by the rate constants, which appear in the expression of the
equilibrium constant K=K/ /K, and thus enter the descrip-
tion of dynamic equilibrium.

VII. THE DENSITY MATRIX AND FRACTIONAL
ATOMS

In a similar vein, in the density matrix description every
atom of a macroscopic chunk of tungsten under consider-
ation is “prepared” identically and therefore must be in an
identical state. Their state is described by the weight factors
assigned to the accessible states, which can be grouped into
two subgroups, called “crystalline” and “vapor’” phases. The
weight factors are allowed to be fractional, so long as their
sum over all accessible states equals unity. Thus there is
nothing conceptually awkward about “a fraction of an
atom.” The number of atoms in the vapor phase is defined as
(mass /atomic weight) X weight factor of being in the vapor
phase, and nothing in principle prevents it from being a frac-
tional number. Only the “picture” of an atom as an inde-
structible sphere no longer holds, not a very severe loss. The
same is true of a “‘completely” dissociated strong electrolyte
and a “sparingly soluble” salt and a nearly undissociated
water vapor. The incongruity of the extremely low values of
the vapor pressure, or solubility, or extremely large values of
dissociation constants encountered in the systems of interest
in this paper are thus removed in the density matrix descrip-
tion. We may point out in addition that the tungsten vapor
and the solution of silver ion present in equilibrium are ho-
mogeneous, as required by equilibrium thermodynamics. The
density matrix description is that the weight factor of the
states of the tungsten atom in vapor phase, located in differ-
ent parts of space accessible to it, is uniform. The same state-
ment holds for silver ions in solution.

VIII. CONCLUSION

(1) The systems considered in this paper demand that in
order for their thermodynamic description to be valid,
a fraction of an atom must be a meaningful concept.
This concept has been precisely defined.

(2) The quantum statistical description that uses the den-
sity matrix gives a consistent meaning to the concept
of a fractional atom. Thus the validity of thermody-
namics in these systems requires quantum statistics.

(3) The relationship of the time independent equilibrium
state of thermodynamics to the quantum statistical de-
scription of the equilibrium state is highlighted.

(4) It is stressed that the concept of a dynamic equilibrium
is outside the scope of classical thermodynamics.
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Flow profile study using miniature laser-Doppler velocimetry
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We present a physics experiment, in which laser-Doppler velocimetry is used to make first-year
university physics students realize that the idealized solutions offered by standard text books seldom
are applicable without corrections, which often are numerical. This is demonstrated by carefully
measuring and calculating the flow profile in a rectangular pipe. © 1995 American Association of

Physics Teachers.

INTRODUCTION

Most standard undergraduate textbooks heavily focus on
problems for idealized situations that can be solved analyti-
cally. This is not sufficient when dealing with problems that
the students will face later on as physicists in the real world.
It is our opinion that the students have to learn how to solve
those problems as well. The lack of study material about
nonideal situations in text books can partly be compensated

1028 Am. J. Phys. 63 (11), November 1995

by letting students perform experiments in which a well-
known analytical solution is only an approximation and a
numerical correction to the analytical approach is necessary.

Such a problem is the laminar flow of a liquid in a pipe
with a rectangular cross section. In this case the velocity
profile can be written as the sum of the Poiseuille profile and
correction terms in the form of a series expansion. The actual
velocity profile can be measured by means of a laser-Doppler
velocimeter and compared with the theoretical profile. The
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expression for the flow between two large parallel plates
situated close to each other will offer the analytical approxi-
mation.

This article deals with such an experiment, using a dual-
beam differential laser-Doppler velocimeter and a flow in a
rectangular pipe. The measured flow profile can be fitted
with the Poiseuille profile together with terms of a series
expansion as a correction. The extra terms can be found by
solving the Poisson equation. The setup of the experiment
was developed for first-year university physics students. For
the laser-Doppler measurements a ready-to-use miniature ve-
locimeter, using a diode laser, was applied. Fourier transfor-
mation of the time signals is performed on-line using a per-
sonal computer. The experiment was designed in such a way
that the process of signal-processing and handshaking in the
interface between the velocimeter and the computer is made
transparent.

THEORY

For the description of a laminar flow profile in a rectan-
gular pipe the Poiseuille law can be used. Denoting the hori-

]

1 dp{ , 232x

zontal and vertical half-widths by x, and x,, and the corre-
sponding variables by x; and x,, respectively
(—x,<x1<+x; and —x,<x,<+x,), the proﬁle in the ver-
tical direction can approx1mately be written:!

1 dp
V(X1,X)~v(x)=5— 27 qz (x "xz) 1)

where dp/dz is the pressure gradient in the z direction along
the pipe and 7 is the viscosity. In fact, this approximation is
only valid in the case of x;,>x,, thus describing a flow be-
tween two large parallel plates which are relatively close to
each other.

In the case of slow viscous flow in a pipe with a rectan-
gular cross section and a constant pressure gradient that gen-
erates a rectilinear flow along the pipe, the hydrodynamic
equation can be reduced’ to Poisson’s equation. In the Ap-
pendix it is shown that this leads to a correction in the form
of a series expansion. With these correction terms the com-
plete expression will read

—1)"*1 cosh((2n+1)mx,/2x,)cos((2n+ 1) mx,/2x,)

V(xth)

:277 dz\ ¥~ 2

with cosh(x) = [exp(x) +exp(—x)]/2. From this expression it
is clear that the actual profile will deviate from the Poiseuille
profile, which is given by the first term.

This expression can be used to compare measured and
calculated flow profile data in the setup described in the fol-
lowing section.

EXPERIMENT

The technique of laser-Doppler velocimetry can be re-
garded as well known® (see Ref. 4 for recent advances). In
the last five years one artlcle about the technique has been
published in this Joumal This article dealt with the mea-
surement of a moving mirror using a Michelson interferom-
eter setup. We may focus on the description of the instrument
used with the present experiment.

A few years ago in our department a mlnlature differential
laser-Doppler velocimeter was developed® that uses a semi-
conductor laser as the light source. This cheap, compact, and
easy-to-use velocimeter is called MIRA (mini-interfering
rays anemometer), and the paramount advantage of the in-
strument is that it makes accurate velocimetry feasible with-

6
1 2 2 I 5
*}:—W

Fig. 1. Scheme of the miniature laser-Doppler velocimeter MIRA [1: diode
laser, 2: gradient-index lens, 3: grating, 4: photodiode, 5: achromatic lenses,
6: beam stopper, 7: external photodiode (optional)]. Dimensions of the hous-
ing, including 1-6: 12X4X4 cm. Distance from the output lens to the cross-
ing point of the beams: 2—-10 cm adjustable.
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out alignment problems, often encountered with velocimeters
using gas lasers. The overall dimensions of the instrument
used in the present experiment are 12X4X4 cm. A smaller
version, with a cylindrical shape of 1 cm diameter and 5 cm
length, is available as well.

The configuration of the MIRA is simple. A sketch of the
instrument can be found in Fig. 1. A semiconductor laser
(wavelength A=790 nm) is placed directly in front of a
gradient-index lens that focuses the beam onto a grating,
which splits the beams into two coherent beams. Normally a
phase grating is used; as a result, the two first-order beams
contain almost all the intensity (about 90%). Two plano-
convex achromatic lenses bring the two beams together to
form an interference pattern with a very small volume, A
photograph of the interference pattern is shown in Fig, 2. The

Fig. 2. Photograph of the interference volume, taken along the optical axis.
Fringe spacing: s=4.6 pum at A=800 nm and a=10°.
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Fig. 3. Total setup of the experiment. Flow pipe: rectangular cross section; glass, 2x,=20 mm and 2x,=20 mm; length=800 mm with outlets of 50 mm

adapting to a tube connection with a diameter of 23 mm.

distance s between two fringes of maximum intensity can be
expressed in terms of the wavelength A of the laser and the
angle a between the two coherent beams:

s=\/(2 sin(a@/2)). (3)

From the photograph we can conclude that the interference
volume has about 24 maxima, so the radius of the interfer-
ence volume can be calculated provided s is known.

‘When small particles pass through the interference pattern,
laser light will be scattered. The scattering amplitude will
depend on the relative refractive index and the shape of the
particles. To avoid blurring, the particle size must be smaller
than the fringe spacing, and only one particle is allowed to
be present in the interference pattern at the same time. Al-
though normally backscattering is far less intense than for-
ward scattering, the MIRA contains a built-in photodiode for
detection of the scattered light.

Upon detection the light scattering signal will contain a
Doppler beat. The characteristic Doppler frequency f, de-
pends on the fringe distance s, the angle 8 between the ve-
locity vector of the particle and the normal on the planes
through the fringes, and the velocity of the particle v:

fa=wv cos Bis. @)

The small current signal from the photodiode is converted
into a voltage signal and filtered to obtain a good signal-to-
noise ratio. A first-order high-pass filter at 200 Hz is used to
block the mains frequency. A variable low-pass first-order
filter avoids aliasing when the signal is sampled.

In liquids with suspended particles it is very hard to obtain
a continuous Doppler frequency signal. To achieve this, on
the average one particle always has to be present in the
fringe volume. A better way to measure velocity is to use
single bursts, arising from a single particle in the fringe vol-
ume. The concentration of particles has to be low and in the
case of water normal tap water often suffices. In distilled
water or other transparent liquids, particles with a diameter
in the order of the fringe spacing can be added, e.g., poly-
styrene spheres, intralipid or TiO, particles.

To detect single bursts, we sampled the signal using an
AD-converter (Metrabyte DASH 16F with maximum sample
frequency of 100 kHz) connected to a personal computer
with a 486 processor. The sampling is a continuous back-
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ground operation so the CPU of the PC can be used to in-
spect the signal for the occurrence of a burst continuously. A
criterion for the acceptance of bursts, that works very well in
practice for relatively clean liquids, uses a simple trigger
based upon voltage level discrimination. The sample fre-
quency was set at such a value that the burst will fill a
sample window of 1024 points in an optimal way.

In a liquid with a suitable concentration of particles, a
large number of bursts can be obtained within a few seconds.
These time-domain signals are fast Fourier transformed into
the frequency domain. Subsequent bursts can be added in
this domain in order to improve the accuracy and reliability
of the measurement. The Fourier spectrum will clearly show
a peak at the Doppler frequency.

In the present instrument the total signal-processing part
of the process of sampling and transforming the signal is
integrated in a mouse-driven program. This allows the stu-
dent to focus his or her attention on how to measure and
analyze a velocity profile by using laser-Doppler velocimetry
as a measuring tool. The program gives the user the oppor-
tunity to visually inspect the bursts in the time domain and
decide whether the whole or a part of the signal will be used
for further processing.

The setup of the experiment is shown in Fig. 3. The flow
pipe with rectangular cross section is made of glass, with a
reflective back side. This enables the MIRA photodiode to
detect forward scattered light. A steady flow is obtained by
using a gear pump and a closed flow system with two reser-
voirs. To scan the profile in the pipe, the MIRA can be
moved in three perpendicular directions using translational
stages.

The resolution of the velocity profile obtained in this way
is limited by the fringe volume of the MIRA. If we assume
that the interference pattern is formed by two Gaussian
beams with waist wg, the boundary of the pattern is an el-
lipsoid with axis lengths a, b, and ¢ given by:

b=2wy/cos(a/2), c=2wq/sin(a/2),

)

with ¢ measured along the optical symmetry axis, a and b
perpendicular to ¢, and a,b perpendicular and parallel, re-
spectively, to the plane formed by the two beams. We can
estimate b by multiplying the number of maxima in a single

a=2w0,
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Fig. 4. Relation between the measured frequency and the velocity of a
rotation wheel with a least-squares fit (a calibration experiment as an intro-
duction).

burst [14 in Fig. 5(a)] and the fringe distance s. With s=4.7
pm this results in a=66 um, b=66 um, and ¢c=770 um.

In the experiments we encountered the problem of reflec-
tions of the laser beams into the built-in diode by the reflect-
ing backside of the glass pipe. This caused electronic over-
steering of the detector. These reflections can be minimized
by rotating the MIRA over a small angle in the horizontal
plane. This will have a negligible effect on the measure-
ments.

The Doppler frequency spectrum is. calculated by a fast
Fourier algorithm, which can be run by the student after each
velocity measurement. It is also possible to average over a
predefined number of bursts before Fourier transforming the
time signals. From the frequency spectrum on the screen the
average velocity (with error bar) can be derived, with the
help of Eq. (4) [see Figs. 5(a) and 5(b)).

DESIGN OF THE STUDENT EXPERIMENT

In the course of three afternoons, the student is led through
the following experiments.

(1) Determine the relationship between the measured fre-
quency and the velocity of the scatterers by using a
rotating wheel covered with a piece of paper.

(2a) Measure and interpret velocity profiles half-way
-along the pipe at a moderate pump rate (laminar flow)
and compare these with the theoretical expectations
for this flow rate.

(2b) Measure and interpret the velocny profiles, to be
measured at the entrance of the pipe and investigate
how these profiles dev1ate from the theoretical pro-
files.

(2c) Investigate the effects of increasing the velocity be-
yond the laminar-turbulent transition,

Experiment 1 is an introductory experiment, meant as cali-
bration of the instrument; the velocity of the wheel can be
measured independently, and the laser-Doppler frequency
from the light scattered by the fibers in the paper can be
measured. In experiment 2a the theoretical values will con-
sist of the Poiseuille profile plus the higher-order terms,
which ought to be calculated with the help of a computer.
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Fig. 5. A burst in the time domain (a) and the frequency domain (b).

These values are compared to the measured profile, as shown
in Fig. 6. In experiment 2b the effects of entrance problems
will show up and in experiment 2c the Reynolds number
may be introduced. Experiment 1 is obligatory; afterwards a
choice between 2a, 2b, or 2¢ can be made.

PERFORMANCE OF THE INSTRUMENT

The Doppler measurements with the. rotating wheel (ex-
periment 1) will give the student a good idea of the relation-
ship between the velocity and frequencies involved and of
the signal processing. Figure 4-was obtained by averaging
ten measurements at several different speeds of the wheel. It
can be seen that the relation is linear, as expected. The error
in the frequency measurements is mainly determined by the
spread in the velocity of the added bursts. For the present
instrument the following relationship is obtained:

Fa/v=(2.13%0.09)x10° Hz/(m/s). (6)

An example of a single burst due to scattering of a single
particle in the flow is shown in Fig. 5(a). The Fourier trans-
form of this signal shows a clear peak, this being the Doppler
frequency [F1g 5(b)]. For reliable Doppler measurements at
a given point in the pipe, a number of these bursts are mea-
sured and averaged in the frequency domain. The spread in
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Fig. 6. Velocity profile for x,=0.0 mm and x,=7.0 mm. Dotted line: Poi-
seuille approximation only; full lines through the measured points: including
the correction terms in Eq. (2) up to n=8 (convergence up to 92%).

the peak frequencies is due to the steadiness of the flow, the
degree of turbulence, or the finite dimensions of the interfer-
ence pattern.

To illustrate the performance of the instrument, the veloc-
ity profiles in the pipe are measured at x,=0.0 mm and
x,=7.0 mm by varying x,. Here at each x; position 20
bursts were averaged. The pump rate @ for these measure-
ments was measured independently, to be 2.73X107% m?/s.
By measuring the velocity profile over the whole cross sec-
tion of the pipe we can determine (dp/dz)/2»n using

+x, {tx
b= f f v(xq,x2)dx, dx;. 7
Xy S TXp

In Fig. 6 both the measured velocity profile of the two Dop-
pler measurements as well as the theoretical profile using the
value for (dp/dz)/2 n obtained with the help of Eq. (7) are
shown. The correspondence is quite good. The Poiseuille
profile is clearly seen to be an approximation only. At higher
pump rates the Doppler peak broadens due to turbulence ef-
fects.

STUDENT’S IMPRESSIONS

Having developed a setup with which it is easy to measure
the Doppler frequencies of suspended particles by “aiming”
the MIRA at a specific point in the pipe and waiting for the
computer to accomplish its task of gathering Doppler bursts,
we felt that the experiment of measuring velocity profiles
was within reach of first-year university students in applied
physics. We therefore tested this assumption with a number
of those students.

The students who have performed this experiment felt that
it gave them more insight in the possibilities of the modern
measurement techniques and the use of computers in experi-
ments. The experiment was highly recommended by the stu-
dents.

Prior to the experiments, the students have to become in-
troduced to the relevant theory, consisting of Poiseuille’s law
and the mathematics of the corrections.
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CONCLUSIONS

The velocity profile measured with the MIRA in a pipe
with rectangular cross section corresponds to the behavior
predicted with the Poiseuille profile and the correcting seriés
expansion. It can be seen by the student that the Poiseuille
profile is just an approximation and that the series expansion
is needed to obtain a better description of the measured pro-
file.

The experiment gives the student the opportunity to work
with modern miniature laser equipment, with software to
transform the data into frequency spectra. These frequency
spectra have to be transformed into velocity profiles with the
help of another computer program. The student will have to
interpret these results and compare them with the analytical
description.

The computer programs for measuring and interpreting the
data are available on request.
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APPENDIX

In this Appendix a short survey will be given over the way
of calculating the correction terms in Eq. (2). A full descrip-
tion can be found in Ref. 11.

We start with the Poisson equation for the velocity in the z
direction:

Vip= il + 7 V=—l££ (A1)
5;:? 5?2- ndz’

The solution for this equation for the case of a flow between
large plates is given by Eq. (1). For the description of the
rectangular pipe we insert in this equation a correction term

u(xy,x,):

_ 1 dp 2 2
Wy 0= 5 o [~ ulx xo)] (A2)
and it is seen that for this correction term:
Viu=0. (A3)

Now the Laplace equation (A3) has to be solved. We require
that the velocity », as a function of the horizontal direction
x; and the vertical direction x,, at the boundary of the pipe is
zero. This means that

u=x3-x* on x;=%x;,\u=0 on x,=*x,. (Ad)

The solution is found using the method of separation of vari-
ables. This leads to ‘

@

u(xy,x,)= >, A, cosh ¢,x; cos ¢ x,. (AS)
n=0

The coefficients A, and c, can be found by insertion of the
boundary conditions. Using the orthogonality relation

+x,
j COS C,Xp COS CppXy dX2= 06y, (A6)
—x,
with &,,, as the Kronecker delta, we obtain
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x,” 7" 2(m+1)>n cosh c,x;,

by which Eq. (2) is obtained.

(A7)
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Nonlinear crosstalk in a multichannel fiber-optic communication system
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Nonlinear mixing between the longitudinal modes of multimode laser pulses is used to illustrate the
effects of nonlinear crosstalk in multichannel communication systems. The results of the
experiments are compared with a simple theoretical model that was described in a recent article. The
article concludes with suggestions for experiments in nonlinear fiber optics for undergraduate and
masters students. © 1995 American Association of Physics Teachers.

I. INTRODUCTION

The nonlinear propagation of pulsed laser light through
optical fiber is a topic of great importance to science and
technology. The primary driving force behind research in
nonlinear fiber optics is the potential (only partially realized
to date) of fiber-optic communication systems to dramati-
cally increase the speed of digital information transport over
their electronic counterparts. Nonlinearity frequently places
limitations on high speed optical communication systems;
consequently, it is 1mportant to understand nonlinear optical
processes in fiber.'~

Frequency-division multiplexing (FDM) is one technique
for increasing the speed of optical communication systems
that is currently receiving much attention. A FDM system
uses optical carrier waves of slightly different frequencies
that travel through the same fiber to encode different signals.
For example, two phone conversations might be multiplexed
onto a common strand of fiber by using a separate laser with
a different operating wavelength to optically encode each
voice signal. At the output end of the fiber, a dispersive ele-
ment (such as a grating) can be used to route each signal to
the proper destination. Of course, one can multiplex more
than two channels so that the information capacity of a single
strand of fiber seems boundless.>

As you probably anticipated, nonlinearity will limit how
many channels you can add to a FDM system. The different
channels, which are supposed to be independent, can begin
to interact because of the intensity dependence of the refrac-
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tive index of the glass fiber. One bit (or pulse) modulates the
index seen by another bit, which is equivalent to modulating
its phase. This phase modulation leads to the production of
sidebands which drain energy from the original carrier
waves. The sidebands may also overlap with other carriers
and interfere with them, leading to transmission errors.>™
The input and output spectra for a two channel FDM system
when nonlinearity is important is shown in Fig. 1. Thus, in
order to properly design a FDM communication system, we
must understand about nonlinear crosstalk between dlfferent
channels.

In this article we describe measurements that illustrate the
nonlinear mixing that we have just outlined. These measure-
ments are compared with a simple theoretical model for non-
linear propagation in fiber that was presented in a recent

article.! Discrepancies between the measured and calculated

Optical
Fiber
— —
Input Output
Spectrum Spectrum

Fig. 1. Input and output spectra for a two channel FDM system illustrating
the effects of nonlinear crosstalk.
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