Faculty of Mathematical Sciences P.O. Box 217
7500 AE Enschede
The Netherlands

. . Phone: +31-53-4893400
niversi f Twen

U ers ty 0 ente Fax: +31-53-4893114

University for Technical and Social Sciences Email: memo@math.utwente.nl

MEMORANDUM NoO. 1475

Characterization of well-posedness
of piecewise linear systems

J.-I. ImurA! AND A.J. VAN DER SCHAFT

DECEMBER 1998

ISSN 0169-2690

1Division of Machine Design Engineering, Hiroshima University, Higashi-Hiroshima 739-8527, Japan



Submission to IEEE Transaction on Automatic control

Characterization of well-posedness of piecewise linear systems!

Jun-ichi Imura* and Arjan van der Schaft™*

* Division of Machine Design Engineering, Hiroshima University, Higashi-Hiroshima 739-8527, Japan

** Faculty of Mathematical Sciences, University of Twente, P.O. Box 217, 7500 AE Enschede, the Nether-
lands, and CWI, P.O. Box 94079, 1090 GB Amsterdam, the Netherlands

November 19, 1998

ABSTRACT: One of the basic issues in the study of hybrid systems is the well-posedness (existence and uniqueness of
solutions) problem of discontinuous dynamical systems. This paper addresses this problem for a class of piecewise linear
discontinuous systems under the definition of solutions of Carathéodory. The concepts of jump solutions or a sliding
mode are not considered here. In this sense, the problem to be discussed is one of the most basic problems in the study
of well-posedness for discontinuous dynamical systems. First, we derive necessary and sufficient conditions for bimodal
systems to be well-posed, in terms of an analysis based on lexicographic inequalities and the smooth continuation property
of solutions. Next, its extensions to the multi-modal case are discussed. As an application to switching control, in the
case that two state feedback gains are switched according to a criterion depending on the state, we give a characterization
of all admissible state feedback gains for which the closed loop system remains well-posed.

Keywords: piecewise linear systems, hybrid systems, discontinuous systems, well-posedness, lexicographic inequalities.

1 Introduction

Various approaches to modeling, analysis, and control synthesis of hybrid systems have been developed within the com-
puter science community and the systems and control community, from different points of view (see, e.g., [1] -[6]). In
the computer science community, as an extension of finite automata, several models of hybrid systems such as timed
automata [7] and hybrid automata [8] have been proposed and some results on verification of their models have been
obtained. In the control community, from the dynamical systems and control point of view, models of hybrid systems
have been proposed (see e.g., [9], [10]), and several properties such as stability and controllability have been discussed; see
[11] and [12] for controllability of switched systems and integrator hybrid systems, respectively, [13] and [14] for stability
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of general hybrid systems, and [15]-[17] for stability of piecewise linear systems. One of main concerns in these researches
is how we define and analyze various kinds of properties of hybrid systems with discontinuous changes of vector fields
and jumps of solutions (i.e., autonomous switchings and autonomous jumps in the terminology of [10]). However, there
are still few results on the basic problem of uniqueness of solutions of piecewise linear discontinuous systems, while the
existing standard theory of discontinuous dynamical systems is not quite satisfactory in spite of the fact that it is crucial
for various developments of hybrid systems.

On the other hand, as an approach to modeling of hybrid systems, there is a new attempt in [18] and [19] to generalize
in a natural manner dynamical properties of physical systems with jump phenomena which occur between unconstrained
motion and constrained motion, such as the collision of a mass to a hard wall, so as to develop a framework modeling a
class of hybrid systems. This framework is called the complementarity modeling (the corresponding system is called the
complementarity system), which can describe several kinds of hybrid systems including electrical network with diodes and
relay type systems as well as mechanical systems with unilateral constraints. Such an approach provides a natural and
intuitive interpretation of jump phenomena in hybrid systems and make the analysis relatively easier. In fact, as the first
result of the analysis in this line, several algebraic and checkable conditions for well-posedness (existence and uniqueness
of solutions) of such systems have been derived in [18] -[21].

When hybrid (discontinuous) systems are considered from the above physical viewpoint, there also exist physical
phenomena such as the collision to an elastic wall, whose system has a discontinuous vector field and does not exhibit
jumps. Does there exist a common algebraic structure in the discontinuous vector field of such systems? Can we extend
this to a general framework from the mathematical point of view? As far as we know, however, such questions have not
been addressed, although an abstract condition can be found in the well-known book by Filippov [22]. When solutions
without jumps are considered, there are, roughly speaking, two kinds of definitions of solutions, that is, Carathéodory’s
definition and Filippov’s definition. The latter yields the concept of a sliding mode. In the case of physical systems such
as the collision to an elastic wall, on the other hand, the solution belongs to the former, although we need to extend
Carathéodory’s definition, in a straightforward manner, to the case of discontinuous vector fields.

Besides from the viewpoint of a generalization of such physical systems, there are in addition the following three points
we like to stress as a motivation to address the well-posedness problem in the sense of Carathéodory for discontinuous
dynamical systems. First, this problem is a most fundamental one in the study of well-posedness for discontinuous
dynamical systems. In other words, compared with the well-posedness problem including the concept of jump phenomena
or a sliding mode, it is closest to the well-posedness problem in continuous dynamical systems. Therefore, as a first step
to establish a theory of well-posedness of general hybrid systems, it will be very meaningful to clarify to what extent this
basic problem can be analyzed. The second point is that it may be easier to analyze a system without jumps than with
jumps. By representing a system with jumps as a limit of a system without jumps, we may obtain more results on the
property of hybrid systems with jumps. A similar approach can be found in [23] -[26]. Third, in many examples of hybrid
systems of practical interest, the solutions do not necessarily have jumps in the transition from one mode to the other
mode, and also it may be desirable that no sliding mode exists in closed loop control systems.

In this paper, we address the well-posedness problem in the sense of Carathéodory for the class of piecewise linear
discontinuous systems. We mainly concentrate on bimodal systems, and give several necessary and sufficient conditions for
those systems to be well-posed, in terms of the analysis based on lexicographic inequalities and the smooth continuation
property. Furthermore, some of results obtained in the bimodal case will be extended to the case of two kinds of multi-
modal systems. Finally, as an application of our result, we discuss the well-posedness problem of feedback control systems
with two state feedback gains switched according to a criterion depending on the state. Recently, switching control
schemes have attracted considerable attention in the control community (see, e.g., [27], [28], and [29]). As one of its
basic results, we give a characterization of all admissible state feedback gains provides that the corresponding closed loop
system is well-posed.

The organization of this paper is as follows: In section 2, piecewise linear discontinuous systems in the bimodal case
are described, together with the definition of solutions of Carathéodory. Section 3 is devoted to some mathematical
preliminaries on lexicographic inequalities and smooth continuation. We give out main results on the well-posedness
of bimodal systems in sections 4 and 5, and some extensions in section 6. In section 7, our results are applied to the
well-posedness problem in switching control systems. Section 8 presents a brief summary and some topics for future
research.

In the sequel, we will use the following notation for lexicographic inequalities: for x € R", if for some i, z; = 0
(j=1,2,---,i—1), while 2; > (<)0, we denote it by = > (<)0. In addition, if z =0 or & > (<)0, we denote it = = (=)0.
We use the notation * representing any fixed but unspecified number or matrix. Finally, I,,, Oy, and O,, denote the
n X n identity matrix, the m X n zero matrix, and the n x n zero matrix, respectively.



2 Piecewise linear discontinuous systems

In this section, we describe the basic form of bimodal systems to be studied here, and give a definition of well-posedness
for these bimodal systems. Next, we give an equivalent representation of bimodal systems, which will be important for
further developments.

2.1 Description of bimodal system and definition of its solution

Consider the system given by

mode 1:& = Az, if y=Czx>0 (1)
°) mode2:& = Bz, if y=Cx<0

where z € R"™, y € R, and A and B are n x n matrices (in general different). Since the two linear differential equations
# = Az and & = Bx are coupled by separating the region of R™ into two subspaces, i.e., ¥y > 0 and y < 0, the system
Yo belongs to the class of piecewise linear systems. Even when we consider the system Yo on any neighborhood of the
origin, the argument below holds with some modification. However, for brevity, we consider the system to be defined on
the whole R".

Furthermore, for simplicity of notation, we use #(t) in (1), although there may be a set (of measure 0) of points of
time where the solution z(t) is not differentiable. Formally, the system Yo is given by its integral form (which is called
the Carathéodory equation):

a(t) = z(to) + ) f(x(r))dr (2)

where f(x) is the discontinuous vector field given by the right hand side of (1). We call the x(¢) given by (2) the solution
in the sense of Carathéodory.
Then the well-posedness for the system Yo is defined as follows.

Definition 2.1 The system Yo is said to be well-posed at xo if there exists a unique solution of (1) on [0,00) in the
sense of Carathéodory for the initial state xg in R™. In addition, the system Xo is said to be well-posed if it is well-posed
at every initial state xg € R™.

The following result shows that we only have to prove local existence and uniqueness of solutions at every initial state
in order to show the well-posedness of the system ¥o.

Lemma 2.1 If there exists an € > 0 such that a unique solution x(t) of Xo exists on [0,¢€) in the sense of Carathéodory
from every initial state xy € R™, then the system Yo is well-posed and the solution is absolutely continuous on any
interval of R.

(Proof) Since there exists a local unique solution from every initial state, we can make a successively connected solution.
Then the solution z(t) in (2) is given by z(t) = eSi(t=ti) eSi-1(ti=ti-1) ... eSotig(0) for all t € [t;,t;4¢), wherei € {0,1,2,- -}
is the switching number, ¢; is a switching time (to = 0), and S; = Aor B (j =0,1,2,---,). Since there exists a positive
real number a such that max{|| e ||,|| eB* ||} < e® for all t+ > 0, it follows that | x(t) |[|< e || z(0) || for all
t € [t;,t;+¢) and all i € {0,1,2,---}. Noting that there exists a unique solution for all ¢ > ¢, even when ¢, < oo (i.e., a
finite accumulation point of switching times exists), we have x € L. (extended L, space). Thus there exists a unique
solution z(¢) on [0,00). In addition, since f(z) € L1, (with f(x) defined by (2)) holds from = € L, it follows from
Lebesgue integral theory that the solution given by (2) is absolutely continuous on any interval of R. a

Remark 2.1 After section 5, we will consider other types of discontinuous systems such as multi-modal systems. For all
these systems, Definition 2.1 can be straightforwardly extended and Lemma 2.1 also holds for these systems.

It is well-known that a sufficient condition for a system given by a first-order differential equation to be well-posed is
that it satisfies a global Lipschitz condition. When we apply this to the system Yo, it follows that a sufficient condition
for well-posedness is that there exists a K such that B = A + KC. Note that in this case the vector field is necessarily
continuous in the state x.

Now, how about the case of discontinuous vector fields? Let us consider the following example shown in Figure 1.
The equations of motion of this system are given by

mode 1 : :?1 = 0 1 o ) ify=1[1 0 o >0
T 0 0 X9 T (3)
. Zbl o 0 1 X1 . o T
mode 2 : . = ke —d][sz}’ ify=1[1 0] . <0.



Figure 1: Collision to an elastic wall

By simple calculations, we see that this system is well-posed (without jumps and sliding modes), although the vector field
is discontinuous in  when d # 0. On the other hand, we can easily find an example which is not well-posed, as shown
below:

. i‘l _ 0 1 I . _ I

mode 1 : o = 0 O] IE2}’ ify=1[1 0] s >0
. il o 0 -1 X1 . o T

mode 2 : i = 0 0 [362 ], ify=1[1 0] . <0.

In fact, if the initial state x(0) satisfies £1(0) = 0 and z2(0) = 1, then the solution z(¢) in mode 1 belongs to the region
x1 > 0, and the solution z(t) in mode 2 belongs to the region x; < 0. Thus there exist two solutions for this initial state.

Within the type of physical systems as given by (3), there will exist many systems with discontinuous vector fields,
but which are well-posed. In the next sections, we will derive a necessary and sufficient condition for the well-posedness
of the system Yo including such physical systems.

Remark 2.2 Consider the system given by the equations

. i’l _ 0 -1 T . _ T

mode 1 : . = 0 0 [ 2 } , fy=1[1 0] 2 >0
. i‘l o 0 1 X1 . o T

mode 2 : . = 0 0 } . ] , ify=[1 0] . <0.

The system is not well-posed at (x1,x2) = (0,1) in the sense of Definition 2.1 because the solution x(t) in mode 1 (mode
2) is included in the region in mode 2 (mode 1). However, if we use Filippov’s definition, there exists a unique solution
from the initial state (z1(0),22(0)) = (0,1). In fact, the system o can be rewritten by & = (1 + u)Az + 2(1 — u) Bz,
using a relay-type input of uw = sgn(y). Thus for (x1(0),22(0)) = (0,1), there exists a unique solution given by the
equivalent control input uw = 0. Certainly, Filippov’s definition is very important from a practical viewpoint as well as
from a mathematical viewpoint. However, in this paper, we concentrate on the well-posedness problem in the sense of
Definition 2.1.

Remark 2.3 When we consider the case of d — oo in the example (3), a jump in the solution will occur. Such a system
can be treated within the framework of complementarity systems. Thus we conjecture that there exists some relation
between complementarity systems and systems given by (1). In other words, there may be some possibility to approximate
the complementarity system, i.e., the discontinuous dynamical system with jumps, by a system without jumps given by
(1). Some researchers have already studied the relation between two solutions for a simple physical system as in Figure 1
(see Chapter 2 in [26]), and we plan to return to this issue in a future paper.

2.2 Equivalent representation of the bimodal system >,

For the system Yo, define the following row-full rank matrices:

C C
CA CB
mWE| L | TeE | (4)
C«A-h—l CB.k—l

where h and k are the observability indexes of the pairs (C, A) and (C, B), respectively . In addition, let St, Sy, S&,

and S be sets defined by

4

StE{zeRY | Tyz =0}, SyZ{zreR"|Tyz =0} (5)



for N = A, B. Then noting that Taz = [y, 7, -,y " D]T for the system & = Az and Tz = [y, 9, --,y* V|7 for the
system & = Bz, we introduce the system given by

mode 1:4 = Ar, ifxeS]

EAB{ mode 2:4¢ = Bz, ifzeSg (6)

We call T4 and T the rule (or observability) matrices of the system ¥ 4. The well-posedness for the system X 4p is
defined similar to Definition 2.1. The following result shows that the system Yo is well-posed if and only if the system
Y ap is well-posed.

Lemma 2.2 The system X ap is equivalent to the original system Yo, i.e., both systems have the same solutions.

(Proof) If y(t) = Cx(t) > 0 for & = Az, then Tax(t) = 0. Conversely, if Tax(t) = 0 for & = Az, then y(t) = Cx(t) > 0is
obvious. When T4z (t) = 0, the definition of the observability index implies that y(¢) = 0. The case of & = Bz is similar.
Thus modes 1 and 2 of X 45 are equivalent to those of X, respectively, which implies that both systems have the same
solutions. |

Thus, we will discuss the well-posedness of the system ¥ 45 in the next sections. Note that the claim in Lemma 2.1
is still true for the system ¥ 4.

3 Preliminaries on lexicographic inequalities and smooth continuation

In this section, as a preparation, we give mathematical preliminaries on lexicographic inequalities and smooth continuation
for solutions of linear systems with respect to lexicographic inequalities. Most of results obtained in this section will play
a central role in the study of well-posedness in the next sections.

3.1 Lemmas on lexicographic inequalities

First we give some lemmas on lexicographic inequalities. Throughout this subsection, z will be a vector in R™.

Lemma 3.1 Let T be an m X n real matriz with m < n and rank T =rank Ty = r, where T = [TlT TQT]T and Ty € R™>™.
Then Tz = (X)0 if and only if Tix = (X)0.

(Proof) Tz > 0 is equivalent to Ty = 0, or Thiz = 0 and Tox > 0. Hence, Tz > 0 implies T2 = 0. Conversely, consider
Tixz = 0. Then rank T =rank T} = r yields Tox = 0. Thus Tix > 0 implies Tz = 0. The case of Tx <0 < Tix <0 is
similar. O

This lemma shows that the row full-rank submatrix 77 of T" is enough for representing the relation of the lexicographic
inequality. Thus the following result is obtained: let 7' be an m x n matrix and let £1 be the ith row vector of T. Let

a~lso T; 2 [t1 2 ~'~f¢]T. Suppose that rank7; = rankT;;; = ¢. Then from Lemma 3.1, we can use, in place of T,
T=1t -+ t; tiya -+ L] which is obtained by removing the i + 1th column ;11 from T. Hence we can assume without
loss of generality that T is row-full rank, whenever we consider Tz > (=<)0.

Definition 3.1 Let L™ be the set of n x n lower-triangular matrices. In addition, let L7 be the set of elements in L"
with all diagonal elements positive.

The following lemma shows that the set L} characterizes the coordinate transformations preserving the lexicographic
inequality relation.

Lemma 3.2 Let T' be an n x n real matriz. Then x = (=)0 < Tz = (X)0 if and only if T € LT} .

(Proof) («) Obvious. (—) First, we will prove that if = 0 <> Tz > 0 holds, then T' is nonsingular. So assume that T’
is singular and rank T'= m < n. Then from Lemma 3.1, there exists a T3 € R™*"™ such that Tx > 0 < Tz = 0. So we
consider x = 0 «» Tyz = 0. Let T3 be an (n —m) x n matrix such that~7~“ = [TF TF] is nonsingular, and let z 2 [zf zX|T
where z; = Tyxz. Then z = T '2 = M 2z, + Mz, where [My Ms] = T—'. When z; = 0 and %, is any vector, we obtain
x = MsZ>. In addition, since rank My = n — m, there exists a zo € R™ ™™ such that z < 0. This is inconsistent with the

condition that Tyz = 0 — = = 0. Hence, T is nonsingular.

Now we define the new coordinates z = [21, 2o, - -, zn| - £ T4. Denote the (4, 7)th element of T by t;;. Suppose that,
forke{l,2,---,n}, 2, =0(=1,2,---,k—1), 2, >0,and z; (j =k+1,k+2,---,n) are arbitrary. We will prove the
assertion for > by induction. First, let us consider k = 1. From

z1 = t1121 + 1222 + -+ - + L1 Ty,



we have t1;, =0 (1 = 2,3,---,n) because z; > 0 and z; (i =2,3,---,n) are arbitrary. Furthermore, if t1; < 0, then z; <0
for 1 > 0, and if ¢;; = 0, then T is singular. Hence we conclude ¢;; > 0. Next assume that, for k = k, € {1,2,--- ,n—1},
tis >0 (i =1,2,--,ks),and t;; =0 (i = 1,2,--- ks, =i+ 1,i4+2,---,n). Under this inductive assumption, let us
consider k =k, + 1. From z; = --- = a3, = 0, it follows that

241 = Ukt 1kt 1Tk +1 T by 41 ko 42Tk, 42 + - Tk 41,0 Tn-

Thus noting that z; =0 (i =1,2,---, k), we have tg, 41, =0 (i = ks +2,---,n) since 2,41 > 0and x; (1 = ke +2,---,n)
are arbitrary. In addition, similarly to the case k = 1, it is verified that ¢, 41,5, +1 > 0. The proof of the assertion for <
is similar. O

While Lemma 3.2 is concerned with the nonsingular matrices case, the following result treats the singular matrix case.

Lemma 3.3 Let T and S be l x n and m X n real matrices with rank T =1, rank S = m, and | > m, respectively. Then
the following statements are equivalent.

(i) Sz = (X)0 for all x satisfying Tz = (X)0.

(ii) S = [M O]T for some M € L.

(Proof) (i)—(ii). Let @ be any (n — ) x n matrix such that [T'T QT]T(é T) is nonsingular. We denote the new
coordinates by z 2 [z 23T, where z; = T and 23 = Q. Then (i) is equivalent to that Nz = 0 for all z; = 0, where

NE ST=1. Let Ny and Ny be m x [ and m x (n — 1) matrices, respectively, satisfying N = [N; N3]. When z; = 0 and
29 is arbitrary, N2 = 0 is necessary for Nz = 0. Thus (i) is equivalent to the condition that Nyz; »= 0 for all z; > 0.
Similarly to the proof of Lemma 3.2 and noting rank S = m, we can prove that N1 = [M 0] for some M € L. Hence it
follows that S = NT = N,T = [M 0]T.

(ii) —(i). If Tw = 0, then [I,, O0]Tz = 0, which implies that [M 0]Tx > 0 because M € L}'. Hence (ii) provides
Sz > 0. The proof of the case with < is similar. O

Note that Tz > (<)0 in (i) of Lemma 3.3 can be also replaced by Tz >~ (<)0, as can be easily seen from the proof.
This fact will be used in the proof of Lemma 3.4 below. Moreover, when we describe the singular case in terms of a form
corresponding to Lemma 3.2, the following corollary is obtained from Lemma 3.3.

Corollary 3.1 Let T and S be l x n and m x n real matrices with rank T =1, rank S = m, and | > m, respectively.
Then the following statements are equivalent.

(i) 5z > ()0 = Ta = (<)0.

(i) l =m and S = MT for some M € L.

(Proof) (i) —(ii). We can prove rank 7' =rank S in a similar way to the first part of the proof in Lemma 3.2. The latter
part in (ii) follows from Lemma 3.3. Concerning (ii) —(i), it follows from (ii) that Sz = (x)0 & MTz »= (X)0 < Tx =
()0, which implies (i). a
From the definition of the lexicographic inequality, it follows that for any nonsingular n x n matrix 7" we have the
properties:
{reR" | Tz =0} e e R" | Tx 20} = R",

{r eR" | Tz = 0} {z € R" | Tz =0} = {0}.
The following lemma generalizes this property to the singular matrix case.

Lemma 3.4 Let T and S bel x n and m x n real matrices with rank T =1, rank S = m, and | > m. Then the following
statements are equivalent.

(i)){zeR" | Te =0} J{r e R" | Sz <0} =R".

(i) S = [M 0]T for some M € LT.

(Proof) The complement of {x € R™ | Ta = 0} in R" is {x € R™ | Tx < 0}. Thus (i) is equivalent to (iii) {z €
R™ | Sz <0} D{zx e R"|Tx < 0}. Hence we will show (ii) « (iii). (iii) implies that Sz < 0 for all = satisfying Tz < 0.
From Lemma 3.3, it follows that (iii)— (ii). The proof of (ii)— (iii) is straightforward. O

3.2 Characterization of smooth continuation property

If all the solutions of the n— dimensional linear system & = Ax locally conserve the lexicographic inequality relation, that
is, for each initial state x(0) satisfying x(0) > (=)0, there exists an £ > 0 such that z(¢) > (<)0 for all ¢ € [0, &], then we
say that the system has the smooth continuation property, or smooth continuation in the system is possible [18]. In this
subsection, we derive a necessary and sufficient condition for this property.



Definition 3.2 Let G§ be the set defined by

[ % y2 0 ... 0
n & nxn . .
gO: eR I = : 0 ,’yi7i+120,z:1,2,---,n—1
TYn—1,n
B x

where v;; is the (i,j) element of the matriz I'. In addition, let G be the set of elements in G with all the (i,i + 1)
elements vy; ;41 positive.

The set Gy characterizes the smooth continuation property of linear systems as follows.

Lemma 3.5 For the system & = Ax, the following statements are equivalent.
(i) The system has the smooth continuation property.

(ii) A € Gf

(iii) There exists a matriz T € LT such that

A 0 0
TAT71 _ A21 A22 (7)
K ) ~0
Apl Az),p—l App
where -~ _
0 1 0 0
R 0 O 1 .o R * *
A= . - - - eRMXML Ay = | ¢ : e R"M*M . fori>j,
0 0 1 * *
. * -

andn=ny+nas+---+n, (pe{l,2,---,n}).

(Proof) (i)— (ii). Suppose that, for & € {2,---,n}, z;(0) =0 (1 =1,2,---,k—1), 2,(0) >0, and z; (j =k + 1,k +
2,---,n) take any values. We will prove the assertion by induction. First, consider k = 2. Let a;; be the (4, j) element of

A. So from
21(t) = t{a1272(0) + a1323(0) + - - - + a1,2,(0)} + o(t?),

it follows that a1; =0 (j = 3,4,---,n). In fact, if a1; # 0 for some j € [3,4,---,n], then there exists an ¢ > 0 such that
z1(t) < 0 for all t € [0,¢] at some x;(0), which is inconsistent with the condition (i). In addition, since z2(0) > 0, no
smooth continuation is possible if a12 < 0. Hence we have a2 > 0.

Next assume that, for k =k, € {2,3,---,n— 1}, @541 > 0and a;; =0 (i1 =1,2,--- ks — 1, j=9+2,i+3,---,n).
Under this assumption, let us consider k = k, + 1. By inductive calculations, it is verified that

£k

{ I @i i1 2, +1(0) + T2 a1 an, kos2@r.+2(0) + -+ + T2 ag i 10k, n@a(0) }+ o(t™ ).

IEl(t) = E

From this, it follows that ay, ; =0 (j = k« +2,---,n) and ag, k.+1 > 0. Thus by induction, (ii) holds.
(ii)— (iil). Suppose that, for i = k;, a; ;41 =0 (j =1,2,---,s;s <n — 1), and for the other i, a; ;41 > 0. Set ko =0

. . . AN .
and ks41 = n. Let us consider the coordinate transformation z = [z1, 22, - - ,zn]T = Tx given by

1>

Zk‘j+1 :L'kj+17

kj+2 k4t Uk j+1-2)T1
A
Zhj+l = E : E : E : e +1i0 5 1) Doy +1) i +2) " Ve +1-2) i +1-1) Tigh; +1-1)
toey 4 =L i +2)=L g p-n=1

=2, kjy1—k;, j=0,1,---,s. (8)



whnere 1. = Kj —+ note at s = mmplies at all elements a; ;41 are positive). € matrix 1S given by
here iy, = k; + 1 (note that s = 0 implies that all elements a; ;4 itive). The matrix 7 is given b

11 0 R 0
Ty T :
T — 21 22 (9)
: . 0
Tor1n - Tsy1s Tor1,611
where
1 0 e 0
T — k1) +1k-1)+2 - : c R(ki—k(,_-,l))x(ki—k(ifl))’
. ) . 0
ki—k;_1—1
* e * Hj:1 ! ak(i71)+j7k(i71)+j+1
0O ... ... 0
Ty=| . | e Ri—ka-0)x(ki=kG-1)) " for > j .
Thus from a; ;41 > 0 for all i € {1,2,---,n} except for i = k;, we conclude 7" € L. Furthermore, by direct computation,
it is verified that TAT ! satisfies (7).
(iii)— (i). Denote the new coordinates by z = [21,22, -, 20" 2 Tx. From Lemma 3.2, T € L7 implies that

x>0 z>0. Let 2z (k=1,2,---,p) be defined by

z k—1
(T no+1

I
>
1>

X mo

where z; = [21, 29, ~,zn1]T for k=1.
Note that 2(0) = 0, namely z(0) > 0, is equivalent to z;(0) =0 (i = 1,2,---,k—1) and 2, (0) > O forall k € {1,2,---,p}.
So from the structure of the A-matrix of the system, for each k € {1,2,---,p}, there exists an € > 0 such that

() = 0,i=1,2-k—1
{ 2 = 0 , Vtel0,e]
which implies that x(t) > 0 for all ¢ € [0,¢]. The case x(0) < 0 is proven in the same way. a

From Lemma 3.5, it turns out that, by the coordinate transformation given in (9), any linear system with the smooth
continuation property is transformed into a system whose A-matrix is given by (7). In addition, the equivalence between
(ii) and (iii) suggests that all the coordinates transformations given by elements in L'} conserve the smooth continuation
property of the linear system. This is shown in the following lemma.

Lemma 3.6 Let M be a matriz in L7 and T' be a matriz in G§(G7). Then MTM~ € Gi(G).

(Proof) Let My and 'y, be k X k matrices with M}, € Eﬁ and 'y, € g{;. When k = 1, we can show that MlFlel €Gg.
Assume that MkaMk_1 € Gk for some k € {1,2,---,n—1}. Under this assumption, it is verified that MkHFkHMk__:l €
gé”'l. Thus by induction, we conclude MTM~1 ¢ Gy. The proof in the case of gf]_ is similar. O

There is another type of the smooth continuation property, where € in (i) of Lemma 3.5 is independent of the initial
state z(0). In other words, if there exists a positive constant ¢ such that z(t) = (<)0 for all z(0) satisfying x(0) > (<)0
and all t € [0, €], we call this the uniform smooth continuation property. The following lemma characterizes this property.

Corollary 3.2 For the system & = Ax, the following statements are equivalent.
(i) The system has the uniform smooth continuation property.

(it) There exists a positive constant € such that e € L7 for all t € [0,¢].

(1i1) z(t) = (=)0 for all x(0) satisfying x(0) > (<)0 and all t € [0, 00).

(iv) e € L7 for all t € [0,00).

(v) Ae L".



(Proof) (i)« (ii), and (iii)«(iv) are straightforward from Lemma 3.2. We will prove (iv) — (ii) — (v) — (iv). First,
(iv) — (ii) is trivial. Next, (ii) — (v). Note that e“! is a one-parameter subgroup in £ around ¢ = 0. Thus the tangent
vector at ¢ = 0 is A. On the other hand, the tangent space Tc L’} at the identity matrix is £L". Hence A € L". Finally,
(v)— (iv). If A € L™, simple calculations show

ertt 0 ... 0
x  ed22!
eAt = , A = [a4]
0
* * eannt
which implies (iv). m|

Obviously, the uniform smooth continuation property implies the smooth continuation property. However, the converse
is not true. Corollary 3.2 asserts that the uniform smooth continuation property in the local sense (i.e., (i)) is equivalent
to the global one (i.e., (iii)) in the case of linear systems. Moreover, (iii) shows that the sets {x € R"™ | z > 0} and
{z € R" | < 0} are invariant subsets of R™ with respect to the dynamics & = Ax.

4 Characterization of well-posedness of bimodal systems

In this section, we discuss the well-posedness of ¥, or equivalently of ¥ 4. First, we give a result in the case that both
pairs (C, A) and (C, B) are observable. This will clarify a fundamental issue in the algebraic structure for well-posed
bimodal systems. Next, the unobservable case is treated, as a generalization of the observable case.

4.1 Observable case

In this subsection, we assume that the pairs (C, A) and (C, B) are observable, that is, T4 and T are nonsingular, where

C C
CA CB
Ta 2 } , 1B 2 ) (10)
CAn1 cBr!
In addition, we consider the following two systems:
del: &=Azx, ifzxeS}
N mode : & - z, ifz i (11)
mode 2: & =Bz, ifxeS,
Coa : +
5 mode 1 a.c:Aa:, %faceé‘jE (12)
mode 2: & =Bz, ifxeSy

where Sf; and Sy (N = A, B) are given by (5). Utilizing the fact that S} |JS; = R", the system X4 is given by the
rule matrix T4 only. The system X g is defined by the rule matrix T in the same way. Then we come to the first main
result on the well-posedness.

Theorem 4.1 Suppose that both pairs (C, A) and (C, B) are observable. Then the following statements are equivalent.
(i) Y ap is well-posed.

(i1) Y4 is well-posed.

(iii) X is well-posed.

() STUSp = R™ and ST NSz = {0}.

(v) TeTy' € L7

(vi) TaBT ' € G%.

(vii) TgATg" € G

(Proof) First, we prove (i)—(v)— (iv) — (i).

(i)—(v). S§ US; = R" is obviously necessary for well-posedness. From Lemma 3.4, there exists a M € L7 such that
Tp = MTy. (v)— (iv) follows from Lemmas 3.2 and 3.4. (iv) — (i). Note that, since T4 and Tp are the observability
matrices, TAATE1 € G} and T BTy le G7. So from Lemma 3.5, these guarantee the smooth continuation property for
each mode. Hence, (iv) implies that the system ¥ 45 has a unique solution at every initial state.

Next, we prove (v)—(ii)—(vi)— (v).
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Figure 2: Elastic collision between 2 objects

(v)—(ii). Since (v) implies by Lemma 3.2 that S, = Sz, X ap is equivalent to ¥ 4. Since X 4p is well-posed by (v),
¥4 is also well-posed. (ii)—(vi). In the new coordinates z = [z 29 -+ 2,]T 2 Tz, the system X 4 is described by
53,4 { mode 1 : z = TAAT,;IZ» %f z>=0
mode 2: 2=TyBT  z, ifz=0.
Then (ii) implies that smooth continuation is possible in each mode of ¥ 4. Thus by Lemma 3.5, (ii) implies TABT;1 € Go.
Letting ~y;; be the (i, 7) element of T’ 2 T4BT; ", and noting that CT;' =[1 0 --- 0], we obtain

CB = CT{TTyx = [ty2 0 - 0],
CB? = COT,'T?Ta = [* % y12723 0 -+ 0]T4,
, . (13)
CBn_l _ CTXlrn_lTA — [* ...... * H?;llf}/@i-i,-l]TA-
From these calculations, it follows that
Ty = LTy (14)
where _ -
1 0 0
* Y12
A .
L= T2723 - : ' (15)
' 0
R . * H?:_11’Yi,i+1 ]

This implies that all elements ~; ;41 are positive, since T4 and Tp are nonsingular. Hence TABTE1 €Gy. (vi)=(v). In
a similar way to (13), we obtain the equation (14) from (vi). Since L € L7}, (v) holds.
The proof of (v)—(iii)—(vii)— (v) is similar. O

Remark 4.1 From Theorem 4.1, it turns out that the well-posedness property of the bimodal system 3 4p with both (C, A)
and (C, B) observable is characterized by either one of the following two properties: (i) the preservation property of the
lexicographic inequality relation between two rule matrices Ta and T, which is characterized by the set L, and (ii) the
smooth continuation property which is characterized by the set GI (or Gi' ). The former corresponds to the condition (iv)
or (v) in Theorem 4.1, and the latter to (vi) or (vii). Note also that the well-posedness property of ¥ ap can be given by
the equivalence between X ap, Y4, and Y. From (vi), it follows that a parameterization of all matrices B for which ¥ ap
is well-posed is given by the form B = TIZlFTA for anyI' € G7.

Example 4.1 Consider the physical system in Figure 2. The equations of motion of this system are given by

L Jo 17, 0 1 0 0
7o o }x o I R A dy !
mode1: 4 .5 [ 0 1 ]xZ mode 2 : [z'2 ] N 0 0 0 1 x? ]
—ky  —ds k1 di —ki—ky —di—ds
y=[1 0 —1 0jz>0, y=[1 0 —1 0z<0

where x = [(z")T (22)T]T = [z} 2} 2? 23)T. These provide

01 0 0 0 1 0 0

oo o o I I T dy

A=1o o0 o 1 |" B=l o o0 0 1 :
0 0 —ky —dy ke d o~k —ky —di—dy
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C=[10 -1 0.

Simple calculations show that the pair (C, A) is observable if and only if k2 # 0, and also the pair (C, B) is observable
if and only if ko # 0. Thus we here assume ko # 0.

From
1 0 -1 0
0 1 0 -1
Ta=10 0 & do :
0 0 —kody ko— d%
1 0 -1 0
T 0 1 0 ~1
B = —2k1 —2d1 2k1 + ko 2d1 + do ’

(4dy + d2)k1  —2k1 + (4d1 +d2)dr  —(4dy +do)k1 — (2d1 + do)ka  (2k1 + k2) — 4d3 — 3d1d2 — d3
it follows that

1 0 0 O

_ 01 0 O
TBTAl: * % 1 0
* % ox ]

which belongs to the set L. Hence the system is well-posed. We also have

TABT,' =

* % *x O
* % % =
* ¥ = O
¥ = O O

which belongs to the set G .

4.2 TUnobservable case

The following result is concerned with the case that both pairs are unobservable.

Theorem 4.2 Suppose that the observability indexes of the pairs (C, A) and (C,B) are ma and mp, respectively, and
ma > mp. Then the following statements are equivalent.
(i) ¥ ap is well-posed.

(ii) The following conditions are satisfied.

(a) ma =mp.

(b) Tg = MT4 for some M € L.

(c) (A—B)x =0 for allx € KerTjy.

(iii) The following conditions are satisfied.

(a) ma =mp.

(b) TaB =TTx for someT € G"*.

(c) (A—=B)x =0 for all x € KerTjy.

Since this theorem is a special case of Theorem 5.2 in the next section, the proof will follow from that of Theorem 5.2
(see Remark 5.3).

Remark 4.2 If my = mp = n, (i) and (iii) in Theorem 4.2 generalize (v) and (vi) in Theorem 4.1, respectively. Note
also that the condition Tp = MT 4, which is a necessary and sufficient condition for the well-posedness in the observable
case, is not sufficient for the well-posedness in the unobservable case, even if ma = mp. In other words, it is required
that the solutions in both modes in KerTs = KerTp are the same. This allows us to conclude that whenever the pair
(C, A) is observable and the pair (C, B) is unobservable, the system X ap is not well-posed. However, if the number of the
criterions which specify admissible regions of the state in each mode, i.e., the dimension of y in (1), is more than one,
then the situation is different. The details will be given in Theorem 5.2 and Example 5.1 in the next section.

Remark 4.3 The conditions in Theorem 4.2 can be checked as follows. First, check the condition (iii)(a). If it is not
satisfied, we conclude that the system is not well-posed. Otherwise, check (b) and (c) in (iii). So pick any matriz Ts such

that T 2 [TF TT|T is nonsingular. Then note that (b) and (c) are equivalent to

(I, OTBT™! [ LSA ] egya (16)

11



" 0 Ln-m,|T(A—B)T " [ 0 ] =0, (17)

InfmA

respectively. Thus if both conditions are satisfied, we conclude that the system is well-posed. Otherwise, we conclude that
the system is not well-posed. Note here that we only have to check the condition for some Ta, since the well-posedness
does not depend on the choice of Ta.

Example 4.2 Consider the system in Example 4.1 again. Assume that ks = 0 and do # 0. Then since

C 10 -1 O C 1 0 -1 0
Tho=| CA |=]101 0 -1|, ITg=| CB | = 0 1 0 -1 ,
CA? 0 0 0 do CB? —2k1 —2dy 2k1 2d; +d2

we have my =3 and mp = 3. Thus (iii)(a) in Theorem 4.2 is satisfied. Letting Tx 2 [0 0 1 0], we have

01 0 |0 0 1 0 |0
00 1 |0 2%k —2d; 1 |0

-1 _ -1 _ 1 1
TAT= =10 0 —aylo|" TBT = ks dids —ds |0
0 0 1/d2|0 0 0 1/d2]0

Using (16) and (17) in Remark 4.3, we can show that (b) and (c) in (iii) are satisfied. Therefore, the system is well-posed.

5 Well-posedness of bimodal systems with multiple criteria

In this section, we treat bimodal systems given by multiple criteria.

5.1 Description of bimodal systems with multiple criteria

Let us start with the following example:

mode 1: == z, ifxz>=0

)

YAB (18)

)
— O =

mode 2: &= x, if x <0.

Since smooth continuation in each mode is possible, that is, both A-matrices belong to G2, this system is well-posed.
Then let us consider what is the original system 3¢ of this ¥ 45. So from mode 1, we can see that C = [1 0]. However,
in this case, T4 = I and Tp = [1 0], and so (C, A) is observable but (C, B) is not observable. This implies that the
system of the form (1) given by C = [1 0] is not equivalent to the system X 45, and so is not the original system of ¥4 5.

How can this well-posed bimodal system be characterized by our framework? In fact, the original system for Y45 in
(18) is given in terms of two criteria Cz > (<)0 and Cz > (<)0 where C =[1 0] and C = [0 1] as follows.

mode 1: = (1) i xz, ifCx>0
Yo (19)
mode 2: &= Lo if ¢ =<0
ode2: &=1|, | | o |z=0
In this section, we will generalize this example to consider the following bimodal system:
mode 1: #=Az, ifCzx>=0 (20)
9\ mode 2 : &= Bz, if Dr <0
where
Ch Dy
C D,
C = . € RP*™ D= . € R,
Cp Dy

and CI-T and DT are n-dimensional vectors. In this definition, note that it is at least required for well-posedness that
{reR" | Cx =0t J{zr e R" | Dx 20} = R".

12



First, we give an equivalent representation to the above system, as in the section 2. So we introduce the following
rule matrices:

TA1 TBI
A TA2 A TBQ
T2 | T | ermaxn, T2 | T | eRmERn (21)
TAp TBS
where ~
Ci
A C:A
Ty = . ERhixn; i:1725"'7p7
CiA.hiil
- D
A D,;B
TBi: eRkixnv i:172a"'asa
DZ'B-ki_1
and each h; (i =1,2,---,p) is the maximum value of the rank such that [T;fl TEQ e TEI-]T has a row-full rank. Similarily

for k;. Note that Y 7 | h; =ma and >, ; k; = mp, and then rank T4 = my4 and rank T = mp.
Using these rule matrixes, we consider the system given by

oo : +
ZAB{model. t=Az, ifzeS)

mode 2: &= Bz, ifzeSg (22)

where Sy and Sy (N = A, B) is defined by (5), where T4 and T are given by (21). Then we can prove that the system
Y Ap is equivalent to the original system Yo in a similar way to Lemma 2.2. Theorefore, we focus on the well-posedness
of ZAB-

5.2 Observable case

We assume that the pairs (C, A) and (D, B) are observable, namely, m4 = mp = n. Furthermore, we define the systems
¥4 and X g given by (11) and (12), respectively, where T4 and Tg are given by (21). Then the first result of the multiple
criteria case is obtained as follows.

Theorem 5.1 Suppose that the pairs (C, A) and (D, B) are observable. Then the following statements are equivalent.
(i) ¥ ap is well-posed.
(i) Sy USy = R™ and S§ NSz = {0}
(iii) TeTy ' € L.
(iv) The following conditions are satisfied.
(a) TABT ' € G. )
(b) D; = [* 7 x a0 -+ 0]Ty for everyi € {1,2,---,s}, where k; = k1 + ko +---+ ki—1, ko =0, and a > 0.
ki
(v) The following conditions are satisfied.
(a) TgAT5" € G- )
(b) Ci=1[x -+ x b0 --- 0]Tp for every i € {1,2,---,p}, where h; =hy + ha + -+ h;—1, hg =0, and b > 0.
hi
(Proof) Noting that TAATE1 € Go and TBBTgl € Go, the proof of (i) « (ii) « (iil) is given in a similar way to

Theorem 4.1. Next, (iii)— (iv). From (iii), ¥ 45 is equivalent to ¥ 4. In addition, in the new coordinates z = Tyz, X4 is
transformed into

5 [ model: := TaAT 'z, if 2= 0
A mode 2: 2 =TaBT 'z, ifz=0.

Thus from Lemma 3.5, the well-posedness of 4 implies (iv)(a). In addition, it follows from (iii) that T = MT4 holds
for some M € L'}. So letting m;; be the (i,7) element of M, the relation Tp = MT4 implies that, for i € {1,2,---, s},

Di :[* BRI mfci-i-l,fﬂ-‘rl 0 O]TA
ki
Since my, 11, +1 > 0, we have (iv)(b). (iv) — (iii) can be proven similar to (13) in Theorem 4.1. (iii)«> (v) is proven in

the same way as (iii)«< (iv). |
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Remark 5.1 We can also prove that (iv)(a) is equivalent to the condition that X4 is well-posed. Thus ¥4 is equivalent
to X ap, provided that (iv)(b) holds. For X g, a similar result holds. Note that, however, this situation is a little different
from the assertion in Theorem 4.1 in the sense that the condition (iv)(b) is required. In addition, from (iv)(b) or (v)(b)
in Theorem 5.1, it follows that the condition C1 = D1 is necessary for the well-posedness of X ap.

Remark 5.2 It follows from the proof of Theorem 5.1 that every well-posed bimodal system given by (22) can be trans-
formed into the following canonical form.:

Ay 0 0
mode 1: 2= Az Az z, ifz=0
- 0
- Ay ... A, A
by P D, pp
AB Bi 0 ... 0
mode 2: W = Bar Bz h : w, ifw=0
) - ~. 0
le cee Bs,sfl Bss
where w = TBTglz, TBTE1 € LY and
0 1 0 07
0 0
3 0 O 1 . } ) )
A= . = - - 0l€ Rbwxb Ay =] S eRMXM fori >,
T . . 0
0 0 0 1 . .
* * |
0 1 0 0 ]
0 .. ... 0
3 0 O 1 .o } ) )
Bi=|. . - . e RExki  B=1" | e RFXFI fordi > .
0 0 0 1 * .. *

If p=s =1, then this corresponds to the case of Theorem 4.1.

5.3 Unobservable case

Finally, we discuss the case that both pairs are unobservable. Let 74 be the set of (n — m4) X n matrices such that
A ~ . . .
T =T+ TTT is nonsingular, that is,

Ta 2 {TA € R(n—ma)xn | T is nonsingular } . (23)
Let also 7p be defined in the same way.

Theorem 5.2 Suppose that the rank of Ta and Ty given by (21) are ma and mp, respectively, and ma > mp. Then
the following statements are equivalent.

(i) X ap is well-posed.

(ii) The following conditions are satisfied.

(a) rank [T}, TXy - T4 = mp for some i€ {1,2,---,p}.

(b) Tg = [M 0]Ts for some M € L}'".

(c) (A—B)x =0 for all x € KerTp.

(i1i) The following conditions are satisfied.

(a) rank [T, TX, ---TEH]T = mp for someic {1,2,---,p}.

(b) [Imp O/TaB =T[Ly, 0]Ta for someT € GJ'".

(¢c) Di=1[* --- % a0 - 0]T4 for everyi € {1,2,---,s}, where ks = k1 +ko+---+ki_1, ko =0, and a > 0.

ki
(d) (A—B)x =0 for all z € KerTp.
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(Proof) (i) — (ii). From (i), it follows that S} |(JS5 = R", which implies by Lemma 3.4 that T4 and Tp satisfy
=[M 0]Ta for some M € EmB. In addition, let two new coordinates be defined by z = [zf 23T 2 To and

w = [wl wi]T T:r where T' = [T;lF THT and T 2 [TF TET for any Ta € T4 and any T € Tg. Then Xap is
transformed into

5 mode1: 2=TAT 'z, ifz =0 (24)
ABY mode 2: w=TBT'w, ifw; <0.
Here TAT ! and TBT " are given by
TAT,1 _ |: A*ll OmA,:—mA :| , All c gmA, (25)
TBT—l — |: B}:l OmB,:me :| , B11 c g’lnB- (26)

A .
Let z; be denoted by z; = [zif1 21T2]T where z17 € R™E and z12 € R™47™5. So let us consider the case of z11(0) =0

and z12(0) > 0, which also implies w;(0) = 0 because T = [M 0]T4. From (25) and (26), smooth continuation in each
mode is possible from this state, and the solution in mode 2 is in the n — mp dimensional unobservable invariant subspace
with wi(¢) = 0, namely, Ker T's. Thus due to uniqueness of the solution, the solution in mode 1 must satisfy z11(t) = 0
as far as z12 = 0 holds. Hence (a) follows from this. Furthermore, the vector fields in both modes must be the same on
KerTs N{z € R™ | z12 = 0}. From the property of linear systems, this implies that Az = Bz for all z € KerTp.

(ii) — (iii). We only have to show (b) and (c) in (iii). It follows from (ii)(b) that

[Imy O]TAB=M"'TyB=M"'B;Tsg = M~ By M[l,,, 0]Ta (27)

where Bi; is the same as (26). From Lemma 3.6, this implies T' 2 M~'B;1M € GI"?, namely, (iii)(b). Moreover,
(if)—(iii)(c) follows from (ii)(b) in the similar way to the proof (iii)—(iv)(b) in Theorem 5.1.
(ili) — (i). First, we show Ts = [M 0]T4 for some M € L['?. From (b) and (c) in (iii), it follows that
DB = a[l10 ---0|[l;n; O0]TaB
= a[l0 ] [Lms O1Ta
= a[* Y12 0 - 0][Im3 O]TA
= a[* Y12 0 - O]TA

Thus by calculating similarly D1 B2, ---, DyB¥=1 DyB, -, DoB*2=1 ... and D,B*~1, we can derive Tg = [M 0]T4
for some M € L1'?. In addition, since [M 0]Tqz 20 < [L,, 0]Taz =0, X4p is equivalent to

mode 1: & =Ax, ifTaz =0 (28)
A mode 2: &= Bz, if[[,, 0/Taz <0.
In the new coordinates z = [z;F 29 |T = Tz, where T 2 [TT TT)T for any Ta € Ta, ¥4 is transformed into
$ mode 1: 2=TAT 1z, ifz =0 (29)
A mode2: 3=TBT 'z, if [Imy; 0]z1 <0.

Note here that TAT ! is given by (25). On the other hand, it follows from (b) that, in mode 2,

1= [, OTABT 'z =T[ln, 0]z1 =Tz

where 21, is the mp-dimensional vector defined by z; = [2]; 2j5]T. Thus, smooth continuation in each mode is possible.

Furthermore, when z11(0) = 0 and 232(0) > 0, the solutions in both modes are the same, since from (c) the vector fields
in both modes are the same on KerTg, i.e., the subspace given by z11(0) = 0. Therefore, ¥ 45 is well-posed. O

Remark 5.3 When p = 1 and s = 1, Theorem 5.2 is reduced to Theorem 4.2, although Gy'" is replaced by G'” in
(ii)(b). In the proof of Theorem 5.2, the condition (iii)(b) in Theorem 4.2 comes from the fact that Byy in (27) is given
by

0 1 0o ... 0
) 00 1 .
Bu=|. . .. . .| gy
o 0 ... 0 1
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Remark 5.4 The conditions in Theorem 5.2 can be checked as described in Remark 4.3. Namely, the conditions (iii)(b)
and (d) are replaced by

L, OJTBT! [ fms } e g (30)
and
[0 I my]T(A—B)T! [ Inf)ms ] =0, (31)

respectively, where T = [TX TX|T for some T € Ty.

Example 5.1 Let us check the well-posedness of the following simple example:

0 1 0
model: =1 1 0 |z, ifCx>=0
0 0 1
Xap 01 0
mode2: = |1 2 0 |z, ifDzx<0
1 1 1
where
& 1 00 _ _
C_[CQ]_[O 0 1], D=Di=[10 0]
Then we obtain ma = 3 and mp = 2 from
4 1 0 0
Ta=|CiA | =010 ’TB:{DD%}:H (1) 8}.
Cs 0 01 !

Thus (ii)(a) is satisfied. From T = [Is 0]Ta, we obtain (ii)(b). In addition, noting TAAT* = A and TABT;' = B,
(c) is satisfied. Therefore, this system is well-posed, although (C, A) is observable and (D, B) is not observable.

6 Extensions

In this section, we extend several results for the case of bimodal systems given by (1) to the case of multi-modal systems
with multiple criteria and multi-modal systems based on affine-type inequalities. We will only discuss the observable case,
as a first step to investigate to what extent our framework can be generalized, although the unobservable case may be
extended in a similar way.

6.1 Multi-modal systems with multiple criteria

We here consider multi-modal systems with multiple criteria. For any matrix C' = [Cf CF ... CT|T € R™" where
r < n, let the criterion vector be y = [y; y2 --- y,.]T = C'z. We assume throughout that there exists no constant k such
that C; = kCj for each 4,j € {1,2,---,7}. Let T C {1,2,---,r} be the index set satisfying y; > 0 for i € 7 and y; < 0

for i ¢ . The index set Z represents the mode (location) of the system. Note that there are 2" possible choices for the
index set Z, and so there exist 2" modes. Moreover, let C; be a subset of R™ defined by

Cre{zeR" |y >0foriel, y <O0forigT}.

By numbering the index sets Z from 1 to 2", we use the number ¢ € {1,2,---,2"} in place of Z to express the mode.
Then we consider the original 2"-modal system ¥ given by

mode 1: &=Az, ifzeC
mode 2: & =Asx, ifxeCy
Yo ) ) ) (32)
mode 2" : = = Aoz, if x € Cor
where x € R™. For example, for r = 2, we have the 4 modal system given by
mode 1: &=Ayx, z€Ci={x€R"|y1 >0, y, >0}
mode 2: & =Asx, z€Co={x€R"|y1 >0, y <0}

mode 3: 4= Asxr, x€C3={x€R" |y <0, yo >0}
mode4: &=Asx, z€C={x€R" |y <0, yo <0}
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In addition, we assume that every pair (C;, Ax) (i =1,2,---,7r; k=1,2,---,2") is observable. So the rule matrices

C;
Ci Ay

>

T}4 c Rnxn

k :
C’iA.Z*I
are all nonsingular. So let St be a subset of R™ defined by
SIé{xeR”|Tglaci0forieI, Th,x<0forigT}
Using the sets Sy, we also define the 2"-modal system X 4, as follows:

mode1l: &=Ax, ifze
mode 2: & =Asx, ifzeS

Ya (33)

0
mode 2" : = = Ayrz, if z € Syr.
For a vector x,y € R"™, the notation x > y expresses x; > y; for all 4. Similarily for the other notation <, >, and <.

For a closed convex polyhedral cone C = {x e R"| Sz >0} where S is an m x n real matrix, let int C be the interior
of C and let C be the boundary of C.
Then the following result is a natural extension to that for bimodal systems.

Theorem 6.1 Suppose that every pair (Ci, A;) (i = 1,2,---,r; j = 1,2,---,2") is observable. Then the following
statements are equivalent.

(i) Lo is well-posed.

(ii) X 4, is well-posed.

(i) Uy S; = R™ and S () Sk = {0} for all j,k(# J) € {1,2,-+-,27}.

(Proof) (i)—(ii) can be proven in the same way as Lemma 2.2. (ii)—(iii). It obviously follows that [ J>_ i = R™
In order to prove the latter part of (iii), we assume that there exists some j and k(# j) such that S; () Sk 75 {0} and
S; NSk # 0. So let x,(# 0) be an element of Sj (| S. Then for some € > 0, the solution in mode j from the initial state
x, satisfies (t) € int C; for all ¢ € (0, ¢], while the solution in mode k from z, satisty (¢) € int Cx. This implies that the
solution is not unique, which is in contradiction with (ii). Hence the latter part of (iii) holds. (iii) — (ii) is obvious. O

From Theorem 6.1, it turns out that the well-posedness of 3 is characterized by condition (iii). When is condition
(iii) satisfied? We are not able to interpret condition (iii) in terms of some simple algebraic relation between the matrices
TA as in the case of bimodal systems. However, we give below an algorithm to check condition (iii).

"For brevity, we discuss the case of r = 2, namely, 4-modal systems. The case r > 3 can be treated in a similar way.
Consider the following situation:

St = {zeR"|Ti =0, T3 =0},
So = {xeR"|Ti, =0, T3, <0},
S = {xeR"|Ti, =0, T3, >0},
Si = {xeR"|Ty, =0, T3, <0}

In order to clarify our idea, at first, we discuss the necessity of condition (iii) in Theorem 6.1.

Since Uj:1 C; =R" and C;[Ci, = {0} or = 9C; () ICk, we do not need to check the cases Cr1x # 0 and Cox # 0. We
only have to consider each case Cix = 0 and Cox = 0.

So suppose Ci1z = 0. We consider the set defined by

SVESzeRr |Clz=0}, j=1234. (34)
Then note that the set S](l) can be expressed as
1) _ n—1 1 2 .
S;'={z€eR | Mjz =0, Mjz=0}, j=1,2,3,4 (35)

where sz is the (n — 1) x (n — 1) matrix derived from lejx = (%)0 with Cyz = 0. In fact, M; is derived as follows. In

the new coordinates z = [w zT]T = Tz where T = [C] TT]T is nonsingular for some 7' € R"~'*" and w = Cyx and
z = Tz, we have TAj:r = TAjT 1z = (x)0. So when w = 0, this yields

Ty T [ 0}”* ]z > (=)0. (36)
7 n—1
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Then by applying Lemma 3.1 to (36), we can derive a (n — 1) x (n — 1) matrix M} in (35).
Thus it is required for condition (iii) in Theorem 6.1 to hold that

4
s =rrtand SISV = {0}, Vi k€ {1,2,3,4}. (37)

j=1

So letting s; be the 1st row vector of M}, we define

OEN n—1| .1 2 .
C;'={z€eR | 552>0, 552 >0}, j=1,2,34. (38)

Then we can see that the following conditions are necessary for (37).

4
(1) _ n—1
C;’=R""", (39)
j=1
eV e = {0y or =acV(Mact”, i ke {1,2,3,4}. (40)
The condition (39) is equivalent to
4
ﬂ{zeR”fl | sj2 <0, s32<0}=0
j=1
and also is equivalent to
4
(97 =0, vije{1,2} (41)

Jj=1

where Q} = { zeR" | si2 <0 }. Since this last condition can be written as ﬂjzl Q;j ={zeR"|S2<0}=0

where § = [ (si)T (s2)T ()T (si)7 }T, it can be checked by solving the following linear programming: min A
subject to Sz < Ae or min A subject to Sz < Ae and —e < z < e, where e is some vector with all elements positive.
Letting A, be an optimal solution, if A\, = 0, then ﬂjzl Q;j = (), and if A\, < 0, then ﬂjzl Q;-j # (.

Concerning the condition (40), on the other hand, the following lemma is obtained.

Lemma 6.1 Let S; be a set defined by S; 2 {xeR™| Six>0} (i =1,2) where S; is an m; X n real matriz. Then the
following statements are equivalent.

(Z) 81 ﬂSQ = {O} or = 881 (]682

(ii) intS; N intSy =0, i.e., { x € R™ | S1z >0 {2z €R" | Sox >0} =0.

(Proof) (i)— (ii) is trivial. (ii)—(i). We only have to show that if (ii) holds, then there also exist no elements in the
intersection of the boundary of a closed convex polyhedral cone and the interior of another cone. Let s11 be the 1st row
vector of S7 and let S; be the matrix such that S; = [3?1 SF]T. Then we will show A" = () where

Né{l’ERn | 8111’:0, 5'1:15>0}ﬂint82.

Assume N # 0, and let =, be an element of /. Note that an element of S; can be expressed by z = 22111 au; +
{an element of Ker S1}, where a;; > 0 and Syu; = e; (the ith element of e; is 1 and the others are 0). So we denote x, by
T, =y vy ozu; + {an element of Ker S1} where o > 0. Now for #, =z, +eu; where ¢ > 0 is sufficiently small, we have
T« € int Sy () int Sz, which implies that (ii) is not true. Hence, it follows that if (ii) is true, then ' = @). For any other
boundary of §;, similar discussion holds. This completes the proof. |

Thus by Lemma 6.1, the condition (40) can be also checked using the linear programming.

Now suppose that the conditions (39) and (40) are satisfied. Then for every (7, k) satisfying C](l) ﬂC,(cl) = 5‘C§1) N 8C,(€1),
we consider each case of s}z = 0 and s?z = 0 for i« = j, k. Thus for every case, a discussion similar to the case C1z = 0
will be repeated on R™ 2.

If condition (iii) is satisfied, this procedure will be repeated in every case until the corresponding set to SJ(-l) is given
on R. If not, the condition corresponding to (37) will not be satisfied at some step. The case Cax = 0 is similar.

Based on the above discussion, an algorithm for checking condition (iii) is given as follows.

Step 1: For Cyx = 0, derive SJ<1) and C](l) (j=1,2,3,4).
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Step 2: Check whether (39) (i.e., (41)) and (40) (i.e., the condition corresponding to (ii) in Lemma 6.1) for CJQ) are true
or not. If both are true, then go to the next step. If not, we conclude that condition (iii) is not satisfied.
Step 3: For every (j, k) satisfying CJ(-l) ﬂCl(cl) = GCJ(-U ﬂ@C,il), we consider s}z = 0 for each h = j,k and each i € {1,2}.
For each case, the procedure similar to step 1 and step 2 will be repeated until either of the following two conditions is
satisfied: (a) the condition corresponding to that in step 2 is not satisfied at some step, or (b) the set corresponding to
Sj(l) is given on R and the condition corresponding to (37) is satisfied. If (a) is true, then we conclude that condition (iii)
is not satisfied. If (b) is true, go to step 4.
Step 4: For the case Cox = 0, follow the same procedure. If the situation corresponding to (b) at step 3 holds, we
conclude that condition (iii) is satisfied. Otherwise, it is not satisfied.

Finally, we give a simple example to capture the idea of the proposed algorithm.

Example 6.1 Consider the 4-modal system given by

010 01 0 0 -1 0 0 -1 0
Ai=100 1|, Ao=]0 0 =1, 43=|0 1 1 |, Ay=]0 1 =1
100 1 0 0 1 0 -1 1 0 -1
and, C1 =[100] and C, =[0 1 0]. Then we have
1 0 0 [0 1 0
Th,=10 1 0], T3, =10 0 1],
1 01 1 00
1 0 0 0 1 0
Ti, =101 0 |, T3i=|0 0 -1/,
00 -1 -1 0 0
1 0 0 0 1 0
Ti,=10 -1 0 |, T3, =|0 1 1|,
1 -1 -1 110
1 0 0 T 0 1 0
T,,=|0 -1 0|, T3=|0 1 -1
0 -1 1 -1 1 0

Now we consider the case of C1x = 0. At step 1, we have

1 0 1 0 -1 0 1 0
M11|:0 1:|7M12|:0 1:|’M21|:0 1:|7M22|:0_1:|a

-1 0 -1 0 1 0 -1 0
e B T e A EE O e |
and
5%:[1 O]ﬂ 5%:[1 O]ﬂ 5%:[71 O]ﬂ 5%:[1 O]ﬂ Séz[fl O]ﬂ Siz[il O]ﬂ 5411:[1 O]ﬂ 5421:[71 O]

At step 2, it can be easily verified that (39) and (40) are satisfied. At step 3, we only have to consider the case of
[1 0]z=0. So from M, we have a new M} as follows:

M{ =1, M}=1, My=1, M}=-1, M3y =-1, Mi=-1, M} =-1, M}=1.

Then we can see that the condition corresponding to (37) is satisfied. In the case of Cox = 0, it is also verified that every
condition is satisfied. Thus we conclude that condition (iii) of Theorem 6.1 is satisfied for this system, and so the system
is well-posed.

6.2 Multi-modal systems with affine inequalities

We here start with the bimodal system given by

Zo(oz){ mode 1: & =Az, ifCx>a«

mode 2: & =Bz, ifCzr<a (42)

where z € R™, C € R'*™, and « € R is any given constant. Note that the inequality constraint is affine.
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This system is equivalent to the following system:

mode 1: & = Ax, ifxechX(a)
mode 2: &= Bz, ifzxeSg(a)

EAB(a){

where B B B B
Si={zxeR" | Tar=a}, Sg={recR"|Tpx=al,
= | Ta = _ | Ts
TA|:CA":|’ TB|:CB":|
anda=[a 0 --- 0]T € R"*! and T4 and Tp are defined by (10). In fact, if Cz(t) > « in Xo(a), then Taz(t) = a.
Conversely, if Taz(t) > @, then Cz(t) > a, and if Tyx(t) = @, then Cx = «. The same argument holds in mode 2. Thus

each mode in ¥ («) is identified with each mode in ¥ 45(«).
Denote by (M) ;) the (i,7) element of a matrix M.

Theorem 6.2 Suppose that both pairs (C, A) and (C, B) are observable. Then for any given constant o € R, the following
statements are equivalent.

(i) Lo (a) is well-posed.

(ii) X ap(a) is well-posed.

(i1i) The following conditions are satisfied.

(a) X ap(0) is well-posed.

(b) (b1) (TAAT )y > 0 and (TpBT5" ) o > 0, or (b2) (TAAT )iy < 0 and (TBT5") (o < 0, or (b3)
(TAAT M) )y =0 and (T BT5") (1) = 0.

(Proof) (i) « (ii) has already been proven. (ii) — (iii). From (ii), it follows that ST + S5 = R". In the same way as
in the proof of Lemma 3.4, we get Tp = MT4 for some M € L. Thus from Theorem 4.1, this implies (iii)(a). Then in

the two new coordinates z = Tarx — & and w = Tpx — &, where a =[a 0 -- -O]T € R™, ¥ ap(a) is described by

z
AT Mz + @) ] =0

w
CB"Tg* (w + &) } =0

i mode 1: 2 =TaAT 'z + TaAT'a,  if [ o
ZAB(Oé) (44)

mode 2: 1 =TpBTz'w+TpBTgz'a, if

Note here that w = MTax — & = M(Taz — M~'&) = Mz because of M~1a = a.

Now let us consider z(0) = 0, where both modes may be admissible. For mode 1, if CA"T '@ > (=)0, smooth
continuation is (not) possible, while for mode 2, if CB"Tz'a < (=)0, smooth continuation is (not) possible. Since the
system has a unique solution, there is no situation where smooth continuation in both modes is possible at the same time,
except for z(t) = w(t) = 0. Hence (iii)(b) holds.

(iii)— (ii). (iii)(a) implies w = Mz for some M € L'}, where z and w are defined above. Thus we obtain (44). In each
case of z(0) > 0 and w(0) < 0, smooth continuation in only one of the two modes is possible. In addition, when z(0) = 0,
(iii)(b) guarantees smooth continuation in only one of the two modes or z(¢t) = w(t) = 0. This implies (ii). a

This theorem asserts that the well-posedness of o () for all a € R is characterized by that of ¥ (0), provided that
(iii)(b) holds. In (iii)(b), (b1) implies that, whenever z(0) = 0, smooth continuation in mode 1 is possible, while not in
mode 2. (b2) implies the converse situation of (b1). In addition, (b3) corresponds to the case that smooth continuation
in both modes is possible and their solutions are the same.

Remark 6.1 If we assume o # 0 in Theorem 6.1, we can obviously remove « from the condition (iii)(b), that is, (b1)
(TAAT M) (n1) = 0 and (Tg BT5 ") (n,1) > 0, or (b2) (TAAT ) (n1) <0 and (TsBT5 ") (n1) <0, or (b3) (TAAT )1y =
0 and (TBBTgl)(n,l) = 0. Thus in the case of affine inequalities, the well-posedness of the system does not depend on a.

Based on the above result, we consider the well-posedness of the following r-modal system:

mode 1: & =Az, ifzel
mode 2: & = Asx, ifx €l
20(05150527"'7047‘71) : . : (45)

mode r: &= Az, ifxze€C,

where x € R", aq > ag > --+ > a,—1 are any real numbers, and
Ci = {$€Rn | 01?2041},
Ci = {zeR" | a1 >2Cax>aq;}, i€{2,---,r—1},
¢ = {zeR"|ap_1 > Cux},
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Figure 3: 3-modal system

and C' € R ™. Let us also introduce the bimodal system given by

mode i : T = Az, ifre{reR"| Cz>a;}
Bo(Ai, Aitr, i) { modei+1: &=A;z, fze{reR"|Cr<a} (46)
fori € {1,2,---,r—1}. Then the following fact will be useful for determining the well-posedness of Xo (a1, ag, -+, pr—1).

Theorem 6.3 The multi-modal system 3o (aq, ag, - -+, ap_1) is well-posed if and only if the bimodal system X (A;, Aiy1, ;)
is well-posed for all i € {1,2,---,r—1}.

(Proof) Yo(ay,as, -+, a,—-1) is well-posed if and only if the bimodal system given by

mode 7 : T = A;x, ifre{zeR"| a1 >Czx>aw;}

modei+1: &=A;z, fee{reR”|a;>Cx> w41} (47)

Yo(As, Ay, o) {
is well-posed for all i € {1,2,---,7 — 1}, where oy = o0 and o, = —oo. In addition, for each ¢ € {1,2,---,r —
1}, $o(As, Aip1, o) is well-posed if and only if X0 (A;, Air1, ;) is well-posed since we only have to consider smooth
continuation in the case Cx = «;. O

Using Theorem 6.2, we can determine whether the multi-modal system Yo (a1, ag, -+, ay—1) is well-posed or not, as
shown in the example below.

Example 6.2 Consider the physical system in Figure 8. Assume that k1 > 0 and ko > 0. Set a3 =0 and as = —1. The
dynamics of the system is given by

mode 1: &= Az, if vr€{reR"|Czx >0}
Y0(0,-1)< mode2: &= Az, if re{xeR"|0>Cx> -1}
mode 3: & =Asx, if re{reR"| —1>Cux}

where © = [x1, x2)T, C=[1 0], and

0 1 0 1 0 1
Al[o o}’ AQ{—kl —dl}’ A3{—k1—k2 —~dy—dsy |’

Then for Xo(Ai, Aix1,a;) (i = 1,2) we obtain Ta, = Ta, = Ta, = Iz where Ty, (i = 1,2,3) is the rule matriz. Thus
fori =1, since ag =0 and TAng; € Ei, Yo0(A1, As,0) is well-posed. For i = 2, on the other hand, TAQTg; € ﬁi
implies (ii)(a) in Theorem 6.2. In addition, we have (T'a,A2Ta,)2,1)02 = k1 > 0 and (Ta; AsTa,)2,1)02 = k1 + k2 > 0,
which implies (ii)(b) for any k1 > 0 and ko > 0. Thus Xo(As, As, —1) is also well-posed. Hence from Theorem 6.3, the
3-modal system Yo (0,—1) is well-posed for any k1 > 0 and ko > 0. From this, it turns out that the well-posedness does
not depend on the value of di and ds.

Remark 6.2 Consider the system

{model::t = Az, if |Czx|>«
o

mode 2:%& = Bz, if |Czxl|<a, a>0 (48)

which may appear as the closed loop system resulting from the use of switching controllers. From Theorem 6.2, we can
show that this system is well-posed if and only if the bimodal system

mode 1: & = Az, if Cx>«

Eo(A,B,Oé){ mode 2: & = Bz, if Cr<a )

is well-posed. Thus the well-posedness problem for the system given by (48) is reduced to that for the system given by

(49).
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7 Application to well-posedness problem in control switching

The well-posedness conditions as obtained in the previous sections can be applied to several issues in hybrid systems
theory. Especially, by combining a stability condition of piecewise linear systems by Johansson and Rantzer [16] with
our result, we can judge stability of those systems where the existence of a unique solution without sliding modes is
guaranteed.

As the other application, in this section, we discuss a well-posedness problem of switching control systems where state
feedback gains are switched according to a criterion depending on the state.

Consider the following problem: let the control system be given by

&= Az + Bu (50)

where x € R™ and u € R™. For this system, let us consider a state feedback controller with two modes given by
Kz ifCx >0
“= { Kyr  if Cz <0 (51)

where C € R'*", and K; and K, are given according to some design specification of the closed loop system. Then the
problem is to check whether this closed loop system is well-posed or not.
As a simple example, consider the system given by

J'Il o 0 1 X1 + 0 u
J'IQ o 0 0 X9 1
and Ky = [k1 ks, Ko = [k1 ks] , and C = [c1 c¢2]. Then letting Taspx, and Taipr, be the rule matrices (i.e., the

observability matrices) for the pairs (C, A+ BK;) and (C, A+ BK>), and assuming that these matrices are nonsingular,
we obtain

_ 1 0
Tatrsr.Thipr, = { « a ]

C1 ((11+02E2)—C§E1

o1 (erFeaka)—cihy ° Thus from Theorem 4.2, we conclude that the closed loop system is well-posed if and only if

where a 2
a > 0.

This example shows the following significant fact: even if each controller stabilizes each system in the usual sense, the
total system is not necessarily well-posed. For example, consider the case of ¢; =1, co =1, ky = —1, ky = =3, k; = —1
and ks = —1. Then A + BK, and A + BK> are stable, but a < 0. Note that such a case is not rare and the stability in
the usual sense for each mode does not automatically provide the well-posedness of the closed loop system.

As shown in the above example, for any given closed loop system, the well-posedness can be determined by checking
the corresponding conditions derived in the previous sections. Moreover, we can give an explicit characterization of all
feedback gains which guarantee the well-posedness of the closed loop systems in question.

For the closed loop system with two modes given by (50) and (51), letting K = Ky — K; and denoting A + BK; by
A again, we have

e . _ S
O{ mode 1: & Ax, if y=Cz >0 (52)

mode 2:2 = (A4 BK)z, if y=Cx <0.

For single-input control systems (50), we obtain the following result.

Theorem 7.1 Assume that the pair (C, A) is observable and the relative degree for the triple (C, A, B) is p(< n) (i.e.,

CB=CAB=...=CAP2B =0 and CAP~'B #0). Then the following statements are equivalent.
(i) The system Yo is well-posed.
(i) K* € span{C",(CA)T, ..., (CAP~N)TY 4+ {¢ € R" | € = y(CAP)T| yCAP~'B > —1}.

(Proof) (i)—(ii). From Theorem 4.2, (i) implies that (C, A + BK) is observable. Thus from Theorem 4.1, there exists
an M € L7 such that Ty px = MTy, where Ty px and T4 are the observability matrices for the pairs (C,A+ BK)
and (C, A), respectively. Noting that C(A+ BK)* = CA* (i =0,1,---,p—1) and C(A+ BK)? = CA? + CAP"'BK, we
obtain

CAP + CApilBK = mp+171C’ + mp+1720A + -+ mp+17pCAp71 + mp+17p+1CAp

where mp41,; is the (p+ 1,4) element of M, and myp41,p+1 > 0. This implies that
K = mp+1710 -+ mp+172 + -4+ mp+17pCAp71 -+ ")/CAp

where My 41, = mpi1/CAP7IB and v = (mpi1,p+1 — 1)/CAP~IB. From my41 41 > 0, (ii) follows.
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i) — (1). Let = CAP~1B and let K be given by K = k1C + k9CA + --- + k,CAP™' + k,.1CAP where k;
(i) — (i) jz g ¥y p p+

(¢=1,2,---,p) are any values and kp41p > —1. Then simple calculations show that
Ip Op.n—p
1 —+ Hp+1‘LL O e O
A
Tarpx = MTy, M= . * 14+ kpr1p
; ' 0
* .. ¥ 1+ Kpp1p

Since 1 + Kpy1p > 0, M is nonsingular. Thus the pair (C, A + BK) is observable because M and T4 are nonsingular. In
addition, M € L. Hence by Theorem 4.1, 3¢ is well-posed. a

Remark 7.1 It follows from Theorem 7.1 that for p = n the closed loop system is well-posed for any K. Note also that
the case K = k1C' corresponds to the vector field of the closed loop system being Lipschitz continuous.

Remark 7.2 Theorem 7.1 can be extended to the multi-input case. If the relative degrees for all inputs are different from
each other, the extension is straightforward. On the other hand, if some relative degrees are the same, the condition for
well-posedness becomes more complicated. Furthermore, Theorem 7.1 can be extend to the case of affine inequalities as
given below:

mode 1: & = Az, if Cx>a«

EO(A,A—FBK,Oé){ mode2:3 = (A+ BK)x, if Cz<a.

8 Conclusion

We have discussed a well-posedness problem in the sense of Carathéodory for a class of piecewise linear discontinuous
systems, and have derived necessary and sufficient conditions for those systems to be well-posed. The obtained results
are based on the lexicographic inequality relation and the smooth continuation property. As an application to switching
control problems, we have given a necessary and sufficient condition for two state feedback gains, which are switched
according to a criterion depending on the state, to maintain the well-posedness property of the closed loop system.

There are several open problems on well-posedness of discontinuous systems to be addressed in the future. We will
have to discuss well-posedness of multi-modal systems in the unobservable case as an extension of section 6. In addition,
extensions to the case of nonlinear systems should be addressed. It will be also interesting to discuss some relations
with well-posedness of complementarity systems as mentioned in Remark 2.3. Finally, basic results derived here such
as the smooth continuation property may be useful to solve well-posedness problems arising in the framework of hybrid
automata as exposed e.g., in [8].
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