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Abstract—A wide variety of voltage mixers and samplers are im-
plemented with similar circuits employing switches, resistors, and
capacitors. Restrictions on duty cycle, bandwidth, or output fre-
quency are commonly used to obtain an analytical expression for
the response of these circuits. This paper derives unified expres-
sions without these restrictions. To this end, the circuits are decom-
posed into a polyphase multipath combination of single-ended or
differential switched-series- RC kernels. Linear periodically time-
variant network theory is used to find the harmonic transfer func-
tions of the kernels and the effect of polyphase multipath com-
bining. From the resulting transfer functions, the conversion gain,
output noise, and noise figure can be calculated for arbitrary duty
cycle, bandwidth, and output frequency. Applied to a circuit, the
equations provide a mathematical basis for a clear distinction be-
tween a “mixing” and a “sampling” operating region while also
covering the design space “in between.” Circuit simulations and a
comparison with mixers published in literature are performed to
support the analysis.

Index Terms—Frequency conversion, linear periodically time
variant (LPTV), low noise, noise folding, passive mixing, voltage
sampling

I. INTRODUCTION

N radio front ends, mixers normally perform frequency
I conversion, with continuous-time input and output signals.
Samplers convert a continuous-time input into a discrete-time
output signal but can also provide frequency conversions
(aliasing). Mixing and sampling seem to be quite different
functions and are analyzed differently but can be implemented
by similar circuits. Some examples are shown in Fig. 1.

The basic building block of these circuits consists of a re-
sistor and a capacitor in series, which are switched to the input
voltage Vi,. As there is no parallel resistance across the capaci-
tance when the switch is off, the capacitor holds its charge in the
OFF state. The circuits are purely passive because the switches
act as time-variant resistances and no power gain is possible.
Still, the passive circuits in Fig. 1 have very interesting prop-
erties, like very high linearity [1], upconversion of a low-pass
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Fig. 1. Switched-RC application examples. (a) Switching mixer. (b) Sampling
mixer/track and hold. (c) In-phase/Quadrature mixer with (d) polyphase clocks
A-F.

baseband filter into an RF bandpass filter [2], and the possibility
to cancel local oscillator (LO) harmonics [3]. We will analyze
the transfer function and noise of these circuits in this paper
assuming a perfect hold operation. Thus, the analysis does not
hold for circuits with a (low) resistor in parallel to the capacitor
[4], which is also often used in “current-driven” passive mixers
[5]-[7]. Moreover, charge sampling [8] circuits are not covered,
as they periodically short circuit the capacitors and dump the
capacitor charge to ground.

Individual switched-series-RC' circuits have been analyzed
individually in literature by posing restrictions on the design
parameters. The differential (DI) switching mixer [Fig. 1(a)] has
a fixed 50% duty cycle [9]. The switched RC' in Fig. 1(b) is not
only in use as a sampling mixer [10], [11] but also as a track-
and-hold sampler [12]. In both cases, the RC' time is considered
to be infinitely small. The conversion gain and noise figure (NF)
for the I/Q image reject mixer [Fig. 1(c)] as proposed by Tayloe
[13] have only been calculated for dc output frequency [14].

In this paper, we propose a unified frequency-domain analysis
that can be applied to all of these switched-series-RC' circuits
and for arbitrary duty cycle, RC time, and output frequency.
In a two-step approach, we will combine single-state building
blocks, called kernels, with polyphase clocking into multistate
systems. The first step investigates the effect of combining the
outputs of multiple kernels, switched with polyphase clocks.
In the second step, the precise behavior of a single kernel is
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analyzed. The switching nature of the networks requires us to
use linear periodically time-variant (LPTV), instead of linear
time-invariant (LTT), network theory.

First, in Section II, the notation used for LPTV systems is
summarized. In Section III, the decomposition into polyphase
kernels is qualitatively explained. The effect of polyphase
combining is covered in Section IV. Section V performs the
LPTV analysis on single-ended (SE) and DI kernels to find the
kernel harmonic transfer functions (HTFs). In Section VI, the
design space is divided into “sampling” and “mixing” regions,
for which approximate gain and noise equations are derived.
The theoretical results are applied to an application example in
Section VII, while conclusions are presented in Section VIII.

II. LPTV SYSTEMS

For an LPTV network, the output spectrum V,, is a summa-
tion of an infinite number of frequency-shifted and filtered input
spectra V; [10]

(e}

> Hu(fo)Vilfo —nfs) ()

n=—oo

Vol(fo) =

where f; = 1/T; is the frequency for which the system is pe-
riodic, H,,(f,)’s are the HTFs, n is the harmonic index, and f,
is the frequency at the output. Each HTF is the transfer function
for the frequency shift n f,. For the argument of V;, the short-
hand notation for the input frequency is introduced as

fiEfo_nfs- (2)

For random signals, the relation between the input power
spectral density (PSD) NN; and the output PSD N, in LPTV sys-
tems is [15]

oo

> Hu(f) Ni(fo — nfo). 3)

n=—0oo

No(.fo) =

One of the HTFs H,,, with index n = w, renders the desired
frequency conversion. Usually, for a downconversion mixer,

w = —1, and for Nyquist sampling, w = 0. The conversion
gain CG,,(f,) depends upon w such that
CGw(fo) = Hw(fo)- (4)
The single sideband NF also depends on w
r (f): SNRin — No(fo)'i_No,int(fo) . 1
wite SNRout Ni(fo _wfs) |CGw(fo)|2
NFy(fo) =10log (Fu(f,)) )

where N, int(fo) is the output noise PSD due to internal noise
sources.

III. DECOMPOSITION INTO POLYPHASE KERNELS

The circuits in Fig. 1 share the following properties.

1) The capacitor voltages are the circuit states.

2) The output voltage is a combination of states.

3) The clocks are polyphase.
A set of clocks is polyphase if they have the same duty cycle and
start at regularly spaced intervals within the period time. The
clocks are not allowed to overlap when high. Familiar examples
to combine output voltages include the following.
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Fig. 3. Polyphase DI kernel example.

1) Subtract outputs to cancel even LO harmonics [Fig. 1(a)].
2) Take in-phase and quadrature outputs for image rejection
[Fig. 1(c)].

An increasing number of states increase the complexity of the
LPTV analysis. However, because the clocks do not overlap, the
capacitor voltages (the circuit states) are independent. There-
fore, we apply a two-step approach.

1) Calculate the effect of combining the capacitor voltages in

a polyphase system (Section IV).
2) Calculate the transfer to a single capacitor voltage with a
single-state LPTV calculation (Section V).
With this approach, the combination of basic single-state
building blocks (kernels) into complex multistate systems is
possible.

A. SE and DI Kernel Examples

To clarify the polyphase kernel concept, the I/Q mixer in
Fig. 1(c) is plotted step by step in Fig. 2. The switches are mod-
eled with infinite off-resistance and finite on-resistance R,,.
The source is characterized by the resistance R. During each of
the switch intervals, there is a single current loop flowing from
the source through R and R,,, into the capacitor and back to the
source. For calculating the transfer function, R, and R, can be
replaced by the equivalent series resistance

R = Rs + Ron- (6)

Analysis of this current loop, defined as the SE kernel, is suffi-
cient to find the capacitor voltage.

For DI inputs, a second kernel is needed, as the example in
Fig. 3 shows. Here, a capacitor is connected to the input twice in
each period. Compared to the SE kernel [Fig. 4(a)], in the defi-
nition of the DI kernel [Fig. 4(b)], the second switch is delayed
half a period after the first switch and has the same duty cycle.
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Fig. 5. Polyphase multipath example (a) with L = 2 and D = 50% and (b)
with L = 4 and D = 50%.

B. Kernel NF

In the kernels, the noise contributions from resistors R and
R, can be represented by an equivalent noise source with white
PSD N; and N;,¢. The ratio between the noise powers is equal
to the ratio in resistance

Nint _ Ron
Ni B Rs ’

N

Both of these equivalent voltage noise sources appear in series
with the resistors and can be moved in the loop toward the input
voltage source. Applying this to (3)—(5) results in a simpler ex-
pression for the kernel NF

S e a1

ROH
Fw(fo) = <1+ R, ) . |Hw(fg)|2 ®)
T N g

Part A corresponds to the LTI NF for the SE kernel with closed
switch. Part B represents the noise folding due to the circuit
switching.

Therefore, for calculating the NF, the LPTV kernel analysis
can be done with the total resistance R, and the effect of R,
can be factored in afterward.

IV. POLYPHASE MULTIPATH SYSTEMS

First, the effect of combining multiple kernels in a polyphase
multipath system is studied. Two familiar examples of a
polyphase system are as follows:

1) DI mixer [Fig. 5(a)]; ,

2) Hartley image rejection mixer [Fig. 5(b)].

In general, an L-path polyphase system has L independent
parallel LPTV circuits (with HTFs H,,) driven by a clock shifted
l-(Ts/ L) in time, where [ is the path number. Before combining,
each path is phase shifted with —w-{-360° / L, where w indicates
the desired frequency shift (w = —1 for the examples). The
signal contributions of all paths are then summed into a single
output. The effects of such a system on deterministic signals and
random noise are examined in this section.

A. Signals

From Fourier analysis, it is known that shifting a signal in
time causes a linear phase shift in the frequency domain. Math-
ematically, if the time shift is o4, the Fourier pair of signal v is

ot — aq) L V(f)e iz, )

For an LPTV system with HTFs H,,, shifting the switching mo-
ments in time has the same effect as shifting the input and output
in the opposite time direction

it + 04) T Vi(f;)ed?m i

Vo(t + 0q) Z V,(f,)ei?mfe0

Vo(Fo)e 21200 =3 7 Ha(fo)Vilfo — nfs)er®remnirs,
(10)

Bringing the phase terms together
Volfo) = D Hu(fo)e ™ 7Vi(fy = nf.).  (11)

The HTFs get a phase term that is equal to e ~/27"f+7¢ when the
switching moments are shifted forward by o4 in time. There-
fore, the [th path has a phase shift of n - [ - 360° /L due to the
delayed clocking.

Together with the phase shifter blocks, each path [ has the
total phase term

—jQWnl/LejQ‘/rwl/L —j2n(n—w)l/L

e =e (12)
Summing the signals of all paths gives the HTFs of the total

system

L-1
Hn,polyphase(fa) = Z Hn(fa)e_J27r(n_w)l/L
=0

= 13)

0, “T% # integer

L-Hy(f,), "F% = integer.

Therefore, a polyphase multipath system yields a processing
gain of L for all frequency shifts satisfying

n=1-L+w, wherei=...,-2,-1,0,1,2,... (14)
while the transfer functions for all other frequency shifts are
zero. For example, with L = 2 and w = —1, this results in
cancellation foralln = ..., —2,0,2,.... For all L > 2, either
n or —n or both are canceled, resulting in image rejection.

B. Noise

For a comparison between the noise PSD of a single kernel
and L kernels combined in a polyphase manner, regard the
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example in Fig. 2. We observe the following for a polyphase
system.

1) Each path has a separate R,,,.

2) R, is connected to the paths at different intervals.

The multiple R,,’s are physically separate resistances, so
their noise is completely uncorrelated. The polyphase combi-
nation will add the noise powers so that the output noise due to
R,y increases with the number of paths L.

The source resistance R, is shared between paths but is never
connected to several paths at the same time. Assuming white
noise, the noise voltage at one time is completely uncorrelated
to the noise voltage at a different time. Because the polyphase
clocks do not overlap, the noise powers due to R will also be
uncorrelated and will add in power.

As a consequence, the polyphase system noise is L times the
noise of a kernel alone

No,polyphasc = No,kcrnol -L (15)
where N, kernel 1s calculated with (3). From (13), the signal
power is

So,polyphasc = So,kornol : L2~ (16)
Then, according to (5)
Frerne
Fpolyphase = kL 1 . (17)

Adding polyphase paths lowers the NF as long as the clocks
do not overlap.

V. KERNELS

Section III defined two kernels (shown in Fig. 4) that are suf-
ficient to find the transfer function to each of the capacitor volt-
ages. In this section, the HTFs of the kernels are first qualita-
tively described to provide intuitive insight and then exactly de-
rived.

A. Qualitative Analysis

The kernels have only two degrees of freedom: the duty cycle
D and the RC time associated with the resistor and capacitor.
The RC bandwidth is defined as

1
Ire = 22
For duty cycle D, the switch will be closed for time D - T. The
ratio between the switch-on time and the RC'-time constant will
be designated with T'

(18)

DT
RC

Jre
£

For large I', the output voltage will settle to the input voltage
during the switch-on time. For small T, the output has no time to
settle. The value of I will therefore influence the response of the
circuit, and we can define two regions with [' = 2 as the border.
The choice for this particular border (as opposed to I' = 1 or
any other value) is motivated at the end of Section VI-C.

When the RC-time constant is relatively small (I > 2), the
behavior of the circuit can be understood by looking at the node
voltages (the Thevenin equivalent in Fig. 6). When the switch
is closed, the capacitor voltage will follow the input, and when
the switch is open, the last voltage will be held on the capacitor.

I'= =2nD

19)
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Fig.7. SEkernel (a) Norton equivalent with (b) waveform example for I" < 2.

Such operation is commonly referred to as track and hold and is
widely used in samplers. Therefore, the part of the design space
for which " > 2 is defined as the sampling region.

For a relatively large time constant (I" < 2), the operation of
the circuit can be understood by looking at the branch currents
(the Norton equivalent in Fig. 7). With the large RC'-time con-
stant, the resistor can conceptually be moved after the switch
(as illustrated in gray) because there is basically no time for the
resistor to discharge the capacitor in a cycle. By doing so, the
node before the switch has no defined voltage when the switch is
opened. In developing an intuitive feeling for the output voltage,
this can be ignored. We see that the input current is multiplied
by the clock and low-pass filtered at the output, identical in op-
eration to a switching mixer. Therefore, the part of the design
space for which I < 2 is defined as the mixing region.

Note that the naming of the regions does not reflect the ap-
plication but merely the similarity in operation, i.e., a sampling
region SE kernel can be used as a downconverter.

B. LPTV Analysis

For the LPTV analysis, the timing definitions from Opal and
Vlach [16] in Fig. 8 are used, where

k
o0=0 o= 7, k=1..K (0
1=1

The switching pattern is periodic about time 7 (having a fre-
quency of f, = 1/T,) and defines K intervals during which the
system has a valid LTT state-space description. The kth interval
is defined during time nTs + o < t < nTs + o1 (Where n
is an integer).

The HTFs of the kernels can be calculated by the method
based on state-space system modeling as described by Strom
and Signell [17]. Several properties make the calculations
easier.

1) The polyphase decomposition into single-state kernels re-

duces all matrix operations into scalar ones.

2) The kernel capacitor voltage is both state and output.

3) Circuit analysis reveals that the state has no discontinuous

jumps during the switching moments.
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Fig. 8. Timing diagram of the intervals.

With these simplifications, Appendix A derives a method for
calculating the HTFs, using the following:
1) the state-space matrices Ay and By, for each interval, de-
fined in (67);
2) the frequency-domain response of the output sampled at
the switching moments G, as defined in (76).
The SE kernel [Fig. 4(a)] has two intervals. Linear analysis
reveals that the switch-on interval (K = 1) has the state-space
description

d 1 1
g ve(t) = —pavet) + pouilt), Ty <t <nT, 422011)
so A1 = —=(1/RC) = —2xf,., and By = (1/RC) = 27 f,..

The switch-off interval (k = 2) has the state-space description

d

_ot :07
7V (t)

nTs+o1 <t<(n+1)T, (22)

so As = 0, and By = 0. The switching-moment transfer func-
tions Gy, for the SE kernel are derived in Appendix B.

For the two intervals, (78) is evaluated by inserting A, B,
and Gy,

frc 1— e—j27‘l'nfs‘l'1

() Jf+ fre  J2mn
if ei2rfre _ 1

- s . G —NJs

Ty B
il e 23
n,2(f) _fsj?—ﬂf o f = nfs). (23)

Summing according to (79) and applying

if e (24)

G e GF A fre

give the HTFs, which are a function of the output frequency
fo = f. According to (80)

ch 1— e—j27rnf571
Hn(fO) == ;
Jfo+ fre Jj2mn
eI2m—foT2 _ lG
+ fsw o(fo —nfs)
(25)

This expression can be simplified. The duty cycle D is the
duration of the first interval relative to the period time

D=t=rf (1-D)=Z2=nf..

T, T. (26)

Fig. 9. SE kernel block diagram, equivalent to (28). For harmonic index n, the
normalized input frequency is f; = f. — n.

If these expressions are substituted into (25), then all frequen-
cies can be normalized to the switching frequency fs. The nor-
malized frequencies are defined as

/ fo ! f’l’C
= fre = . 27
fS fs
The HTFs are rewritten in normalized frequencies as
Hose (1) = Pos (1) [ 220
n,SE\Jo) =L SE\Jo ]27{'71
ei2r(1-D)f, _
- —q r_
A se (fo —n)
(28)
where
1
Pse(f)) = ——- (29)
L+j5~
and in normalized input frequency f/ = f;/fs = f. —n
Gow (1) = Go () = o =L )
SselJ;) =GolJ;) = y— -
(] 2 j2rfl _ o—2wDfl. 1
¢ ¢ L+i7

Equation (28) describes the exact SE kernel frequency-domain
behavior for all duty cycles D and RC bandwidths f,.. The
HTFs are also represented by the block diagram in Fig. 9, which
consists of filters Gsg and Psg, a zero-order hold, ideal multi-
pliers, and a summing node.

For the DI kernel in Fig. 4(b), the same procedure is used.
The DI kernel has four intervals. The first interval (nTs < t <
(n 4+ D)T5) has duty cycle D with

d 1 1
E’Uo(t) = —%’Uo(t) + %’I),(t)

The second interval ((n + D)Ts < t < (n + (1/2))Ts) ends
after half the period time

€1y

d
—0(t) = 0.
7V (t)

In the third interval ((n+(1/2))Ts <t < (n+(1/2)+ D)Ty),
the negative input is connected
d 1 1
() = ———= 1o (t) — ——v;(2).
a""" = " xa" ")~ gpg i)
For the final interval ((n + (1/2) + D)Ts <t < (n+ 1)T%)
d

E’Uo(t) =0.

(32)

(33)

(34)
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Fig. 10. SE kernel time-discrete schematic.

The calculation of Gy, is very similar to the SE-kernel case in
Appendix B.
Ultimately, the HTFs for the DI kernel can be derived as

Hooi(£) = Por (£) |22
n,DIJo) =1 DI (/s 2
ejzw(%—D)f; _1
TGDI (fo—n)
(35)
where
(1 _ eijW%n) 1
Por(f) = 5 — (36)
L+J5
j2xDf! _ ,—2xDf], 1
Gor(f) = = & ‘ - @D

j2n s f! —2xDf!, s I
TRt 1+i7
Equation (35) describes the exact DI kernel frequency-domain
behavior for all duty cycles D and RC bandwidths f.. It is
very similar to the one derived for the SE kernel. The extra (1 —

e=727(1/2)n) /9 evaluates to zero for all even n and to unity for
all odd n.

C. Discrete-Time Output

In sampling systems, the output is the discrete-time voltage
held on the capacitor. In such cases, a second switch and a ca-
pacitor (presumed ideal) take over the capacitor voltage for fur-
ther processing, shown schematically in Fig. 10.

The discrete-time transfer function is simply G'sg, and the
sampled-and-held output is expressed as

. ’
e]277f0 -1

W'GSE(fé_n)-

H, sepr (f)) = (38)

VI. KERNEL SAMPLING AND MIXING REGION

In this section, the distinction between the kernel sampling
and mixing regions, as described in the qualitative analysis in
Section V, is further explored. Section VI-A derives simplified
expressions for Gsg, which are used in Section VI-B to de-
rive approximate HTFs for the two regions. Using these results,
Section VI-C derives the output noise PSD and the total output
noise power for each region. Section VI-D motivates the choice
for the I' = 2 borderline between the regions and further dis-
cusses the region differences.

The equations are written using the sinc form (93), and some
integrals and sums from Appendix C are used.
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eral I' and duty cycle D = 0.25.

A. Switching Moments

A plot of the switching-moment transfer function
Gse(f!) (30) is shown in Fig. 11 for several values of I" (19).
It is clear from the figure that Gsg is shaped differently for
various I' and that approximate (and simpler) expressions can
be derived.

1) Sampling Region: The sampling region was defined by
I' > 2. The duty cycle is bounded 0 < D < 1, so (30) has to
be considered for large values of f_

1
——, T'>»2

1+jflq

GsE (f]) ~ e 3271(1=D) (39)

2) Mixing Region: For the mixing region, defined as I' <
2, the limit of I' — 0 is calculated. In order to get a mean-
ingful limit result, we need to scale f; appropriately with D f/ _,
namely, as f/ = aD f]. — n for constant a; otherwise, the limit
of the HTF:s is zero at noninteger f;. The scaling reflects the fact
that the peaks around integer f/ in Fig. 11 become narrower as
Df!. decreases. Rewriting (30) in terms of a

ejzwD(an;;n) _ e—27Df],
Gsg (aDfl, —n) =
SE e e—i2nngj2raDfl, _ o—2rxDf],
1
— (40)
14 j 220

We first consider the limit of small f_ at constant D and n # 0

lim Gsg (aDf].—n)
fre—0 '
e—j27an —2nDfl. 1

— €
= lim :
fL.—0 1- eJQWGDfLF — e_ZWDfip

' 1+ jaD — j-
efj27an_1_1

= lim - 5
flo=0 (L4 j2maDfl,) — (1 = 2xDfl.) + O (fi.%)
!/

—jn

—jnDn

1
= sinc(Dn)e

= 41
ja+1 (1)

Next, a similar calculation gives the limit for small D at constant
7.andn # 0

1
ja+1

11)1510 Gsg (aDfl, —n) = 42)
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Calculations for n = 0 yield the same results. Comparing both
limits, we can conclude that, for small values of I" (i.e., either
D or f]. or both are small) and corresponding small values of
11, we have

: D —jmDn
Gen (f — n) ~ sinc(Dn)e

, '«a2. (43)

1+j5%

7
re

B. HTFs

With the calculated Gsg, the complete continuous-time
transfer function for the mixing and sampling regions can be
derived.

1) Mixing Region: For the mixing region, first, the exact
HTFs (28) are put into an alternate form (where f! = f, — n)

1 1— e—j27‘an
H'n. 'y=D 7
,SE (fo) fo _]27an

1+
ej?Tr(l—D)f(’7 -1

7
re

1-D)—r——-—G !
+( ) ]2W(1_D)fé SE(fm)
i f
+(1- D)L
T+
1 1— e—j?‘/an
1 _|_ij;$/ 727 Dn

ei2m(1=D)f, _ 1G , "
" T - D) O5F (f)] - @4

For small f/ and small D f/,
e2r(1=D)f; _

WGSE (fé — n) ~ GSE (fé — ’I’L) (45)

so that (43) gives

ei2n(1-D)f, _ 1 1

——————Gs (f, —n) = —
j2r(1 = D)f; 1+]Dfﬁp

1— e—j27an
72w Dn

(46)
Therefore, the bracketed term in (44) vanishes, and the HTFs
for the mixing region become

The maximum value of the transfer function depends on the sinc
of D-n. For each frequency shift, low-pass filtering as a function
of output frequency occurs.

2) Sampling Region: The substitution of (39) into (28) gives
the HTFs for the sampling region as (48), shown at the bottom
of the page. From the two terms, part A is the contribution of
the track interval when the switch is closed. Part B is the contri-
bution of the hold interval when the switch is opened.

C. Kernel Noise

The noise calculations assume white thermal noise generated
by the resistance R with double-sided PSD

N; = 2kTR. (49)
Then, the output noise PSD is expressed as (3)
No(fo) = 2kTR Yy [Ha(fo)[" (50)

n=—oo

The PSD will also be integrated over f, to find the total noise
power P,

P, = / N, (f) 2 df.

— 00

61V

The output noise PSD and the total noise power will be calcu-
lated from the approximate HTFs of the mixing (47) and sam-
pling (48) regions.

1) Mixing Region: The HTFs for the mixing region have
a factor solely depending on n and a low-pass factor solely
depending on f,. Therefore, we first calculate the PSD for zero
output frequency and then multiply by the equivalent noise
bandwidth to get the total output noise power. Summing (47)
over n for f, = 0 according to (50) and using (97) give

= 1
N,(0) = N; inc?(Dn) = 2kTR—, I' < 2.
(0) nzz_oo sinc”(Dn) D <
(52)
Using (95), the equivalent noise bandwidth B,, is
o f D
B, = — | dfo = ——= 53
/‘1+j5%— Jo= 3R 43

so that the total noise power is equal to that of an LTI RC' net-
work

sinc(Dn) _. p
H, sk (f)) v ———>e7™P" T'<2. (47) kT

L+ i Py = No(0)- B = - (54)

1 . i 1—-=D){ , , .

Hn,SE (fé) ~ 4f’ DSinC(Dn)e_]ﬂ-Dn + (1 — D) Sne (( - ’_2 O>e_.777(1_D)foe_]27TDn T > 2 (48)

T+ IS ~ . 1+ 5=

re Part A
Part B
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2) Sampling Region: The same strategy can be used for the
sampling region HTFs (48). For parts A and B in (48)

|A+ B|? = |A|* + AB* + A*B + |B|? (55)
where * denotes the complex conjugate. Therefore, the sum over
n in (50) for zero output frequency (f/ = —n) is expressed
as (56), shown at the bottom of the page. Using (96)—(98), this

evaluates to

1 - D)?
N,(0)~ 2kT DR+Q+2(1—D)R ., I'>2
2f,C —_——
AA* ~——~—" AB*+A*B
BB+
(57)

Note that, for I' > 2, the BB* term, contributed by the hold
interval, is dominant.

Finding the equivalent noise bandwidths of these terms is
complicated because of the low-pass input filter in (48). The
calculations are made easier by assuming the following.

1) Part A is dominated in bandwidth by (1/1 + j(fo/ fre))-

2) Part B is dominated in bandwidth by sinc((1 — D) f}).

3) The integrated cross terms AB* and A* B are zero.

Parts A and B do not overlap in the time domain; therefore,
the integrated cross-power spectrum must be zero according to
Parseval’s theorem

oo

[ awp @i [avrod-o o
Using (94) and (95), the noise equivalent bandwidths are
T 1 ? 1
B . = E— -
n,AA / 1 -I-‘]L dfo 2RC (59)
_ fre
Bn,BB* = / sinc2 ((1 - )§2>df0 = iSD (60)

— 00

Therefore, we see that the track interval (part A) has a lower
low-frequency PSD but a much higher noise bandwidth than the
hold interval (part B). If we calculate the total noise power

Py =Ny 44-(0) - By aa- + Nop-(0) - Bn BB~
kT kT kT
D)

=D +(1-D)—= ==
*+( c - C

C (61)

we find that the total integrated noise is the well-known £7/C
for sampled-data systems. It is distributed proportionally to the
interval length over the track-and-hold interval.
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Fig. 12. Contour plot of the SE kernel noise PSD (f, = 0 Hz, f, = 100 MHz,
and D = 25%) [10~'7 V2 /Hz] calculated by substituting HTFs (28) into (3),
with sampling (57) and mixing (52) region approximation.

[LNl_p
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W/0.06

Fig. 13. Application example, SE kernel.

D. Region Comparison and Boundary

Fig. 12 shows a contour of the mixing region PSD (52) and
sampling region PSD (57) in dashed lines and the 10000 term
evaluation of the exact PSD [(3) and (28)] in solid lines. In their
respective regions, the approximations are fairly good and show
an interesting property.

1) For the mixing region, the noise PSD is determined mostly

by the resistance R.
2) For the sampling region, the noise PSD is determined
mostly by the capacitance C'.
When dimensioning a circuit for noise, this difference between
the two regions is crucial. Furthermore, we can see that (52)
and (57) are equal for I' = 2, i.e., the dashed lines intersect on
the gray I' = 2 line. This motivates our choice for the border
between the two regions.

It is not surprising that the total integrated noise power is
equal to kT'/C for both regions. Usually, the integrated noise is
obtained with a time-domain approach [12], and it is comforting
that our frequency-domain analysis produces the same results.

For a given switching frequency f,, duty cycle D, and RC
bandwidth f,., the kernel HTFs are a function of the harmonic

oo 1 Dsinc(Dn) D sinc(D ;
No(0)=N; 3 | D?sine®(Dn) + (1 — D)?|——| +(1- py2SneDn) jepn (4 _ pyPsincDn) jzpn
= - Jf% 1+ JfL/ 1- jf#
n=-—oo AA* -~ rc ~— rCc , N rc ,
BB* AB* A*B

(56)
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Fig. 14. SE kernel simulated and calculated downconversion HTF (n = —1) for 25% duty cycle and several values of I". An ideal square-wave clock of 1 GHz

and fixed Rs,, = 50 € is used for theoretical derivations, whereas finite rise and fall times of 25 and 250 ps are used in the simulations. (a) Mixing region,

I’ = 1/2. (b) Borderline, I' = 2. (c) Sampling region, I' = 8.

index n and the output frequency f,. We now investigate the
dependence of the approximate HTFs on these two arguments.
The mixing region HTFs (47) depend upon n and f, such that

|Hn sk (f5)] o< [sine(Dn)], T <2 (62)
1
|Hpse (f5)] o — <2 (63)
’1+3Dﬁp

a low-pass filter as a function of output frequency f, and a sinc
filter as a function of frequency shift nfs. Similarly, the sam-
pling region HTFs (48) for low duty cycle D depend on n and
fo like

|Hn sk (f;

, I'>2 (64)

)| o :
‘1 +jﬁ
|H, sE (f5)] o< [sine (1 = D) f)],

a low-pass filter as a function of frequency shift nf, and a sinc
filter as a function of output frequency f,. We conclude that the
finite RC' bandwidth results in filtering of output frequencies
for the mixing region and filtering of frequency shifts for the
sampling region.

As a side note, in order to retain the same fractional band-
width and output noise PSD, for both regions, a scaling of the
switching frequency f; requires only an inverse scaling of the
capacitance C.

Thus, we see that the analysis renders interesting insights that
assist circuit design. We exemplify this further in the next sec-
tion.

I'>2 (65)

VII. APPLICATION EXAMPLE

In this section, the application of the derived equations is il-
lustrated by an example downconversion mixer design. Circuit
simulations are performed with 65-nm-minimum-length CMOS
switches (PSP MOS model [18]) in Cadence, using the periodic
steady-state analysis. Suppose that the goal is to dimension a di-
rect-downconversion mixer (w = —1) with the following prop-
erties:

1) 50-§2 source impedance R;

2) 1-GHz-LO-frequency f; full-swing square-wave clock;
3) 100-MHz baseband bandwidth;

4) SE input;

5) I/Q image rejection.

With an SE input, the choice for an SE kernel, shown in
Fig. 13, is obvious. For a given total series resistance R =

50 2 + Ry, capacitance C, and duty cycle D, (28) gives the
exact HTFs. Arbitrarily beginning with a duty cycle of 25% and
a switch-on resistance (set by the NMOS width W) equal to the
source impedance, Fig. 14 shows the simulated and calculated
HTF magnitudes for n = —1 and several values of I'. In each
plot, two simulated curves are included, with 25- and 250-ps
clock rise/fall time, respectively. In all cases, the derived equa-
tions give an accurate model for the simulated results, even for
an almost triangle clock wave.

For the dimensioning of the SE kernel, the derived results in
Section VI are used to choose between the mixing and the sam-
pling region. The operating region of the kernel depends on I,
defined in (19). From the mixing region (I" < 2) approximate
HTFs (47), the following properties were derived:

1) antialias sinc filter, with —3-dB cutoff roughly at n =

1/(2D) (62);
2) baseband low-pass filter with —3-dB cutoff at f, = D -
fre (63);

3) output noise PSD scaling with resistance (52).

From the sampling region (I" > 2) approximate HTFs (48),
the following properties were derived:

1) antialias low-pass filter with —3-dB cutoff at n =

Frel fo (64);
2) baseband sinc filter, with —3-dB cutoff roughly at f, =
f+/2 (65);

3) output noise PSD scaling mostly with capacitance (57).
Because of the better suppression of higher frequency shifts n f
and the ease of setting a baseband bandwidth, the mixing region
is chosen. The required capacitance to set the correct bandwidth
is (18)

o D
~27(50 Q + Roy) - 100 MHz

(66)

This also ensures that I' < 2 so that the kernel operates in the
mixing region.

With the HTFs from (28) inserted into (8), the kernel NF
is shown in Fig. 15. Clearly, lower switch-on resistances give
better NFs (mixing region in Fig. 12), and we choose R, =
5 Q.

In Section IV-A, it was concluded that a minimum of three
polyphase paths are needed for image rejection. However, I/Q
outputs are preferred for demodulation, so a four-path system
was chosen (L = 4). The resulting mixer circuit is shown in
Fig. 16. Fig. 15 also shows the NF versus duty cycle, showing
an optimum around D = 40%. As the maximum duty cycle
avoiding overlap is 25%, this is the choice.
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Fig. 15. SE kernel (markers) simulated and (lines) calculated NF for several
R, swept over duty cycle (I < 2).

Fig. 16. Application example, complete mixer.

With the dimensioning finished, a simulation of the voltages
on the mixer nodes in Fig. 17 confirms the cancellation of
the image, and all frequency shifts with even n. Due to the
polyphase combining, a 6-dB improvement in NF and a 12-dB
improvement in conversion gain are observed, as predicted by
(13) and (17), respectively.

To illustrate the diversity of our analysis, calculations of con-
version gain and NF of published passive mixers were compared
with the reported numbers in Table 1.

VIII. CONCLUSION

It has been shown that a group of passive mixers and samplers
can be described by multipath polyphase systems of SE or DI
switched-series- RC kernels. The identification of kernels com-
bined in a polyphase manner greatly simplified the calculation
of the HTFs and provides helpful design insights. Unlike the
equations in literature, the derived expressions are valid for the
complete design space spanned by the duty cycle, RC-time con-
stant, and output frequency. The derived conversion gain, output
noise, and NF equations clearly show two distinct operating re-
gions, defined as the mixing and sampling regions. The border-
line between the two regions is determined by the noise behavior
and corresponds to a ratio between the switching frequency and
RC bandwidth equal to 7 times the duty cycle. From the exact
HTFs, easier-to-use approximate expressions were derived for
each region. It was shown that the output noise PSD depends
mostly on the resistance for the mixing region and on the capac-
itance for the sampling region. Moreover, it was concluded that
the finite RC' bandwidth results in a baseband low-pass filter for
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Fig. 17. Magnitude of the simulated HTFs of the voltage on nodes 1, 2, and 3
in Fig. 16 for f, = 0 Hz.

the mixing region and a built-in “antialias” filter for the sam-
pling region. Our analysis has been supported by circuit simu-
lations and performance calculations of published mixers.

APPENDIX A
LPTV CALCULATION METHOD

Strom and Signell [17] made three observations. First, the
response in an interval depends only on the input stimulus and
initial interval conditions

d

—0o(t) = Apvo(t) + Brui(t),

7 nTs+op_1 <t <nTs+oy

(67)
where v;(t) is the input voltage, v, (¢) is the output voltage, and
Ay and By, are the state-space parameters defining this first-
order system. Second, if v, 1 (¢) is defined as being equal to zero
outside and equal to the output voltage inside the kth interval
(Fig. 18)

Vo.k(t) =0, (t) - wi(t) (68)
_ 17 nTs+Uk—1 St<nT5+0k
wi () = {0, elsewhere (69)
then the output is the sum of all v, (%)
K
Uo(t) = Z Vo,k(t). (70)
k=1

Finally, the state-space response (67) can be made zero outside
the interval by disconnecting the input source and subtracting
the final conditions at the interval end [17, eq. (7)]

d

E’Uo,k(t) = Ao 1 (t) + Brvi i (t)

+ Y [o(t)5(t — nTs — o)
B — 0o(t)6(t — nTs — or)],

—o0<t< oo (71)

where
0,k (t) = vi(t) - wi(t) (72)

and 6(t) is the Dirac delta function.
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TABLE 1
PUBLISHED PASSIVE MIXERS
Year fs Kernel | Duty Cycle | L?| w3 RR—": Reported | Reported || Calculated | Calculated
Name D Gain [dB] | NF [dB] || Gain [dB]7| NF [dB]3
1997 Shahani [9] 1.61GHz DI 50% <2 | 2] -1 n/a 3.6 103 -3.9 n/a
2005 Zhou [19] 5.1-5.4GHz SE 50% <2 2 | -1 20 216 17 40 2.1 17.1
2009 Soer [1] 0.2-2.0GHz DI 25% <02 | 4| -1 = 516 186 5.1 1.9
1993 Chan [20] 50MHz SE 50% 200 2 | -19 3 67 187 6.3° 19.3°
1997 Parssinen [11] 500MHz SE 18% > 2 1 -4 n/a 26 233 2.1 n/a
1< 2: Mixing Region, >2: Sampling Region
2Number of polyphase paths
3Harmonic index of desired frequency conversion
414 dB DSB noise figure reported, SSB noise figure is 17 dB
5Measured in publication
SEstimated / derived in publication
"Gain as defined in (4), with HTFs (28) for the SE kernel and (35) for the DI kernel, including the gain of polyphase combining (13).
8NF as defined in (8), with HTFs (28) for the SE kernel and (35) for the DI kernel, including the contribution of polyphase combining (17).
9 Single-ended to differential conversion introduces an extra 1/2 gain factor and a 1 GHz input bandwidth limits the contributions in (8) ton = —20. .. 20.
k=1 k=2 kel | k=2 where the * operator is the convolution integra ,eq. (3. .
_ _ _ _ here the * tor is th lut tegral [21, eq. (3.18)]
> Working out the Fourier transform [21, eq. (12.7) + (5.13)]
nTg (n+1)Tg t N
(@ Z F (0o(t)6(t — nTs — o))
n=-—oo
k=1 k=2 k=1 k=2 _ - —j2mnfso
> = Y Gilf —nf) - foe TEOV(f —nf). (T7)
nTs (n+1)Tg t W=
(b

Fig. 18. Example of (a) w; (t) and (b) v, 1 (t).

Because (71) is valid for all £, the Fourier transform [denoted
by F()] can be used. The Fourier transforms of (71) and (70)
are

(j2rf — AR)Vor(f)
= By, - F (vi(t) - wi(t))

+ Z [F (vo(t) - 6(t —nTs — op—1))

T F ) st —nTe—on))] T3
K

Vo(f) =D Vorl(h)- (74)
k=1

The multiplication of wy(¢) and v;(t) becomes a convolution in
the frequency domain resulting in [21, eq. (6.20) + (5.13)]

F (vi(t) - wi(t))

(e}

=2

n=—0oo

1— 671'27rnf5‘r;C s
S — ﬂnfso'k—l‘/i(f _ nfg) (75)
j21n
To obtain a closed-form expression for the transfer function, we
want to express the sampled output voltage terms in (73) as a
function of the input voltage. Suppose that there is a function
Gr(f) such that the output voltage at switching moment ¢ =
nTs 4+ oy, can be expressed as

3= F(uo(t)(t — Ty — o))
= > [Gi(f) - F (0i()] * 6(f — nfa) - foe™Im I

(76)

We will show that G (f) does exist for the SE and DI kernels.
After filling in the transformed terms, (73) becomes

Vor(f) = E Hy, 1 (f)Vi(f —nfs)
1 1 — e—d2mnfori
H, o(f) = —j2mnf.on
k(f) 12nf — Ag k j271n ¢

+ fGro1(f — nf,)e i2mmfsonn
— fsGr(f — nfs)e I2mnfeon
(78)
According to (74), the total HTFs are then

K
Ho(f) = Hur(f)- (79)

k=1

The substitution of (78) into (79) is in the form of the HTF
definition (1) if the following notation is introduced:

fo=f fi=[f—nfs. (80)
We see that G, must have the input frequency f; as argument.
APPENDIX B
SE KERNEL G,

In this Appendix, the switching-moment transfer functions
Gr(f;) are determined for the SE kernel in Fig. 4(a).
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During an interval, the LTI system response includes a zero-
input term and a zero-initial-value term [21, eq. (8.29) + eq.
(8.41)]

00k (8) = Bi(t — to)vos(to) + By / du(t — i) dr

Pi(t) = e, (81)

For the sinusoidal input (v;(t) = e/27/*), the solution can be
calculated directly. During interval 1

1
L+
e—27‘rfrc(t—‘t0):| ej27'rft0 (82)

Uo,l(t) — e*QWfrc(t*to)voyl(to) +

% [emf(t—to) _

and during interval 2

UO,Q(t) = ’Uo’g(to). (83)

Filling in tg = nTs and t = nT, + oy into (82) gives the
output voltage at the interval end v, 1 (nTs 4 01) given the input
and the initial value v, 1 (nTs). Since the output voltage is con-
tinuous, the initial value of an interval is equal to the final value
of the previous interval

Vo2(NTs + 01) = lim vo1(nTs +t')

Vo1 ((n+1)Ts) = hm Vo2(nTs 4+ t'). (84)
Furthermore, (83) gives
Vo2(nTs + 01) = tl,iTm Vo 2(nTs + ). (85)

By chaining these expressions, the output voltage after a full
cycle can be expressed as

1
0o ((n+ 1)T5) = G_QﬂfTCTIUO(nTS) T
1 +‘]K
% [eﬂﬂfﬁ _ e—QWfrpﬁ] eﬂ‘”fnTs_ (86)

This result can be viewed as a difference equation with a so-
lution that consists of a steady-state and a transient response.
For a frequency-domain description, the transient response can
be discarded. With the z transform, it can be calculated that a
difference equation of the form

vo ((n+ 1)T) = o~ wo(nTy) + B - 7T (87)
has the steady-state solution [21, eq. (13.32)]
Vo(n1y) = —5—r—— ff - ef2minTs (88)
el s -
Applying (88) into (86) gives
vo(nTs) = Z;z:; ;1 : Z:Z: J;Tl 1. ff 27 Te (g9)
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where the term between brackets is defined as Go(f). We will
now show that this is indeed G as defined in (76).

Equation (89) is still in the discrete-time domain and gives the
output voltage sampled at the switching moments. By inserting
delta impulse functions, (89) is brought into the continuous-time
domain

oo oo

> w()s(t—nT) = > Go(f)-e’*™6(t—nTy). (90)

n=-—oo n=—oo

The aforementioned equation gives the output at the switching
moments for a single input sinusoid, represented by e/27/*,
After replacing ¢/2™/* by the more generic notation v;(t), we
can take the Fourier transform of (90), resulting in

(e}

> F(uo(t)b(t — nly))
= Y [Golf) - F (o)) #8(f —nfs) - fo. (O1)

This was derived for v;(¢) being a single sinusoidal input, but
because the system is linear, it actually holds for any input signal

Uy (f) .
Equation (91) corresponds to the definition of G in (76). The
same can be done for v, (nTs + 1) and v, (nTs + 02) to find

G1(f) =Go(f)e?™I

Ga(f) = Go(f)- (92)

APPENDIX C
INTEGRALS AND SUMS

In this Appendix, the parameters ¢ and b are real numbers.
The sinc function is defined as

ejwz _ e—jﬂ';l)

inc(z) = sin T _
Smer) = T j2mx
sinc(0) =1 S (sine(z)) = 0. 93)

The integrals using [22, 3.821 9.] and [22, 3.112 2.] are

/ 1
1+ jbx

The sums using [22, 1.217 1.], [22, 0.233], and [22, 1.443 3.]
are

—e ]27ram

2

2 oo
:—/S (maz) 4o — 0 (01)
J2W$
0

__7 1 dr =
T ) Urgba)(d—gba) T b

95)

Z ’1—ﬂm

n=-—oo

_ b
=1 +2; 140202 tanh (%)

z%, 0<b<1 (96)

Authorized licensed use limited to: UNIVERSITEIT TWENTE. Downloaded on May 12,2010 at 12:03:54 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of thisjournal. Content is final as presented, with the exception of pagination.

SOER et al.: UNIFIED FREQUENCY-DOMAIN ANALYSIS OF PASSIVE MIXERS AND SAMPLERS 13
o —j2man |2 o 2 « . . . -
1—e 2 sin” wan [8] G.XuandJ. Yuan, “A low-voltage high-speed sampling technique,” in
Z 9 =a" +2 Z 202 Proc. IEEE Int. Conf. ASIC, 2001, pp. 228-231.

n=—oo J n=1 [91 A.R.Shahani, D. K. Shaeffer, and T. H. Lee, “A 12-mW wide dynamic
0o 0o range CMOS front-end for a portable GPS receiver,” IEEE J. Solid-

—a?y 1 Z 1 Z cos 2man State Circuits, vol. 32, no. 12, pp. 2061-2070, Dec. 1997.
- 2 n2 n2 [10] B. Leung, VLSI for Wireless Communication. Englewood Cliffs, NJ:

n=1 n=1 Prentice-Hall, 2002.
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