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Kuusk' model
by Verhoef) is largely used in the remote sensing community to calculate the
canopy Bidirectional Reflectance Distribution Function. The simulation results appear acceptable compared
to observations especially for not very dense planophile vegetation. However, for erectophile dense crops
(e.g. corn) the simulations appear less accurate. This inadequacy is due to the assumption that the multiple
scattered fluxes are isotropically distributed. The SAIL parameters are interpretable at the level of elementary
layer components. Now, the Adding method (initially proposed by Van de Hulst) provides a good framework
to model the radiative transfer inside a vegetation layer, but its parameter estimation lies on very simple
geometric modeling of the canopy. In this paper, we first propose an adaptation of the Adding method using
the SAIL model canopy representation in the turbid case: it is called AddingS model. Such an approach allows
to overcome the isotropy assumption. Second, AddingS is extended to the Discrete case: defining the
AddingSDmodel. It allows to take into account the multi hot spot effect. Moreover, the AddingS and
AddingSD models allow to check the energy conservation in respectively turbid and discrete cases. Finally, in
order to keep reasonable time performance, a fast computation method was developed.

© 2008 Elsevier Inc. All rights reserved.
1. Introduction

Optical radiative transfer (RT) modeling (in terrestrial environ-
ments) aims at formulating the relationships between remote sensing
measurements and the biophysical and biochemical features of the
media. The Bidirectional Reflectance Distribution Function (BRDF)
may be estimated using radiative transfer models which describe the
interactions between the electromagnetic waves and the soil–
vegetation system, i.e. the radiative fluxes inside the vegetation.
Thesemodels allow the understanding of the observations acquired in
various acquisition configurations (multi-date, multi-sensors, multi-
channels, etc) by predicting BRDF values.

Radiative transfer theory was first proposed by Chandrasekhar
(1950) to model radiation scattering in conventional media (rotation-
ally invariant). This theory deals with radiation scattering in a given
medium by modeling it as a set of parallel layers, diffusing and
absorbing the solar flux. Being extended to non-rotationally invariant
medium (typically foliage), numerous radiative transfer models have
l).

l rights reserved.
been proposed for computation of canopy BDRF (Allen et al., 1970;
Suits, 1972; Cooper et al., 1982; Verhoef, 1984, 1985; Verstraete et al.,
1990a; Kuusk, 1994, 1995b). Recently, the inverse modeling was
investigated (Verstraete et al., 1990b; Kuusk,1991a,1995a; Fanga et al.,
2003; Combal et al., 2002). The SAIL model (Verhoef, 1984) is among
the most widely used in case of crops canopies. Some improvements
of SAIL model parameters have then been proposed (Verhoef, 1998) in
order to take into account the hot spot effect (Kuusk, 1985, 1991b) and
leaf specular reflectance. The SAIL model allows to derive a non-
isotropic BRDF considering two diffuse fluxes (upward/downward
flux) to model the multiple scattering of the radiant flux by the
vegetation elements. These fluxes are added to the direct source flux
and used to derive a directional radiance in the direction of the
observation. In the SAIL model, the multiple scattered fluxes are
assumed to be semi-isotropic, which is only an approximation. For
example, vertical leaves do not emit radiation in vertical direction.
Also, the SAIL model does not allow to take into account the multi hot
spot effect (hot spot between multiple scattered fluxes). The SAIL
parameters are interpretable at the level of thin layer (differential
equations) and the whole vegetation scattering terms are derived by
integration.

Besides, in the Adding method (Van de Hulst, 1981; Cooper et al.,
1982; Lenoble, 1985), optical characteristics of canopy layers such as
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reflectance and transmittance are directly defined and handled at the
scale of the vegetation layer (as operators). Their physical interpreta-
tion is hence easier. However, the vegetation description is rather
simplistic and the canopy internal geometry is represented with low
accuracy. Indeed, in order to retrieve the adding operators for each
layer, Cooper et al. (1982), like Smith et al. (1981), supposed that all
layer elements are located in the middle of medium and that they
were Lambertian surfaces. Therefore, the scattered flux of the whole
layer is the sum of the fluxes scattered by every element weighted by
the corresponding effective element surface (i.e. equal to its area after
orthogonal projection on flux directions). This approximation does not
take into account the interaction between layer elements. If the
transmittance and the reflectance of the elements cannot be
neglected, the contribution of the flux scattered by an element
reaching another element to the flux scattered by this second element
can be significant. For dense canopy layers, at near-infrared wave-
length where leaf hemispherical reflectance (ρ) and transmittance (τ)
values are between 0.45 and 0.55 (Jacquemoud & Baret, 1990), the
interactions between layer elements should be taken into account. In
order to adapt the Adding method to such a configuration, we need a
more accurate estimation of the Adding scattering parameters. Since
the Adding method operators are derived from the bidirectional
reflectance and transmittance of the considered layer, in this study we
propose to introduce the SAIL canopy description into the Adding
formulation. The developed model in the turbid medium case is called
AddingS. Such an evolution of the Adding method has important
consequences for canopy BRDF estimation, especially by avoiding the
assumption of the isotropy of diffuse fluxes assumed by SAIL. In the
discrete case the correlation between light paths before and after
scattering by some medium component should be taken into account.
This phenomenon is the well-known hot spot effect. Based on the
Kuusk model (Kuusk, 1985, 1991b), we propose the adaptation of
AddingS to the Discrete case. The extended model is called AddingSD.
This model allows both to conserve the energy and to take into
account the hot spot effect between diffuse fluxes.

In the following, we first present the physical basis of our approach
coupling SAIL and Adding in both the turbid and the discrete case.
Secondly, we despite our model implementation: operator derivation
and discretization. Finally, to validate our approach, some results are
presented concerning the model symmetry, energy balance, and
comparison with SAIL and then with 3-D models (RAMI II database).

2. Coupled Adding/SAIL modeling

The Adding method is based on the assumption that a vegetation
layer receiving a radiation flux from bottom or top, partially absorbs it
and partially scatters it upward or downward, independently of the
other layers (Van de Hulst, 1981; Cooper et al., 1982; Lenoble, 1985).
Thus, the relationships between fluxes are given by operators which
allow the calculation of the output flux density distribution as a
function of the input flux density distribution. As the Adding method
vegetation layer operators depend on the bidirectional reflectance and
transmittance, we propose to derive them both in the turbid and the
discrete case based on respectively SAIL1 and the Kuusk definition of
the Hot Spot.

In this section, we first present the Adding operator definition, and
secondly the derivation of the bidirectional reflectance and transmit-
tance of a vegetation layer in both turbid and discrete cases
corresponding respectively to the operators of the models AddingS
and AddingSD.
1 In this paper, we divide the SAIL BRDF terms by π, because these terms are
multiplied by π in the original SAIL model [SAIL estimates Eo which is πLo, where Lo is
the radiance in the observation direction, see (Verhoef, 1984).
2.1. Adding operators reformulation in the continuous case

In this paragraph, we present a generalization of the Adding
operators presented in Cooper et al. (1982) in the continuous case,
dealing with radiance hemispherical distribution.

Fig. 1 shows the radiance Le in the observation solid angle Ωe=(θe,
φe) (θe is the zenithal angle and φe the azimuthal angle in the obser-
vation direction) provided by scattering of an incident source flux by
the medium, dEi(Ωi), within a cone of solid angle dΩi=sin(θi)dθidφi

(θi and φi are the zenithal and the azimuthal angles in the source
direction). So the bidirectional reflectance is defined as follows:

r Ωi ! Ωeð Þ ¼ dLe Ωi;Ωeð Þ
dEi Ωeð Þ ¼ dLe Ωi;Ωeð Þ

Li Ωið Þcos θið ÞdΩi
;

where Li is the radiance provided by the source.
Moreover, as illustrated in Fig. 1 by passing through the medium,

the source radiation flux produces a radiance in the Ωe′ direction. So,
like in the case of reflectance, the bidirectional transmittance can be
defined as:

t Ωi ! Ωe Vð Þ ¼ dLe Ωi;Ωe Vð Þ
dEi Ωið Þ :

For both cases, Le is obtained by integrating the source flux over the
hemisphere:

Le Ωeð Þ ¼
Z
Π|{z}

over hemisphere

t; rf g Ωi ! Ωeð ÞLi Ωið Þ cos θið ÞdΩi:

So, we define the two scattering operators R and T , that give the
outward radiance Le from an incident radiance defined over the whole
hemisphere Li:

R Li½ � �ð Þ ¼
Z
Π
r Ωi ! �ð ÞLi Ωið Þ cos θið ÞdΩi; ð1Þ

T Li½ � �ð Þ ¼
Z
Π
t Ωi ! �ð ÞLi Ωið Þ cos θið ÞdΩi: ð2Þ

From Eqs. (1) and (2), to derive the layer operators we should
estimate the bidirectional reflectance and transmittance.
Fig. 1. Reaching a medium, the source radiation flux dEi(Ωi) provided from direction (θi,
φi) within a solid angle dΩi, produces a radiance at the top and at the bottom of canopy:
respectively in direction (θe, φe) and (θe′,φe′).



Fig. 2. Analogy between upward and downward radiances, given the directions of the
source (θs, φs=0), the leaf (θl, φl), the downward observation θdN π

2 ; ’d and the upward
observation (θo=π−θd, φo=π+φd). Reaching a leaf, the flux provides radiances on the
observation directions either by reflectance or transmittance.
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2.2. Turbid case: AddingS

For one vegetation layer, we present a derivationmethod of the top
and the bottom bidirectional reflectances and the downward and the
upward bidirectional transmittances which are called respectively, rt,
rb, td and tu. These bidirectional scattering terms are used to define
the operators of the model AddingS. Note that, due to null size of
components in the turbid case, there is no correlation between flux
paths, and therefore there is no hot spot effect.

The SAIL model allows the calculation of the bidirectional
reflectance of each vegetation layer: rt ¼ ρso

π . Assuming that the
vegetation layer is formed by small and flat leaves with uniform
azimuthal distribution, the layer has the same response when
observed from the top or the bottom. Thus rb= rt and tu= td. So, only
the derivation of td is presented here.

Depending on the physical phenomena inducing them, two kinds
of transmittances can be differentiated: those provided from the
extinction of the incident flux while passing through the layer, and
those provided by the scattering of the incident flux by the vegetation
components while reaching them.We called them respectively t.,s and
t.,d, where × equals d (downward) or u (upward).

Assuming a vegetation layer located between altitude −1 and 0 and
receiving only a direct flux Es(0) in direction Ωs= (θs, φs) from the top,
by downward transmittance, a radiance Ld(−1) exiting the layer in
direction Ωd=(θd, φd) is produced at the bottom of layer (without
taking into account the flux ‘reflected’ by the layers located bellow the
considered one). Ld is divided into two radiances Ld,s(−1) and Ld,d(−1)
created respectively by extinction and scattering. So, the downward
transmittances are given by:

td;s ¼
Ld;s −1ð Þ
Es 0ð Þ ; ð3Þ

td;d ¼
Ld;d −1ð Þ
Es 0ð Þ : ð4Þ

Note that for notation simplicity, the dependencies of td,s and td,d
on the input and output angles are omitted.

In order to derive the expression of td,s, we first show the re-
lationship between a direct flux Es and its associated radiance Ls. Let
us assume that a horizontal surface ds receives a radiation from a
source located far enough in direction Ωs= (θs, φs), we can assume that
it receives a directional flux dΦ with orientation angle Ωs, i.e. Ls(Ω)=
Ls(Ωs)δ(θ=θs)δ(φ=φs). Now, the flux dΦ received by the surface ds
equals on the one hand dΦ=dsEs and on the other hand dΦ=ds∫ΠLs(Ω)
cos(θ)dΩ, therefore:

Ls ¼
Esδ θ ¼ θsð Þδ ’ ¼ ’sð Þ

cos θsð Þ sin θsð Þ : ð5Þ

Passing through vegetation, Es is extinguished by the vegetation,
the relationship between Es(−1) and Es(0) is given by SAIL (Verhoef,
1985):

Es −1ð Þ ¼ τssEs 0ð Þ: ð6Þ

Combining Eqs. (3), (6) and (5):

td;s ¼
τssδ θ ¼ θsð Þδ ’ ¼ ’sð Þ

cos θsð Þ sin θsð Þ : ð7Þ

Now, we propose to derive td,d. Like in the case of the radiance in
direction of observation Eo calculation in the SAIL model (Verhoef,
1985), we can estimate Ld,d using the fluxes Es, E− and E+: in sublayer
at level z and thickness dz,

Ld;d z−dzð Þ ¼ Ld;d zð Þ þ dz wdEs zð Þ þ vdE− zð Þ þ v VdEþ zð Þ−KdLd;d zð Þ
� �

; ð8Þ
where wd, vd and v′d are the scattering parameters, Kd is the extinction
parameter.

A method to derivewd, vd and v′d, and to resolve the differential Eq.
(8) is given in (Verhoef, 1985, 1998). Here, we show an alternative
method based on the analogy between Ld,d and Eo, and deriving td,d
versus ρso.

Fig. 2 shows the relative orientation of the source, the leaf and the
upward/downward observations. Referring to the leaf, the upward
and the downward observation directions are symmetric. The
contribution of a Lambertian flux scattered by the top of the leaf to
the radiance in the upward direction is the same as the contribution of
the flux scattered by the bottom of the leaf to the downward direction.
Therefore, by just interchanging the leaf ρ and τ, the contribution of
an incident flux (direct or diffuse) to the downward direction is
deduced from the upward one. Each Eq. (8) scattering parameter
(pd∈{wd,vd,v′d}) is then derived from the corresponding SAIL one
(p∈{w,v,v′}) as follows:

pd θd; ’d;ρ; τð Þ ¼ 1
π
p π−θd;π þ ’d; τ;ρð Þ:

By the same way, one has:

Kd θd; ’dð Þ ¼ K π−θd; π þ ’dð Þ:

Eq. (8) can be expressed as follows:

dLd;d zð Þ
dz

¼ −g zð Þ þ KdLd;d zð Þ; ð9Þ

with g(z)=wdEs(z)+vdE−(z)+v′dE+(z). The general solution of Eq. (9) is
Ld,d(z)=h(z)exp(Kdz), with h′(z)=−g(z)exp(−Kdz). Using the boundary
condition: Ld,d(0)=0, we obtain the following expression:

Ld;d −1ð Þ ¼ exp −Kdð Þ
Z 0

−1
g zð Þ exp −Kdzð Þdz: ð10Þ

Then,

td;d wd; vd; v Vd;Kdð Þ ¼
exp −Kdð Þ

Z 0

−1
g zð Þ exp −Kdzð Þdz

Es 0ð Þ : ð11Þ



Fig. 4. Two successive vegetation layers 1 and 2 such that the layer 2 is thin and the leaf
radius is not null. The depth of the two layers equals 1. Two incident fluxes reaching the
top of the canopy are scattered by a leafM. The difference between the two fluxes is that
the gray one is also scattered in the layer 2 before scattering by M. The dashed flux is
collided by vegetation in layer 2 after scattering by M.
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Now, similarly the equation of Eo (Verhoef, 1985), one can show
that:

ρso w; v; v V;Kð Þ ¼

Z 0

−1
gr zð Þ exp Kzð Þdz

Es 0ð Þ ; ð12Þ

with gr(z)=wEs(z)+vE−(z)+v′E+(z). Therefore, introducing Eq. (11) in
Eq. (12), we obtain:

td;d wd; vd; v Vd;Kdð Þ ¼ exp −Kdð Þρso wd; vd; v Vd; −Kdð Þ:

Fig. 3 summarizes the layer scattering term estimation presented
in this section: rt, td,s and td,d. The other layer scattering terms rb, tu,s
and tu,d are respectively equal to rt, td,s and td,d. These terms allow the
definition of the vegetation layer operators Eq. (2). Using such a
model, the operator estimation is not accurate since it depends on
E+ and E− assumed isotropically distributed over hemispheres. In
Section 3, we show amethod to overcome this problem. Moreover, we
present both the derivation of canopy (soil+several vegetation layers)
reflectance and the operator discretization.

2.3. Discrete case: AddingSD

In the discrete case, the leaf size is assumed non-null inducing a
non-negligible correlation between the incident flux path and the
diffuse flux one. This phenomenon is the well-known hot spot effect
(Suits, 1972; Kuusk, 1985, 1991b). In previous studies, the hot spot
effect was taken into account in the 1-D model only for the direct
fluxes. Now, in this paper we show that not considering this effect for
diffuse fluxes leads to radiative budget violation, and hence we
propose to treat all fluxes similarly.

To understand these two phenomena (energy conservation/multi
hot spot), we consider Fig. 4. It shows a configuration of a vegetation
layer composed of two sublayers 1 and 2. The direct flux (solid line in
black) is scattered only by a leaf (M), whereas the gray flux
(respectively the black dashed flux) is also scattered by leaves in the
layer 2 before (respectively only after) scattering by M. Kuusk' model
takes into account the correlation between direct fluxes (N1→M→N2)
by increasing the amount of the corresponding flux exiting the
vegetation layer (from N2). However this increase is not accompanied
by a decrease of diffuse fluxes (decrease due to absence of interaction
between the direct flux and the vegetation components, e.g. decrease
of fluxes reaching T1 and R3). Furthermore, such a modeling does not
take into account the correlations between diffuse fluxes (e.g. R1→
M→R2). In the following this phenomenon is called the ‘multi hot
spot’ effect.
Fig. 3. Vegetation layer scattering term estimation: rt is estimated by the SAIL model,
td,s is estimated according to the gap fraction, and td,d is derived from the SAIL model
formalism.
In this section, we first recall the Kuusk model from (Kuusk, 1985,
1991b). Then, we present our approach: the AddingSD model.

2.3.1. Kuusk model
Now, let us only deal with the direct flux, the corresponding

reflectance is called the single reflectance ρHS
(1)

(the corresponding
radiance is called Lo,HS

(1)
). The source and observation directions are

respectively Ωs and Ωo. From (Verhoef, 1998, pp 150–159), ρHS
(1)
(z) can

be expressed as follows:

ρ 1ð Þ
HS zð Þ ¼ Pso Ωs;Ωo; zð Þw

π
; ð13Þ

where w is the SAIL model bidirectional volume scattering coefficient
for vegetation components [(Verhoef, 1984); assuming a vegetation
layer architecture, this term is exact: it does not depend on the diffuse
fluxes], and Pso(Ωs, Ωo, z) is the joint probability that the incident flux
reaches M without any collision with other canopy components and
that, after scattering by M, it also reaches the top of the canopy
without any collisionwith the vegetation. In a turbid medium the two
probabilities being independent,

Pso Ωs;Ωo; zð Þ ¼ Ps Ωs; zð ÞPo Ωo; zð Þ; ð14Þ

with Ps(Ωs, z)=exp(kz), Ps(Ωo, z)=exp(Kz), k and K are respectively the
extinctions in the source and observation directions. However, for
discrete leaves, they are dependent, and one obtains (Kuusk, 1985;
Verhoef, 1998):

Pso Ωs;Ωo; zð Þ ¼ exp K þ kð Þz½ �CHS Ωs;Ωo; zð Þ; ð15Þ

with CHS the correction factor referring to the independent case
Eq. (14):

CHS Ωs;Ωo; zð Þ ¼ exp
ffiffiffiffiffiffi
kK

p 1
b
1− exp bzð Þ½ �

� �
; ð16Þ

with b is a complex term depending on the hot spot parameter (dl)
defined as the ratio between themean leaf radius and the height of the
vegetation layer.

Now, in the AddingSD model, the first order hot spot effect is
modeled as follows: for a layer located at an altitude between −1 and
0, a direction of source Ωs, a direction of observation Ωo and an
element M located at zb0:

ρ 1ð Þ
HS zð Þ ¼ ρ 1ð Þ zð ÞCHS Ωs;Ωo; zð Þ; ð17Þ

with ρ(1) the single scattering reflectance in the independent case
Eq. (14).
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Considering only the first order hot spot effect, one computes the
canopy BRDF in the turbid case, and then adds the difference between
ρHSN
(1)

and ρ(1). However, in this case, the energy would no longer be
conserved.

The following subsection presents the way we compute the
hot spot also for diffuse fluxes, and the energy conservation can be
satisfied.

2.3.2. Multi hot spot model
Firstly we assume that the energy conservation is insured by the

AddingS model whatever be the vegetation parameter LAI (property
shown later, cf. Section 4.1). In this subsection, we first show that
modifying ρ(1) (replaced by ρHSN

(1)
) corresponds to the use of a fictive

equivalent LAI, called LAIHS. Clearly, using LAIHS for ρ(1) and LAIactual
for the high order reflectances and transmittances, respectively called
ρ(n) and τ(n), nN1 (where n is the number of the flux collisions) does
not lead to energy conservation.

The following of the subsection is organized as follows: first we
define Po(Ωo|Ωs, z0, z) from which we will propose an estimation of
LAIHS. Then, we derive ρ(n) and τ(n), nN1, and the Adding operators
using LAIHS. Finally, we show that the diffuse fluxes can be handled
similarly to the direct flux since the Adding method provide
equivalent direct fluxes in output of the sublayers. The bidirectional
scattering terms will be used to define the Adding method operators
of the model AddingSD.

Dividing the part of the layer from top to the depth z into nsub
small sublayers having depth Δz ¼ jzj

nsub
; the joint probability that both

fluxes are free of collisions with the sublayer i, called Pso,i(Ωs, Ωo, z,
Δz), is (Kuusk, 1985):

Pso;i Ωs;Ωo; z;Δzð Þ ¼ exp − K þ k−
ffiffiffiffiffiffi
Kk

p
exp 1−

i
nsub

� �
bz

	 
� �
Δz

	 

: ð18Þ

Now, for a given sublayer i, we define the conditional probability
that the flux in the direction Ωo does not collide with leaves given the
same property for the incident flux, it is called Po,i(Ωo|Ωs, z, Δz):

Po;i ΩojΩs; z;Δzð Þ ¼ Pso;i Ωs;Ωo; z;Δzð Þ
Ps;i Ωs; z;Δzð Þ ; ð19Þ

where Ps,i(Ωs, z, Δz) represents the prior gap probability in the
direction Ωs.

Since Ps,i(Ωs, z, Δz)=exp[−kΔz], then according to Eq. (19):

Po;i ΩojΩs; z;Δzð Þ ¼ exp − K−
ffiffiffiffiffiffi
Kk

p
exp 1−

i
nsub

� �
bz

	 
� �
Δz

	 

: ð20Þ

The posterior probability that the flux does not collide with leaves
when exiting the layer 2 (z′ ∈ [z0, 0]) in direction Ωo given that the
incident flux does not collide with leaves in the layer 2 in direction Ωs

is called Po(Ωo|Ωs, z0, z). From Eq. (20), and inspiring from Kuusk
(1985), it is straightforward to show:

Po ΩojΩs; z0; zð Þ ¼ exp −
Z 0

z0
K−

ffiffiffiffiffiffi
Kk

p
exp z−xð Þb½ �

n o
dx

" #
;

¼ exp Kz0½ �CHS Ωs;Ωo; z0; zð Þ:

with CHS the generalized correction factor:

CHS Ωs;Ωo; z0; zð Þ ¼ exp
ffiffiffiffiffiffi
kK

p 1
b

exp b z−z0ð Þ½ �− exp bz½ �ð Þ
� �

: ð21Þ

Note that CHS(Ωs, Ωo, z)=CHS Ωs;Ωo; z; zð Þ and:

CHS Ωs;Ωo; zð Þ ¼ CHS Ωs;Ωo; z−z0ð ÞCHS Ωs;Ωo; z0; zð Þ: ð22Þ

2

2 The conditional probability of ‘A’ given ‘B’, noted P(A|B), is equal to P A;Bð Þ
P Bð Þ :
In the case of the direct flux (in black and solid in Fig. 4), the first
order contribution of the leaf M to the layer BRDF is given by:

ρ 1ð Þ
HS zð Þ ¼ w

π
exp kþ Kð Þz½ �CHS Ωs;Ωo; zð Þ;

¼ w
π
exp kþ Kð Þ z−z0ð Þ½ �CHS Ωs;Ωo; z−z0ð Þ

exp kz0½ �exp Kz0½ �CHS Ωs;Ωo; z0; zð Þ;

¼ exp kz0½ �|fflfflfflfflffl{zfflfflfflfflffl}
Ps Ωs ;z0ð Þ

ρ 1ð Þ
HS z−z0ð Þ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
P1!M!P2

exp Kz0 þ log CHS Ωs;Ωo; z0; zð Þ½ �
� zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
KHS Ωo jΩs ;z0 ;zð Þz0

Po Ωo jΩs ;z0 ;zð Þ

;

ð23Þ

From the last equality of Eq. (23), ρHSN
(1)

(z) can be interpreted as
follows: reaching the top of the canopy the direct flux is partially
extinguished in the layer 2 by the factor Ps(Ωs, z0) (from N1 to P1).
Then, reaching the interface between the two layers at P1, its
amplitude will be determined according to ρHSN

(1)
(z−z0) that depends

on the layer 1 features (from P1 to P2, passing through M). Finally,
KHS(Ωo|Ωs, z0, z) can be viewed as the ‘effective’ extinction related to
the conditional probability of gap Po(Ωo|Ωs, z0, z) of the layer 2 (from P2
toN2). Indeed, KHSbKmeans that the probability of collisionwith leaves
for Lo,HS

(1) is decreased. Since the extinction depends linearly on LAI, one
can deem that LAI is locally decreased by the factor γ ¼ KHS

K :

LAIHS ΩojΩs; z0; zð Þ ¼ KHS ΩojΩs; z0; zð Þ
K

LAI: ð24Þ

The physical interpretation of LAIHS is as follows. Assume that the
probability of gap (for a given flux) is increased in the layer 2. For this
flux, the ‘effective’ density of vegetation encountered when crossing
the layer is reduced accordingly. Obviously, the fist collision between
the flux and the vegetation is reduced according to the same density of
vegetation. Now, since the layer 2 is thin, its corresponding reflectance
and diffuse transmittance depend mainly on the first interaction. So,
just an approximation of the multiple scattered fluxes is sufficient to
derive the layer 2 scattering terms with good accuracy. For that, the
derivation of all diffuse fluxes can be done using this ‘effective’ density
of vegetation (LAIHS in our case). Moreover, for such a modeling, the
interactions of the considered flux and the layer 2 components
(transmittance by extinction, reflectance and diffuse transmittance)
are derived using exactly the same LAI value (LAIHS), which is
physically consistent and thus leads to the conservation of the energy
of this flux. Furthermore, by doing the same processing for all fluxes
exiting the layer 1 in direction of the layer 2, the energy of all fluxes is
conserved and so the energy is conserved in the system composed by
the two vegetation layers.

Here we propose that, consequently, in the layer 2, the reflectance
and diffuse transmittance of the flux Lo,HS

(1)
are calculated using

the ‘effective’ density LAIHS. They are respectively called rb,2,HS(Ωs, z,
Ωo→ .) (from P2 to R3) and td,2,HS(Ωs, z, Ωo→ .) (from P2 to T1). In
summary, we view the multi hot spot effect as a local reduction of the
LAI in the layer 2.

Fig. 5 shows the recursive construction of the multi hot spot
effect for a given vegetation layer. The considered layer is divided
into 4 thin sublayers. The multi hot spot effect construction begins
from two sublayers, chosen sufficiently thin so that the leaves do
not overlap and so the hot spot effect does not occurs within a
sublayer. Now, for two sublayers, the first order hot spot effect is
computed between sublayers (it corresponds to a local decrease of
the LAI, represented by dark gray ellipse). In addition to the first
order hot spot effect, when a third sublayer is added, a hot spot
effect is computed in the sublayers 1+2 for flux scattered in the
sublayer 3 (cf. Fig. 5b second case). In the case of four sublayers

3

3 Use Eq. (22) to separate CHS.



Fig. 5.Multi hot spot effect construction for a vegetation layer composed by 4 sublayers. The dark gray rectangles show the first order hot spot effect, the dark gray ellipses show the
local reduction of LAI and the dashed ellipses show the local reduction of LAI taken into account previously. Sublayers separated by dashed lines are considered as a single layer (in
Fig. 4, it corresponds to the layer 1 and the sublayer just above is considered as the layer 2). For 2 sublayers, we consider only the hot pot effect, besides for 3 and 4 sublayers, the hot
spot between diffuse fluxes is taken into account.
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(Fig. 5c), the hot spot for fluxes scattered in the sublayer 4 and the
sublayers 3+4 is computed respectively in the sublayers 1+2+3 (cf.
Fig. 5c second case) and the sublayers 1+2 (cf. Fig. 5c third case).
Using such a modeling, we take into account the hot spot effect for
any flux scattered in any sublayer of a vegetation layer, in the
vegetation located below. Hence the name, multi hot spot effect.

Note that, in the following, the sublayer LAI is called LHS. LHS is
higher than the elementary sublayer LAI (Lmin).

In summary, the hot spot is treated as follows: we begin by a thin
sublayer, and we add each time a new thin sublayer. The already
concatenate sublayers and the new sublayer are respectively equiva-
lent to the layer 1 and 2 of Fig. 4. The concatenation of the thin layer is
deferent to the classical adding principle only for the three fluxes
N1→ P1→M→ P2→N2, N1→ P1→M→ P2→ T1 and N1→ P1→M→
P2→R3.

3. Implementation

In this section, we present the implementation of the coupled
model Adding/SAIL in the turbid and the discrete case: AddingS and
AddingSD. In the turbid case, the AddingS model is based on the
Adding principle: concatenation of many layers. Moreover, this
principle is adapted to the discrete case (AddingSD model) by
distinguishing between fluxes scattered once and those scattered
Fig. 6. Adding method: Multi-interactions between two successive layers. The scattering op
layer, T u upward transmittance and T d downward transmittance. The second subscript den
many times. In this section, we present firstly the Adding method
principle, thenwe expose the AddingSmodel algorithm. After that, we
show successively the operator derivation and the algorithm of the
AddingSD model.

3.1. Adding method computation principle

Here, we first show the basic of the computation of the Adding
method: derivation the Adding operators for multiple vegetation
layers given the operators of each one. Then, we present a new
formulation of medium operators.

3.1.1. Multiple layer operators
Assuming a vegetation canopy represented by some horizontal

layers covering the soil, the relationship between the output flux
and the input flux reaching the canopy may be described by layer
operators. Fig. 6 illustrates the four terms: Rt, Rb, T u and T d, re-
spectively representing the reflectance operators of the top and
bottom of the layer and the transmittance operators upward and
downward. Defining the interface between the soil and the vegetation
layer, Fig. 6 shows the interactions between two successive layers: at
the interface, the radiation incident from layer 2 on layer 1 is either
absorbed, transmitted downward or reflected upward by layer 2, and
then either transmitted or reflected by layer 1, and so on.
erators are Rt reflectance from the top of layer, Rb reflectance from the bottom of the
otes the provenance layer of the flux.
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In the following, the hemispherical distribution of incident ra-
diance from above the layer 2 is called Ls(0). The energetic budget for
the case of only two layers involves the following terms:

• the distribution of radiance (Lo,2) scattered by the layer 2:

Lo;2 ¼ Rt;2 Ls 0ð Þ½ �; ð25Þ

where Rt;2 is the top reflectance of the layer 2.
• The radiance scattered by the layer 1 (Lo,1): it is equal to the infinite
sum of the fluxes respectively associated to a given number of
‘reflection(s)’ between the two layers:

Lo;1 ¼ T u;2∘ Rt;1 þRt;1∘Rb;2∘Rt;1þRt;1∘Rb;2∘Rt;1∘Rb;2∘Rt;1þ N
� �

∘T d;2 Ls 0ð Þ½ �;
¼ T u;2∘ I−Rt;1∘Rb;2

� �−1∘Rt;1∘T d;2 Ls 0ð Þ½ �;
ð26Þ

where T u;2, T d;2 are respectively the upward and downward trans-
mittances of the layer 2, Rt;2 and Rb;1 are the reflectances of re-
spectively the top of layer 1 and the bottom of layer 2, and I is the
identity operator.

Adding Eqs. (25) and (26) leads to:

Lo ¼ Lo;2 þ Lo;1;¼ Rt;2 þ T u;2∘ I−Rt;1∘Rb;2
� �−1∘Rt;1∘T d;2

� �
Ls 0ð Þ½ �: ð27Þ

So, the top reflectance operator for the canopy is given by Verhoef
(1985):

Rt ¼ Rt;2 þ T u;2∘ I−Rt;1∘Rb;2
� �−1∘Rt;1∘T d;2: ð28Þ

Similarly, the other operators for two layers are given by Verhoef
(1985):

Rb ¼ Rb;1 þ T d;1∘ I−Rb;2∘Rt;1
� �−1∘Rb;2∘T u;1;

T d ¼ T d;1∘ I−Rb;2∘Rt;1
� �−1∘T d;2;

T u ¼ T u;2∘ I−Rt;1∘Rb;2
� �−1∘T u;1;

ð29Þ

where the signification of the layer 1 operators T :;1 and R:;1 are the
same as T :;2 and R:;2.

Note that here we only present the simple case of two layers. In the
general case, more layers can be considered, so the fluxes reaching
layer 2 can be transmitted to layer 3, whichwill scattered them, and so
on. Using Eqs. (28) and (29) recursively from the bottom to the top
allows the estimation of different canopy operators.

3.1.2. Discretization
In this subsection, we present a discretization of the Adding

operators as matrices relating the discrete density of radiant flux in
input and in output.

In general case, r, t, Li and Le depend on the zenithal and azimuthal
angles. Thus, the zenithal angle θ and azimuthal angle φ were
sampled respectively into N andM intervals Δθn and Δφm respectively
centered on θn and φm with n∈{1,…, N} and m ∈ {1,…, M}, the
corresponding solid angle is noted Ωn,m. Since dΩ=sin(θ)dθdφ, then
ΔΩn,m=sin(θn)ΔθnΔφm. Moreover, as dE(Ω)=L(Ω)cos(θ)dΩ, then

ΔE Ωn;m
� �

¼ L Ωn;m
� �

cos θnð ÞΔΩn;m; ¼ L Ωn;m
� �

cos θnð Þ sin θnð ÞΔθnΔ’m:

ð30Þ

R Li½ � Ωeð Þ ¼
Z 2π

0

Z π=2

0
r Ωi ! Ωeð ÞLi Ωið Þ cos θið Þ sin θið Þdθid’i;

≈
XM
l’¼1

XN
lθ¼1

r Ωi;lθ ;l’ ! Ωe

� �
Li θi;lθ
� �

cos θi;lθ
� �

sin θi;lθ
� �

Δθi;lθΔ’i;l’ ;

≈
XM
l’¼1

XN
lθ¼1

r Ωi;lθ ;l’ ! Ωe

� �
Ei ΔΩi;lθ ;l’

� �
:
4

4 Use Eq. (30).
By the same way, the outward zenithal angle θe and the outward
azimuthal angle φe were sampled respectively into N and M intervals
Δθe,kθ and Δφe,kφ respectively centered on θe,kθ and φe,kφ. The following
relationship between Ei ΔΩi;lθ ;l’

� �
and Ee ΔΩe;kθ ;k’

� �
is obtained:

Ee ΔΩe;kθ ;k’

� �
¼ cos θe;kθ

� �
sin θe;kθ
� �

Δθe;kθΔ’e;k’

XM
l’¼1

XN
lθ¼1

r Ωi;lθ ;l’ ! Ωe;kθ ;k’

� �
Ei ΔΩi;lθ ;l’

� �
:

ð31Þ

By considering the indices l=N(lφ−1)+ lθ and k=N(kφ−1)+kθ,
Eq. (31) becomes:

Ee ΔΩe;k
� �

¼ cos θe;k
� �

ΔΩe;k

XMN

l¼1

r Ωi;l ! Ωe;k
� �

Ei ΔΩi;l
� �

: ð32Þ

So, a matrix form of the discretized reflectance operator is derived:

R l; kð Þ ¼ r Ωi;l ! Ωe;k
� �

cos θe;k
� �

ΔΩe;k; ð33Þ

R is a NM×NMmatrix. By the same way, we derive the matrix form
transmittance operator:

T l; kð Þ ¼ t Ωi;l ! Ωe;k
� �

cos θe;k
� �

ΔΩe;k: ð34Þ

Finally, for a discrete density of irradiant input flux Ei (vector of
samples) the output density of radiant flux Ee is given by:

Ee ¼ OEi; ð35Þ

where O equals R for the reflectance case and T for the transmittance
case.

Using matrix operators, Eq. (28) becomes

Rt ¼ Rt;2 þ Tu;2 I−Rt;1Rb;2
� �−1Rt;1Td;2; ð36Þ

where the signification of the subscripts in the R and T matrix
expression is the same as in the case of R and T .

In this study, we opt to regular discretization of the azimuthal
angle ensuring a zenithal invariance by rotation, i.e.:

r Ωi;lθ ;l’þq ! Ωe;kθ ;k’þq

� �
¼ r Ωi;lθ ;l’ ! Ωe;kθ ;k’

� �
; 8lθ; kθa 1; N ;Nf g; l’; k’; qa 1; N ;Mf g:

So, we have only to compute only M×N2 terms. In the case, when
such an invariance property is not needed, other hemispherical
samplings (quadratures) could be proposedwhenmore adapted to the
considered application: for example in the Discrete-Ordinates Method
(DOM), many other optimized quadratures have been used (Kokha-
novsky, 2007).

The reflectance and the diffuse transmittance operators are simple
to estimate since for each layer the values of r(Ωi,l→Ωi,k), tu,d(Ωi.l→Ωi,k)
and td,d(Ωi.l→Ωi,k) are computed. Now, as in the formulation of the
transmittance by extinction, there are Dirac functions. The correspond-
ing operator is derived as follows. Recall that

td;s Ωs ! Ωoð Þ ¼ τssδ θ ¼ θsð Þδ ’ ¼ ’sð Þ
cos θsð Þ sin θsð Þ :

For given discretizations of the zenithal and azimuthal angles
{θ1,…, θN} and {φ1,…, φM}, let us define the simple functions:

qθ : 0; π=2½ � ! 1; N ;Nf g;
qθ θð Þ ¼ argminna 1; N ;Nf gjθ−θnj;

and
q’ : 0;2π½ � ! 1; N ;Mf g;
q’ ’ð Þ ¼ argminma 1; N ;Mf gj’−’mj:

��
ð37Þ

5,6
5 θa θn− Δθn
2 ; θn þ Δθn

2 .
6 ’a ’m− Δ’m

2 ; ’m þ Δ’m
2

h i
.



Fig. 7. AddingS vegetation layer operator estimation: the layer is divided into 8 thin
sublayers for which the operators are estimated using the SAIL formalism. After that the
operators of 2, 4 and 8 sublayers are derived using the Adding principle.
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δ(θ=θs) and δ(φ=φs) can be approximated respectively as follows,

1
Δθe;k

; if qθ θð Þ ¼ qθ θsð Þ;

0; otherwise;
and

1
Δ’e;k

; if q’ ’ð Þ ¼ q’ ’sð Þ;

0; otherwise:

8<
:

8<
:

The discrete td,s can be assumed constant over the solid angle ΔΩe,k:

td;s Ωi;l ! Ωe;k
� �

¼
τss Ωe;k
� �

cos θe;k
� �

ΔΩe;k
; if l ¼ k;

¼ 0; otherwise;

Z
Td;s l; kð Þ ¼ τss Ωe;k

� �
; if l ¼ k;

¼ 0; otherwise;

8>>>><
>>>>:

8>>>><
>>>>:

where Td,s is the discrete downward transmittance operator by
extinction which corresponds to a diagonal matrix.

By discretization, the BRDF is computed only for a finite number of
samples. In order to compute the radiance in arbitrary directions, and
since the BRDF is more sensitive to the zenithal angle variation than to
the azimuthal angle variations, then linear interpolation is applied in
the zenith domain, and nearest neighbor interpolation in the azimuth
domain.

Note finally that, by discretization of Eqs. (28) and (29), the
different layer operators become matrices, the ‘∘’ operator becomes
matrix multiplication and the input/output distributions become
irradiance vectors. Such discrete equations were also presented in
Verhoef (1985, 1998). However, in this previous work, a separation
was made between source and observed fluxes from the others. As it
will be shown in Section 3.3, and for the flux scattered one time by the
vegetation (or by the soil), such a separation can be taken into account
in the AddingS and AddingSD models.

3.2. AddingS algorithm

In the turbid case, using the bidirectional reflectance and
transmittance derivation presented in section (2.2), one can derive
the discrete operators for a vegetation according to layer Eqs. (33) and
(34). However, this method gives poor results for very dense layer,
since at the bottom the direct flux becomes negligible compared to the
diffuse fluxes assumed isotropical. Then, the percentage in the total
amount of radiance in the direction of observation provided by diffuse
fluxes increases. As these fluxes are assumed isotropically distributed
over the hemispheres, the performance of the bidirectional reflec-
tance and transmittance as well as their corresponding operator
estimation decreases.

Note that, to overcome the assumption of semi-isotropic diffuse
fluxes, Verhoef (1998, 2002) proposed to discretize the diffuse fluxes
into 72 subfluxes, turning the SAIL equations into a matrix–vector
equation. Moreover, the well-known Discrete-Ordinates Method
(DOM) does not consider any assumption over diffuse fluxes
(Chandrasekhar, 1950). DOM divides the radiant flux into subfluxes
and using the Legendre Polynomials tries to solve the radiative
transfer equation over a mesh cells (set of couples: altitude and
discrete solid angle).

Here, in the AddingS model, we propose to divide each vegetation
layer into small sublayers, for each of them the operators are estimated,
after that using the Adding principle (presented in Section 3.1.1)
recursively we derive the initial layer operators. Indeed, for small depth
layers, the diffuse fluxes provided by the interaction between the
incident flux and the different layer elements are negligible compared
to the incident flux. Therefore, for such a configuration, the output
fluxes can be computed in an accurate way under the isotropic diffuse
flux assumption. Experimental results show that the model stability is
reached for diffuse irradiances lower than 5% of total irradiance. In
general, sublayer Lmin=10−2 is sufficient to reach stability.
Note that, DOM consists also to divide the whole layer into
thin layers. The difference between DOM and the AddingS model is
that DOM use differential operators in each mesh, whereas AddingS
considers the relationships between input and output fluxes of an
elementary layers and using the Adding principle the relationships
between input/output fluxes for a thick layer are determined.

The different operator elements are estimated for the sublayer
with depth Lmin. Then, according to the Adding method principle
Eqs. (28) and (29), they are deduced for 2Lmin, and for 4Lmin noting
that 4Lmin=2(2Lmin), and so on. Having estimated the operators for
any sublayer of depth 2iLmin, the operators for a vegetation layer of
depth L are obtained decomposing L as Σi = 0

n ai2iLmin, with ai∈{0,1}
(within about Lmin). The layer operators are then calculated by
considering the sublayers 2iLmin with ai=1. Such a dividing allows
the acceleration of the layer operator derivation: about log2(L/Lmin)
operations (an operation corresponds to the computation of the
four layer operators, Eqs. (28) and (29)) are required, whereas if at
each time only one sublayer was added, L/Lmin operations would be
required.

Fig. 7 shows an example of derivation of the AddingS layer
operators. The layer is decomposed into 8 thin layers. Using the
decomposition on powers of 2 (8=1×23+0×22+0×21+0×20), only
a3≠0. Therefore it is sufficient to apply the Adding method 3 times:
2Lmin, 22Lmin and 23Lmin.

So, we have an analytical expression of the AddingS model
parameters in the case of one vegetation layer. Then, we can derive
the top and bottom reflectance and upward and downward transmit-
tance matrix operators according to Eqs. (33) and (34). By combining
them with the soil reflectance operators (by assuming that it is a
Lambertian surface or by using the soil bidirectional reflectancemodel
of Hapke (1981)) we can obtain the canopy reflectance.

3.3. AddingSD operator derivation

The development presented in this section is based on the case
of the two layers presented in Fig. 4. We aim at deriving the
AddingSD global reflectance and transmittance operators for the
two vegetation layers presented in Fig. 4. For this, we vary M(z)
and estimate the different LAIHS, rb,2,HS and td,2,HS. Unfortunately,
doing this, model operators will no longer be separable, and thus
we are only able to compute an equivalent combination of these
operators.

Note that, in this section and as explained in Section 2.2, we do not
make distinction between downward and upward transmittances
(T d ¼ T u ¼ T ). But, we make distinction between different kinds of
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transmittance, either by extinction (T s) or by diffusion (T d). In
particular, for the layer 2, one has:

T d;2 þ T u;2 ¼ T 2 ¼ T s;2 þ T d;2: ð38Þ

As explained in Figs. 4 and 5, when a new thin layer is added (layer
2 in Fig. 4), the hot spot effect (first or high order) that should be
estimated corresponds to fluxes scattered only one time in the layers
already concatenated (Fig. 4, only the leafM in the layer 1). Therefore,
a distinction between multiple scattered fluxes and single scattered
flux should bemade. Then, let us define firstly the reflectance operator
provided from the scattering of the direct flux and the reflectance
provided from the multiple scattering. They are called respectively
Rð1Þ (the associated BRDF is called r(1)) andRðmulÞ. In particular, for the
layer 1, on has:

Rt;1 ¼ R 1ð Þ
t;1 þRðmulÞ

t;1 : ð39Þ

Moreover and also according to Fig. 4, the new layer (layer 2)
processes differently the flux provided by single reflectance from the
layer 1 only if it is transmitted downward by extinction (without
making contact with the layer 2 components, N1→P1). More precisely,
let us consider the incident flux from above of the layer 2, if it follows
the path N1→P1→M→P2 (corresponding operator R 1ð Þ

t;1 ∘T s;2), it will
be processed differently by the layer 2 (dark gray ellipse in Fig. 5)
according one of the three following cases:

• Transmittance by extinction (first order hot spot, N1→ P1→
M→P2→N2), the corresponding operator Rt;1T ss;2

� �
is given in

the turbid case by

Rt;1T ss;2 ¼ T s;2∘R 1ð Þ
t;1 ∘T s;2;

• Diffuse transmittance (N1→P1→M→P2→T1), the corresponding
operator Rt;1T sd;2

� �
is given in the turbid case by

Rt;1T sd;2 ¼ T d;2∘R
1ð Þ
t;1 ∘T s;2;

• Reflectance (N1→P1→M→P2→R3), the corresponding operator
R1;2T s;2
� �

is given in the turbid case by

R1;2T s;2 ¼ Rb;2∘R
1ð Þ
t;1 ∘T s;2:

In order to separate the first order scattering of diffuse fluxes from
the higher orders, we write:

I−Rt;1∘Rb;2
� �−1 ¼

Xþ∞

i¼0

Rt;1∘Rb;2
� �n¼ I þ

Xþ∞

i¼1

Rt;1∘Rb;2
� �n

;

¼ I þ
Xþ∞

i¼0

Rt;1∘Rb;2
� �n !

∘Rt;1∘Rb;2;

¼ I þ I−Rt;1∘Rb;2
� �−1∘Rt;1∘Rb;2:

According to Eq. (28) and using the equalities (38) and (39), the
reflectance of the two layers R1;2

t

� �
can be written as follows:

R1;2
t ¼ Rt;2 þ T s;2 þ T d;2

� �
∘ I þ I−Rt;1∘Rb;2

� �−1∘Rt;1∘Rb;2

� �
∘ R 1ð Þ

t;1 þRðmulÞ
t;1

� �
∘ T s;2 þ T d;2
� �

;

¼ T d;2∘ I−Rt;1∘Rb;2
� �−1∘Rt;1∘Rb;2∘R

1ð Þ
t;1 ∘T s;2|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

R1;2T s;2

þ T s;2∘R 1ð Þ
t;1 ∘T s;2|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Rt;1T ss;2

þT d;2∘R
1ð Þ
t;1 ∘T s;2|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Rt;1T sd;2

þ R1;2
t;r ;

with R1;2
t;r the sum of the terms not depending on R 1ð Þ

t;1 ∘T s;2 (in
particular those depending on RðmulÞ

t;1 ).
Note that, not taking into account the hot spot effect, the terms
Rt;1T ss;2, Rt;1T sd;2 and R1;2T s;2 are separable.

Similarly, the downward transmittance of the two layers T 1;2
d

� �
is

given by:

T 1;2
d ¼ T d;1∘ I−Rb;2∘Rt;1

� �−1∘Rb;2∘R
1ð Þ
t;1 ∘T s;2|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

R1;2T s;2

þ T 1;2
t;r ;

with T 1;2
t;r the sum of the terms not depending on R 1ð Þ

t;1 ∘T s;2.
We derive the expression of Rt;1T ss;2, putting forward the

dependance on z:

Rt;1T ss;2 Li½ � Ωeð Þ ¼
Z
Π

Z
Π

Z
Π

Li Ωið Þ|fflffl{zfflffl}
Input

ts;2 Ωi ! Ω1ð Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
N1!P1

r 1ð Þ
t;1 Ω1 ! Ω2ð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

P1!M!P2

ts;2 Ω2 ! Ωeð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
P2!N2

cos θið Þ cos θ1ð Þ cos θ2ð ÞdΩidΩ1dΩ2;

¼
Z
Π

Z
Π

Z
Π

Li Ωið Þτss;2 Ωið Þδ θ1 ¼ θið Þδ ’1 ¼ ’ið Þ
cos θið Þ sin θið Þ r 1ð Þ

t;1 Ω1 ! Ω2ð Þ

τoo;2 Ωeð Þδ θ2 ¼ θeð Þδ ’2 ¼ ’eð Þ
cos θeð Þsin θeð Þ

cos θið Þ cos θ1ð Þ cos θ2ð ÞdΩidΩ1dΩ2;

¼
Z
Π

Li Ωið Þτss;2 Ωið Þr 1ð Þ
t;1 Ωi ! Ωeð Þτoo;2 Ωeð Þ cos θið ÞdΩi;

¼
Z z0

−1

Z
Π

Li Ωið Þ exp k Ωið Þz½ �w Ωi;Ωeð Þ
π

exp K Ωeð Þz½ � cos θið ÞdΩidz:

Now, for discrete leaves, and according to Eq. (17), the correlation
between flux paths is taken into account as follows:

Rt;1T ss;2 Li½ � Ωeð Þ ¼
Z z0

−1

Z
Π
Li Ωið Þw Ωi;Ωeð Þ

π
exp k Ωið Þ þ K Ωeð Þð Þz½ �

CHS Ωi;Ωe; zð Þ cos θið ÞdΩidz:

Similarly, following the flux paths (Fig. 4), we obtain in the turbid
case:

Rt;1T sd;2 Li½ � Ωeð Þ ¼
Z z0

−1

Z
Π

Z
Π
Li Ωið Þ|fflffl{zfflffl}
Input

exp k Ωið Þz½ �|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
N1 ! M

w Ωi;Ωoð Þ
π|fflfflfflfflfflffl{zfflfflfflfflfflffl}
M

exp K Ωoð Þ z−z0ð Þ½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
M ! P2

td;2 Ωo ! Ωeð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
P2!T1

cos θið Þ cos θoð ÞdΩidΩodz: ð40Þ

In the discrete case, Eq. (40) becomes:

Rt;1T sd;2 Li½ � Ωeð Þ ¼
Z z0

−1

Z
Π

Z
Π

Li Ωið Þ exp k Ωið Þz½ �w Ωi;Ωoð Þ
π

exp K Ωoð Þ z−z0ð Þ½ �CHS Ωi;Ωo; z−z0ð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
M ! P2

td;2;HS Ωi; z;Ωo ! Ωeð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P2!T1

cos θið Þ cos θoð ÞdΩidΩodz;

ð41Þ

By the same way, one has:

R1;2T s;2 Li½ � Ωeð Þ ¼
Z z0

−1

Z
Π

Z
Π

Li Ωið Þ exp k Ωið Þz½ �w Ωi;Ωoð Þ
π

exp K Ωoð Þ z−z0ð Þ½ �

CHS Ωi;Ωo; z−z0ð Þrb;2;HS Ωi; z;Ωo ! Ωeð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P2!R3

cos θið Þ cos θoð ÞdΩidΩodz:

ð42Þ

3.4. AddingSD algorithm

Aswe have seen, the implementation in the discrete case should be
harder than the turbid case and need the specification of many
discretization details.

First, recall the computation of the first order hot spot effect. In the
SAILH code implemented by Verhoef, a method to approximate the



:
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first order reflectance (r(1)Ωi→Ωe)) when the first order hot spot effect
is taken into account is proposed. One has

r 1ð Þ Ωi ! Ωeð Þ ¼ w Ωi;Ωeð Þ
π

Z 0

−1
exp k Ωið Þ þ K Ωeð Þð Þz½ �CHS Ωi;Ωe; zð Þdz:

The interval [−1,0] is divided into NI=20 subintervals [aj +1,aj],
j∈{0,…, NI−1}, such that a0 ¼ 0Na2N N NaNI ¼ −1. r(1) is thenwritten as
follows:

r 1ð Þ Ωi ! Ωeð Þ ¼
XNI−1

j¼0

w Ωi;Ωeð Þ
π

Z aj

ajþ1

exp k Ωið Þ þ K Ωeð Þð Þz½ �CHS Ωi;Ωe; zð Þdz|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
hotj

:

ð43Þ
hotj is then approximated for j∈{1,…,NI−1}. For more information
about the endpoint chosen and the integral approximation, view the
SAILH code.

Now, the bidirectional reflectance corresponding toRt;1T ss;2 called
rt,1tss,2, is:

rt;1tss;2 Ωi ! Ωeð Þ

¼ w Ωi;Ωeð Þ
π

Z z0

−1
exp k Ωið Þ þ K Ωeð Þð Þz½ �CHS Ωi;Ωe; zð Þdz:

So to derive this term, we perform the same discretization as for
r(1) in Eq. (43) but the following modification. Let k0∈{0,…, NI−1},
such that ak0þ1bz0Vak0 . ak0 is then changed as follows: ak0 ¼ z0, there-
fore the integral estimation is done over the points aj

� �
ja k0 ; N ;NIf g:

rt;1tss;2 Ωi ! Ωeð Þ ¼
XNI−1

j¼k0

w Ωi;Ωeð Þ
π

Z aj

ajþ1

exp k Ωið Þ þ K Ωeð Þð Þz½ �CHS Ωi;Ωe; zð Þdz:

ð44Þ

The bidirectional reflectance corresponding to Rt;1Tsd;2, called rt,1tsd,2,
is:

rt;1tsd;2 Ωi ! Ωeð Þ ¼
R z0
−1

R
Π exp k Ωið Þz½ �w Ωi;Ωoð Þ

π
exp K Ωoð Þ z−z0ð Þ½ �

CHS Ωi;Ωo; z−z0ð Þtd;2;HS Ωi; z;Ωo ! Ωeð Þ cos θoð ÞdΩodz

By performing the same discretization as for rt,1tss,2 Eq. (44), one
obtains:

rt;1tsd;2 Ωi ! Ωeð Þ ¼
XNI−1

j¼k0

Z
Π

Z aj

ajþ1

exp k Ωið Þz½ �w Ωi;Ωoð Þ
π

exp K Ωoð Þ z−z0ð Þ½ �

CHS Ωi;Ωo; z−z0ð Þtd;2;HS Ωi; z;Ωo ! Ωeð Þ cos θoð ÞdzdΩo:

ð45Þ

Now, over each interval [aj+1, aj], td,2.HS(Ωi, z, Ωo→Ωe) is assumed
constant and it will be called td,2,HS,j(Ωi, Ωo→Ωe) and approximated by:

td;2;HS; j Ω i;Ωo ! Ω eð Þ≈td;2;HS Ωi;
ajþ1 þ aj

2
;Ωo ! Ωe

� �
:

Recall that td,2,HS is the diffuse bidirectional transmittance of the
layer 2 derived using the ‘effective’ LAIHS rather than LAI. The
estimation of LAIHS is performed using Eq. (24) and (45) becomes:

rt;1tsd;2 Ωi ! Ωeð Þ ¼
XNI−1

j¼k0

Z
Π

w Ωi;Ωoð Þ
π

Z aj

ajþ1

exp k Ωið Þz½ � exp K Ωoð Þ z−z0ð Þ½ �CHS Ωi;Ωo; z−z0ð Þdz
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{hotj Ωi ! Ωoð Þ

td;2;HS;j Ωi;Ωo ! Ωeð Þ cos θoð ÞdΩo;

¼
XNI−1

j¼k0

Z
Π

hotj Ωi ! Ωoð Þtd;2;HS;j Ωi;Ωo ! Ωeð Þ cos θoð ÞdΩo|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
rt;1tsd;2 j;Ωi!Ωeð Þ

:
ð46Þ

Let [Rt,1Tsd,2]j and Hotj be the discrete operators corresponding to
the bidirectional terms rt,1tsd,2( j,Ωi→Ω e) and hotj. Let Td, 2, H S ,j,k the
discrete operator corresponding to td,2,HS, j for a value of the angle Ωi

equal Ωi,k. So, inspiring from the turbid case matrix product, it is easy
to show that:

Rt;1Tsd;2
� �

j k; :ð Þ ¼ Hotj k; :ð ÞTd;2;HS;j;k; ð47Þ

with [Rt,1Tsd,2] j(k,:) (respectively Hot j (k,:)) the matrix [Rt,1Tsd,2] j
(respectively Hotj) kth line (i.e. fixed value of Ωi).

Let Rt,1Tsd,2 be the discrete operator corresponding to the
bidirectional term rt,1tsd,2(Ω i→Ωe), then it can be written as
follows:

Rt;1Tsd;2 ¼
XNI−1

j¼0
Rt;1Tsd;2
� �

j: ð48Þ

By analogy with Td,2,HS,j,k in the discretization ofRt;1T sd;2, one can
define the discrete operator Rd,2,HS, j,k. Then, the discrete operator
R1,2Ts,2 corresponding to R1;2T s;2 can be derived as Rt,1Tsd,2 by only
replacing Td,HS,j,k by Rd,2,HS,,j,k

In summary, for a vegetation layer, the reflectance is computed
dividing it into NHS thin sublayers (LAI value equal LHS), and
iteratively adding a new sublayer to the current ‘stack’ of sublayers
(from 1 to NHS).

4. Method validation

The AddingS and AddingSD simulations are given for discrete
operators by Eqs. (33) and (34) with a sample step equals to 1

20
π
2 for the

zenithal angle and a sample step equals to 1
10π for the azimuthal angle.

This discretizationwill be called (20,10). As it will be shown later, it is a
compromise between computational considerations (memory and
running time) and results accuracy. The leaf angle distribution is
assumed ellipsoidal, parametrized by the mean leaf inclination angle,
noted ALA, that varies between 0 and 90°. Small ALA values
correspond to planophile vegetation and high ALA values to
erectophile vegetation (Campbell, 1990). The elementary sublayer
Lmin is chosen equal to 10−3 (enough to conserve energy, cf. Section
4.1). Finally, in the discrete case, when the multi hot spot is considered
in the AddingSD model LHS=3×10−2.

In this section, first physical laws are checked. Secondly, a
comparison between AddingS/AddingSD and SAIL/SAILH is given.
Finally, validation tests based on the RAMI database are shown.

4.1. Physical laws

Among the physical laws that should be checked by a radiative
transfer model, there are:

i. Symmetry (reciprocity principle): the source and the observation
positions are interchangeable;

ii. Energy conservation: the quantity of radiation scattered by a
medium is lower than the received one, the equality occurs where
the medium does not absorb energy.

The symmetry induces that the positions of the source and the
observation can be interchanged without changing the bidirectional
reflectance. For an elementary sublayer, the bidirectional reflectance
and transmittance are symmetric (Verhoef, 1985, 1998). For two
successive vegetation layers 1 and 2, without making distinction both
between the upward and the downward transmittances and between
the top and the bottom reflectances, the total reflectance R1;2� �

of the
two layers is given by:

R1;2
t ¼ R2 þ T 2∘ I−R1∘R2ð Þ−1∘R1∘T 2;

where the subscript in the operators indicates the layer number. As
the operators ‘+’, ‘−’, ‘∘’ and ‘(.)−1’ preserve the symmetry. Therefore,
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the bidirectional reflectance of the concatenation of the two layers is
also symmetric.

For discrete operators, by accumulation of computation errors, the
symmetry property of AddingS and AddingSD can be slightly violated,
Fig. 8. Vegetation layer energy conservation in the turbid purist corner case: ρ=0.5 and τ=0.
azimuthal (in [0,π]) angle numbers of samples. (20,10)⁎ is the only discretization such that th
68°, 72°, 75°, 77°, 79°, 81°, 83°, 85°, 86°, 87°, 88°, 88.5°, 89°).
the error can reach 0.4% for LAI=3. Hence, to preserve it, after each
iteration the reflectance and transmittance matrices are symmetrized.

We will now focus on the energy conservation. For an elementary
layer, it induces that for each source direction the sum of the
5). In captions, the couple of values (x,y) corresponds to the zenithal (in [0,π/2]) and the
e zenithal angle is not sampled regularly, the samples are: (5°, 15°, 25°, 35°, 45°, 55°, 64°,



Fig. 9. Adding process running time (in seconds) comparison between (20,10), (22,10)
and (20,12). MATLAB code and PC P.4, DELL OPT. GX 620, RAM 1 G.
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directional hemispherical reflectance and the directional hemisphe-
rical diffuse transmittance is equal to the albedo (ρ+τ) of the leaf
multiplied by the intercepted flux:

8Ωs;

Z
Π

rt Ωs ! Ωoð Þ cos θoð ÞdΩo þ
Z
Π

td;d Ωs ! Ωoð Þ cos θoð ÞdΩo

¼ k Ωsð Þ ρþ τð Þ:

For an elementary layer, rt Ωs ! Ωoð Þ ¼ 1
πw Ωs;Ωoð Þ and td,d(Ωs→Ωo)=

wd(Ωs,Ωo) (w is divided byπ because it corresponds to Eowhich is equal to
πLo). Now, as shown in (Verhoef, 1998):

1
π

Z
Π
w Ωs;Ωoð Þ cos θoð ÞdΩo þ

Z
Π

wd Ωs;Ωoð Þ cos θoð ÞdΩo

	 

¼ k Ωsð Þ ρþ τð Þ:

Receiving a direct source flux from a direction Ωs, the total
radiative budget (B(Ωs)) for one layer is given by the difference
between the incident flux and the sum of the directional hemi-
spherical reflectance and the total directional hemispherical trans-
mittance:

B Ωsð Þ ¼ 1−
Z
Π

ρt Ωs ! Ωoð Þ cos θoð ÞdΩo þ
Z
Π

td;d þ td;s
� �

Ωs ! Ωoð Þ cos θoð ÞdΩo

	 

;

whereZ
Π

td;s Ωs ! Ωoð Þ cos θoð ÞdΩo ¼ τss Ωsð Þ ¼ exp −k Ωsð Þð Þ:

For a thin layer, one has:Z
Π

td;s Ωs ! Ωoð Þ cos θoð ÞdΩo≈1−k Ωsð Þ;

then

B Ωsð Þ ¼ k Ωsð Þ 1−ρ−τð Þz0:

The equality is reached when ρ+τ=1 (purist corner case, pure
scatterers, Pinty et al. (2004)), that corresponds to the fact that the
leaves do not absorb any energy. For such leaves and for a system
composed of a concatenation of thin sublayers, the radiative budget of
the layer is hence equal to zero. Since the Adding method (on which
based the AddingS model) as well as the generalized Adding method
to the discrete case (that as led to the AddingSD model) represent all
the interactions between the sublayers, the radiative budget of the
global layer should also be equal to zero. In the following, to verify that
our approach conserves the energy, we propose to check the value of B
which should be close to zero. Practically, for visual comparison
between simulations, the mean of |B| values (noted b|B|N) is
convenient:

bjBjN ¼ 1
π

Z
Π

jB Ωsð Þj cos θsð ÞdΩs:

In the turbid case, when using the AddingS model, the sign of B is
constant (positive or negative), ∀Ωs. Therefore:

bBN ¼ bjBjN� sign Bð Þ:

Andwe chose finally to represent bBN, since it can be viewed as the
radiative budget of incident flux that is isotropically distributed over
the hemisphere.
Table 1
Elementary operator derivation running time (in seconds) comparison between (20,10),
(22,10) and (20,12)

Discretization (20,10) (22,10) (20,12)

Running time (s) 24.49 32.56 35.49

MATLAB code and PC P. 4, DELL OPT. GX 620, RAM 1 G.
Fig. 8 shows some energy conservation tests of the AddingS model
varying LAI, ALA and θs for different kinds of discretization: (20,10),
(20,10)⁎, (22,10) and (20,12). (20,10)⁎ is a non-regular discretization
corresponding to more samples for the higher values of zenithal angle
Fig. 10. Vegetation layer energy conservation in the discrete purist corner case: ρ=0.5
and τ=0.5, for two values of hot spot parameter rl=2% and rl=5%. ALA=63°. The used
discretization is (20,10).



Fig. 11. BRDF measurements: turbid vegetation layer and Lambertian soil. LAI=3,
ALA=45°, θs=30°, φo=90° and (ρ, τ)=(0.1,0.09). The solid and dotted line corresponds
respectively to AddingS and SAIL results. The legend numerical values correspond to the
used soil reflectance and ‘Mul’ refers to the layer multiple scattering contribution to the
reflectance.
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(input/output). First, we note that the error is always lower than 0.6%
which means that the model conserves the energy. Besides, a
phenomenon of error accumulation due to the discretization appears:
the error increases with LAI (in particular on Fig. 8c,e). Note that bBN
Fig. 12. BRDF measurements: turbid vegetation layer and Lambertian soil. θs=30°,φo=90° an
SAIL results. The legend numerical values correspond to the used soil reflectance and ‘Mul’
increases or decreases quasi-linearly. The three regular discretization
give close results. (20,10), (20,12) give very close results, illustrating
that the BRDF does not vary much versus the azimuthal angle. Mainly
for low values of LAI (lower than 2), the discretization (22,10) gives
more accurate results (than the two other regular discretizations): by
increasing the number of samples over the zenithal angle, the
performance of the model can be improved. Comparing the regular
discretizations to the non-regular one, we see that the last one
presents lower performance. Indeed, in the integrals the {r,t}(Ωi→Ωe)
terms are weighted by cos(θe)sin(θe)dθedφe, that is (for θeNπ /4) as
lower as the zenithal angle is high. Thus, a finer discritezation for the
higher values of the zenithal angle presents no interest in our case,
which is clear on Fig. 8b,d,f:the error increases for θsN30° due to the
decrease of the sample number frommid-values of zenithal angle. For
the other discretization schemes, the error is about constant which
confirms the interest of regular discretization for this study.

Still to test the energy conservation of our model, the directional
hemispherical reflectance of a ‘white’ soil (reflectance equals 1) is
derived using our model, the reflectance is estimated with an error of
about 10−5%.

Table 1 shows a comparison between the running times obtained
for the computation of the elementary thin layer (Lmin) operators
using the three discretizations: (20,10), (22,10) and (20,12). The
running time increases by of about 33% (respectively 45%) when the
zenithal angle (respectively the azimuthal angle) discretization is
increased by only 2 samples (corresponding to an increase of the
d (ρ, τ)= (0.47,0.49). The solid and dotted line correspond respectively to AddingS and
refers to the layer multiple scattering contribution to the reflectance.



Fig. 14. Canopy BRDF simulation for turbid medium, principal plane. The vegetation
features are LAI=3, h=2, uniform leaf distribution, ρ=0.4957 and τ=0.4409. The soil is
assumed Lambertian with reflectance equal to 0.159.

Fig. 13. Bidirectional reflectance and transmittance of canopy formed by a vegetation
layer with LAI=3 covering the soil, ALA=63°, θs=25°, (ρ, τ)= (0.5,0.5) and dl=0.1. The
black curves present the layer BRDF. In the legend ‘1 Hot’, ‘Mul Hot’ means respectively
the first order and the multi hot spot effect, ‘0.4’ is the used soil reflectance to compute
top of canopy BRDF and ‘Mul’ means the layer multiple scattering contribution to the
reflectance.
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sample number of about 10%, respectively 20%). Fig. 9 shows a
comparison between the running times obtained for the Adding
process (concatenation of layers) using the same three discretizations.
Once again, the running time increase is not linear and depends on
LAI. For example for LAI=4, the running time increase is about 28%
passing from (20,10) to (22,10) and about 65% from (20,10) to (20,12).
For values of LAI lower than 3, we consider as sufficiently accurate the
regular discretization (20,10).

Fig. 10 shows the variation of the energy balance of the AddingSD
model in the purist corner case (a) versus LAI and (b) versus the source
zenithal angle θs for two values of hot spot parameter rl=0.02 and
rl=0.05. Note that, due to the complexity of the discrete case, varying
versus Ωs, B can change sign, then we use b|B|N rather than bBN,
however, the difference between the two measure is too small. The
error is always lower that 0.8%, so we conclude, like in the turbid case,
that the method conserves the energy. We also note that like
previously, the error increases with LAI. However, conversely to the
turbid case, Fig. 10b shows that the error varies with the zenithal
angle, that can be explained by the complexity of the multi hot spot
model and the number of approximations used to compute integrals.

As shown in this section, both from theoretical study and
simulations, our model verifies the symmetry property and the
energy conservation. In the following section, a comparisonwith other
models and a discussion are presented.

4.2. Our approach versus SAIL

Here, the simulation results given by the discrete AddingS and
AddingSD models are assumed ‘credible’. We propose then a
comparison of the canopy reflectance and transmittance simulations
between SAIL/SAILH and AddingS/AddingSD.

Fig. 11 shows BRDF simulations, in the red wavelength domain, of a
canopy composed of one vegetation layer covering the soil. As leaf
scattering is low, the multiple scattering terms are negligible
compared to the first order ones, inducing close SAIL and AddingS



Fig. 16. Canopy BRDF simulations for discrete medium, principal plane. The vegetation
features are LAI=3, h=2, leaf radius equal to 0.05, erectophile leaf distribution,
ρ=0.4957 and τ=0.4409. The soil is assumed Lambertian with reflectance equal to
0.159.

Fig.15. Canopy BRDF simulation for turbid medium, cross plane. The vegetation features
are LAI=3, h=2, uniform leaf distribution, ρ=0.4957 and τ=0.4409. The soil is assumed
Lambertian with reflectance equal to 0.159.
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results. Note also that the BRDF increases with the soil reflectance.
Fig. 12 shows different cases of comparison between the BRDF for one
vegetation layer covering the soil in the Near Infrared domain. For low
LAI values (Fig. 12.a), both models give close results. Indeed, in this
case the reflectance essentially depends on the first order scattering
term: the diffuse fluxes are negligible compared to the direct flux.
Moreover, as the soil is Lambertian, the property that the layer BRDF
increases versus the zenithal angle (Kallel, 2007) is as less marked as
soil reflectance decreases. For higher LAI values and considering
vegetation from planophile to erectophile, the difference between the
two model results is more and more visible (Fig. 12.b,c,d). Indeed, as
the agreement between SAIL and AddingS occurs for constant
reflectance (Kallel, 2007) and as the variations of the multiple
scattering reflectance are more and more important for higher zenith
angles, the difference between the twomodels becomes stronger. This
is even more prominent for vertical vegetation: the leaf reflectance
being maximal for horizontal direction and minimal for vertical
direction, the assumption of isotropically flux distribution is obviously
false. In Fig. 12, we note also that when the soil reflectance increases,
both the canopy BRDF increases and its angular variation is smoothed
(Lambertian soil effect).

Fig. 13 shows a comparison between SAILH (Verhoef, 1998), the
AddingSD model with the first order (1 Hot) and the multi hot spot
effect (Mul Hot). Since the multi hot spot effect conserves the energy,
it is not surprising that theMul Hot related curves are lower than the 1
Hot ones. However, we note the closeness of the vegetation layer Mul
Hot reflectance simulation and the 1 Hot one. Indeed, referring to the
1 Hot reflectance, there are two additive contradictory effects: first the
multi hot spot effect increases the reflectance, second the decrease of
the multiple scattering fluxes decreases the total reflectance. More-
over, to conserve the energy the layer diffuse transmittance is
necessary lower than the first order one, which is confirmed by the
simulation. Since the layer transmittance is taken into account in the
whole canopy reflectance computation, then by adding a bright soil,
the Mul Hot BRDF curve becomes lower than the 1 Hot one. Note that,
the differences are stronger for low zenithal angles and the results are
close for high zenithal angles.

In agreement with the theoretical development, presented
simulations have shown that SAIL underestimates the bidirectional
reflectances of a vegetation layer. Note that in Verhoef (2002), the
previous underestimation does not occur when adding a bright soil
layer; however, this may be due to an overestimation of diffuse
transmittance by SAIL. In the discrete case, the multi hot spot effect
taken into account by the model AddingSD allows the conservation of
the energy by the decrease of the diffuse transmittance.
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4.3. Method validation using the RAMI database

The RAdiation transfer Model Intercomparison (RAMI) database
(Pinty et al., 2004) proposes some protocols to compare radiative
transfer models applied to plant canopies covering soil surfaces. The
object of RAMI is to point out enhancements which lead to some
benefit for the remote sensing data interpretation and more generally
lead to some benefit in terms of radiative transfer modeling and for
the user communities.

The presented study only deals with homogenous vegetation layer
for both turbid or discrete (finite size leaves) medium. Having tested
numerous cases, we only present here the BRDF for the near-infrared
domain, since the result for near-infrared domain are more contrasted
than those obtained in the red domain. According to the RAMI second
phase (Pinty et al., 2004), two kinds of radiative transfer model: 1-D
models, namely 4SAIL2 (Verhoef & Bach, 2003, 2007), SAIL++ (Verhoef,
2002), 1/2 Discrete (Gobron et al., 1997), and 3-D models, namely
Flight (North, 1996), DART (Gastellu-Etchegorry et al., 1996), Sprint-2
(Thompson & Goel, 1998), Raytran (Govaerts & Verstraete, 1998), RGM
(Qin & Sig, 2000), Drat (Lewis, 1999), have been considered (for
comparison with our approach). In the lack of ground truth data, the
3-D models are taken as references. According to the RAMI phase 2
Fig. 17. Canopy BRDF simulations for discrete medium, cross plane. The vegetation
features are LAI=3, h=2, leaf radius equal to 0.05, erectophile leaf distribution,
ρ=0.4957 and τ=0.4409. The soil is assumed Lambertian with reflectance equal to
0.159.
simulation results “Flight, Raytran and Sprint-2 are the most credible
models”. Recall that the proposedmodels (AddingS and AddingSD) are
1-D models. In this section, we will show that these 1-D models
compete, in terms of result accuracy, with the ‘most credible’ 3-D
models and are more credible than classical 1-D models, such as the
4SAIL2 or the 1/2 Discrete models. It will be also shown that SAIL++
gives results close to the AddingS and AddingSD ones. For legibility,
only the ‘most credible’ 3-D models and among the 1-D models
4SAIL2, SAIL++, 1/2 Discrete and AddingS/AddingSD are shown. Note
that, to conform with the RAMI simulations, the Bunnik (1978) leaf
distribution was used for our simulations.

Figs. 14 and 15 show the BRDF simulations in the case of a turbid
medium. Fig. 14a and b (respectively Fig. 15a and b) show simulations
in the principal plane (respectively in the cross plane) differing by the
source zenithal angle. For all simulations, the AddingS curve is
intermediate between the 3-D model curves. As shown in the last
Section 4.2, the 4SAIL2 model underestimates the bidirectional
reflectance. Since the SAIL++ model overcomes the isotropy assump-
tion, SAIL++ gives good results close to the AddingS ones even if they
are sometimes slightly below the 3-Dmodels. We also see that the 1/2
Discrete curve is always below the 3-D model curves. Finally, for near
nadir observations, the Flight model curve is above the others.

Figs. 16 and 17 are the equivalent of Figs. 14 and 15 for a discrete
medium. As previously, our model (here AddingSD) simulation is
intermediate between the 3-D model simulations, which is not true
for the other 1-D models. As seen previously, the 4SAIL2 model
underestimates the BRDF. As the soil reflectance is small, the multi hot
spot effect results are close to the first order ones and so AddingSD and
SAIL++ give close results. Finally, we note that the Raytran simulations
are always above the other 3-D simulations, in particular for near
nadir observations.

In conclusion, based on 3-D simulations, assumed close to the
‘truth’, our model shows better performance than the other 1-D
models.

5. Conclusion

In this paper, a coupling between SAIL and Adding was shown.
First, a newmathematical formalism for the Adding method operators
has been proposed. For a given layer, the operators are derived using
the SAIL model formalism. Since the SAIL model gives accurate results
for low LAI values (the diffuse fluxes are negligible for thin layers), the
different operator parameters were derived for a thin layer. Then, the
layers with high LAI values were decomposed into thin sublayers in
which the operators are derived, and using the Adding principles, the
global layer operators are computed; the proposed model is called
AddingS. Such an approach allows to overcome the assumption of SAIL
that diffuse fluxes are isotropically distributed. In the discrete case, we
proposed an extension of the Kuuskmodel to ourmodel; the extended
model is called AddingSD, and we showed that the hot spot effect
corresponds to a local reduction of the LAI. All scattering terms are
hence estimated using the modified values of LAI, allowing energy
conservation. Since, the proposed method takes into account the hot
spot effect between diffuse fluxes, we call it ‘the multi hot spot effect’.

The validation was performed according to three kinds of tests.
First, the model physical laws are presented: energy conservation and
symmetry between source and observation. Secondly, we compare
SAIL (or SAILH) and AddingS (or AddingSD either with only the first
order hot spot effect, or modeling the multi hot spot effect): we
showed that SAIL underestimates the reflectance whereas the first
order hot spot overestimates it. Finally, based on the RAMI II database,
it is shown that our models (AddingS and AddingSD) give results
comparable to those obtained by 3-D radiative transfer models.

From computational point of view, AddingS and AddingSD
take much longer running time than 4SAIL2 and SAIL++. Moreover,
compared to the Adding version of (Cooper et al., 1982), our
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algorithms are more complex and ‘longer’. Therefore, using simple
approximations of the multiple scattering fluxes, SAIL gives good
approximation of the BRDF mainly in the Visible/InfraRed domain
excluding the NIR; making AddingS and AddingSD really interesting
only in the NIR domain.

Although our approach claims tomodelmany physical phenomena
describing the interaction wave/canopy such as multiple scattering
andmulti hot spot effect, we emphasize thatmany assumptions are no
other than an idealization of the actual canopy case: e.g., the leaves are
Lambertian discs having the same radius. Future study will deal with
such phenomena. Moreover, wewould like to extend the model to the
thermal domain.
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