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Abstract When using standard control charts, typically several parameters need to be
estimated. For the usual sample sizes, this is known to affect the performance of the chart.
Here we present simple corrections to solve this problem. As a basis we use existing factors
which are widely used for the traditional charts. The advantage of the new proposals is
that a clear link is made to the actual performance characteristics of the chart.
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1 Introduction

Application of standard control charts almost always requires estimation of the un-
derlying mean and standard deviation. The impact of this step is larger than usually
thought (see e.g. Montgomery and Woodall (1999), p. 379). Hence it seems worthwhile
to investigate how the performance of the charts is affected, and what can be done about
it. This task has been executed in some detail in the first part of a series of papers by
Albers and Kallenberg (2004a, b, ¢) and by Albers, Kallenberg and Nurdiati (2002, 2003,
2004). In the present paper we give a non-technical review of this first part, in which the
classical assumption of normality still holds. Moreover, here we devote attention to an
aspect we ignored till now. In the papers quoted we merely used the sample mean and the
sample standard deviation as estimators. However, in practice quite a few other choices
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occur which are used (even more) widely (see e.g. Does and Schriever (1992) and Roes
(1995)). Extension of our previous results to these cases is relatively simple, but substan-
tially widens their applicability.

In section 2 the problem is described, while in the next section possible ways to solve it
are discussed. These solutions come in the form of suitable correction factors. Unlike the
traditional ones, such as ¢4 and ds, these factors present a clear link to the control chart
performance. Section 4 aims at bias removal, not for the estimators themselves, but for the
performance of the control chart as a whole. Mild corrections are presented which ensure
that the behavior of the control chart is acceptable on the average (i.e. in a long series
of applications). In section 5 explicit examples in this category are given for the various
types of estimators used in practice. Next more stringent factors are introduced, again
meant to correct the behavior of the chart, but now with respect to a single application.
Such exceedance probability corrections are the subject of section 6 and the corresponding
examples for this situation are presented in section 7. Finally, in section 8 the conclusions
are presented.

2 The problem

We consider the traditional Shewhart X-chart for monitoring the mean of a production
process. An upper limit UL and a lower limit LL are given and an out-of-control signal
is produced as soon as an observation falls outside these limits. The observations are
supposed to come from a normal distribution with mean g and standard deviation ¢. This
leads for example to the common ’3¢’-limits: UL = p+ 30 and LL = p— 30. As long
as the process is in control, a false alarm will then occur on the average once every 370
observations. If desired, this 370 can be replaced by the "nice’ value 500 by using a factor
3.09 rather than just 3 in front of . More in general, if we choose some very small p,
an average run length (ARL) 1/p will result if the factor used is chosen as w2, which
is the point that is exceeded by a standard normal variable with probability p/2. (More
technically, 1 — ®(u,/2) = p/2, where ® is the standard normal distribution function.)
ITence for example uy 710 = 3 and ug o1 = 3.09.

Typically the parameters ;¢ and o are unknown and a sample of n so-called Phase 1
observations Xy, ..., X, is used to obtain estimated limits. E.g. we then have as ’3¢’-limits

UL =i+ 36 and LL = ji — 36, (2.1)

where typically 4 = X and for example 6 = S, with $? = ¥(X; — X)?/(n — 1). These
estimated limits are then used during Phase 1I, the monitoring phase. The problem now
is that this estimation step affects the performance of the resulting control chart and that
it will take at least n = 300 before such effects can be safely ignored (see e.g. Quesenberry
(1993) and Roes (1995), chapter 2). But in practice one usually deals with smaller samples
and thus the impact of using control limits which are in fact random variables should be
studied (cf. again Woodall and Montgomery (1999), p. 379).



3 The approach

To figure out what we are going to do about the problem, several steps need to be
taken. First of all, we have to decide what characteristics of the chart are important to us.
Next we need to determine how to measure possibly unpleasant behavior in terms of these
characteristics. Then we can start looking for ways to correct matters.

As concerns the characteristics, from section 2 we see that of interest are the proba-
bility p (e.g. 735 or =) of having a false alarm during in-control and, even more so, the
corresponding ARL, which equals 1/p (e.g. 370 or 500). Note that through the estimation
step (2.1) these fixed quantities are replaced by random variables. In fact, let X1 be a
new observation from Phase II, then the false alarm rate (F'AR) becomes the conditional

probability
P =Pr(Xps > UL or Xpyy < LL|(X1, ..., X)) (3.1)

Hence although we simply write P, we should bear in mind that actually P = P(ji,d).
For instance, when taking UL and LL from (2.1), we get P(f1,6) = 1 — ®((i — p)/o +
3(6/0)) + ®((p — p)/o — 3(6/0)). If the Phase I observations now happen to produce
somewhat "unlucky’ values of ji and ¢, we may for example wind up with an outcome p* of
P which is much larger than the intended p. Hence the ARL = 1/p* for this application
of the control chart will also fall short of the expected 1/p to an unpleasant extent. The
chart is then likely to produce a false alarm much sooner than prescribed.

Consequently, unpleasant behavior means a P which tends to produce outcomes too
far away from the intended p. As P is random, there is no unique way to express the
discrepancy. Two popular approaches are as follows. The first is the mildest one: look at
the expected value EP and compare it to p. If the bias (EP — p) is sufficiently small, the
chart is considered to be O.K. Similarly, we may compare E(1/P) with 1/p. This is not
equivalent to comparing EP with p, but belongs to the same category of a bias criterion.
Note that this is satisfactory if we are interested in the behavior over a considerable period,
i.e. we consider a long series of applications of the chart. However, suppose the bias of P
is indeed small, but its variability is still large. Then the average behavior may be more or
less O.K., but very long runs are mixed with very short ones. From the point of view of a
single application of the chart, this is still unfortunate. So then the second criterion is more
appropriate: look at the probability that P exceeds p by more than a given percentage
(for example 25). If this exceedance probability is sufficiently small (e.g. 20%), the chart
is O.K. in this more strict way.

As an example, let p = 0.002, so the intended ARL = 500. If we use the corresponding
limits f 4+ 3.096, we may e.g. want to require that EP is between 0.0016 and 0.0024.
Similarly, we may ask that E(1/P) is between 400 and 600. Alternatively, our condition
can be that P exceeds 0.0025 in at most 20% of the realizations of the chart. Note that
this is equivalent with requiring that the ARL is less than 400 in at most 20% of the cases.
Hence by now it is clear what characteristics we are watching and how we would like these
to behave. As P converges to p as n — oo, any wish in this respect can obviously be



fulfilled by taking n sufficiently large. However, the convergence unfortunately is so slow
that unrealistically large values for n result. Even for the mild bias criterion, n > 300 (cf.
section 2) is typically needed, while the stricter exceedance probability approach sooner
requires a value of n well over 500.

Hence the question is how to solve this problem. Our suggestion is to apply suitable
corrections to the chart. In this way, acceptable behavior can be attained for common
sample sizes. Of course, such corrections should be easy to understand and to implement.
A particularly simple approach is to adapt the choice of the factor in front of ¢ in the control
limits. An additional advantage is that this kind of operation is already in common use.
Above we mentioned the possible replacement of 3 by 3.09. Moreover, instead of simply
using & = S, it is also quite common to use a corrected version like & = S/cy. However,
the corrections we propose are superior in the sense that these offer a direct link with the
desired improvement of control chart performance.

4 The bias case: general

It is customary to use 2t = X as an unbiased estimator for j, which we shall do as well.
For &, a variety of choices is available. A rather common feature among these choices is
that a correction factor is applied to transform an arbitrary ¢ into an unbiased estimator
o* of o. Obviously, for that purpose just let

Eo
, with A = —. (4.1)

a

o =

NS

For example, & = S becomes 0* = S/¢y, where ¢y = (ES)/o. However, (4.1) really is a
rather halthearted solution, since in this way only the bias UL is removed. But that is no
purpose in itself. As we saw above, what counts is removal of the bias in P or in 1/P.

To achieve this to high precision, we propose limits of the following form

— B — B
one-sided: UL = X+up0*{1 + —} or LL=X —upa*{l + —},

n n

— B® — B(®
two-sided: UL = X + up/za*{l + T} and LL = X — up/za*{l + T} (4.2)
The corrections B and B® depend on the aim (FAR or ARL), on the estimator o* =
/{Eé&/c} and on p. However, they do not depend on n.

To simplify the presentation, we first consider the one-sided case, where originally an
out-of-control signal is produced when a new observation is larger than UL = X + u,0™.
Now a relatively simple computation essentially suffices. (Those not interested can safely
skip it and go directly to the result in (4.5); on the other hand, those wanting to know more
about the technical niceties ignored here are referred to Albers and Kallenberg (2004a)).
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Introduce for a moment UL, = X + u,c*(1 + ¢), where ¢ is some small constant yet to be
determined. Then (cf. (3.1)) P = Pr(Xps1 > UL(X1,..., X)) =1 — (X — p)/o +
u,(1 + ¢)o* /o). Next, a two-step Taylor expansion of EP gives EP — p = ¢(u,){—cu, +
Sup[var(X /o) + ulvar(c*/0)]}, where ¢ = ®. Consequently, using (4.1) and the fact
that var(X /o) = 1/n, it follows that the bias is removed best by letting ¢ = 1[1/n +
uZvar(6/E¢)]. Finally, the resulting u,0*(1 + ¢) approximately equals w,0*{1 + 3(1 +
u’T?)/n}, where

2= lim {nvar(%ﬁ) }, (4.3)

and consequently B in (4.2) for the FAR is seen to satisfy
BW =11 + u2r?). (4.4)

Hence to make P, rather than (/JE, unbiased, the upper limit has to be increased somewhat.
This is in line with the observation that P tends to have a positive bias.

For 1/P a similar, slightly more complicated, computation leads to the result in (4.4)
with the factor '3 replaced by '${1 —2¢(u,)/(pu,)} . Fortunately, as ¢(z)/(1—®(z)) ~ =
for large z, this expression virtually equals ’—%’. Hence for B in case of the ARL we
turn out to propose precisely the opposite from the BV for the FAR. This is in line with
the well-known phenomenon that, contrary to simple intuition, both P and 1/P have a
positive bias. The occurrence of (very) small values of P leads to (very) large values of
1/ P, which inflate the expectation. Also note that this situation illustrates the point that
corrections should not be applied automatically, but only with a clear idea about what
these are supposed to achieve.

As mentioned above, for simplicity of presentation we started with the one-sided case.
To complete the picture, we now return to the two-sided case, for which the computations
are a bit lengthier, but otherwise completely similar. For P the result is particularly
straightforward: there B® just equals B from (4.4) with up 2 rather than u,. In case of
1/ P the transition from the one-sided case to the two-sided one is slightly more complicated.
However, the final result remains quite simple: take B™) from (4.4), again replace u, in (4.4)
by /2, but in addition replace the '+’ by a '—" as well. In summary, our recommendation
is to apply (4.2) with the B’s according to the following table, with 72 as in (4.3),

Aim  One-sided case Two-sided case
FAR BW = %(11 +uZr?)  BO = %(1 +ul ) (4.5)
ARL BW = —f(1+ulr?) BY® = 1(1 —u,7)

Quite often one will compare the one-sided situation for some given value of p (e.g
p = 0.001) to the two-sided case for twice that value, i.e. for 2p. Note that then we simply
have for the FAR that B® = BM" and thus the one- and two-sided limits in (4.2) become
identical; for the ARL the minor modification B®® = BM 4 1 is all that is needed. For
briefness’ sake we will typically focus on this situation in the examples that follow.
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5 The bias case: examples

It remains to make correction factors such as the ones in (4.1)-(4.5) completely explicit.
This mainly requires specifying a choice for ¢. In the first few examples we shall consider
the case where no grouping occurs. Hence we simple have one sample of consecutive indi-
vidual observations Xy,..., X,.

Example 1. Sample variance: let 6 = S, with
st= LS - X)? (5.1)
(n—1) ’ ' '

=1

From the point of view of efficiency, (5.1) is the best possible choice. Consequently, we
will see that the corrections required in this example are smaller than those in the ones
that follow. This reflects the fact that the variation of S is minimal and thus minimal
adaptations suffice to take its effect into account.

Here A from (4.1) equals c4(n) = (ES)/o, which is widely used and tabulated. For
the present case, it suffices to use that ¢y = ¢4(n) =~ 1 — 1/(4n). Moreover, for the choice
under consideration, var(6/E¢) ~ 1/(2n) and thus 72 from (4.3) becomes 3. Hence, using
again a certain value p in the one-sided case, together with 2p for the two-sided case, (4.5)
reduces to

FAR: BY = B® =1(u2 +2), ARL: BY =—1(u2 +2), B® =-1(u2-2).  (5.2)

Aso* = S/cy = S(14+1/(4n)), it readily follows from (5.2) that e.g. for the FFAR the limits
in (4.2) now boil down to X +u,S{1+(u2+3)/(4n)}. If we select once more the traditional
u, = 3 (corresponding to p = 0.00135, 1/p = 740), we thus arrive at the following very
simple corrected version of the customary ’3c’-bounds (cf. (2.1))

UAL:Y+3S{1+%} andLALZY—:aS{H%}. (5.3)
For the ARL, the factor {1+ 3/n} in view of (5.2) becomes {1 — 2.5/n} and {1 — 1.5/n}
for the one- and the two-sided case, respectively.

The effects of BM for both P and 1/P in this example have been studied extensively
in Albers and Kallenberg (2004a). The conclusion, supported by massive simulations, is
that these corrections indeed work very well, producing acceptable small biases already
for n > 40. Moreover, the effect on the out-of-control behavior is almost negligible. This
is a major improvement compared to the generally advised n > 300 for the uncorrected
case, especially as sample sizes in practice will quite often lie in the range (40,300). A final
remark is that in Albers and Kallenberg (2004a) the proposals also have been illustrated
by means of a real data example involving charge weights of an insecticide dispenser.



Example 2. Moving Range: let ¢ = MR, with

MR =

1 n—1
3 X0 - X, (5.4)
n—1 = J J

Especially for the case of individual observations, (5.4) is the classical choice in practice.
It is felt to be less sensitive than & = S from (5.1) to trends. However, in the presence
of serial correlation, the situation is reversed and S is considered to be more robust than
MR.

For the case of the moving range A is given by the - also widely used - correction
dy = 2r(=1/2) ~ 1.128. Moreover, var(6/F6) ~ (37 + 3'/2 — 3)/n ~ 0.826/n (cf. e.g. Roes
(1995), p. 54, but note that in the first line of the formula [d2(2)]* must be omitted) and
thus

% = (.826. (5.5)

Clearly, using this value instead of the previous one, an analogue of (5.2) can be readily
computed from (4.5). Taking the special case of u, = 3 again, we obtain

FAR:BW =B® =422  ARL:BY =422 B® =322, (5.6)
giving e.g. for the FAR as corrected '30’-recipe the advice to use X £2.66 M R{1+4.22/n}
(cf. (5.3)).

Example 3. Interquartile Range: let 6 = IQR, where

IQR = X(ni1-in/a)) = X(n/a)): (5.7)

Here X(1), ..., X(,) are the order statistics of X1, ..., X, and [y] denotes the largest integer
< y. This choice in (5.7) is another robust alternative to S.
Let ! denote the inverse of @, thenits A ~ & 1(2)—® (1) = 1.35, while var(/QR) ~
1/{4n[p(®~1(2))]*} = 2.48/n, leading to var(/QR/EIQR) = 1.36/n. Hence
7% = 1.36, (5.8)
which for u, = 3 gives
FAR:BW =B® =662, ARL:BY =—-6.62, BY =—562. (5.9)

Note that in going from Example 1 to Example 3, the values of 72 (cf. (5.5) and (5.8)),
and thus the corrections (cf. (5.6) and (5.9)) indeed become larger, reflecting the fact that
the estimators used for ¢ become less efficient.

Next we turn to the case of grouped variables. The initial sample of size n now actually
consists of k sub-samples, each having size m (typically_ m = 5). Hence we have Xj;,
with ¢ =1,...,kand j = 1,...,m. For i we still use X, which now can be written as
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E—1 Zf;l X;, with X; = ( Tleij)/m. As concerns &, besides 6 = S from (5.1), several
variants are used as well. These may even be more popular, among others to exclude trend
effects, cf. the remarks under Example 2. We mention:

Example 4. Within sample variance: let 6 = S, with

- kg2
52 — E% (5.10)
where S? = Y™ (X;; — X;)?/(m — 1). Tt is well-known that the (m — 1)S?/0” are

x*(m — 1)-distributed, and that thus (n — k)S? /02 is x2(n — k)-distributed. Consequently,
var(S/ES) ~ 1/(2(n — k)) and thus

72 = lim = (5.11)

Hence the B’s from (5.2) are also inflated by a factor approximately equal to m/(m — 1).
For m = 2 this is still quite large, but for the rather customary m = 5 it has already gone
down to 1.25.

Example 5. Average within sample standard deviation: let 6 = S, where

Z?:] S’L

S:k’

(5.12)
in which S? is as in (5.10). This choice produces the classical X-chart for grouped observa-
tions. For this traditional choice A = ¢4(m) and, since m is quite small, the approximation
1 — 1/(4m) is no longer adequate.

Instead, tabulated values based on the exact result ci(m) = {2Y2T'(m/2)}/
{(m — D)'2T((m — 1)/2)} are in common use. For example, c4(3) = 0.886, c,(4) = 0.921
and ¢4(5) = 0.940. For the variance we obtain that var(S/ES) = (¢;*(m) — 1)/k. Hence

™ =m{c;*(m) — 1}, (5.13)

which e.g. equals 0.82, 0.71 and 0.66 for m = 3, 4, 5, respectively. In comparison, in
Example 1 we found 72 = 3, while in Example 4 (see (5.11)) we had 72 = m/{2(m — 1)},
producing 0.75, 0.67 and 0.63 for m = 3, 4 and 5, respectively. Hence the present choice
slightly further inflates the variance and thus the correction effects. For example, for u, = 3
and m = 5 we now have

FAR: BMW = B® =346, ARL:BW =_-346, B® = —2.46,

and thus e.g. for the FAR we obtain as corrected '30’-recipe: X £ 3.195{1 + 3.46/n}.
Note the difference compared to X £ 3S{1+ 3/n} from (5.3).



6 The exceedance case: general

In this section we will no longer be satisfied with correcting the average behavior.
Instead we want to limit the probability of nasty results in each single application of the
chart. Hence, for example we require that the intended FAR p (e.g. 0.002 in the two-sided
case) should not be exceeded by the outcome of P by more than a fraction ¢ (e.g. 0.25,
which means P > 0.0025) in more than 100a% (e.g. 20%) of the applications. In formula,

Pr(P>p(l+¢)) <a. (6.1)

Likewise, we can also stipulate that unpleasant values of the ARL 1/ P should be sufficiently
rare, leading to Pr((1/P) < (1/p)(1 —¢)) = «a. For example, if p = 0.002, ¢ = 0.20 and
a = 0.20, this means that, as the intended ARL should be 500, the risk is at most 20%
that the estimation effects will lower this value to less than 400. Fortunately, this second
criterion is essentially equivalent to the first. It clearly boils down to Pr(P > p/(1—¢)) < a,
which is nothing but (6.1) with e replaced by e /(1—¢) (e.g. € = 0.20 gives ¢/(1—¢) = 0.25).
Hence it suffices to study the criterion in (6.1) for P.
In analogy to (4.2), we propose limits of the following form:

one-sided : UL = X 4+ u,0* {1+ E®} or LL = X — upo™{1 + EV}

/

two-sided : UL = X + Up/20 {1+ E@} and IL=X— Up /a0 {1+ EPY,

with corrections £V and E® to be determined below. To achieve equality in (6.1) to
sufficient precision, again a relatively simple computation essentially suffices. (And again
as well, those not interested can safely skip it and go directly to the result, which is
contained in (6.2) and (6.3); for technical niceties this time consult Albers and Kallenberg
(2004b)). Just as in the bias case, the starting point is the one-sided situation with
UL, = X + u,0*(1 + ¢), with ¢ some small constant yet to be determined. From (3.1)
it follows that P = Pr(X,,1 > ULJ(X1,...,X,)) ~ 1 — Q(u,(1+ ) + W), where W =
(X —p)/o+u,{(c* /o) —1}. Now a one-step Taylor expansion of P already suffices to give
P —pr —¢(u,)(W + cu,). Consequently, approximate equality in (6.1) can be achieved
by setting Pr(—W > ep/¢(u,) + cu,) = a. In view of the asymptotic normality of W,
this implies that ep/¢(u,) + cu, = ug{varW}/2. Using again that ¢(u,)/p ~ u, and
var((X — p)/o) = 1/n, we arrive at ¢ = uo{var(6/E&) + 1/(nu2)}'/? — /u2. Finally, in
view of (4.3), the resulting u,0*(1 + ¢) can now be written as u,0*{1 + EW}, where
uo (T2 FuzH)? ¢

P/ £ (6.2)

EY = EV(e) 1/2 2
n U
P

As already mentioned above, adaptation to the case of 1/P is particularly simple here:
just use €/(1 —¢) in (6.2) for the ARL situation. For the two-sided case, the computation
is again similar and quite simple. The result for the FAR is

U T £
E® = EO(g) = ey (6.3)
p/2



from which once more the ARL result follows by using £/(1 — ¢) rather than e.
To get some feeling for the impact of the various E’s, we add some explanatory remarks.
First of all, note that using (4.5), we can rewrite (6.2) into

ug 2BY)V2 ¢

/2 20
u, nt/ ul

ED —

This makes it particularly easy to compare the present correction factor {1+ EM} to the
bias correction factor {1 + B™ /n} from (4.2). Observe that EM) needs much larger n
to become close to 0 than BM) /n (technically: the rate is n~'/2 rather than n~!), which
reflects the fact that correcting with respect to exceedance probability is more stringent
than with respect to bias. As concerns the role of a;, note that (6.1) becomes less severe
as « increases. In that case, u, decreases and hence so does EM: the upper bound
UL =X 4+ u,0*{1 + EM} becomes smaller, as should be the case.

Likewise, increasing ¢ in (6.1) also makes the criterion less strict and accordingly lowers
the upper bound. The limiting case o = % and € = 0 neatly gives back EV) = 0, reflecting
the fact that Pr(P > p) indeed equals L to first order and thus no further correction of
o0* = 6 /A beyond A is needed then. Typically, as we will see in more detail in the examples
from the next section, the positive u,-term dominates the negative e-term. Hence the E’s
will in general be positive: protection in the sense of (6.1) against variability effects requires
moving UL and /or LL outwards. Also note that, unlike in the bias case, this holds for
both the FAR and the ARL.

7 The exceedance case: examples

Not surprisingly, here we shall simply revisit the five examples considered in section 5.
To avoid repetition, we shall be quite brief. As in section 5, we take p in the one-sided case
and 2p in the two-sided case.

Example 1 (continued). Sample variance: let 6 = S, with S? as given by (5.1). Hence
72 = 1. For the by now customary u, = 3 we get E() = u,{11/(18n)}"/? — £/9 and
E® = w,/(2n)'? —£/9. Specializing further to e.g. the earlier used a = 0.20 and € = 0.20
leads to E) = 0.66/n'/? — 0.02 and E® = 0.60/n'/2 —0.02. As /(1 — ) = 0.25, just
replace '0.02° by '0.03’ to get the results for the ARL.

Note that these completely explicit examples also nicely illustrate the difference in be-
havior between the correction for bias and that for exceedance probability. In the former
case in Example 1 a typical factor roughly looked like 1 + 3/n. For n = 40, this equals
1.08 and thus still differs noticeably from 1. Indeed, as mentioned, these factors result
in a substantial bias reduction for such sample sizes. For n > 300, bias correction no
longer seems needed. Indeed, by then this factor has dwindled to 1.01 and not much
effect can be expected anymore. In the present exceedance case, we are dealing with fac-
tors like 1 + 0.66/n1/2, which for n = 300 still equals 1.04. As concerns 1.01, note that
n = {0.66/(1.01 — 1)}* = 4356 is required to precisely reach this value.
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The effects of EM for both the FAR and the ARL for this example have been studied
in detail in Albers and Kallenberg (2004b). It turns out that these corrections also work
very well, are indeed much larger than in the bias case and consequently remain necessary
for much larger n. Note that the price to be paid for this stronger form of protection
will unavoidably be some loss in performance during out-of-control. Clearly, consider-
ably widening the limits means that the probability of detection during out-of-control will
be reduced somewhat as well. Further illustration is provided in Albers and Kallenberg
(2004b) by revisiting the aforementioned real data example involving charge weights of an
insecticide dispenser.

Example 2 (continued). Moving Range: let 6 = MR, with MR as in (5.4). Again
72 = 0.826 (cf. (5.5)). Hence, just as above, for u, = 3 we evaluate E®) = 0.97u,/n'/?—¢/9
and E® = 0.91u,/n'? —¢/9. For a = ¢ = 0.20, this specializes to E) = 0.81/n'/? —0.02
and E® = 0.76/n'/? — 0.02.

Example 3 (continued). Interquartile Range: let 6 = IQR, with IQR as in (5.7).
Here 72 = 1.36 (cf. (5.8)) and thus, for u, = 3, we find EM) = 1.21u,/n'/? — /9 and
E® = 117u,/n'? — /9. For a = ¢ = 0.20, this boils down to EM = 1.02/n'/2 — 0.02
and E®? = 0.98/n'/% — 0.02.

Example 4 (continued). Within sample variance: let 6 = S, with S as in (5.10). Here
72 =m/{2(m — 1)} (cf. (5.11)). Hence for u, = 3 e.g. E@ = [m/{2(m — 1)}]"/2u,/n'/? —
/9.

Example 5 (continued). Average within sample standard deviation: let 6 = S, with S
asin (5.12). Then 72 = m(c;%(m)—1) (cf. (5.13)), which e.g. for m = 5 leads to 72 = 0.66.
Consequently, u, = 3 then gives E®") = 0.88u,/n'/? — /9 and E®?) = 0.81u,/n'/? — /9.
For a = ¢ = 0.20, this boils down to EM = 0.74/n'/2 — 0.02 and E® = 0.68/n'/? — 0.02.

8 Conclusions

We have introduced a number of modifications for traditional correction factors such as
¢y and dy. The added value of the new proposals is that these provide a clear link to the ac-
tual performance of the chart. Performance characteristics considered are the FAR p and
the ARL 1/p, and corrections are aimed at either reducing bias or exceedance probabili-
ties. The rather mild bias corrections typically modify the traditional correction through
an additional factor {1 £ B/n}, where n is the sample size and B is some constant. The
exceedance corrections are more stringent and roughly boil down to an additional factor
{14 C/n'/?}, for some constant C.

Note that the results obtained can be used in (at least) two ways. One is quite direct:
just specify a performance goal and evaluate the corresponding correction to be applied.
Another is more global and uses the material to perform relevant sensitivity analyses. In-
sight is provided into the sensitivity of the performance characteristics to variation (e.g.
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due to estimation effects) in the limits used. Hence if a practitioner experiences a rather
large number of unexpectedly short runs in the application of a standard chart, he or she
can now obtain an idea of whether something is wrong, or whether this is just ’all in the
game’ with the traditional approach. In the latter case, it can be figured out what to do
about it by using one of the new proposals.
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