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A Generalized Traction Curve for
EHL Contacts
In this paper the subject of friction prediction is revisited, with the aim of obtainin
general formula predicting the coefficient of friction over a wide range of opera
conditions. By means of full numerical simulations of the smooth isothermal ell
contact, and assuming an Eyring non-Newtonian behavior, the coefficient of frictio
computed for a wide range of operating conditions. It is shown that with respect to sli
friction, all results can be presented on a single generalized friction curve relatin
reduced coefficient of friction to a characteristic nondimensional shear stress. Final
is shown that some measured data presented in the literature when presented in te
the derived parameters closely follow the derived behavior, which provides a valida
of the theoretical results.@DOI: 10.1115/1.1308021#
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I Introduction
The thickness of the lubricant film separating two surfaces o

elastohydrodynamically lubricated~EHL! contact is of crucial im-
portance for the successful operation of the contact. The accu
prediction of the film thickness as a function of the operat
conditions has therefore received much attention in the literat
For ideally smooth surfaces, the film thickness can already
predicted quite accurately with the widely used formulas of Do
son and Higginson@1# and Hamrock and Dowson@2#. Recent
improvements of both numerical and experimental tools allow
increasingly deep insight into the effects of surface roughness~see
Lubrecht and Venner@3# and references therein for the numeric
part, and Spikes@4# and Kaneta and Nishikawa@5# for reviews of
experimental progress!.

Compared to the amount of work dedicated to film thickne
formula in EHL contacts, very little attention has been paid to
development of formulas to predict the coefficient of frictio
However, for industrial applications accurate prediction of t
friction is of equal importance, as it determines the power los
the contact and the efficiency of machine components, e.g., b
ings. Moreover, an accurate prediction of the coefficient of fr
tion is of the utmost importance for the further development
applications such as variable transmission which specifically
on the control of the shear in the lubricant.

The reasons for such a late development are twofold. By c
trast with the film thickness, which is essentially determined at
inlet, friction originates in the center of the contact where t
conditions are such that the rheological behavior of the lubric
film has long been unclear. The debate is not closed yet, bu
main characteristics of lubricant behavior are now taken into
count in generally accepted models; see Johnson and Tevaar
@6#, Bair and Winer@7#, and Evans and Johnson@8#. Concurrently,
the incorporation of non-Newtonian rheology in the EHL conta
model has proved to be difficult for general elliptical contacts.
a result, most solvers for the EHL problem, incorporating no
Newtonian lubricant behavior have been restricted to the line c
tact, and most point contact predictions are based on approxim
formulas derived from simplified film thickness and pressu
solutions.

Examples of non-Newtonian EHL line contact studies are giv
by Jacobson and Hamrock@9#, Houpert and Hamrock@10#, Conry,
Wang, and Cusano,@11#, Lee and Hamrock@12#, Sui and Sadegh
@13#, and Hsiao and Hamrock@14#. In those studies, however

Contributed by the Tribology Division of THE AMERICAN SOCIETY OF ME-
CHANICAL ENGINEERSfor presentation at the STLE/ASME Tribology Conferenc
Seattle, WA, October 1–4. Manuscript received by the Tribology Division Jan.
2000; revised manuscript received June 8, 2000. Paper No. 2000-TR1B-11. As
ate Editor: B. O. Jacobson.
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computed values of friction are presented only for a few isola
cases, and no attempt is made to derive a general formul
predict traction as a function of the operating conditions. T
same applies to the few studies dealing with the full numeri
simulation of non-Newtonian elliptical contacts, where little atte
tion was paid to the prediction of traction as a function of t
governing parameters in a systematic way; see Kim and Sad
@15# and Holt, Evans, and Snidle@16#. As a result, with respect to
the prediction of traction one has to rely on results obtained us
approximate approaches where specific assumptions are mad
garding the pressure profile and film shape; see Evans
Johnson@17# and Olver and Spikes@18#. However, it should be
noted that these latter studies at least have shed some light o
characteristic parameters that determine friction in the contac

In this paper both a complete solution of the non-Newton
elliptical contact and the development of simple formulas for p
dicting friction are addressed. It is shown by full numerical sim
lations for varying load conditions, lubricant parameters, and c
tact geometry~including line contacts! that all computed friction
results can be represented on a single ‘‘mastercurve,’’ givin
reduced friction coefficient as a function of a nondimensio
shear stress. This strongly suggests that a unifying mechan
exists that governs the friction in EHL contacts. This claim
supported by the fact that experimental friction coefficients av
able in the literature, when plotted as a function of the identifi
parameters, closely follow the obtained mastercurve.

II Problem Presentation

A Equations. The equations have been nondimensionaliz
using the Hertzian dry contact parameters and the lubricant p
erties at ambient pressure; see Nomenclature. Effective viscos
are introduced to account for the effects of non-Newtonian lub
cant behavior. The dimensionless Reynolds equation for the e
tic contact can be written as

]

]X S r̄H3

lh̄X

]P

]XD1k2
]

]Y S r̄H3

lh̄Y

]P

]YD2
]~ r̄H !

]X
50, (1)

with the boundary conditionsP50, and the cavitation condition
P>0 everywhere. In this equationk is the aspect ratio of the
Hertzian contact ellipsoid,

k5a/b,

andl a dimensionless speed parameter:

l5~6h0usa!/~c2pH!.

h̄X and h̄Y are the effective viscosities in theX and Y direction,
respectively. For the line contact problem and various types

,
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non-Newtonian behavior, an expression for the effective visco
can be derived analytically; see Refs.@11#, @12#, and @19#. How-
ever, for the point contact problem, this is not possible. A w
around this is to use approximate expressions derived from a
turbation approach; see Ref.@20#. For the case of the Eyring
model this leads to the following expressions for dimensionl
effective viscosities:

h̄X5h̄/cosh~ t̄m!, (2)

h̄Y5h̄/~ t̄m sinh~ t̄m!!, (3)

where the dimensionless mean shear stress is given by

t̄m5sinh21S N h̄S

H D , (4)

with

N5
lpH

2 K
6E8t0

.

The perturbation analysis is based on the assumption that
shear stresses are only partially coupled,te5tx5tm1z(]p/]x)
and that the mean shear stress in they direction is negligible, so
ty5z(]p/]y), wherez varies from (2h/2) to (1h/2). For de-
tails regarding to the perturbation analysis the reader is referre
Refs.@20# and @21#.

In its simplest form the lubricant density is assumed to be c
stant r̄51, and the viscosity is taken to depend on the press
according to the Barus equation. In dimensionless form, this eq
tion is given by

h̄5exp~ āP!, (5)

Alternatively the variations of the density with pressure can
modeled with the Dowson and Higginson relation@1#, and the
Roelands viscosity pressure equation@22# can be used.

The dimensionless film thickness equation is given by

H~X,Y!5D1SX21~12S!Y2

1
1

pK E E
S

P~X8,Y8!dX8dY8

Ak2~X2X8!1~Y2Y8!
, (6)

whereS5S(k) is a shape factor due to the ellipticity of the co
tact ~see Sec. I!, andD is an integration constant determined b
the force balance condition:

E E
S
PdXdY5

2p

3
(7)

Finally, the reduced coefficient of friction is defined as

m̄5m
pH

t0
5

**St̄xdXdY

**SPdXdY
. (8)

B Control Parameters. The aim of this paper is to map th
coefficient of friction as a function of the operating condition
and to obtain a simple and accurate description for use in prac
For the simplest case of an incompressible lubricant obeying
Barus equation, it can be easily inferred from the equations gi
in Sec. III A thatm̄ is a function ofā, l, k, andN. Alternatively,
the so-called Moes parameters derived using optimum simila
analysis could be used; see Moes@23#. In that case one obtain
four parameters,M, L, D ~please refer to Nomenclature!, and

S̄5SS ush0E8

t0
2Rx

D 1/2

. (9)

For the circular contact (D51), it follows thatm̄ is a function of
M, L, and S̄ only. The specific form of the relationm̄
5 f (M ,L,S̄) is first investigated for this simplest case. Subs
quently the changes brought about by the introduction of co
Journal of Tribology
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pressibility and the replacement of Barus viscosity pressure r
tion by the more realistic Roelands relation are studied. Fina
the effects of contact ellipticity are considered.

III Friction Calculations
The investigation is conducted using a multigrid solver inc

porating non-Newtonian effects. The numerical details and an
dication of the numerical accuracy of the analysis are presente
the Appendix.

A Barus-incompressible Lubricant. A circular contact us-
ing an incompressible lubricant following Barus’ viscosity pre
sure relation is first considered. For this problem the reduced
efficient of friction m̄ has been computed for a wide range
conditions: 50<M<1000, 1<L<15, and 0.01<S<1. A regres-
sion analysis is then performed on the computed friction data
derive a parameter, cluster ofM, L, andS̄, representing the sever
ity of the operating conditions. The result of the analys
S̄1/4ML3, enables the computed friction coefficients to fall rel
tively closely on one curve forS̄1/4ML3>104 while being scat-
tered rather widely for lower values; see Fig. 1. A further exam
nation shows, however, thatS̄1/4ML3 approximates the shea
stress in the center of the contact. Expressing the central
thicknessHc and the dimensionless viscosity parameterā as func-
tions of M andL, ~see Ref.@24#!,

Hc51.7M 21/9L3/4, (10)

one finds

S̄1/4ML3;c1S S̄ā12

Hc
D 1/4

. (11)

Taking the high power ofā as an indication that the viscosity i
the contact must be taken into account, it appears that the sev
of the operating conditions should be represented by a chara
istic shear stress:

t̄c5
h̄~pH!S̄

Hc
. (12)

Thus it seems that instead of expressingm̄ as a function ofM, L,
and S̄, it should be related tot̄c . This is confirmed by Fig. 2,
where the calculational results are given in the formm̄5m̄( t̄c).
The results fall closely on a single curve which is approximat
given by

m̄5sinh21~ t̄c/5!. (13)

Fig. 1 Computed reduced friction coefficient, m̄, as a function
of the dimensionless parameter S̄1Õ4ML 3 for a Barus-
incompressible lubricant.
APRIL 2001, Vol. 123 Õ 249
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However, for low values oft̄c , the results form a cluster of point
straying away from the curve. This indicates that not all source
friction are equally well represented by the parameters. This s
tering at low values oft̄c is explained by the fact that under the
conditions~low slip! the rolling friction is dominant. Thus a pa
rameter such ast̄c , based on the shear of the lubricant film in th
center of the contact, cannot accurately characterize the fricti
behavior. The use oft̄c is therefore restricted to the sliding fric
tion. This is confirmed by Fig. 3, where for the same cases
shown in Figs. 1 and 2 the computed reduced coefficient of f
tion based on the terms associated with sliding friction only
presented as a function oft̄c . That is, Fig. 3 was obtained b
subtracting the contribution of the rolling friction. Consequent
in the rest of this work, coefficients of friction due only to slidin
friction will be considered. For most practical applications t
operating conditions are such that sliding friction prevails, and
rolling friction contribution can be neglected without significant
reducing the accuracy of the analysis.

Concluding this preliminary analysis, a set of paramete
( t̄c ,m̄) has been derived characterizing uniquely the coefficien
friction for the case of a circular contact and incompressible
bricant obeying the Barus viscosity pressure relation. The form
the parameters strongly suggests, however, that they ma
equally well suited for all cases where the shear of the lubric
film in the center of the contact is the predominant source

Fig. 2 Computed reduced friction coefficient m̄ as a function
of t̄c for a Barus-incompressible lubricant. Dashed curve: Eq.
„13….

Fig. 3 Computed reduced sliding coefficient of friction m̄ as a
function of t̄c for a Barus-incompressible lubricant. Dashed
curve: Eq. „13….
250 Õ Vol. 123, APRIL 2001
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friction. This means that results obtained when more realistic v
cosity pressure equations are used or when the contact is
longer circular should follow the same behavior. This is inves
gated in the following sections.

B Varying Lubricant Properties. Coefficients of friction
are first computed for varying lubricant properties while keepi
the contact configuration circular. The lubricant parameters
taken to represent three widely different lubricants~see Table I!: a
mineral oil A, a traction fluid, and a polyphenyl ether~5P4E!.

The conditions are now taken to be as close as possible to
traction tests conditions meaning that the lubricants are compr
ible and Roelands pressure-viscosity relation is preferred to
rus’. Operating conditions are varied widely with a maximu
Hertzian pressure ranging from 1 to 3 GPa at temperatures o
to 100°C. Note that the temperature only affects the viscosity
ambient pressure. In all cases an isothermal contact is assu
Therefore the variations of slip are kept in a small range to ens
that this assumption is justified~see Table II!. These conditions
can be translated in terms ofM, L, and S̄ using Rx51.038 75
31022 m andE85226 GPa. Finally,t0 is varied from 4 to 8 MPa
to study its influence on friction, rather than taken at its real va
as determined by experiments. The resulting reduced coeffici
of friction are plotted as a function oft̄c in Figs. 4, 5, and 6~note
that a log-linear scale is now used!. For all three lubricants the

Table 1 Lubricant properties. The viscosity at ambient pres-
sure h0 , is given in mPa, and the pressure viscosity coefficient
a in GPaÀ1.

Table 2 Range of variations of the parameters

Fig. 4 Computed reduced sliding coefficient of friction m̄ as a
function of t̄c for mineral oil A. Dashed curve: Eq. „13….
Transactions of the ASME
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friction data collapses on the mastercurve@Eq. ~13!#, thereby in-
dicating that t̄c and m̄ are a very useful set of parameters
describe the frictional behavior, even for more general cases

C Varying Contact Ellipticity. The mineral oil A is
singled out and the influence of contact geometry investiga
The friction coefficients were computed for an elliptical conta
with Rx /Ry51/2 and 1/5, and five load cases are chosen suc
to cover the range of variation of the characteristic shear str
t̄c , see Table III. In addition, using a separate approach base
the equations presented in Ref.@11# the same computations hav
been performed for a line contact configuration. The results of

Fig. 5 Computed reduced sliding coefficient of friction m̄ as a
function of t̄c for the traction fluid. Dashed curve: Eq. „13….

Fig. 6 Computed reduced sliding coefficient of friction m̄ as a
function of t̄c for 5P4E. Dashed curve: Eq. „13….

Table 3 Cases considered in the investigation of the contact
configuration influence
Journal of Tribology
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elliptical and line contacts are presented in Fig. 7. All the d
points closely follow the behavior predicted by Eq.~14!. This
implies that the two parametersm̄ and t̄c characterize the fric-
tional behavior for a general contact geometry.

IV Experimental Validation
The close fit of Eq.~13! with the computed values of the re

duced friction coefficient over a wide range of conditions enco
passing several lubricants and ellipticity ratios indicates t
( t̄c ,m̄) reflect a unified mechanism determining friction in EH
contacts. In this section, an experimental corroboration is sou
by looking at experimental traction results presented in the lite
ture, using (t̄c ,m̄) as a frame of analysis.

The present work is restricted to the Eyring model; thus
experimental results must come from tests where the lubric
follows an Eyring behavior and where the Eyring stress,t0 , is
measured. This limits the validation to data obtained from tract
tests on two-disk machines.

Two sources are used here, Evans and Johnson@8,17# and
Klein-Meuleman, Lubrecht, and ten Napel@25#. From the former,
experimental coefficients of friction are extracted for a mineral
B, the traction fluid used previously, and 5P4E under line con
conditions. The friction coefficients given in Figs. 2, 4, and 6
Ref. @17# are transformed intom̄ usingt0 as given in Figs. 6, 7,
and 8 of Ref.@8# under the conditions considered. Similarly,t̄c is
obtained fromġ of Figs. 2, 4 and 6 of Ref.@17#: the value of the
slip is extracted fromġ using Dowson and Higginson’s formul
@1# for the film thickness, and the viscosity at the maximum He
zian pressure is read on the experimental viscosity pressure gr
3, 4, and 5 of Ref.@8#. In the experiments of Ref.@25#, a circular
contact using a third mineral oil~C! as lubricant is considered
The experimentally measured coefficient of friction is transform
into m̄ using the value oft0 obtained by fitting a therma
Maxwell-Eyring model to the measured data.t̄c is obtained using
the slip value given in the traction curve, the viscosity at t
maximum Hertzian pressure as given by the Roelands equa
and the central film thickness given by Eq.~10!.

The experimental results expressed in terms of (t̄c ,m̄) are dis-
played in Fig. 8. Regardless of variations in contact configurati
or lubricant properties, the test results all fall rather closely on
mastercurve derived from the present numerical results. At
point it is noted that a reasonable agreement between theore
and experimental results could be anticipated, because the l
results were taken from cases which were fitted to the Eyr
model. However, it is still remarkable that experimental resu
obtained for widely different conditions can be brought togeth

Fig. 7 Sliding friction results for different ellipticity ratios,
mineral oil A. Dashed curve: Eq. „13….
APRIL 2001, Vol. 123 Õ 251
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on a single curve by usingt̄c . This makes a strong case for th
combination (t̄c ,m̄) as parameters characterizing friction for th
general case.

V Conclusions
The friction in smooth isothermal elliptic EHL contacts h

been studied as a function of the operating conditions for the c
of non-Newtonian lubricant behavior according to the Eyri
model. It was found that the computed sliding friction value
when presented in the form of a generalized coefficient of frict
as a function of a characteristic nondimensional shear str
closely fall on a single curve that is accurately approximated
the following formula:

m̄5sinh21~ t̄c/5!. (14)

This observed behavior seems to suggest the existence of a
fying mechanism determining the sliding friction in EHL contac
By this it is meant that also when other rheological models
used e.g., a limiting shear stress model, one may expect to fi
single curvem̄5m̄( t̄c) but in that case the form of the curve wi
be different from Eq.~14!. The validation of this assertion form
the topic of future research.

A formula such as Eq.~14! obviously forms a simple tool for
engineering use to predict sliding friction as a function of oper
ing conditions. However, because Eq.~14! is based on results
assuming isothermal conditions, it should still be used with ca
For cases where a significant amount of sliding occurs, the
dicted coefficients of friction will be too large. The extension
the mastercurve to account for such shear heating effects fo
another topic of future research.
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Appendix: Numerical Details
The equations presented in Sec. II A were discretized on a

form grid with second order accuracy. A second order upstre
discretization was used for the wedge term of the Reynolds e
tion, @Eq. ~1!#. The discrete equations were then solved us
multilevel techniques. These techniques were extensively

Fig. 8 Friction results obtained experimentally by Evans and
Johnson †8,17‡ and Klein-Meuleman Lubrecht, and ten Napel
†25‡ plotted using the friction parameters t̄c and m̄. Dashed
curve: Eq. „13….
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The numerical accuracy of the results is analyzed here fo
specific case, a circular contact lubricated with the mineral oil
The contact operates under a maximum Hertzian pressure
GPa, an oil temperature of 40°C, and an average velocity of
m/s ~M51738 andL514.79!. The slip is taken to be 0.5 percen
and the Eyring stress 4 MPa. Table IV presents the calcula
reduced friction coefficient due to sliding friction together wi
the central film thickness as a function of the discretization d
sity. The discretization density can also be expressed in term
levels where level 1 has 434 points, level 2 has 838 points, etc.
The friction coefficient appears to converge much faster than
central film thickness and the difference in friction between lev
6 and 5 is already barely 2.5 percent. Both, however, displa
second-order convergence. While mainly concerned with the f
tion results and therefore satisfied with relatively low levels, le
7 was chosen in this work to provide, nevertheless, an accu
prediction of the film thickness. At this level, one may expect
error of about 5 percent for the film thickness and only 1 perc
for friction.

Nomenclature

a 5 Hertzian contact length,a5(3 f R/E8)1/3(2kE/p)1/3.
b 5 Hertzian contact width,b5a/k.
c 5 Hertzian approach,c5(a2/(2R))(K/E).

D 5 Ellipticity ratio, D5Rx /Ry .
E8: 5 Reduced modulus of elasticity, 2/E85(12n1

2)/E1

1(12n2
2)/E2 .

E 5 Elliptic integral ~second kind!,
E5*0

p/2(12(12k2)2 sin2(c))1/2dc.
f 5 Nominal load.

H 5 Dimensionless film thickness,H5h/c.
Hc : 5 Dimensionless central film thickness~Moes!, Hc

5hc /Rx(h0us /(E8Rx))
21/2.

h 5 Film thickness.
K 5 Elliptic integral ~first kind!,

K5*0
p/2(12(12k2)2 sin2(c))21/2dc.

L 5 Dimensionless lubricant parameter,
L5aE8(h0us /(E8Rx))

1/4.
M 5 Dimensionless load parameter,

M5 f /(E8Rx
2)(E8Rx /(h0us))

3/4.
N 5 Dimensionless parameter,N5lpH

2 K/(6E8t0).
P 5 Dimensionless pressure,P5p/pH .
p 5 Pressure.

pH : 5 Maximum Hertzian pressure,pH53 f /(2pab).
R 5 Reduced radius of curvature,R215Rx

211Ry
21.

Rx : 5 Reduced radius of curvature in thex direction,Rx
21

5Rx1
211Rx2

21.
Ry : 5 Reduced radius of curvature in they direction,Ry

21

5Ry1
211Ry2

21.
S 5 Slide to roll ratio,S52(u22u1)/(u21u1).

S̄: 5 Dimensionless slip parameter,
S̄5S(ush0E8/(t0

2Rx))
1/2.

S 5 Shape factor,S(k)5(E2k2K)/(K2k2K).

Table 4 Variation of the reduced friction coefficient with the
discretization density
Transactions of the ASME
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um : 5 Average velocity,um5(u11u2)/2.
us 5 Sum velocity,us5u11u2 .

u1 ,u2 5 Velocity of the upper and lower surfaces.
X 5 Dimensionless coordinate,X5x/a.
Y 5 Dimensionless coordinate,Y5y/b.

x,y 5 Coordinates.
a 5 Pressure-viscosity coefficient.
ā 5 Dimensionless viscosity parameter,ā5apH .
D 5 Dimensionless mutual approach,D5d/c.
d 5 Mutual approach.
h 5 Viscosity.

h0 5 Viscosity at ambient pressure.
h̄ 5 Dimensionless viscosity,h̄5h/h0 .

h̄X ,h̄Y 5 Dimensionless effective viscosities,h̄X5hX /h0 , h̄Y
5hY /h0 .

k 5 Ellipticity ratio, k5a/b.
l 5 Dimensionless speed parameter,

l5(6h0usa)/(c2pH).
m 5 Friction coefficient.
m̄ 5 Reduced friction coefficient,m̄5mpH /t0 .
n i 5 Poisson ratio of solidi.

tx ,ty 5 Shear stresses in thex andy directions.
te 5 Equivalent shear stress,te5Atx

21ty
2.

t0 5 Eyring stress.
tm 5 Mean shear stress.
t̄c 5 Characteristic dimensionless shear stress,

t̄c5h̄(pH)S̄/Hc .
t̄m 5 Dimensionless mean shear stress,t̄m5tm /t0 .
t̄x 5 Dimensionless shear stress in thex direction, t̄x

5tx /t0 .
r 5 Density.

r0 5 Density at ambient pressure.
r̄ 5 Dimensionless density,r̄5r/r0 .
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