or stated differently, the set of all states is ergodic. Q(x) is called
the stationary distribution. The stationary distribution is unique and positive in all
components (cf., e.g., Kemeny and Snell [1976]). Remark 1 also implies that A−1(x)
exists, Q(x)� is its last column by (1) and Q(x) equals any row of [F (x)]∞ ≡
limt→∞[F (x)]t.

Remark 4. For x ∈ Δ#E−1, let Q(x) satisfy (1), then let the associated rescaled
relative frequency vector x̃ ≡ ( Q(x)1

X1(x)x
1, . . . , Q(x)N

XN (x)x
N ).

2.2. Strategies, rewards and equilibria

Since a strategy is a game plan for the entire infinite time horizon, allowing it
to depend on any condition makes a comprehensive analysis of infinitely repeated
games quite impossible. Most restrictions in the literature put requirements on
what aspects the strategies are conditional upon. For instance, a history-dependent
strategy prescribes a possibly mixed action to be played at each stage conditional
on the current stage and state, as well as on the full history until then, i.e., all states

dA referee suggested this elegant formulation, the current form implies our earlier one by com-
pactness of Δ#E−1 and continuity of the functions involved.
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visited and all action combinations already realized. Less general strategies are for
instance, action independent ones conditioning on all states having been visited
before, but not on the action combinations chosen (cf., Herings and Predtetchin-
ski [2012]); Markov strategies condition on the current state and stage; stationary
strategies condition on the present state (cf., e.g., Filar and Vrieze [1996]). Let XA

and XB denote the set of history-dependent strategies of player A, B, respectively.
A strategy is pure, if at each stage a pure action is chosen. The set of pure

strategies for player A(B) is PA(PB) and P ≡ PA × PB.

The strategy pair (π, σ) ∈ XA × XB is jointly convergent if and only if x ∈
Δ#E−1 exists such that for all ε > 0, i ∈ {1, 2, . . . , #E}:

lim sup
t→∞

Pr
π,σ

[|xt
i − xi| ≥ ε] = 0. (14)

Prπ,σ denotes the probability under strategy pair (π, σ). J C denotes the set of
jointly-convergent strategy pairs. Under such a pair of strategies, the relative fre-
quency of each action pair in both states as play goes to infinity, converges to a
fixed number with probability 1 in the terminology of Billingsley [1986, p. 274]).
Obviously, JC ⊂ XA ×XB .

The players receive an infinite stream of stage payoffs, they are assumed to wish
to maximize their average rewards. For a given pair of strategies (π, σ), RA

t (π, σ)
(RB

t (π, σ)) is the expected payoff to player A(B) at stage t under strategy combina-
tion (π, σ). Player A’s average reward, is γA(π, σ) = lim infT→∞ 1

T

∑T
t=1 RA

t (π, σ),
his opponent gets average rewards γB(π, σ) defined similarly, mutatis mutandis,
and γ(π, σ) ≡ (γA(π, σ), γB(π, σ)).e

The set of jointly-convergent pure-strategy rewards PJC is, then, the set of pairs
of rewards obtained by using a pair of jointly-convergent pure strategies. For vector
x ∈ Δ#E−1, the x-averaged payoffs (a, b)x are given by

(a, b)x =
8∑

i=1

xiθi(x).

The next result connects notions introduced in the the preceding parts of this
section.

Proposition 1 (Joosten and Samuel [2017]). Let strategy pair (π, σ) ∈ J C
and let x ∈ Δ#E−1 for which (2) is satisfied, then the average payoffs are given by
γ(π, σ) = (a, b)x.

The strategy pair (π∗, σ∗) ∈ XA ×XB is a (Nash) equilibrium if and only if

γA(π∗, σ∗) ≥ γA(π, σ∗) for all π ∈ XA,

γB(π∗, σ∗) ≥ γB(π∗, σ) for all σ ∈ XB.

eAn anonymous referee recommended to add that these rewards do not depend on where the play
starts, whereas in general stochastic games they very well might.
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Fig. 1. The set PJC in Joosten and Samuel [2017]. Each reward to the North East of the threat
point, v, the intersection of the two lines, can be supported by a Nash equilibrium involving
threats.

We call v = (vA, vB) the threat point, where vA = minσ∈XB maxπ∈XA γA(π, σ)
and vB = minπ∈XA maxσ∈XB γB(π, σ). So, vA is the highest amount A can get if
B tries to minimize A’s average payoffs. A pair of individually-rational (feasible)
rewards attributes each player at least the threat-point reward. Let E be defined
as follows:

E = {γ(π, σ) ∈ PJC | γA(π, σ) > vA, γB(π, σ) > vB}.
Then the following result has been established.

Theorem 1 (Joosten and Samuel [2017]). Each pair of rewards in the convex
hull of E can be supported by an equilibrium.

The latter two formal results are illustrated in Fig. 1.

3. Description of the Computational Setup

Before we describe the ideas behind the computations, we make some reservations.
For a large part, we relied on Matlab. Our description therefore will abstain from
detailed computational procedures hidden to (the average) us(er). We are just mod-
elers facing challenges requiring computational solutions, we leave the development
of more efficient (Matlab) codes to more knowledgeable programmers.

3.1. A computation-inspired ordering

In Sec. 2, we presented a stochastic game in which both the transition probabilities
and the stage payoffs are determined endogenously as these may depend on the
relative frequencies of all possible action combinations in all states realized. Based
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Table 1. A computation-inspired ordering among

stochastic games.

CTP ETP

Type I Type II Type III
(p0) (x, p0) (x, p(x))

CSP AIT Stochastic CAIT games
(θ0) games games* ETP games*

CAIT–ESP
ESP FD games* Stochastic games
(θ(x)) AIT FD FD games* ETP–ESP

games games

on our computational experience, we came up with an ordering of stochastic games
shown in Table 1.

In Table 1, subscript zero indicates that the object at hand is constant over
time. CTP (respectively, ETP) on top denotes constant (respectively, endogenous)
transition probabilities; CSP (respectively, ESP) on the left denotes constant
(respectively, endogenous) stage payoffs. The term endogenous with regards to both
functions means dependent on history of the play as demonstrated in the subsec-
tion 2.1. CTP (respectively, CSP) games can be seen as invariant special cases of
ETP (respectively, ESP) games. Both Type-I and Type-II classes belong to the
CTP part. Type-III models have as a special feature that transition probabilities
depend on the relative frequency vectors representing past play.

Type-I models have transition probabilities from state to state which only
depend on the state the play is in, i.e., pk,l

i,j (x) = pk,l for all i, j ∈ mk ×nk, k, l ∈ N,

x ∈ Δ#E−1, hence, independent from the actions chosen and independent from
the history of the play. Type-II models have transition probabilities which not only
depend on the current state but also on the actions chosen by the agents in that
state, i.e., pk,l

i,j (x) = pk,l
i,j for all i, j ∈ mk×nk, k, l ∈ N, x ∈ Δ#E−1, yet independent

from the history of the play. Type-III models have transition probabilities pk,l
i,j (x)

depending on the current state, i.e., ωk, k ∈ N , the actions i, j ∈ mk ×nk chosen in
ωk as well as the history of the play condensed in x ∈ Δ#E−1. Every Type-I model
is a special case of a Type-II model and every Type-II model is a special case of a
Type-III model.

The asterisks denote names already taken: stochastic games (in the narrow
sense) were introduced by Shapley [1953] and the nonterminating version by Gillette
[1957], FD games by Brenner and Witt [2003], ETP games by Joosten and Mei-
jboom [2010, 2018], ETP–ESP games by Joosten and Samuel [2017]. Mahohoma
[2014] introduced the term stochastic FD games.

AIT gamesf are stochastic games with action-independent transition probabil-
ities, i.e., the latter do not depend on the actions chosen by the agents, neither

fThe name was inspired by a similar term in Herings and Predtetchinski [2012].
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present actions, nor past ones. They may however, depend on the current state.
Rather trivial AIT games are repeated games as there is only one state for a such
a game. A less trivial example is a game in which the play follows a random walk
over N states, i.e., if the play is in state k at stage t, then at stage t+1 the play will
continue in state k−1 (modulo N) with probability p and with the complementary
probability in state k + 1 (modulo N) (cf., e.g., Kemeny and Snell [1976]).

Another example of an AIT game would be a two-player game in which
the stage payoffs at stage t = 1, 2, . . . of the play are given by a bi-matrix
(cos 2π(t−1)

k A, cos 2π(t−1)
k B) for some fixed integer k and a pair of fixed matrices

A and B. In that case, the number of distinct states is (at most) k, transitions are
deterministic and independent from the current action choices. So, the play returns
cyclicallyg to the different states.

CAIT games are stochastic games with current-action-independent transition
probabilities, i.e., the current transition probabilities do not depend on the current
actions chosen by the agents. They may however depend on the current state, and
on the actions played by the agents in the past.

In Type-I and Type-II models, determining the stationary distribution may
require some computational efforts, but the solution found is exact. For Type-III
models, the stationary distribution depends on the relative frequency vector in
combination with the transition probabilities which in turn are determined by the
relative frequency vector. So, determining a stationary distribution is like shooting
at a moving target. We find a stationary distribution solving system (1), rescale the
relative frequency vector using this stationary distribution inducing new transition
probabilities, find another stationary distribution solving the new system (1) and
so on.

In our opinion, all games above are stochastic games in the broad sense, e.g.,
all FD games and all AIT games are stochastic games, too. The term coined by
Mahohoma [2014] is a tautology in the broad interpretation. The question whether
the stage payoffs depend on the relative frequency vector, turned out to be of minor
consequence for the efficiency and complexity of the computational procedures.
Hence, it seems sufficient to just have three instead of six types of games in our
ordering of stochastic games.

3.2. Computational procedures

The computations for the general Type-III model will also give the desired answers
to the Type-I and Type-II models. However, the efficiency of computations for these
other types can be improved significantly, so we present these computations as well.

First, we have to decide how many pairs of jointly-convergent pure strategy
rewards we wish to generate. Let us call this integer V. The transition-probabilities

gUyttendaele et al. [2012] introduced evolutionary games in which the underlying fitness matri-
ces are periodic in continuous time. Discrete-time versions of their underlying games with time-
dependent payoff (fitness) bi-matrices could be interpreted as AIT games.
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function p(·) and the stage-payoff functions θ(·) are known, i.e., they form the
primitives for the calculations.

3.2.1. Type-I models

Draw x(1) = (x1(1), . . . , xN (1)) ∈ Δ#E−1 at random and compute

y(x(1)) :=
(

1
X1(x(1))

x1(1), . . . ,
1

XN(x(1))
xN (1)

)
,

F k,l(x(1)) : = pk,l.

Solve the following system to find stationary distribution Q(x(1))�,

A(x(1)) · Q(x(1)) =

[
0N−1

1

]
.

Set

x(1) := (Q1(x(1))y1(x(1)), . . . , QN(x(1))yN (x(1))),

θ(x(1)) := (θ1(x(1)), . . . , θN (x(1))),

γ(x(1)) :=
N∑

k=1

mk∑
i=1

nk∑
j=1

xk
i,j(1) · θk

i,j(x(1)).

Next, save Q := Q(x(1)), x(1) and γ(x(1)). Enter Loop I with v := 2.

Loop I. Draw x(v) at random, and set/compute

x(v) :=
(

Q1

X1(x(v))
x1(v), . . . ,

QN

XN(x(v))
xN (v)

)
,

θ(x(v)) := (θ1(x(v)), . . . , θN (x(v))),

γ(x(v)) :=
N∑

k=1

mk∑
i=1

nk∑
j=1

xk
i,j(v) · θk

i,j(x(v)).

Save x(v) and γ(x(v)) for further use. If v = V, then stop. Otherwise,
proceed with Loop I with v := v + 1.

Comment. Note that for AIT games, it holds that
∑mk

i=1

∑nk

j=1 yk
i,j(x(1)) ·

pk,l
i,j (x(1)) = pk,l as pk,l

i,j (·) = pk,l
i′,j′(·) ≡ pk,l for all (i, j), (i′, j′) ∈ Ik × Jk and

any state k = 1, . . . , N. We compute the stationary distribution once, as the transi-
tion probabilities do not depend on the relative frequency vector selected randomly.
All randomly drawn relative frequency vectors are rescaled with one and the same
stationary distribution.
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3.2.2. Type-II models

Start Loop II with v := 1.

Loop II. Draw x(v) = (x1(v), . . . , xN (v)) ∈ Δ#E−1 at random and compute

y(x(v)) :=
(

1
X1(x(v))

x1(v), . . . ,
1

XN(x(v))
xN (v)

)
,

p(x(v)) := (p1, . . . , pN),

F k,l(x(v)) :=
mk∑
i=1

nk∑
j=1

yk
i,j(x(v)) · pk,l

i,j .

Solve the following system to find stationary distribution Q(x(1))�.

A(x(v)) · Q(x(v)) =

[
0N−1

1

]
.

Set

x(v) := (Q1(x(v))y1, . . . , QN (x(v))yN ).

θ(x(v)) := (θ1(x(v)), . . . , θN (x(v))),

γ(x(v)) :=
N∑

k=1

mk∑
i=1

nk∑
j=1

xk
i,j(v) · θk

i,j(x(v)).

Then x(v) and γ(x(v)) are saved for further use. If v = V, then stop.
Otherwise, go to Loop II with v := v + 1.

Comment. Here, we used the fact that p(x(v)) = p(x′(v)) for all x(v), x′(v). We
compute one stationary distribution for each random draw of a relative frequency
vector by solving a linear system of equations. Then we rescale the original draw
using the stationary distribution to obtain the rewards corresponding to the rescaled
relative frequency vector.

3.2.3. Type-III models

Perform Loop IIIa starting with v := 1.

Loop IIIa. Draw x(v) = (x1(v), . . . , xN (v)) ∈ Δ#E−1 at random and compute

y(x(v)) :=
(

1
X1(x(v))

x1(v), . . . ,
1

XN(x(v))
xN (v)

)
,

p(x(v)) : = (p1(x(v)), . . . , pN(x(v))),

F k,l(x(v)) :=
mk∑
i=1

nk∑
j=1

yk
i,j(x(v)) · pk,l

i,j (x(v)).
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Then solve the system

A(x(v)) · X̃(x(v)) =

[
0N−1

1

]
.

Set

x(v, 0) := x(v),

Q(x(v, 0)) := (X1(x(v)), . . . , XN(x(v))),

x(v, 1) := (X̃1(x(v))y1, . . . , X̃N(x(v))yN ),

Q(x(v, 1)) := X̃(x(k)).

Then enter Loop IIIb, starting with w := 1.

Loop IIIb. If ||Q(x(v, w)) − Q(x(v, w − 1))||∞ < ε, then compute

θ(x(v, w)) := (θ1(x(v, w)), . . . , θN (x(v, w))),

γ(x(v, w)) :=
N∑

k=1

mk∑
i=1

nk∑
j=1

xk
i,j(v, w) · θk

i,j(x(v, w)).

Set

x(v) := x(v, w),

θ(x(v)) := θ(x(v, w)),

γ(x(v)) := γ(x(v, w)).

Then x(v) and γ(x(v)) are saved for further use. If v = V , then stop.
Otherwise proceed with Loop IIIa, setting v := v + 1.
Otherwise, if w = W, proceed with Loop IIIa, with v := v.
Otherwise, compute

p(x(v, w)) = (p1(x(v, w)), . . . , pN (x(v, w))),

F k,l(x(v, w)) =
mk∑
i=1

nk∑
j=1

yk
i,j(x(v, w)) · pk,l

i,j (x(v, w)).

Then solve the system

A(x(v, w)) · X̃(x(v, w)) =

[
0N−1

1

]
.

Set

Q(x(v, w + 1)) := X̃(x(v, w))�,

x(v, w + 1) := (X̃1(x(v, w))y1, . . . , X̃N (x(v, w))yN ),

Set w := w + 1, and go back to Loop IIIb.
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Comment. We generate (the first part of) a sequence of (approximating) station-
ary distributions {Q(x(v, w))}∞w=1 for each original randomly drawn relative fre-
quency vector x(v). In each step of the algorithm, we compute, having determined
x(v, w−1), p(x(v, w−1)) and A(x(v, w−1)) already, a new approximating station-
ary distribution Q(x(v, w)) solving Eq. (1), i.e., such that it satisfies A(x(v, w−1)) ·
Q(x(v, w)) =

[
0N−1

1

]
. Then we check whether ||Q(x(v, w))−Q(x(v, w − 1))||∞ < ε,

i.e., whether Q(x(v, w)) is close enough to the previous approximating stationary
distribution Q(x(v, w − 1)). If not, x(v, w) is used to obtain new transition proba-
bilities p(x(v, w)) determining, then solving Eq. (1) anew with A(x(v, w)) to get a
new candidate Q(x(v, w + 1)). If the difference between two consecutive candidate
stationary distributions is sufficiently small, we rescale the originally drawn x(v)
with the last stationary distribution found and we obtain the corresponding rewards
γ(x(v)) setting them equal to γ(x(v, w)). If we cannot find a sufficiently close pair
of consecutive approximating stationary distributions in the manner described until
w = W , then the algorithm terminates the search for the current original randomly
drawn relative frequency vector x(v) and it is discarded. A new relative frequency
vector x(v) is drawn randomly and the whole procedure is repeated.

4. Speed and Efficiency

In the previous section, we presented the basics to obtain a large set of feasible
rewards. Here, we present a so-called accelerator with a great potential of speeding
up our computations considerably, measured in number of iterations or in total
computing time. We discuss the possibility that the computations lead to cycling
and our precautions taken in that respect. We finally propose to split up the calcula-
tions into parts in which starting relative frequency vectors are generated randomly
but contain a certain number of zeros by design.

4.1. Aitken’s delta squared method

The computations for the Type-III models may be sped up by making use of
Aitken’s delta squared method (cf., e.g., Burden and Faires [2010]). This method
applied to the stationary distributions generated in Loop IIIb boils down to the
following. For the sequence {Qk(x(v, w))}w∈N, for fixed k = 1, . . . , N , we gener-
ate a parallel sequence as follows, where we write ΔQk(w) for Qk(x(v, w)) − Qk

(x(v, w − 1)):

Λk(x(v, w)) = Qk(x(v, w + 2)) − (ΔQk(w + 2))2

ΔQk(w + 2) − ΔQk(w + 1)
.

Let limw→∞ Qk(x(v, w)) = limw→∞ Λk(x(v, w)) = Λ̃k(x(v)), k = 1, . . . , N.

Aitken’s method is not geared to dimensions higher than one. However, it
treats the computations guaranteeing the convergence of any original sequence, it
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improves upon in speed of convergence, as a black box. So, we treat each component-
sequence as a converging sequence upon which to apply the accelerator. What
remains to be done is to obtain a limit for the sequence of stationary distributions
{Q(x(v, w))}w∈N, i.e., we normalize the results as follows:

Q̃(x(v)) =
1∑N

k=1 Λ̃k(x(v))
(Λ̃1(x(v)), . . . , Λ̃N (x(v))).

If {Qk(x(v, w))}w∈N converges, then {Λk(x(v, w))}w∈N converges much faster in
general. If the accelerator does not help enough, one can apply it to the accelerator
successively (see also Fig. 2).

4.2. Safeguards against indefinite computing times

We interpret the computations as an approximation of a fixed point of the function
Γ : ΔN−1 → ΔN−1, where the input is a candidate stationary distribution and
the output is a new candidate, i.e., Qn+1 = Γ(Qn). As Γ is continuous,h Brouwer’s
fixed point theorem applies, i.e., ∃Q∗ ∈ ΔN−1 : Q∗ = Γ(Q∗).

Cycling or very slow convergence might be a problem in our computations.i

We set a fixed number W and discard the associated relative frequency vector

Fig. 2. The three downward (upward) sloping curves denote the number of vectors requiring at
least a certain number of iterations before converging (computing times). The “normal” proce-
dure requires less than 60 iterations (16 s). Accelerators need only 28 (10 s), respectively, 13 (6 s)
iterations.

hContinuity of this function follows from Remark 1.
iFor standard autonomous, irreducible, a-cyclic Markov chains, a stationary distribution can be
determined by methods having contraction-like properties converging exponentially fast (e.g.,
Häggström [2002] and Levin et al. [2009]). However, if the absolute value of the second-largest
eigenvalue is close to one, “exponentially fast” can be quite slow (e.g., Häggström [2002], Rosenthal
[1995] and Doob [1953].
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if the number of iterations in Loop IIIb exceeds W , and move on with another
relative frequency vector in Loop IIIa. The down side of this measure is that “many”
candidates may be thrown away. We propose to run a test with rather low V and W,

keeping track of the proportion of computations exceeding W iterations in Loop
IIIb, followed by running tests with increasing W until a reasonable proportion
of computations is terminated. If that occurs, the number V can be increased
considerably.

Alternatively, a fixed point algorithm could be added such as the generalized
Newton method and quasi-Newton variants thereof (see Harker and Pang [1990]
for an overview). However, Newton-like methods must start sufficiently close to the
solution Q∗ in order to guarantee convergence. For algorithms which do not suffer
from this restriction, we refer to e.g., Laan and Talman [1979, 1981], Kojima and
Yamamoto [1984] and Todd [1976].

4.3. Split calculations interior and boundary starting vectors

U-shaped beta distributions in our early computational efforts for Type-I games
(cf., Joosten [2016]) yielded sufficient insights in the geometric properties of the
reward sets already for relatively low V, i.e., the number of rewards generated.
What came back to haunt us, is the tendency of randomized approaches to yield
clustered feasible rewards (cf., Fig. 3).

Here, the density of rewards near the outskirts, especially on the upper right
hand, is lower than in the lower left-hand interior part of the cluster of points.
Simply increasing the number of rewards to be computed will fill up the low density
parts eventually. However, for every “interesting” pair of rewards to be gained,

Fig. 3. The 50,000 rewards from the Type-III game presented in Sec. 2, from randomly generated
starting relative frequency vectors.
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a huge number of points will be generated in the very dense parts. Hence, for
every useful bit of information, a huge deadweight of rather useless information is
generated.

Our heuristic was to split up V into parts reserved for restricted calculations.
We start with relative frequency vectors with one nonzero component per state,
which belongs to an (N − 1)-dimensional facet of the (#E − 1)-dimensional unit
simplex. Next, we allow at most two nonzero components yielding rewards in higher-
dimensional facets of the unit simplex. Gradually the number of zeros per starting
state is decreased.

Example. Suppose that in the example of Sec. 2, we let the algorithm generate
random relative frequency vectors with one nonzero component per state. Then to
cover every possibility we need only few iterations as there are 16 such vectors. For
the case that the algorithm generates one nonzero component in the first state and
two nonzero components in the second, let us discuss what may occur. Suppose the
algorithm draws

x = [0.8 0 0 0 0.1 0 0.1 0]

then the following computations are made

y =
[
1 0 0 0

1
2

0
1
2

0
]

,

p1,1
1,1(x) = 0.8 − 0.175 + 0.175Q = 0.625 + 0.175Q,

p2,1
1,1(x) = 0.5 − 0.1 + 0.1Q = 0.4 + 0.1Q,

p2,1
2,1(x) = 0.4 − 0.075 + 0.075Q = 0.325 + 0.075Q,

F 1,2(x) = 1 − (0.625 + 0.175Q) = 0.375− 0.175Q,

F 2,1(x) =
1
2
(0.4 + 0.1Q) +

1
2
(0.325 + 0.075Q) = 0.0875Q + 0.3625.

Then Q = 0.60734813 solves the balance equations

(1 − p1,1
1,1(x))Q = (1 − Q)

1
2
(p2,1

1,1(x) + p2,1
2,1(x)),

Q(0.375 − 0.175Q) = (1 − Q)(0.0875Q + 0.3625).

The rescaled relative frequency vector x′ becomes

x′ =
[
0.60734813 0 0 0

1
2
(1 − 0.60734813) 0

1
2
(1 − 0.60734813) 0

]
.

Then c(x′) = 0.901 84 and γ(x′) = (10.711, 10.092). Similarly, for vectors

xp,q = [q 0 0 0 p(1 − q) 0 (1 − p)(1 − q) 0]
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satisfying p, q ∈ [0, 1], the method induces

yp = [1 0 0 0 p 0 (1 − p) 0].

From this, similar equations lead to a reward γ(xp,q). So, {γ(xp,q)}p,q∈[0,1] is a
one-dimensional set, generically. The number of iterations necessary to obtain clear
insights on the geometric properties of this set, is quite low in general. Similarly,
we can deal with all starting vectors restricted to three nonzero components, one
corresponding to one state and two to the other. Note that there are 48 such one-
dimensional sets of rewards.

Next, we turn to starting vectors with four nonzero components, e.g.,

xp,q,r = [qr 0 0 (1 − q)r p(1 − r) 0 (1 − p)(1 − r) 0]

satisfying p, q, r ∈ [0, 1], the method induces

yp,q = [q 0 0 (1 − q) p 0 (1 − p) 0].

So, {γ(xp,q,r)}p,q,r∈[0,1] is a two-dimensional set of rewards, generically. The neces-
sary insights for these too, are obtained by a low number of iterations, but usually
by generating more rewards than for the one-dimensional ones.

Comparing Figs. 3 and 4, we consider the latter to be more informative. By
“strategically” keeping a couple of components equal to zero, more information at
much lower numbers of rewards generated may be obtained.

Fig. 4. The 50,000 rewards from the Type-III game presented in Sec. 2, from starting relative
frequency vectors with four zeros.
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5. Extending the Range of Applicability

In obtaining the first results, we leaned on the following classification of Markov
chains by Kemeny and Snell [1976, p. 35]. Next, we investigate, using this classifica-
tion, where the computational procedures can be applied fruitfully. We will see the
implications of Remark 1, and we are interested in relaxing the restrictions implied.

I Chains without transient sets

I-0 Several ergodic sets: these are unrelated, hence, each ergodic set can be
investigated separately.

— Unique ergodic set.

I-A Regular: no matter where the process starts, after sufficiently much time
has elapsed, the system can be in any state (regular Markov chain).

I-B Cyclic: for any given starting position, the system will move through the
states in a definite order, returning to the starting position after a fixed
number of steps (cyclic Markov chain).

II Chains with transient sets.

II-A All ergodic sets are singletons (absorbing chain).
II-B All ergodic sets are regular, but not all are unit sets.
II-C All ergodic sets are cyclic.
II-D Cyclic and regular ergodic sets coexist.

Remark 1 reduces the applicability of the computational method to games in
which all states communicate, i.e., there is a unique ergodic set. Moreover, the
Markov chain induced is irreducible, so all states are in the ergodic set and therefore,
visited infinitely often as time goes to infinity, and it is a periodic, i.e., the process
can be in any state after a sufficient amount of time has elapsed (Class I-A). This
means technically that the inverse matrix of A(x) in (1) exists, and there exist
several ways to compute the stationary distribution, one is of course to use A−1(x)
directly.

Checking whether the ergodic set is cyclic/periodic using the formula in Remark
1 may be a bit cumbersome, but a periodic ergodic set has all diagonal transition
probabilities equal to zero (cf., e.g., Kemeny and Snell [1976]). Only then, such a
check is necessary.

Kemeny and Snell [1976] used a visualization pertaining to the transition matrix
F (x) to aid in the classification. If this matrix is irreducible we are in a Class I-A
or Class I-B setting. The computational methods do not work in the Class I-B
framework.
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If F (x) is not irreducible, we can rewrite it as follows (this example’s dimen-
sionality is without loss of generality):

F (x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A1 01,2 01,3 01,4 01,5

B2,1 A2 02,3 02,4 02,5

B3,1 B3,2 A3 03,4 03,5

B4,1 B4,2 B4,3 A4 04,5

B5,1 B5,2 B5,3 B5,4 A5

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

where A1, . . . , A5 are the square irreducible matrices corresponding to the equiva-
lence classes of states.j We denote the cardinality of the equivalence class i = 1, . . . , 5
by |Ai|, i.e., matrix Ai has |Ai| rows and columns. Each above-diagonal matrix
0k,l is a zero |Ak| × |Al|-matrix containing transition probabilities from states in
equivalence class k to states in equivalence class l > k, and each matrix Bk,l is a
|Al| × |Ak|-matrix of transition probabilities from states in equivalence class k to
states in equivalence class l, k > l. The latter matrices are used in the classification.

If all Bk,l, k > l, are zero matrices, the system has unrelated ergodic sets and
we are in Class I-0. The following matrix pertains to that situation:

F (x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A1 01,2 01,3 01,4 01,5

02,1 A2 02,3 02,4 02,5

03,1 03,2 A3 03,4 03,5

04,1 04,2 04,3 A4 04,5

05,1 05,2 05,3 05,4 A5

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Then the analysis can be restricted to the independent subsystems (cf., e.g., Kemeny
and Snell [1976]). The isolated ergodic set of a subsystem can be either Class I-A or
Class I-B. The algorithms proposed can be applied here to each of these unrelated
Class I-A ergodic sets. To predict the long run behavior of the system, it must be
known where the system starts.

If any of the matrices Bk,l, k > l, is nonzero, we are in Class II. If additionally
|Ai| = 1 for all i, then we are in Class II-A, and the algorithms will not work except
in very restricted cases.

If all matrices Bk,l, k > l, are nonzero, then the first equivalence class is the
unique ergodic set. We are in a subcase of Class II-B or Class II-C, namely a chain
with transient equivalent classes of states but a unique ergodic set. The algorithms
work if the first equivalence class is regular, they will not work if the first equivalence
class is cyclic.

jA class is called an equivalence class if for every state there exists a path to every other state
in the class. An equivalence class is called transient if the probability of returning to it infinitely
often as time goes to infinity is zero, if the process started in it. An equivalence class is called
ergodic if the probability of returning to it infinitely often as time goes to infinity is one, if the
process started in it (cf., e.g., Kemeny and Snell [1976]).
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If all matrices Bk,l in a row l are zero matrices, equivalence class l is unrelated
to lower-indexed equivalence classes. We have unrelated components such as in the
following matrix:

F (x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A1 01,2 01,3 01,4 01,5

B2,1 A2 02,3 02,4 02,5

B3,1 B3,2 A3 03,4 03,5

04,1 04,2 04,3 A4 04,5

05,1 05,2 05,3 B5,4 A5

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Here, the first three equivalence classes are unrelated to the latter two. If
B2,1, B3,1, B3,2 and B5,4 are nonzero each, then the first and fourth equivalence
classes are ergodic sets each. The second, third and fifth equivalence classes are
transient and eventually the play ends up in the first equivalence class if the initial
play occurs in one of the first three equivalence classes, and play ends up in the
fourth equivalence class whenever the play starts in the last two equivalence classes.

Summarizing, the first and the fourth equivalence classes are ergodic sets, which
might be regular both (Class II-B), or cyclic both (Class II-C), or one regular the
other cyclic (Class II-D). The unrelated ergodic sets can be analyzed separately,
and if they are Class II-B with a unique ergodic set the algorithms are applicable
to them. The algorithms will fail for Class II-C, and for Class II-D, they will work
for the separate unrelated sets if the ergodic set is aperiodic.

Remark 5. If we translate the statements on Markov chains made above to our
framework, it is useful to think in terms of x and F (x). For a given x, we can
determine F (x) which leads to a Markov chain that should be compatible with the
same long term relative frequency vector x. Then if the pair is mutually compatible,
the implied Markov chain falls into this categorization.

In Joosten and Samuel [2017], the entire range of such relative frequency vectors
was examined. However, precautions were taken to guarantee that the qualitative
features of the Markov chains over all possible x remained the same, i.e., we always
had a I-A setting, i.e., for each relative frequency vector, the ergodic set encompasses
all states.

The above statements regarding other Markov chains in the classification remain
valid, if the qualitative features of the Markov chain remain identical over all possi-
ble relative frequency vectors. To put this notion of “identical qualitative features”
into mathematical terms, x and x′ are said to induce Markov chains with identical
qualitative features if the following property holds Car(F (x)) = Car(F (x′)) where
for matrix A : Car(A) ≡ {(i, j) | [A]i,j > 0}. We call this property strong carrier
identity as it pertains to the carrier of the transition matrix and this implies weak
carrier identity which is given by Car(Q(x)) = Car(Q(x′)).

Remark 6. In Joosten and Meijboom [2018], the qualitative features of the Markov
chains changed over the range of all relative frequency vectors. There, a subset of
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Table 2. Overview of the applicability of the algorithms presented.

Class Applicability Comments

I-0 Yes For isolated I-A components

I-A Yes General

I-B No General

II-A

j
No
Yes

j
General
Unique ergodic set

II-B

j
No
Yes

j
General
Unique ergodic set

II-C No General

II-D Yes For isolated I-A components

the originally accessible states becomes temporarily inaccessible as the play evolves
due to transition probabilities to this subset becoming zero as the play continues. In
the terminology of this section, the Markov chain may change from Class I-A to a
Class II-A or Class II-B (with a unique ergodic set) for different relative frequency
vectors. More formally, what must hold in the framework of the model and the
applicability of our computational methods is

||x − x′|| → 0 =⇒ car(F (x)) ⊆ car(F (x′))

(which seems guaranteed by continuity of F ) and furthermore ||x − x′|| → 0 ∧
car(F (x)) �= car(F (x′)) implies

∃δ>0 : [car(F (x)) �= car(F (x′′)) �= car(F (x′))] =⇒ ||x − x′′|| ≥ δ.

Here, || · || is some norm. The algorithm of Joosten and Samuel [2017] allowed
the re-analysis of Joosten and Meijboom [2018] and it worked much faster in this
framework where the above is satisfied.

We have examined other models, for instance a Class II-A model changing into
a Class I-A model changing into a Class II-A model where the ergodic classes in the
two Class II-A processes are disjoint. What seems to be the all-decisive property
making the algorithms work, is that it involved models such that for each x, there
is a unique ergodic set. However, in the extensions examined, it always holds that
if γ, γ′ ∈ PJC , then (π, σ) ∈ JC exists such that for any ε > 0, integers T1, T2 exist
satisfying∣∣∣∣∣

∑T1
t=1(R

A
t (π, σ), RB

t (π, σ))
T1

− γ

∣∣∣∣∣ < ε,

∣∣∣∣∣
∑T2

t=1(R
A
t (π, σ), RB

t (π, σ))
T2

− γ′
∣∣∣∣∣ < ε.

Note that this is not possible in stochastic games in general.

6. Conclusions and Discussion

We presented algorithms to compute large sets of limiting average rewards for
various types of stochastic games in which the stage payoffs or the stage transition
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probabilities are endogenously determined as the play evolves. Not all past action
choices matter, just the relative frequencies in which all action combinations were
chosen before.

We presented a classification of stochastic games based on the degree to which
the stationary distribution of the game at hand is determined by present and his-
toric action choices (see Table 1). In a Type-I model, the stationary distribution
does not depend on the relative frequency vector, only on the vector of transition
probabilities. Hence, it is easily determined and exact. For Type-II models, the sta-
tionary distribution depends on the relative frequency vector in combination with
the transition probabilities, but the latter are independent of the former. To deter-
mine this stationary distribution, it requires some computational efforts, but the
solution found is exact. For Type-III models, the stationary distribution depends
on the relative frequency vector in combination with the transition probabilities
which in turn are determined by the relative frequency vector. Here, determin-
ing a stationary distribution is an iterative process, terminated if consecutive sta-
tionary distributions are sufficiently close, or if the number of iterations becomes
excessive.

The algorithms were built for stochastic games in which the entire set of states
is ergodic, i.e., the process visits each state infinitely often as time goes to infinity,
and aperiodic, i.e., after a sufficiently long period of time, the process can be in any
state among the ergodic set. In such games jointly-convergent pure-strategies exist,
hence, also the associated rewards.

Extending the range of the algorithms beyond this framework is possible by
taking several precautions. We gave an overview of classes of the Markov chains
generated to which the algorithms can and cannot be applied. In some cases, the
algorithms are bound to fail, in others they do not make sense (see Table 2). Each
jointly-convergent strategy pair can induce one and only one ergodic set. This does
not preclude however, that two jointly-convergent strategy combinations induce
two different ergodic sets. Thus, the most obvious extension is to analyze games in
which there exists one and only one ergodic set for all jointly-convergent strategy
combinations, not necessarily encompassing all states.

The latter has some connection of course to the topic of irreducible stochastic
games and unichain stochastic games. Such games are however, always defined in
terms of the set of all stationary strategies inducing an irreducible Markov chain
or a single ergodic set (see e.g., Rogers [1969], Sobel [1971], Federgruen [1978]
and Thuijsman [1992]). It can be confirmed that in such games, jointly-convergent
pure-strategy pairs not only exist, but also yield larger sets of limiting average
rewards than that of the stationary strategies.

Here, we have shown that the algorithms can be applied to games other
than unichain stochastic games. If applied to multichain games, some strict extra
demands on the system are required to guarantee a valid framework for the
computations (see Remark 6). In Joosten and Meijboom [2018], the relative fre-
quency vector associated with a pair of jointly-convergent pure strategies will either
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induce a two- or one-state ergodic set (Markov chain). We have already, fruitfully,
used the algorithms to the model of Joosten and Meijboom [2018] and even gener-
alizations.

Game theorists have focussed on the particular stochastic games highlighting
problems with existence of equilibrium such as the Big Match and variations [Black-
well and Ferguson, 1968; Filar, 1979] and the Paris Match [Thuijsman, 2003]. Only
a few classes of games have been designed with the opposite objective, i.e., guar-
anteeing several convenient properties regarding existence and computability, such
as single-controller games [Parthasarathy and Raghavan, 1981], switching-control
games [Filar, 1979, 1981], ARAT games [Raghavan et al., 1985] and SER-SIT games
[Parthasarathy et al., 1984].

Existence of equilibria is hardly ever problematic in FD games or generalizations
thereof, quite the opposite. Folk theorem-like results guarantee usually rather large
sets of equilibrium rewards. We do not suffer from difficulties such as that it matters,
crucially, in which state the play starts, or that tricky transitions to absorbing
sets or other ergodic sets exist. Hence, the algorithms can enjoy a low degree of
complexity.
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Häggström, O. [2002] Finite Markov Chains and Algorithmic Applications (Cambridge
University Press).

Harker, P. T. and Pang, J. S. [1990] Finite-dimensional variational inequality and nonlinear
complementarity problems: A survey of theory, algorithms and applications, Math.
Program. 48, 161–220.

Hart, S. [1985] Nonzero-sum two-person repeated games with incomplete information,
Math. Oper. Res. 10, 117–153.

Herings, P. J. J. and Predtetchinski, A. [2012] Voting in collective stopping games, GSBE
Research Memorandum No. 014, Maastricht University.

Joosten, R. [1996] Dynamics, equilibria, and values, Ph.D. thesis no. 96-37, Faculty of
Economics & Business Administration, Maastricht University.

Joosten, R. [2005] A note on repeated games with vanishing actions, Int. Game Theory
Rev. 7, 107–115.

Joosten, R. [2007a] Small fish wars: A new class of dynamic fishery-management games,
ICFAI J. Manag. Econ. 5, 17–30.

Joosten, R. [2007b] Small fish wars and an authority, in The Rules of the Game:
Institutions, Law, and Economics, eds. Prinz, A., Steenge, A. E. and Schmidt, J.,
(LIT-Verlag), pp. 131–162.

Joosten, R. [2009] Strategic advertisement with externalities: A new dynamic approach, in
Modeling, Computation and Optimization, eds. Neogy, S. K., Das, A. K. and Bapat,
R. B. (World Scientific), pp. 21–43.

Joosten, R. [2014] Social dilemmas, time preferences and technology adoption in a com-
mons problem, J. Bioeconomics 16, 239–258.

Joosten, R. [2015] Long-run strategic advertisement and short-run Bertrand competition,
Int. Game Theory Rev. 17, 1540014.

Joosten, R. [2016] Strong and weak rarity value: Resource games with complex price-
scarcity relationships, Dyn. Games Appl. 6, 97–111.

Joosten, R. [2019] Strategic interaction and externalities: FD-games and pollution, in
Understanding Economic Change: Contributions to an Evolutionary Paradigm in
Economics, eds. Witt, U. and Chai, A. (Cambridge University Press), pp. 288–308.

Joosten, R., Brenner, T. and Witt, U. [2003] Games with frequency-dependent stage pay-
offs, Int. J. Game Theory 31, 609–620.

Joosten, R. and Meijboom, R. [2010]k Stochastic games with endogenous transitions,
papers on economics and evolution #1024, Max Planck Institute of Economics,
Jena, This version of the 2018 paper contains relevant examples lost in the referee-
ing process.

Joosten, R. and Meijboom, R. [2018] Stochastic games with endogenous transitions, in
Mathematical Programming and Game Theory, eds. Neogy, S. K., Das, A. K. and
Dubey, D. (Springer), pp. 205–226.

Joosten, R. and Samuel, L. [2017] On stochastic fishery games with endogenous stage
payoffs and transition probabilities, Game Theory and Applications, eds. Li, D.-F.,
Yang, X. G., Uetz, M. & Xu, G. J., CCIS, Vol. 758 (Springer), pp. 115–133.

Joosten, R., Thuijsman, F. and Peters, H. [1995] Unlearning by not doing: Repeated games
with vanishing actions, Games Econ. Behav. 9, 1–7.

Kemeny, J. G. and Snell, J. L. [1976] Finite Markov Chains (Springer).

2040002-26

In
t. 

G
am

e 
T

he
or

y 
R

ev
. 2

02
0.

22
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

W
E

N
T

E
 o

n 
07

/2
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 10, 2020 8:7 WSPC/0219-1989 151-IGTR 2040002

On Finding Large Sets of Rewards in Two-Player ETP–ESP Games

Kojima, M. and Yamamoto, Y. [1984] A unified approach to the implementation of sev-
eral restart fixed point algorithms and a new variable dimension algorithm, Math.
Program. 28, 288–328.

Laan, G. V. D. and Talman, A. J. J. [1979] A restart algorithm for computing fixed points
without an extra dimension, Math. Program. 17, 74–84.

Laan, G. V. D. and Talman, A. J. J. [1981] A class of simplicial restart fixed point algo-
rithms without an extra dimension, Math. Program. 20, 33–48.

Levin, D. A., Peres, Y. and Wilmer, E. L. [2009] Markov Chains and Mixing Times (AMS
Society).

Mahohoma, W. [2014] Stochastic games with frequency dependent stage payoffs, Master
thesis DKE 14-21, Department of Knowledge Engineering, Maastricht University.

Parthasarathy, T. and Raghavan, T. E. S. [1981] An orderfield property for stochastic
games when one player controls transition probabilities, J. Optim. Theory Appl. 33,
375–392.

Parthasarathy, T., Tijs, S. H. and Vrieze, O. J. [1984] Stochastic games with state indepen-
dent transitions and separable rewards, in Selected Topics in Operations Research
and Mathematical Economics, eds. Hammer, G. & Pallaschke, D. (Springer),
pp. 262–271.

Raghavan, T. E. S. and Filar, J. [1991] Algorithms for stochastic games — A survey, Z.
Oper. Res. 35, 437–472.

Raghavan, T. E. S., Tijs, S. H. and Vrieze, O. J. [1985] On stochastic games with additive
reward and transition structure, J. Optim. Theory Appl. 47, 451–464.

Rogers, P. D. [1969] Nonzero-sum stochastic games, Report ORC 69-8, Operations
Research Center, University of California, Berkeley.

Rosenthal, J. S. [1995] Convergence rates for Markov chains, SIAM Rev. 37, 387–405.
Schoenmakers, G. M. [2004] The profit of skills in repeated and stochastic games, Ph.D.

thesis, Maastricht University.
Schoenmakers, G. M., Flesch, J. and Thuijsman, F. [2002] Coordination games with van-

ishing actions, Int. Game Theory Rev. 4, 119–126.
Shapley, L. [1953] Stochastic games, Proc. Natl. Acad. Sci. USA 39, 1095–1100.
Sobel, M. J. [1971] Noncooperative stochastic games, Ann. Math. Stat. 42, 1930–1935.
Thuijsman, F. [1992] Optimality and equilibria in stochastic games, CWI-tract 82, Center

for Mathematics and Computer Science, Amsterdam.
Thuijsman, F. [2003] The big match and the Paris match, in Stochastic Games and Appli-

cations, eds. Neyman, A. & Sorin, S. (Kluwer), pp. 195–204.
Thuijsman, F. and Vrieze, O. J. [1998] The power of threats in stochastic games, in

Stochastic and Differential Games, Theory and Numerical Solutions, eds. Bardi, M.,
Raghavan, T. E. S. & Parthasarathy, T. (Birkhauser), pp. 343–358.

Todd, M. J. [1976] The Computation of Fixed Points and Applications, Lecture Notes in
Economics and Mathematical Systems (Springer).

Uyttendaele, P., Thuijsman, F., Collins, P., Peeters, R., Schoenmakers, G. and Westra, R.
[2012] Evolutionary games and periodic fitness, Dyn. Games Appl. 2, 335–345.

Vrieze, O. J. [1981] Linear programming and undiscounted stochastic games, OR Spectrum
3, 29–35.

Vrieze, O. J. [1987] Stochastic games with finite state and action spaces, CWI-tract 33,
Center for Mathematics and Computer Science, Amsterdam.

Vrieze, O. J., Tijs, S. H., Raghavan, T. E. S. and Filar, J. A. [1983] A finite algorithm for
the switching control stochastic game, OR Spectrum 5, 15–24.

2040002-27

In
t. 

G
am

e 
T

he
or

y 
R

ev
. 2

02
0.

22
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

W
E

N
T

E
 o

n 
07

/2
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


