
1 INTRODUCTION 

Nowadays, FE simulation of metal forming has been 
used by industry to better predict the geometry of 
their products and their structural behaviour. 
Because single point incremental forming (SPIF) is a 
dieless process, it is perfectly suited for prototyping 
and small volume production. SPIF is a 
displacement controlled process performed on a 
CNC machine. A clamped blank is deformed by the 
movement of the tool that follows a certain tool path, 
a sketch for SPIF is shown in Figure 1.  
 

 
Fig. 1. SPIF process [1] 

 
The SPIF numerical simulation faces several 
challenges e.g. the simulation computing time, the 

material model as well as the large deformation 
achieved by the process. The implicit simulation of 
SPIF provides a very good agreement with 
experimental data [1]. This paper presents a 
refinement–derefinement (RD) strategy to get over 
the necessity of having an initially fine mesh, would 
result in an enormous computing time. A fine mesh 
in the vicinity of the forming tool is required since 
there is a small contact area between the forming 
tool and the blank compared to the blank area. This 
fact hints that part of the blank needs to have a fine 
mesh while the rest of the blank can have a coarse 
mesh. During the process, the mesh connectivity is 
continuously changing, because of the moving tool. 
The main goal of the approach is to keep the number 
of elements as low as possible during the entire 
simulation. 

2 REFINEMENT – DEREFINEMENT 

h–adaptivity is used to perform refinement and 
derefinement [2]. The strategy consists of adapting 
the number of grid points and changing the 
connectivity. Grid points are added to areas where 
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more accuracy is demanded and can be deleted in 
areas where the solution is accurate enough. In this 
paper, the nominated elements for refinement and its 
neighbours are refined once and will be called 
mother elements. Considering linear triangular 
elements, each mother element is divided into 4 
elements, the new elements will be called refined 
elements. To preserve mesh compatibility, the 
neighbour elements of the mother elements are split 
into 2 elements. Any 2 split elements born out of the 
same mother element can be united and refined into 
refined elements [3]. Meanwhile, the derefinement 
performs only on the refined and split elements. It 
degenerates the previous connectivity in a reverse 
order. An example for element generation and 
degeneration is shown in figure 2. 
 

a.   b.  
 

Fig. 2. Mesh generation a) refinement takes place at the lower 
left part, b) the lower left part is derefined and the upper right 

is refined 

2.1 Remeshing criterion 

An error indicator is used instead of an error 
estimator since it is computationally cheaper. 
Particularly, the geometrical error indicator is used. 
It measures the variation of the geometry within the 
blank [4]. Briefly, a set of tangent axes is determined 
for each element. The variation of these sets of 
tangents from one element to its neighbouring 
elements indicates the variation of the geometry. A 
nodal averaging technique is used to quantify this 
variation. If the variation within a group of elements 
exceeds a certain user input value, that group of 
elements is refined. Opposite wise, if the variation 
within a group of refined elements is less than the 
user input value, the derefinement takes place on 
that group.        

2.2 Data mapping 

When a new grid connectivity is created, the state 
variables have to transfer from the old mesh to the 
new mesh. There are several approaches. One 
approach is using the old nodal value to evaluate the 

new nodal value, then determine the state variables 
at the integration points [3]. Another approach is to 
use a patch recovery, that depends on selecting 
specific locations within a group of elements, 
creating a smoothed field out of it and evaluate the 
new data [5]. The chosen approach is the least 
squares method. The method fits a linear field based 
on all available integration points. The location of 
the integration points and its values are used to 
create the linear field, then the location of the new 
integration point is used to determine its value. 
Regardless the approach, data transfer predicts the 
exact value for the state variables when it maps 
mother element into split element or refined element. 
However it either over estimates or under estimates 
the new value for the following derefined cases: split 
into refined, refined into split, refined into mother 
and split into mother. The error is introduced 
because of fitting piecewise linear fields into one 
linear field. The least squares method is the optimum 
approach. It minimizes the error during data transfer 
and it is not computationally expensive compared to 
the other approaches.  

2.3 RD implementation test 

The RD approach is coded in the in-house implicit 
FE package DiekA. The correctness of the 
implementation has to be checked before going for 
SPIF simulation. For that purpose, an initial linear 
field for the equivalent plastic strain is prescribed for 
a FE strip model. The strip experiences 648 RD 
combination. Theoretically and numerically within 
the machine accuracy, the linear field must remain 
the same. This is achieved in the RD implementation 
test as shown in figure 3. 
 

 
 

Fig. 3. The initial linear field of the equivalent plastic strain 
(left) and the final field (right). 

3 CASE STUDY 

To verify whether the RD approach leads to CPU 
time reduction, a 45o pyramidal shape simulation is 
chosen as case study. An analytical spherical tool of 
10 mm radius is used. The tool follows a counter 
clockwise tool path for 34 loops, it moves 0.5 mm 
vertically downward for each loop. The pyramidal 
shape is made out of a 100 * 100 * 1.2 mm initially 



flat blank. The blank is fully clamped at the edges. 

3.1 Discretization 

An intermediate coarse mesh is created, that consists 
of 800 linear triangular elements. The mesh is 
entirely refined producing 3200 elements. The latest 
mesh will be called the reference mesh. The 
reference mesh is used to perform the reference 
simulation. The intermediate coarse mesh is used in 
the RD approach and will be called the RD mesh. 
The RD approach controls the generation or the 
degeneration of elements from the RD mesh to 
reference mesh. 
Two element types are used: discrete Kirchhoff 
triangle DKT and discrete shear triangle DST [6,7]. 
Both elements have 6 degrees of freedom per node. 
The elements contain both bending and membrane 
stiffness. It has 3 integration points in plane and 5 in 
thickness. DST is implicitly coupled by transverse 
shear stiffness of the material, while DKT is 
explicitly coupled by enforcing zero transverse shear 
strain at selected locations [5]. 

3.2 Material model 

In order to focus on the numerical technique, the 
material model is kept as simple as possible. The 
isotropic yield behaviour of the material is modelled 
by the von Mises criterion. The elastoplastic 
nonlinear hardening is governed by the Nadai 
relation as follows in Equation 1 
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Where � and � are the flow stress and the plastic 
strain respectively. The material has Young’s 
modulus of 200 GPa and Poisson’s ratio of 0.3. For 
realistic calculation, the authors acknowledge that a 
better material model is required, that includes the 
anisotropic behaviour of the sheets and the cyclic 
mode of deformation.  

4 RESULTS AND DISCUSSION 

At first, there is no significant difference in the 
achieved equivalent plastic strain by DKT or DST 
elements. DKT requires 40% less computing time 
than DST for the same simulation. The equivalent 
plastic strain for the middle integration point in 
thickness direction is plotted in figure 4. The 
achieved maximum strain in the reference simulation 

is 0.438; the RD simulation over estimates it by 6%. 
A comparable strain distribution is achieved, but less 
smooth. As expected, a similar situation is observed 
for the plastic strain component xx as plotted in 
figure 5.  
    

 

 
 

Fig. 4. DKT element, the equivalent plastic strain at the mid – 
plane for the reference (top) and the RD (bottom) 

 

 

 
 

Fig. 5. DKT element, the plastic strain component xx at the  
mid – plane for the reference (top) and the RD (bottom) 

 
However, at the outer integration points, the RD 
approach yields less accurate results . The maximum 
equivalent plastic strain is 0.837 in the reference 
simulation, the RD simulation over estimates it by 
21% as plotted in figure 6. The reason for that is the 



equivalent plastic strain and the flow stress are 
mapped independently and regardless the 
nonlinearity that relate the stress to the strain. The 
frequent smoothing of the flow stress results in over 
estimation of the plastic strain for the following 
steps in an incremental way. 
 

 

 
 

Fig. 6. DST element, the equivalent plastic strain at the highest 
integration point for the reference (top) and the RD (bottom) 

 

The performance of the simulations is listed in table 
1 and 2 for DKT and DST respectively. The RD 
performs well. It achieves almost 50% reduction in 
computing time compared to the reference 
simulation for both elements. As plotted in figure 7, 
the reduction in computing time is achieved by 
keeping the number of nodes and consequently the 
number of elements as low as possible. The RD 
mesh is fine enough for the first couple of loops. 
Then, the geometrical variation within the blank 
triggers overall mesh growth, in order to capture the 
present curvature of the blank in the region of the 
tool path.    
 
Table 1. Simulation performance for DKT element. 

 Reference RD 
No. of steps 8087 8154 
No. of elements 3200 800 – 2014 
No. of nodes 1681 441 – 1048 
Computing time  19.9 hr 9.93 hr 

 
Table 2. Simulation performance for DST element. 

 Reference RD 
No. of steps 8088 8168 
No. of elements 3200 800 – 2014 
No. of nodes 1681 441 – 1048 

Computing time  32.3 hr 15.8 hr 
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Fig. 7. The history of mesh growth during the implementation 
simulation for both elements. 

5 CONCLUSIONS 

The overall performance of the RD approach is 
good. It achieves 50% reduction of the computing 
time. A better mapping that includes the nonlinearity 
is required to reduce the over estimation of the 
equivalent plastic strain. The RD approach can adapt 
the mesh connectivity considering the tool path and 
the size of the blank. 
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