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This paper determines the sequential price of anarchy for Rosenthal congestion games with affine cost
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1. Introduction

Congestion games, introduced by Rosenthal [25], are among the
most studied classes of games. In a congestion game, we have n
players N = {1, ..., n} that compete for certain subsets of a set
R = {1, ..., m} of mresources, while the congestion (or cost) that
each player experiences per resource, depends on the set of players
using it. Subsets of resources that are feasible for a given player
i € N are given by player specific collections .4; C 2R, Applications
of this class of games include many sorts of allocation problems
with scarce resources, and specifically atomic network routing
problems, where the resources are network links and each of the
n players is interested in a least congested path from her origin
to destination. Rosenthal congestion games are also referred to as
atomic congestion games sometimes. This is mainly to distinguish
from other types of congestion games such as e.g. the Wardrop traf-
fic models which are also known as non-atomic network routing
games, as studied e.g. by Roughgarden and Tardos [26].

Rosenthal proved the existence of pure Nash equilibria in any
congestion game, by defining what is known as a (Rosenthal)
potential function [25]. Assuming that one is interested in some ob-
jective function on the set of equilibrium outcomes of a game, the
price of anarchy, introduced in 1999 by Koutsoupias and Papadim-
itriou [20,21], relates the cost of a worst-case Nash equilibrium
to the cost of a globally optimal solution. Shortly after the price
of anarchy had been determined for non-atomic network routing
games by Roughgarden and Tardos [26], the price of anarchy for
atomic congestion games was analyzed as well. Christodoulou and
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Koutsoupias [9], and independently Awerbuch et al. [ 3,4] show that
the price of anarchy for congestion games with affine cost functions
equals 2 for two players, and 5/2 for three or more players.

However, worst-case Nash equilibria can be overly pessimistic
in some situations, and specifically in situations where players
take their decisions sequentially, worst-case Nash equilibria can
often not be realized as equilibrium outcomes. In 2012, Paes Leme
etal. [24] have therefore introduced the idea to study the sequential
price of anarchy. The sequential price of anarchy relates the total
cost of the worst-case outcome of a subgame perfect equilibrium of
a corresponding extensive form game to the total cost of an optimal
solution. This paper establishes tight bounds for the sequential
price of anarchy for congestion games with affine cost functions
for the case with n = 2 and n = 3 players.

2. Related work and contribution

Also prior to Paes Leme et al. [24], some authors have addressed
the quality of outcomes of network routing games in which play-
ers act sequentially. This includes Olver [23], Harks, Heinz and
Pfetsch [14], Harks and Vegh [15], as well as Farzad, Olver and
Vetta [11]. Without going into details, in these papers the cost of
a player depends only on preceding players on the same resource,
like in traffic situations where players enter resources in sequence,
and a player’s cost only depends on the players that entered the
resource before. Consequently, players experience different costs
on one and the same resource.

We here follow a simpler model where all players experience
the same cost per resource. Hence a rational player, if aiming to be
farsighted, needs to take into account all future players. This indeed
leads to the definition of the sequential price of anarchy as defined
by Paes Leme et al. [24]. Subsequent to [24], various researchers
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studied the sequential price of anarchy for several classes of games,
with mixed results. For a handful of problems it was shown that
the sequential price of anarchy is strictly smaller than the price of
anarchy [16,18,24], while for others this turns out to be exactly
opposite [1,2,6,7,10]. Specifically, Correa et al. [10] show that in
symmetric, atomic network routing games, the sequential price
of anarchy can become as large as £2(+/n) for large n, n being the
number of players, while the price of anarchy is known to be at
most 5/2 for all n > 3 [3,4]. This of course implies the same lower
bound for general congestion games with affine cost functions.
Subsequently to [10], work of Groenland and Schafer [ 13] suggests
that the presence of ties is pivotal for the existence of such worst-
case instances. This paper shows that when the number of players
is 2 or 3, sequential play and subgame perfect equilibria lead to
outcomes that are strictly better than the worst-case Nash equilib-
ria. More precisely, we show that the sequential price of anarchy
equals 1.5 for two players, and 1039/488 & 2.13 for three players.
Both bounds are shown to be tight. The case with more than three
players will be briefly discussed in Section 6.

We believe that, although considering the cases of two and
three players only, our results are interesting for at least two
reasons. First, from an application’s point of view it seems not
unreasonable to consider (sequential) congestion games with a
small number of players, such as the competition for scarce re-
sources by a small number of corporate players, for example. More-
over, through the lens of computational tractability, sequential
games with few players are also the limiting cases that still appear
practically feasible. However, note that already for two players,
computing the outcome of a subgame perfect equilibrium may be
NP-hard [10]. For an arbitrary number of players, it is PSPACE-
hard [24]. Second, we obtain our results by using a sequence of
combinatorial arguments which yield that the worst-case must be
attained on a finite instance of reasonable size. That leads to a linear
programming (LP) formulation to actually compute an instance
that attains the worst-case for the sequential price of anarchy. In
that sense, our proof can be seen as a computerized proof, and
the correctness of the result depends on the correctness of the
underlying LP; even though we also verify the resulting worst-
case instance. We believe that both the sequence of combinatorial
arguments as well as the LP formulation itself are of independent
interest, also because it is a first example of doing that for sequen-
tial games and subgame perfection.

Inspired by our work, Correa et al. have used another, LP-
based proof to show that for two players, the sequential price of
anarchy for atomic network routing games is even smaller than
that of general two-player congestion games; it equals 7/5 [10].
That said, it should be noted that linear programming techniques,
and specifically linear programming duality has been used before,
e.g. by Nadav and Roughgarden [22] as well as Bilo [5] in order to
obtain new or improved bounds for the price of anarchy in several
settings; see also [8].

We end this section by mentioning that -naturally- also more
general than affine cost functions have been considered in the
context of the price of anarchy for congestion games. A detailed
account of all these results is beyond the scope of this paper, and
we refer, e.g. to the work by Fotakis [ 12] for price of anarchy results
with general cost functions.

3. Notation and preliminaries

An instance [ of a congestion game is defined as follows: There is
afinite set R of resources, a finite set N = {1, ..., n} of players, and
the action space .4; C 2R of any playeri € N is a set of subsets of
R. We say a player i chooses a resource r € R, if player i chooses an
action A; > r. Each resource r € R has a cost function ¢, : N — R*

that is nonnegative and nondecreasing. Given an action profile

A= (Aq,...,A;) eachresource r has cost ¢;(x,), where x, denotes
the number of players choosing r, x, = |{A; | r € A;}|. Each player
i € N pays the cost of each of the resources in her chosen action
A, which we denote by C;(A) = Ci(A1, ..., Aq) = ) _,cq Cr(X-). The
total cost of all players in profile A is denoted C(A) = 2@, Gi(A).

Affine congestion games are congestion games where the cost
functions of all resources r € R are of the form ¢, (x;) = o + Brx,
for o > 0, B, > 0. Here, «, can be thought of as an activation cost
for resource r. We refer to o, as the constant cost of resource r,
and to B, as the weight of resource r. We also denote by «(R') =
> er @ the total constant cost of resources in R € R and by
B(R') = )", .p Br the total weight of resources in R" C R.

In a sequential congestion game, let us assume that players act
in the order 1, ..., n. The strategy of player 1 is then one of the
available actions from .A;. The strategy of a player k > 1, however,
is more complex, as it has to prescribe one action A, € A for
each of the possible states that the game can be in, depending on
the actions of all playersi = 1,...,k — 1. That means that the
strategy of player 2 can be written as a vector of actions of length
|A1], for player 3 a vector of actions of length | 44| - |.A4;], etc. Of
course other, more compact representations of players’ strategies
might be possible, however this is not relevant for what follows.
We will use S = (51, ..., Sy) to denote the profile of strategies of
the resulting extensive form game (for a fixed order of players), and
SSPE to denote a subgame perfect equilibrium in that game.

If we denote by A°FT the profile of actions of the n players in
an allocation that minimizes the total cost C(A), and by ASE the
profile of actions in the outcome of a subgame perfect equilibrium
SSPE the sequential price of anarchy [24] is defined as

C(ASPE)
C( AOPT)’
where the supremum is taken over all possible finite congestion

games, all possible permutations of the players, and all possible
subgame perfect equilibria.

SPoA := sup

4. Warmup: The case of two players
We start with the sequential price of anarchy for two players.

Theorem 1. The sequential price of anarchy SPoA equals 1.5 for linear
and affine atomic congestion games with two players.

The lower bound is based on the following simple example.

Example 2. There are two players 1,2 and three resources 1, 2, 3,
with linear cost functions with weights 8; = 8, = 1, 83 = 2.
Player 1 can choose either resource 1 or resource 2. Player 2 can
choose either resource 2 or resource 3. This example is illustrated
inFig. 1. <«

For Example 2 it is clearly optimal when player 1 chooses
resource 1 and player 2 chooses resource 2, giving a total cost
of 1+ 1 = 2. In the outcome of a worst-case subgame perfect
equilibrium, however, first player 1 chooses resource 2 and then
player 2 chooses resource 3, with a total cost of 1 + 2 = 3. The
subgame perfect strategy of player 2 is to choose resource 2 if
player 1 chooses resource 1, and resource 3 if player 1 chooses
resource 2. In fact, player 1 is then indifferent, and the worst-case
happens if she chooses resource 2. Given that player 1 chooses
resource 2, also player 2 is indifferent, and again, the worst-case
happens if she chooses resource 3.

Note that this example rests on the existence of ties. However,
this can be easily avoided, by decreasing the weight of resource 2
by some small constant € and decreasing the weight of resource
3 by 3¢. Then the above described subgame perfect equilibrium is
unique.
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AOPT ASPE

Fig. 1. The congestion game from Example 2. Dots represent players, squares
represent resources, numbers in resources denote weights, and edges represent
actions. Fat edges represent chosen actions.

player 1

player 2

OPT, SPE OPT, SPE
A ASPE A9 AS

Fig. 2. All relevant actions in the game tree for 2 player congestion games. Fat lines
represent subgame perfect actions.

We next prove a matching upper bound. The idea is to realize
that only a small part of the game tree is relevant, namely the ac-
tions that are played in some optimal solution, and the actions that
are played in equilibrium. That means, we only need to consider
two actions of player 1, namely optimum and equilibrium, and
three actions of player 2, namely optimum and the best responses
to the two relevant actions of player 1; see also Fig. 2.

To formalize this into a proof of the upper bound on the se-
quential price of anarchy, we introduce the following notation.
Denote by A°FT (APT, ASPT) the pair of actions of the two
players 1 and 2, respectively, in an optimal allocation. Denote by
ASPE = (ASPE, ASPE) the actions in the outcome of a subgame perfect
equilibrium. Finally, denote by AS”®' the subgame perfect action of
player 2, in the subgame induced by A% i.e. AS™ is a best response
of player 2 to A?"". Note that both players might have more actions
at their disposal, however these are not relevant for the analysis.
Also note that we do not exclude cases where any two sets from
AQPT, ASPE AOPT  ASPE’ or ASPE overlap. It could even be that they are
equal. The situation is shown in Fig. 2; it displays only the relevant
part of the game tree.

Recall that «(R") and B(R") respectively denote the total constant
cost and weight of a set R’ of resources. For brevity, we also use the
following notation:

a = o(AP),
c = BATTT\ AT,
y = BATTNAST),

b = a(AFT),

d = B(A"T \ A7),

S = IB(A?PT mAgPE’) _ ﬂ(A?PT mAg)PT)'
Note that § denotes the difference in the total weight of shared

resources, when player 1 chooses A?PT and player 2 switches from
AP to ASPE’
2 2 -

Observation 3. C(A°"T) = C1(A°"T) + Co(A°" ") = (a+c)+ (b +
d) + 4y.

We prove the upper bound for Theorem 1 by deriving an upper
bound on C;(ASPE) (Lemma 4) and two upper bounds on C,(AS"F)
(Lemma 5 and Lemma 6).

Lemma4. C;(ASE) <a+c+2y +36.

Proof.

C](ASPE) < C](AloPT7A§PE’)
— a(A?PT)+ﬂ(A?PT)+ﬁ(A(1)PT mA;PE/)
=a+(c+y)+(y+9)
=a+c+2y+394, (1)

where the inequality follows from the Nash inequality (since a
subgame perfect equilibrium induces a Nash equilibrium in every
state). O

Lemma5. C,(ASE) <2(b+d+y — )

Proof.

C2(ASPE) < Co(ASTE, ASFF)
< a(ASF) + 2B(ASF)
< 2(a(ASTF) + BASTE)),

where the first inequality follows from the Nash inequality, and
the second inequality follows from the fact that each resource can
be chosen by at most two players. We now show that cx(A%PE/) +
B(ASPE') < b+d+y —8, proving the lemma. By the Nash inequality,
we obtain

CZ(A?PT7A§PE’) < CZ(AOPT)
=b+d+2y
=b+d+y—5+(y+9). (2)
Since B(A?"" N A%PE/) =y + 8, plugging
CZ(A?PT’AgPE’) — a(AgPE’) + ﬂ(AgPE’) + ﬁ(A?PT mAgPE’)
into (2), we obtain

a(ASFE) + BASF) <b+d+y —8. D (3)
Lemma6. C,(ASPE)<a+c+b+d+3y.

Proof.
BAS™E) < C1(ASF)
<a+c+2y+§6, (4)
where the second inequality follows from Lemma 4. Now,
Co(A%) < Co(ATE, ASFF)
< a(A3%) + BUAST) + AT
<b+d+y—-5+a+c+2y+9$
=a+c+b+d+3y.

The first inequality follows from the Nash inequality. The second
inequality follows from the fact that each resource that player 1
chooses adds at most the weight of that resource to the cost of
player 2. The third inequality follows from (3) and (4). O

Lemma 7. SPoA < 1.5 for affine atomic congestion games with two
players.
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Proof.
2(C(ASPR)) = 2(C1(ASTF) + Co(A%))
<2a+2c+22y +8)+2(b+d+y —9§)
+a+c+b+d+3y
=3a+ 3c+3b+3d+ 9y
< 3C(A°"),

where the first inequality follows from Lemmas 4-6, and the last
inequality follows from Observation 3. O

Theorem 1 now follows from Lemma 7. While the case with two
players can still be written down algebraically, for three players we
turn the same proof idea into a linear programming formulation.

5. The case of three players

Along the lines of the proof for the case with two players, we
also settle the case with three players.

Theorem 8. SPoA = 39 ~ 2.13 for affine and linear congestion

games with three players.

To prove the theorem, we use a linear programming (LP) ap-
proach. We first use a sequence of simple, combinatorial argu-
ments to show that a worst-case instance is moderate in size. This
is done in Lemmas 9-11. These lemmas apply to games with three
players or more. We then compute a worst-case instance for the
case with three players using a standard LP solver.

5.1. Worst-case instances of moderate size

We use the following notation. Define the series

z1:=2andz =1 +l_[zjforalli > 2.

j<i
Note that z; = 3,z3 = 7,z4 = 43, and that z; grows doubly-
exponential.

Lemma 9. For any instance I of a congestion game, there exists an
instance I', such that |A;| < z for all playersi = 1,...,n, and
SPoA(I") = SPoA(I).

Proof. Denote by A°"T an optimal outcome for instance I and by
ASPE the outcome of a worst-case subgame perfect equilibrium.
The proof goes by successively eliminating all actions that are not
chosen, neither in A°"T nor in the subgame perfect equilibrium, in
the order of the players 1, 2, .. ., n. For the first player, we thereby
restrict .4, to only two actions: AQ"" and ASFE. For the second player,
we thereby restrict A, to at mostz, = 3 actions, namely the actions
prescribed by the subgame perfect equilibrium for the two relevant
actions of player 1, plus A(Z)PT. More generally, for the kth player,
we restrict Ay to at most 1 + ]_[kk z; actions, namely the actions
prescribed by the subgame perfect equilibrium in each of the at
most [];_, z states, plus AY"". In the so reduced game I, SSP is also
subgame perfect, as the actions that were removed are all actions
with inferior or identical cost for the respective player. O

Lemma 10. For any instance I of a congestion game, there exists
an instance I, such that |A;| < z; for all playersi = 1,...,n, and
IR| < 2Xien Al — 1, and SPoA(I’) = SPoA(I).

Proof. By Lemma 9, we may restrict to instances I with |A4;] < z
for all players i. Suppose the claim is false. Then choose among all
instances that falsify the claim an instance I that minimizes the
number of resources |R|. Then each resource r € R is chosen in

at least one of the actions. As we have at most ) _,_, |.4;| differ-
ent actions, there are at most 2Xiev 4il — 1 different non-empty
subsets of the set of all actions. Since |R| > 2Xien il — 1, by
the pigeonhole principle the “incidence matrix” of all resources
and actions contains at least two identical rows. In other words,
there must exist two resources r,r’ € R such that every action
either contains both r and r’/, or it contains neither r nor r’. Now
we can construct an instance I’ identical to I, except instead of r
and r’, it contains a new resource r” for which g.» = 8, + B,» and
o = ap + ap. Other than this replacement, instance I’ has the
same sets of actions as instance I. Now each outcome A in I’ has
the same costs as A in I. Therefore the same actions are subgame
perfect and SPoA(I’) = SPoA(I). As I’ has one resource less, we
obtain a contradiction. O

Recall that A°"T denotes an action profile that minimizes C(A)
for a given instance I. The final lemma bounds the constant cost
and weights in a worst-case instance.

Lemma 11. For any instance I of a congestion game with affine cost
functions, there exists an instance I’ such that | A;| < z; for all players
i=1,...,n |R <2XienMil — 1, o + B, < nC(A°’T)Vr € R, and
SPoA(I") = SPoA(I).

Proof. We are only left to show the claim on the cost functions.
However resources r with o, + B > nC(A°"T) can safely be
eliminated, as it cannot be subgame perfect for any player i to
choose resource r: choosing A’ instead, yields a cost at most
nCi(A°T) < nC(A°"") < a; + B;. O

Specifically, for congestion games with three players, in order
to find a worst-case instance we only need to consider games of
moderate size. It suffices to let |A{| = 2, |43 = 3, | 43| =7, |R| =
22347 _ 1 = 4095, and o, + B, < 3C(A°"T) for all resources
r € R. The linear program now works as follows: It maximizes the
sequential price of anarchy over all instances with the properties
described above. We have 21> — 1 = 4095 resources, one for every
(potential) nonempty intersection of actions. The LP decides the
weight 8, > 0 and constant cost o, > 0 of each resource. We
define some fixed outcome as the optimum solution with total cost
normalized to 1, which yields that o + 8, < 3forallr € R, and
we maximize the sequential price of anarchy.

5.2. Details LP formulation

In violation to our earlier nomenclature, we here choose to
denote actions by lowercase letters a, a’, b, b’, ¢, ¢/, u and v,
because they appear as index to the decision variables. We use
binary parameters §,, to specify whether resource r is chosen
in action p. For each resource r, we have decision variables «;
and B;, the constant cost and weight of r, respectively. We fix a
subgame perfect equilibrium SSPE with subgame perfect outcome
ASPE and we use binary parameters z!, z2, and z,_ to prescribe
which actions are part of the subgame perfect equilibrium SS7F for
players 1, 2, 3 respectively. To clarify these, for example zﬁb =1
means that action b is the subgame perfect action by player 2, given
player 1 plays a. We denote by i.x the xth action of player i. We
define the action profile (1.1, 2.1, 3.1) as the optimal outcome with
total cost normalized to 1. The subgame perfect equilibrium is also
fixed, namely for player 1 it is action 1.2, for player 2 it is action
2.2 (given 1.1) and action 2.3 (given 1.2). For player 3, in branch
a > 1 of the game tree, we let action 3.(a + 1) be the subgame
perfect action. This implies that action profile (1.2, 2.3, 3.7) is the
outcome of the worst-case subgame perfect equilibrium.

We denote by v, = Y, g 8,r(Br + «r) the cost of a player who
chooses action y, assuming no other players would be there. Next,
we denote by 0, = ZreR 8,0, By the additional costs that two
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players with actions p and v incur due to overlap in resources.
We will use these auxiliary variables to determine the total cost
of player i when players 1, 2 and 3 choose actions a, b and c,
respectively. This we denote by C;(abc).

Since we have to be able to describe a subgame perfect equilib-
rium, we need a bit more of notation: C;(a) and C,(ab) denote the
cost of actions of players 1 and 2 respectively, when successors play
subgame perfect. For instance, C,(ab) denotes the cost of action
b for player 2, when player 1 chooses action a and player 3 plays
subgame perfect. Finally C(AS?®) will denote the total costs for all
players in the subgame perfect outcome.

For each of the following parameters, variables, and constraints,
we assume the following conventions on nomenclature:

a,d € A;,b,b € Ay,c,c’ € A3, 0, v € Uien A, T €R, 1 € N.

In writing, a and a’ denote actions of player 1, b and b’ denote
actions of player 2, ¢ and ¢’ denote actions of player 3, i and v are
arbitrary actions, r is aresource, and i is a player. Also, let us denote
by SSPE the worst-case subgame perfect equilibrium that we seek
to compute, so that ST is the strategy of player i = 1, 2, 3. Also
recall that ASPE = (1.2, 2.3, 3.7) is the resulting action profile. The
linear program is now as follows.

Binary parameters

1 ifrep
1) vr, .
wr * 0 otherwise
1 ifai ibed by SSFE
2! va ifais pl:ESCl‘l ed by S}
0 otherwise
2 va.b 1 ifbis pfescribed by S57F in state a
0 otherwise
2 Vb 1 ifcis prescribed by S37F in state ab
0 otherwise
Variables
. vr constant cost of r
Br vr weight of r
vy, Yu constant cost plus weight of
resources in @
0,0 Yu,vlw #v  weight of resources in u N'v
Ci(abc) Va,b,c,i cost of player i when players
1,2,3 choose a, b, c respectively
C(ASPF) costs in subgame perfect
outcome ASPE
Cq(a) Va cost of player 1 when she
chooses a and 2,3 choose
as prescribed by SSFE
Cy(ab) Va, b costs of player 2 when players
1,2 choose a, b and 3 chooses
as prescribed by SSPE
Constraints
Of“r+13rf3 vr (5)
Uy = Z 8p,r(,3r + ar) Vlu (6)
reR
0y = Z(S//.ravrﬂr VMa VU|,U, 3& v (7)
reR
Ci(abc) = vg + 0gp + 0gc Va, b, c (8)
Ca(abc) = vp + 0gp + Opc Va, b, c (9)

Cs(abc) = ve + 04¢ + Ope Va, b, c (10)
C5(abc) < C5(abc’) Va, b, clz},. =1,¢ (11)
Cy(ab) < Cy(ab’) Va, b|zZ, = 1,b (12)
Ci(a) < Cy4(d) Valz, =1,d (13)
C1(a) = Cq(abc) Va, b|zab =1 c|zabc =1 (14)
Cy(ab) = Cy(abc) Va, b, clzabc =1 (15)
Zci(1.1,2.1,3.1)=1 (16)
ieN
C(A%®) =) " ((1.2,2.3,3.7) (17)
ieN

Constraints (6) and (7) define costs of actions v, and intersec-
tion costs o, for all actions w, v. Constraints (8), (9), and (10)
define the costs in each outcome for each player. Constraints (11),
(12), and (13) guarantee that no player can improve from the sub-
game perfect equilibrium SSPE. Constraints (14) define C;(a), and
constraints (15) define C,(ab), as explained earlier. The optimal
solution is the action profile (1.1, 2.1, 3.1) and has total cost equal
to 1, encoded into constraint (16). Constraint (17) defines C(AS"E).
Finally, constraints (5) are not necessary, but bound the variables
o and ;.

The objective is to maximize C(AS"), since, due to the nor-
malization, this value equals the sequential price of anarchy. This
allows us to give the LP-based proof of the main theorem of this
paper. This result is particularly interesting in comparison to the
tight bound 2.5 for the price of anarchy for non-sequential three
player congestion games [3,4,9].

Proof of Theorem 8. We have solved the above described linear
program using the AIMMS modeling framework with CPLEX 12.5
as LP solver. We obtain an optimal solution with value 122 ~ 2.13,
which proves Theorem 8. O

5.3. Tight lower bound instance

We have used a mixed integer linear program (MIP) in order to
model situations with smaller action spaces and fewer resources.
Here, we use integer variables (instead of parameters) to decide
which actions are subgame perfect for the third player. Naturally,
such a MIP only yields lower bounds on the sequential price of
anarchy, but no upper bounds. Nevertheless, after inspection of the
solution of the linear program, using the MIP we have been able to
compute a lower bound example that matches the upper bound
of Theorem 8, so that player 3 only uses four different actions. We
here give this instance, scaled to integers such that the cost in the
optimum solution equals 488.

Example 12. There are three players. Player 1 has two actions
1.1, 1.2. Player 2 has three actions 2.1, 2.2, 2.3. Player 3 has 4
actions 3.1, 3.2, 3.3, 3.4. There are 13 resources R = {1, ..., 13}
with constant costs o, = O for all r € R. Table 1 shows for each
resource, its weight and the actions that contain it. This instance is
also illustrated in a more intuitive way in Fig. 3. <«

Backward induction on the game tree yields a subgame perfect
outcome where player 1 chooses 1.2, player 2 chooses 2.3, and
player 3 chooses 3.4, yielding a total cost of C(AS?®) = 1039. The
game tree is shown in Fig. 4.
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Fig. 3. Illustration of Example 12. Squares represent resources. The number in each resource denotes its weight. Encircled resources depict the actions.

Player 1

Player 2 17

Player 3

174 401 401 440 345 345 345 407 264 491 491 407 317 317 317 440 488 261 261 407 407 407 407 407

AOPT

4SPE

Fig. 4. The game tree of Example 12. The number at each action denotes the cost of the corresponding player when all successors play subgame perfect. Fat lines are actions

of the subgame perfect equilibrium.

Table 1
The weights and actions of each resource. v'denotes that the corresponding action
contains the corresponding resource.

r Br 1.1 1.2 2.1 2.2 23 3.1 3.2 33 34
1 84 v v v

2 52 v v v v

3 3 v v v v

4 4 v v v v v

5 31 v v v v

6 52 v v v

7 54 v v v

8 92 v v v v

9 51 v v v

10 28 v v

11 4 v v v v

12 33 v v v
13 374 v

6. Conclusions

The linear program that we proposed here for the case of three
players, is no longer practically feasible for the case with four
players, as the number of actions of the fourth player would be 43,
and the number of resources would become 2> — 1. Yet we have
experimented with a reduced size MIP in order to compute lower
bounds on the sequential price of anarchy for congestion games
with four or more players. Even though the corresponding MIP was
large and posed some computational challenges, we have been able
to show that SPoA > 2.55 for four players [19], so specifically it is
larger than 5/2 (which is the price of anarchy for Nash equilibria).

Acknowledgments

We thank José Correa and Bart de Keijzer for helpful discussions.
An extended abstract of this paper has been published in the
proceedings of the 10th Conference on Web and Internet Eco-
nomics [17]. Jasper de Jong was supported by 4TU.AMIL.



J. de Jong and M. Uetz / Operations Research Letters 47 (2019) 133-139

References

(1

2

[3

[4

5

[6

[7

[8

[9

[10]

[11]
[12]

[13]

A. Angelucci, V. Bilo, M. Flammini, L. Moscardelli, On the sequential price
of anarchy of isolation games, in: D.-Z. Du, G. Zhang (Eds.), Computing
and Combinatorics (COCOON 2013), in: Lecture Notes in Computer Science,
vol. 7936, Springer, 2013, pp. 17-28.

A. Angelucci, V. Bilo, M. Flammini, L. Moscardelli, On the sequential price of
anarchy of isolation games, J. Comb. Optim. 29 (1) (2015) 165-181.

B. Awerbuch, Y. Azar, A. Epstein, The price of anarchy of routing unsplittable
flow, in: Proc. 37th Annual ACM Symp. on the Theory of Computing (STOC
2005), 2005, pp. 57-66.

B. Awerbuch, Y. Azar, A. Epstein, The price of routing unsplittable flow, SIAM
J. Comput. 42 (1) (2013) 160-177.

V. Bilo, A unifying tool for bounding the quality of non-cooperative solu-
tions in weighted congestion games, Theory Comput. Syst. 62 (5) (2018)
1288-1317.

V. Bilo, M. Flammini, G. Monaco, L. Moscardelli, Some anomalies of farsighted
strategic behavior, in: C. Kaklamakis, K. Pruhs (Eds.), Approximation and
Online Algorithms (WAOA 2010), in: Lecture Notes in Computer Science, vol.
8447, Springer, 2013, pp. 229-241.

V. Bilo, M. Flammini, G. Monaco, L. Moscardelli, Some anomalies of farsighted
strategic behavior, Theory Comput. Syst. 56 (1) (2015) 156-180.

V. Bilo, C. Vinci, On stackelberg strategies in affine congestion games, in: E.
Markakis, G. Schafer (Eds.), Web and Internet Economics (WINE 2015), in:
Lecture Notes in Computer Science, vol. 9470, Springer, 2015, pp. 132-145.
G. Christodoulou, E. Koutsoupias, The price of anarchy of finite congestion
games, in: Proc. 37th Annual ACM Symp. on the Theory of Computing (STOC
2005), 2005, pp. 67-73.

J.R. Correa, ]. de Jong, B. de Keijzer, M. Uetz, The curse of sequentiality in
routing games, in: E. Markakis, G. Schafer (Eds.), Web and Internet Economics
(WINE 2015), in: Lecture Notes in Computer Science, vol. 9470, Springer,
2015, pp. 258-271.

B. Farzad, N. Olver, A. Vetta, A priority-based model of routing, Chicago J.
Theoret. Comput. Sci. 2008 (1) (2008).

D. Fotakis, Stackelberg strategies for atomic congestion games, Theory Com-
put. Syst. 47 (2010) 218-249.

C. Groenland, G. Schafer, The curse of ties in congestion games with lim-
ited lookahead, in: Proceedings of the 17th International Conference on
Autonomous Agents and Multiagent Systems (AAMAS 2018), IFAAMAS, 2018,
pp. 1941-1943.

(14]

[15]

(16]

(17]

(18]

(19]

[20]

[21]

(22]

(23]

(24]

(25]

(26]

139

T. Harks, S. Heinz, M. Pfetsch, Competitive online multicommodity routing,
Theory Comput. Syst. 45 (2009) 533-545.

T. Harks, L. Vegh, Selfish routing with online demands, in: J. Jansen, P. Pralat
(Eds.), Proc. 4th Workshop on Combinatorial and Algorithmic Aspects of
Networking (CAAN 2007), in: Lecture Notes in Computer Science, vol. 4852,
Springer, 2007, pp. 27-45.

R. Hassin, U. Yovel, Sequential scheduling on identical machines, Oper. Res.
Lett. 43 (5) (2015) 530-533.

J. de Jong, M. Uetz, The sequential price of anarchy for atomic conges-
tion games, in: T.-Y. Liu, Q. Qi, Y. Ye (Eds.), Web and Internet Economics
(WINE 2014), in: Lecture Notes in Computer Science, 8877, Springer, 2014,
pp. 429-434.

J.deJong, M. Uetz, A. Wombacher, Decentralized throughput scheduling, in: P.
Spirakis, M. Serna (Eds.), Algorithms and Complexity (CIAC 2013), in: Lecture
Notes in Computer Science, vol. 7878, Springer, 2013, pp. 134-145.

K. Kolev, Sequential price of anarchy for atomic congestion games with
limited number of players (Master’s thesis), University of Twente, 2016.

E. Koutsoupias, C. Papadimitriou, Worst-case equilibria, in: C. Meinel, S. Tison
(Eds.), 16th Annual Symposium on Theoretical Aspects of Computer Science
(STACS 1999), in: Lecture Notes in Computer Science, vol. 1563, Springer,
1999, pp. 404-413.

E. Koutsoupias, C. Papadimitriou, Worst-case equilibria, Comput. Sci. Rev. 3
(2009) 65-69.

U. Nadav, T. Roughgarden, The limits of smoothness: a primal-dual frame-
work for price of anarchy bounds, in: A. Saberi (Ed.), Internet and Network
Economics (WINE 2010), in: Lecture Notes in Computer Science, vol. 6484,
Springer, 2010, pp. 319-326.

N. Olver, The price of anarchy and a priority-based model of routing (Master’s
thesis), McGill University, Montréal, Canada, 2006.

R. Paes Leme, V. Syrgkanis, E. Tardos, The curse of simultaneity, in: Proc. 3rd
Conf. on Innovations in Theoretical Computer Science (ICTS 2012), ACM, 2012,
pp. 60-67.

R.W.Rosenthal, A class of games possessing pure-strategy nash equilibria, Int.
J. Game Theory 2 (1) (1973) 65-67.

T. Roughgarden, E. Tardos, How bad is selfish routing? J. ACM 49 (2) (2002)
236-259.


http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb1
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb2
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb2
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb2
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb4
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb4
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb4
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb5
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb5
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb5
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb5
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb5
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb6
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb7
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb7
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb7
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb8
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb8
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb8
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb8
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb8
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb10
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb11
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb11
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb11
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb12
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb12
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb12
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb13
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb14
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb14
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb14
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb15
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb16
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb16
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb16
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb17
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb18
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb18
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb18
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb18
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb18
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb19
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb19
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb19
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb20
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb21
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb21
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb21
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb22
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb23
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb23
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb23
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb24
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb24
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb24
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb24
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb24
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb25
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb25
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb25
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb26
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb26
http://refhub.elsevier.com/S0167-6377(18)30625-4/sb26

	The sequential price of anarchy for affine congestion games with few players
	Introduction
	Related work and contribution
	Notation and preliminaries
	Warmup: The case of two players
	The case of three players
	Worst-case instances of moderate size
	Details LP formulation
	Binary parameters
	Variables
	Constraints
	Tight lower bound instance

	Conclusions
	Acknowledgments
	References


