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fits are possible if the Gaussians are less constrained, that is, if mioqgut valuesz(n, — i1, no — i2) weighted by thefilter coefficients
of their characteristics (amplitude, position, and width) are used. Thig ;, over a support region, dilter maskM:
is demonstrated in Table I. For the first example, the position of the . .
Gaussians was held at the extremaief 27t), as done in [1], but the Yl nz) == Z Gt = inne —i2). (1)
remaining parameters were adjusted to minimize the squared error. (iLig)EM
The result was a very good fit. Using all parameters, as in the secahdiirly general shape for the support region is considered. Ths,
example, reduced the squared error even further, by four ordersiéllowed to be horizontally convex, i.e., the horizontal line segment
magnitude. joining any two points(iy, 2), (i1,i3) € M lies in M.

As stated in [1], this is a nonlinear least squares curve fitting The filter is restricted to be linear phase. Thus, the following
problem. Hence, we see the practical importance of suboptimal manditions should be satisfied [1]:

efficient algorithms like the one proposed in that work. mask symmetry  V (i1,is) € M, =iy, —is) € M
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Minimization of (2) with respect to the filter parameters :,
leads to a system of linear system of equations, the so-called normal
equations. Any well-behaved linear system solver can be applied for
the inversion of the 2-D normal equations. However, the special
structure of the normal equations gives rise to the development
of cost-effective algorithms for the determination of the unknown
George-Othon Glentis, Cornelis H. Slump, and Otto E. Herrman®arameters [2]-{4]. _ . o

In this paper a new, highly efficient algorithm is developed for
the solution of the normal equations intie order recursive way

Abstract—In this brief, a novel algorithm is presented for the efficient [7]. Filter masks of general, horizontally convex shape are allowed.
two-dimensional (2-D) symmetric noncausal finite impulse response (FIR) Fast recursions are developed for the updating of lower order filter
filtering and autoregressive (AR) modeling. Symmetric filter masks of parameters toward any neighboring point. It can efficiently be applied
general boundaries are allowed. The proposed algorithm offers the ¢ yho order-recursive estimation of the 2-D MSE FIR filter and
greatest maneuverability in the 2-D index space in a computationally . T : .
efficient way. This flexibility can be taken advantage of if the shape of SYStém identification, accelerating the ex_haust_lve_search procedures
the 2-D mask is nota priori known and has to be dynamically configured. required by most of the order determination criteria [8], [9].

A Versatile Algorithm for Two-Dimensional
Symmetric Noncausal Modeling

Index Terms—
. o . II. 2-D SYMMETRIC SUPPORT REGION
Algorithms, filtering, image processing, least mean square error methods,
Toeplitz matrices. Consider the support region depicted in Fig. 1. More precisely,
consists of a union of intervals:
k1
I. INTRODUCTION .
. . ) X ./M = U m(zly)./
Two-dimensional least squares noncausal modeling is of great 1=k
importance in a wide range of applications. These include image m(ir) = {(i1,i2): — ka(—i1) < i < ka(i1)}.

restoration, image enhancement, image compression, 2-D spectral o ) o
estimation, detection of changes in image sequences, stochaSiRarly, k1 = max{ii: (i1.i2) € M}, k2(i1) = max{iz: (i1,42) €

texture modeling, edge detection, etc. [1]. m(i1)}. Then, (1) takes the form
Let x(n1,n2) be the input of a linear, space invariant 2-D FIR ky ka(it)
filter. The filter's outputy(ni.n2) is a linear combination of past  y(n,,n,) = — Z Z Ciyip®(n1 —i1,m2 — i2).

i1=—k1 da=—ka(—i1)
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il lll. THE ALGORITHM
°c e o0 000 °e ¢ 9 0 0 00 In this section, order-updating recursions are developed for the
0o o 0o 0o 0o o o © 0o 0 o o 0 O passage from lower order parameters to increased order counterparts.

Single-step increments of the filter madk are allowed each time.
Thus, starting from\, an increased order mask(’! is constructed
with the addition of two symmetrically located neighboring samples.

Let us consider the increased order support region depicted in
Fig. 2:

M = MU {G1, k2(i) + D} UA{(=in, —k2(in) = D}

The data vector associated with the increased order mask is
partitioned in such a way that the lower order data vector appears,
ie.,

;l'(n1 —+ i1,7lz —+ ]xg(ll) + 1)
Xygir(na1,m0) = Wi Xm(ni,ne) . (10)

11
.7:(7’1,1 bl il,nz bl kz(ll) — 1)

o o0 O O o0 o o o o o0 O O o

(o]

Fig. 1. Symmetric support region.
W;, is a suitable permutation matrix. Efficient order recursive al-

gorithms for 1-D, as well as for 2-D, MSE filtering are based on
suitable partitions of the data parameters that utilize time, or spatial,
ift-invariance properties [2]-[7].

The increased order linear system corresponding to the augmented
support regionM‘t

where 7 is a matrix with ones in the anti-diagonal, and zero
elsewhere. Clearly, 77 = I. Minimization of (2), subject to the
symmetry constraint (6), leads to the following linear system 65,11
equations [3]:

(Rt + TRMmT)Camt = — (Dt + TD ) @)

where Ry = E[Xam(ni, n2)Xiq(n1,n2)] is the input signal au- " )
tocorrelation matrix, andda = E[Xm(n1, n2)z(n1,n2)] is the 1S partitioned using (10) as

72’_’\/(7'1 c_’\/lil = _Dj\/lil

cross-correlation vector between the input and the desired response AT S
. Al - 2
signal. _ _ Roaein = Wi [T R i | Wy, (11)
In the sequel, real and homogeneous, random, wide-sense station- pbo pit fo
M

ary 2-D signals will be considered. This implies that the autocor- , ) o _
relation between two samples depends on the difference of theferer’” = p(0,0), r** = p(2i1,2k2(i1) 4 2), and

coordinates [2]: r'y = E[Xm(n1, n2)a(ny — i1, ne — ka(iy) — 1)) (12)
Ele(ny — i1, ne —iz) x(ng — j1,n2 — j2)] f‘l\lA = E[Xm(ni,n2)z(ng + i1, n2 + k2(i1) + 1)]. (13)
= p(in — j1.12 — J2), pli.j) = p(=i,—j). ® Clearly, #4, = Jr’. Moreover,
The autocorrelation matrifR »¢ is a block matrix of block order & (i1, ka(ir) +1)
2k +1 Dl = Wi, Diu (1)
Rt = [R{ir, j1)] iy=—ky by d®(iy, k2(i1) + 1)
J1=—kyky . . o 10 . ) .
with entry Toeplitz matrices of the form whered” (i1, ko (i1)+1) = 1/2(d(iv, k2 (i) +1) +d(—ir, —k2(i1) —
1)).
R(i1. j1) = & [Xm(iy) (01, n2) X (1) (01 ny)] Application of the matrix inversion lemma for partitioned matrices
= [p(i1 = j1,02 — J2)] igm—hg(miy) - ha(iy) - [5] leads to a recursive estimation of the increased order filter, (1)—(5)
jz=—kz(—j1)-kz(s1) of Table I. Auxiliary vectorq’y, is defined as
Da is a block vectorDa = [d(i1)]iy=—k,...k; With entry sub- Rougl = i1 i1
- o D My = —(r'y + Jr! (15)
vectors d(z1) = [d(u,lQ)]iz:,kz(,,-l)mkz(il) where d(u,m) = M ( M M)
Elz(ny — i1, n2 — i2)z(n1,n2)]. or
In.anitiop to the .block Toeplitz structure, the autocorrelation qi\lA _ bfAIA +(7bft,1, RbeAl/l _ _rfAIA' (16)
matrix is perisymmetric, as follows from the symmetry of the support
region and (8), i.e.Rm = JRmJT. The development of an order-recursive algorithm for the determi-
Thus, the normal equations (7) take the form nation of the optimum filterC,,:,, for all possible neighboring
RouCoaqg = D" (9) directions{(il,k2(171)+1)}U{(—i1,—kg(il)—l)},7',1 € [—kl,kl],
MEM = M requires recursions for updating’,, or equivalently, b, { =
whereD3y = 1/2(Dp + TD ). —ky k.
Xu(ni,ny) = [th(—kl)(nl-,'"a) an(—k1+1)("1,’n2) Xjn(kl—l)(nlanz) th(kvl)(nl-, "2)]t (4)
Crt = [Ch( k) Cm(—kat)  CmGa-n Cmen)]’ (5)
Xon(iy)(n1, n2) =[(ng — i, ne + ka(—i1)) -+ w(ng — i, ne —ka(in) + 1) @(ny —d1,n2 — ka(in))]'

t
Crm(iy) = [Cil-—k'z(—il) Cilka(il)] : (52)
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A. Auxiliary Variables Order Updating Recursions The implementation of step | needs more care. Supposé thalt ;
Let us consider the increased order linear system correspondinght® case wheré = 1, is treated separately. Indeed, following (18),
the augmented mask1't: we obtain
Ry bl = —rlin,  (=—ki--k 17) , _gt Xnm(ni, n2)
T M ' ' Antrriin (1 n2) = Sty a(ny — i1, ng — ka(in) — 1) | (19)

Whel’er\/ﬁ1 = E[X iy (na,ma)x(ng —L,ma—ka(£) —1=6(£—11))]. _ _ _
5(n) is the discrete-time Dirac functlon i.e(n) = 1forn =0 Si(,) IS apermutation matrix. Moreover,
andé(n) = 0 for n # 0. Clearly,b is the backward predictor

/\A71 . 71
that minimizes the cost function Lt R TAM+L(i o
Rm+riiy) = SL(iy) |:I.i11 0 E))l) Skin)
MHL(iy) ’

5[(;17(711 —lyng — ko () —1—=6(0—41))+ . §y (n1, ng)bf\lA)Q].
and
In contrast to the order updating recursion derived for the optimum

filter (9), the update of the backward predictors defined above requires i1 =g Jr \1,1
a more complicated procedure. The main difference between (9) M+L(iy) LG p(2i1, 2k2 (1) + 2)
and (16) is that, while in the first case the right-hand side vector ‘ ’
is symmetric, in the second, it is not. This time, a two-step ordednd for £ £ iy,
updating method will be followed, as L
4 M
/ 7 S 7
bt = blyry,  VLE ki k] step PR = O “{ (i1 = L Fa(in) = ko w}
l £ 2 .
batrriin) = Pains VEE [~k k] step I Thus, (7)—(8) of Table | are easily derived using the matrix inversion
Steps | and Il described above correspond to a two-step incremergaMma-

update of the initial mask\ as When( = i, partition (19) does not hold. To overcome this prob-
lem, the data vectok/y .y 7.¢;,)(n1, 22) must, somehow, be related to
M — (MU (i1, k2(41) + 1)) = M + L(iy) the delayed version of the lower order data vectax (n1,ns — 1).
M4 L(iy) = (M + L(i) U{(=i1.—ka(i1) — 1)) = M, To accomplish this task, the following augmented mask is considered:
Let us first consider step Il. The increased order data vector is k1
partitioned as M+L=M [ (G k(i) + 1)} (20)

i1=—k

, R z(ny +i1,n2 + k2(i1) + 1)
ngia (n1.m2) = TR(_':I){ Xontgr(iy) (n1,n2)
J 4 11 b Z

} . (18)

The corresponding data vector is partitioned in two ways as

f (1, na — 1) :|

Xm(ng,ne — 1)

Té(,il) is a suitable permutation matrix. Thus, parameters appearing
in (16) are partitioned as

p(0,0) pirt , ot | Xamgrni (s 'Lz)
R = The_. { Elrran |7, =1 | (21)
Mit R(—iy) Seiney Ratenin R(—iy) x;, (n1,n2)
(71-|—( ]{'2(71 +7u7(/ +2+(§((—71)):|

rM+Lm)

Xamr(ni,ne) = 7! |:

rhin = Th—iy) { Vectorsx’ (n1,nz) andx?, (n1,n2) are defined by

where x! (n1.n2) = [e(n + oo + ko (=0)]e=—kyky

x,lzl (n1,m2) =[x(n1 —Ling —ka(£) — )] 4=ty oy -
o

A:\I/HL(” = E[Xmqriy (i, n2)x(ny + i1, no + ka(ir) + 1] i

L _ ey R R A _ . .
Caitr(in) = ElXMar ) (1 n2)a(ny = Ling = ke (0 = 1 T, andS,, are suitable permutation matrices.
—8(€—11))] Thus,

Application of the matrix inversion lemma results in (19)-(21) of _ g Rf“ R 7 — st R L) Rf\l,, .
ML I L =81 S

Table I. The new parameter mtroduceﬂMH(L ) is the forward Ru Rum Rj\l/f Rﬁ’f
predictor, defined as o Pl
— J (i1)
i o 1’/\14+L—T7{ }_S’{ M!T(z'L) }
R.M+l(i1)a,«l4+L(zl) = _r/\l/l+L(i1)' M Pt

It can be interpreted as a forward predictor that minimizes the coghere
function ;
R =[p(ly — by, ko(=L1) = ka(—=L2)] 0j=—ky -k

8[(;zr(nl +i1,n2 + ko(in) + 1) [t ( ]Lészimki

Rum = [(71",4\/1]

1 2
+ ‘)(.i/lJrL(il)(’n’la 712)ai&14+r,(731)) ] U=—ky -k’

4
It is updated according to the recursion described by (15)—(17) of Rayirn = [Furrno)] Sk

Table I. Due to the perisymmetric property of matrR,¢ and Y1) — [l — i1 kol 0) = B (i) — 2)] o

the symmetry of (12), (13), the lower order forward predictors that P [P(€ = i1 ko) = kalin) = 2)] S
correspond to the support regionl are symmetric to the backward pf = [pt =i, —ka(=0) = ka(in) = D] om—ry -k
predictors, i.e., ’ iy

a‘y, = Ib'y, (€ [=ki, k] The above partitions yield (10)—(17) of Table I.
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TABLE |
THE ALGORITHM
alle = ik + Tbiks (1)
Biy = 1/2(d(i1, ka(in) 4+ 1) + d(—d1, —k2(in) = 1))+
rUCm (2)
af, = p(0,0)+ p(2i1, 2ka(i1) + 2) + Thialky (3)
kh = Aﬂil/afl (1)
0 1
=[] [a]
0 1
o, = p(0,0) + riy,bil, (6)
FOR £ = —k; TO ki, AND £# iy, DO
BYE = pliy — £, kalin) = Ea(€)) + rliybl (1)
be be
ki = —,Bil/ail (8)
b, b1,
4 _ M M o
Sibaayri) = [ 0 ] + [ ] ]kil 9)
ENDFOR £
o '
A= [jbﬁw]f:—kxu.kﬂ 1= [bM+L(i1)] ez_z;l{l”k]
81 = ) + Ariy (10)
aL:R/O+ﬁ3M.AM (]1)
K;(il) = fazlﬂz(il) (12)
i 0 I b(i1)
r= () () o
bl 1 ; Bl i) ool
( MBL(:Q) — Ssz{/(-&L . ( M-;L(z])) AZ( 1) (14)
ﬂifl = P(2i172k2(i1)+2)+r3{4\7b3{4 (18)
k= -8 oy, (16)
; Tbi, b1 .5 ,
Sndyiriy) = [ 0 ]+[ 1 K, (17)
oy =p(0,0)+ Ff\/t+L(z'1)alj\lzwL(il) (18)
FOR £ = —Fk; TO k;, DO
B, = pliv + £, ka(in) + ka(€) + 2+ 66— i1))+
Dharn(in) P Liin) (19)
k‘b_/l-l = bfil/o‘—il (20)
0 1
TR—in::[Z ]+[z }kbf,' 21
(=) P i bt iLiin) Q1) . (21)

ENDFOR ¢

B. Overall Organization

The order-recursive equations developed so far are tied togethe
form a powerfultrue order-recursive2-D algorithm for symmetric
filtering and linear prediction. Indeed, lev"™ be the support

rows of M can be estimated a€.x¢ — C,:;. The update of
fameters to a mask that contains extra rows, i.e., going from
F—]ﬁ,k]] — [—=k1 — 1,k + 1], can be accomplished only for the
points laying across the vertical axis. Once the increased order filter

that corresponds t&1 U {(0, —k1—1)} U {(0, k1 +1)} is determined,

region within which the search for the optimum mask will bgyrther recursions along that row can be performed.

conducted. Lettf" = max{i; : (i1,i2) € M "}. Then, for all

The computational complexity of the algorithm(X 2k, P) opera-

i1 € [k, k1], k1 < ki any one of the increased order filtersions per recursion, wherB = dim(Caq) = fo:o 2ko(i1)+ 1. For

corresponding to a symmetric increment along theand the—i,

a 2-D filter of a final mask shaps1"", O(kf"(P"")?) operations
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i a rectangular shaped = (-, -k x (£, k). When all
© 0 o o o o o © 6 o o o o o filters of intermediate ordef—%, —k) x (k, k) are required, for all
o 0 o 0 0o o o 6 6 o 6 o o o 1 < k < k™, algorithms of [2]-[4] require a repetitive application
, of LWR-based recursions, thus resulting (N %®) cost, which is
;2(i17+11\§,—-9—-: * Y 2 e ©°° outperformed by the)(k®) cost of the proposed method. Thus, it
©C 0 o8 s e & @ qJ‘* ©c 0 o o o o is established that in all cases, the proposed highly efficient order-
6 06 0le ®© ®© & b e 88l o o o o recursive 2-D algorithm performs better than any existing scheme.
i2 L The order-updating procedure is illustrated using a simple but
I (0:) e important support region depicted in Fig. 3. Suppose that the MSE
c o o o i e © o ¢ o @ o 00 0 o© filter corresponding toV1; is known. The estimation of the increased
6 6 o6 o o y_.‘ e :‘| o o o order_MSE filter corresponding t&1, is accomplished following the
k2(-i) = » = updating scheme
© 0 0 0 0 Ole ¢ e @[T 0 o ~ O
-k2(il)-1 M1U{(2,0),(-2,0)}
(¢} o] o] O o] @] o] [e] o] @] O @] e} o}
U{(2.1).(~-2,-1)}
o O o O o o o o o O O O o ©

U {(27 2): (_2: _2)}

Fig. 2. Extended support region corresponding to an increased order sym- fi1 ¢
metric filter. u{(1,2),(-1,-2)}

U{(0,2), (0, -2)}

U{(~1.2). (1, -2)}
U{(=2.2).(2,-2)}
U{(=2,1).(2,-1)}.

A case of a circularly shaped filter mask is depicted in Fig. 4. The
optimum filter corresponding to the mask, is estimated from the
lower order counterpart as

M1U{(3,0),(=3,0)}
u{(2.1),(-2,-1)}
U{(1,2),(-1,-2)}
U{(2,2).(-2,-2)}
U{(1,2),(-1,-2)}
U{(0,3),(0,-3)}
U{(-1,2),(1,-2)}
U{(=2,1),(2,-2)}
U{(-2.2),(2.-2)}.

IV. CONCLUSION

A highly efficient, order-recursive algorithm for symmetric 2-
D FIR filtering and 2-D system identification has been developed.
Symmetric support regions with arbitrary horizontally convex shape
can be handled. The proposed algorithm offers the greatest possible
maneuverability in the 2-D index space. It allows for recursive
estimation of the 2-D filter mask shape. The implicit flexibility of
the algorithm enables a dynamical reconfiguration of the mask shape
in a computationally efficient way.
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J. A. Rosendo Mdas and A. Gmez Exbsito

Index Terms—DPiscrete Fourier transform, harmonic analysis, recursive 1. MoviINc-WINDOW DFT

digital filters, spectral analysis. . . . )
Assuming that, at instant, the window comprises th&” values

2(n—=N+1), 2(n—N+2),---,2(n), thekth complex harmonic,
I. INTRODUCTION as given by the DFT, is

Discrete Fourier-related transforms are of paramount importance in N-1
many and diverse scientific and technological applications, constitut- Fnlk) = Z x(i+n— N+ 1)e,’jo“ 1)
ing one of the major branches embraced in digital signal processing i=0
techniques. A recent and thorough discussion of major continuoygsere
time and discrete-time Fourier-related transforms and series, both for .

. . . 27k

real and complex signals, is presented in [1]. 0 = T 2

Since the paper by Cooley and Tukey introducing the fast Fourier
transform (FFT) concept was published in 1965 [2], a formidabldsing rectangular coordinates, and lettisig(¥), C.. (¥) be the DFT
research effort has been devoted to the development of increasirgjl}e and cosine, components, respectively, i.e.,

efficient fast transform algorithms [3]. Techniques such as radix- No1
(» = 2,4,8), split-radix, DFT via other transforms, mixed decima- Cn(k) = Z w(i +n — N4+ 1) cos(ify) ()
tion, etc., have been proposed within this framework. i—0

Although earlier FFT algorithms were designed to deal with N—1
complex sequences, it turns out that, in many important applications, Sn(k)=— Z z(i +n— N+ 1)sin(if) (4)
the sequence to be transformed is real valued. Consequently, several i=0

fast transform techniques specifically devised for real signals hay DFT harmonics can be expressed as

been proposed [1], [4]. Among these, the real split-radix FFT [4],

the so-called fast Fourier-cosine transform, based on a recursive Fn(k) = Crn(k) + jSu(k) ©)

application of the DCT [5], and the fast Fourier-sine transform, bas%(rj]d their amplitudes or power spectrum

on the same idea but using the DST [6], have been shown to require

the lowest operation count. F2(k) = CL(k)+ Sz (k). (6)
An interesting particular case appears when the spectrum of

a time-varying or nonstationary signal is required. This leads tKing advantage of the shifting window contents, a recursive ex-
pression for the DFT can be obtained with ) complexity [9],
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