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Abstract: This paper analyses the minimum and central film thickness evolution of elastohydro-
dynamically lubricated contacts, from circular to wide elliptical contacts. It is shown that already
for moderate ellipticity, the minimum film thickness is found on the centre-line of the contact,
rather than in the side lobes as for the circular contact. In such cases, the film thickness can be
accurately predicted from an equivalent line contact, defined as the line contact with the same
Hertzian pressure, radius of curvature, and speed and oil parameters. In this paper, a formula is
presented to predict the central film thickness in elliptical contacts using prediction formulas for
the line and circular contacts as limiting cases, and the results of numerical calculations to fit the
film thickness variation with ellipticity. The formula gives an accurate prediction of the central
film thickness over the entire ellipticity regime.

Keywords: elastohydrodynamically lubricated, elliptical contact line contact, film thickness
prediction

1 INTRODUCTION

In order to reliably predict the performance of highly
loaded lubricated contacts such as bearings and gears,
contacts operating in the Elastohydrodynamically
lubricated (EHL) regime have been studied for many
years. Several researchers have presented predictive
formulae for the film thickness in line and circular con-
tacts based on simplified analyses for asymptotic cases
and/or curve fits of numerical solutions [1, 2]. Also, for
the more general case of wide elliptical contacts, such
formula have been presented [3–6]. However, a major
problem is that these are either based on an exten-
sion of a circular contact formula or on curve-fitting
of numerical results in a rather narrow range of load
conditions and ellipticity values. As a result, neither
of them can accurately predict the film thickness in
the entire parameter regime ranging from the circu-
lar to the infinitely wide line contact. To derive such
a formula is the objective of the research presented
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in this paper. This work uses the function fit formulae
presented by Moes for the circular and line contacts as
starting point. Results of numerical simulations of the
elliptical contact problem are used to study the film
thickness variation with ellipticity going from circu-
lar to increasingly elliptical contacts. This variation is
captured using a smooth transition function. In this
way, an accurate predictive formula can be obtained.
Its prediction tends for increasing ellipticity to the
one-dimensional line contact solution, which is the
physical limit of the wide elliptical contact.

The parameters used to describe the load and lubri-
cant conditions are the Moes [7] dimensionless load
parameter M and the dimensionless piezoviscosity
parameter ᾱ.

First, the existing predictive formulae for line and
circular contacts are reviewed and their predictions are
compared with results of numerical calculations. Sub-
sequently, the elliptical contact results are presented.

2 LINE CONTACT

The Moes dimensionless parameters for the line con-
tact are

M1 = W
E ′Rx

(
η0u�

E ′Rx

)−1/2

(1)
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L = αE ′
(

η0u�

E ′Rx

)1/4

(2)

ᾱ = αph = L

√
M1

2π
(3)

Moes [7] presented an equation for the dimension-
less central film thickness using a function fit of four
asymptotic solutions

Hc = [(H 7/3
RI + H 7/3

EI )3s/7 + (H −7/2
RP + H −7/2

EP )−2s/7]1/s (4)

in which H is a dimensionless film thickness defined
as

H = h
Rx

(
ηou�

E ′Rx

)−1/2

(5)

The four asymptotic solutions are as follows. HRI:
rigid isoviscous; HRP: rigid piezoviscous; HEI: elastic
isoviscous solution; HEP: elastic piezoviscous solution.

These asymptotic solutions were obtained from
separate analyses of the particular problems

HRI = 3M −1
1 (6)

HRP = 1.28666 L2/3 (7)

HEI = 2.62105 M −1/5
1 (8)

HEP = 1.31106 M −1/8
1 L3/4 (9)

For example, HRI can be obtained analytically from
the solution of the rigid-isoviscous problem, HEI from
the Herrebrugh [8] elastic isoviscous solution, HEP

from the Ertel [9] solution.
The function s ensures a smooth transition between

the different regimes

s = 1
5

[
7 + 8 exp

(
−2

HEI

HRI

)]
(10)

The constants in this function were determined by
optimal curve fit comparing the results with the values
obtained from numerical solutions.

The equation was developed assuming an incom-
pressible lubricant. Predictions for the case of a
compressible lubricant can be obtained, to a good
approximation, easily using the fact that

HCcomp = HCincomp

ρ̄(ph)
(11)

which is a direct consequence of the shear flow domi-
nance in the high viscosity/small film thickness central
region [5].

3 CIRCULAR CONTACT

The Moes dimensionless load parameters M2 and
the Moes dimensionless material parameter L for the

circular contact are

M2 = F
E ′R2

x

(
η0u�

E ′Rx

)−3/4

(12)

L = αE ′
(

η0u�

E ′Rx

)1/4

(13)

and the piezoviscous parameter is related according to

ᾱ = αph = L
π

3

√
3M2

2
(14)

In the same way as for a line contact, Moes [7]
derived a central film thickness function fit for the cir-
cular contact. This fit is based on particular solutions
for the asymptotic regimes and numerical simulation
results of the complete circular problem. However, for
the two-dimensional case, the asymptotic solutions
could not be derived analytically. They were obtained
numerically by solving the simplified problems for the
case of rigid isoviscous and elastic isoviscous [10]. The
formula appears in the literature in several slightly dif-
ferent variations. In this paper, the version presented
in reference [10] is used

Hc = {[(1.70tM −1/9
2 L3/4)r + (1.96M −1/9

2 )r ]s/r

+ (47.3M −2
2 )s}t/s (15)

with

r = exp
(

1 − 6
L + 8

)
(16)

s = 12 − 10 exp(−M −2
2 ) (17)

t = 1 − exp

(
−0.9M 1/6

2

L1/6

)
(18)

The functions r, s, and t create a smooth transi-
tion between the asymptotic solutions. The constants
appearing in these functions were determined using
results of numerical solutions of the circular contact
problem for a wide range of conditions.

As for the line contact case, the formula is restricted
to an incompressible lubricant. However, as explained
above, the prediction can easily be corrected account-
ing for the central film thickness reduction due to
compressibility.

4 ELLIPTICAL CONTACT

The ellipticity D of the contact is defined by the ratio
D = Rx/Ry . Note that this is the inverse of the classical
way to define ellipticity. According to Nijenbanning
et al. [4], the Moes dimensionless parameters for the
elliptical problem are M2 and L, as defined for the cir-
cular contact, and D. The piezoviscous parameter is
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related according to

ᾱ = αph = L
π

(
3M2κ

2

)1/3 (
(1 + D)π

4Ec

)2/3

(19)

The elliptical contact problem was studied exten-
sively analytically and numerically (i.e. by Chittenden
et al. [5], Hamrock and Dowson [3], Hooke [6, 11, 12],
Evans and Snidle [13], and Nijenbanning et al. [4], and
film thickness formulae were presented). Most papers
consider the so-called wide elliptical contacts in which
the axis of the Hertzian contact ellipse in the direction
of the flow is smaller than in the cross-flow direc-
tion. Nijenbanning et al. [4] presented a formula for
the central film thickness using the circular contact
central film thickness formula derived by Moes as a
basis. The disadvantage of the presented formulae is
the limited validity in terms of the ellipticity ratio as the
physical limit of an infinitely wide contact is not incor-
porated. A formula which does incorporate this limit
can be obtained using the definition of an equivalent
line contact.

5 EQUIVALENT LINE CONTACT

For an elliptical contact, the equivalent line contact
is defined as the infinitely wide line contact prob-
lem for which the values of the 1D dimensionless
Moes parameters are such that the contact has the
same radius of curvature in the direction of the flow,
the same Hertzian pressure, and the same rolling
velocity and viscosity. For an elliptical contact with a
given M2 and L, the parameters characterizing the 1D
equivalent line contact are

L = L (20)

M1 = 2
π

(1.5M2κ)2/3

(
(1 + D)π

4Ec

)4/3

(21)

The piezoviscous parameter is related according
to [4]

ᾱ = αph = L

√
M1

2π
(22)

6 NUMERICAL SOLUTION

The governing equations (Reynolds, film thickness,
and force balance) were discretized on a uniform
grid using second-order accurate discretization. In
the numerical calculations, the viscosity pressure rela-
tion used is the Roelands [14] equation and the effect
of compressibility is taken into account through the
Dowson and Higginson [1] relation. Multilevel meth-
ods were used to solve the discrete equations and for

Table 1 Computed Moes 2D central and minimum
film thickness as a function of the mesh size
on the grid for ᾱ = 10, M2 = 2027, D = 0.2
(compressible lubricant)

Grid Hc Hm

128 × 128 1.365 0.926
256 × 256 1.760 1.393
512 × 512 1.856 1.517
1024 × 1024 1.880 1.549
2048 × 2048 1.886 1.556

the fast evaluation of the elastic deformation integrals.
For details, the reader is referred to reference [15].
As an example of the accuracy of the results, Table 1
shows the minimum and central film thickness as a
function of the mesh size for the elliptical contact with
parameters ᾱ = 10, M2 = 2027, D = 0.2. These results
are typical for the accuracy of the computations (i.e.
film thickness values are accurate to an error less than
1 per cent).

7 RESULTS

First, the two extreme cases are considered (i.e. the 1D
line contact problem and the circular contact problem
as these two formulae are the core of the formula to be
derived).

Table 2 presents results of numerical simulations
for the line contact problem and values predicted by
the Moes line contact central film thickness formula
corrected for compressibility. The values of M1 and
ᾱ are such that the operating conditions cover the
entire range from nearly isoviscous to piezoviscous.
The results show that the Moes formula is accurate
over the entire EHL range. The difference between the
prediction and the numerical calculation is less than
10 per cent in every calculated case.

Results for the circular contact case are presented
in Table 3: the predicted central film thickness values
according to the Moes formula for the circular con-
tact, corrected for the effect of compressibility, and
the results of numerical simulations, for a range of
conditions.

Table 2 Moes 1D compressible line contact curve fits
versus calculation

ᾱ M1 Hc Moes formula Hc calculated

20 17.97 4.77 4.91
20 52.55 2.98 2.90
10 17.97 3.20 3.13
10 52.55 2.06 1.93
5 17.97 2.30 2.20
5 52.55 1.54 1.46
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Table 3 Moes 2D film thickness predictions and
calculated values (compressible lubricant)

ᾱ M2 Hc Moes formula Hc calculated

20 100 4.05 4.30
20 500 2.64 2.64
10 100 2.73 2.73
10 500 1.84 1.73
5 100 1.99 1.86
5 500 1.39 1.27

The results presented in Table 3 show that over the
entire range of parameters considered, the Moes for-
mula predicts the dimensionless central film thickness
accurately up to an error of 10 per cent.

Having determined the accuracy of the two extreme
cases for wide elliptical contacts (i.e. the infinitely
wide and the circular contact, the variation of the
film thickness with varying ellipticity is studied next).
To show the asymptotic trend to the infinitely wide
line contact, it is crucial that the results are presented
in terms of a dimensionless parameter that does not
depend on the deformation and the ellipticity itself.
The simplest parameter satisfying this requirement is
the Hamrock–Dowson dimensionless film thickness
parameter: H = h/Rx .

To observe the asymptotic behaviour of the film
thickness with increasing ellipticity, the dimension-
less material parameter L and ᾱ are kept constant.
Hence, for each value of D, the Moes dimensionless
load parameter is recalculated. If M2c is the value of M2

for D = 1 and for given values of L and ᾱ, then

M2 = M2c

κ

[
4Ec

(1 + D)π

]2

(23)

Hence, the operating conditions are defined by M2c

and ᾱ.
In Figs 1 and 2, the centre-line film thickness profiles

h/Rx(x/ax) are shown for the cases ᾱ = 0, M2 = 100,
and ᾱ = 10, M2 = 100, with D ∈ [0.01, 1] as well as the
equivalent line contact solution. It can clearly be seen
that for wide ellipses D < 0.05, the elliptical central
film thickness perfectly fits the equivalent line contact
in both the inlet, the high-pressure zone, and at the
outlet. Thus the equivalent line contact represents a
good approximation for the wide elliptical contact.

Figure 3 illustrates the shape of the numerical film
thickness solution on the entire domain by means of
contour plots. In the figure are shown h/Rx(x/ax , y/ay )
for the case ᾱ = 2 and M2c = 100, and D = 1.0–0.01.
It is recalled that the Hertzian pressure for each of the
contacts is the same. It can be seen that with increasing
ellipticity, the film shape near the side of the contact
(i.e. in the side lobes, changes considerably).The circu-
lar contact exhibits the characteristic features of a flat
central region and a minimum film thickness occur-
ring in the side lobes. With increasing ellipticity, the

Fig. 1 Centre-line film thickness as a function of x/ax

for D = 1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01 and
equivalent line contact (bottom to top; ᾱ = 0,
M2c = 100)

Fig. 2 Centre-line film thickness as a function of x/ax

for D = 1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01 and
equivalent line contact (bottom to top; ᾱ = 10,
M2c = 100)

film thickness in the central region increases to the
equivalent line contact value. However, at the same
time the film thickness in the side lobes increases even
more. For values of D < 0.2, the minimum film thick-
ness no longer occurs in the side lobes but on the
centre-line as is the case for the infinitely wide line
contact. This is further illustrated in Figs 4 and 5 for
two other loading cases and different values of D. In
the figure, details of the film profile in the direction of
the flow and perpendicular to the flow are shown. Note
that in the figure h/Rx(x/ax , y/ay = 0) for x/ax > 0 and
H (x/ax = 0, y/ay) for (y/ay < 0) are combined. The dif-
ferent behaviour of the film thickness in the central
region and near the side lobes can be attributed to the
compressibility [16]. As the pressure in the side lobe
region is very low compared with the pressure in the
centre of the contact, the compressibility affects the
film thickness in the centre but not in the side lobes.
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Fig. 3 Elliptical contact film thickness distribution for
D = 1.0, 0.5, 0.2, 0.1, 0.05, 0.01 (top left to bottom
right) for the case (ᾱ = 2 and M2c = 100)

Fig. 4 Film thickness as a function of x/ax and y/ay for
D = 1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01 (bottom to
top; ᾱ = 20 and M2c = 500)

Finally, Tables 4 and 5 quantitatively illustrate these
changes in central and minimum film thickness with
increasing ellipticity.

Fig. 5 Film thickness as a function of x/ax and y/ay for
D = 1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01 (bottom to
top; ᾱ = 5 and M2c = 100)

Table 4 Evolution of Hc and Hm with ellipticity
for ᾱ = 20 and M2c = 500

D 1 0.5 0.2 0.1 0.05 0.01
Hc 2.64 2.77 2.85 2.88 2.90 2.91
Hm 1.27 1.47 2.11 2.54 2.55 2.56
Hc/Hm 2.08 1.88 1.35 1.13 1.14 1.14

Table 5 Evolution of Hc and Hm with ellipticity
for ᾱ = 10 and M2c = 100

D 1 0.5 0.2 0.1 0.05 0.01
Hc 2.73 2.94 3.06 3.10 3.12 3.14
Hm 1.50 1.93 2.50 2.66 2.67 2.69
Hc/Hm 1.82 1.52 1.22 1.17 1.17 1.17

From Figs 4 and 5 and Tables 3 and 4, it can be
observed that the increase of the central film thick-
ness with increasing ellipticity to the equivalent line
contact value is monotonous. This is shown in detail in
Fig. 6 where the calculated central and minimum film
thickness are shown as a function of D. Also shown are
the predicted minimum and central film thicknesses
according to the Hamrock–Dowson formula.

Figure 6 shows that the Hamrock–Dowson predic-
tion decreases for low values of D. This decrease is not
physical. The Hooke prediction suffers from a similar
problem.

The curve fit chosen in this paper does not use an
exponential function as Hamrock and Dowson [3],
Chittenden et al. [5], Hooke [6] or Nijenbanning et al.
[4] but a trigonometric function which blends the cir-
cular and line contact prediction. This solution uses
the Moes 2D circular central film thickness prediction,
the Moes 1D line prediction, and fits the numeri-
cal calculations for intermediate ellipticities D. The
new formula is expected to have a good precision for
wide ellipses, because it uses the 1D equivalent line
contact which, after all, is the solution for infinitely
wide ellipses. The following incompressible central
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Fig. 6 Hamrock Dowson minimum, central film thick-
ness prediction, and calculated minimum and
central film thickness versus D (ᾱ = 10 and
M2c = 100)

film thickness prediction function is proposed

HCincomp = HC2D + 2(HC1D − HC2D)

π
a tan

(
1

D − 1

)
(24)

where HC1D is the Moes equivalent line contact predic-
tion and HC2D the Moes circular contact prediction.

The compressible central film thickness prediction
can subsequently be obtained as described before by
dividing this value by the relative central density. This
value is well approximated by the relative density at
the maximum Hertzian pressure.

Tables 4 and 5 show the evolution of the central
film thickness and of the minimum film thickness for
increasing ellipticity.

The accuracy of this new formula is illustrated by the
results presented in Table 6. For a wide range of condi-
tions, the calculated and predicted values are shown.
The difference between the predicted values and the
calculated values is below 10 per cent for every case.
This difference is essentially due to the precision of
the Moes circular and line prediction. The only com-
plication in the use of the formula is the calculation
of the equivalent line contact parameters. However,
this can easily be implemented in a small computer
program [17].

8 DISCUSSION

In this work, the authors have decided to sidestep
the difficult prediction of the minimum film thickness
in the side lobes [6, 11, 12]. As indicated in refer-
ence [15] and illustrated in Figs 4 to 6, the minimum
side lobe value quickly exceeds the compressible cen-
tral film thickness as ellipticity increases. The side lobe
value becomes a local minimum, with limited impli-
cations on contact performance. Hence the choice of
a compressible film prediction avoids this problem.
For those preferring another compressibility equation,

Table 6 Predicted versus calculated film thickness
for different operating conditions

ᾱ = 10 and M2c = 100
D 1 0.5 0.2 0.1 0.05 0.01
Hc (CELINE) 2.73 2.97 3.13 3.17 3.19 3.20
HCcalc 2.73 2.94 3.06 3.10 3.12 3.14

ᾱ = 20 and M2c = 500
D 1 0.5 0.2 0.1 0.05 0.01
Hc (CELINE) 2.64 2.81 2.93 2.96 2.97 2.98
HCcalc 2.64 2.77 2.85 2.88 2.90 2.91

ᾱ = 5 and M2c = 100
D 1 0.5 0.2 0.1 0.05 0.01
Hc (CELINE) 1.99 2.14 2.25 2.27 2.29 2.29
HCcalc 1.86 2.03 2.14 2.17 2.19 2.20

ᾱ = 10 and M2c = 500
D 1 0.5 0.2 0.1 0.05 0.01
Hc (CELINE) 1.84 1.95 2.03 2.05 2.05 2.06
HCcalc 1.73 1.82 1.89 1.91 1.92 1.93

ᾱ = 0 and M2c = 100
D 1 0.5 0.2 0.1 0.05 0.01
Hc (CELINE) 0.98 1.11 1.19 1.21 1.22 1.23
HCcalc 1.09 1.22 1.31 1.33 1.34 1.35

a quick recalculation of the compressibility at the
Hertzian pressure allows a correction of the central
film thickness value.

9 CONCLUSION

The Hamrock–Dowson, Nijenbanning, or Chittenden
predictions provide accurate film thickness approxi-
mations for moderately wide elliptical contacts. How-
ever, these predictions are no longer accurate for very
wide contacts. The method presented in this work
and implemented in CELINE [17] uses an equivalent
line contact to overcome this problem. The formula
is based on the Moes circular and line contact pre-
dictions. The difference between calculated and pre-
dicted values is less than 10 per cent for all ellipticities
and operating conditions.

© Authors 2010
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APPENDIX

Notation

ax half-width of Hertzian contact in x-direction
(= 6RxFκEc/[E ′π(1 + D)]1/3)

ay half-width of Hertzian contact in y-direction
(= ax/κ)

D ratio of reduced radii of curvature (= Rx/Ry)

E ′ reduced modulus of elasticity (Pa)
(2/E ′ = (1 − ν2

1)/E1 + (1 − ν2
2)/E2)

Ec elliptic integral
Ec(κ) = ∫2π

0 dφ/
√

(cos2 φ + κ2 sin2 φ)

F 2D load (N)
h film thickness (m)
H dimensionless film thickness

(Moes; = h/Rx(E ′Rx/η0u�)1/2)

L dimensionless material parameter
(Moes; = αE ′(η0u�/E ′Rx)

1/4)

M1 1D dimensionless load parameter
(Moes; = (w1/E ′Rx)(η0u�/E ′Rx)

−1/2)

M2 2D dimensionless load parameter
(Moes; = (F/E ′R2

x)(η0u�/E ′Rx)
−3/4)

p pressure (Pa)
ph maximum Hertzian pressure (Pa)
Rx reduced radius of curvature in x-direction

(m) (1/Rx = 1/Rx1 + 1/Rx2)

Ry reduced radius of curvature in y-direction
(m) (1/Ry = 1/Ry1 + 1/Ry2 )

u� sum velocity (m/s) (u� = u1 + u2)
u1 velocity of the lower surface (m/s)
u2 velocity of the upper surface (m/s)
w1 1D load per unit length (N/m)

α pressure viscosity index (Pa)
ᾱ dimensionless parameter (= αph)
η0 viscosity at ambient pressure (Pa s)
κ ellipticity ratio (= ax/ay)

ν Poisson ratio
ρ density (kg/m3)

ρ̄ relative density (–) (ρ̄(p) = ρ(p)/ρ0)
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