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Abstract. A notion of controlled invariance is developed which is suited to
Hamiltonian control systems. This is done by replacing the controlled in-
variant distribution, as used for general nonlinear control systems, by the
controlled invariant function group. It is shown how Lagrangian or coiso-
tropic controlled invariant function groups can be made invariant by static,
respectively dynamic, Hamiltonian feedback. This constitutes a first step in
the development of a geometric control theory for Hamiltonian systems that
explicitly uses the given structure.

1. Introduction

In the last fifteen years the so-called geometric theory of linear systems has proved
to be a powerful tool in the solution of various control and synthesis problems
(see the trendsetting book of Wonham (1979)). The basic concept in this theory is
the notion of controlled invariance or (A, B)-invariance of a linear subspace of the
state space. Recently, due to the work of Isidori-Krener-Gori-Giorgi-Monaco
(1981a) and Hirschorn (1981) this basic notion has been successfully generalized
to nonlinear systems (Firstly to nonlinear systems which are affine in the inputs
and in Nijmeijer-van der Schaft (1982b) also to general nonlinear systems). In this
nonlinear generalization the linear subspaces are replaced by (involutive) distribu-
tions on the state space, or their corresponding foliations. Roughly speaking, a
distribution on the state space of a system is controlled invariant if it can be made
invariant (in a precise geometric sense) by applying (nonlinear) feedback to the
system. This notion of a controlled invariant distribution has already been used in
problems like nonlinear disturbance decoupling, non-interacting control and
invertibility.
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Although the development of this theory has been very successful, it is clear
that for many control and synthesis purposes it will not be possible to develop an
adequate theory covering all nonlinear systems. For instance the treatment of
stability, which is missing up till now in the nonlinear geometric theory, seems
very hard in the general case. Therefore it will also be necessary to focus on
special types of nonlinear systems. In our opinion, a natural candidate for such a
subclass of nonlinear systems is formed by the Hamiltonian systems, as originally
proposed by Brockett (1977), and developed in a series of papers by the author
and others, see e.g. van der Schaft (1981, 1982, 1983b,c). A prototype of a
Hamiltonian system are the classical Euler-Lagrange equations with external
forces. Although in many applications the Hamiltonian description constitutes an
idealization (neglection of friction, dissipation etc.) it has proved to be at least a
very natural starting point. Outstanding examples are robot manipulators, large
space structures and in general (conservative) mechanical systems.

The basic philosophy of this paper is that in dealing with these Hamiltonian
systems it is worthwhile to explicitly use the Hamiltonian structure in the solution
of control and synthesis problems, and to look for solutions which “remain
within the Hamiltonian framework”. Most importantly, the feedback which is
applied, can and/or should be of a Hamiltonian (and therefore physically
interpretable!) form. Of course one could apply the nonlinear geometric theory
immediately to Hamiltonian systems. However the feedback which is needed to
make a controlled invariant distribution invariant will in general affect the
Hamiltonian form of the equations. Since we want to take advantage of the
Hamiltonian structure and not to reduce the system to an “ordinary” nonlinear
system, this is clearly not satisfying. Therefore as a basic step in building a
geometric theory for Hamiltonian systems we have to develop a notion of
controlled invariance which is particularly suited to Hamiltonian systems. Pre-
liminary work on such a concept of Hamiltonian controlled invariance has already
been done in van der Schaft (1983a) for the case of linear Hamiltonian systems.
In this paper this will be extended to the nonlinear case. The basic contribution
will be the introduction of the controlled invariant function group, which will
replace the controlled invariant distribution. We will prove, under certain condi-
tions, that a Lagrangian controlled invariant function group can be made
invariant by Hamiltonian feedback, i.e. feedback which leaves the Hamiltonian
form invariant, while coisotropic controlled invariant function groups can be
made invariant by dynamic Hamiltonian feedback, i.e. the addition of a Hamilto-
nian compensator. From a mathematical point of view the notion of a Lagrangian
controlled invariant function group is related to the classical concept of complete
integrability of Hamiltonian vectorfields.

Certainly, the theory in this paper should be seen as only a first step in the
development of a geometric control theory of Hamiltonian systems, and so we
will only use Lagrangian and coisotropic controlled invariant function groups in
the solution of the somewhat ubiquitous disturbance decoupling problem for
Hamiltonian systems. Apart from Lagrangian or coisotropic function groups also
symplectic controlied invariant function groups are of much interest. They seem to
be the natural tool in the Hamiltonian non-interacting control problem. This will
be dealt with in a future paper (Nijmeijer & van der Schaft (1984c), see also
(1984b)).
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Hamiltonian systems. We will briefly review the definition of a Hamiltonian
system, see e.g. van der Schaft (1982, 1983b,c). Let M be a 2n-dimensional
connected manifold with symplectic form w. By Darboux’s thc'a'orem there exist

local coordinates (¢, p)=(gy,--, Gy, P1---» P) Such that @ = ) dp, A dg,. Such

i=1
coordinates are called canonical. Given a function F: M — R we define the
Hamiltonian vectorfield X on M by w(Xg, —)= — dF. In canonical coordinates

JoF d dF 8) (1.1)

X = 2(6_17,75(7,_7(173_11.

Given another function G: M — R we define the Poisson bracket { F,G} = X (G)
= w( Xz, X;). In canonical coordinates

{Rm—zﬁﬁﬁ—ﬁﬁ) (12)

dp; dq; dq, dp,

A (coordinate) transformation ¢ : M — M is canonical if ¢ preserves the Poisson
bracket, i.e.

{(Fogp,Gog} = {F,G}eoop VF,G (1.3)

An (affine) Hamiltonian system on M with internal energy H is now defined as

%= Xy(x)= LuXo(x) 5= Glx) (14)

Jj=1

with x = (g, p) canonical coordinates, u = (uy,..., u,,) the inputs, y = (y,,..., ¥,,)
the outputs, and C = (C,,...,C,,) the output mapping. This constitutes a direct
generalization of the classical Euler-Lagrange equations with external forces u,

d{dL dL u, i=1 m
a4 i ey 1.5
(aq,-) 3‘11 {0 i=m+1,...,n ( )
Y =4q; j=1,...,m
. - . 9L
or in Hamiltonian form (with p, = -%- the momenta and H(q, p) = E 97 8 7

L(q, ¢) the internal energy)

q‘i gH l=1a 7"
Pi
8H
pi= - 3 tu i=1,...,m
q;
p,:—?—Z i=m+1,..,n

Y=g, i=1,....m (1.6)
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In fact, if we take Ci(g, p) = q; in (1.4) we obtain (1.6), and conversely if we
allow for canonical coordinate transformations on (g,p) in (1.6), then (1.6)
becomes of the form (1.4).

If we interpret y =(y,,..., y,,) as coordinates for an m-dimensional output
manifold Y, then (y,,..., Y, #;,..., 4,,) can be most naturally interpreted as
natural coordinates for the cotangent bundle T*Y. (If (y,,..., y,,) are arbitrary
coordinates for Y, then we define natural coordinates (y1,..., y,,, #y,-.., 4,,) for
T*Y by lettingma point ( ¥;,..., Jpm» Uy5---» 4,,) in these coordinates correspond to

the one-form Y # ;dy; on Y in the point (7, ..., ¥..)-) Being a coiangent bundle
j=1
T*Y has a natural symplectic form o.'): In fact, if (y,..., Y, tys..., 4,,) are

natural coordinates, then w® equals Y, du ; A dy;. So natural coordinates are
j=1 :

always canonical. Notice that if we choose another set of coordinates (y{,..., y,,)

for Y, then the c&r)nordinates (uy,...,u,,) have to change to (uf,...,4},) in such a

way that w= ) du; A dy;. For instance, if we transform the outputs from
Cartesian to angular coordinates, then the inputs change from translational forces
to torques.

Function groups. We briefly collect some facts about function groups and
Poisson structures, which date back to Lie (1890) and were recently rediscovered
by various authors (cf. Weinstein (1983), Hermann (1977)). Let M be a connected
symplectic manifold with Poisson bracket { F,G} = w( Xy, X;). We call a collec-
tion % of smooth functions from M to R a function space, if

1) & is a linear subspace (over R) of C*(M), the smooth functions on M.

2) If F,..., F,€% and G:R’—R is a smooth function, then G(F,,..., F))
e #. Furthermore, we call # a function group if also

3) Z is closed under Poisson bracket, i.e. if F, F, € #, then { F|, F,} € #.

Notice that by 2) a non-empty function space always contains R, the constant
functions on M (actually by this fact condition 2) implies condition 1)!). Given
some functions F,..., F, on M we denote by span {Fj,..., F,} the smallest
function space containing these functions. Furthermore the sum %'+ %2 of two
function spaces F!, 2 will be the smallest function space containing %' as
well as % 2. Given a function space %, we denote by # the closure of % under
Poisson bracket, i.e. the smallest function group containing % . Furthermore we
define

Fi={GeCc*(M)|{G, F}=0,VFeF) 1.7)
Let now G,,G, € % * and K:R2 - R, then

{K(G1,G,),F} = %(Gsz){GvF}“’ %I‘(;(Glan){Gz,F} =0
(1.8)



Controlled Invariance for Hamiltonian Systems 261
and hence # * is a function space. Furthermore by the Jacobi-identity
{{61,6,}, F} +{{G,, F},G,} +{{F.G.,},G,} = 0 (1.9)
for any G,,G, € ' and F € #. Hence {G,,G,} €EF * and F* is actually
a function group, called the polar group. Finally # N % * is a function space
(resp. group) if & is a function space (resp. group), and the elements of #F N F +

are called the distinguished or Casimir functions. It is clear that for any function
space &

FNFrcFcFc(FL) (1.10)
and for any two function spaces Fj, F,

F+FCFFF c(F nv%l)l

FNFCFNF, c (F+ 7)) (1.11)
For a function space # we define the codistribution d.% as

dF (x) = spang{dF(x)|[FEF},x e M (1.12)
and the distribution Dy as

Dg(x) = spang{ Xp(x)|IFEF }, x € M (1.13)
In order to simplify considerably the technical details of the sequel we make the
following assumption (glso dating back to Lie), which will hold throughout this
paper.

Assumption 1. Every function space satisfies

Condition A. There exists a number of independent functions F,,..., F,
on M such that &% =span{F,,..., F,} (independent means that dim
spang{dF,(x),..., dF,(x)} = k,Vx).

Remeark. In applications this assumption may not be the most natural one.
Instead, one may replace condition A by the weaker

Condition A’. dim d% (x) = constant, Vx
If Condition A’ is satisfied, there exist Jocally k independent functions such
that locally # = span{ F,,..., F; }. However this implies that some of the follow-
ing propositions (especially Lemma 1.2 and its consequences) hold only locally.
With every function group satisfying Condition A we can associate a so-called
Poisson structure. Consider a set of smooth functions w, b f=1,., k on R*.
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They define a Poisson structure if (cf. Weinstein (1983))

i) w,+w,;=0 iLj=1,....k
k

.. ow,, ow, . w.. o

i) Yy Wy ax'l+w,,. 8x,j+w” (')xj; = () i, j,r=1,..,k
=1

By i) the rank of the matrix (w,,(x)) is for every x even. If rank (w,(x)) =k, so
k= 2n,2 for every x, then we speak of a symplectic structure. In fact in this case

w= Y, wY(x)dx, A dx;, where (w/(x)) = (w,(x))”", is a symplectic form on
i j=1
R?" (this follows from i) and ii)).

Given a Poisson structure w;; on R* and a function F on R* we define the
Hamiltonian vectorfield X on R* by

k
Xex) = = % (0 G0 (119

It is easy to see that in case w,; is a symplectic structure this is just the ordinary
definition of a Hamiltonian vectorfield as in (1.1). Moreover we define a Poisson
bracket { , }g« corresponding to the Poisson structure w;; on R as follows. Let

F,G:R* >R, then

(F.Ghu(x) = L w,(1) g5 ()52 (%) (115)

ij=1

Again it is easy to conclude that if w,; is a symplectic structure then this is just
the ordinary Poisson bracket (1.2) on R?". It follows from i) and ii) that { , } g«
is anti-symmetric and satisfies the Jacobi-identity

{{F’G}R"’H}R" +{{G’H}n"’F}nk +{{H’F}R"’G}R" =0 (1-16)

as the ordinary Poisson bracket.

The connection between Poisson structures and function groups satisfying
Condition A is the following. Let % =span{F,,..., F,} be a function group on
(M, ), with F, independent. Then there exist functions w,:R* >R, i, j=
1,..., k, such that

{(F,E}, =w;°(F,....F) (1.17)

It follows from the properties of the usual Poisson bracket on (M, w) that the
functions w; j satisfy i) and ii). Hence a function group satisfying Condition A
defines a Poisson structure! Using the theory of Poisson structures one can prove
the following basic theorem on function groups (Lie (1890), Weinstein (1983)).

Theorem 1.1. Let F be a function group on (M, w) satisfying Condition A such
that d(F N F +)(x) has constant dimension. Suppose dimd ¥ =k and dim d(F
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N F +)=r. Then locally there exist canonical coordinates (q,,...,q,, P1,---» Pu)
for M such that

F = span{qy,...,4;s P1s---> Pis Prs1s-++s Pisr) (1.18)
with 21+ r =k.

Remark. Since the above theorem is local, it remains valid if we replace
Condition A by Condition A’.

We will now derive some propositions which will be useful later on. First we
derive some connections between # and its distribution Dg. '

Lemma 1.2. Let F be a function space satisfying Condition A and let G: M > R
be such that dG € dF (i.e. dG(x) € dF (x),Vx). Then GE F. Also if X; € Dy,
then G € #.

Proof. By Condition A, % = span{ F,,..., F,}, with F, independent functions.
Denote the map (F,,..., F,): M = R¥* by F. Then since dG € d%, there exists a
1-form a; on R* such that F*a;=dG. Hence F*(dag)= d(dG) 0 and so
da;=0. By Poincare’s lemma there exists a function G: R*—>R such that
a; = dG. Therefore d(F*o G)=dG, or equivalently, d(G °(F,,..., F,)—G)=0.
Since M is connected (and hence pathwise connected) this 1mp11es that G=
G o(F,,..., F,)+constant. Since the constant functions are included in # we
obtain G E .97. Finally, if X; € Dg, then dG = — w(X;, —) E€d#, and hence
GeF. m|

A (general) distribution D on M is called involutive if whenever X, and X,
are vectorfields in D (i.e. X,(x)€ D(x), Vx, i =1,2), then also the Lie bracket
[ X7, X,]is contained in D. We obtain

Proposition 1.3. Let F be a function space satisfying Condition A. Then Dg is
involutive if and only if F is a function group.

Proof. Recall the basic identity concerning Lie brackets and Poisson brackets
(cf. Abraham & Marsden (1978)): for every F,G: M >R

[XF’ XG] = X(F,G} (1-19)

Let # be a function group and F,, F, € #. Then [Xg, Xp]= X(p, r,) € Dg.

Since Dg is spanned by Hamiltonian vectorfields this 1mp11es that D, is

involutive. Conversely, assume that D is involutive, and let F, F, € #. Then

X (£, )= [Xg, Xp,) € Dy, and so by Lemma 1.2 {F,, FYe % Hence % is a

function group. O
Now we turn attention to the inclusions (1.10) and (1.11).

Proposition 1.4. Let F be a function group satisfying Condition A. Then

F=(FH (1.20)
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Furthermore, let %#,, %, be function groups satisfying Condition A. Assume
F1+ F, is also a function group satisfying Condition A. Then

Fo+ Fy = (FroF) (1.21)
Assume Ft + F,* is a function group satisfying Condition A. Then

FNF, = (Fr+F74)" (1.22)

Proof. (see also Weinstein (1983), Prop. 7.1). By Condition A, % =span
(Fy,..., F,}, with F, independent. Let F=(F,,..., F,): M — R¥, and denote the
foliation of M with leaves F~!(c), c € R*, by ®. By Prop. 1.4. D is involutive
and has constant dimension. Hence D integrates to a foliation of M which we
denote by ® L. It is easy to see that F * are precisely the functions which are
constant along the leaves of ®* (Notice that % * satisfies Condition A’, but not
necessarily Condition A). Moreover D is the orthogonal complement of Dg
under the symplectic structure w. Hence (% *)* = %.

For the proof of (1.20) we denote the foliations corresponding to #; and %,
by ®, and ®,, and to ¥, + %, by ®,,. By the first part of the proof we get
foliations ®;*, ®;* and ®;,. It is clear that the leaves of ®;-, are exactly
intersections of leaves of ®;* and ®;". By similar reasoning as in the first part
one concludes to (1.21). For (1.22) we notice that by (1.21), #* + %' =
(FH PN (FH) )L, and so by (1.20), F+ + £ =(F,NF)*, and F N
Fr=(F*+ )" =

In Proposition 1.2 we saw that to every function group % satisfying Condi-
tion A there corresponds an involutive distribution D, of constant dimension.
The converse question is answered in

Proposition 1.5. Let D be an involutive distribution of constant dimension. By
Frobenius’ theorem there exist locally independent functions K,,..., K, such that
D(x)=Kerspang{dK (x),...,dK,(x)}. Assume that the functions K,,..., K, are
globally defined. Then:

There exists a function group F such that D= Dg if and only if
span{ K,,..., K} is a function group. Moreover if span { K,,..., K, } is a function
group, then & = (span{K,,..., K. })*.

Proof. Let D= Dg, with # a function group. Then for any F € #
(K, F} = —X(K,) = —dK(Xz) =0,i=1,...,k

Jacobi’s identity then implies
({K,.K;},F} =d{K,K,}(Xz) =O0,VF € F,i,j=1,....k

Hence d{ K, K;}(x) € spang{dK (x),..., dK(x)}, Vx.
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By Lemma 1.2 it follows that {K,, K;} €span{K,,..., K, }. Hence
span{ K,,..., K} is a function group (even satlsfymg Condluon A) It is clear
that span{Kl, JK,(JcF+. Nowlet Ge F+. Then (G, F}=—-dG(X;)=0,
VF e %, and hence Kerspan{dK,..., dK, }(x) = Dg(x) C KerdG(x), or equiv-
alently, dG € span{dK,,..., dK,}. Therefore by Lemma 1.2, G &
span{ K,,..., K, }. Hence span{K,,...,K,} =% *. Conversely, suppose that
span{ K,,..., K, } is a function group. Since D = Kerspan{dKj,...,dK,}, dim D
=2n— k. Define # = (span{K,,..., K, })*. Since span{K,..., K, } is a func-
tion group satisfying condition A it follows from Proposition 1.4 that dim dF =
2n — k. Furthermore it is clear that D, C Kerspan{dKj,...,dK,}= D. Since
dim D, = dim d% = 2n — k, necessarily D = Dy. a

2. Controlled Invariance

Consider an arbitrary affine nonlinear system
%= A(x)+ Y} u;B/(x) (2.1)
j=1

with A4, B,,..., B, smooth vectorfields. Define the distribution % =
span{ B,,..., B, } by #(x)=span{B(x),..., B,(x)}, and define the sum D, +
D, of two distributions D, and D, as the smallest distribution containing D, as
well as D,.

An involutive distribution D is invariant for (2.1) if

i) [4,X]cD

i
-
3

for every X € D, J
i) [B;,X]cD

and locally controlled invariant (Lc.i.) if

i) [4,X]eD+%
forevery Xe€ D, j=1,...,m
i) [B,X|eD+%

or more succinctly

iy [4,D]cD+%#

i) [#,D]cD+% (2.2)

Usually the following standard assumption is made (see Section 3)
Assumption 2. The distributions D, 2 and D + & all have constant dimension.

Roughly speaking, for a definition of local controlled invariance for Hamilto-
nian systems, we replace involutive distributions by function groups and Lie
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brackets by Poisson brackets. First we will state the definitions and develop the
theory without making regularity assumptions as in Assumption 2.

Definition 2.1. Consider a Hamiltonian system (1.4) on (M, w), and let % be a
function group on M. Then ¥ is invariant for (1.4) if

i) {H,F}cF
forevery Fe %, j=1,...,m

i) (G.F)c#

and locally controlled invariant if

iy {H,F}c% +span{C,,...,C,}
forevery FEZF, j=1,....m
i) {C,F}c& +span{C,,...,C,)

or more succinctly if we define € = span{C,,...,C,,}

(H.F)cF+¢
(¢, FYc F+% (2.3)

Remark. In the above definition one can replace function groups by function
spaces, just like one can take arbitrary distributions in (2.2). However if a
function space % satisfies (2.3), then so does the function group #. In fact let
F,, F, € %. Then by the Jacobi-identity

{(H{F,FR}}=~-{F.{FH}}-{F,{H F}} € {F,%+%}
+{F, F+%} C F +%,and similarly {¢,{F,F,}} ¢ # +¢%.

The above definition is justified by the fact that a function group % is
invariant, resp. locally controlled invariant, if and only if its corresponding
distribution D is invariant, resp. locally controlled invariant:

Proposition 2.2. Let F be a function group satisfying Condition A. Then & is an
invariant function group if and only if Dy is an invariant distribution. Moreover
assume that F + € satisfies Condition A. Then & is a l.c.i. function group if and
only if Dg is a l.c.i. distribution.

Proof. Let {H,F}c %, {C, F}CF forany & € #. Then [ Xy, Xpl= X4y, F}
€ Dgand [ X, Xp] € Dg. So Dp is invariant. Conversely if [ X, Xp]= X{H €

D, then by Lemma 1.2, {H F} e #. Similarly for [ X, Xg]. So # is invariant.
Analogously if # is l.c.i. then for any F & F, Xy, Xp|€ Dy y= Dy + D, and
[Xc, x, 1€ Dg + Dg. Therefore Dy is Lci. (In this case & = Dy!). Conversely if
(X, XF]— X(n,r) € Dg+ Dy, then by Lemma 1.2, {H,F} € # + €. Similarly

(C,FYEF +¢. 0
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So every Lc.i. function group & generates a l.c.i. involutive distribution Dg.
Conversely if D =Ker{dK,,...,dK,} is a lci. involutive (2n — k)-dimensional
distribution, then by Proposition 1.5 # = (span{ K,..., K })* is a L.c.i. function
group if span{K,,...,K,} is a function group. (Under the assumption that
F + ¥ satisfies Condition A).

We now set up an algorithm, called the % *-algorithm, to produce the
maximal 1.c.i. function group contained in a given function group. This algorithm
is completely similar to the ¥ *-algorithm in the linear case (Wonham (1979)),
and the corresponding algorithm in the nonlinear case (cf. Isidori et al. (1981a)).
We notice that the existence of a maximal lc.i. function group contained in a
given function group % is already ensured by the following reasoning. Let
F,, %, be lci. and contained in #. Then by an easy application of the
Jacobi-identity #, + %, is again l.c.i. and contained in .#. Introducing a partial
ordering on function groups by setting %, < %, if d%,(x) CdF,(x), VxEM,
and applying Zorn’s lemma, this implies that there exists a maximal l.c.i. function
group  * contained in %.

F *-algorithm. Define

Fl=g
gz-i+1=37n(H+(g)_l(‘9?"+(€) i=1,2,... (2-4)

Here % + % denotes the smallest function space containing ¢ as well as %/, and
for an arbitrary function space %,

(H+%) (F) = (GeC™(M)|{H,G)C F and {¥,G) c F)

Proposition 2.3. Let ' be defined by (2.4). Then
a. FitlcgFii=12,...
b. F' is a function group, i=1,2,...
c. If for a certain k F*+t=F* then F*+'= F* Vi

Proof. a. By induction. It is clear that #2cC #!. Now assume F'c # '~ Let
FeZ'* . Then FEXL and (H,F)C F'+€CF' "1+ &, as well as {¥, F)
CF' +€cF"'+¥%. Hence F e F'.

b. By induction. By definition #'= .2 is a function group. Let #' be a
function group, and take F;, F, € #'*1,

Then

{H{F,RK}}) =—-{F,{FhH}}-{F,{H F}}
€ (F,7'+¢}+{F,F'+¢} c F' +6¢,

since F;, F,e F'*'c #' and &' is a function group.
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Analogously {¢,{F,, F,}}<C %'+ C. Hence &' is closed under Poisson
bracket. Now take a smooth function G: R? — R. Then

G G
{H,G(Fsz)} = ‘(9‘;1'(F1,F2){H’F1}+ E(Fsz){H, Fz}

c FtlL FicF,

since —g—g(F,, E)yeF*tlcF'

Analogously, {¥¢,G(F,, F,)} € #'. Hence #' is a function group.

c. Immediate. O

If there exists a k such that #%*1= #* then by ¢ the algorithm ends in k
steps and we denote F*:= F*. It follows that { H, F*}C F*+ €, (¥, F*) C
F*+€,s0 F* is a Lc.i. function group contained in #. Furthermore

Proposition 24. If the algorithm (2.4) ends in k steps, then F*=F* is the
maximal locally controlled invariant function group contained in % .

Proof. Let & be a lci. function group contained in #. By induction we will
prove F C F' i=1,2,..., and hence & C F*. By assumption & C % . Sup-
pose FC F . Then {H, F)CF+€CF'+%,and (¥, F)CF+ECF'+
%.Hence F C F'*1, O

Just as in the case of l.c.i. distributions (see Assumption 2) we will make some
regularity assumptions which will hold throughout the paper. First of all we
assume that the lci. function groups & satisfy Condition A (Assumption 1).
Furthermore in Definition 2.1 we make the following

Assumption 3. C,,...,C,, are independent functions, so ¥ is a function space
satisfying Condition A. Furthermore # + % satisfies Condition A.
With respec? to the F# *-algorithm (2.4) we state

Assumption 4. The function groups %' and the function spaces F'+ € all
satisfy Condition A.

Under Assumption 4 it is easy to conclude that the % *-algorithm ends in a
finite number of steps, since dim #’(x) is a non-increasing funciion of i and
dim M is finite. (For this we may in fact replace Condition A by the weaker
Condition A’))

Let now % * be the maximal l.c.i. function group contained in .. Then by
Proposition 2.2 we know that Dg. is a l.c.i. distribution contained in Kerd.% .
In general however, Dg. is not the maximal lci. distribution contained in
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Kerd# *. This is only true if the maximal lci. distribution contained in
Kerd% +, denoted by D* is of the form Dy for a certain function group # (see
Proposition 1.5.). In fact if D* = Dg, then & = %*. Furthermore notice that if
we write D* = Kerd.¥', then we always have #* C ¥, since by Proposition 2.2
D. is a Lc.i. distribution and so Dg. C D* C kerd X"

Example 2.5. Consider a Hamiltonian system on (R*, dp; A dg, + dp, A dq,)
with H(q, p)= se®p+ 1p2+ 1q2 + 14? and C(q, p)=q,. We want to com-
pute the maximal Lc.i. function group #* contained in € * = span{q,, ¢,, p, },
and the maximal lc.i. distribution D* contained in KerdC = kerdg,. Since
(H,C}=e%p,, and {C,{H,C}}=—e? and so X.(X;(C))+# 0 it follows from
Isidori et al. (1981a), that D* = Kerspan{dyg,, d(e%:p,)}

In fact

. — 4 d 3
D* = span) 55 P15, ~ Fg,

Denote X" =span{q,,e?p,}, so D*=Kerd¥". Then #*cC X *. Now by Pro-
position 1.4 (X)* = (X)* = (span{q,, ¢, p;})* = span{q,}. However
(H,q,} = p, &span{q, } +span{q, }. Hence #"* is not a lc.i. function group,
and so & * contains only the constant functions: #* =R,

Remark. Local controlled invariance of function groups has an interesting
global aspect. Let # be a l.c.i. function group satisfying Condition A. Then %
defines a Poisson structure on R*, with k = dim d.%. Now assume there exists a
global basis x,,...,x, of R* in whjc;ch the Poisson structure is linear, i.e. the

functions w;; take the form w;;(x) = Yo X, Then R * can be interpreted as the

r=1
dual g* of a Lie algebra g with structure coefficients c,,, (see Weinstein (1983)).
Denote the corresponding Lie group by G, then it follows that D is generated by
a symplectic action of G on M, and that the induced map G — R* is the
momentum mapping of this action. In Nijmeijer & van der Schaft (1984a) such a
Lc.i. distribution generated by a group action is called a partial symmerry.

3. Hanmiltonian Feedback

As is well-known (Isidori et al. (1981b), Nijmeijer (1981)) the conditions of local
controlled invariance of a distribution as stated in (2.2) are (under Assumption 2)
equivalent to the local existence of a feedback which makes this distribution
invariant (hence the name local controlled invariance). Precisely, let D be an
involutive distribution for a nonlinear system (2.1) such that Assumption 2 is
satisfied. Then D satisfies (2.2) if and only if there locally exists a feedback
u=a(x)+B(x)v, witha: M—>R"™, B: M —>R™ ™ smooth maps with det B(x)
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#0, and v=(v,,...,,,) the new input vector, such that

[A+ Zaij,D cD
Jj=

cD i=1,...m (3.1)

[ZB,, '
J

Le., D is invariant for the feedback transformed system

m

i -4+ £ (08 ()+ 5 v,-(éﬁ,,-(x)B,(x)) (32)

j=1

Let now % be a l.c.i. function group for the Hamiltonian system (1.4) such that
Assumptions 1 and 3 are satisfied. Then by Proposition 2.2 D is a lci.
distribution and hence there exists locally a feedback u = a(x)+ B(x)v such that
D, is invariant for

m

= ()~ £ (o) £ o £ 85000 (33

Jj=1 j=1
However, in general the transformed system (3.3) is nor Hamiltonian anymore.

Theorem 3.1. (van der Schaft (1981, 1983b)). Denote C:=(C,,...,C,): M >Y
for the Hamiltonian system (1.4). Then the system (3.3) is again Hamiltonian if and
only if the feedback u = a(x)+ B(x)v satisfies

i) There exists a function P: Y > R such that ) aj(x)XCj(x) = Xp,o(x)
j=1
" ii) There exists a regular mapping (R,...,R,): Y=Y such that
Z le(x)X (X) XR nC(X) J 1

Such a feedback is called a Hamiltonian feedback (P, R,,..., R,,). The feedback
transformed system is the Hamiltonian system

m

X=Xy p.c(x)— L ;&g .c
j=1

¥/ = R;*C(x) (3.4)

Remark. Hamiltonian feedback has a direct physical interpretation. Part i)
corresponds to the addition of a static Hamiltonian compensator

ay]( y)  j=1,..,m, (3.5)
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or said otherwise, the addition of an extra “potential energy” P o C(x). In Part ii)
we transform the outputs via the (coordinate) transformation R = (R,,..., R,,):
Y — Y and the inputs in a corresponding way via

(vyy-00s ) = (ul,...,um)(‘3;—1;;"()»))_1 (3.6)

(The total induced mapping from 7*Y to itself is a canonical transformation.)
Pictorially

v 3R, T u Hamiltonian |y y'
B ——— 1 { ] > R . e
Ay system
opP
] Vo
u 3y (y)

3.7
Furthermore Hamiltonian feedback is necessarily outpur feedback.
If there exists a Hamiltonian feedback P, R,,..., R,,) that makes D, in-
variant then

[Xg-p.c: Ds] € Dy
[Xg,ec:Ds] € Ds j=1.om (3.8)

or equivalently since & satisfies Condition A (see Prop. 2.2) {H—-PoC, ¥} C
F, {Rjoc,ﬁ} Cc#%,j=1,...,m. Hence % is invariant w.r.t. the feedback
transformed Hamiltonian system.

Definition 3.2. A lc.i. function group # is called (locally) Hamiltonian con-
trolled invariant ((L)h.c.i) if there exists (locally on Y) a Hamiltonian feedback
(P,R,,..., R,) such that

(H-PoC,F)c &F
(R,oC,FYC F j=1,.,m. (3.9)

The central problem of this paper is now the following. Given a l.c.i. function
group %, what additional conditions does # have to satisfy in order that & is
locally Hamiltonian controlled invariant (l.h.c.i.). One additional condition is that
F also has to be conditioned invariant, a concept which is treated in the next
section.



272 A.J. van der Schaft
4. Conditioned Invariance

In this section we define conditioned invariance for Hamiltonian systems and
treat its duality with controlled invariance.

Definition 4.1. Let (1.4) be a Hamiltonian system, and let .¥ be a function
group on M. Then & is conditioned invariant if

(H.¥n€*)c & (4.1)

The relation of Definition 4.1. with the usual definition of a conditioned invariant
(or “(h, f)’-invariant) distribution is the following. An involutive distribution D
for a general nonlinear system (2.1) is conditioned invariant if (cf. Isidori et al.
(1981a), Nijmeijer & van der Schaft (1982a))

[4,DNkerd¥] c D (4.2.a)
[B,DOkerd¥] c D j=1,..m (4.2.b)

In the case of a Hamiltonian system A= X and B, = XC , j=1,...,m. Now let
D satisfying (4.2) for a Hamiltonian system be generated bya funct1on group &,
thus D = D,. Then (42.a) yields X y ongsy =[Xy Dy N Dgu] C
[ Xy, Do Nkerd¥)C Dy, since Dy: Ckerd?. So by Lemma 12 {H, ¥ N¥€*}
c ¥ (f & satisfies Condition A). Therefore, & is conditioned invariant.
Moreover if € is a function group satisfying Condition A then by Proposition 1.5
kerd¥ = Dw and it is easy to see that (4.1) is actually equivalent to (4.2.2).
Furthermore in this case (4.2.b) is automatically satisfied since [XC, ', NV Dy}
c [XC,DW] 0. Therefore in general the notion of a conditioned invariant
function group is slightly weaker than that of a conditioned invariant distribution,
but if ¥ is a function group the notions are equivalent (under the standard
regularity assumptions).

We will now set up (completely similarly to the linear case) an algorithm to
compute the minimal conditioned invariant function group containing a given
function group, called the % *-algorithm. The existence of such a minimal
function group is already ensured by the following argument. Let %!, %2 be
conditioned invariant function groups containing a function group A4". Then
#1N #? is again a conditioned invariant function group containing .#". Hence
by Zorn’s lemma there exists a minimal one.

SF*-algorithm. Define for a given function group A~

Fr=N
4.3
PN+ {H P NE)  i=1,2,.. (43)

where_ &' denotes the closure of %' under Poisson bracket and N+
{H & N €~} is the minimal function space containing 4" as well as (H.%'n
4} (so by definition the &' are function spaces).
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Proposition 4.2. Let &' be defined by (4.3), then
a. Llcgitli=12,
b. If for a certain k, Pk FPrEL then Pk =FPrH vl

Proof. a. By induction. #1C .#? is clear. Assume &' "1 C ¥ andlet §'€ #.
Then there exists an N € 4" and S'"'e ¥"1N¥* and a function G: R? >R
such that §'=G(N,{H, S"~'}). Since by assumption S'"'€ #~1c &' it fol-
lows that S'e &+,

b. Immediate. ]

If there exists a k such that %= #**! the algorithm ends in k steps by
part b., and we denote &* =%, It follows that { H, #*N¢*}c ¥*c F¥
and so & * is a conditioned invariant function group containing N. Furthermore

Proposition 4.3. #* is the minimal conditioned invariant function group contain-
ing A,

Proof. Let &% be a conditioned invariant function group with 4" C &. By
induction we prove &' C &, Vi. Assume &' C #'C .&. Then {H, ¥ NC*}C
(H YN¥*'}cs, and so #1C & O

Again we will make the regularity assumption that the function groups & in
Definition 4 satisfy Condition A. With respect to the #*-algorithm we assume
that the function groups %' all satisfy Condition A. Then it is clear by
dimensionality arguments that the .#*-algorithm always ends in a finite number
of steps.

We now consider the duality between (local) controlled invariance and
conditioned invariance for Hamiltonian systems.

Proposition 4.4. - Let & be a l.c.i. function group. Then F *+ is a conditioned
invariant function group. Conversely let & be a conditioned invariant function group.
Assume that € is a function group and that &+ + € is a function group.
Furthermore let &, *, %, * + € satisfy Condition A. Then S+ is a lc.i.
function group.

Proof. Let % be lci. Take an FEZ and an Fre%+N¥%*. Then
({H,F*},FY=—{{F* F},HY—{{F,H)},F*}e {#F +%,F*)=0, since
FreFin€*c(F+%)* (see 1.11). Hence {H,F ' N¥*-}cF*, and
& * is conditioned invariant.

Conversely let & be conditioned invariant. Take an S€ ¥ N¥+ and
Stes+. Then {{H,Sl},S}=—{{S‘L,S},H}-—{{S,H},S‘L}E{y,Sl}
=0. Hence {H,#*}C(¥NE )+ =L+ +¢ ' =5"+¢, byProposition
1.4. FurthermoreforanyCE% {{C,$+), S}——{{Sl SHCY={{S.C}, S}
=0andso (¥, ¥ }C(¥FNELH)+ =L+ +7%. o

Remark. We may also compare the % *-algorithm with the %* algorithm. Let
&+ =4 and define #' and &' according to (2.4), resp. (4.3). Then

a. P c(FH  i=1.2,.

b. Assume that € and &'+ %, i=1,2,...are function groups. Furthermore
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assume that Fi(F)E €. (P +€ all satisfy Condition A. Then i
(-0}-1)"', i=1,2,...,and so L*=(F**,

Proof. a. By induction. Since £+ =4, ' =(F1)*. Assume ¥ C(F)* .
Take an FEF'*!, ie. FEL' and {H,F}eF'+¥, (%, F}Cﬂ"+(€.
Then ({H, #'N€),F}=—{({F N€*, FL,H}-{{F,H}),?' n¥*).

Now F € #'*!'c %', and hence by assumption { F, ¥’} = 0. Furthermore

{{H,F},,?"ﬂ%’l} c {Fi+€,9n¢+) =0, since &' c (F1)*

Hence &1 (FithH)L,

b. By induction. Assume F'= (%), Then ¥'c(F)** =(F')* and
therefore by part a. y‘“c(ﬂ"“)* Now take an S* & (&*)*. Then
Stef* and S* e {H,¥'Nn¥*}*. This last inclusion means that for any
Sie P N€*, (S4,{H,S})=0. Now

{$+,{H,8"}} = —{H{8,5*}}-{s,{S* H}}
and since & € P c F*1 this implies that {{ H,S*},§'} =0 for any S’ € &*

NE*L.
Hence {H,(#*hH)* }c(y‘n‘% )t =(£)* +%+, by Proposition 14.

Analogously {%,(#'*1)*}c(#)* +¥. By assumption (¥')* =%’ and
hence (F*1)+ c F*1 Together, for any i we have F'=(F')*+ C (,SP e
F', and hence (') = F. O

Example 4.5. We continue Example 2.5 and calculate the minimal conditioned
invariant function group containing ¥ = span{q, }.

&' =span{q;}

&?*=span{q,}+{H,¢N¢"}=span{q;,e®p;}

Hence &2 =span{q,, ¢,, p;} and so

&> =span{g,}+span{e?py, p;,¢,} and

’ = SPan{‘hs%,Pth} = C*(R*).

Therefore &*=.%3=C>(R*) and F* (see Example 2.5)=(&*)* =R, in
agreement with the above remark.

5. Invariance by Hamiltonian Feedback

We return to the central problem of finding conditions in order that a function
group F# for a Hamiltonian system (1.4) is locally Hamiltonian controlled
invariant, i.e., in order that there locally exist functions P, R,,..., R,, on Y such
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that

(H-PoC,F)Cc F
(RoC,FYcF j=1..m (5.1)

We noticed already that % has to be at least locally controlled invariant.
Furthermore let F satisfy (5.1). Then

(H FN€'} = {H-P-C,FN¢*}c F (5.2)

Hence # also has to be conditioned invariant. Moreover if (5.1) is satisfied it
follows from the Jacobi-identity that {H—~ P C, #*} c % *. Hence { H, # * }
CFL+% andasin (52) ({H,F*N¥*}cF*. Similarly (R;oC,F*+}cC
F* and so {C,F*}cF* +%. Therefore if F is Lh.ci. then F as well as
&+ have to be locally controlled and conditioned invariant. However in
Proposition 4.4. we already derived that if & is l.c.i. then # * is conditioned
invariant, and hence if # 1 is Lc.i. then % = (% 1) is conditioned invariant
(see Prop. 1.4). So a necessary condition for # to be Lh.c.i. is that # and % *+
are both locally controlled invariant.

One may suspect that this condition (maybe under some additional integra-
bility and regularity conditions) is also sufficient for # to be locally Hamiltonian
controlled invariant. However this is not true as already shown by the linear case
(see van der Schaft (1983a), Nijmeijer & van der Schaft (1984b)). In this case F
is spanned by linear functions on R?” and D corresponds to a linear subspace ¥
of R2". Moreover % is l.c.i. if and only if % is conditioned invariant. So the
condition that % and & * are lc.i. is equivalent to % being controlled and
conditioned invariant. This implies that there exists outpur feedback u= Ky
which makes ¥~ invariant. Now output feedback u = Ky is Hamiltonian feedback
if and only if K = K”. However in general K cannot be taken to be symmetric.
Only in case F is Lagrangian or symplectic this is always possible.

Definition 5.1. Let % be a function group. # is Lagrangian if # * =% and
symplectic if F+ N F =R. Furthermore & is coisotropic if #*+ c &F.

Remark. If # is coisotropic then dim d.# (x) > 1 dim M. Furthermore a coiso-
tropic .# is Lagrangian if and only if dim d % (x)= 1 dim M.

Therefore also in the nonlinear case for arbitrary % the condition that %
and #* are lci. may only imply that Dy can be made invariant by ourpur
feedback, not necessarily Hamiltonian feedback. In fact in the nonlinear case
there is an extra complication because controlled and conditioned invariance is
not enough for the existence of output feedback. We need an extra integrability
condition as shown in Nijmeijer & van der Schaft (1982a).

In this section we shall show that also in the nonlinear case a Lagrangian
function group % which is l.c.i. (and hence also # * = % is L.c.i.) can be made
invariant by Hamiltonian feedback, provided the extra integrability condition for
the existence of output feedback is satisfied. Moreover for Hamiltonian systems
this condition can be stated in a much more concrete way than for general
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nonlinear systems. Preliminary investigations (Nijmeijer & van der Schaft (1984c))
suggest that also symplectic nonlinear functions groups % are Lh.ci. if # and
F + are lci., again provided the extra integrability condition is satisfied.
Furthermore in the next section we shall show how coisotropic l.ci. function
groups may be made invariant by dynamic Hamiltonian feedback, by lifting the
function group to a Lagrangian l.ci. function group for an augmented Hamilto-
nian system.

Remark 1. In all these three cases (F =%+, F:CF, FNF*=R) &
satisfies the conditions of Theorem 1.1, so we may derive a local normal form
for #.

Remark 2. We have argued that only under severe conditions a l.c.i. function
group % is also lh.ci. So in general there only exists a non-Hamiltonian
feedback u=a(x)+B(x) v wh1ch makes Dgz mvanant Although the resulting

transformed system x = Z ;X + Z Z B,; X, is therefore not Ham-
j=1 i=1 j=1
iltonian it can be made again Hamiltonian by the addition of ouftput injection, i.e.

m

- Eox,+ Lu Lax+ X0,

i=1 j=1

'[\’JE

%= Xy —
1

-~
I

™M=

XH - ajcj + z viX(E_','"-xﬁi/Cj)

j=1 i=1

This is investigated in van der Schaft (1985), and gives a hint to handle Lc.i.
function groups which are not Lh.c.i. in a “Hamiltonian way”.

So let # be a l.c.i. Lagrangian function group on (M, ), satisfying Condi-
tion A. Then there exist n independent functions F,..., F, such that % =
span{ F,,..., F,}. As we saw in Section 1 F defines a Poisson structure on R". In
this case because & =% * the Poisson structure is identically zero, i.e.
{G1,G,}pn =0, YG,,G,: R” = R. However the following construction works for
arbitrary & . Define F: M >R" as F=(F,...,F,) and let z=(z;,...,z,) be
coordinates for R” such that z,c F=F, i=1,...,n. Let furthermore C:=
(Cy-.-,C): M—> Y and let y=(y,,..., »,,) be (local) coordinates for ¥ such
that yJOC G, ,m. Denote by (¥, u) = (V15 Vo> Uy, - - U,,,) the corre-
sponding natural coordmates for T*Y. T*Y has the canonically defmed Poisson
(in fact symplectic) structure

m (3G, 3G, d8G, 3G

{61(y,u), G, (y,0)} 1oy = El Tu, 3y, " 3y, Tu, (53)

for G,,G,: T*Y - R. Therefore we can give T*Y xR” the product structure of
the Poisson structures on T*Y respectively R™:

{Gl()” u, Z)’Gz()’,“az)}r*yxn"
= {Gl(y,u,z),Gz(y, u,2)} poy +{G1( s 4, 2),Gy(y,u,2) }gn
= {Gl(y’u!z)ﬂGZ(y’u’z)}T*Y (5~4)
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since the Poisson structure on R” is zero. (Notice that for computing
(G (3,4, 2), Gy (¥, u, 2)} 7y We treat z as a parameter). Since F is Lc.i.

(HFyc F+%{C,F}cF+¢% (5.5)

and hence under Assumption 3 there exist smooth functions K/(y,z),V(y,z)
such that

(H, F}(x) = V{(C(x), F(x)) i=1,..,n
(G, F)}(x) = —~K}(C(x), F(x)) i=1,..n
j=1,...,m (5.6)
or equivalently

=

{H— > ujq,F} (x) = F(C(x),u, F(x)) i=1,., (5.7)

with Ff: T*Y XR” — R defined by

m

F(you,z) =Vi(y,z)+ X u,K/(y,z) i=1,...,n (5.8)
j=1

We now state the main theorem.

Theorem 5.2. Let (1.4) be a Hamiltonian system, and let % =span{F,,..., F,}
be a Lagrangian function group on M. Suppose

1. & is lc.i., so there exist functions F§,..., Ff: T*Y XR" >R such that
(5.7) holds.

Moreover suppose F satisfies the integrability condztzon

2. The function space span{ Ff,..., Ff} on T*Y XR" “projects” to a function
space on T*Y, i.e. there exist functions GS,...,Gf T*Y - R such that

oFf 8Fi"
_span { Z ( 3, dyj Tu. duj)}
i=1,..., n\j=1 J

9G;  9G¢
= span {E ( By] dy+ 5+ 7, du; )} = span {dGe} (5.9)

-----

in every point (y,u,z) of T*Y XR".
Furthermore suppose the following regularity assumptions are satisfied.
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3. The function spaces %, € and F + € satisfy Condition A.
4. The function spaces ¥ ¢:=span{Ff,...,Ff} on T*Y XR", and %°:=
span{Gy,...,G;} on T*Y satisfy Condition A.

Er
5. The codistribution span { 3u, } on T*Y XR” has constant dimension.

R,
Then there exist locally on Y functions P, R,,..., R, with det( 3y, ) # 0, such that

J
(5.1) holds. Conversely, if (5.1) holds, then F satisfies 1. and 2.

Remark. Since the theorem is essentially local in nature, we may replace
Condition A by Condition A’.

Proof. Let F satisfy 1 up till 5 First we will prove that % ¢ as well as fﬁ ¢ are
function groups, such that { Ff, Ff} reyypn = { G, G } oy =0, i, j=1,.

Consider F,, F, € %. By application of the Jacobi-identity in every x=
(g, p) € M (see also van der Schaft (1983c))

{H—é Y, ,,{Fl,Fz}}(x)

{{H Z u; ]’Fl}’FZ (x)_{{H Zuj 'k }’Fl (x)
{F{(C(x),u, F(x)), B(x)} = { FF(C(x),u, F(x)), F(x)}

JFf 5 OFf
= ng ayj{ j’F2}+i§=:1 7z, {F. R}
'" BF 5 JF;F
o OFf aF;
=X 3;{ R} - Z 2{ Y,
Jj=1

since % is Lagra'ggian.
Now Ff= Y, w;K/(y,2)+V(y,z), i=1,...,n. Hence

oF _ & K ey
= Zugy, gy,
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Therefore

(1= £ w6 (B}

Jj=1

> 0FF 0FF dFf 3F2e)
- - C X ,u’F X

El(au,- 7y, =y, du, |(C(x)-u F(x))

= {Ff, Ff} pyxan (5.10)

Hence the mapping F, = F¢ from # to # ¢ is an algebra morphism with respect
to the Poisson bracket on M, respectively on T*Y XR”". Therefore #° is a
function group, and since # is Lagrangian

{Ff, I';"} = 0, forany Ff, Ff € F#°.

T*Y XR"
Since the Poisson structure on R” is zero it follows that also ¢ is a function
group with {Gf, G/} r»y = 0.

Now turn attention to the functions F. By condition 5. the rank of the
matrix

K{ K7
K, K,

is constant, say r, in every point (y, z). Hence we may take F,..., F, spanning
Z° in such a way that K}(y,z)="--- =K}!(»,2)=0, ¥(p,2), i=r+1,...,n.
Then, equivalently {Cs E} is identically zero, j=1,...,m, i=r+1,...,n, and
hence F€ % *,i=r+1,...,n. Since & is conditioned invariant this implies that
(H,F}yc%,i=r+1,...,n. Hence V' can be taken as a function of z only,
i=r-+1,...,n Since the Ff¢ are affine in u, the Gf can be also taken affine in u,

1.e.
m
Gy, u) = X wLi(y)+W'(y) i=1,...,n (5.11)
j=1

Furthermore by the above reasoning we may take k independent functions
G%,...,GE of the form (5.11) and spanning % such that

Li(y) Li(»)
dimspan yeues =k
L,(») L.»|
It follows that the Hamiltonian vectorfields Xg,..., X5, on T*Y are independent

and project to k independent vectorfields on Y. In fact, denote the projection
from T*Y to Y by , then

m
. d .
TeXge = 2 L}(y)——ay‘ i=1,.,k (5.12)
j=1 J
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Since { G/, G/} 7»y =0, it follows that
[7aXoe TaXoe| =0 i, j=1,...k (5.13)

Hence there exists a local coordinate transformation (R,(y),...,R,.(y))=

, . JR, Ja
(¥{s..., y5) on Y, with det(—a-y;)¢0, such that W*XG,_E= a—yi,,tzl,...,k.

Since {G7,G/} =0 and because of (5.12) we can even take (local) canonical
coordinates (y’,v) = (¥{,..., Yps U1s---> U,,) for T*Y such that

Gi=v, i=1,.,k (5.14)

f i

(This follows from Darboux’s theorem. See for similar arguments van der Schaft
(1981, Th. 3.3), (1983¢c, Th. 2.7)). The submanifold v;= -+ =y,=0 is a
Lagrangian submanifold of T*Y, and therefore has a generating function

P(.yl""’ }’m), i.e.
{(y{;..., y’;’, Ul,...,vm)'vls “ae =Um=0}

ar .
= {(yl,...,ym,ul,...,um)luj= 5—}};(}/),]=1,...,m} (5.15)

In the new canonical coordinates ( y’, v) for T*Y the F? are of the form

k
Fo(y',v,z) = 2 0K/(2)+V"(2), (5.16)

J=1

since F¢ is affine in » and by condition 2
o [ OFf dF¢

span ——',dy.’—i—-——'—dv,)} ~ span {dG!

5311),.,.,;1{];1( ayj 4 al)j Y . p { }

= span{dv,,..., dv, }

in every point (¥, v, z). However since Ff(y’, v, z) is determined by

{H—~P°C— ij: v,C/ E}(x) = F¢(C'(x),v, F(x)) (5.17)

i
Jj=1

where C' = (C{,...,C/) in the new coordinates ( y{,..., y,,) for Y, it follows from
(5.16) that

(H-PoC,F}(x) = Vi(F(x)) i=1,.,n
{C/, F}{(x) = -K/'(F(x)) i=1,...,n
j=1,...,m (5.18)
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or equivalently
(H-PoC, ¥} Cc F
{(RicC,F}cF j=1,..m (5.19)

as was to be proved.
Conversely, suppose that (5.19) = (5.1) holds. Then

{C,F} ={(R™),°R-C,F} = f i"'—Q‘ﬁ(k °C){F°C, F}

with R: Y —Y defined by R=(R,,..., R,,). Since {R,°C,F}=—-K/'e & it
follows that {C,, F} e # + ¢, Vi, j. Also since {H—P-C, F} VieF we
have

{H,F}) = {H-P<C,F}+{P<C,F} =V"'+ Z a(—PR—l)(R °C),
and

1
{R;C, F}—V"+Za(P o R )(R °C)K/'e F +¢.

Hence for i =1,...,n

. S d(PoR7! .
Fe(yu ) = i)+ 3 2B (R(y) k()
j=1 J
LTy % AR )’(z«y»K"(z)) (520)
i=1 \k=1
and we may define G{(y,u), i=1,...,n as
P Po -1 ” " 3(R™ 1)
Gty = £ D RO+ Py (z ' (R(»)
j=1 1
(5.21)
Then it is clear that condition 2 is satisfied. i

Remark 1. Condition 2 is a direct specialization of the integrability condition
for output feedback derived in Nijmeijer & van der Schaft (1982a, Theorem 3.1,
3.2, condition iii) to Hamiltonian systems. In this reference one seeks for
conditions to make a distribution D for a general nonlinear system X =
f(x,u), y = h(x) invariant by means of output feedback. One defines the codistri-
bution P on M by KerP = D. Then the prolonged codistribution P on TM has
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to be such that the codistribution span{ P, f*P}Nspan{dh, du} is involutive. In
the Hamiltonian case D = Dg, and if # is Lagrangian P =d% . Furthermore

since f(x,u)= Xy(x)— quCJ_(x) we have for F, € F
=1

i = o )= £ 30| = [0 £t ()00

- {#- £ 6,5} = Rr(C00.0 A2
Therefore

span{ P, f*P} Nspan{dh, du}

span{dﬁ',d{H— p ujCj,Fi>}

=1
Nspan{ dh, du }
span{dz,dF ¢} Nspan{dy,du}.

Now the distribution span{d.% ¢, dz } Nspan{dy, du} on T*Y XR" is involu-
tive if and only if condition 2 is satisfied. This follows from the following Lemma
which we state without proof.

Lemma5.3. Let x=(xy,...,x,) and let f,(x),..., fi(x) be functions. Then for k,
r < n: span{dfy(x),..., df (x),dx,,q,..., dx, yNspan{dx,,..., dx,} is involutive,
if and only if there exist functions gy(X,...,X,),..., g(X1,..., x,) such that

r 3‘f‘l r agl
_ spank{ Y de,} = spank{ Yy E{—Idx,}.

Remark 2. Condition 2 can be equivalently formulated in the following way.
Denote the projection from T*Y XR” to T*Y by p. Then condition 2 is
equivalent to: Dg.=span{ Xg,..., Xp} (distribution on T*Y XR"!) projects
under p to a distribution on T*Y. In fact pyDg- should equal Dg.=
span{ Xg,..., Xg: } (a distribution on T*Y). Now we know from van der Schaft
(1982a) that D,. projects to a distribution on T*Y if and only if

d d d i
[—a—zi-,XI,}] CSpan{'a—Zi,...,Z;}+D5;¢ j=

Let us give a simple (mathematical) example of the above theorem:

(5.22)

Example 5.4. Consider the Hamiltonian system on

M = {(41, 92, 1, P2)|P1+ P # 0}
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with
R ;lf(ql—qz)2+(p1+pz)sinqlcosqz
(pi+p2)
+(py+ py)eos gysing,

¢ = (P1+P2)COS%(‘11—‘12)
G = (p1+p2)sin%(q1—q2)

and output manifold Y=R?\{0}. Then & :=span{q,+4q,, p1— Py} IS a
Lagrangian functlon group. Choose new canonical coordinates P, = g, + ¢, P, =

P1— D2 Q1=—3(p1+ P2), 0, = 3(q,— g,)- 1t easily follows that FZ is lci
Furthermore .“f is also Lh.c.i. as can be seen as follows. First apply Hamiltonian

feedback V;(y,, ;)= (¥ + y3) /% Then ¥, C=
pPit Py

C,=—20Q,c05Q,,C,=—2Q;sinQ,, there exist R; and R, on Y such that
R,oC=Q,R,°oC=0Q,. Then it is clear that {R,oC,#F}C F {R,°C,F}C
&. Finally apply feedback V,(y{, y3) = (»3)* then {H — V(C,, C,)—
Vo(RieC,R,°C), F}C &F, so F is made invariant by Hamiltonian feedback.

If there exists a Lagrangian function group % satisfying (5.1) we obtain the
following normal form for the feedback transformed Hamiltonian system. By
Theorem 1.1. there exists local canonical coordinates (qy,...,4,, P1---> P,) Such
that & =span{ p,,..., p,}. Then (5.1) implies

. Furthermore, since

J(H=PoC) I(R;°C) i=1,...,n
Teﬁ,——a—a——ef =1 m (5.23)
Hence H— P o C and RjoC are of the form
n
H—-P-C= Z hi(P)qi +h(p)
i=1
= Y (p)g+c(p) Jj=1..m (5.24)
i=1

and the feedback transformed system equals

z": o (p) on(p) i kz": de{(p) L 9¢/(p)

g + dx
Z o dap; ap; ap,

1

pi=—h(p)+ Xuci(p) i=1,..,n (5.25)
j=1
Notice furthermore the close relationship with the notion of complete integrability

of a Hamiltonian vectorfield X,. X, is completely integrable if there exist n
independent functions F,,..., F, such that {H, F;} =0 and {F, F;}=0, i, j=

i J
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1,...,n. It follows that % :=span{F,,..., F,} is a Lagrangian function group
satisfying { H, # } = 0.

We remark that the construction of action-angle coordinates used in the
context of such completely integrable Hamiltonian vectorfields can be im-
mediately applied to Lagrangian invariant function groups. This yields a sort of
global interpretation of the local normal form (5.25) (see Abraham & Marsden
(1978)).

Remark. Although we have confined ourselves to affine Hamiltonian systems
(1.4), the developed theory of local controlled invariance can be extended to
general Hamiltonian systems given by a generating function H(q, p, u), as treated
in Brockett (1977), van der Schaft (1982a,b, 1983b). In this case a function group
& =span{ F,,..., F,} is called L.c.i. if there exist functions F¢ on T*Y XR* such
that

JdH .
{H(q’P’u)’F;'} = Fie(—ﬁ(q’f’su)’uaF(q’P)) i=1,...,k

where F:=(F),..., F,). So the only difference with (5.7) is that the ¥ need no
longer to be affine in u. Furthermore if % is Lagrangian it can be proved (cf. van
der Schaft (1984b), Theorem 5) that the mapping F, — Ff is a Poisson algebra
morphism, and so { F, F;} reyxp« =0, Vi, j, as in Theorem 5.2.

6. Invariance by Dynamic Hamiltonian Feedback

In the previous section we have seen that under an integrability condition and
some regularity assumptions a Lagrangian function group & locally can be made
invariant by Hamiltonian feedback if % is locally controlled invariant. In this
section we will show how we can extend this procedure to coisotropic function
groups. The trick is to augment the state space of the system and to /ift the
coisotropic function group to a Lagrangian function group on the augmented
state space. Hamiltonian feedback for this augmented system corresponds to
dynamic Hamiltonian feedback for the original system.

Definition 6.1. Let R be endowed with its natural symplectic form. We define
the auxiliary Hamiltonian system on R* as

é,“—:—l’r i=1,...,l

H

£ =u, i=1+1,..2]

n, =& i=1,..,21 (6.1)

where £=(§,,...,&,,) are the standard coordinates for the state space M*":=
R, v=(»,,...,v,,) are the standard coordinates for the input space U®*:=R¥
and 1= (7y,...,%,,) are the standard coordinates for the output space Y**=R?.

Given a Hamiltonian system (1.4) with state space (M, ») and output space ¥
the augmented Hamiltonian system is defined as the product Hamiltonian system
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of (1.4) and (6.1):

x = Xg(x)— X quCj(x)
j=1
£ =—v, i=1,..,1
£i=vi i=1+1,...,2]
¥, = C(x) j=1,...,m
= & i=1,.,21 (6.2)

with state space M“=M X M**, output space Y*=Y X Y** and input-output
space T*Y? =T*Y X Y?* X U“ Denoting x° = (x, £), y*=(y,1), u®* = (u, »), the
augmented Hamiltonian system has an internal energy H%(x, {)= H(x) and
output maps

CH(x,£€) = C(x) Jj=1..,m
Cj"(x,f)=£,. j=m+1,....m+2l

Dynamic Hamiltonian feedback for (1.4) is static Hamiltonian feedback for the
augmented system (6.2), ie. there exist functions P°(y, 1), R%(y, 1),
s RS o/(y,m), with (R{,...,R% ;) Y XR?» >Y XR?¥ a diffeomorphism,
such that the augmented system is transformed into

m m+2/
X% = Xgo_pooca(x®)= X ”jXR;oca(xa)" ) VjXRJ”-DC“(xa) (6.3)
j=1 j=m+1

Remark. Of course, the auxiliary system (6.1) corresponds (modulo minus signs)
to 2/ independent integrators.

The main theorem of this section reads as follows

Theorem 6.2. Let (1.4) be a Hamiltonian system on (M,w), and let F be a
coisotropic  function group on M, satisfying Condition A. Thus F =
span{ F\,..., F, }, F, independent, k > n. Suppose % satisfies

1) & is locally controlled invariant, so there exist functions F¥,..., F: T*Y X
R* > R such that

{H—ji::lujq,ﬂ}(x) = F(C(x),u, F(x)), i=1,..k

(again we denote F = (F,,..., F,): M —»R*)
2) The function space. & ¢ := span{ Fy,..., Ff} on T*Y XR* “projects” to a
function space on T*Y, i.e. there are functions G%,...,G¢: T*Y > R such that

m 9Fe  oF .
_span { by 7)’,_-dyj+—371duj} = :fé?k{dGi} (6.4)

H
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in every point (y,u, z) of T*Y XR¥
3) The function spaces €, F + € satisfy Condition A
4) The function spaces ¢ and 4°=span{Gy,...,G;} satisfy Condition A.

5) The codistribution span { Bui du;; on T*Y XR* has constant dimen-
k J
sion.

Then, there exists locally a Lagrangian function group %, on the augmented
space M XR? with I = k — n, such that if the projection M XR* — M is denoted

by m, then

'”*Dfun = Dy, Dg;'lmn(TM XO) = Dg;-J.
dim dFy, = dimdF (6.5)

(TM X0 is the distribution on M X R?' with zero-components in the R*"direction).
Fun is called the lift of F. Moreover there exists locally a dynamic Hamiltonian
feedback (P°(y,£), R¥(y,£),..., R% ../, £)), with £ €R? such that

{Ha—Pa°Ca’flm} C Fin
{R;oc,fun} C Fun j=1,...,m+2l (6.6)

Conversely, if (6.6) holds, then conditions 1 and 2 are satisfied.
In order to construct the function group %, we need the following lemma,
which follows from Theorem 1.1. but also can be proved directly.

Lemma 6.3. Let % be a coisotropic function group on (M, w), with dimd% (x) =
k> n= 4dim M,Vx. Then there exist local canonical coordinates

(415---1 49> P1s---» P,) for M such that locally F = span{q,,...,qy_p; P1s---s Pp}-

Proof. Consider the function group % *. Take 2n — k independent functions
Pk—ns1s--+» P, such that F* =span{p, ,..1,...,p,}. Since F*+ C ¥ we have
{pip;y=0forevery i, j=k—-n+1,...,n

Hence p,_,.1,..-, P, are a set of partial canonical coordinates. By Darboux’s
theorem (see the proof in Weinstein (1983)) we can extend the set (p,_,,.1,.-., P,)
to a set (¢, p)=(41,.-., 4, P1>---» P,) Of canonical coordinates. Now consider a
function F(q, p) contained in %. Since & * =span{p;_,,1,..., p,} we have

=—{F, p}= 7q—_,i=k—n+1,...,n. Hence F is only a function of
(91, -+ 9k—ps P1s---» Pp)- Since dim dF =k it follows that F =
span{q,.-->Qx—n> P1s--+> Pn}- o

Proof of Theorem 6.2. Let % be a coisotropic function group for which
conditions 1 up till 5 are satisfied. Choose local canonical coordinates for % as in
Lemma 6.3., i.e. # =span{q,,...,q,, py,..., P, }, With I =k —n. The state space
of the auxiliary Hamiltonian system will be R* with its usual symplectic form.
Define locally the lifted function group %#,,, on M XR?¥ as

Fline = Span{ql+£l+1""’ql+£2l’pl+£1""’P1+gl’PH—l"”’Fn} (6.7)
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with £ = (§,..., £&,,) €ER?. Since

{a+&nipitE uxne = (4Pt ($nnditan = —1+1=0,
i=1,...,1, it follows that for any F}, F, € %,

{Fi, 5} prxpu = 0 (6.8)
Since dim d % = n + I = }dim(M XR?) this implies that %, is a Lagrangian
function group on M X R (Of course Fy, is only defined in a neighborhood of

every point in M). Since & is locally controlled invariant it follows that

{H, Fy} © Fyp + €°
{¢% Fun} C Fin + €° (6.9)

Hence, %, is locally controlled invariant for the augmented Hamiltonian
system. Furthermore we have

m 2/
{Ha_ Z ujcja_ Z chlfaqi+§l+i}
j=1 k-1

m 2!

= {H_ E u,C — E ngk’qi+‘fl+i}
=1
m

P
{H Z u G q } 2§”k{£m£l+z
J

{H Zuj wgip Ty i=1,..1 (6.10)
and
m 2/
{Ha— Z uC - Z Vkaspt+£} {H Z uj j9 } Vk{gk,si}
j=1 =1
{H Zuj j’ }—V1+l
=1,....1 (6.11)
and

m 27
{Ha_ Z ujcja_ Z VkCI?’pIH} {H Z u; j’p1+i}

j=1 k=1
i=1,..,n—1 (6.12)
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The functions { H — Z u,C,q;}, i=1,...,1 and {H— Z w,C,p;}, i=1,...,n
j=1 Jj=1

are all contained in ¢ It is now easily seen that conditions 2,3,4,5 imply
conditions 2,3,4,5 of Theorem 5.2. for the augmented Hamiltonian system.
Hence by Theorem 5.2. there exist (locally on Y X R?/) functions

P(y,m), RY(3,m),-.., R, 5,(y,m), where the Jacobian of (Rf,..., RS, ) has
full rank, such that (6 6) is satisfied. The proof of the converse statement follows
the same lines as the proof of the converse statement in Theorem 5.2. O

Example 6.4. Consider the Hamiltonian system from Example 2.5 with H( ?{ P)
= Ye®p}+ ip3 + 1qf + 343,C(q, p)= ¢, Consider the velocity ¢, = Er
e2p,. Define & = (span{e?p,})* = span{q,, p, + ¢,p;, p,}- Since
span{e?p,} C #, % 1is coisotropic. Furthermore since % +span{q,} =
span{q,,q,, P1, P>}, F is lci. Let us therefore try to construct a dynamic
Hamiltonian feedback which makes % invariant. First we have to choose
canonical coordinates (@, Q,, P;, P,) such that & =span{Q,, P;, P, }. Since the
Poisson structure (1.17) associated with % is

0 -1 0
(Wij) =1 0 -p
0 p 0

we take Q) =q,, Py=p,+q,p), P,=logp, +4q,, Q,=¢,p, (assume p,>0).
The augmented state space will be Q,, Q,, P|, P, §;, §, and Fy;, =span{Q, +
¢,, P+ £, P,}. However although %, is Lci. and Lagrangian, it cannot be
made invariant by Hamiltonian feedback. This is because the integrability condi-
tion 2 is not satisfied (because of the ¢, p,-term in #, while C = ¢,)

7. Application to Disturbance Decoupling
Probably the easiest application of controlled invariance is the problem of

disturbance decoupling. Consider a Hamiltonian system (1.4) with additional
disturbances

x = XH(X)" E u; Xc (x Z d E,(x)

j=1 k=1

y=C(x) Jj=1..m (7.1)

The disturbances d,,...,d, enter the equations via the (known) vectorfields
E,,..., E, Suppose one has furthermore a set of functions of the state

z;=G(x) j=1,..,r (7.2)

where z,,..., z, are the so-called to-be-regulated variables.
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One now wishes to apply Hamiltonian feedback to (7.1) such that after
feedback the disturbances do not influence the to-be-regulated variables. This can
be done, using Theorems 5.2 and 6.2, if there exists a locally controlled invariant
function group %, contained in the function group ¢ * = (span{G,,...,G,})*,
which is Lagrangian or coisotropic, and such that the distribution span{ E,, ..., E,}
is contained in D . (Recall the construction of Fy;, in (6.5)!). In case F is
Lagrangian, static Hamiltonian feedback is sufficient; otherwise dynamic Ham-
iltonian feedback is needed. Notice that a necessary condition for the existence of
such an & is that ¢+ itself has to be coisotropic. Indeed let F C %+ with
FlrtcF then9c (9 ) cFLtcFcot

A computational procedure for solving the disturbance decoupling problem
by Hamiltonian feedback may be the following:

1. Compute the maximal l.c.i. function group #* contained in ¢ *, using the
F *-algorithm (2.4).

2. Check if span{ E,,..., E,} is contained in Dg...

3. Check if #* is Lagrangian or coisotropic.

4. Check if #* satisfies conditions 2,3,4,5 of Theorem 5.2 or 6.2.

Remark. It maybe easier to use the & *-algorithm (4.3) to compute the minimal
conditioned invariant function group #* containing ¢. Then one may check if
(#*)* is locally controlled invariant (see Proposition 4.4.)

A particularly nice situation arises if the disturbance vectorfields E, are given
as the Hamiltonian vectorfields of the functions G, e

El(x) = Xg(x), k =1,...,7 (73)

In this case if a function group F satisfies # C ¢ *, then automatically ¥
(¢+)* c#F+, and so span{E,,..., E,} = Dy, C Dg. Hence if & is coisotropic
we are done (apart from conditions 2,3,4,5 of Theorem 6.2). In the linear case
one can even prove that in this situation disturbance decoupling by general
dynamic feedback is possible if and only if there exists a coisotropic # with
F C %+ and so if and only if disturbance decoupling by dynamic Hamiltonian
feedback is possible.

8. Conclusion

The notion of a locally controlled invariant distribution is specialized to
Hamiltonian systems by introducing the concept of a locally controlled invariant
function group. It is shown that lc.i. Lagrangian function groups can be made
invariant by Hamiltonian feedback provided an extra integrability condition
necessary for the existence of output feedback, is satisfied. This also appears ‘o be
the case for symplectic functions groups. Other classes of function groups % with
& and Z * lc.. in general cannot be made invariant by Hamiltonian feedback.
However one expects that a “generalized type” of Hamiltonian feedback might
work. This is strongly related to the nature of the mapping F,— F¢ in (5.7),
which in this paper is only investigated in the (easy) Lagrangian case.
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Furthermore, it is shown that coisotropic l.c.i. function groups which satisfy
the integrability condition can be made invariant by dynamic Hamiltonian
feedback.

The developed notion of controlled invariant function groups is only a first,
although basic, step in a geometric theory of Hamiltonian control systems. For
instance it seems fruitful to combine this notion with the stabilization procedure
for Hamiltonian systems as proposed in van der Schaft (1984b).
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