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SUMMARY

A new class of reduced-order controllers is obtained for the H., problem. The reduced-order controller
does not compromise the performance attained by the full-order controller. Algorithms for deriving
reduced-order H, controllers are presented in both continuous and discrete time. The reduction in order is
related to unstable transmission zeros of the subsystem from disturbance inputs to measurement outputs.
In the case where the subsystem has no infinite zeros, the resulting order of the H, controller is lower than
that of the existing reduced-order H, controller designs which are based on reduced-order observer design.
Furthermore, the mechanism of the controller order reduction is analysed on the basis of the two-Riccati
equation approach. The structure of the reduced-order H, controller is investigated. Copyright © 2002
John Wiley & Sons, Ltd.
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1. INTRODUCTION

Low-order controller design is one of the fundamental though difficult problems in control
engineering. In particular, reduced-order H,, controller design problems has received quite
some attention over the past decade; see, for example, References [1-14]. In References [1-6],
fundamental ideas in the controller order reduction lie in the structure of the system: for
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example injectivity or surjectivity of the feedthrough term of a subsystem, and finite or infinite
zero structure of a subsystem. A consequence is that we can see a priori the resulting order of the
reduced-order controller. On the other hand, in References [7-14] the problem is considered in a
rather general setup by using linear matrix inequalities (LMIs). After the presentation of an
elegant idea of solving control problems using LMIs [8, 9], in the study of reduced-order
controller design, the main focus is rather on solving a non-convex optimization problem.
Indeed, the tools to find directly a controller of a given order can be based on the numerical
method described in References [11-14]. Although the approach is so flexible that many control
problems can be treated in a unified manner, the problem is that these algorithms still have
numerical difficulties and also the structure of the resulting controller is not well understood.

Our focus is not on solving the optimization problem, but on finding a relationship between
the structure of the control problem and the order of the controller. Moreover, we do not
investigate optimal or suboptimal controllers of a fixed degree for the H,, control problem.
Instead, we seek tools to reduce the order of the controller without compromizing performance.
For an H,, problem, here part of the measurements is not affected by disturbances, reduced-
order controller design has been studied in References [1-4, 15]. This was first studied in
Kimura, et al. [1], then a reduced-order H,, controller is derived in continuous-time case on the
basis of reduced-order observers by Stoorvogel et al. [2]. Also in Reference [15], the continuous-
time reduced-order H,, controller design has been considered and the structure of the controller
is clarified on the basis of a controller parametrization established in Mita ez al. [16]. On the
other hand, in the discrete-time case as well as in the continuous-time case, Xin et al. [3]
characterized the reduced-order H, controller design problem in terms of LMIs and algorithms
to derive a reduced-order controller in this setting are available. The common factor of these
approaches is that the resulting order of the H,, controller is the same. However, it can be
expected that further order reduction is possible.

In this paper, the relationship between these approaches is discussed and the possibility of
further order reduction is investigated. Then it is shown that in the continuous-time case there
exists a reduced-order H,, controller which has lower order than the order of the controllers
derived in References [1-4, 15] if the sub-system from disturbances to measurements has
unstable transmission zeros on the non-negative real axis but no infinite zeros. Also, in the
discrete-time case a similar argument is used to derive a reduced-order H,, controller. We
present algorithms based on the LMI approach for designing the reduced-order H,, controllers
for both continuous-time and discrete-time cases. Secondly, the structure of the controller order
reduction is analysed on the basis of the classical approach which uses two algebraic Riccati
equations. This analysis not only finds new ways to reduce the order of the controller further,
but also establishes the plant structure that allows us to reduce the order of the H,, controller.
From this analysis we also find another algorithm to obtain the reduced-order H,, controller.
Compared with the former algorithm this one has an advantage that we can obtain a larger class
of reduced-order H., controllers in the case where the subsystem has multiple real zeros and in
the case where the subsystem has complex zeros.

Notation: I, denotes the identity matrix of dimension n x n. For a matrix 4 € C”", A(A)
denotes the set of eigenvalues of 4. The conjugate transpose of a matrix A is denoted by 4". We
denote the set of positive real numbers by R", the open left half complex plane by C~ and the
open right half complex plane by C*. In continuous time, if a matrix has all eigenvalues in C~,
the matrix is said to be stable. In discrete time, if a matrix has all eigenvalues inside the unit
circle, the matrix is said to be stable. The class of stable real rational transfer functions is
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SINGULAR H,, CONTROLLER 593

denoted by #4# .. A generalized inverse of a matrix D is defined by the properties ppTD=D
and DTDDT = DT and is in general not unique. A square matrix D is said to be unitary if
DD =1. An orthogonal complement of a full-rank matrix D is denoted by D+, and is chosen in
such a way that the following relations hold. If D is of full column rank, (D D') is square and
the equation:

holds. If D is of full row rank, (DT (DL)T)T is square and the equation:

(' o) () -

holds. The symbol (A4, B,C,D) is used to represent the system with a transfer matrix
D+C(sI-A)"'B. The symbol Z, is used to represent the linear fractional transform:
7 G, Q) = Gt + G120( — GnQ) ™' Gay, where

Gy G
G- 1 12
G Gn
The H, norm of a stable, continuous-time transfer function G(s) is defined as [|G(s)||, :=
SUPe(—no0, o) 0G(Jw) where ¢ denotes the largest singular value. Similarly, the Hy norm of a
stable, discrete-time transfer function G(z) is defined as [|G(2)l|y = SUPye(_r, n) TG(E). A

symbol { € C is used to represent s in the continuous time and z in the discrete time.
In this paper, various kinds of zeros are used to present results.

Definition 1 Invariant zero
The invariant zero of a system with realization (A4, B, C, D) is defined as {;, € C for which

{(I—A -B (I-A -B
rank < normrank
C D C D

holds [17, 31], where normrank means the rank of a matrix with entries in the field of rational
functions.

Definition 2 Transmission zero
The transmission zeros of the system (A4, B, C, D) are equal to the zeros of the transfer matrix
G({) as defined through its Smith—-McMillan form.

Lemma 1
Suppose a € C is not a pole of the transfer matrix G({). Then the system has a transmission zero

in o if and only if rank (G(x)) <normrank (G({)).

Moreover, the transmission zeros are a subset of the invariant zeros of a system and in case of a
minimal realization these two sets are equal.
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2. PROBLEM DESCRIPTION AND BACKGROUND

2.1. Singular H, control
Consider the following linear time-invariant (LTI) system:
ox = Ax + Biw + Byu
2:¢ z=Cix+ Dyyw+ Dpu (1)
y = Cox+ Dyyw+ Dypu

where x € R" is the state, z € R”" is the controlled output, y € R is the measurement output,
w e R™ is the disturbance input and u € R™ is the control input. A symbol ¢ indicates the
derivative, ox(f) = dx(z)/dt, in continuous time and a shift operation, ox(k) = x(k + 1), in
discrete time. For this system we make the assumptions that (A4, B») is stabilizable and (C,, 4) is
detectable. The transfer function of X is denoted by

Q) Zn©)
() = ( )
21(0) Zx()

where X, (i,j=1,2) is the subsystem associated with the transfer matrix
2i(0) = Dy + Ci({T — A)"' B
The H,, suboptimal control problem is to find a stabilizing controller

on = Agn + By
DIAN
u= Ckn + Dky

where n € R"™ is the state of the controller, such that the resulting closed-loop system has an Hy,-
norm strictly less than an a priori given bound 7, if one exists. In this paper we call y the
performance index of the H, control problem. If y is minimized, the problem is called the H,
optimal control problem. It is known that if the suboptimal H,, control problem is solvable,
then we can always find a suitable controller whose dynamic order is at most equal to the order
of system (1). However, in the singular case where the direct feedthrough matrix D,; does not
have full row rank or in its dual case where D;> does not have full column rank we can
guarantee a priori that a controller of lower order than the order of the system can be found, see
References [2, 3, 15].

2.2. Background

We can assume, without loss of generality, that the matrix (C, D,;) has full row rank. For the
singular problem where D,; does not have full row rank, we then obtain that
rank (Cy Dj1) — rank (D,;) > 0.
From References [2, 3, 15], we know that we can obtain a reduced-order H,, controller whose
order is less than or equal to
n; = n—[rank (Cy D,;) — rank (Dy;)]. 2)
A key step in deriving the reduced-order controller is the reduced-order observer-based

controller design [2], where the system with partially noise-free measurement outputs can be
stabilized with an output feedback controller whose order is equal to the order of the system X
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minus the number of noise-free measurements. In Reference [15], the continuous-time reduced-
order H,, controller is also derived from the same standpoint, and the structure of the reduced-
order H,, controller is clarified on the basis of the classical Riccati-based approach. On the
other hand, the reduced-order H, controller design problem can also be characterized in terms
of LMIs and algorithms to derive the reduced-order controller of order 7, are presented not
only for the continuous-time case but also for the discrete-time case in Reference [3].
Interestingly, from these results it can be established that there exists a reduced-order H,,
controller which has order lower than n; if £,;({) has unstable transmission zeros on the real
axis in continuous time and in discrete time as well. We obtain this result by exploiting bilinear
transformations to reveal relationships between the continuous-time and discrete-time systems.
Motivated by this, we consider an algorithm to obtain reduced-order H., controllers of lower
order. In addition, ideas in Reference [15] are utilized to understand the mechanism of the
controller order reduction in continuous time as well as to extend the result that is based on the
bilinear transformations to the case where X, (s) has unstable transmission zeros in C*.

3. RESULTS BASED ON BILINEAR TRANSFORM

3.1. Continuous time

In this section, on the basis of the result presented in Reference [3], we show that there exists a
continuous-time reduced-order H,, controller which has order less than n;. Then we present an
algorithm, which uses the LMI approach, to obtain the reduced-order H,., controller.

First, define bilinear transformations

FCZSI—>Z=S+—OC, O<axelR 3)
21
I, : s§ = “)

I'. transforms a continuous-time system into a discrete-time system and I';, transforms a
continuous-time system into another continuous-time system. The stability, the order and the
Hy norm of an LTI system are invariant under these transformations. If o is not an eigenvalue
of A, then I'; transforms the system X to a new system

0%q = Aa%q + Barw + Boou
i1 z= CqXq + Daiyw + Daipu ®)
y = Cqo%q + Dap1w + Dgoou
where
X4 =(d — A)x — Bjw — Byu
Ag = —(al + A)ed — A)~!
Byi = —[(ad + A)ed — A~ + 1B;
Cai = Ci(ad — A)™!
Dyj = Zj(@), i,j=1,2.
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Here, it should be noted that the matrix Dy has a lower rank than the matrix D, if D, has full
rank and the following inequality holds:

rank (X;;()) <normrank (£;;(s)), «>0 (6)

This means that we can choose a bilinear transformation such that Dg,; has a lower rank
than the normal rank of the associated transfer matrix if the system X, (s) has transmission
zeros on the non-negative real axis. Moreover, if 0 is not an eigenvalue of 4, I';, transforms
the system ¥ to a new system ., which can be derived similarly as £4 but of course
using a different bilinear transform. On the basis of this observation we deduce the following
result.

Theorem 1

Suppose that the system Z;;(s) has unstable transmission zeros on the non-negative real axis and
let one of these zeros be «>0. In that case, there exists a continuous-time H,, controller with a
performance index y of order

ny, = n — [rank (Cy Dy;) — rank (Z1())] (7
if the continuous-time H,, problem for the system X is solvable with a performance index y.
Moreover, if D;; has full rank, then we obtain ny, <ny.

Before we prove Theorem 1, we state a useful lemma.

Lemma 2
For «>0, there exists a matrix N € R™*”? which satisfies

det(al — A — BoNCy)#0 ®)
if (4, B, C,) is stabilizable and detectable.

Proof
Since (A4, B>, C,) is stabilizable and detectable, for the system X we can find a stabilizing
controller:

op=Kp+ Ly
u= Mp

ol — A —BzM
det #0

Then, since «>0 we have

—LC, o —-K

because otherwise the closed-loop system has an unstable pole in «. By taking the Schur
complement, we obtain

det(ol — A — BoM(o — K) " 'LC>) 0.
Here, we need that K — «f is invertible. If this is not the case, note that when K is replaced

by K + el this is still a stabilizing controller for ¢ small enough. Finally, by replacing
M(al — K)~'L with N we obtain (8). O
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By this lemma, even if we have det(a/ — A) = 0, by using a static output feedback:
u=Ny+v ©)]
we can make the 4A-matrix of the new system:
ax = (A + BoNCy)x + (By + BoNDy)w + Byv
2rp: z=(Cy + D1aNCy)x + (D11 + DiaNDoy)w + Dypv (10)
y=Cox+ Dyw

non-singular at «, where we assume D,,=0 without loss of generality. Then we can apply the
reduced-order controller design in Theorem 1 to £y and obtain a reduced-order controller. The
preliminary static output feedback does not change the order of the resultant controller, and
zeros of the system X,; are invariant under this preliminary feedback.

Next, let us move on to the proof of Theorem 1.

Proof of Theorem 1

The condition that (4, B,, C,) is stabilizable and detectable is implied by the solvability of the
H, control problem. Therefore from Lemma 2, we can assume, without loss of generality, that
o is not an eigen-value of 4. When o > 0, I'. preserves the stability, the order and the H,, norm
of an LTI system. If a controller with transfer matrix X; solves the continuous-time H, control
problem and therefore yields an H., norm strictly less than y, then we have

17 ((Z(5), Ze@lle = 17 e(2(2), Za2Dlloe <7 (11)

where Z;(z) is the bilinear transform of Z;(s). This implies equivalence of existence of H.,
controllers of an order ' for both the continuous time and discrete time. Using results in
Reference [3] we can then obtain a discrete-time controller of order

n — [rank (C; a1 () — rank (Z21(2))]

After applying the inverse bilinear transformation to the discrete-time controller we then obtain
a controller of the continuous-time system of the same order. The result follows by noting that

rank (C, Z,1(x)) = rank (C, Da;) (12)

When o =0, we use I';, to obtain .. Similarly T’ . preserves the stability, the order and
the Hy, norm of an LTI system. Then a similar argument as in the previous case can be
applied.

It remains to show that ny, is strictly smaller than n; if D;; has full rank. Since o is a
transmission zero of the system we know that rank (Z,,(2)) <normrank(X,,(s)). On the other
hand, since D, has full rank, we obtain normrank (Z,;(s)) = rank(D,;). It is then obvious that
rank (Z,;(a))<rank (D,;) and combined with (12) the result follows. O

Remark 1
Using duality, we can also obtain reduced-order controllers when X, has unstable zeros with a
resulting order of the controller equal to

B,
n — |rank — rank X5()
Dy,
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However due to space limitations we will only discuss the case where Z,; has unstable zeros,
although all of our results have dual versions.

Remark 2

If <0, I'c no longer preserves the stability of the system and inequality (11) is not satisfied. This
idea therefore only works when X,(s) has transmission zeros on the non-negative real axis. On
the other hand, in the case where Z,(s) has stable zeros, the controller order reduction problem
is discussed in References [5, 6].

Remark 3

This theorem states that if X,)(s) has a transmission zero on the non-negative real axis, we can
obtain a reduced-order H,, controller of order ny, . Based on the above proof we obtain the
following algorithm to design the reduced-order H,., controller.

I. Transform the system X by I'. or by I';, to obtain 34 or 3., where the parameter o is
chosen such that inequality (6) is satisfied. If the matrix 4 has an eigenvalue at o, apply the
preliminary feedback (9) for Z first, and then apply the transformation.

II.  Solve the discrete-time H., problem for 34 or the continuous-time H., problem for 3.
by using the LMI algorithm presented in Reference [3], and obtain an H,, controller of
order ny,.

III.  Apply the inverse of the bilinear transformation that is used in step I to this controller to
obtain an ng_th order continuous-time H, controller with realization (A, By, Ci, D). The
resultant controller is obtained as (A, By, Ci, D+ N) where if the preliminary feedback is
not used, N is put to zero.

Remark 4
If the matrix D,; has full column rank, the difference between n; and ny, is

ni — ny, = rank (Dj;) — rank (Z1())
= normrank (Z,(s)) — rank (X;(x))

This indicates that the difference in the order between the reduced order H,, controller obtained
here and the nith order H,, controller is equal to the geometric multiplicity [17] of an unstable
transmission zero of X, (s) at «. Thus, the order reduction of the controller depends on the
selection of the zero. If the geometric multiplicity of the zero is higher, then we can obtain a
lower order H,, controller.

3.2. Discrete time

For the discrete-time case we use, similar to the continuous time, a bilinear transformation:

z—1
ol s per (13)
p—z
This transformation transforms a discrete-time system into another discrete-time system, and
the unit circle and the unit disk are invariant under this transformation. The stability, the order
and the H,, norm of an LTI system are therefore invariant under this transformation. If f§ is not

Tq: zz=

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2002; 12:591-619
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an eigenvalue of A; this can be assumed, without loss of generality, from Lemma 2, I'4
transforms the system X to a new system:
0Xq = /id)_cd + l:}dlw + deu
id 1Q oz = C_’dl)'cd + D_dllw + D_dlzu (14)
y = CqppXq + Dap1w + Danott

where

Xd (ﬁ[ - A)X — Biw — Bou

Ag=—(I - BAPI — A)"!
By = —[~(I — BA)BI — A)~" + BI1B;
Cai = Ci(pI — A"

Dy =%iB), i,j=1,2
Here it should be noted that the matrix Dg»; has a lower rank than the matrix D,; if the
following inequality:

rank (2Z;;(f)) <normrank X,;(z) (15)

holds. This means that Dg,; has a lower rank if the system X;(z) has a transmission zero
{BeRIBI> 1.

On the other hand, when X,((z) has a transmission zero at z=1 or —1, we may introduce one
of the following bilinear transformations:

1
FdI:ZHs:ni—l, 0<neR, ifZ(z)hasazeroatl

Iy : z»—»s:nz 0<neR, ifZ(z)hasazeroat — 1
z

1" + 1’
These transformations transform a discrete-time system into a continuous-time system. It can
also be verified that these transformation preserve the stability, the order and the H,, norm of
an LTI system. If 1 is not an eigenvalue of 4, I'y, transforms the system X to a new system 3.
Qn the other hand, if —1 is not an eigenvalue of 4, I'q_, transforms the system X to a new system

3.
On the basis of these observations, the following result can be deduced.

Theorem 2
Suppose that the system Z,((z) has a transmission zero

pel{zeR|z=1}
Then, there exists a discrete-time H,, controller of order
ng, = n — [rank (C, D) — rank (Z21(f))] (16)

which solves the H., control problem with a performance index y if the discrete-time H,
problem for the system X is solvable with a performance index y. Moreover, if D»; has full rank,
then we obtain ny, <ny.
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Proof

Since the parallel argument for the continuous-time case can be applied to this case, we omit the
details. If one of the transmission zeros is at z=1 or —1, transform the discrete-time system X
into a continuous-time system by using one of the bilinear transformations of I'q, and I'y_,. By
the parallel argument with the continuous case, we can obtain a discrete-time H, controller of
order ny, for . In the case where no zero is at z=1 nor at z=—1, but one of the zeros is
B e{zeR|z > 1}, we obtain a discrete-time system =4 by using I'y. Since stability, the order
and the H,, norm are invariant under this transformation, it is verified that we can obtain a
discrete-time H,., controller of order ny, for Z. It remains to show that ny_ is strictly smaller
than n, if D,; has full rank. Since f is a transmission zero of the system we know that
rank (Z,;(f)) <normrank (£,;(s)). On the other hand, since D,; has full rank we obtain
normrank(Z,(s)) =rank(D»;). It is then obvious that rank (2,,(f8)) <rank (D»;), hence the result
follows. O

Remark 5
This theorem says that if Z;;(z) has transmission zeros on {z € R||z|>1}, we can obtain a
reduced-order H,, controller of order 7y, by following the algorithm:

L. If 2,,(2) has a transmission zero on {z € R||z| > 1}, transform the system X by I'4 to obtain
the system X, where the parameter [ is chosen as the transmission zero in {z € R||z| > 1}.
Then proceed to step II. If X,;(z) has a transmission zero at 1 or at —1, transform the
system X by I'q, I'q , respectively, where the parameter 5 is chosen arbitrary such that
0 < € R is satisfied. Then proceed to step III.

II.  Solve the discrete-time H,, problem for X4 using the algorithm based on LMIs as
presented in Reference [3], and obtain a discrete-time H,, controller of order ny,. Then
proceed to step IV. 5 .

III. Solve the continuous-time H,, problem for X or X using the algorithm based on LMIs as
presented in Reference [3], and obtain a continuous-time H,, controller of order ny,.

IV. Transform the controller by the inverse of the bilinear transformation that is applied in
step I to obtain a discrete-time H,, controller of order sy, .

Remark 6
If the matrix D, has full column rank, the difference between n; and ny_ is
ni — n, = rank (Dy1) — rank (£21(f))
= normrank (2;;(z)) — rank (Z,(f))
where f§ € {z € R||z|>1}. This implies that the difference in the order between the reduced-order
H,, controller obtained here and the nith order H,, controller is equal to the geometric
multiplicity [17] of an unstable transmission zero of X3;(z) on {z € R||z|>1}. Thus, the number

in order reduction of the controller depends on the selection of the zero. If the geometric
multiplicity of the zero is higher, then we can obtain a lower order H, controller.

3.3. Discussions

We have thus characterized a new class of reduced-order H,, controllers by using one unstable
real zero of X,;. However, in general, X;; might have more unstable zeros and they might be
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complex. Moreover, by using a continuity argument, we can argue that if a zero is slightly
changed by some perturbation, we may still be able to reduce the order. Thus, we have issues as

1. In the case where X,; has multiple zeros, we have to choose one of the zeros as the
parameter o« even when the zeros are close to each other. However, from a continuity
argument we can expect that both of the zeros can render to reduce the order of the
controller. Our algorithm can handle only one zero, however, it is not clear whether further
reduction is possible in case of multiple zeros.

2. In the case where the system X,; has zeros in the open right half-plane, we can also apply the
bilinear transformation I'. to the system X. Here, « is a complex number such that o € C".
Then T, still preserves the stability of the system and inequality (11) is also satisfied. In this
case, we have to solve an H,, control problem for a system with complex coefficients. Thus,
whether this technique generally works for the system that has a non-minimum-phase
subsystem X,; or not depends on whether the LMI techniques from Reference [3] work for
complex valued systems.

Algorithms presented in this section relies on a reduction in rank of the transfer matrix Z,({)
at its transmission zeros. Clearly, computing numerically a rank is intrinsically difficult.
However, computing transmission zeros can be done in a reliable fashion. Therefore, we will, in
general, apply this transformation and work with system which have singular values which are
very small in a point « but not exactly equal to zero. If we perturb the system to make the
singular values equal to zero then we can rely on a continuity argument to conclude that for the
obtained reduced-order system will also work for the original system. This is mathematically not
a precise statement but in examples we have seen that these algorithms are numerically more
robust then one might think after noting all the rank evaluations.

4. ANALYSIS OF THE CONTROLLER ORDER REDUCTION

In the previous section we have established the existence of a new class of reduced-order H,
controllers, and obtained an algorithm to design the controller. The structure of the reduced-
order H,, controller obtained there is not cleat because it is based on the bilinear
transformation. Therefore, it is not easy in our view to analyse the above questions on
continuity and multiple zeros based on this technique of bilinear transforms. Moreover, we
know from previous papers that the structure of the reduced-order H,, controller of order n;
can be explained by a reduced-order observer. Hence, we will present a different approach which
will allow us to better understand the structure of the reduced-order H,, controller. This will
then allow us to obtain results for the cases of multiple zeros and for continuity arguments.
Thus, motivated by the results presented in the previous section, we analyse the mechanism of
the controller order reduction in the continuous-time singular H,, problem. We will see that the
results based on the bilinear transformation can be extended to more general cases. The analysis
is based on a solution obtained by using the fundamental two-Riccati equation approach [1, 15,
16, 18, 19]. We assume that X,; has unstable zeros in C* and, in addition, that D,; has full
column rank. To this end, we introduce our recent work [15], which uses the two-ARE approach
presented by Mita et al. [16], and extend its idea to analyse the controller order reduction.
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4.1. Preliminaries

Consider the continuous-time system described in (1). In addition to the conditions that (A4, B»)
is stabilizable and (C,, 4) is detectable, we consider the H., problem under the following
assumptions:

Al. Dy, is of full column rank.

A2. D5 is of full column rank.

A3. 3, has invariant zeros in C*

A4. ¥, and X,; do not have invariant zeros on the imaginary axis.

Assumptions Al, A2 and A4 are made to simplify our analysis. Assumption A3 captures
the feature of the singular H, problem we consider. The more general singular problem
when these assumptions are not satisfied has been studied in References [3, 20-24].
However, there is no study of the controller order reduction exploiting the existence of
invariant zeros in C*.

Without loss of generality, we can put assumptions on the matrices C,, D1, D>; and D>, as
follows:

B1. D”:O and D22:0.
B2.

(Cy D) = Gy 0
2 Dy Co I )’

where Cy; € R is of full row rank.

Assumption Bl can be relaxed by using some standard techniques as described in References
[21, 25]. Assumption B2 basically amounts to choosing a suitable basis for the input and output
spaces.

The invariant zeros of the system X,; can be made explicit by a suitable state-space
transformation for the system X, i.e. x = T'x with T invertible.

(p2—my)Xn

Lemma 3
There exists a suitable basis such that the matrices 4 — BlD;r1 G2, (D3;)" €y and DI 1 C> have the
following block decomposition with 4_ stable and 4, € R™" antistable

A A 0 0
A BID; o 13 14
pi e Asr An A 0
(Dy) G = (17)
.......... Az A 0 Ay
D},Cy S R R

where the pair (A4, C»,,,) is observable.
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By the definition of the invariant zero, it can be verified that eigenvalues of 4, are the unstable
invariant zeros of X,;.

Proof
See Reference [26]. ]

Furthermore, for notational ease we partition C; accordingly with D; C, as
CI = (Cll[ C][r Clrl C]rr)

4.2. Parameterization of the Hy, controller

In this section, we derive the full-order H, controller for the system X on the basis of the two-
ARE approach. Here full order means the same order as the system X has. First, we introduce
two AREs:

X(A— BaD,Cy) + (A4 — BaDL,C)TX

+x[728i8] - BDL(BD )] X + CTDE(DE) €1 =0 (18)
and
YALy + AznY + Y {ﬁc}cl - (DTZCQ)TDECQ} Y =0 (19)
Here, A,y is defined by Az = 4 — Ble1 Cy + LH(DZLI)TCz where a matrix Ly is selected such
that
{MAzn)} — {i(A0)} = C (20)

is satisfied.” This condition implies that the observable subspace of the pair (4 — Ble1 Cs,
(D3)" Cy) is stabilized by L.
If these AREs have solutions that satisfy

#(4- B:D},Cy + [y 2BiB] - B,D},(B,D], x) e

T
A(AZH n Y{wcfcl _ (D; cz) Dl Cz]) cC

we call these solutions the stabilizing solutions. It is easy to show that the stabilizing
solution of these AREs is unique and that the solution Y is independent of a specific
choice for Ly, provided that (20) is satisfied. These AREs are the key equations for
analysing the mechanism of the controller order reduction as well as for deriving the H
controller.

By following the result presented in Reference [16], we can obtain the class of all suboptimal
H, controllers, which are parametrized with two free parameters.

' The set difference is defined by & — 7 = {x e S|xd T}.
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Lemma 4

Suppose that (4, B>) is observable and (A4, C,) is detectable, and the assumptions A1-A4 are
satisfied. Then an H,, controller with performance index 7y exists if and only if the two AREs in
(18) and (19) have stabilizing solutions X >0, Y >0 and these matrices satisfy

I —XY >0 (21)
If there exists an H,., controller, the class of all H,, controllers is represented by
Koo = {K($)IN(s), W(s) € RH o, [IN(9)ll oo <7} (22)
with
Koo(s) = K ' (5)Ka(s) (23)

where parameters are defined by

Ki(s) = Cx(s)(sI — Ay) "By + IT7!

Ka(s) = Cx(s)sI — Ay) "' Hoo + N)DJ, + W(s)(D2)T
Ay = A+ “/72YCFIFC1 + HCs

Cx(s) = —IT"' FouZ + N(s)DJ, C2Z + W(s) (DT C
B, =B, +7y2YC[ D),
Cy =7y 2DyBlX +
Fo=-DhC —DL(BDL)TX

0 12+1 12( 2 12)

He = —BDS — Y(DI.Co)TDI + Ly(Dh)T
z=(I—y2vx)"!

1= (DL,D) V2.

Here, N(s) and W(s) are called free parameters.

Proof
See Reference [16]. O

Remark 7

1. If we put free parameters equal to zero, we obtain an nth order H,, controller which is
called the central solution. The free parameters might be utilized to improve the controller
performance. But also, the free parameters can be used to reduce the order of the controller.
Controller order reduction using this philosophy is discussed in the next section.

2. It has been reported for the regular H,, optimal control in References [7, 27] that the matrix
Z might be ill conditioned as 7y tends to the optimal value. Thus, there exists a numerical
difficulty in calculating the controller by the formula in (22). However, this difficulty
depends on the realization of the controller, and using a descriptor form can be
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circumvented [7, 19, 22, 25, 28]. On the other hand, in the limit the infinite zeros of the
controller are cancelled by the poles of the controller at infinity. Thus the controller order
can be further reduced by exploiting this property.

4.3. nith order H., controller

4.3.1. Deflation of the Riccati equation
By using the formula in (17), the unique stabilizing solution of the ARE in (19) can be
represented by the unique stabilizing solution of the reduced-order ARE:

Y AL + 4, Y, + Y. Cl,Cr — €3, C) Y, = 0 (24)

Lrr
where the solution Y, stabilizes the matrix 4, as
Ay, = Ay + Y, 2Cl,.Crpr — €3y, Coor)

ie. MAy) < C .

Lemma 5
A positive-semi-definite matrix

0 0
Y = e Rmn 25)
0 v,

with Y, >0 is a stabilizing solution of the ARE in (19) if and only if Y,>0 is a stabilizing
solution of the reduced-order ARE in (24).

Proof
First, to make the proof as easy to understand as possible we represent L as
LH11
Ly= bt | ¢ gretaom) (26)
Ly,
LH33

Since L, satisfies condition (20), submatrices Ly, and Ly, can be chosen arbitrarily as long as

An + Ly, A B
) cC 7)
Az + Ly, A

is satisfied and Ly, and Ly, are completely free.
Necessity: Suppose the ARE in (19) has the stabilizing solution Y>0. The ARE can be
represented as

YAL, + AyY =0 (28)
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Let U be a row basis of the stable subspace of the matrix A,y Then we can choose
U = (I(n—rank (4+)) 0), which satisfies the following equation:

UAzy = AU (29)
where
An+ Ly, A 0
A= | A+ Ly, A 0
Asi + Ly, A A
is a stable matrix. After post-multiplication by U', Equation (28) becomes
(YUDAT + 4y(YUT) =0
Since A(A) = C7, A(Ay) = C7, we can deduce that
YU' =0

Since Y is a symmetric matrix it must be of the form in (25). By substituting this Y into the ARE
(19), the reduced-order ARE (24) can be derived. Hence, it is necessary that the ARE has the
positive-semi-definite stabilizing solution Y,. Let a vector x be in ker Y,. Then by pre-
multiplying the ARE (24) with x we have

Y, Alx=0

This implies A{x € Y,, in other words ker Y, is AI-invariant. Here, we denote the restriction of
A% to ker Y, as AI| ker v,- Then we also have

(AI + RY})| ker Y, — A£| ker Yr
where
R:= V_zc;rrrcll"' - C;erczz""
However, we know
(I:+ -] i(A+) - j~(AI) - ;L(A1|ker Yr)
= /I(A:l; + RYF| ker Y,.) < /“(Ai + RY,) cC
This implies that ker Y,= {0}, in other words, Y, is invertible.

Sufficiency.: Suppose that the reduced-order ARE in (24) has the stabilizing solution Y, > 0. If
we select Y as in (25), it can be verified that

T
AAy) i(AZH + Y[yZCITCl - (plc) ol CZD

Ay +Ly, A O 0
Az +Lp, A 0 0

=1 c C
* Ay A_ 0

* % k Ay

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2002; 12:591-619



SINGULAR H,, CONTROLLER 607

where *’s are matrices of less interest, and also that the matrix Y satisfies the ARE in (19).
Hence Y is a positive-semi-definite stabilizing solution of the ARE. O

4.3.2. A controller order reduction
Utilizing the free parameter W e Z# ~,, we derive a class of Hy, controllers whose central
solution has an order 7.

Theorem 3
A class of H,, controllers whose central solution has an order #y is represented by
A% = {AKL )N € RHA o, [IN|loo <7} (30)
with
K™ (s) = K| (9)Ra(s) 31)
where
Ki(s) = Cx(s)(s] — Ay) "By + 17!
Ka(s) = Ci(s)(sT — Ay) 'Ho + Q
Ay = (V) Ay vt e R
Ci(s) = (T '"Fu Z + N(s)D,,C22) V'
B, =(VY)'B,
Hy=WVHTHy
Q="' FuZV(D4)T + N()DL (I — C:ZV (D).
Proof
Since the matrices L, and Lp,, in (26) are arbitrary we can choose these as

Ly, = —A43

Ly, = —As; — Y,()72C},Ciy-C3,,,Coon)
Also, Ly, and Lp,, can be chosen arbitrarily, provided (27) is satisfied. We choose these
matrices such that

/I(All +LH11) < 67
LH13 = 7A13

are satisfied. Then, Ay is represented by

An+Ly, A O 0

0 Ais 0 0
Ay =

0 Ayp A_ 0

0 Az Ay Ay,
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where
Asy = Az + Y,(072CT . Cyy — €3, Coopy)
Az = Y,.(2CL,Cip — €L, Coo).

The structure of the controller in (23) can be seen as an observer-based feedback [15]. From
Lemma 4, it can be seen that the matrix Cg(s) is parametrized by W (s) € ZH# ~,, and that a full

column rank matrix
- (’ ) )
0

Cx()V = (11" F Z + N(s)DJ, Cr2)V + W(s).

satisfies

Hence, if we select the parameter W(s) as
W(s) = ~(—I1'FZ + N&DS, C2)V (32)
we can see that the following equations:

AyV = V(A + Ly,)
CK(S)V =0

hold. Therefore, the parameter that satisfies (32) gives a reduced-order H,, controller whose
central solution has an order .

Substituting (32) into the formula in (23) reduces the order of the controller and we obtain
(31). Since W(s) € #H ~, the controller is an H,, controller. O

Remark 8

1. The controller order reduction is as a consequence of a finite pole-zero cancellation in the
controller. The number of the controller order reduction matches the number of
measurements which are not affected by the disturbances.

2. If the free parameter N(s) is put to zero, the order of the controller becomes #,. The same
order of the singular H, controller is attained in Stoorvogel ef al. [2] and Xin ef al. [3]. On
the other hand, the result obtained in this paper gives a nice interpretation of the structure
of the reduced-order H,., controller. It still preserves the structure of the observer-based
controller, which has the same order as the reduced-order observer as we also have an
observer structure in Reference [2].

3. If we utilize the free parameter N(s), we might obtain further order reduction. The next
section discusses this topic.

4.4. Further order reduction of the nith order H~, controller

As we have seen in Section 3, the reduced-order H,, controller obtained in the previous section
may further reduce its order. This section investigates whether the reduced-order controller
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which is derived by the ARE approach can be further reduced in order. We will find that
the further order reduction is related to unstable zeros of X,; and also to the structure of the
ZEros.

4.4.1. A basic result corresponding to Section 3
First, begin with an n;th order H., control law with transfer matrix given by

K"(s) = —TICk(s)(sI — Ay + BaT1Cx(s)) ' (BT1Q — H o) + TIQ. (33)

The matrix Ay € R™*" can be represented by

. Ay, 0
Ay =
Ay, Ay,
and its components are written as

Aia 0 ~ o~
Ay, = , Ay, = (A3s As3)
Ay A

Ay = A, + Y,ReR™

It should be noted that the matrix Cx(s) contains a free parameter N € Z# ~., ||N loo <7y- If it is
put to zero, the controller becomes an n,th order H,, controller. On the other hand, we have
possibilities of utilizing the parameter for improving performance of the controller. One of the
possibilities is the controller order reduction which we will study in detail. For notational ease,
we define a matrix Z by

Z=(I-y7Y.Xy)" (34)

where the matrix X; e R™" is a diagonal block of the matrix X € R™" which is decomposed

as
k k
X:
* X,

Here, *’s represent submatrices of less interest.

We state a lemma which is central to our method to obtain a reduced-order controller. Note
that in the above we have a free parameter N which is a rational, stable transfer matrix with H,
norm less than 7. In the following lemma, we constrain N to be a static transfer matrix, i.e. a
matrix. Hence, we choose N from the set

{N e R™ ™M|G(N) <y} (35)

Lemma 6

Suppose that the H,, control problem for X with assumptions Al-A4 and (4, B,, C,) is
stabilizable and detectable is solvable. Furthermore, suppose that X is equivalent to a realization
which allows the formula in (17) where A(A4.) is the invariant zero of X5;. Let V,,, € R™*" be an
arbitrary matrix which satisfies rank V,,=m and

ATV =Vud, JeR™" (36)
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where m is an arbitrary number such that m<r. Then the following properties hold:

1. If the following rank condition

rank (DTC’< 0 >>m 37
212 ZAY,,Vm

is satisfied, there exists a matrix N in set (35) which satisfies the equation

. 0
cK(s)< " ) =0 (38)

where Ck(s) is defined in Theorem 3 and depends on N (constrained to be a static transfer
matrix).
2. If the solution of (38) satisfies condition (35), the solution reduces the order of the H
controller in (33) to n,—m, while preserving the closed loop performance 7.

Proo
Frori}; the solvability of the H,, problem, the ARE in (24) has a solution. Hence, the equation
Y, AT + Ay, Y, =0
is satisfied. Post-multiplying the above equation by the matrix V,, and using (36) we obtain
Ay, Y V==Y, V,ud

~ 0 0
Ay =_ J
Yr Vm Yr Vm

Hence, if there exists a solution N which satisfies Equation (38) and since the matrix Y.V, has
full rank, the controller in (33) reduces its order by the number m, and the controller satisfies the
closed-loop performance y provided that condition (35) is satisfied. It remains to show that
property 1 holds.

By a simple calculation, we can see that the following equation holds:

Cxls) ’ — (' Fy+ NDL ezt °
K : - 00 21%2 Yer

) 0
— (- Fy + ND;Cz)< - ) (39)

hence we also have

Since the second term on the right-hand side of Equation (39) contains the free parameter N we
can choose the parameter in such a way that it satisfies Equation (38) if the rank condition in
(37) holds. O
Remark 9

1. This controller reduction can be considered as a consequence of a finite pole-zero
cancellation in the controller. The finite mode is originally from the finite unstable zero
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mode of the system X,;. Hence, how much the order of the controller is reduced is bounded

by the number of the unstable zeros.

2. The assumption that the zeros of the system Z,; are on the positive real axis corresponds to
the assumption made in Theorem 1 excluding zeros at the origin. If the system X,; has
multiple distinct unstable zeros on the real axis, the technique of Section 3 (bilinear
transform) is based on a specific choice of one of these unstable invariant zeros. On the

other hand, the technique of Lemma 6 does not depend on such an arbitrary choice.

3. Questions left here are whether conditions (37) and (35) are satisfied or not, or under what

condition these are satisfied.

Now, we are ready to state a result of the H., controller reduction by using the solution of the

two-ARE approach.

Theorem 4

Suppose that the H., control problem for X with assumptions Al-A4 and (4, B,, ) is
stabilizable and detectable is solvable. Furthermore, suppose that £, has an invariant zero on
the positive real axis with the geometric multiplicity m. Then there exists an (n,—m)th order H,

controller with the performance index 7.

Proof

Since the H,, problem is solvable, both AREs in (18) and (19) have stablizing solutions. A

straightforward calculations with the ARE in (18) yields
X(A - BiD},Cy) + (4 — BiD},C)" X

LTy — 2 ol)™plc -0 =0

where Q is defined by

_ T _
~I'F\ (1 0 -ty

0=
pl ¢, o =)\ pl ¢
From the ARE (19) and Equation (40) we obtain
YX(A — BD}C)Y + Y(4 — B,D), )T XY

—X(YALy + AznY) — YQY =0
Since Y has the form in (25), representing Q as

% %

Q: ,Q4ER)"X)"

yields the equation

(Yo Xa =7’ DALY, + Y ALY, Xa = D) = Y, 047,

Since both Y, and Z are non-singular, we obtain

VIA+ Z2Y, Vo + VIV, 2 ATV, = = 2V Y, 2" 0,27,V

m

(40)

(41)
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where Z is defined in (34). Since X,; has an invariant zero on the positive real axis with the
geometric multiplicity m and {A(A4.)} is the set of unstable invariant zeros of X,;, we can choose
V,, in (36) such that

J = al, (42)
holds. Hence from Equations (36), (41) and (42), we obtain
VY, 2 042,V = -2V Y, 2"V,
where o > 0. Since Y, >0 and y°I — Y, X4 > 0, we have
Y,2" =27 20 - Y 2x, Y2y 2> 0

Hence, we obtain

mYZ 042, V,, <0. (43)
This inequality is equivalent to
0
. <0 (44)
ZY, Vy

hence we have

(2 ) (221.)
) E )Ty
ZY,V, ZY Vi

0 + T 0
< N D,,Cy) D, C
/ (ZYer> ( ! 2) B 2( ZY, V’”)

Here, noting that the following inequality
T

0 0
) (M 'Fo) T Fo | >0
ZY Vi ZY.V,,
holds, we have
0o \' ; ; 0
7 (D, C)' Dy G| > 0.
Z Yr I/m ZY, r Vm

This means that the rank condition in (37) holds. Thus Equation (38) is solvable. Moreover,
since the solution to (38) satisfies the equation

_ T _
0 \'/-TT'Fy I 0 ~I'Fy 0

=0
, ) T . .
ZY,V, D;Cz 0 —NTN Djlc2 2Y.V,,

from (44) it is straightforward to verify that (35) holds. Thus, from Lemma 6, it is shown that we
obtain an H, controller of order n,—m by using the solution of (38).
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Remark 10

Since « is an unstable invariant zero of X,;, we can see that the maximal number m which
satisfies (36) and (42) amounts to the geometric multiplicity [17] of an unstable invariant zero of
2,1. Therefore, the order of the controller given in this theorem coincides with the result given in
Theorem 1, except for the case o = 0, as

g, =N —m

provided that the matrix D,; has the full column rank.

4.4.2. Beneficial results of the two-ARE approach
The following theorem gives a condition for the H, controller reduction in the case where two
distinct zero modes in positive real number are included in J.

Theorem 5

Suppose that the H., control problem for X with assumptions Al-A4 and (4, B>, C,) is
stabilizable and detectable is solvable. Furthermore, suppose that we choose the matrix V,, in
(36) such that the matrix J is represented by

OC[Iml. 0
J= (45)
0 “jlm,v

where 0 <a; <o; are unstable invariant zeros of ,; and m =m;+ m;. Then, the H,, controller can
be reduced to the order n,—m while preserving the closed-loop performance vy if the following
condition

o — o € {& > 020;F + ¢F >0} (46)
is satisfied. Here F is a positive-definite matrix defined by
F=vv,2'v,

By using submatrices of

F F
F=
FI' Ky
the matrix F is defined by
. 0 K
F =
Fy 2F,

Proof
As in the proof of Theorem 4, to prove this result it is sufficient to show that inequality
(43) holds if condition (46) is satisfied under the assumption that the H, problem is
solvable.

As is obtained in the proof of Theorem 4, if the H, problem is solvable, Equation (41) holds.
From (36) and (41) we have

VY, 2 Q42 YV, = —y*(JF + FJ) (47)
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where we put F as
F=Vy,2'V,.
From Y,>0 and y°I — Y, X4 > 0, we have F>0. Since J can be represented by

0 0
J= | ol + (o — o)
0 1
substituting J into Equation (47) we have

VY2 042 Y,V = —p*QuiF + (o) — o) ).

If condition (46) is satisfied, we therefore obtain (43). O

Remark 11

1. Condition (46) can be easily checked by solving an LMI feasibility problem [29]. Since F> 0,
we note that if the distance between «; and «; is small enough, then condition (46) is satisfied.
This means that if the unstable zeros are located close each other we can obtain a lower
order H,, controller.

2. Compared with the algorithm presented in Section 3, this result has an advantage that if the
system X, has distinct zeros on the positive real axis, we can further investigate lower order
H, controllers.

Next, we consider the case where the system X,; has complex zeros on the right half-plane and
the complex mode is included in J.

Theorem 6

Suppose that the H, control problem for X with assumptions Al-A4 and (4, B>, C,) is
stabilizable and detectable is solvable. Furthermore, suppose that we choose the matrix V,, in
(36) such that the matrix J is represented by

o —p o —p
J = blockdiag yeees (48)
o« o«

where o and f with o >0, «, f € R are, respectively, the real part and the imaginary part of an
invariant zero of X,;. Then, the H,, controller can be reduced to the order n,—m while
preserving the closed-loop performance y if the following condition

Be{e>0/aF +eF >0} (49)

is satisfied. Here, F'is a positive-definite Hermitan matrix and is defined as

F=V . Vy,2'v,V,

m" m
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where V,, € C""" is a non-singular matrix which satisfies

JI}m = I}m[\m
iy 0
0 Ay (50)
J=oa+]jp.

By using submatrices of
F F
F= .
F, F,

N 0 -k
F={ :
iF, 0
Proof

As in the proof of Theorem 5, we show that inequality (43) holds if condition (49) is satisfied
under the assumption that the H,, problem is solvable.

As is obtained in the proof of Theorem 4, if the H,, problem is solvable, Equation (41) holds.
From (36) and (41) we have

we define the matrix F by

VY2 0uZY, V= — P20 VEY,2 Vo + VIZY, V).

m m

Also from (50) and the above equation we obtain

V. (VT2 02, V)V = —*A,F + FA,). (51)
Since A, is represented by
. JjI 0
Ap=ol+p
0 —jI

substituting A,, into Equation (51) we have
Vo VY, 2 QuZY, V)V = —27F + BE).
Since V,, is non-singular, if condition (49) is satisfied, we obtain (43). U

Remark 12

1. Condition (49) can be easily checked by solving an LMI feasibility problem [29]. Since F> 0,
we note that if the imaginary part of the zero is small enough then condition (49) is satisfied.
This means that if the complex unstable zeros are located closer to the real axis, we can
obtain a lower order H,., controller.

2. Compared with the algorithm presented in Section 3, this result has an advantage that
if the system X,; has complex zeros in C, we can further investigate a lower order H,,
controller.
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5. NUMERICAL EXAMPLES

Consider the system
X=3x+(0.5 05w+ u

z=2x+u

0 0 1
The signal w is the output of the system
. E 0 F 0
&= &+ w
0 E 0 F
24
G O H 0
W= &+ w
0 G 0 H
where E, F, G and H are
-3 1 - —=22=3
E= , F= ,G=(1 0),H=1.
-2 0 Ay —2
Since the system matrix of X4 loses its normal rank at the eigenvalues of the matrix
E - FG 0
0 E—FG

we can see that X4 has zeros at A; and 4,. The whole system is illustrated in Figure 1. The system
is an example where the subsystem from w to y has zeros at 4, and A,, and it has the direct-
feedthrough term of column full rank. In a state-space form, the system is represented by a fifth-
order dynamical equation. For this system we consider the H,, control problem where the
parameter y is given as y = 3.0.

By using our technique given in this paper, we obtain the following result:

1. In the case where the zeros are given by 4, =/1,=3, we obtain a first order H,, controller
n=-3n+(0 0.12 0.12)y
u=34n+(—-45 -083 —-0.83)y
The H,, norm of the closed-loop system is 2.37.
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Figure 1. The complete system.

2. In the case where the zeros are given by A, =3 and 1,<5.3, we can obtain a second-order
H ., controller. In particular, given 4,=5.3 the H,, controller is

-37 11 0 —04 0.3
n= n+
1.1 46 0 0.6 0084

u=(0 94)n+(—68 —2.5 —1.6)y

Then the H,, norm of the closed-loop system is 2.99. On the other hand, if the zero 1, is
more than 5.3, we cannot find a second-order H,, controller with our technique.

3. In the case where the zeros are given by ;=3 +jf and 1, = A; where <2.8, we can obtain
a second-order H,, controller. In particular, given f=2.8 the H,, controller is

36 —1.7 0 034 0.1
n= n+
49 24 0 —049 —-13

u=(0 11)p+(—-11 —2.5 048)y

Then the H,, norm of the closed-loop system is 2.99. On the other hand, if f is more than 2.8, we
cannot find a second-order H,, controller with our technique.

6. CONCLUSION

In this paper, we have established the existence of a new class of reduced-order H,, controllers
for the cases of continuous time and discrete time. The reduced-order H., controllers are
characterized by unstable invariant zeros of the system X,;. An algorithm to obtain the reduced-
order H,, controllers is presented in both cases on the basis of the LMI approach. This
algorithm uses a bilinear transformation and depends on choosing one real unstable zero.

In order to better understand the relation between unstable zeros and the controller order
reduction, we use a controller parametrization obtained from the fundamental two-ARE
approach in continuous-time case. The mechanism of the controller order reduction is explained
with finite pole-zero cancellations in the parametrized controller. Moreover, in the cases where
the unstable zeros are distinct and are located in R™, or are located in C* we obtain some
conditions under which the order of the H,, controller is further reduced.

On the other hand, there are some open problems which should be further investigated. In our
state-space analysis, we have assumed that the matrix D,; has full column rank. However, this
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assumption is not necessary, hence an analysis to remove this assumption is left as the subject of
further research. Stable invariant zeros have already been discussed in References [5, 6] from the
view point of avoiding stable pole-zero cancellation between the plant and the H., controller.
These analyses are related to the present analysis. Hence, it is also interesting to analyse stable
invariant zeros by using the presented state-space analysis. We know that as the control
performance reaches the optimal level y* the classical central controller reduces its order [7, 27,
28, 30]. This is because we have a pole-zero cancellation at infinity. It is not clear how to
combine this with a reduced-order observer.
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