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Stackelberg Strategies in Linear-Quadratic
Stochastic Differential Games’
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Abstract. This paper obtains the Stackelberg solution to a class of
two-player stochastic differential games described by linear state
dynamics and quadratic objective functionals. The information struc-
ture of the problem is such that the players make independent noisy
measurements of the initial state and are permitted to utilize only this
information in constructing their controls. Furthermore, by the very
nature of the Stackelberg solution concept, one of the players is assumed
to know, in advance, the strategy of the other player (the leader). For
this class of problems, we first establish existence and uniqueness of
the Stackelberg solution and then relate the derivation of the leader’s
Stacketberg solution to the optimal solution of a nonstandard stochastic
control problem. This stochastic control problem is solved in a more
general context, and its solution is utilized in constructing the Stackel-
berg strategy of the leader. For the special case Gaussian statistics, it is
shown that this optimal strategy is affine in observation of the leader.
The paper also discusses numerical aspects of the Stackelberg solution
under general statistics and develops algorithms which converge to the
unique Stackelberg solution.
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1. Infroduction

The Stackelberg solution concept, originally introduced by H. Von
Stackelberg in the context of static economic equilibrium (Ref. 1), has
entered the control literature through the works of Chen, Cruz, and Simaan
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{Refs. 2—-4), and has found applications in hierarchical control and differen-
tial game problems (Refs. 5-7). Our interest in this paper lies in solving a
class of stochastic nonzero-sum differential games with (nonnested) static
information under the Stackelberg solution concept.

The first result in the literature on a stochastic Stackelberg problem
can be found in Ref. 8, where the authors obtain the feedback Stackelberg
solution of a two-player linear-quadratic-Gaussian (LQG) nonzero-sum
discrete-time dynamic game problem under a nested information pattern.
With regard to nonnested information patterns, Refs. 5 and 9 solve a class
of static stochastic Stackelberg game problems when the underlying statis-
tics of the random variables are not necessarily Gaussian. Some of these
results are then utilized in Ref. 10 to obtain the feedback Stackelberg
solution of the LQG problem of Ref. 8 under a one-step-delay information
sharing pattern.

In this paper, we consider the two-player continuous-time L.Q nonzero-
sum differential game under general statistics and under a (nonnested)
static information for both players. We establish existence and uniqueness
of the Stackelberg solution, and determine it as the solution of an integral
equation.

The special case of Gaussian statistics is also treated in the paper, and
it is shown that the Stackelberg strategies are then affine in the available
static information. Finally, the paper includes a discussion on the computa-
tional aspects of the solution.

In Section 2, we formulate our problem and prove existence and
uniqueness of Stackelberg strategies. Furthermore, we outline the underly-
ing idea of our method of solution. This leads to a nonstandard stochastic
control problem where the state equation contains an extra term involving
conditional expectation of the control term, and where some of the com-
ponents of the state vector have their initial conditions while others have
their terminal conditions specified. In Section 3, we solve a general stochas-
tic control problem of this type; and, in Section 4, we use these results to
obtain the Stackelberg strategies. The special case of Gaussian statistics is
treated in Section 5, while numerical aspects are discussed in Section 6.
The paper ends with a conclusions section.

2. Problem Formulation and Existence Consideration

Let {x, t=to} denote an n-dimensional stochastic process satisfying
the Itd stochastic differential equation
dx,=[A(t)x, + B (t)u; + BXt)u:]dt+F(£) dW,, W

=1, Xty = X0,
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and whose sample paths are continuous. Here, x, is a random vector with
known statistics, such that E|x¢| <0, and {W,, t=¢,} is an n-dimensional
standard Brownian motion. A(-), B(+), B*(-), F(-) are appropriate
dimensional matrices with continuous entries on [, #]. {u Uizt and {12,
= 1o} are, respectively, ri-dimensional and r,-dimensional stochastic pro-
cesses denoting the controls of decision makers DM1 and DM2, respec-
tively.

The decision makers make independent noisy measurements of the
initial state xo, which we denote by yi, i=1,2. We assume that the condi-
tional joint distribution of (_yl, yz), given xo, is a priori known. The informa-
tion available to each DM, therefore, is static in nature. Let H',i=1,2,
denote the class of second-order stochastic processes defined on [f, #]
which are y'-measurable.

The decision law (or strategy) ¥ of DM is a real Borel-measurable
mapping

[to, r]X R™ >R,

where m; denotes the dimension of y’,7= 1, 2. Denoting the space of all
Borel-measurable functions

f: [tO, tf] X RMi -> Rr{a

with the further restriction that

1 )
B[ 11,y dr<eo,
fo
by I', we require each permissible ¥’ to be in I Clearly, v'(-, y")isin H'.
1t should be noted that, for each pair of elements in H 'xH 2, the stochastic
differential equation (1) admits a unique solution whose sample paths are
continuous (Ref. 11).

For each {y'eT", y*eI?}, we now define the quadratic objective
functionals of DM1 and DM2, respectively, as

tf ,

Ly, yY) = E{xilefxzf +J- (1 Qi()x+ 1 u;

o

FER@OED dilui=7' 6y, i=12), @
& )
Ly, v = E{xﬁfOzfxzf +I (x1Qa(D)x,+ui u?) dt|
wi=v'( ), i=1,2}, 3)

with prime denoting transpose of a matrix, where

Qir=0,  Qx=0, Qi()=0, Qu(:)=0, R()=0,
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where the last three matrix-valued functions have continuous entries on
(%o, #] and the expectation operation is taken over the underlying statistics.

We note at this point that, because of the hierarchical nature of the
solution concept to be introduced below, which allows DM2 to have access
to the strategy of DM1, Eqs. (2) and (3) define the most general quadratic
convex functionals for the decision makers when the cross terms involving
the two strategies do not explicitly appear.

To introduce the hlerarchlcal (Stackelberg) solutlon concept let us
first note that, for each 7' € I'", there exists a unique ¥° € I'” that minimizes
L7,y ) over T'°. This, then, implies the existence of a unique map
T:T" > T? such that

Ly, Ty <Ly, v,

for all y*e I and for every y' €I'". Now, consider the minimization of the
functional Ji(y", Ty') over T, and let y*°eI™ denote one minimizing
solution; that is,

L™, Ty ) <sh(v', TvY),  Vylel™. @)

Then, we say that the pair (y'°, >’ = Ty*") provides a Stackelberg solution
for the game problem under consideration, with DM1 as the leader. Qur
objective in this paper is to study the existence, uniqueness, and (most
importantly) characterization of the Stackelberg solution of the nonzero-
sum linear-quadratic stochastic differential game formulated above,

The existence and uniqueness questions may be answered most readily
by converting the problem into an equivalent hierarchical static game
problem in Hilbert space. Barring the stochastic aspect, our approach is
identical to that in Ref. 3. We introduce an inner product (-, -); on H’
through the relation

i

(0= E{ [ ato)v,(w) at} (sa)
tg

for each pair {u e H, v e H'}, w € Q, with (Q, B, %) denoting the underlying

probability space. With these inner products, H', i =1, 2, become Hilbert

spaces. Let Lys([ 1o, #,] X ) denote the completion of the space of continuous

functions from [z, ;] X Q into R", under the inner product

(x, 2)p = E{x,,(w)’zt,(w) +f ) z(@) dt}. (5b)

‘o

Further, let 2;, i = 1, 2, be the operators mapping L,s([%o, £] % Q) into itself,
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defined by
Qe’(t)xl(w)’ I0 =< tfy
Qi = 6
( x)t(w) {Qifxtf(w); t=t. ( )
Define Volterra operators
gi:Hi"le([th tf]xﬂ)a i=15 21
by
t
(Faw) = [ 06 9B (o) ds, (7)
o
where ®(t, s) is the state transition matrix function satisfying
d®(t, s)/dt = AP, s), O(s, s5)=1 (7b)
Further, let
re Lyg([to, t]1X )
be defined by
t
ri{w) = Ot to)xolw) + f O, s)F(s) AW, (w). (7c)
The solution of (1} can then be expressed as
x=r+Zy'C,y )+ Ly, v?). (8)

Then, the quadratic objective functionals of DM1 and DM2 respectively
become

Ti(vh ¥ =2 &y (-, y )+ Loy’ ¥ +0), iy ' (L v
+3272(', }’2)'*7');’*(’}’1(', Yl}’ ?1('9 }’1»1

+CL Y RY Ly, 9)
Dy, v =221y (-, y )+ L2y, ) + 1), Ly (L v Y
+ Ly, Y+ L YD), YL Y s (10)
where
R:H*->H?
is defined by
(Ru)(w)= RO u{w), taSts<t, (11)

For fixed y' eI, minimization of J,(y', ¥%) is equivalent to the control
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problem of minimizing
JZ(uz) = <Q2($1'y1(' s y1>+$2u2+r)) fl‘)’l(‘ 3 yl)+°‘<€2u2+r>f+<u2a u2>25
(12)

for u” e H?. Now, I + £52,%, being strongly positive and having a bounded
inverse (¥5 denotes the adjoint of %, in H ) I(u®) has the unique
minimum

ul=—(I+ 250,92 L5 Liy' (-, y) +1). (13)

Substituting this expression for v, y2) in (9) and rearranging terms, we
get, in terms of the notation discussed above,

Jl(yl, T’Yl) = <Y1(' s yl)a (I+'%—)’Y1(' > y1)>1+2<71(' y yl)’ j;‘:@lf

+ P, Lo (I + LED L) ' RU+LED L) LEDor) + T 10,
(14)

where Ji is independent of v,
R =P8+ L2, LI +L52.8,) 'R+ L52:,%,) " F50,%,,
P= L~ Lol + L59,%5) " F59, %,
F=(I—LI+%52,%) " L52,)r,

and #¥ is the adjoint of #, under the inner product (5b). Again, T +R
being strongly positive and having a bounded inverse, taking variations in
', we can readily show that there exists a unique v** for which Ji(v*, Ty")
has a minimum. Then, this guarantees existence of a unique Stackelberg
solution for the nonzero-sum stochastic differential game above.

Let us now outline our method of solution. For each yl Ty, the control
u”e H? that minimizes Jo(u?) is given by (see Ref. 12 for details):

u? =~BX(tY{S*(E[x|y*1+ K7},
where
§%(1)=—A(t)S*(1) - S()A(t) - Qu(1) + S*(1) B> (1) B*(1)' S*(1),
S*(t) = Qy, (15)
k? =—(A@t) -S> (B> (B> (1))ki = S*(t)B'(DELy' (5, y )y,
ki =0; (16a)
and let us denote E[x,|y*] by £#7. Then,
di? = (A(t)— BH)B (1) S*(1))#? dt — B> (t)B*(t)' ki dt
+BY(OE[Y'(, y)y14ds, (16b)
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fi):E{xm}yz}:E[xelyzj_ (16‘:}
Furthermore, if
[ xt—-x\tza
then
de, = A(t)e, dt+Bl(t)yl(t, yl) dt
~B'(OEly'(t, y")|y*1dt + F(t) dW,, (16d)
er(,=xo—E[xoiy2]- (16¢)

R . pvi 2
In terms of these newly introduced variables %7, ¢, k7, we can express
J as follows:

7 Ef s
Iyt Ty =22 Qu +elQupe, + j FZ01DE? +el: (e
tp

+HETSH O+ kT IB (OR(DB (1) {SH £ + k%)
+yi ey v yY) at. (17)

Therefore, the leader is faced with a nonstandard stochastic optimization
problem, the general formulation and solution of which is discussed in the
next section.

3. Digression: Nonstandard Stochastic Control Problem

Let us consider a stochastic system whose state evolves according to
the following stochastic differential equation:

dx.={Ax,+By(t,y)+ CE[y(t, y)| z]} dt + dw,, (18)

where x, is an n-dimensional stochastic process; y and z are p-dimensional
and g-dimensional random vectors, respectively; v: [fo, ] X R* = R™, and
all admissible y belong to I', with I" being a linear vector space; w, is
n-dimensional Brownian motion, and A, B, Care appropriate dimensional
matrices. We are interested in the situation where some components of x,
are specified at the initial time ¢, and the rest are specified at the terminal
time #. Let us instead consider a slightly more general set up. Thus, there
exist matrices Ty and 77 such that

ToXy, = 1, Tex, = x (19a)

are given. To ensure that all the components of x, are specified at one of
the endpoints, we impose the restriction that

ToTo+T,T; =1 (19b)
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Furthermore, in order to avoid some cumbersome expressions in the
analysis to follow, we assume that the system matrix is structured so that

T,AT) =0, (19¢)

which is a condition that is fulfilled for the Stackelberg problem under
consideration (see Section 4). Finally, we assume that I is chosen such
that, for each yeT, there exists a unique solution of (18) satisfying the
boundary conditions (19a).

Qur problem then is to determine y € I' for which

1) =E{x,Qm+ [ QO+ v6 v la) o)

attains a minimum, where

Q;=0, Q(n =0, fora.e. t€[to, #].

We use standard variational argument to solve this problem. If we
perturb -y to vy +€B, suppose that the state x, is perturbed to x;. Then,

dx{ ={Ax; +By(t,y)+eBB(t, y)+ CE[y(,y)| 2]
+€eCE[B(t, y)|z 1} dt +dw,,
Tox:, =, Trxi = x.
We can clearly decompose x| as x; + en, where
e =An.+BB(t, y)+ CE[B(1, y)| 2],
Tons, =0, Tm, =0.

Taking first variation in J, a necessary condition for minimum is that
i
5:7(v; ) =E{niQm, + [ TniQ0x+Bl y7(, di} =0,  vBeT.
54]

Since the second variation is positive, the above condition is also sufficient.
Define n; and 77 by

W =Ani+BB(1y),  Tom,=0, Tmi=0, (21a)
W =An; +CB(4y),  Tomi=0, Tmi=0. (21b)
Then,
n=n: +E[n?|z]
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and the necessary and sufficient condition for minimum may be reexpressed
as

517 (y; B)= E{ n}QElx, |1+ Eln | 1QE[x, | )
+[ 'l QWL+ Eln¥ |2100BLx | 2]

+80,yY7(, ] de| = E{ n} QELx, |y 1+ n} QEELx, |211y]

+[ 'Y QUELx|y]+nZ QW EIELx|21ly]

+3(z‘,y)"y(t,y)]dt}=0, vgel. (22)
Let
#)=E[x|y] and £}=E[E[x|z]]yl
Then,
£ = A%} +By(t, y)+ CE[E[v(t, y)| ]| y], (23a)
Tofi, =Elw|y],  T#L=Elx|yl (23b)
1 =A% +(B+OEENG, y)|z]ly] (23¢)
Tofl,=E[E[r|z)y],  Tdy=E[Ex|z]y], (23d)
and

1 5 ”~ tf ks “
al.r{y;B>=E{n;off3’,+nioff;+j (Y Q)%
i

+nfQO +BG Y6y} =0, VBT, (24)
Note now that, under (19¢), Tmrl and Tmt2 satisfy, respectively,
T = TATTm: +TBB(t,y),  Tmy=0,.
Trii = TATTm: +TCB(5,y),  Tmy =0,
so that

t,

Tl = — j '@, ) TB(0)Bo, v) do, (252)

t

Tm? = [ ¥4 ) T,C()B(0,v) do (sb)

t

where

(@/dn®s(s, o) = AT (1, 0),  Pplo,0)=1. (25¢)
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Since

ToTo+ TiT; =1,
(21a) and (21b) may be written as
f: = A(ToTo+TiT)m: + BB, y),
07 = A(T6To+ TTp)m: + CB(t, y);
and, multiplying further by T}, we have
Ton: = ToAToTon! + ToAT}Tm} + ToBB(t,y),  Tonl =0,
Ton: = ToAToTon; + ToATTm? + ToCB(6,y),  Ton? =0,

which imply that
Ton' = [ @utt, M ToBB (@ y) + ToA @) T/Tim}] dr (262)
Ton: =J' @o(t, )N ToCB(v, y) + ToA(0) TiTm?] do, (26b)
to
where
(d/dD)Do(t, o) = ToATo Dot o),  Dolo, o) =1. (26c)
Therefore,

n: =ToTon: + TiTm!

=75 [ @l ) TsB(@)B (@, y) do =T} [ 0406, ) TB@)B(cr y) do

-~ T4 j bz, )T A(7) T}J ' Ds(r, o) T:B(o)B (o, y) do dr.

0

Now,

£,

[ @6 1By do=0,06,1)| [ @ ) TBIB (0 y) dor

0

—j @/t VT B()B(; v) do ] =j ", ) TB()B (o, y) do

t

- [ #t, ) TB @)@, y) do-
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Furthermore,

-1 @t VAT [ ¥4l VTB@B (@ y) dordr

0

=-T}h J fda-j dr Oolt, 1) ToA ()T ®f(r, o) TiB{o)B (0, y) do

Q 0

t t
+T5 j da’J‘ dr Oolt, ) ToA(T) T P4, o) T:B{0)B (0, y) do

O

tf t
= ——J dcrj‘ dr To®o(t, ) ToA(T) T ®p(r, o) TB(0)B (0, y) do

i

+ J- daJ dr ToQolt, ) ToA(r) T D1, ) T(B(0)B (0, y) do.

Q o

Then,

4 t,

ne = _[ P'(t,0)B(a)B(o, y) do ‘j sz(f: a)B(o)B (o, y) do,

0 0
where

Pl(t, )= To®o(t, o) To+ T D1, o) T

+J [T) ®olt, ) ToA (DT ®(r, )Tl dr,  (272)
Pt o) = T},(t, ) Ty + j [T)®olt, N ToA (1) T} ®y(r, ) Trldr.  (27b)

Analogously,

nt =f P'(t,0)C(c)B(a, ) dff‘f P, 0)C(0)B(0, y) dor

Let us now define
P(t,0)=P'(1,0)— P*(t, 0) = To Do(t, ) T

*J‘ dr To®o(t, 1) ToA(T) T Py(r, o) T, (27¢)
1

0
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and note that

tf 1 A tf tf 1
[ ntowera= [ doB'(e,NB@) [ P 0y 0018 dr
£ ¥ o

0 0

- f 4o BB | P oy QW0 di

=[wpo || Peorowsia- Puoronsa).
’ (282)
Analogously,

14

[ "nZQWE di = jf do B'(o, Y)C'(O')“:P(t, oY Q)R dt

io

—J P(t, oy Q(0)fY dt}. (28b)

Utilizing (28a)—(28b) in (24), together with the expressions for 7, and 17,
we finally obtain

stvi=E{[ 866y af=0,  veer, (o)

where
1t y)=v(t, y)+B(YP(t; 1Y QL+ C(t) Pty, tY Q%)

+B(1) j "Plo, £ O (o) 22 dor+ C(2Y f "P(o, 1) Q(0) £} dor

- B(t) j Po, Y Q)22 do— C(2tY J P(a, 1Y Q(o)£?, do.
’ (29b)

It now readily follows from (29a) that a necessary and sufficient condition
for y €I to provide a minimizing solation is that

I(t,y)=0, Ve[t tf], a.e. g’y.
The following lemma summarizes the result.

Lemma 3.1. A control strategy v €I provides a minimizing solution
to the stochastic optimum control probiem formulated in this section iff it
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satisfies the integral equation

y(t, y)==B()P(ty tY Q&L ~ C(t) P(ts, 1) QY

—B() j " Plo, 1Y O(o)£2 do = C(t) j "Plo, Y O()RY dor

+B(r) J P*o, )Q(a)2L do+ C (1) f P(o, 1Y Q(0)£} do,

to to
(30)

where £! and £Y satisfy (23a)-(23b), P(¢, o) and P(t, o) are given by
(27a)-(27¢), and Do(t, o) and Df(¢, o) satisfy (26¢) and (25¢), respectively.

4. Determination of Stackelberg Strategies

We now go back to our original problem as discussed in Section 2.
We have to minimize the cost functional given by Eq. (17), subject to the
constraints (16a) through (16c). To this end, we first define the new state
vector

£
X =] &
k?
and the matrices
[ A(t)-B*()BX(t) S*t) 0 - B*())B(t)
A(f) = 0 A 0 ,
i 0 0 —(A@)-SHB*(1B*(t))
"0 B(t) 0
B(={B'(t|, C@=| -B'® |, F@®=|F@®]|,
0 -S*OB'(1) L0

Q1 =diag(Qqp Q15 0),
Q:(1)+S*(HB*)R®B*(tYS*(t) 0  S*(B*(HR(HB*(rY

Q1) = 0 Q: (1) 0
BXO)R(HB2(tYS*(r) 0 B*()R(1)B(r)'

Then, we have the following minimization problem for player 1: Minimize

i
Ty, Ty =5 Qupmys + J [x:Q:(x:+ v (6, y Yy (&, y)] dbt,
o



456 JOTA: VOL. 35, NO. 3, NOVEMBER 1981

subject to
dx, ={AOx+B@)y (6, y)+ COEY'(t, y)|y 1} dt + F (1) AW,

where J?f‘o, 100 k,zf are given.

This stochastic optimum control problem can readily be solved by
applying the result of Lemma 3.1. To this end, x,, A, B, C, F of Section 3
must be identified with x,, A, B, C, F. Furthermore,

I 00
T = T m
0 [O I O:I’ f [ODO’I],

where I stands for suitable-order identity matrix and
2
»;r=[x‘°], x=k2=0.
€0
Note that, for these specific structural forms,

T(’)To*** T}Tf =] and TfAT(’) = 0;
therefore, conditions (19b) and (19c¢) are satisfied. Then,
A-B’B¥S* 0 ]

0 Al’

and ®y(7, o) can be split into four submatrices which satisfy

T,AT) = [

o1, o) @52(:,0)}=[A—3232'32 0}[@31(@0) cbé’(z,a)}

@/ d’)[cbé‘(r,a) ®2(t, o) o alle?re) 0240

[qnél(m o) (o, 0')] _ [1 o] .

& (o, 0) Do, 0) 0 I
Therefore,
2, o) = d* (¢, o) =0, (31a)
(d/dty®3(t, o) =(A-B*B*SH®'(t, o),  ®o'(o,0)=1 (31b)
(d/an®@F(t, o) = ADI(t, o), ®3* (o, 0)=1 (31c)

On the other hand,
T,AT; =—(A'-S8*B*B?),
(d/dt)®s(t, o) =—(A'=S’B*’B*)®(t,0),  Plo,0)=1
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Thus,
(1, ) = D' (0, 1)

Let us denote ®¢'(t, o) by ¢(t, o) and ®3%(t, o) by ®(t, ). Now,

¢ 0 0 0 0 0
ThdeTo=|0 & 0, Ti®T;=|0 0 0 |,
0 0 0 0 0 @
0 0 —W( r)BXr)B=)¥(o, 1)
T Do, ) ToAN T Pe(7, 0)T;=10 O 0 ,
0 0 0
and define
Flt, o) = j dr W(t, 1) B*(1)BX 1) ¥(a, 7). (32)
to
Then, ~
V(o) 0 F(to)|
Pt o)= 0 Ot o) 0 ,
0 0 0
0 0 —F(o, 1)
PXt,0)=|0 0 0
0 0 W)
Let )
k3 =Ek?|y'],  £P=E[#|y'], ¢! =Ele|y"].

Then, the following result follows directly from Lemma 3.1 by identifying
y with yl, z with y?, and y with 'yl.

Theorem 4.1. The two-person nonzero-sum stochastic differential
game with static information, as formulated in Section 2, admits a unique
Stackelberg solution with DM1 as the leader. The leader’s corresponding
Stackelberg strategy v' € I'" is given by

Y, 1) = =B @Y [(¥(ty, ) = S (1)F (15, 1)) Q152" +D(ty, £) Q1/8L]
~-B(?) I f [(W(a, t) — S*()F (o, 1)) Q1(0)£2 +8%(0)3,)
+®(0, 1Y Q1(0)é,] dor

+B(1yS*(1) j [F(, o)(Q1(0)82 +5%(0)2,)~W(t, )2, ] do,
’ (33)
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where
=B ) ROB* () [S* &7 + k7], (34a)
and £2*, &1, k¥ satisfy the differential equations

£ =(A-B'B ) +BEIElY ", )y ly'1- BB,

(34b)

il =A& +B )y (t, yY~B' OELE[Y" (1, y)y1y"), (34¢)
k2 = —(A'-S*B*BY)E? - S*B'ELE[y"(, y))|y*11y'], (34d)
£ =E[E[x]y*1ly'], (34e)
é:, = Elxoly'1- E[E[xo|y’1ly'], (341)
ki =0. (34g)

Furthermore, the corresponding unique optimal response strategy of DM2,
the follower, is given by

vy, y2) =B (1){8*(t)27 + k2}, (35)

where the relevant terms are defined by (15) and (16), with v replaced
by y .

5. Special Case of Gaussian Statistics

When the statistics of the random variables involved are jointly
Gaussian, some of the expressions that determine the unique Stackelberg
strategy of the leader can further be simplified; in particular, it can be
shown that the Stackelberg strategy is affine in the available static observa-
tion. Toward this end, let us first assume that xo, y*, y* are jointly Gaussian
with mean values %, 7', }72, respectively.

Furthermore, let us introduce the appropriate dimensional matrices
A(n, Aoz, Alz, A21 through the relations

Elxoly'1=2"+Aa(y' =7,  i=1,2, (36a)
Ely'|y1=§" +As(y' =9,  i,j=1,2, i#] (36b)

Now, starting with expressions (14), we note that y*° [which satisfies (33)]
is also given by

YO,y = U+ R HEF2F+ L2, LI + £52, %)™
XR(I +L52,%,) " F52,1}, 37
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where the relevant terms are defined following (14). It has already been
shown in Ref. 12, Appendix 1, in a different context, that £F is a linear
operator which, when applied on an element of Loy({fo, #7]x Q) under the
Gaussianness assumption, yields an element of H' which is affine in y’. A
similar analysis readily proves that P% also possesses the same property.
Then, r(w) being a Gaussian vector for each 7 €[t #], we arrive at the
conclusion that, under the Gaussianness assumption, (-, y"), as given
by (37), is affine in y'. In particular, also in view of (33), it can be written
as

vy, y) ==B @) [K () y' =7 +1(1)], (38)

where K (+) is an (n X m,)-dimensional matrix-valued function and I(-) is
an n-dimensional vector-valued function, both of them being independent
of y' — 5.

Now, to determine the expressions yielding K (- ) and /(- ), we substitute
the functional form (38) into (33) and also into (34a) through (34d). Firstly,
we obtain from (34d)

2 =K () AnAn(y' =5 +15(s), (39a)
where K*(+) and I*() uniquely satisfy
K*=—(A-B’B*S»K*“+8’B'B'K(t), K"(t)=0, (39b)
[*=—(A-B*B*S*)I*+S’B'B"1(1), () =0.  (39¢)
Using this solution, together with (38), in (34b), we further obtain
=K (00 -3 +1(), (40a)
where K*(+) and /() uniquely satisfy
K*=(A-B’B*S)K*~B'B"K()A12A2: - B’B*K* (1) A12Ass,
K™ (to) = AopaAz1, (40b)
[*=(A-B’B*S»I"-B'B"1(t)-B*B*I*(1),  I*(t)=%0. (40c)
Thirdly, substitution of the structural form (38) into (34c¢) yields
& =K' -7, (41a)
where K °(-) uniquely satisfies the differential equation

Ke = AKe _BlB 1,K(f) +B1.B 1IK(I)A12A21, Ke(t()) = A01 - A02A21 .
(41b)

If we use all these in (33), we finally obtain the following two integral
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equations whose unique solutions yield K (-) and I(-), respectively:
K(t)=W(t, t)' = S*(t)F (1, t) Q1K * (1) + B(t, 1) Q1K * (t7)

+f [¥(o, Y -S*()F (@, 1)

x[Q1(e)K* (o)~ S*(a)B’RB* (S*(0)K*(cr)

+ K4(0)A1Aan)]+ B(o, 1Y Qu(o)K (o)} do — (1) j {F, o)

X[Q:(0)K* (o) +S*(0)B*RB* (§*(0)K *(0) + K *(0) A12A1)]
—W(t, 0)B*RB*[S*(0)K*(0) + K*(0)A12A2.]} do, (42)
1(t)=[W(t, t) — S*(t)F(t;, 1)]Q:A* (1)

+[ e, o -S*0F @ )
X[Que) (o) + S*(o)B*RB* (8% ()" (o) + 1" (o) }dor

- $%(1) j {F(t, 0)[Q1(a)I* (o) + S*(o)B*RB? (S*(o)* (o)

to

+1%(eN]-W(t, 0)B>RB*[S*(0)I* (o) + 1" (0)]} do. (43)

The following theorem now summarizes the main result of this section.

Theorem S5.1. When all the random vectors are jointly Gaussian
distributed, the two-person nonzero-sum stochastic differential game of
Section 2 admits a unique Stackelberg strategy for the leader, which is
given by (38), with K(-) and /() solved from (42) and (43), respectively,
also in view of the relations (39)—(41). The corresponding unique optimal
response strategy of the follower is again given by (35).

Proof. As discussed prior to the statement of the theorem, this result
follows directly from Theorem 4.1 after verification of the optimal affine
structure (38) for y'° under the Gaussianness assumption. Substitution of
(38) into (33) and an appropriate decomposition readily yields Eqs. (42)
and (43). ]

Remark 5.1, It should be noted that, under the Gaussian statistics,
the unique Stackelberg strategy of the leader, as presented in Theorem
5.1, is composed of two parts: (i) a linear transformation on the zero-mean
part of the leader’s observation, which depends on the statistics of the
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Gaussian random variables involved; and (ii) a linear transformation on
the mean value () of the initial state, which is independent of the statistics
of the random variables. Hence, we can say that the Stackelberg solution
also features a separation property. In fact, the latter part of the Stackelberg
strategy of the leader, which involves a linear transformation on %, also
constitutes a Stackelberg solution to the deterministic version of the non-
zero-sum differential game of Section 2, in which the leader has open-loop
information and %, stands for the initial state vector. In that respect, the
solution presented here, i.e.,

y"(t, o) = —B'(2)'1(2),

is less restrictive than the one given in Ref. 3, since it does not require the
linear transformation to be differentiable. Whenever /() is differentiable,
then the two solutions coincide.

6. Computational Aspects of the Stackelberg Solution

In this section, we develop an algorithm to solve numerically for the
leader’s Stackelberg strategy from Eq. (33) and under general statistics.
To this end, let us first observe that the solutions of the differential equations
(34b) through (34d) can be obtained through affine transformations on y'°;
and, when these are substituted into (33), together with the linear relation
(34a), the right-hand side of (33) becomes an affine function of ylo. Hence,
there exists a linear operator B:T'->T" and beT?, such that {33) can be
written equivalently as

YUy = (By)t, v+ b1, v Y. (44)

Explicit expressions for the operator % and the function b can readily be
obtained in terms of the parameters of the problem.

Now, by an abuse of notation, we can also think of & as a mapping
from H' into H' and of b as an element of H'. Then, Eq. (44) can be
written equivalently as

u'=%Bu"+b, (45)
which is known to admit the unique solution
u =y 9.

Then, a natural algorithm to obtain «'” is the following.
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Algorithm

Step 1.0 Start with any u'c H'; substitute this intAo (34a) through
(34d) for y'°, and solve for the corresponding unique 2, £t el k.

Step 2. Substitute these into the right-hand side of (33) to generate
anewu' e H'.

Step 3. Use the new u' obtained at Step 2 to replace the starting
choice at Step 1, and iterate.

Propesition 6.1. Let there exist a 0<<p <1 such that

(u, B*Buy<pu,u), VYueH" (46)

Thoen, the preceding algorithm converges to the unique Stackelberg control
u"® of the leader, regardless of the initial choice.

Proof. The result readily follows, since H' is a Hilbert space and B
is a linear contraction operator under (46). O

If the condition of Proposition 6.1 is not satisfied, then the proposed
algorithm in general will not converge. However, in such a situation, it is
still possible to develop a convergent algorithm by starting, this time, with
Eq. (37), which we rewrite as

u'=—Fu'+7, {47a)
where

FA DL F+ LE, LI+ F52,L) 'RU+F£52:,8,) " L5, (47b)
Now, if the operator norm of R is less than unity, i.e.,
[2lo<1,
we have the algorithm
Uy =—Ru +F, (48)

which is directly obtainable from (47a) and is convergent, since % is a
linear contraction operator and H' is a Hilbert space. If the condition

IZlo<1
is not satisfied, then we add 6Iu' to both sides of (47a) to obtain
(1+6)Iu' = (61 —F)u' +7, (49)
where I: H' > H" is the identity operator and 6 is a scalar satisfying
26=||%o.
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Then, the algorithm
uper =[1/(L+ OO —F)u) +[1/(1+O)F (50)

converges to the unique solution u'°c H', a result which follows from a
convergence proof given in Ref. 13 for a similar algorithm, since & is a
nonnegative self-adjoint operator. It should be noted, however, that this
algorithm is computationally more difficult than the first one proposed in
this section, since it involves the inversion of an integral operator in
determining ; (though, this inversion has to be done only once, and not
at every iteration point).

7. Conclusions

In this paper we have obtained the Stackelberg solution of a class of
stochastic linear-quadratic differential game problems in which both players
have access to static information concerning the initial state of the game.
Existence and uniqueness of the solution is established, and the leader’s
optimal strategy is shown to satisfy a particular integral equation. For the
special case when all the random variables have jointly Gaussian statistics,
this integral equation admits a solution which is affine in the observation
of the leader. We have also discussed in the paper numerical aspects of
the Stackelberg solution under general statistics, and have developed
algorithms which converge to the unique Stackelberg control of the leader.
As a by-product of our analysis, we have also obtained the solution of a
nonstandard stochastic control problem, which is formulated and solved
in Section 3 in more general terms than required in the solution of the
Stackelberg problem.

One natural extension of the results of this paper would be to obtain
the feedback Stackelberg solution of linear-quadratic-Gaussian continuous-
time differential games in which the players make sampled observations
of the state and share this information with a one-step delay (as formulated
in Ref. 12 within a team framework). In other words, a counterpart of the
results of Ref. 10 in continuous-time can be obtained by utilizing the theory
developed in this paper under static information. A repeated application
of Theorem 5.1 would lead to the conclusion that the feedback Stackelberg
strategies in such a differential game will again be affine in the information
available to the players; derivation of these strategies, however, requires
a rather involved analysis, details of which will be presented in a future

paper.
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