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Abstract

A number of results in hamiltonian graph theory are of the form Py implies Ps,
where P71 is a property of graphs that is NP-hard and P, is a cycle structure
property of graphs that is also NP-hard. Such a theorem is the well-known
Chvétal-Erdés Theorem, which states that every graph G with a < & is
hamiltonian. Here k is the vertex connectivity of G and « is the cardinality
of a largest set of independent vertices of G. In another paper Chvétal points
out that the proof of this result is in fact a polynomial time construction that
either produces a Hamilton cycle or a set of more than x independent vertices.
In this note we point out that other theorems in hamiltonian graph theory
have a similar character. In particular, we present a constructive proof of the
well-known theorem of Jung [12] for graphs on 16 or more vertices.

Keywords: hamiltonian graphs, toughness, complexity, NP-hardness, polyno-
mial algorithms, constructive proofs

AMS Subject Classifications (1991): 68R10, 05C38

1 Introduction

A number of results in hamiltonian graph theory are of the form P; implies P5, where
P1 is a property of graphs that is NP-hard to decide and P, is a cycle structure
property of graphs that is also NP-hard to decide. Two such well-known theorems
are the Chvatal-Erdés Theorem [7] [Theorem A below| and Jung’s Theorem [12]
[Theorem B below|. This raises the question of determining the practical utility
of these results. However in [6], Chvatal points out that the proof of Theorem A
is in fact a polynomial time construction that produces either a Hamilton cycle or
a set of more than k independent vertices. In this note we point out that other
theorems in hamiltonian graph theory have a similar character. In particular, we
present a constructive proof of Theorem B for graphs on at least 16 vertices that,
in polynomial time, will either produce a Hamilton cycle or will produce a set of
vertices whose removal indicates that GG is not 1-tough. Our goal, however, is to
raise the possibility that similar constructive proofs can be found for theorems in
other areas of graph theory.

We begin with some useful definitions. The terminology and notation required for
our proofs will be given in the next section. A good reference for any undefined
terms in graph theory is [5] and in complexity theory is [8]. We consider only finite
undirected graphs without loops or multiple edges. Let G be such a graph with
vertex set V(G) and edge set E(G). Then G is hamiltonian if it has a Hamilton cycle,
i.e., a cycle containing all of its vertices. We use x(G) for the vertex connectivity of
G, 6(G) for the minimum vertex degree of G and a(G) to denote the cardinality of
a largest set of independent vertices in G. For 1 <r < a(G) we let

0-(G) = min {Z d(v) | S C V(G) is an independent set with |S| = 7‘} .
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If r > a(G), we define 0,(G) = co. Note that 01(G) = 6(G). Let w(G) represent
the number of components of G. We say G is 1-tough if |S| > w(G — S) for every
subset S of the vertex set V(G) with w(G — S) > 1. A cycle C in G is called a
dominating cycle if every edge of GG has at least one of its endvertices on C. If
no ambiguities are likely to arise, we frequently omit any explicit reference to the
graph G by simply writing 6, x, etc. We also sometimes identify a subgraph with
its vertex set, e.g., use C' for V(C), etc.

Let

1. P1 be a property of graphs which is NP-hard to decide;
2. Py be a cycle structure property of graphs which is NP-hard to decide; and

3. C be a class of graphs for which the membership decision problem is in P.
We will consider theorems of the following type.
Theorem 1.1 Let G € C. If G has property P1, then G has property Ps.

Some well-known examples of such theorems are the following.

Theorem A (Chvétal-Erdos [7] )
Let G be a graph on n > 3 vertices. If a < &, then G is hamiltonian.

Theorem B (Jung [12])
Let G be a graph on n > 11 vertices with oo > n — 4. If G is 1-tough, then G is
hamiltonian.

Theorem C (Bauer, et al. [4])
Let G be a graph on n vertices with 03 > n > 3. If G is 1-tough, then G has a
dominating cycle.

We wish to consider known proofs of these results from the point of view of rendering
the proofs constructive in the following sense: Beginning with any cycle C' in G, in
polynomial time we do exactly one of the following:

1. demonstrate that G has property Pa;

2. find a set of vertices whose existence demonstrates that property P; does not

hold.

3. produce a longer cycle;



In the event of (3), we begin again with the longer cycle.

An immediate consequence of the proof technique is that if G has property Py, then
every longest cycle in G will demonstrate that G' has property Ps.

In particular, an examination of the proof of Theorem 5 in [4] indicates that such a
proof exists for Theorem C. It yields the next result which also appears in [4].

Theorem D Let G be a graph on n vertices with o3 > n. If G is 1-tough, then
every longest cycle in GG is a dominating cycle.

The existence of a constructive proof for Theorem 1.1 is especially interesting when
Po implies Py (e.g., as in Theorem B). In that case, both properties P; and P, can
be recognized in polynomial time within the class of graphs C. In particular, within
the class of graphs with g, > n — 4, the properties of being 1-tough and of having a
Hamilton cycle can each be recognized in polynomial time. Haggkvist [9] previously

observed that for the smaller class of graphs with 6 > — — 2, the existence of a

Hamilton cycle can be recognized in polynomial time. This will be discussed further
in Section 4.

In Section 3 we first briefly discuss the constructive proof of Theorem A in [7], and
then provide a detailed constructive proof of Theorem B (for n > 16). This later
proof makes use of arguments that appear in [2] and [4].

2 Preliminary Results

Our proofs require some notation and terminology. Let C' be a cycle in G. We

— : : . : —
denote by C' the cycle C' with a given orientation. If u,v € C, then uwCv denotes
: . . L . =
the consecutive vertices on C' from u t& v in the direction specified by C'. The same
Lertices in reverse order are given by v C'u. We use u™ to denote the successor of u on
C' and u~ to denote its predecessor. Further define u™* = («7)" and v~ = (u™) ™,
etc. If v € V, then N(v) is the set of all vertices in V' adjacent to v. Whenever
A C C welet AT = {vF|v € A}. The sets A~ and ATt are defined analogously.
Let ST CV and v € V. Then e(v,T) is the number of edges joining v to a vertex
of T, and e(S,T) denotes Y ,cqe(v, T). We also use do(v) to denote the number of
vertices of C' which are adjacent to v.

The following lemma is needed for our constructive proof of Theorem B.



Lemma 2.1 Let C be any cycle in G, v € V —C, and A = N(v) C C. If any of
the following conditions holds, we can constructively obtain a cycle longer than C
in polynomial time.

(i) ANAT #£0 or AT NATT £ (;
(ii) Either At or A~ is not independent;
(111) x1, 29 € A, and

. —
(a) there is a vertex z € xf Ca such that 2§z, {2 € E, or
. —_—
(b) there is a verter w € x3 Cx{ such that x{w,z3w™ € E, or

(¢) de(@]) +do(xy) > |C].

We note that (i), (ii), (iii)(a) and (iii)(b) employ standard arguments and (c)

follows easily from (a) and (b). An analogous lemma holds if we replace xy

by z; and x3 by x5 . This analogous lemma will also be referred to as Lemma
2.1 (iii).

() w1, 29 € A with xo = 1, and

. é —
(a) there is a vertex z € xoC xy such that iz, 2727 € E, or

(b) there is a vertex z € 22 C a7 such that 2 2,2t 2" € E.

PROOF: If (a) is satisfied, then z{ 2+ Czyvxy Czaf 2] is a cycle longer than
— —
C. If (b) is satisfied, then z7 2 C'wyvr; C 2o 2] is a cycle longer than C. O

(v) 2 €e AANA~ € Nz{)NC, and

(a) {z7} U AT is not an independent set of vertices, or

(b) {z=}U A~ is not an independent set of vertices.

PrOOF: We prove (a); the proof of (b) uses an analogous argument. Suppose
ztxf € E, where z; € A. If ] € AT ﬂx]urﬁz, then af;rszﬁxlvxj@xfz@x;r
is a cycle longer than C. If 2 € A+t C 2, then xjﬁxfz@xf*vxj @z*:c;r
is a cycle longer than C'. O

3 Proofs

We begin by noting that the proof of Theorem A in [7] is constructive in the sense
mentioned in the introduction. This was pointed out by Chvatal in [6]. An outline of
his argument is as follows. It can be determined in polynomial time whether a graph
G on n > 3 vertices has k(G) = 1. In this case it is easy to find two independent
vertices in G, thus showing that the hypothesis of Theorem A is false. Otherwise,
construct a cycle C' in the 2-connected graph G. If C' is not a Hamilton cycle, let H



be any component of G —C and A = Uy,ey ) N(v) =V (H). Clearly, k < |A] = |A*].
Let v1,v5 € A. If v{ vy € E or if they are joined by a path whose internal vertices
lie entirely in H, then a cycle longer than C' is easily constructed using standard
arguments. Thus, if vy is any vertex in H, AT U{vp} is an independent set of vertices
having cardinality greater than . Hence, in polynomial time, it is possible to either
find a cycle longer than C or to find a set of more than x independent vertices. Thus
in at most n iterations we either obtain a Hamilton cycle or demonstrate that the
hypothesis of Theorem A is false.

Before giving a constructive proof of Theorem B (Jung’s Theorem), we need a con-
structive proof of the following lemma.

Lemma 3.1 Let G be a 2-connected graph on n > 16 vertices with o9 > n — 4.
Then G contains a dominating cycle.

Proor: Let C be any cycle in GG, and suppose C' is not a dominating cycle.
Give C an orientation and let H be a nontrivial component of G — C. Set A =
Uvevm N(v) — V(H) and let vy,..., v, be the elements of A occurring on C in
consecutive order. Since G is 2-connected, k > 2. If v;f = vy, forany i, 1 <i <k
(indices modulo k), then C' can easily be lengthened by at least one vertex. Let C
now be the longer cycle. Furthermore, it also follows from G being 2-connected that
there exist integers r and s with 1 < r < s < k such that v, and vs are connected
by a path P, of length at least 3 with all internal vertices in H.

We now show that the following three conditions hold; otherwise we can construc-
tively obtain a longer cycle in polynomial time. We then start the argument again
with the new longer cycle.

(1) There exists no (v;", v])-path which is internally disjoint from C'; in particular,

T

vivf ¢ F.
Assuming the contrary to (1), let P be a (v, v} )-path, internally disjoint from
C. Since vt, vt ¢ A, we have V(P)NV(H) = 0. Now v, P, v, Cv} PviCu,

has length at least |V (C)] + 2.

(2) If v € vjﬁvj and viv € E, then vfvt ¢ E. Similarly, if v € vjﬁvj and
viv € E, then vfoT ¢ E.

To prove (2) assume, e.g. v € v Cut,vtv € E and vFvt € E. By (1),
— — —
v # vt v, If v € vt Cuy, then the cycle v, P, vsCotot Covt Co, has

length at least [V (C)| + 2.
3) lfve vjﬁvj and vjv € E—E(C), then v, v™" ¢ E. Similarly, if v € vjﬁvj
and vv € F — E(C), then vfvot* ¢ F.

The proof of (3) is similar to the proof of (2), except now the longer cycle has
length |[V(C)] + 1 instead of |[V(C)| + 2.



Using observations (1)-(3) we now obtain an upper bound for d(ug) +d(v;") +d(v]),
where ug is an arbitrary vertex of H. Define

Ri(v) = {ve UTTLC’)US | vivt € E},

Sy (vh) {ve v;’ﬁvs | viv e E},

Ra(v,") {vevtCu |vive EY},

So(vt) = {vevSCu | vivt € E},

R3(v,)) = {veV-V(C)|vveE}

Ss(v) = {veV -V()|viveF},
Bv,,vf) = Ri(v]) USi(v]) U Ra(v,) U Sa(v]).

By (2), Ra(v,") N Si(v]) = Ra(v") N Sa(v]) = 0.

By (1), and the fact that v;}f, vf ¢ A, R3(v,/)NS5(v;) = V(H)N(R3 (v, )USs(v)) =
(. Furthermore, for i € {1,..., k}—{r, s}, either v; or v; is not in B(v;,v). To see
this, suppose e.g., v;¥ € Ri(v;") U Si(vS). Then viv; € E, since the assumption
that vJv;” € F implies the existence of a cycle longer than C, containing the vertices
of a (v;, vs)-path of length at least 2 with all internal vertices in H(cf. (1)). But then,
by (3) with v = v;, vTv; € E. Since v v ¢ E, it follows that v; & Ry(v,") U S (v)).
Thus

d(uo) +d(v7) +d(v) = d(ug) +[Ra(v))] + [ Ra(v))| + [ Rs(v))] +
[S1 ()] + 1S2(09)] + [S5(v])]

< (k+[VH)| =D+ (V(O)] - (k-2))+
|Ry(v,0)] 4 [S3(v])]
< k+[VH)| =D+ (VO] - (k-2))+

(VI =IV(O)] = V(H)])
= n+1.

However, since oo > n — 4, we have

d(ug) + d(vF) +d(v}) > =(n —4).

NNV

3
Hence é(n —4) < n+1, a contradiction since n > 16. Thus we conclude that G

contains a dominating cycle. O
Constructive proof of Theorem B (Jung’s Theorem)

Our constructive proof applies to all graphs on n > 16 vertices.



We begin by first constructing a dominating cycle C'. This is possible by Lemma
3.1. Let vy be a vertex of largest degree in V' — C and A = N(vy). We now show
that if C' is not a Hamilton cycle, in polynomial time we can either

(a) Produce a longer dominating cycle; or

(b) Produce a new dominating cycle having the same length as C, but having a
vertex wy not on the cycle such that d(wg) > d(v); or

(¢) Produce a set of vertices whose removal shows that G is not 1-tough.

In either case (a) or (b) we let C' now be the new dominating cycle and begin again.
We consider several cases.

Case 1: |C] <n —3.
. n—4 : . o
Since |A| = d(vy) > ——, we immediately get a longer dominating cycle unless

C' — A had d(vg) components consisting of all singletons and (possibly) an edge of
C itself. Since V — (' is independent, we have

e(V—=C—w,C—A) = [V[-]C].

Otherwise

w(G@—A4) > d(v)+ |V —-C|—e(V—-C—1vy,C—A)
> d(vo) + V[ = [C] = (V| = |C] - 1)
= d<U0)+1
= |A|+1

and G is not 1-tough. But then, since e(V —C —vy,C—A) > |V|—|C| > |V —=C —wy],
there exists w € V — C' — vy with e(w, C' — A) > 2. Thus w is adjacent to either two
consecutive vertices of C, two vertices in AT or two vertices in A~. In any case we
obtain a longer dominating cycle than C'.

Case 2: |C| =n — 2.
Let @ = (V — C) U A*T. We first assert the following:
Q is an independent set of vertices.

Let v; #£ vy € V—C and w € A. Since C is a dominating cycle, it suffices by Lemma
2.1(ii) to show that vyw™* ¢ E. Suppose otherwise. We claim that v; is not adjacent



to any vertex in (AT — {wt}) UATT. If vw™™ € E we easily obtain a longer cycle.
If v;5t € E, where st € AT — {w*}, then C" : v13+6’>wvosﬁw+vl is a cycle longer
than C and if v;st™ € E, where stt € A*t, then C” : vg**ﬁwvw@w*vl is a
cycle longer than C. Since (AT — {wt}) N ATT = ), by Lemma 2.1(i) we have
d(vy) < |C| —2d(vo) + 1. Since d(vg) + d(vy) > n — 4 and d(vy) > d(vy) we have

d(vy) > =

. Hence

n—4+1_n+2
2 2

d(vg) +d(v) < (n—2)—
Since n > 16 we have d(vg)+d(v1) < n—4, a contradiction. This proves the assertion.

Since G is 1-tough, |Q] < g Hence

n n n n-—4
> — + |AT] = = +d(v) > = =n—2

n—4

and equality holds only if d(vy) = d(vy) = 5

We now consider two cases.

Case 2a: There exists w € A such that wt™, wttt ¢ A.

Let t¥ € ATNA~. By Lemma 2.1(ii), N(t7) C AU{w*"}. But then G—(AU{w™"})
has at least g components and G is not 1-tough.

Case 2b: There exist u,w € A such that utT wt™ ¢ A.

If t* € A" N A™, then by Lemma 2.1(ii), N(¢t7) C A. Hence G — A has at least
n—2

2

components and again G is not 1-tough.

Case 3. |C| =n— 1.

-3 —4
First suppose d(vg) # n or 221t d(vg) > 5 5

2 2
n—1 n—2

struct a Hamilton cycle in G. If d(vy) = 5 O 5 then G — A has more than

-7
d(vg) components and G is not 1-tough. Let z1,29 € A. If d(vg) < %, then

n—7§d(v0)§n—5'

n—1 _|C|

——, we can easily con-

1
, contradicting Lemma 2.1(iii). Hence

d(at), d(@3) > =
We now show how to construct another cycle C" of length n — 1 with wy € V — C’
and d(wg) > n?—?) Let 2t € AY and wtt € ATt — {o™+}. If 2tw™t € E, then



O atwt CavywCat is the required cycle and wy = w* is the required vertex.
Thus we may assume zTw™* ¢ E for all w™ € AT — {&"*}. Since voz™ ¢ E, it
follows from Lemma 2.1(i) and (ii) that d(z) < (n—1)—2(d(vg)—1)—1 = n—2d(vy).
Since d(vg) + d(z) > n — 4 we conclude d(vg) < 4. However d(vg) > -
tradiction for n > 16.

, & con-

n—3

Case 3a: d(vg) = 5

Case 3ai: There exists z € A such that 2T+, 2T+ ¢ A.

Let tT € AT — {z*}. By Lemma 2.1(ii), tTzT,tT2t"+ ¢ E. If tt2*" € E then by
1
Lemma 2.1(iii), 2T27"* ¢ E and thus G—(AU{z*"}) has nt

components, is not

-1
I-tough. If tT2T+ ¢ E for any t+ € AT — {27}, then G — A has n

and again G is not 1-tough.

components

Case 3aii: There exist vertices z,w € A such that 2zt wt™ & A.

n —

If 2wt 2T wt ¢ E, then G — A has

Suppose zTwtt € E. If 2t7+ # w then w™~ € A. By Lemma 2.1(ii), N(w™) C A
-5

and since vow~ ¢ E, d(w™) > n? If z # wt ™ then either w™z or w™w* ™t € E,

contradicting Lemma 2.1(iii). If z = wt™" and all vertices in A" — {z7,w*}

components and G is not 1-tough.

are not adjacent to z, then each vertex has degree at most "2 But then
d(zt) 4+ d(yT) < n —5 for every pair of vertices x*,yt € AT — {z7,w"}, a contra-
diction. Hence we must have 2" = w. By Lemma 2.1(iv), w2+ ¢ E. Since
-3 -3
d(wt) +d(z"*) > n —4 and n is odd, either d(w™) > r or d(zt1) > n 5
-3
Suppose, without loss of generality, that d(w™) > n? Then N(w*) C AU{w™t}.
Hence either w*z € E or whwt™ € E. However wtwt™* € E contradicts Lemma
2.1(iii) and w* 2z € F contradicts Lemma 2.1(iv). Thus we conclude that zTw** ¢ FE.
An analogous argument shows that z*tw* ¢ F.

n—4

Case 3b: d(vg) = 3

Case 3bi: There exists z € A such that z+T, ztT+ H+++ & A
Let tT be any vertex in AT —{z"}. If t*2*" € F then by Lemma 2.1(v), ATU{z**"}

is an independent set. Also z* 2"+ ¢ F by Lemma 2.1(iii). Hence G—(AU{z""})
has g components, and G is not 1-tough. Thus t*2*+ ¢ E and similarly tt2++ ¢

10



n—2

E. But this implies that G — A has components, and G is not 1-tough.

Case 3bii: There exist vertices z,w € A such that z™ wtt w™tt & A.

Let t* be any vertex in AT —{z", w*}. If ttw™™ € E, then by Lemma 2.1(v), ATU
{w**} and A-U{w™"} are both independent sets of vertices. Thus G—(AU{w™})
n

has B components, a contradiction. Hence tTw*t ¢ E. Thus N(tT) = A. Next we
show that wtzt* ¢ E. Suppose otherwise. If z # w™*" then w2t 27w € E

n—4
contradicts Lemma 2.1(iii). and thus z = w*™**. Since ztvy ¢ F,d(z") > .

Thus z™ must be adjacent to either w, wt™, w™™ or 27+, However if 2tz we
contradict Lemma 2.1(iii) and if either z"w or zTw*t € F we contradict Lemma
’ =1 . .
2.1(iv). If ztw™* € E| then C" : vozztwt ™ tw w2+ C'wyy is a Hamilton cycle.
Hence w2zt ¢ E. Using an analogous argument we conclude zTw*™+ ¢ F. and
n
thus G is not 1-tough. For if wtw™* ¢ E, then G—(AU{w"*}) has B components
and if wtw™* € E, then by Lemma 2.1(iii), ztw™™, 2T w™ ¢ F and G — A has
n—2
2

components.
Case 3biii: There exist vertices u, z,w € A such that u™, z"t wtt & A.

It suffices to show that z*Tw™, zTw™™ 2 Tyt et whtut whu™ ¢ F since
n—2
then G — A has

ztw™ ¢ FE; symmetric arguments will complete the proof. We assume, without
loss of generality, that u™ € [w*ﬁz*]. Suppose z"Tw™ € E. If w = 2z consider
any distinct pair of vertices ¥, yt € AT N A~. Since N(z%),N(y") C A — {w},
d(z™) +d(y") < n — 4, a contradiction. If w # 2™t then since zTvy ¢ E we

have d(z%) > n and by Lemma 2.1(ii), 2™ must be adjacent to at least one of
w, w2t and utt. However ztw, ztw™™ ¢ E by Lemma 2.1(iv) and zTz"*+ ¢
E by Lemma 2.1(iii). If ztu** € E, then C" : rutt Cwtzt+ Cwvgut+C 2+ s
a Hamilton cycle. Hence z"tw™ ¢ E. Now suppose ztw*™ € E and consider w™.
Reasoning as above, w™ must be adjacent to at least one of z, z* ", w™* and u™*.
However w'z,w*z*t" ¢ E by Lemma 2.1(iv) and wTw™ " ¢ E by Lemma 2.1(iii).
Hence wru™" € E. Now by considering z* we similarly conclude z*Tut € E.
Since n > 16, AT — {ut,w*, 2t} # (. Without loss of generality suppose w~ €
AT — {ut,wt, 2t} Clearly N(w™) = A. Thus w™w*™™ € E. However, since
ztw™t € E, this contradicts Lemma 2.1(iii) and completes the proof. O

components and G is not 1-tough. We show that z"Tw™ and
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4 Concluding Remarks

As mentioned earlier, our constructive proof of Theorem B shows that within the
class of graphs with o9 > n — 4, the properties of being 1-tough and of having a
Hamilton cycle can be recognized in polynomial time. Our proof is based on the
proof of Jung’s Theorem in [2] and the proof of Theorem D in [4]. At the time
these results were established, the computational complexity of recognizing 1-tough
graphs was not known. Consequently, a number of researchers questioned the utility
of such theorems. Later it was established in [1] that recognizing t-tough graphs was
indeed NP-hard, for any positive rational ¢ > 0. Hence the constructive argument
in this note shows that, in some sense, Theorem B and Theorem D have more than
purely theoretical interest.

In fact, it can be determined in polynomial time if G is 1-tough within the larger
class of graphs GG on n vertices with 0o > n — k, for any fixed integer £ > 0. To
see this, it suffices to note that if G is not 1-tough, then G contains a set of vertices
S such that G — S contains at least |S| 4+ 1 components. Suppose this is the case,
and let 77 and T be two smallest components of G — S, with t; = |T1| < |T3| = to.
Then clearly

n>ti+s-to+s

and by examining the degree of a vertex in 77 and a vertex in T, we get
s+t1—1+s+ta—1>n—k.

These inequalities imply
k—1>(s—1)(ta —1).

Thus s > k+ 1 = t5 = 1. Hence, to determine whether G has such a set S, it
suffices to first check all subsets of k or fewer vertices. If S is not one of these sets,
then S must consist of a set of all vertices which are adjacent to a single vertex. All
of this can be checked in time O(n*).

By contrast, in [3] we proved the results below. Let Q(r) be the class of all graphs
G on n vertices with 6(G) > rn and let ¢ > 1 be any rational number.

t
Theorem 4.1 Let G be a graph in €2 (H——1> Then G is t-tough.

Theorem 4.2 For any fixed ¢ > 0 it is NP-hard to recognize t-tough graphs in
t
Q—— —€).
(t +1 E)
A consequence of Theorem 4.2 is that, for any € > 0, recognizing 1-tough graphs is
NP-hard within the class of graphs having 6 > g—f(n), where f(n) = e-n. It would

be interesting to find the largest f(n) for which recognizing such graphs can be done

12



in polynomial time. All we know is that ¢; < f(n) < con for any constants ¢1, ca > 0.

We noted earlier that Haggkvist [9] has shown that within the class of graphs on
n
n vertices with 6 > — — 2, the existence of a Hamilton cycle can be recognized in

polynomial time. In fact he established the following.

Theorem 4.3 Let k > 0 be any fized integer. Then within the class of graphs G on
n
n vertices with 6 > 5~ k, a Hamilton cycle can be recognized in time O(n*).

Note that our proof of Theorem B shows that the property of having a Hamilton
cycle can be recognized in polynomial time within the class of graphs G on n vertices
with o9 > n — 4. We do not have an argument to extend this to the class of graphs
G on n vertices with o9 > n — k for a fixed integer k > 5.

We close by raising the possibility that constructive proofs might be found for the-
orems and/or conjectures in other areas of graph theory that have the form of The-
orem 1.1. One such possibility is in the area of edge coloring of graphs. Consider
the well-known conjecture of Goldberg [11] on the edge coloring of multigraphs. Let
X (G) denote the edge chromatic number of a graph G.

Conjecture (Goldberg [11]) Let G be a loopless multigraph.

If X' (G) > 14 A(G), then ' (G) = maxycg {%w

It is known that determining x (G) is NP-hard [10], and it appears that determining
|E(H)] W : . .
maxgca —————| is also NP-hard. Thus Goldberg’s Conjecture is of the
) {HV(H)I/ZJ

form of Theorem 1.1, and the following conjecture would yield a constructive proof
of Goldberg’s Conjecture.

Conjecture Let G be a loopless multigraph, and let £ be any integer with & >
1+ A(G). Then we can construct in polynomial time either a k-edge-coloring of G

: : |E(H)] w
or an induced subgraph H of G with {7 > k.
LIV(H)I/2]
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