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Summary
The assembly of clathrin coats in the presence of adaptor proteins was studied through computer
simulations using coarse-grained models and through statistical mechanics. Adopting a reductionist approach based on recent experimental results, we aimed at reproducing and studying the
minimal conditions that lead to the successful formation of aggregates, and at investigating the
molecular properties and mechanisms required by the assembly process both in bulk conditions
and at a membranous surface. In order to tackle this challenging task, coarse-grained models
were used to describe all the assembly units involved in the simulations presented in this thesis.
These models are based on the available structural data and are engineered to capture the key
elements and behavior of the modeled proteins.
In Chapter ?? we introduce a coarse grained model of adaptor proteins, inspired by and
representing the AP2 complex. The latter, the second most abundant component of endocytic
coats after clathrin, is known to play a fundamental role in promoting and assisting the creation
of coats at the cytosolic surface of the membrane. It is reported to be able to trigger polymerization of clathrin triskelia in physiological conditions of salt and pH, under which puriﬁed clathrin
triskelia do not spontaneously self-assemble. The interaction between APs and clathrin were
modeled throughout this thesis through a click potential, introduced for the ﬁrst time in this
chapter. The characteristics of the AP model, and of this interaction, have been tuned to reproduce the existing experimental assembly data of an AP2 and clathrin mixture. Our computer
simulations provide novel insights into the role of AP2 in the self-assembly of clathrin cages and
suggest that the mechanical properties of adaptor proteins are of fundamental importance. In the
same chapter, we also developed a statistical mechanical theory that describes the equilibrium
concentration of clathrin cages as a function of the other assembly variables and parameters,
such as the protein concentrations and interaction strengths.
This theoretical model has been further developed in Chapter ??, in order to explicitly take
into account the eﬀect of the ﬂexibility of the clathrin triskelion, previously neglected. The main
aim of the chapter is to investigate the equilibrium properties of clathrin cages resulting from the
aggregation process, with emphasis on their size in the absence and in the presence of adaptor
proteins. In order to perform this study, the essential features and characteristics of clathrin and
AP2s are captured through a small number of eﬀective parameters, and the number of allowed
aggregates is determined on the base of geometrical considerations and arguments. The model
is able to capture the key mechanisms determining the experimentally known ability of AP2s to
inﬂuence the size of a clathrin cage, and thus to shape the resulting cage size distribution.
In Chapter ??, we introduce a triangulated mesh model for an elastic membrane to investigate the formation of clathrin/AP2 coats at the cytosolic face of a cellular membrane. The model
parameters are tuned to reproduce the typical properties of a biological membrane within the
computational limits imposed by our simulations. In order to be able to extract the dynamical
behavior associated to the aggregation process from the simulations, we make use of a compact
Rotational Brownian Dynamics algorithm that uses quaternions to describe rotations, recently
developed within the group. In the same spirit that led to the development of the statistical1

mechanical model accompanying the simulations of Chapter ??, we developed a Langmuir-like
adsorption model for the clathrin/AP complex at the membrane. Through the combination of
simulations and theory, we characterize the mechanisms by which an initial nucleation point constituted by a small number of assembly units is stabilized through a cooperative eﬀect between
APs and clathrin at the membrane surface. We furthermore describe and predict the conditions
under which this nucleation point is able to grow into a hemispherical clathrin coat.
In all the simulations performed in Chapter ??, the growth of the clathrin coat halts upon
reaching a hemispherical conﬁguration, hinting towards the existence of an activation barrier in
the free energy proﬁle associated with the assembly of a clathrin coat at the membrane. Chapter ?? is devoted to investigating and computing the free energy proﬁle by means of constrained
Brownian Dynamics simulations. The free energy is here expressed and computed as a function
of a reaction coordinate by integrating the average constraint force. Our results conﬁrm the
existence of a free energy barrier, implying the action of other endocytic components, possibly
other membrane-bending proteins, at a speciﬁc step of the assembly process.
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Chapter 1

Introduction
Clathrin-mediated endocytosis is a process by which eukaryotic cells internalize cargo molecules
through the formation of clathrin-coated lipid vesicles. The assembly of this protein coat in a
polyhedral lattice on the cytosolic face of the plasma membrane requires the interplay between
clathrin, the major component of the coat, and a number of other protein complexes, among which
adaptor proteins, that mediate the interaction with the lipid membrane and cargo molecules. The
aim of this chapter is to provide a brief overview of the fundamental biological aspects that
inspired our models and of the computational methods used throughout this thesis to study the
mechanisms of the assembly process.

1.1
1.1.1

Clathrin Mediated Endocytosis
Introduction

In all living cells, the lipid bilayer constituting the plasma membrane deﬁnes, separates, and preserves the intracellular cytoplasm from the extracellular environment, by forming a continuous
barrier surrounding the entire cell volume. Membranes are also observed surrounding separate
cellular compartments and organelles - a distinctive feature of eukaryotic cells.
The lipids [1] forming the membrane bilayer (phospholipids, glycolipids, and cholesterol) are
amphiphilic and are organized in the bilayer in such a way to point their polar ends towards
the exterior. Thanks to this structure, hydrophilic molecules cannot easily cross the membrane
hydrophobic bilayer core. Membranes thus act as an eﬀective barrier, able to maintain a concentration gradient between two separate compartments, while at the same time measuring only a
few nanometers in width.
Several transport processes across the membrane exist, characterized by diﬀerent types of mechanisms and molecules involved. The transport rate of small molecules across the membrane is
dictated by the organization and composition of the membrane lipids [1], and by the proteins
embedded in the lipid matrix that regulate the permeability of the cell membrane. Some notable examples of transport proteins are ion channels, able to create pores in the membrane and
thus regulate the ﬂow of ions across the membrane, or ion transporters, proteins able to move
ions against their concentration gradient. Larger molecules such as proteins, that cannot cross
the membrane through passive means, are typically collected, sorted, and internalized in lipid
vesicles, used as transportation devices between membrane-deﬁned cellular compartments.
A particularly important example is the endocytic pathway. Endocytosis is a fundamental internalization process of cargo molecules and lipids at the plasma membrane, observed in all
eukaryotic cells. Lipid vesicles bud from the cytosolic side of the donor membrane, ﬁnally detaching from it to form a free vesicle, able to diﬀuse in the cytosol (possibly moved by molecular
1
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Figure 1.1: An overview of the main steps in the nucleation, budding, scission, and uncoating of
a clathrin coated vesicle during endocytosis at the cellular membrane, shown counterclockwise
in chronological order. An initial nucleation point is formed on the cytosolic side of the plasma
membrane through a cooperative interplay involving cargo molecules, able to inﬂuence adaptor
localization. x Adaptors recruit clathrin triskelia that are diﬀusing in the cytosol. y, z The
protein lattice grows by further clathrin polymerization and bends the underlying membrane,
causing cargo sequestration and sorting. { Membrane scission is mediated by dynamin rings
around the neck of the clathrin coated vesicle, resulting in a free clathrin coated vesicle. |
Clathrin triskelia are uncoated through the action of Hsc70 and auxilin in an ATP dependent
process, followed by adaptors dissociation from the membrane in a second separate step. Adaptors in the cytosol are phosphorylated, to make them unable to trigger clathrin polymerization
in the bulk phase. } Free clathrin and APs are recycled in the next endocytic event. ~ The
uncoated vesicle will diﬀuse in the cytosol and ﬁnally fuse with an acceptor endosome.

motors, or along tracts of microtubules). One of the elements involved in targeting speciﬁc
membranes is a class of protein known as SNAREs. Vesicles are ﬁnally able to deliver their
engulfed cargo by fusing with a target receiving membrane, often through a protein complex 1 .
The engulfed cargo is typically delivered to endosomes, where sorting occurs, and then can be
redirected to late endosomes and lysosomes for degradation, to the trans-Golgi network (TGN),
or to recycling carriers that bring the cargo and lipids back to the plasma membrane (this reverse
process is called exocytosis). The endocytic pathway also provides a way to control and regulate
the composition of the plasma membrane, an important factor for processes like cytokinesis, cell
adhesion and morphogenesis, or cell fusion. It is in fact estimated that some cells internalize
their cell surface equivalent one to ﬁve times per hour [2].
In general, the diﬀerent endocytic pathways [3] can be grouped in two main groups, namely
clathrin-dependent and clathrin-independent endocytosis. The latter group, which existence has
been proven only in relatively recent years [4], includes caveolae-dependent endocytosis [5] and
macropinocytosis [6]. In the following sections we will focus on clathrin-mediated endocytosis,
the most important and perhaps best understood endocytic route and the object of study of
this thesis.

1

The 2013 Nobel prize in Physiology or Medicine was assigned to James E. Rothman, Randy W. Schekman
and Thomas C. Südhof for their studies on the organization of the cellular transport system.

1.1. Clathrin Mediated Endocytosis

1.1.2
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The life cycle of a clathrin coated pit

The initial observation of ‘bristle-coated’ pits [7] in 1964, and the recognition [8] of their role in
clathrin-mediated endocytosis (CME) by Barbara Pearse in 1976, created an evolving paradigm
for the analysis of cellular traﬃcking, and founded an entire new interdisciplinary research ﬁeld.
In CME [9–12], cargo molecules such as transferrin, immunoglobulins, lipoproteins, hormones,
and signaling receptors are transported by vesicles surrounded by a protein coat, which most
abundant component is the clathrin protein [13]; for this reason, they are referred to as clathrin
coated vesicles (CCVs). Clathrin triskelia do not directly bind the lipid membrane or cargo proteins. These interactions are mediated by a family of protein complexes called adaptor proteins
(APs), that also constitute a binding hub for other endocytic proteins and complexes [14, 15].
The entire life cycle of a clathrin-coated vesicle, summarized in Fig. 1.1, involves a sequence
of highly regulated events at a time scale of seconds to minutes. An initial, coated pit assembles at the cytosolic face of a cellular membrane, see Fig. 1.2, by growth of a nucleation point,
composed of a small clathrin lattice anchored by adaptor proteins to the underlying membrane
[16]. This initial nucleation point grows by additional clathrin polymerization, deforming the
underlying membrane, and ﬁnally leading to a coated vesicle, attached to the plasma membrane
by a narrow neck. The fully formed vesicle pinches oﬀ to form a free coated vesicle through the
action of dynamin. The latter forms rings or spirals around the neck of the vesicle, causing it to
eventually break and release the vesicle. Experiments in vivo, using among others live-cell ﬂuorescent microscopy through total internal reﬂection ﬂuorescence (TIRF) or confocal microscopy,
revealed a number of proteins associated with the nascent coat at diﬀerent stages of maturation
with diﬀerent functional tasks. Eps15, epsin, FCHo1 and FCHo2 form a complex required at a
very initial stage for the initiation of the coated pit [17–21]. Amphiphysin and endophilin are
thought to contribute to the maturation of a clathrin coated vesicle by means of their membrane
bending BAR domain [22]. Actin, indirectly recruited by clathrin through binding with Hip1R,
is implicated in the process of coat maturation [20, 23]. Other components are necessary for
binding to particular cargo molecules [24]. The ATP-dependent disassembly of the outer layer
is triggered by auxilin, that in turn recruits Hsc70 to direct uncoating [25–27].
Despite this high number of proteins and complexes directly or indirectly involved in the creation and maturation of CCVs, recent experiments in vitro showed that puriﬁed clathrin, in the
sole presence of a disordered polypeptide acting as an adaptor protein, is capable of generating
spherical buds. In the presence of dynamin, these buds are released from the membrane, suggesting that these three endocytic components possess the key elements leading CCV assembly
[28]. In this thesis, we adopted a similar reductionist approach to describe the physical mechanisms and conditions leading to the assembly process of a CCV, by identifying the fundamental
characteristics and functional roles of each of the main endocytic players.
Coat components
A clathrin protein possesses a characteristic shape that resembles that of a pinwheel or triskelion,
visible in Fig. 1.3. This triskelion represents the basic lattice unit for a vesicular coat [29–32].
Each of the three legs is composed of a 190 kDA clathrin heavy chain (CHC) subunit, and
posses a contour length of 45 nm. The three legs are joined at a central hub near their Cterminus. Each leg is subdivided in segments of uniform thickness, referred to as ‘proximal’,
‘distal’, and ‘terminal domain’, connected and smoothly bent at a ‘knee’, ‘ankle’, and ‘linker’.
The globular N-terminal domain consists of a seven-bladed β propeller structure, while the
remaining domains are characterized by 8 copies of a large repeating motif of about 145 residues
in ﬁve helical zigzags, known as the clathrin heavy-chain repeat (CHCR) [33]. Associated with

4
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Figure 1.2: Clathrin pits of diﬀerent sizes, formed at the cytoplasmic face of the plasma membrane. These pits are regions of the donor membrane where the assembly of the vesicle coat
takes place, and they bud to form a coated vesicle. Electron micrograph courtesy of Dr. John
Heuser.
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Figure 1.3: The clathrin triskelion is formed by three identical clathrin heavy chains forming
the backbone of a very elongated and curled structure with a contour length of about 45 nm,
subdivided in the segments labeled in the ﬁgure. The legs are connected at their C-terminus
near the hub, while the N-terminus of the chain is the terminal domain. The position of the
three clathrin light chains associated to each leg is indicated schematically. Reproduced with
permission from Fotin et al. [33].
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Figure 1.4: Hexagonal clathrin barrel obtained at subnanometric resolution. Only the heavy
chains of clathrin are indicated. The structure is constituted by 36 clathrin and has D6 symmetry.
Reproduced with permission from Fotin et al. [33].
every CHC proximal segment is a smaller 23 kDA clathrin light chain (CLC) subunit with
a simpler α-helical heptad repeat, which is thought to regulate the clathrin assembly process
[34] at physiological conditions. Without CLC, triskelia of CHC polymerize into a lattice at
physiological pH [35]. The overall clathrin structure is characterized by an intrinsic curvature,
that plays an important role in the coat ability of bending the membrane.
The AP2 complex belongs to the heterotrameric family of AP1-4, and probably represents
the most studied adaptor protein. AP2 mediates endocytosis at the plasma membrane, it is the
most abundant endocytic clathrin adaptor, and it covers a fundamental role in coat assembly
under physiological conditions [36]. AP2 consists of the α2 and β2 large subunits of 100-110
kDa together with a medium sized 50 kDa μ2 subunit and a small 20 kDa σ2 subunit. AP2 is
characterized by a core that binds to a component of the cell membrane (PtdIns(4,5)P2 ) and
peptide motifs present in the cytosolic tail of membrane-embedded cargo receptors [37]. The Cterminal appendages of α2 and β2 , connected to the core by ﬂexible linkers [38], possess binding
motifs for many other endocytic proteins with various accessory and regulatory functions [39].
Puriﬁed clathrin triskelia are able in vitro to self-assemble into polyhedral cages in slightly
acidic conditions [38], without further assistance. The geometry and topology of these structures
closely resemble those of the lattices constituting the coats around membranous vesicles. The
protein coat surrounding the lipid vesicle forms a remarkably well deﬁned polyhedral structure,
see Fig. 1.5, featuring hexagonal and pentagonal facets, 2 ﬁrst described by Kanaseki and Kadota
2

Curiously, identical geometrical structures are found on diﬀerent scales in nature. Examples include fullerenes
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[40] in 1969. Cryo-EM maps of a polyhedral clathrin lattice, assembled with the adaptor protein
complex AP2, were presented in 1998 and 2004 by Smith [41] and Fotin [33] at 2.1 nm and
subnanometer resolution, respectively. The latter is visible in Fig. 1.4. In these structures, a
clathrin hub is found at each lattice vertex, and each edge consists of two intertwined antiparallel
proximal domains beneath which lie two anti parallel distal domains, all leg sections coming from
diﬀerent triskelia. The length of an edge is approximately 17 nm. The clathrin terminal domains
project inwards, towards the center of the structure.
As a ﬁnal remark, we observe that clathrin is not the only protein able to form coats of
a transport vesicle. Other important examples are the COating Protein (COP) I and II [42–
44], involved in cargo transport from the endoplasmatic reticulum to, and within, the Golgi
apparatus. The characteristics and functions of the polyhedrical protein coat closely resemble
those of a clathrin coat [45], but their assembly does not require APs.

1.2
1.2.1

Computer Simulations
Introduction

Computer simulations represent an increasingly popular and eﬀective method for both research
and industrial applications, and are a very convenient way to study and predict the statistical
properties and dynamical behavior of complex macromolecules. They present themselves as a
ﬂexible, complementary method bridging the gap between experiments and analytical models,
providing an adaptable framework both for proving theoretical predictions and for simulating
experiments by allowing complete control over the details of the system under investigation. A
subset of biological applications includes protein folding, structural predictions, ligand docking,
viral assembly, or DNA supercoiling. Simulation results are usually re-expressed and interpreted
through the language of statistical mechanics, that provides the rigorous mathematical expressions that allow to explore and extract the macroscopic properties of interest from the microscopic details of the system. These quantities are obtained through averages over all the frames
in the trajectory that, for very long simulations, replaces averages over an equivalent statistical
ensemble. In formulas,


1 τ
A = A({pi , ri })ρ({pi , ri })d{ri , pi } = lim
A({pi (t), ri (t)})dt = Ā,
(1.1)
τ →+∞ τ 0
where A is the macroscopic property, {pi , ri } is the complete set of coordinates and conjugate
momenta for all the particles in the system, {pi (t), ri (t)} a particular realization in a trajectory
at time t, and ρ represents the probability density of the statistical ensemble. Equation (1.1) is
known as the ergodic theorem for a random process.
It is beyond the scope of this introduction to provide a description of the theoretical aspects
of computer simulations; the interested reader can refer to the excellent existing literature [46–
48] for further details. In the following sections, the main aspects and simulation techniques used
in this thesis are brieﬂy introduced.

1.2.2

From molecules to computational models

Computer simulations are based on mathematical models that capture the behavior of the
modeled system, often based on the ever-increasing number of available structural data for the
macromolecule 3 . The level of accuracy of these models is limited by the available computational
or protozoa skeletons, 100 times smaller and 1000 times larger than clathrin cages.
3
126006 total structures at the Protein Data Bank at the end of 2016.
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Figure 1.5: One of Leonardo da Vinci’s illustrations for Luca Pacioli’s 1509 book De Divina
Proportione (Leonardo da Vinci, public domain, via Wikimedia Commons). The term Icosaedron
absisum means truncated icosahedron, and the term Vacuum refers to the hollow faces. This
‘soccer ball’ structure, a common result of clathrin assembly, features 60 vertices forming 12
pentagonal and 20 hexagonal facets.
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Figure 1.6: The logo of the Computational BioPhysics group, outlining the coarse graining
procedure. Individual atoms in the polymer (white and black beads) are grouped together in
the coarse grained model (red spheres), thus greatly reducing the total number of degrees of
freedom. These new groups are the fundamental units of the coarse-grained simulations. The
procedure allows to simulate much longer time and larger space scales.
resources. In fact a low-resolution, coarse-grained (CG) description of biomolecules is often the
only way to simulate processes on a large time or length scale, that would be inaccessible to
all-atom simulations.
In CG models, an eﬀective interaction site or ‘bead’ represents a group of atoms, and the
overall number of degrees of freedom is drastically reduced, as illustrated in Fig. 1.6. Thereby
a vast amount of local patterns of motion and their short relaxation timescales can be excluded from consideration, making the simulation of a CG system signiﬁcantly less resource and
time demanding. For this reason, during the last decade multiscale CG simulations have gained
an increasingly important role in the studies of long time or large scale phenomena, and are
presently often used as components of multiscale modeling protocols in combination with, or in
substitution of, atomistic resolution models 4 .
All the proteins and macromolecules involved in the simulations presented in this thesis are
described using highly coarse grained models. In particular, the clathrin model is directly derived
on the basis of the model developed by den Otter and Briels [49–52]. The details of the model
are presented in the following chapters.

1.2.3

Simulation algorithms

In recent years, thanks to the increased availability and interest for computational methods
and tools, simulations found new applications in several ﬁelds and the number of simulation
techniques has consequently greatly increased. In the realm of biological macromolecules, many
specialized techniques for speciﬁc problems have been developed, including multiple scales simulations and mixed quantum-classical simulations. All the computer simulations in this thesis
are performed under the assumption that, given the time and length scales associated to the
biological system at study, classical mechanics can be used to describe its motion, interactions,
and properties.
The methods employed in this thesis, and brieﬂy introduced in the following sections, belong
to the family of Monte Carlo (MC) computational methods and Brownian Dynamics (BD) simulations. The basic idea, in both cases, is to generate a discrete trajectory by evolving a speciﬁed
4

In 2013, the Nobel Prize in Chemistry was awarded to M. Levitt, A. Warshel, and M. Karplus for the
development of multiscale models for complex chemical systems.
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initial state through an algorithm, and to compute quantities of interest through Eq. (1.1). A
typical Monte Carlo or Brownian Dynamic simulation is performed in the canonical (NVT )
ensemble; in order to sample a diﬀerent statistical ensemble, the BD simulations in Chapters 4,
5 were performed by coupling the system to an external MC chemostat and barostat. The simulated system is conﬁned in a cubic box. In order to avoid boundary problems in ﬁnite simulation
boxes, we chose boundary conditions that mimic the presence of an inﬁnite bulk around the
simulated particles by using periodic boundary conditions (PBC). The box is surrounded by a
number of identical copies, and the computations make use of the Minimum Image Convention,
that states that each particle can only interact with the closest copy of every other particle.
Finally, the box size was chosen to avoid unphysical artifacts linked to the periodicity of the
images or to the isotropy of the system.
Monte Carlo
The Monte Carlo algorithms used in this thesis belong to a much larger class of computational
statistical methods aimed at estimating numerically quantities that, even having an analytic
expression, are in practice very diﬃcult to obtain. They are as such employed in the ﬁelds
of numeric integration or optimization, and become particularly useful when the number of
dimensions involved in the problem is very high [53]. Another physical application, used in
this thesis, is the sampling of the Boltzmann equilibrium probability distribution for a system
characterized by a high number of coupled degrees of freedom:
1
P () = g()e−β
Z
Z=
g()e−β .

(1.2)



In these equations, P () is the probability that the system is in a state with energy , g() is the
number of those states, β = 1/kB T with kB Boltzmann constant and T the system temperature,
and Z is known as the partition function. For large macromolecules, the energy of a conﬁguration
is a complex function of the set of coordinates, and the number of conﬁgurations is extremely
high, thus making the direct calculation of Z extremely inconvenient, if not impossible.
The MC simulations used in this thesis consist in generating a series of independent conﬁgurations of the system, distributed according to this desired distribution, known as a Markov
Chain. Individual frames are then used as samples of the distribution, and quantities can be
computed accordingly. Even within the subﬁeld of Markov Chain Monte Carlo (MCMC), there
exists a number of general or specialized algorithms. In this thesis, we make use of the Metropolis
iterative scheme. The system is initially prepared in a conﬁguration xi . The algorithm consists
then of the following steps:
• a new conﬁguration xi+1 is chosen according to a (symmetrical) trial probability distribu;
tion Pxtrial
i →xi+1
• the energy of the new conﬁguration, E(xi+1 ), and the ratio α = e−βE(xi+1 ) /e−βE(xi ) =
e−βΔE are computed;
• the probability of accepting the move is given by Pxacc
= min(1, α).
i →xi+1
The procedure is then repeated starting from the conﬁguration selected in the last step. The
total number of iterations determines the accuracy by which the Boltzmann distribution is
sampled. The exact details of the trial move are discussed in the method sections of their
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respective chapters. Here, we note that the ‘dynamics’ observed in MCMC simulations is a mere
consequence of the particular choice of the trial move distribution, that in turn is often chosen to
make the sampling eﬃcient. As such, it usually does not reproduce the actual, real dynamics and
it is not straightforward to recover time scales from the trajectories. In this context, a common
problem observed in MC simulations is the sudden drop of the diﬀusion coeﬃcient (‘freezing’)
of particles when aggregates are formed. A possible solution to this problem is the introduction
of cluster moves, introduced in Chapter 2 for the AP/clathrin complex.
The Langevin equation and the Brownian Dynamics algorithm
The core component of a Brownian dynamics simulation is the Langevin equation of motion
[54], probably the best known example of a stochastic diﬀerential equation. The equation is
integrated forward in time to create discrete trajectories over a ‘small’ timestep δt, which range
will be speciﬁed shortly. The Langevin equation is used to simulate the irregular motion of small
particles in a solution, named Brownian motion after the botanist Robert Brown, who ﬁrst
described it in 1827. As an illustrative example, in this section we will consider the translational
motion of a particle, described in terms of the coordinates x of the particle’s center of mass. In
its motion through the solvent, the particle continuously experiences collisions with the liquid
molecules. The latter ones, of no special interest in this context, are not explicitly considered;
rather, the collective average eﬀect of the collisions is represented by a friction term and the
ﬂuctuations around the average by a random contribution to the equation of motion of the
particle,
dv
= f − γv + Θ,
(1.3)
m
dt
where m is the particle mass, γ is its friction constant, often estimated through Stokes’ equation,
f is the force acting on the particle, and Θ is a stochastic force that accounts for the random
scattering with the solvent. The time scale associated to these collisions is assumed to be much
shorter than that describing the motion of the particle. Thus, at every instant, the particle
experiences many scatterings and, upon assuming each scattering event to be independent, the
resulting distribution of Θ is taken to be Gaussian. By the ﬂuctuation dissipation theorem, there
exists a relation between the strength of stochastic force ﬂuctuations and friction. Assuming
isotropy, the average and variance of the distribution are given by:
Θ
= 0,
Θ(t)Θ(t ) = 2γkB T δ(t − t ),

(1.4)

where kB is Boltzmann constant and T is the system temperature Upon solving Eq. (1.3), one
easily ﬁnds that average and square average velocity of a particle not subject to an external force
f , i.e. a Brownian particle, become exponentially independent of its initial velocity with a time
constant given by γ/m. On a much bigger time scale, i.e. in the overdamped case, accelerations
can thus be neglected and inertia plays no role. The equation of motion becomes in this limit
particularly simple:
f +Θ
fD
dx
=
=
+ Θ ,
(1.5)
v=
dt
γ
kB T
where D is the diﬀusion coeﬃcient of the particle. Unlike the original Langevin equation, it is
now a ﬁrst-order equation that does not depend anymore on the mass of the particle. Brownian
Dynamics algorithms consist of a numerical scheme to integrate this overdamped Langevin
equation of motion for a large system of N particles. Only the positions are propagated in time,
often enabling the use of large time steps limited by the condition that the conservative forces
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f acting on the particle must vary only slightly over the course of a single step. The numerical
integrator is:
D
δt + S(δt),
(1.6)
Δx = f
kB T
where S(δt) has a variance of 2Dδt. The displacement of a particle undergoing pure Brownian
motion can in fact be obtained by solving the equivalent Fokker-Planck or Smoluchowski diﬀusion
equation, under appropriate boundary conditions. The displacement is then found to vary with
the square root of the time. In this introduction, only the translational degrees of freedom of
the particle have been considered, and the particle orientation has been neglected. Traditional
Rotational Brownian Dynamics (RBD) algorithms are characterized by both theoretical and
numerical diﬃculties, associated with the use of coordinate systems such as Euler angles. In
chapter Chapter 4 and Chapter 5, we make extensive use of a remarkably stable and compact
RBD algorithm based on quaternions [52], developed by the CBP group to simulate anisotropic
particles. The algorithm structure, presented in the appropriate chapters, resembles that of
Equation (1.6).

1.2.4

Simulation code

A quite substantial, yet perhaps not much evident, part of this thesis has been the implementation and testing of the CPU intensive simulation code. The framework of the Monte Carlo and
Brownian Dynamics simulations was designed and implemented from scratch in C++, making
use of several libraries from the Boost collection 5 . Besides the standard algorithms and numerical recipes described in the literature [46, 48], the OpenMP library 6 was used to optionally
parallelize CPU demanding, suitable calculations loops over several processors. The code for the
statistical mechanical calculations was written in FORTRAN [55].
The simulations were run on the computational clusters ‘MrFox’ and ‘Snowwhite’ consisting
respectively one ‘master’ and 14 and 18 ‘computational’ nodes, for a grand total of 468 cores.
The latter cluster was installed and administered by the author.

1.2.5

Previous results

The highly ordered geometrical structure of clathrin coats makes their assembly process highly
suitable to be studied through theories borrowed from other self-assembling systems, e.g. micelles, and of course computer simulations.
Matthews and Likos modeled clathrin as a ﬂexible triskelion composed of 13 bead particles
with anisotropic interactions [56], and studied their self-assembly into cages and their ability
to create membrane invaginations. Spakowitz and collaborators modeled clathrin as a particle
that forms anisotropic harmonic bonds with three neighbors, to study the mechanical properties
and ﬂuidization of lattices against a membrane [57, 58]. Muthukumar and Nossal developed a
micelle-like thermodynamic model to investigate the conditions under which clathrin triskelia
form polyhedral baskets [59]. Roux and collaborators studied the role of membrane tension on
the ability of clathrin to deform the membrane [60].
In earlier works, den Otter and Briels developed a highly coarse-grained patchy particle
model representing a rigid clathrin triskelion, that constitutes the basis of the work done in
this thesis. They studied the dependence of the assembly behavior of clathrin on the intrinsic
curvature of the triskelion and on the environmental conditions, and showed that anisotropic
leg-leg interactions are the key to self-assembly [49–51]. Simulations with this model predicted
5
6

http://www.boost.org/
http://www.openmp.org/
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a binding energy of about 23 kB T per clathrin in a cage. More recent simulations of the same
model yielded an assembly dynamics compatible with experiments [52].
An explicit description of adaptor proteins was omitted in all these simulations, and their
role was modeled by enabling clathrin particles to bind directly to the membrane.

1.3

Thesis Outline

Despite the enormous progress made since the ﬁrst discovery of clathrin mediated endocytosis, a
number of fundamental questions remain unresolved both on a basic and on a conceptual level.
For instance, how does the clathrin coat assemble, and which of the many proteins involved in
the endocytic cycle are essential for cargo internalization? Is the curvature built into the lattice
from the very beginning of its assembly process, or is a reorganization of the lattice induced
in a later stage? Is clathrin driving membrane curvature in vivo, or does it rather exploit the
shaping mechanisms of other proteins?
In this thesis, we present the result of our study of the self-assembly process of clathrin coats
through novel Brownian Dynamics and Monte Carlo simulations, and statistical physics, representing our contribution towards answering some of to the previous questions.
In Chapter 2 we study the assembly process of clathrin in vitro in polyhedral cages, aided
and directed by AP2. The clathrin model by den Otter and Briels is here extended to include
a leg segment involved in binding with AP2s. The AP subunits involved in clathrin binding
are represented through two binding sites connected by a ﬂexible linker, modeled as a random
polymer. Based on the simulation results, we derive a statistical mechanical model describing
the assembly process. Simulations and theory are found in good agreement with the available
experimental data, and provide a novel framework able to explain the mechanisms leading to
clathrin assembly.
In Chapter 3 the theoretical model developed in Chapter 2 is extended in order to account
for clathrin coats of diﬀerent compositions, taking into consideration the intrinsic curvature
and ﬂexibility of the clathrin triskelion. The model is used to ﬁt the experimental coat size
distributions in the presence and absence of APs, and provides an insight on the mechanisms
enabling APs to inﬂuence the size of a clathrin cage.
In Chapter 4 we introduce a coarse grained model for a lipid membrane, based on a viscoelastic triangulated network, to study the essential conditions leading to the formation of a
clathrin coated pit able to induce curvature on the cellular membrane. In line with the results
from Chapter 2, the mechanical properties of AP2s are found to be of paramount importance
for the assembly process and appear crucial to determine the correct orientation of the curved
clathrin lattice relative to the membrane. We also develop a Langmuir-like absorption model to
investigate the stability of a clathrin-AP complex at the membrane, that relies on a cooperative
binding eﬀect.
In Chapter 5 we prove the presence of a free energy activation barrier, that halts the spontaneous polymerization of clathrin coats past the invagination step studied in the previous chapter.
We characterize the free energy proﬁle relative to this process as a function of suitably chosen
reaction coordinate through the use of the potential of mean constraint force (PMCF). In the
last section of this chapter we brieﬂy summarize possible future developments of this work.
At the end of the thesis, the main results are summarized in English and Dutch.
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Chapter 2

Clathrin assembly regulated by
adaptor proteins in coarse-grained
simulations
The assembly of clathrin triskelia into polyhedral cages during endocytosis is regulated by adaptor proteins (APs). We explore how APs achieve this by developing coarse-grained models for
clathrin and AP2, employing a Monte-Carlo click interaction, to simulate their collective aggregation behaviour. The phase diagrams indicate that a crucial role is played by the mechanical
properties of the disordered linker segment of AP. We also present a statistical-mechanical theory for the assembly behaviour of clathrin, yielding good agreement with our simulations and
experimental data from the literature. Adaptor proteins are found to regulate the formation of
clathrin coats under certain conditions, but can also suppress the formation of cages. 1

2.1

Introduction

In eukaryotic cells, clathrin-mediated endocytosis is a major pathway for the internalization
of cargo molecules like hormones, receptors, transferrin, membrane lipids, and the occasional
virus [1–6]. The cargo molecules are collected and sorted in a clathrin coated pit (CCP), which
subsequently evolves into an encapsulating clathrin coated vesicle (CCV). These coats arise
through a self-assembly or polymerization process of clathrin proteins against the cytoplasmic
face of cellular membranes. The clathrin protein has a peculiar shape with three long curved legs,
see Fig. 2.1, that allows it to bind with many partners into a wide range of polyhedral cages,
as well as to bind accessory proteins that assist at various stages of the endocytosis process
[7–12]. Although clathrin is a major component and the namesake of CCPs and CCVs, it does
not bind directly to either the membrane or the cargo. These are the tasks of so-called adaptor
proteins, which often are active only at speciﬁc membranes in the cell [13–17]. The members
of the AP-family, AP1 through AP5, are tetrameric complexes consisting of two large and two
small subunits. A second family of adaptor proteins is formed by the clathrin-associated sorting
proteins (CLASP), a collection of monomeric proteins including AP180, epsin and Eps15 [17,
18]. The global structure of the members of both families is very similar: they consist of a neatly
folded section that binds to the membrane and a long disordered segment with clathrin binding
motifs. Members of the AP-family posses a second long disordered segment, to attract assisting
proteins. Of all adaptor proteins (henceforth abbreviated as AP, irrespective of family), probably
1

This chapter has been published as M. Giani, W. K. den Otter, and W. J. Briels, ‘Clathrin assembly
regulated by adaptor proteins in coarse-grained models’ Biophysical Journal, vol. 111, no. 1, pp. 222-235, 2016.
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the most studied adaptor protein is the AP2 complex regulating endocytosis, which will also be
the reference point in this study [8, 19–21].
In addition to linking clathrin to membrane and cargo, a main function of APs is to regulate
the assembly of clathrin cages by binding to multiple triskelia simultaneously. A series of in
vitro experiments established that clathrin proteins in solution can be induced to self-assemble
by adding APS [7, 13]. Recent structural studies revealed that AP2 can adopt two conﬁgurations,
i.e. a closed state with part of the linker blocked from interacting with clathrin and an open state
where AP2 can bind two triskelia [22, 23]. With AP2 adapting the open state only when bound
to a membrane, the formation of clathrin cages in a cell is eﬀectively limited to the membrane.
This mechanism may also explain why the in vitro assembly behaviour of clathrin varies with
the preparation state of the adaptor proteins, with well-cleaned adaptors inducing less activity
[24]. Our objective in this study is the little explored question: beyond the ability to bind two
triskelia simultaneously, what else is required of APs to induce the formation of clathrin cages
in solution?
The presence of an AP binding site at the end of each clathrin leg, a location henceforth
informally referred to as the ‘toes’ by following the common analogy of the clathrin leg with the
human leg, see Fig. 2.1, is well established. Experiments with recombinant clathrin fragments
indicate that this binding site is crucial to the inducement by AP2 of cage formation [25]. At
least one additional binding site, also required for cage formation, resides higher up each leg.
Experiments with ‘clipped’ triskelia point at a location on the trimer hub [26], i.e. in the region
extending from the ‘hip’ to just beyond the ‘knee’, see Fig. 2.1. Pull-down experiments identiﬁed
a binding site near the ‘ankle’ [27]. Both options will be explored here.
Besides in vivo and in vitro experiments, the assembly behaviour of clathrin has also been
explored by in silico studies. In earlier work, two of us developed a highly coarse-grained patchy
particle model of clathrin as a rigid triskelion with either straight or bend legs, and showed
that anisotropic leg-leg interactions are the key to self-assembly [28, 29]. Simulations with this
model predicted a binding energy of about 23kB T per clathrin in a cage, suggested a novel
scenario for the transition from ﬂat plaque to curved coat and yielded an assembly time scale
in reasonable agreement with experiments [30, 31]. Matthews and Likos modeled clathrin as a
collection of 13 bead patchy particles, endowed with anisotropic interactions, and showed how
these triskelia deformed a lipid membrane into a bud [32]. Spakowitz and collaborators modeled
clathrin as a spherical particle with anisotropic interactions accounting for three straight legs,
and studied, among other properties, how a membrane inﬂuences an adjacent clathrin lattice [33,
34]. Adaptor proteins, which are crucial in bringing triskelia together under in vivo conditions,
have been omitted in all clathrin simulations to date.
To address our research question, we apply coarse-grained simulations and statistical-mechanical
theory to explore the ability of APs to induce the assembly of triskelia cages in solution. Because
the AP model is based on the aforementioned key features, it is to be expected that other adaptor
proteins can be modeled in a similar way. This paper is organized as follows: In Section 2.2 the
clathrin simulation model is brieﬂy discussed, the matching AP simulation model is introduced,
and the implementation of click-interactions in Monte Carlo simulations is described. The results
on simulations of mixtures of triskelia and APs are presented and interpreted in Section 2.3.
The deduced qualitative understanding is translated into a fairly simple quantitative theory in
Section 2.4, obtaining remarkably good agreement with simulations and experiments. We end
with a summary of the main conclusions.
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Figure 2.1: The highly coarse-grained simulation models of (A and B) clathrin and (C) AP2
on the same scale. In the rigid clathrin model, three proximal leg segments (P) radiate from a
central hip (h) to the knees (k), at a pucker angle χ relative to the symmetry axis, followed by
distal leg segments (D) running to ankles (a) and terminal domains (TDs) ending at the toes
(t). The AP model features two binding sites for clathrin, β1 and β2 , connected by a ﬂexible
linker. In the full AP2 protein, the β linker connects to a folded core (c) and a ﬂexible α linker;
these are omitted in the simulations because they do not play a role in the in vitro assembly
process.

2.2

Model and method

In several preceding studies [28–31], we modeled clathrin as rigid patchy particles with three
identical curved legs, see Fig. 2.1. The three legs are connected at a central ‘hub’, at a ‘pucker’
angle χ relative to the threefold rotational symmetry axis of the particle, reﬂecting clathrin’s
intrinsic non-zero curvature. We here select a pucker angle, χ = 101◦ , typical of soccer-ball
cages containing 60 triskelia, which is the most common cage size in in vitro experiments in the
presence of AP [35].
Each leg consists of two segments (the proximal and distal sections; the terminal domains
were not included because of their expected small contribution to the clathrin-clathrin binding
interaction) connected at the ‘knee’ under a ﬁxed angle and ending at the ‘ankle.’ All leg segments are straight and of identical length, σ = 17 nm. The orientation of the distal segments
relative to the proximal segments was chosen to allow maximum overlap between a particle and
a secondary particle whose hub is situated at a knee of the primary particle. In a completed
cage, a hub is located at every vertex, on top of three knees and three ankles of neighboring
and next-nearest triskelia, respectively. A lattice edge is thus composed of two proximal and two
distal segments, where the amino acid sequences in both pairs of like segments run in opposite
directions (i.e. anti-parallel). The attractive interaction between any pair of segments, which for
clathrin is believed to result from a multitude of weak interaction sites along the legs [36–38],
is modeled by a four-site potential based on the distances between the end-points of the two
segments, with a minimum value of − for two perfectly aligned segments, as described in detail
in the Supplementary Material. The interaction is anisotropic under rotations around the long
axes of the segments, to reﬂect that the binding sites are most likely concentrated on one side
of the segment, to wit, the side that in a cage edge faces the three adjacent segments. Simulations revealed that this anisotropy of the attractive potential is crucial for the spontaneous
self-assembly of triskelia into polyhedral cages [28, 29]. Excluded volume interactions between
triskelia were omitted for computational reasons: this requires a more complex particle shape
with non-linear proximal and distal segments, as well as demands some ﬂexibility of the legs, in
order for the particles to pack together into cages with four legs interweaving along each edge,
while the simulation step has to be reduced to prevent the relatively thin legs from crossing
each other. Excluded volume interactions are important to prevent triskelia from binding to a
cage edge in a ‘slot’ that is already occupied by another triskelion; this property is incorporated
in the simulation model by a repulsive potential between parallel like segments. The moderate
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ﬂexibility of the clathrin protein extends its interaction range beyond that of a rigidiﬁed protein;
this eﬀect is to some extend accounted for by the enlarged range of the inter-segmental potential.
The terminal domains (TD) at the ends of the legs, see Fig. 2.1, were not included in our previous
simulations, but they are required in the current study as binding sites for APs. The length and
orientation of the TD with respect to the proximal and distal segments were estimated using the
structural information ﬁle 1XI4 for a clathrin cage [2, 36], available at the Protein Data Bank
(PDB). Since the TD is about equally long as the proximal and distal segments, they are all
assigned the same length σ in the model. The TD is attached to the ankle at an angle of 114◦
relative to the distal domain, with the three segments of a leg forming a dihedral angle of 28◦ .
The clathrin-clathrin interactions are kept identical to those in the previous model; the TDs do
not contribute to these interactions.
Continuing in this reductionist approach, we here introduce a matching simulation model
of an AP, see Fig. 2.1. The model comprises the part of the AP2 protein that is involved in
clathrin binding, i.e. the C-terminal region of the β linker comprising the clathrin-box LLNLD
of residues 631 through 635, the clathrin-binding appendage domain formed by residues 705
through 937, and the ﬂexible linker connecting these two interaction sites [19]. Our coarsegrained representation of this AP2 fragment consists of two point particles, embodying the two
binding sites, connected by a tether. Since the remainder of the AP2 tetramer does not partake
in clathrin binding and assuming that AP2s do not bind to each other, the omission of the
majority of the protein is of no further consequence to the cage assembly process studied here.
Excluded volume interactions are again omitted for reasons of computational eﬃciency; we note
that the interior volume of a cage is far larger than the collective volume of the APs bound to
a cage. The short range of the clathrin-AP binding interaction is inconvenient from a numerical
point of view (see below). In stead, we developed a potential in which the αth binding site on
the ith triskelion and the β th particle of the j th AP dimer are bound with a ﬁxed energy −ζ
and are limited to a maximum separation ρ in the ‘clicked’ state (biα,jβ = 1), while there are
no interactions between these sites in the ‘unclicked’ state (biα,jβ = 0). As a function of the
distance riα,jβ , the interaction potential then reads as
⎧
0
for biα,jβ = 0
⎨ 
−ζ for riα,jβ < ρ
φclick (riα,jβ , biα,jβ ) =
(2.1)
for biα,jβ = 1,
⎩
∞ for riα,jβ ≥ ρ
where ζ > 0, as illustrated in Fig. S4. Because excluded volume interactions between AP2
tetramers ensure that a binding site on a clathrin can host at most one AP site, the clicks in the
simulation model are constructed to bemutually exclusive: a site can partake in one click only.
The clicks are also speciﬁc: the β1 AP bead solely binds to the end of the TD, i.e. at the toes,
while the β2 bead clicks only to a site higher up a triskelion’s leg.
The two clathrin binding sites of AP2 are connected by an essentially structure-less sequence
of about 70 residues [19]. According to polymer theory, this ﬂexible linker will eﬀectively act as
an entropic spring with a spring constant k and a maximum length L [39, 40]. This behaviour
is modeled here by the ﬁnite extensible nonlinear elastic (FENE) potential [41],

− 12 kL2 ln 1 − (lj /L)2 for r < L
(2.2)
φlinker (lj ) =
∞
for r ≥ L,
where lj denotes the length of the j th AP dimer. The spring constant of an entropic spring is
given by [40]
3kB T
k=
,
(2.3)
2Llp
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where lp is the persistence length. Given an average residue length of 0.37 nm, the linker of 70
residues connecting the two clathrin binding sites has a contour length of L ≈ 26 nm ≈ 1.5σ.
Combination with the experimental value lp ≈ 0.6 nm for disordered proteins then yields k ≈
30kB T /σ 2 for the linker.
The assembly characteristics of the combined models were simulated by the Monte Carlo
(MC) method, i.e. by the weighted acceptance of randomly generated changes of the system
conﬁguration [42, 43]. Suppose that, by a sequence of steps, the system arrives in state m. In the
MC technique, the transition probability from the current state m to a new state n is expressed
as
trial
acc
Pm→n = Pm→n
Pm→n
,
(2.4)
trial denotes the probability of generating the trial conﬁguration n from state m, and
where Pm→n
acc
Pm→n is the probability of accepting n as the next state in the sequence of states; if the move
is rejected, the system remains in the current state and m is added (again) to the sequence of
trial = P trial , the acceptance probability
sampled states. For a symmetric trial move generator, Pm→n
n→m

Φ(m) − Φ(n)
acc
,
(2.5)
= min 1, exp −
Pm→n
kB T

with Φ(m) denoting the potential energy of state m, will produce a sequence of states in agreement with the equilibrium Boltzmann distribution.
The algorithm employed in the current study applies two diﬀerent types of trial moves,
namely trial moves that alter the positions and orientations of particles and trial moves that
alter the connectivity between particles. The type of move is selected at random in every MC
step, with positional moves selected f times as often as connectivity moves. Positional trial moves
start by randomly selecting a protein. If a clathrin is selected, its center of mass is displaced
along all 3 Cartesian directions by random values in the range [− 14 σ, 14 σ], and the particle is
rotated around a random axis through the center of mass over a random angle in the range
[− 12 , 12 ] rad. A known complication in MC simulations is the drastic reduction of the mobility
of particles interacting with neighbours, relative to the mobility of non-interacting particles, as
can be seen clearly in movies of MC simulations [29]. This is a minor issue in the assembly of
cages from a solution containing clathrin only, as the free triskelia readily diﬀuse to a nearly
immobile cage fragment. In simulations of mixtures of clathrin and AP, however, the binding
of APs to triskelia will slow down their combined diﬀusion and hence signiﬁcantly delay their
attachment to cage fragments, especially if the AP-clathrin bond is strong and short-ranged.
The solution adopted here is to apply cluster moves [42, 44], i.e. the AP beads clicked to the
selected triskelion move together with this clathrin, maintaining the statuses biα,jβ and distances
riα,jβ of all clicks. Consider an AP with a bead clicked to the selected triskelion. If its other
bead is unclicked or clicked to the same triskelion, the entire AP is moved with the clathrin
as if they formed a rigid unit. If the AP’s other bead is clicked to another clathrin, then this
second bead is excluded from the trial move and, consequently, the length of the AP changes
in the trial move. Next, the move is accepted or rejected following Eq. (5.15). If in a positional
trial move an AP is selected, its two beads will be displaced independently. An unclicked bead is
displaced in all 3 Cartesian directions by random values in the range [− 14 σ, 14 σ], while a clicked
bead is moved to a random position within a sphere of radius ρ centered around the clathrin’s
matching clicking site. Next, the move is accepted or rejected following Eq. (5.15). Again, the
statuses biα,jβ of all clicks are conserved by these trial moves. In a clicking trial move, an AP
bead is selected at random. The neigbourhood of radius ρ around this particle is scanned for
matching clicking sites on triskelia; for a bead that is already clicked, its current partner will be
among the K detected sites. The unclicked state is included as the zeroth option. In stead of
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the above selection and acceptance steps, we directly accept one of the K + 1 trial states as the
next state. The probability of selecting the k th option is given by
exp(−βΔφclick
)
k
,
Pk = K
click
k =0 exp(−βΔφk )

(2.6)

between the current state and the k th trial state can only yield
where the energy change Δφclick
k
= ζ for an unclicking trial move, Δφclick
= −ζ for a clicking trial move and
the values Δφclick
k
k
click
Δφk = 0 if the connection remains (un)clicked.
A number of simulations were run to verify that the unconventional click-potential and clickdependent MC cluster moves sample the correct equilibrium distribution. Simulations with 1,000
clathrins and 3,000 APs in a cubic box of volume 106 σ 3 were used to determine the equilibrium
constants of the reactions between triskelia and AP, deﬁned as
   
CAn Am 0
tri
,
(2.7)
Kn,m =    n+m
C 0 A 0

   

where C 0 , A 0 and CAn Am 0 denote, respectively, the concentrations of unbound triskelia,
unbound APs, and triskelia complexes with n single-bound and m double-bound adaptor proteins, in molars, see Appendix 2.6.1. To improve the sampling eﬃciency, we reduced the number
of distinct reactions products to three by reducing the number of clicking sites per triskelion
from six to two – at the toes and ankle of the same leg – and reduced the entropic spring
constant to k = 1kB T /σ 2 , while retaining the maximum extensibility of 1.5σ. Furthermore, to
enable comparison with exact analytical solutions, the adaptor proteins were not allowed to click
to two clathrin particles simultaneously and the interactions between triskelia were turned oﬀ.
tri , and
Figure S5 shows the equilibrium constants for triskelia that click once with an AP, K1,0
tri , as functions of the clicking energy. Excellent quantitative
for triskelia that bind two APs, K2,0
agreement is observed with the statistical mechanical reaction equilibrium theory presented in
Appendix 2.6.1, which is shown in the graph as straight lines. Additional simulations conﬁrm
that the equilibrium constants scale with the clicking radius ρ conform the power-law dependence
derived in Appendix 2.6.1 (data not shown). The graph also shows the equilibrium constants
tri , i.e. both sites of the AP are bound to the
for APs that double-click to a clathrin leg, K0,1
same triskelion leg. This occurs because the estimated maximum extensibility of the AP linker,
L ≈ 26 nm, well exceeds the length of the TD, σ ≈ 17 nm, though the considerable elongation of
the AP linker makes this double-click unfavourable. Again, the equilibrium constant is in good
agreement with the theory. Several simulations were run with smaller systems to verify that
the translation versus click attempt ratio does not aﬀect the results presented in this paper; we
settled on a value of f = 10 for reasons of computational eﬃciency.
The production simulations were all run with 1,000 triskelia conﬁned to a cubic box of
volume 106 σ 3 with periodic boundary conditions. The number density of 1 triskelion per 103 σ 3
corresponds to an in vitro condition of about ∼0.2 mg/ml. Self-assembly in the absence of APs is
observed in vitro for a slightly acidic solution (pH 6.2, 20 mM MgCl2 ), with a critical assembly
concentration (CAC) of ∼0.1 mg/ml [45], i.e. the overall concentration where the fractions of
bound and unbound triskelia are equal. In an earlier simulation study, we established that this
concentration is the CAC of coarse-grained triskelia that gain Ec ≈ 23kB T upon binding to a
cage, which is realized for a segment-segment interaction parameter  ≈ 6kB T [30]. There we also
showed that concepts borrowed from the thermodynamics of micelles allow a theoretic derivation
of the binding energy from the measured CAC. Muthukumar and Nossal extended these ideas
with energetic contributions reﬂecting the curvature of the clathrin coat and applied them to
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Figure 2.2: Cage assembly diagrams for clathrin, for 1,000 triskelia at a concentration of
10−3 σ −3 , combined with model APs clicking to the ends of the TDs and the ankles of clathrin, (a)
as a function of the clathrin-clathrin binding strength  and the clathrin-AP clicking strength ζ,
at an AP-to-clathrin ratio of 3, and (b) as a function of the AP concentration (for AP-to-clathrin
ratios from 0 to 3) and the clathrin-AP clicking strength, at a clathrin-clathrin binding strength
of  = 6kB T . The markers denote parameter combinations that result in the self-assembly of
cages (a green circle if cages are also formed in the absence of APs, a blue circle if assembly only
proceeds in the presence of APs), combinations that do not yield cages (red crosses), and conditions where cages do not assemble spontaneously but pre-assembled cages appear stable (red
cross in red circle). The dashed lines indicate the approximate locations of phase boundaries, as
discussed in more detail in the main text.
analyse cages grown in the presence of AP2, even though the adaptor molecules themselves were
not included in the theoretical model [46]. A novel statistical mechanical derivation linking the
binding energy to the CAC, by considering a cage as a collection of p rigid triskelia with highly
restricted translational and rotational freedom, is presented in Appendix 2.6.2. For the assembly
reaction pC  Cp , we obtain a standard state free diﬀerence of
ΔG0p = μ0Cp − pμ0C ≈ pΔμ0C ,

(2.8)

with μ0X the standard reference chemical potential of component X and Δμ0C ≈ −16.4kB T .
Applied to the simulation model, this translates into a binding energy Ec ≈ 27kB T , in good
agreement with the simulations. Recent experiments on the mechanical properties of clathrin
coats adjacent to membranes conﬁrm the binding (free) energies predicted by simulations and
theory [47].

2.3

Results I. Simulations

The eﬀect of model APs on the self-assembly behaviour of model triskelia is studied by systematically varying the clathrin-clathrin interaction , the AP-clathrin clicking strength ζ and
the AP-to-clathrin ratio. Figure 2.2 shows the assembly behaviour on two cross-sections of this
three-dimensional parameter space, for the AP model clicking to the ankles and toes of clathrin.
Every marker represents ﬁve independent simulations of 1010 MC steps, requiring about a week
each on a desktop computer. Red crosses mark conditions where no spontaneous self-assembly of
sizable cage fragments is observed. Green and blue circles indicate the self-assembly of at least
one complete cage across the ﬁve simulations. For the green circles,  > 6kB T , cages already
self-assemble in the absence of APs. The blue circles highlight conditions where triskelia do not
self-assemble in the absence of APs but do form cages in their presence – this is the region of
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Figure 2.3: A sequence of snapshot of triskelia assembling into a cage in the presence of APs,
for  = 6kB T , ζ = 8kB T , and a AP-to-clathrin ratio of 3, at intervals of 109 MC steps. The
coloring of the particles is the same as in Fig. 2.1.

Figure 2.4: Adaptor proteins will bring triskelia together without regard for the relative positioning and orientation of these triskelia. A common aggregate (a) comprising two clathrins
bonded by six APs (purple), saturating all clicking sites of the cluster. When the cluster is small
and the interactions are weak, there are many opportunities to break the AP bonds and reshuﬄe
the triskelia into a more favourable conﬁguration. At high AP-clathrin clicking strengths, large
disordered clusters develop rapidly (b); these will only very slowly acquire more order.
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parameter space where APs induce and control the formation of clathrin cages. The assembly
of cages in the green and blue regions proceeds by a nucleation and growth process, just like
in clathrin-only simulations [28, 31]. Small clusters of a few triskelia and APs, see Figs 2.3(a)
and 2.4(a), are formed and destroyed continuously. Occasionally, one of these small aggregates
crosses the nucleation barrier and grows into a cage, as illustrated by the snapshots in Fig. 2.3.
Because of the rigidity of the clathrin model, these cages are all of about the same size, containing ∼60 triskelia in near-spherical polyhedra with 12 pentagonal and ∼20 hexagonal faces.
The average cage diameter of about 4.5σ (∼75 nm) agrees with that for cages grown in vitro
in the presence of APs [35], which motivated our choice of a 101◦ pucker angle. Cages grown
in simulations with and without AP particles are of the same size. In in vitro experiments,
however, a size diﬀerence is observed between cages grown with AP and cages grown without
AP [35]. It is unclear whether this diﬀerence is caused by the presence of APs, or by the pH
reduction to induce cage formation in the absence of APs. We note that the cage size is very
sensitive to the pucker; a decrease from 101◦ to 100◦ increases the average cage size by about
10 particles [28]. Almost all self-assembled cages are ‘complete’, i.e. triskelion hubs reside at
every vertex. Only rarely do one or two vertices of a nearly complete cage remain unoccupied,
presumably because the remaining vacancies are less favourable binding sites than the occupied
slots. The high prevalence of completed cages indicates that all vertices in these cages are of approximately equal binding aﬃnity, which appears to conﬁrm the ‘probable roads’ hypothesis by
Schein et al. [48]. For low attachment rates at the edge of a growing fragment, particles binding
in an unfavourable way have a high probability of being released again before the defect becomes permanently incorporated in the lattice through the attachment of subsequent particles.
Aggregation becomes frustrated when the binding energies are too strong. For inter-segmental
interactions exceeding ∼10kB T , the triskelia easily stick together and thereby quickly form a
multitude of small aggregates which only very slowly merge into larger clusters. This evolution
is reminiscent of that observed in vitro below pH 5.8 [49]. A clicking energy exceeding ∼11kB T
makes the APs eager to click to triskelia, thereby rapidly forming disordered clusters like that
in Fig. 2.4(b), which only very slowly develop into cage fragments and ultimately cages.
The rarity of nucleation necessitates excessively long simulations to accurately locate phase
boundaries or to determine equilibrium cage concentrations (these will be obtained below by
other means). The expedient used in the simulation phase diagrams of this section is the binary
detection of self-assembled cages: green or blue circles if cages are formed, and red crosses
otherwise. For phase points close to a phase boundary, additional simulations were initiated with
conﬁgurations containing several half-spherical coats, to explore whether these aggregates grow
into complete cages or disintegrate into monomers. In this context we note that the disassembly
of an unstable coat fragment typically proceeds much faster than the completion of a stable
fragment. The results of these simulations are included as green or blue circles or as red crosses
in all simulation phase diagrams. For Fig. 2.2 only, a further reﬁnement of the phase boundaries
was obtained by running an additional set of simulations initiated with fully assembled cages
stabilized by nearly three APs per clathrin (obtained from simulations at another phase point).
The surviving cages are marked in Fig. 2.2 by red circles, superposed on the red cross indicating
‘no spontaneous assembly’. If two simulations with the same parameter settings but ‘opposite’
starting conﬁgurations converge to the same ﬁnal state, it is very likely that this ﬁnal state
is the equilibrium state. If their ﬁnal states diﬀer, then either the stability diﬀerence between
these states is small or (at least) one of the simulations is trapped in a local minimum of the
free energy landscape.
The dashed lines in Fig. 2.2 indicate the estimated phase boundaries, where the boundary
slightly to the right of  = 6kB T was established previously and with greater accuracy [30] than
the other boundaries. One sees in Fig. 2.2(a) that, at the prevailing concentrations, the APs
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Figure 2.5: Assembly diagrams for model APs clicking to the ends of the TDs and the knees of
clathrin, with all other conditions identical to those in Fig. 2.2. The blue circles again highlight
the parameter space where cage formation is controlled by APs.

Figure 2.6: Assembly diagrams for model APs with a reduced (entropic) spring constant, k =
1/σ 2 , all other parameters identical to those in Fig. 2.2. APs clicking to the ankles and TDs
of clathrin (a) are no longer able to regulate the formation of cages, while APs clicking to the
knees and TDs of clathrin (b) are still operational.
are able to regulate the emergence of cages for 4kB T    6kB T and ζ  7kB T (i.e. the blue
region). A cross section of this region, by varying the AP concentration at ﬁxed  = 6kB T ,
is presented in Fig. 2.2(b). This plot shows that AP-induced cage assembly requires a clicking
energy ζ  7kB T as well as an AP concentration equal to or exceeding the clathrin concentration.
Besides the AP model discussed above, simulations were run with a number of alternative
models to explore the conditions conducive to adaptor-induced cage formation. APs clicking at
the knees and toes yield the assembly diagrams presented in Fig. 2.5. The graph on the left
is similar to its counterpart in Fig. 2.2, and shows that APs binding at the knees are equally
capable of regulating the assembly of cages as APs binding at the ankles. The graph on the
right shows an interesting diﬀerence between the two cases: self-assembly continuous down to
much smaller AP concentrations. Lowering the eﬀective spring constant of the linker between
the AP beads to k = 10kB T /σ 2 has little impact on the assembly diagrams of either adaptor
model (data not shown). Upon a further reduction to k = 1kB T /σ 2 , see Fig. 2.6, the AP clicking
to the knees and toes remains operational (with a slight shift in the smallest ζ inducing cage
formation), while the AP clicking to the ankles and toes ceases to function.
To understand the results reported above, we now turn to unraveling the mechanism by
which APs induce the aggregation of triskelia.
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The discussion presented here is qualitative in nature; a quantitative analysis of the insights
gained is presented in the next section. Consider ﬁrst the AP model that binds to the toes and
the knees. It is clearly energetically favourable for an AP to click to triskelia. The largest gain
in energy is obtained when the adaptor clicks twice, which is only achieved – note that the toeknee distance in a clathrin is longer than the maximum extensibility of the linker – if the AP
binds to two distinct triskelia. Bringing two triskelia together strongly enhances their chances of
adopting the correct relative positions and orientations, and hence promotes successful binding.
Adaptor proteins may thus contribute to both the stability of clathrin aggregates and the rate
at which they are formed. Note that this line of thought assumes that the energetic gain upon
binding outweighs the accompanying entropic loss in translational freedom (and in rotational
freedom for clathrin-clathrin binding) and thereby lowers the overall Helmholtz free energy of
the system. Hence, whether the AP plays an supporting role in cage formation depends on the
clicking strength as well as on the AP and clathrin concentrations.
For the adaptor clicking at the toes and ankle, the energetic gain upon double clicking
to one clathrin is identical to that of clicking to two triskelia. This partially invalidates the
mechanism proposed above, by providing the APs with an alternative binding option that does
not contribute toward cage assembly. Yet, the simulations of Fig. 2.2 indicate that these adaptors
are able to induce cage formation. Inspection of the length distribution of the linkers (data not
shown) reveals that i) most APs bound to a cage are bridging between pairs of triskelia, and
ii) the nearest toe-ankle distance in a cage is shorter than the toe-ankle distance of 1σ along a
clathrin leg. This suggests that the shorter linker length in a cage, and between triskelia in the
process of coming together, results in a lower elastic energy and hence a higher Boltzmann factor,
and thereby favours APs connecting between sites on distinct triskelia over APs connecting
to two sites on the same clathrin. The reader might note that the distribution of end-to-end
distances of the real linker is determined by entropic eﬀects, while this distribution is modeled
here as an energetic eﬀect, see Eq. (2.2), but this does not present any conceptual problem as
both yield the same dependence of the free-energy on the inter-bead distance.
In support of the above considerations, we recall the impact on the assembly behaviour of
reducing the linker spring constant at constant maximum extensibility, see Fig. 2.6. For the model
AP clicking at toes and knees, the reduction of the spring constant was of little consequence, in
agreement with the mechanism where an adaptor clicking twice always establishes a link between
two distinct triskelia. For the model AP clicking to toes and ankles, however, lowering the spring
constant reduces the diﬀerence in internal energy between AP double-clicked to one clathrin
(with the linker stretched to 1σ) and AP clicked to two triskelia (with a shorter linker length).
With this reduction, the preference for inter-clathrin over intra-clathrin bonds diminishes and
at k = 1kB T /σ 2 the number of APs links holding triskelia together becomes too low to stabilize
a cage.

2.4

Results II. Theory

A statistical mechanical theory of AP-induced cage assembly, built on the concepts deduced
cage
relatabove, is derived in Appendix 2.6.3. The theory predicts the equilibrium constant Kp,n,m
ing the concentrations of unbound triskelia and unbound APs to the concentration of cages of p
triskelia ‘decorated’ with n single clicked APs and m inter-triskelion double clicked APs. Suppose
one knows the average binding energy of a triskelion in a cage devoid of APs, Ec , the clathrin-AP
 
interaction strength ζ, and the total concentrations of clathrin and AP in a system, C t and
 
A t , respectively, it is now possible to compute the equilibrium concentrations of all decorated


cages in that system, Cp An Am , by the iterative procedure outlined in Appendix 2.6.3; the
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Figure 2.7: Assembly diagrams calculated using the theory derived in Appendix 2.6.3, showing
the fraction of clathrin bound in cages, for APs clicking to the ends of the TDs and the ankles
of triskelia, (a) as a function of the binding energy per clathrin in an AP-free cage, Ec , and the
clathrin-AP clicking strength, ζ, at an AP-to-clathrin ratio of 3, and (b) as a function of the AP
concentration (for AP-to-clathrin ratios from 0 to 3) and the clathrin-AP clicking
  strength, at
Ec = 22kB T . The two graphs refer to the same total clathrin concentration, C t = 10−3 σ −3 ≈
3.4 · 10−7 M, and similar interaction energies, as their counterparts in Fig. 2.2. For comparison
purposes, the horizontal axis of the left plot is scaled by the simulation-based ratio Ec / ≈ 4
(see main text). The alternative axes to the graphs are labeled with the standard chemical free
energy diﬀerences of AP single-clicking to clathrin, see Eq. (2.23), and of clathrin assembling
into AP-free cages, see Eq. (2.33), and with total AP concentrations in molars.
overall cage concentration then follows by a summation over all decorated cages, i.e. all values
of p, n and m. Since the simulations predominantly produced cages of 60 triskelia, we restrict
the theoretical calculations to one cage size, p = 60. The phase diagrams calculated for the
ankle-binding AP model are shown in Fig. 2.7. To facilitate the comparison with
 the
 simulation
results in Fig. 2.2, the plots are based on the same total clathrin concentration, C t = 10−3 σ −3 ,
and similar inter-clathrin binding energies. In theory, the maximum binding energy due to interclathrin interactions amounts to Ec = 6 per triskelion in a cage. In practice, due to thermal
vibrations and the inevitable alignment mismatches in cages formed by rigid identical particles,
the average potential energy in the simulations is given by Ec ≈ 4 [30]. The latter relation has
been used to rescale the horizontal axes of several phase diagrams in this section for ease of comparison with simulation results. For increasing binding strengths at constant AP concentration,
Fig. 2.7(a) shows a narrow transition region (yellow) between virtually no cage formation (dark
red) and almost all triskelia absorbed in cages (dark green). A more gradual transition with
increasing AP concentration is observed in Fig. 2.7(b). Considering the relative simplicity of the
theory, the good agreement between Figs 2.2 and 2.7 is very satisfactory. The theory does not
reproduce two properties observed in the simulations: there are no disordered aggregates at high
clicking energy, because this transient intermediate state is not included in the theory, and the
self-assembly for ζ = 10kB T continues down to low AP concentrations. The latter conﬁrms our
earlier suspicions that the self-assembly simulations have not reached equilibrium, and agrees
with the observation that pre-assembled cages appear stable under these conditions, see the red
crossed circles in the top-left of Fig. 2.2(b).
Calculated phase diagrams for the AP model binding to knee and toes are presented in
Fig. 2.8, and compare well with the diagram deduced from the simulations, see Fig. 2.5. The
striking resemblance between the calculated phase diagrams, compare Figs 2.7 and 2.8, suggests
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Figure 2.8: Calculated fraction of clathrin bound in cages, for APs clicking to the ends of the
TDs and the knees of triskelia, with all other conditions equal to those in Fig. 2.7. These graphs
are the theoretical counterparts to the simulation results in Fig. 2.5.
that the sole diﬀerence between the two calculations, i.e. an AP model that can double click to
a single clathrin versus an AP model that can not, is of little consequence to the equilibrium
behaviour. The main diﬀerence, the slope of the yellow phase boundary in the plots on the left,
results from APs double-clicking to triskelia. For APs binding to the knee, intra-clathrin double
clicks are impossible. Double clicks are unlikely at moderate click strengths for APs binding
to the ankle, because of the free energy penalty in stretching the AP linker, but they become
important at high click strengths. The phase diagrams calculated for a reduced linker spring
constant of k = 1/σ 2 also agree well with the simulations: the model APs binding to the ankle
do not induce cage assembly, while the model APs binding to the knee continue to function (data
not shown). Collectively, these results provide strong support for the theory and the underlying
concepts on the mechanism of cage stabilization by APs.
Under experimental conditions, the binding strengths Ec and ζ are typically unknown constants, whose values are co-determined by the acidity and salt conditions of the solvent, while the
concentrations are readily varied. Four assembly phase diagrams pertaining to various binding
strengths are presented in Fig. S6.
To facilitate comparison with experiments, the data are presented in terms of the standard
chemical potential diﬀerence of AP single-clicking to clathrin, Δμ0A as deﬁned in Eq. (2.23), and
the standard chemical potential diﬀerence of the formation of AP-free cages, Δμ0C as deﬁned in
Eq. (2.33). At Δμ0C = −13.8kB T , see Fig S6(a), the triskelia readily aggregate in the absence of
APs at the higher end of the clathrin concentration range; adding APs with Δμ0A = −15.3kB T
enhances the cage concentration, but the eﬀect quickly saturates. For the slightly weaker binding
triskelia at Δμ0C = −15.8kB T , the assistance of APs is crucial to cage formation, with APs
binding at Δμ0A = −14.3kB T yielding signiﬁcantly more cages than APs clicking at Δμ0A =
−13.3kB T , compare Figs. S6(b) and S6(c). An interesting feature is observed at even weaker
clathrin bounding, Δμ0C = −7.8kB T , in combination with Δμ0A = −15.3kB T , see Fig. S6(c),
where for a constant overall clathrin concentration, of say 1.7 · 10−7 M, the concentration of
cages at ﬁrst increases with the overall AP concentration, passes through a maximum, and
then decreases with increasing AP concentration. This cross-section is highlighted in Fig. 2.9,
along with three proﬁles at lower and higher clathrin concentrations. A similarly shaped proﬁle
was obtained by the in vitro assembly experiments of Zaremba and Keen [35], but there the
assembled protein mass fraction is plotted; curves of this type are also included in Fig. 2.9.
These authors explain the local maximum as a saturation eﬀect, with clathrin becoming the
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Figure 2.9: Calculated number fraction of clathrin (solid lines) and weight fraction of protein
(dashed lines) in self-assembled cages, as a function of the total AP concentration. The total
clathrin concentration is indicated in the legend, in units of 10−7 molar, the APs bind to the ankle
and TD of clathrin, Δμ0C = −11.8kB T and Δμ0A = −15.3kB T . Note that the fractions bound
in cages do not increase monotonically but pass through a maximum, for reasons explained in
the main text.

limiting
component upon increasing the AP concentration. This eﬀect is visible in the curves for
 
C t = 3.3 · 10−7 M, which saturates in the fraction of bound clathrin but decays in the fraction
of bound protein. Our calculations provide an additional explanation for a maximum in the
assembled mass fraction: the number of cages decreases beyond an optimum AP concentration.
The underlying mechanism is the replacement of double-clicked APs with two single-clicked
APs each, thereby weakening the integrity of cages. Hence increasing the AP concentration
beyond
its optimum results in a reduction of the cage concentration, as can be clearly seen for
 
C t = 1.7 · 10−7 M.
Plots of the number of APs bound to cages, normalized by the number of triskelia in a cage,
are presented in Fig. 2.10. Since the cages are nearly saturated with double-clicked APs for the
phase point explored in Fig. 2.9, we opted to present results for the chemical potential diﬀerence
combinations in Fig. S6(b) and (c). Markers are plotted for cage concentrations exceeding 3 ·
10−10 M, which corresponds to one cage in the simulated system. At this threshold, the average
number of double-clicked APs per encaged clathrin equals about one, i.e. a clathrin is clicked to
two cross-linking APs on average, while the average number of single-clicked APs is substantially
lower. With increasing AP concentration, the number of double-clicked APs rises with about
the same slope as the number of single-clicked APs for Δμ0A = −13.3kB T , while for higher
click strengths the number of double-clicked increases more than the number of single-clicked.
In addition to the growing number of APs per cage, the number of cages also rises over the range
of AP concentrations. For Δμ0A = −15.3kB T , the number of single-clicked only starts to deviate
from zero when the number of double-clicked APs levels oﬀ, at about 2.7 AP per triskelion.
These turning points coincide with the number of cages leveling oﬀ to a broad maximum, akin
to those in Fig. 2.9.
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Figure 2.10: Calculated average AP-to-clathrin ratios for cages (top) and subdivision (bottom)
into single-clicked (dashed lines) and double-clicked (solid lines), as functions of the total AP
concentration. The clicking standard chemical free energy diﬀerence is indicated in the legend,
 
in units of kB T , the APs bind to the ankle and TD of clathrin, Δμ0C = −11.8kB T and C t =
10−3 σ −3 .

2.5

Conclusions

A coarse-grained simulation model and a theory were developed to study the AP-induced selfassembly of triskelia into cages. The results of both approaches are in line with the experimental
data, and provide a better understanding of how APs regulate the assembly of cages. This study
reveals a number of restrictions on functional APs. Clearly, APs must bind clathrin suﬃciently
strong to bring two triskelia together, but cage formation is frustrated when APs bind too
strongly. The ﬂexible linker between the two binding sites of an AP must be long enough for
inter-triskelion connections in cages, but the linker should not be too long to avoid intra-triskelion
bonding. On a related note, the eﬀective spring constant of the linker must be weak enough
to allow inter-triskelion connections in cages, but not too weak too suppress intra-triskelion
bonding. And the AP to clathrin ratio must be high enough, though not too high. While the
numerical values used in the model and theory are based on AP2, we expect the results to
apply to all types of APs. For the advancement of simulation models and theories, as well as
for an improved understanding of the thermodynamics of coat and vesicle formation during
endocytosis, it would be useful to obtain experimental values of all binding constants involved,
as well as of the mechanical properties of the AP linker. One way of measuring these parameters
is proposed in Appendix 2.6.3.
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Appendices
Clathrin - AP complexes

In these appendices, expressions are derived for the reaction equilibrium constants of AP binding
to a triskelion, clathrin self-assembly into cages and AP-induced cage assembly, respectively. We
start by considering a mixture of clathrin (C) and adaptor (A) proteins in equilibrium with their
supra-molecular aggregates by reactions of the type
C + (n + m)A  CAn Am ,

(2.9)

where the primes represent the number of clicks binding an AP to the clathrin, in this case
n single clicked and m double clicked APs. Because clathrin has 6 binding spots for AP, each
capable of binding at most one AP, it follows that n ≥ 0, m ≥ 0 and n + 2m ≤ 6. For simplicity,
we assume these six sites to have identical binding properties. Likewise, the two clicking sites
of AP are assumed to have identical properties, except for their speciﬁcity to either the TD or
the ankle/knee binding site of clathrin. The equilibrium constant of the above reaction can be
deﬁned as [50]
    
CA A /c0
tri
Kn,m =    n m n+m ,
(2.10)
C /c0
A /c0
with the square brackets denoting concentrations, i.e. particles per unit of volume, and c0 a
reference concentration typically taken to be 1 molar. From the statistical mechanics of reaction
equilibria in ideal mixtures [50–52] follows that
tri
=
Kn,m

(qn,m /V )
0
c0n+m = e−βΔGn,m
(qC /V ) (qA /V )n+m

(2.11)

where qC , qA and qn,m are the molecular partition functions of unbound clathrin, unbound
AP and the CAn Am supra-molecule, respectively, and ΔG0n,m is the standard state free energy
change of the reaction.
The semi-classical partition function of a rigid clathrin particle in an inﬁnitely dilute solution,
i.e. in the limit that non-bonded interactions can be ignored, is given by

1
8π 2 V −βΦC
e
,
(2.12)
e−βΦ drdϕ ≈
qC =
ΔC
ΔC
with Φ the interaction potential and ΦC the average solvatation free energy of a clathrin. The
position integrals run over the volume V of the system and the 3D orientation angles run
over their entire range, e.g. for the Euler angles ϕ1 ∈ [0, 2π), ϕ2 ∈ [0, π), ϕ3 ∈ [0, 2π) and
dϕ = sin ϕ2 dϕ1 dϕ2 dϕ3 . The elementary volume element ΔC follows from
ΔC−1 =

2πkB T
h2

3

3/2

mC |IC |1/2

1
,
σC

(2.13)

with h denoting Planck’s constant, mC and IC the mass and inertia tensor of a triskelion,
respectively, the brackets | . . . | denote a determinant, and where the symmetry number σC has
the value 3 for a particle with a three-fold rotational axis. Note that h, mC and IC do not enter
the MC simulations, hence the theoretical and simulated equilibrium constants will only agree
if these factors can be made to cancel out in the ﬁnal expression. Treating an AP protein as two
point particles of type a, one obtains at inﬁnite dilution

1
1
(2.14)
e−βΦ dr1 dr2 ≈ 2 V qs e−βΦA ,
qA = 2
Δa
Δa
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with Δa = h3 /(2πma kB T )3/2 the elementary volume element per particle, ΦA the average solvation free energy of an AP, and
 ∞
2
e−βψ(r12 ) r12
dr12
(2.15)
qs = 4π
0

the contribution of the internal spring, with potential energy ψ(r12 ) at elongation r12 , to the
partition function. The integral is readily solved for a Hookean spring with spring constant
k, yielding qs = (2πkB T /k)3/2 . Next, the partition function of a clathrin adorned with one
single-clicked AP takes the form

1
q1,0 =
e−βΦ drdϕdr1 dr2
ΔC Δ2a
(2.16)
8π 2 V 4πρ3 qs −β(ΦC +ΦA −ζ)
≈ μ1,0
e
,
ΔC 3Δ2a
where in the last step it has been used that either site of the AP dimer must be within a sphere
of radius ρ centered around a clicking site on the triskelion, and ζ denotes the strength of the
click. The number of clicking combinations will be denoted by μn,m , and in the current case
has the value μ1,0 = 6 because a triskelion oﬀers six binding spots. Note that the AP-clathrin
complex is not treated as a single molecule, but as a combination of two molecules with reduced
rotational and translational freedom [53, 54]. By combining the above equations, one arrives at
the equilibrium constant
4
tri
= μ1,0 πρ3 eβζ c0
K1,0
3

(2.17)

where the elementary volumes have indeed canceled out. The approach is readily extended to
several single-clicked APs per triskelion, with at most one AP per triskelion binding site, under
the assumption that other interactions between these APs may be ignored. Figure S5 shows
that the theory is in good agreement with the simulations.
The partition function of a triskelion adorned with one double-clicked AP is given by an
integral similar to that in Eq. (2.16), with the restriction that now both sites of the AP must
be clicked to their counter-part sites on the triskelion. In view of the estimated maximum
extensibility of the AP linker, L ≈ 1.5σ, a double clicked AP will bind to two triskelion sites on
the same leg and hence their interstitial distance is ﬁxed, dt = 1σ. We then arrive at
q0,1 ≈ μ0,1

8π 2 V qs (dt ) −β(ΦC +ΦA −2ζ)
e
,
ΔC Δ2a

where μ0,1 = 3 and the contribution of AP’s internal spring reads as
 
e−βψ(|r1 −r2 |) dr1 dr2 ,
qs (d) =
v1

(2.18)

(2.19)

v2

with v1 and v2 denoting the spherical volumes of radius ρ of two clicking sites at centre-to-centre
distance d. For the actual proteins, the range of the click interaction is short compared to the
distance between clicking sites, ρ
d, and the integral may be approximated as
qs (d) ≈

4 3
πρ
3

2

e−βψ(d)

(2.20)

tri , is in
in the limit of βkdρ
1. Figure S5 shows that the resulting equilibrium constant K0,1
good agreement with the simulations, for the low k = 1kB T /σ 2 value used in that plot. The
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combination of spring constant k = 30kB T /σ 2 and click radius ρ = 0.25σ used in the production
simulations exceeds this limit and it proved necessary to evaluate the integral of Eq. (2.19)
numerically, yielding a value qs (σ) ≈ 9.6 · 10−8 σ 6 about two orders larger than the estimate
1.0 · 10−11 σ 6 by Eq. (2.20), to obtain a good agreement between theoretical and simulation
phase diagrams.
The above results can be combined to obtain the equilibrium constants for all reactions of
the type expressed in Eq. (2.9), in the dilute limit. Upon neglecting interactions between APs
bound to the same triskelion, except for the mutual exclusivity of the clathrin-AP clicks, we
arrive at
tri
= μn,m
Kn,m

4 3
πρ
3

n

qs (dt )
qs

m

eβ(n+2m)ζ cn+m
.
0

(2.21)

The multiplicity μn,m is readily established by counting the number of ways of attaching n
single clicked and m double clicked APs to a single triskelion, but in practice this number proves
of little consequence because the other factors in the above equation are much larger. Upon
neglecting this factor, the standard state free energy diﬀerences [50, 52] for the 15 possible
(n, m) combinations with n + m > 0 reduce to
ΔG0n,m = μ0n,m − μ0C − (n + m)μ0A
≈

nΔμ0A

+

mΔμ0A (dt ),

(2.22)
(2.23)

with μ0i the reference chemical potential of compound i at the reference concentration c0 , and
where the reference chemical potential diﬀerences follow from Eq. (2.21) as
Δμ0A = −kB T ln
Δμ0A (d) = −kB T ln

4 3 βζ
πρ e c0 ,
3
qs (d) β2ζ
e c0 .
qs

(2.24)
(2.25)

Inserting the parameters of the simulation model into the former diﬀerence yields
Δμ0A ≈ −5.3kB T − ζ,

(2.26)

while in combination with the approximation in Eq. (2.20), the latter diﬀerence can be rewritten
as
Δμ0A (d) = 2Δμ0A + ψ(d) + kB T ln c0 (2πkB T /k)3/2 ,

(2.27)

while with the numerical evaluation of qs (dt ) we ﬁnd for the simulation model
Δμ0A (dt ) = 2Δμ0A + 16.4kB T.

(2.28)

These expressions are readily extended to include site-dependent clicking strengths, i.e. ζ1 for
binding to the feet and ζ2 for binding to the ankle or knee.

2.6.2

Clathrin cages

The partition function of a clathrin cage of p triskelia is obtained by integrating over the positions r and orientations ϕ of all p triskelia, subject to the condition that the particles remain
suﬃciently close and properly oriented – relative to each other – to qualify as a cage. The overall
translational and rotational freedom of a triskelion – amounting to V and 8π 2 , respectively, for
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a particle in solution, see Eq. (2.12) – are eﬀectively reduced by these binding restrictions to vt
and ωr , respectively, for a triskelion wobbling around a ﬁxed location in a cage. The partition
function of a cage of p triskelia can therefore be approximated as


1
(2.29)
qp =
···
e−βΦ dr1 dϕ1 · · · drp dϕp
p!ΔpC
≈ μp

8π 2 V
(vt ωr )p−1 e−βp(ΦC −Ec ) ,
ΔpC

(2.30)

where Ec denotes the average binding energy of a clathrin in a cage, and p! corrects for the
indistinguishability of the p triskelions forming the cage. In evaluating the integral, one particle
has retained the full factor 8π 2 V to account for the translational and rotational freedom that a
rigid coat will sample, while the remaining (p−1) particles each contribute a factor vt ωr reﬂecting
thermal ﬂuctuations around this rigid shape. The multiplicity μp denotes the degeneracy of the
ground state. Cages with pentagonal and hexagonal facets require an even p; there exists one cage
structure for p = 20, none for p = 22 and multiple cage structures for p ≥ 24. Schein et al. [48,
55] argued that, for 20 ≤ p ≤ 60, there typically exists just one preferred cage structure for every
even value of p, since all other cages incorporate one or more edges with an unfavourably high
torsional energy. This theory is conﬁrmed by the cages spontaneously grown in our simulations.
We note that the ‘exclusion of head-to-tail dihedral angle discrepancies’ rule proposed by Schein
et al. can be expressed much more concisely as the ‘excluded 5566’ rule: an unfavourable torsion
arises when a facet has among its neighbouring facets a sequence of two pentagons followed by
two hexagons, regardless of clockwise or counter-clockwise order. The ‘isolated pentagon rule’
applies for p > 60, and there typically exist multiple favourable cages for p ≥ 70. [48, 55] Since
the multiplicity is a small integer for the p ≈ 60 cages grown in the simulations, the exact value
of μp proves to be of little consequence to the results of the calculations.
Combining the above results, the equilibrium constant for the cage formation reaction
pC  Cp

(2.31)

is found to be given by

 v ω p−1
t r
eβpEc cp−1
0 .
8π 2
The corresponding standard free energy diﬀerence can be expressed as
Kpcage = μp

(2.32)

ΔG0p = −kB T ln Kpcage ≈ pΔμ0C

v ω
t r βEc
,
e
c
Δμ0C ≈ −kB T ln
0
8π 2

(2.33)
(2.34)

for p
1. Assuming that the simulated triskelia bound in a cage experience an estimated translational freedom of 0.1σ along every Cartesian direction and an estimated rotational freedom of
0.1 rad (∼6◦ ) around every Cartesian axis,
Δμ0C ≈ 10.2kB T − Ec .

(2.35)

   
The resulting fraction of clathrin bound in cages, f = p Cp / C t , is plotted in Fig. 2.11 as a
 
 
 
function of the total clathrin concentration, C t = C + p Cp . This fraction reaches a value of
50%, i.e. the number of bound triskelia equals the number of unbound triskelia, when the total
concentration equals the critical assembly concentration (CAC); the ﬁrst cages appear at about
half this overall concentration. The above equilibrium constant can be related to the CAC, and
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Figure 2.11: Theoretical concentration dependence of the fraction of particles bound in cages, for
several values of the standard chemical potential diﬀerence Δμ0C , indicated in units of kB T in the
legend, in the absence of APs. At the critical assembly concentration (CAC), which varies with
the interaction strength, the concentrations of free and bound clathrin are equal (dashed line).
In this calculation, all cages are assumed of identical size, p = 60. Note the strong resemblance
to the experimental data on in vitro assembly of clathrin cages, see Fig. 9 in Ref. [56].

thence
 the CAC, the number density of free triskelia reads
 At
  to experimental data on clathrin.
as C = ccac /2 and that of cages as Cp = ccac /(2p), hence
ccac 1−p
,
2c0
ccac
,
Δμ0C ≈ kB T ln
2c0

Kpcage =

1
p

(2.36)
(2.37)

for p
1. The experimental CAC of 100 μg/ml [45] then translates into Δμ0C ≈ −16.4kB T ,
and this value is reproduced by the simulation model for Ec ≈ 27kB T . In simulations with an
overall triskelion density close to the experimental CAC, the numbers of bound and unbound
particles were about equal when using a leg-leg interaction strength  ≈ 6kB T ; the resulting
average potential energy of ∼ 23kB T per clathrin [30] is in good agreement with the above
theoretical estimate. We note that the elementary volume elements ΔC have again cancelled out
in the statistical mechanical expression for the equilibrium constant. This was not the case in
our earlier derivation, which consequently overestimated the binding energy [30]. Muthukumar
and Nossal [46] presented a derivation based on mole fractions, following the common practice
in micelle theory [57], to arrive at an enthalpic energy Ec ≈ kB T ln cs /ccac ≈ 21kB T , with the
subscript s referring to the solvent. There is no compelling physical reason to use mole fractions,
and one now sees that the method works because the volume per solvent molecule, vs = 1/cs ,
provides a reasonable order of magnitude estimate for the libration volume of a clathrin bound
in a cage, vt ωr .
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Decorated clathrin cages

Finally, we consider the formation of a cage decorated with n single-clicked APs and m doubleclicked APs,
(2.38)
pC + (n + m)A  Cp An Am .
To keep the derivation manageable, it is assumed that for every clicking site on a clathrin in a
cage there is one nearest clicking site on an adjacent clathrin in that cage, such that the two
sites – and hence the two triskelia – can be linked by an AP. Distance measurement reveal that
the separation between two nearest sites on diﬀering triskelia in a cage, dc , is shorter than the
distance dt between two nearest sites on the same triskelion. Because of the functional forms
of qs and ψ, a small reduction of the elongation of the entropic spring results in a pronounced
increase of qs – we may therefore ignore intra-clathrin double-clicked APs. Combining the results
from the two preceding appendices, we then arrive at the equilibrium constant
cage
= μp,n,m
Kp,n,m

 v ω p−1
t r
8π 2

4 3
πρ
3

n

qs (dc )
qs

m

eβ[pEc +(n+2m)ζ] c0p+n+m−1 ,

(2.39)

where n ≥ 0, m ≥ 0 and n + 2m ≤ 6p. Again, the elementary volume elements have cancelled
out. The multiplicity is estimated as
μp,n,m ≈ μp

(3p)!
(6p − 2m)!
,
m!(3p − m)! n!(6p − 2m − n)!

(2.40)

where the ﬁrst factor, accounting for the cage structure, has been discussed before, μp ≈ 1,
the second factor counts the permitted distributions of m double-clicked APs over 3p pairs of
nearest unlike click sites in a cage, and the third factor represents the permitted distributions
of n single-clicked APs over the remaining 6p − 2m free clicking sites of the cage. The standard
free energy diﬀerence of the reaction can be expressed as
ΔG0p,n,m ≈ pΔμ0C + nΔμ0A + mΔμ0A (dc ) − kB T ln μp,n,m ,

(2.41)

where the multiplicity is no longer negligibly small. The extension to site-dependent clicking
strengths is again straight forward.
To obtain the number of cages at every point in the assembly diagrams of Figs 2.7 through
 
2.10, we consider a closed system of volume V with given total clathrin concentration C t
 
and AP concentration A t . For simplicity, we again consider only one cage size, p = 60. We
 
 
denote the estimated concentrations of free, i.e. unbound, triskelia and AP as C f and A f ,
respectively. The concentrations of decorated triskelia and decorated cages then follow by using the equilibrium constants derived above. A weighted sum over all species yields the sum
concentrations of triskelia and APs present in the box,

   n+m
 
 
tri
C f A f
Kn,m
C s= C f+
+p



n,m
cage
Kp,n,m

 p  n+m
C f A f
,

(2.42)

n,m


 
   n+m
 
tri
A s= A f+
C f A f
(n + m) Kn,m
+


n,m

n,m

 p  n+m
cage
C f A f
(n + m) Kp,n,m
.

(2.43)
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Figure 2.12: For any given total clathrin concentration (horizontal axis), there exists a total AP
concentration (vertical axis) for which the fraction of bound AP equals the fraction of unbound
AP. The plot relates both concentrations to the corresponding standard chemical potential
diﬀerence for single-clicked APs, Δμ0A in units of kB T . The underlying calculation is based on
Δμ0C = −11.8kB T and assumes Δμ0A and Δμ0A to be related by Eqs. (2.28) and (2.44). The
diagonal represents the maximum attainable AP CAC for a given clathrin concentration.
 
 
 
 
 
 
We now solve the equations C s = C t and A s = C t by varying C f and A f . This is
achieved by minimizing the sum-squared diﬀerences between the imposed and calculated overall
concentrations, followed by a Newton-Raphson zero-point solver [58]. The second summation on
the r.h.s. of Eq. (2.42) then yields the concentration of cages in the system.
The presented calculations assume dc = 0.6σ; since the limit underlying Eq. (2.20) does
not hold true for the simulation model, the integral in Eq. (2.19) is solved numerically to yield
qs (dc ) ≈ 7.8 · 10−5 σ 6 . The standard chemical potential diﬀerence of single and double clicked
APs are then related by
Δμ0A (dc ) = 2Δμ0A + 9.7kB T,

(2.44)

while Eq. (2.27) predicts a slightly higher oﬀset of 11.5kB T .
Measuring the hundreds of reaction equilibrium constants condensed into Eqs. (2.39) and
(2.41) oﬀers a daunting challenge, the more so as this requires identifying the numbers of triskelia, single clicked and double clicked APs of every cage in the reaction mixture. To facilitate
comparison of theory with experiment, we revert to a CAC. The condition where half the APs
in a solution are bound to triskelia – both free triskelia and those in cages – is a complex function
of all equilibrium constants of the mixture, as well as of the overall clathrin concentration, but
it can be measured without detailed resolution of the compositions of aggregates. By measuring
this CAC at a number of clathrin concentrations, it is in principle possible to extract all relevant
standard chemical potential diﬀerences. An illustration hereof is provided in Fig. 2.12, where it
is assumed that Δμ0C and the relation between Δμ0A (d) and Δμ0A are known in advance; by
measuring AP’s CAC at a given overall clathrin concentration, one can read the corresponding
Δμ0A from the graph.
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Chapter 3

Adaptor proteins shape the size
distribution of clathrin cages
Clathrin triskelia, the building block of polyhedral coats during endocytosis, are also able to selfassemble in vitro under appropriate acidity and salt conditions as well as in the presence of
adaptor proteins. It is well known that the latter results in markedly smaller cages, but the origins of this diﬀerence are still unclear. We present an equilibrium statistical mechanical model of
clathrin cages including the ﬂexibility and intrinsic pucker of the triskelion, geometrical considerations on the allowed cage structures and the interaction with single and double bound adaptor
proteins. The model is used to analyse the cage size distributions measured by Zaremba and Keen
[J. Cell Biol. 97, 1339–1347 (1983)] and thereby reveals that the mechanical properties of adaptor
proteins can be explain the diﬀerent cage size distributions. 1

3.1

Introduction

The three identical curved legs connected to a central hub endow the clathrin protein with its
characteristic shape and a slight intrinsic curvature, see Fig. 3.1(A) and (B). Adaptor proteins,
like the adaptor protein complex 2 (AP2) partaking to clathrin mediated endocytosis (CME),
are capable of tethering clathrin triskelia to a membrane and cargo. The aggregated triskelia
subsequently polymerize into curved polyhedral lattices with pentagonal and hexagonal facets,
the membrane is bent to form a clathrin coated pit (CCP) and eventually the cargo is fully
enveloped by a clathrin coated vesicle (CCV) that is detached from the mother membrane
by scission proteins [1–6]. Early explorations revealed that AP2 is capable of inducing in vitro
clathrin assembly in preparations containing only these two proteins [7–9]. Clathrin self-assembly
in vitro, without the assistance of adaptor proteins, may even be induced under conditions of
low salt and slight acidity, [10–12] with highly deformed tiny cages being formed in extreme
conditions [13, 14]. Interestingly, the clathrin cages assembled with AP2 are smaller and more
uniform than the cages produced in their absence, all other conditions being equal [9]. Similar
observations have been reported for the adaptor protein complex 3 [15] (AP3), and for the
assembly protein AP180 [16] – note that the hetero-tetramers AP2 and AP3 share a common
structure, while both diﬀer markedly from the monomeric AP180 [17, 18]. Adaptor proteins
appear to also inﬂuence cage dimensions in vivo, as the vesicles produced in a squid giant
synapse increase in size upon the injection of AP180-inhibitors. The objective of the current
study will be to provide a physical explanation for the impact of adaptor proteins on the cage
size distribution.
1

This chapter is being prepared for a publication in a journal.
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Figure 3.1: Coarse grained models representing (A and B) the clathrin triskelion and (C) the
adaptor protein on the same scale, as used in previous work to simulate their collective assembly
behavior [19]. The three proximal leg segments (P) of clathrin radiate from a central hip (h)
to the knees (k), at a pucker angle χ relative to the symmetry axis n̂h , followed by distal leg
segments (D) running to ankles (a) and terminal domains (TDs) ending at the toes (t). The
adaptor protein features two clathrin motifs, with β1 binding to the toes and β2 to the ankles,
connected by a ﬂexible linker. The full AP2 protein also possesses a core with lipid and cargo
motifs and a ﬂexible α linker, which are omitted in the current study as they not partake in
clathrin binding.

The intrinsic pucker and the ﬂexibility of the clathrin triskelion, be this ﬂexibility concentrated in the joints or more evenly distributed over the entire length of the legs, evidently plays
an important role in determining cage sizes. The mechanical properties of clathrin monomers
have been studied by cryo-electron microscopy, [20–22] light scattering, [23] small-angle neutron
scattering (SANS), [24] and atomic force microscopy (AFM) [25]. Subtle complications arise
when applying these mechanical properties to triskelia in a cage, as the mechanical properties
will be aﬀected by the interactions with neighbouring triskelia and the geometrical restrictions
imposed by a multitude of ring closures (discussed in more detail below).
The size distributions of clathrin cage have been explored in a number of theoretical studies.
Nossal and co-workers explained the distributions in terms of the intrinsic curvature and bending
rigidity of clathrin triskelia. In simulations of triskelia with legs truncated at the knees, den Otter
et al. observed a strong correlation between the rigid pucker of the triskelia and the cage size
[26]. The adaptor proteins were ignored in these studies, as well as in most other theoretical
and simulation studies of clathrin assembly [27–30]. We recently presented the ﬁrst simulations
exploring the regulatory eﬀect of AP2 on the assembly of (rigid) triskelia, thereby revealing
the importance of the mechanical properties of the disordered linker between the two clathrin
motifs of AP2 [19]. A statistical mechanical theory based on these insights, assuming a ﬁxed cage
size of 60 triskelia, yielded good quantitative agreement with the simulation results, including
the ability of AP to induce cage assembly when the inter-clathrin interactions are too weak for
unassisted self-assembly [19]. In the current study, this theory is extended to include the intrinsic
curvature and ﬂexibility of triskelia as well as geometrical considerations on the permitted cage
structures [19, 31, 32] and the distance to be covered by AP2s bound to two triskelia. The
values of the independent parameters entering the theory have been determined by ﬁtting the
data of Zaremba and Keen. The optimal binding strength of a triskelion in a cage is determined
separately, based on the critical assembly concentration (CAC).
Below we present a theoretical method to calculate the equilibrium distribution of clathrin
cages of various sizes as a function of the total clathrin and AP concentrations. In cases when
only triskelia are available, our approach will be to calculate the equilibrium constants of the
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reactions
pC  Cp ,

(3.1)

and to combine these with mass balance equations to obtain the concentrations in equilibrium.
To achieve this goal we will calculate the chemical potentials
 
C
0
(3.2)
μC = μC + kB T ln
c
 0
Cp
μp = μ0p + kB T ln
,
(3.3)
c0
where the square brackets denote number concentrations, i.e. number of molecules per unit
of volume, and c0 is a reference concentration typically taken to be 1 molar. We refrain from
taking a factor of p out of μ0p because it has no meaning in the generalized situation treated later.
Notice that we have assumed ideal mixing behavior for both clathrin monomers and clathrin
cages. Applying the equilibrium condition pμC − μp = 0, we obtain the equilibrium constant
 
Cp /c0
0
Kp =   p = e−βΔGp ,
(3.4)
C /c0
where

ΔG0p = μ0p − pμ0C

(3.5)

and β = (kB T )−1 . The changes needed when APs are present will be given below.
This paper is organized as follows. In Section 3.2 we present the statistical physical model
used to predict chemical potentials, and hence cage size distributions, both in the absence and
presence of APs. We clearly indicate the parameters that determine the theoretical prediction.
Section 3.3 brieﬂy describes the numerical methods used to solve the ﬁnal set of equations. The
numerical results are presented and discussed in Section 3.4. We end with a short summary.

3.2
3.2.1

Theory
Clathrin

According to statistical physics, the chemical potential of component i in an ideal mixture of
several components may be calculated according to μi = −kB T ln (qi /Ni ), where qi is the single
particle partition function of component i and Ni is the number of molecules of that component
in the volume V [33–35]. From this we infer the reference chemical potentials to be
qC
,
V c0
qp
μ0p = −kB T ln
.
V c0

μ0C = −kB T ln

(3.6)
(3.7)

Notice that V c0 = V /v0 , where v0 is the volume available to one clathrin or one cage at the
refence concentration. We now set forth to calculate the relevant single particle partition functions.
Free clathrin triskelia
Adopting a reductionist approach, a clathrin triskelion is represented using a restricted number
of eﬀective parameters that allow a simple description of their complex ﬂexible structure. A
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Figure 3.2: Snapshot of a cage of p = 60 triskelia and ∼120 APs, obtained using computer
simulations and visualized with Visual Molecular Dynamics [36] (VMD), using the same colour
scheme as in Fig. 3.1.
clathrin triskelion is idealized to be a symmetric molecule with a central three-fold axis rotating
its three legs into oneanother. Each of the three legs is oriented with respect to this axis by the
same planar pucker angle of χ, see Fig. 3.1. The pucker angle is allowed to ﬂuctuate around
some equilibrium value χ0f , within a range dictated by a bending rigidity κf . In the harmonic
approximation, i.e. for small ﬂuctuations, the energy penalty for bending the structure away
from its equilibrium structure is proportional to the square of the deviation, so
1
φC (χ) = ΦC + κf (χ − χ0f )2 ,
2

(3.8)

where ΦC is the free energy of an equilibrium triskelion in solution, which arises from interactions
with and changes induced in the solvent. The partition function of a triskelion then reads as


8π 2 V 2πkB T −βΦC
8π 2 V
−βφC
dχ ≈
e
.
(3.9)
e
qC =
ΔC
ΔC
κf
Here 8π 2 V results from integrations over all possible orientations and positions, while the elementary volume element ΔC results from integrations over their conjugate momenta. The elementary
volume element also takes care of Planck’s constant and the symmetry of the molecule; its exact
structure is given in Appendix 3.6.
Clathrin cages
Clathrin cages are well deﬁned, closed, convex polyhedral structures. The vertices of the polyhedrons have three neighbors located approximately at the same distance, and they form the
corners of polygonal facets, see Fig. 3.2. In a clathrin cage, a clathrin hub lies at every vertex
of the structure and a cage edge is composed of two pairs of intertwined leg segments, where in
each pair two like segments run in opposite directions, i.e. antiparallel.
In order to calculate the partition function of cages containing p triskelia, we adopt a mean
ﬁeld approach according to which each particle moves uncorrelated to the other particles in the
cage, feeling only an average potential produced by all the others. As a further approximation, we
assume that each particle in the cage is restricted to freely move around in limited translational
t and ω r , respectively, and that the potential in this volume is constant.
and rotational volumes, vC
C
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When a clathrin is placed at a vertex of a cage, its hub will roughly sit on three knees from
neighboring triskelia and three ankles from next-nearest neighbors. As a result, we expect that its
bending rigidity and equilibrium pucker angle, κv and χ0v , will be diﬀerent from those in solution,
κf and χ0f , respectively. The remaining part of the interaction between the triskelia in a cage is
concentrated along the edges of the cage, being of van der Waals type or hydrophobic. These
contributions may be expected to be optimal when the pucker angle dictated by the geometry
of the cage, χp , equals the preferred value χ0v . For puckers deviating from the geometrically
imposed value, which we assume to be identical for all vertices in the cage, stresses will occur
that lead to an increase of the interaction energy; we include this energy by a harmonic term
with a spring constant κg . Combining the two contributions, the energy of a clathrin with pucker
χ, conﬁned to a rotational and translational free volume in a cage of p triskela, reads as
1
1
φp (χ) = ΦC + EC + κv (χ − χ0v )2 + κg (χ − χp )2
2
2
1
1
0 2
≈ ΦC + EC + κv (χp − χv ) + κg (χ − χp )2 .
2
2

(3.10)

The last line is been obtained by combining the squares and assuming that κg is much larger than
κv . The value of EC has been estimated by simulations and theory [19, 27] and by experimental
means [37] to be around EC = 24kB T . To complete the description of our model, we mention
that χp is solved from [26]

p 2π − 3 arccos

3 cos2 χp − 1
2


= 4π.

(3.11)

This equation arises from an application of Descartes’ equation for the total angle deﬁcit in a
polyhedron [38]. A plot of χp is presented in Figure 3.3.
We are now in the position to calculate the partition function qp of a cage containing p
triskelia. Using the mean ﬁeld potential described above, the total partition function of the cage
is just the product of p identical individual partition functions of a single clathrin triskelion in
a cage, apart from the fact that of all translational degrees of freedom one may run through the
total volume V and similarly of all orientational degrees of freedom one may run through the
full range of 8π 2 ,


p
t ωr
8π 2 V vC
2πk
T
B
C
e−βΦp ,
(3.12)
q p = mp t r
v C ωC ΔC
κg
where

2
1 
Φp = ΦC + EC + κv χp − χ0v .
(3.13)
2
The multiplicity factor mp will be explained below. Notice that there is no factor of 1/p! in
qp accounting for the indistinguishability of the p triskelia, since it is canceled by a factor of
p! obtained by permuting all triskelia in the cage. The latter factor takes care of the fact that
in the given expression only a limited part of the total phase space is incorporated. since each
triskelion is restricted to a unique (relative) position in the cage. This situation is analogous to
that for an Einstein crystal. Finally, in evaluating the partition function we have again assumed
that κg is much larger than κv .
Cage multiplicity
Let us now brieﬂy discuss the multiplicity factor mp introduced above in the partition function
for cages containing p triskelia, see Eq. (3.12). We start by noticing that the well-known Euler
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Figure 3.3: The pucker angle χp (black solid line, leftaxis) and the diameter D (red solid line,
right axis) of clathrin cages as functions of the number of triskelia p

relation, [38] V − E + F = 2, applying to all structures topologically equivalent to a sphere,
restricts the number of possible cages structures severely. Here, V is the number of vertices, E
is the number of edges and F the number of facets of the cage; in cages composed of p clathrin
proteins, V = p and E = 3p/2. Assuming that only pentagons and hexagons are allowed, it can
be shown that the number of pentagons must be exactly 12 in all cases. The number of hexagonal
facets is then found to be (p − 20)/2. The smallest cage is thus a dodecahedron, corresponding
to p = 20; all further possible cages have even values of p, and only p = 22 is geometrically
forbidden.
Previous computer simulations with a completely rigid model revealed that despite the high
number of geometrically possible conﬁgurations for any given p, i.e. distinct distributions of the
pentagons and hexagons, typically just one preferred cage structure self-assembles for any even
value of p  70 [26]. The other structures, although geometrically possible, are rarely formed
because their internal stresses result in unfavourably high energies, and for some values of p all
possible structures are under adverse tensions. Schein et al. have analyzed all possible structures
and suggested a geometric rule to determine which structures are favourable and which are not
[31, 32]. On the basis of the same data, we formulated the concise ‘excluded 5566’ rule which says
that structures containing one or more facets whose neighboring facets form a sequence of two
pentagons followed by two hexagons, either clockwise or anti-clockwise, are unfavourable [39].
For large cages, p > 60, these rules are equivalent to the more familiar isolated pentagon rule
(IPR). The number of geometrically allowed cage structures and the cage multiplicities mp , i.e.
the number of cages satisfying the above requirements for given number of triskelia p, are shown
in Figure 3.4. For of values p > 100 we estimated the numbers of cages based on exponential
extrapolations of the data for p ≤ 100.
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Figure 3.4: The numbers of possible cage structures (red triangles) and favorable cage structures
(black circles, mp ) as functions of the number of triskelia per cage, p. The absence of circular
markers for certain even values of p reﬂects a lack of favourable cages of these sizes, mp = 0.
Values copied from Schein et al. [32].
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Equilibrium
As mentioned in the Introduction, equilibrium is governed by Eq. (3.5). With the above information we now calculate

2
1
ΔG0p = pΔμ0C + pκv χp − χ0v − kB T ln mp + kB T ln
2
where
Δμ0C


= EC + kB T ln

κg 8π 2 v0
t ωr
κf v C
C

.

t ωr
vC
C
8π 2 v0

,

(3.14)

(3.15)

Note that the elementary volume elements ΔC have canceled in the ﬁnal result. The ﬁrst term
in Eq. (3.14) depends linearly on p. The next two terms depend non-linearly on p, the ﬁrst one
through χp – which saturates at χp = π/2 for large p – and the second one through mp . As mentioned above, for small p the multiplicity mp diﬀers only slightly from unity, depending rather
irregularly on p, while for large values of p one sees in Fig. 3.4 that ln(mp ) depends roughly
linearly on p. The last term in Eq. (3.14) is the only term not to depend on the cage size,
and therefore its relevance deminishes with increasing p. Rather than ignoring this term altot = 5 nm3 and v t = 10−3 rad3 ,
gether, we estimated the translation and rotational volumes as vC
C
respectively.

3.2.2

Adaptor proteins

In this section we present the necessary ingredients to describe clathrin cage formation in the
presence of adaptor proteins. Our description is based on the reaction
pC + nA  Cp An ,

(3.16)

where Cp An is a cage consisting of p triskelia with n attached APs. The AP2 complex possesses
two binding motif for clathrin, connected by a ﬂexible linker, see Fig. 3.1(C). Each binding site
on the AP binds to one unique site, out of two distinct sites, on each of the three clathrin legs.
The ﬁrst of these sites is located at the end of the terminal domain (TD), see Fig. 3.1, while the
second is located at the ankle. The length of its linker allows APs to bind to a cage in two ways,
either by binding only one site to one triskelion or by binding both sites to two distinct triskelia.
We assume that binding of an AP to a triskelion does not alter the three-dimensional structure of
the latter in any substantial manner. Since we are only interested in the distribution of cage sizes
over diﬀerent values of p, independently of the way the APs are bound to the cages, we do not
discriminate between cages having the same total number of bound APs but diﬀerent numbers
of singly and doubly bound APs. Generalization of our methods to these cases are obvious from
our treatment below. Following the coarse-grained approach in our recent simulation study of
AP-induced cage assembly, [19] we represent the β-linker of the AP2 complex by two point
particles, for convenience both taken to be identical, each with the ability to bind clathrin at a
speciﬁc site. The remainder of the AP2 complex does not bind to clathrin and does therefore
not contribute to the equilibrium constants derived below.
Chemical potentials are deﬁned as before, including now
 
A
0
,
(3.17)
μA = μA + kB T ln
c0


C p An
0
μp,n = μp,n + kB T ln
,
(3.18)
c0
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where Cp An and A are the concentrations of clathrin-AP cages and unbound APs, respectively. At equilibrium the reaction is described by the equilibrium constant


Cp An /c0
0
(3.19)
Kp,n =   p   n = e−βΔGp,n ,
C /c0
A /c0
where
ΔG0p,n = μ0p,n − pμ0C − nμ0A .

(3.20)

The reference chemical potentials are obtained from expressions similar to those used before.
Free adaptor proteins
The internal potential energy of the AP complex is assumed to depend solely on the distance
r12 between its two clathrin binding sites. Furthermore, we assume that the linker between the
two binding sites behaves as a spring limited to have a ﬁnite extension L,
φA (r12 ) = ΦA + φl (r12 ),

(3.21)

where ΦA is the average solvation free energy of an AP and the energy of the linker reads as [40]
1
φl (r12 ) = − kL2 ln 1 − (r12 /L)2
2

(3.22)

for r12 < L and inﬁnity otherwise. The ﬂexible linker connecting the two clathrin binding sites
is composed of about 70 residues, and hence an approximate contour length of L = 26 nm. The
spring constant is estimated using polymer theory [41] as k = 3kB T /(2Llp ); combination with the
experimental persistence length of disordered proteins, lp ≈ 0.6 nm, then yields k = 0.1kB T /nm2 .
With these assumptions, the partition function of an AP at inﬁnite dilution reads as

1
V ql
qA = 2
(3.23)
e−βφA dr1 dr2 = 2 e−βΦA ,
ΔA
ΔA
with ΔA = h3 /(2πmA kB T )3/2 the elementary volume element per AP particle, and
 ∞
2
e−βφl (r12 ) r12
dr12 .
ql = 4π

(3.24)

0

In case the potential φl is approximated by a harmonic spring with spring constant k, the integral
is readily solved yielding ql = (2πkB T /k)3/2 .
Clathrin-AP cages
As mentioned before, both AP’s binding sites have a corresponding binding site on each of the
three clathrin legs. In principle therefore, there are two distinct binding energies associated with
the two binding processes. To the best of our knowledge, these binding energies have not been
determined so far. In the present model, we will assume them to be equal and denoted by EA .
The exact value of this parameter, like that of EC , will depend on the acidity and salt conditions
of the solvent. Once the binding has taken place, the translational freedom of the AP binding
t . The energy of an AP bound to a cage by a single binding
site is reduced to a small volume vA
site only then reads as
(3.25)
φsA (r12 ) = ΦA + EA + φl (r12 ),
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and in case of double binding to a cage,
φdA (r12 ) = ΦA + 2EA + φl (dp )

(3.26)

with dp the distance between the two binding locations. The position-dependent part of the
t q for the single clicked molecule and
AP’s partition function now gives rise to volume factors vA
l
t )2 exp[−βφ (d )] for the double clicked molecule.
(vA
l p
The partition function of a cage containg p triskelia and n APs then takes the form
A
,
qp,n = qp qp,n

(3.27)

with qp given by Eq. (3.12). It is not diﬃcult to see that the adaptors yield
A
qp,n


= Ωp,n

t
ql v A
e−β(ΦA +EA )
Δ2A

with



min(n,3p−n)

Ωp,n (dp ) =



m=0

Ωp,n,m

n
,

t
vA
e−β[EA +φl (dp )]
ql

(3.28)

m
.

(3.29)

The second factor in Eq. (3.28) is the partition function in case all n APs are bound to the
cage by one bond only. The ﬁrst factor, Ωp,n (dp ), takes care of the m APs doubly bounded to
the cage. Since the binding energy EA is negative and outweighs the linker energy φl (dp ), the
factor Ωp,n (dp ) will be dominated by terms with m as large as possible. The combinatorial factor
Ωp,n,m is a rather complicated object. We will assume that it exists for every n > 0, m ≥ 0 and
n + m ≤ 3p, and that it is approximately given by
Ωp,n,m ≈

(6p − 2m)!
(3p)!
.
m!(3p − m)! (n − m)!(6p − n − m)!

(3.30)

This expression is obtained by ﬁrst distributing m doubly clicked APs over 3p possible positions
in the cage; here we assume that 3p positions are available for one AP site to click to an ankle,
and that this AP’s second site binds to a uniquely deﬁned nearest TD. Once this is done, the
remaining n − m singly clicked APs are distributed over the 6p − 2m clathrin sites left available.
Equation (3.29) can also be applied for freely ﬂoating triskelia, p = 1, provided the sum in
Eq. (3.30) is restricted to m = 0 only.
The distance dp between nearest unlike binding sites for APs on a cage containing p triskelia
is estimated at d60 = 12 nm for the most abundant cage size in in vitro experiments in the
presence of APs. It is, however, evident that the distance between an ankle and the nearest TD
is aﬀected by the curvature of the cage, and therefore dp varies with p. Without making further
geometrical assumptions, we model the distance as
dp = d60 + l (χp − χ60 ) ,

(3.31)

where l is an unknown Taylor expansion parameter, which will be used as a ﬁt parameter to
obtain the cage size distribution in the presence of APs, starting from that in the absence of
APs. Notice that we aim not only for a shift of the distribution, but also for a change of shape.
The dependence of dp on p via χp ensures that dp converges to a constant value for large p, as
expected for nearest neighbour distances in polyhedrons.
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Equilibrium
Combining the partition functions obtained so far, we arrive at
ΔG0p,n = ΔG0p + nΔμ0A − kB T ln Ωp,n ,

(3.32)

where
Δμ0A = EA − kB T ln

t
vA
.
v0

(3.33)

It is clear from Eq. (3.32) that the standard reaction free energy for the formation of cages in the
presence of APs, besides depending on the clathrin related parameters identiﬁed in the previous
section, through Ωp,n depends critically on the numbers of double clicked APs, which in turn are
sensitive to the elongation distances dp of the linkers. This agrees with our earlier observation
in coarse-grained simulations, where the mechanical properties of the AP-linker proved crucial
to the APs ability to regulate the assembly of cages [19]. With this deﬁnition of the standard
t exp (−βE ) in Eqs. (3.28) and (3.29) reduce to
chemical potential diﬀerence, the factors vA
A
0
v0 exp (−βΔμA ).

3.3

Numerical methods

In this section the numerical methods used to calculated concentrations of interest are brieﬂy described. We present the methods only for the general case when APs are present; the adaptations
to obtain results in the absence of APs are immediate.
To calculate the distribution of clathrin
 cages over
  their possible sizes as functions of the
total concentrations of triskelia and APs, C t and A t respectively, we make use of the mass
balances for both components:
⎧
∞ 6p
⎪
⎪C =   pK Cp An c1−p−n ,
⎪
⎪
p,n
0
t
⎪
⎨
p=1 n=0
6p
∞ 
⎪

⎪
 
 p  n
 
⎪
⎪
A
=
nKp,n C A c1−p−n
+ A f.
⎪
0
⎩
t

(3.34)

p=1 n=0

The right hand sides of this equation simply represent the total concentrations of triskelia
 and
APs, respectively, expressed as weighted sums
over
all
equilibrium
cage
concentrations
Cp An
 
 
at given unbound monomer concentrations C and A . Notice that the terms with p = 1
represents single triskelia, possibly dressed with single clicked APs. The next value of p that
contributes to the sums is p = 20, followed by all even p ≥ 24. The equilibrium constants are
obtained by combining Eq. (3.19) with Eq. (3.32).
When applied to an experimental system containing known total concentrations, the above
relations constitute two equations with two unknowns, i.e. the concentrations
of unbound

monomers. Once these have been solved, all concentrations Cp , An may be calculated from
the corresponding formation reactions. Although solving a set of two non-linear equations for
two unknowns usually is not a very challenging task, things are diﬀerent in the present case. The
main problem is caused by the presence of very large powers, both in the mass balance equations
and in the expressions for the equilibrium constants. This may be partly solved by performing
products by adding their logarithms. Even then, the usual recursive methods to solve the set of
equations turned out to be rather unstable. We have been successful by using a combination of a
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Figure 3.5: The experimental (red) and theoretical (black) cage size distributions for clathrin
self-assembly in the absence of adaptor proteins. Measurement data are copied from Zaremba
and Keen, [9] who used a pH 6.2 buﬀer with a mM salt concentration. The theoretical curve,
which is slightly shifted along the horizontal axis for presentation purposes, is obtained with
χ0v = 98◦ and κv = 80kB T /rad2 .
Newton-Raphson ﬁrst-order method and a modiﬁed version of Powell’s method [42–44]. Powell’s
method was used to iteratively minimize the norm of the concentrations diﬀerence vector
 
   
 
Δc = C s − C t , A s − A t
(3.35)
 
 
where C s and A s represent the numerical values of the right hand sides of Eq. (3.34). This
method does not require derivatives and is less sensitive to the chosen initial values than the
Newton-Raphson method. The latter was used to iteratively
zero
 the diﬀerence vector
  Δc,
 
employing the readily obtained analytical derivatives of C s and A s with respect to C and
 
A .
In the following section we will calculate probability distribution functions (PDFs) of the
various possible cage sizes and compare them with experimental results. The calculations will be
done by binning equilibrium cage concentrations according to their diameter in bins of constant
widths, to conform with the published experimental data, see Fig. 3.5. Cage sizes p are readily
converted into cage diameters Dp by means of πDp2 = pav , with the average area per vertex
av ≈ 350 nm2 for cages with edges of σ = 17 nm. A plot of Dp is presented in Fig. 3.3. To
quantify the diﬀerence between the normalized experimental and theoretical PDFs, PDexp and
PDtheo respectively, we deﬁne a scoring function
S(x) =

  P exp − P theo (x) 2
D

D

D

σD

(3.36)

where the diameter D runs over a set of discrete values and x denotes the set of parameter
values entering the theory; the best set is the one with the lowest S. The weight factors σD have
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Figure 3.6: The similarity score, comparing experimental and theoretical cage size distributions,
as a function of the χ0v and κv . Note that the colour scheme employs a logarithmic scale, with
dark blue representing the best ﬁt.

been introduced to take into account that the accuracy of the experimental data may vary with
D. We experimented with several deﬁnitions of the weight and found that the best set is rather
insensitive to the choice made, hence we here stick to σD = 1.

3.4

Results

To the best of our knowledge, the literature contains only a few quantitative experimental studies
on the impact of adaptor proteins on the size distribution of clathrin cages grown in in vitro.
Here we will focus on the distributions measured for AP2 by Zaremba and Keen, [9] which have
also been the topic of earlier theoretical studies on the cage size distribition [45–47]. The size
distributions obtained with AP3 and AP180 are quantitatively very similar, indicative of a single
underlying mechanism [15, 16]. We start with cages that self-assemble in the absence of adaptor
proteins, which Zaremba and Keen realized in a buﬀer containing 5 mM 2-[N -morpholino]ethane
sulfonic acid (NaMES) and 2 mM CaCl2 , pH 6.2 buﬀer [9]. The parameters to be extracted from
the experimental data are Δμ0C , κv and χ0v . Next are the cages grown in the presence of adaptor
proteins. Zaremba and Keen present a size distribution for a diﬀerent buﬀer than for the calthrinonly experiment, but state that ‘similar size coats’ were formed in the aforementioned buﬀer. We
will interpret ‘similar’ as ‘identical’, in which case the three aforementioned parameter retain
their values. This leaves Δμ0A and l to be extracted.
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Figure 3.7: The fraction of clathrin assembled into cages for several values of Δμ0C , expressed in
units of kB T in the legend, at χ0v = 98◦ and κv = 80kB T , in the absence of APs. The concentrations of free and bound triskelia are equal (dashed line) at the critical assembly concentration
(CAC).

3.4.1

Clathrin Cages

For
the theory to the experimental data, we selected a total clathrin concentration of
  the 1ﬁt of−6
C t = 3 · 10 molar−3 = 0.21 mg/ml, while lies close to the concentration of 0.16 mg/ml used
in the experiments with AP and a factor 3 below that used in the experiments without AP. Our
previous calculations at this concentration (which ignored the ﬂexibility of the triskelion) show
a sharp transition with Δμ0C between solutions containing solely monomers and solutions with
virtually all triskelia bound in cages, reminiscent of a critical assembly concentration (CAC)
[19]. We now ﬁnd that the cage size distribution under strong assembly conditions is insensitive
to Δμ0C (data not shown), thus ruling out an extraction of that parameter. This leaves κv and χ0v
as the parameters that determine the size distributions. Upon selecting Δμ0C = −20kB T , which
lies ∼6kB T into the assembly regime, we ﬁnd that χ0v and κv set the mean value and with of the
size distribution, respectively, in agreement with expectations. Figure 3.6 shows the similarity
score as a function of these two parameters. The best agreement with the experimental data
is obtained for χ0v = 98◦ and κv = 80kB T /rad2 . The corresponding distribution is plotted in
Fig. 3.5, showing a satisfactory agreement with the experimental distribution. The diﬀerences
between the histograms may result from several sources, including the approximations made in
the theory and the low number (96) of analyzed experimental cages. Interestingly, replacing the
number of favoured low-stress cage structures, i.e. the multiplicity mp in Eq. (3.14), by the far
larger number of geometrically allowed cage structures, see Fig. 3.4, results in a deterioration of
the scoring function.
The sole remaining unknown parameter is Δμ0C . Its value can be related to the CAC by
combining the mass balance equation with the condition that the number of bound triskelia
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Figure 3.8: The similarity score, between experimental and calculated cage size distributions in
clathrin-AP mixtures, as a function of the parameter l relating the ankle-TD distance, i.e. the
elongation of the linker in a double bound AP, to the pucker χ0v , see Eq. (3.31). The clathrin
parameters where kept at their best values obtained from Fig. 3.6, and Δμ0A = −15kB T .
 
 
equals the number of free monomers, and hence C t = 2 C , at the critical concentration,
 
C t = ccac . One readily derives an analytic relation between Δμ0C and ccac for monodisperse
cages, [19]
ccac
,
(3.37)
Δμ0C ≈ kB T ln
c0
but a numerical approach is required for the current wide distributions. From the assembly
curves calculated at ﬁxed Δμ0C , see Fig. 3.7, we can easily read of the matching CAC. The
experimental CAC of 100 μg/ml reported by Crowther and Pearse, [48] unfortunately at slightly
diﬀerent buﬀer and salt conditions, then corresponds to Δμ0C = −14.8kB T , which lies close to
the value established earlier [19, 28, 37].

3.4.2

Cages with APs

Our theoretical model has been based on the assumption that the roles of clathrin and AP in
mixed cages can be described by two independent additive contributions to the potential energy
of the cages. We therefore retain the above established values of χ0v , κv and Δμ0C in the analysis of
the system with APs; note that these three parameter will vary between solvents. The two ‘new’
parameters to be determined from the experimental size distribution [9] then are the standard
chemical potential diﬀerence of AP binding to clathrin, Δμ0A , and the variation with the cage
size of the elongation of a double-bound AP, i.e. the parameter l introduced in Eq. (3.31).
Strong attachment of APs to the triskelia gives rise to a size distribution that is insensitive to
0
ΔμA , similar to the observations in the clathrin-only case. So we select Δμ0A −15kB T and restrict
our attention to the l. For l = 0, i.e. assuming that the distances between ankles and nearest TDs
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Figure 3.9: The experimental (blue) and theoretical (black) cage size distributions for caged
assembled in the presence of adaptor proteins. Measurement data are copied from Zaremba and
Keen, [9] who used a pH 6.2 buﬀer with a mM salt concentration. The theoretical curve, which is
slightly shifted along the horizontal axis for presentation purposes, is obtained with the best ﬁt
parameters deduced from Fig. 3.6 and Fig. 3.8, χ0v = 98◦ , κv = 80kB T / rad, and l = 0.7 nm/rad,
in combination with strong interactions, Δμ0C = −20kB T and Δμ0A = −15kB T .
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in cages does not depend on the cage size p, we recover the size distributions of the clathrin-only
case. The scores of the theoretical distributions are plotted in Fig. 3.8 as a function of l. The
size distribution obtained for the best ﬁt, at l = 0.7 nm/rad, shown in Fig. 3.9, is in satisfactory
agreement with the experimental distribution. Comparison with Fig. 3.5 shows that the impact
of AP is to shift the distribution to smaller cages and to reduce its width. We conclude that
these marked changes arise from a rather subtle eﬀect, the slightly longer (shorted) elongation
of double clicked APs connecting a knee to the nearest TD in bigger (smaller) cages. Cages
with diameters typical for the two distributions, D = 75 nm and D = 100 nm contain 51 and 88
triskelia, respectively, and consequently have puckers of χ51 = 102◦ and χ88 = 99◦ , respectively.
The resulting diﬀerence in the pucker elongation is a fraction of a nm, whereas the employed
reference distance d60 = 12 nm. The small energy change upon a slight elongation of an AP
linker, when multiplied with the number of double-bound APs present in a cage, readily gives
rise to an energy term in the kB T range for the entire cage, and thereby makes a substantial
contribution to the values of the equilibrium constants.
Finally, let us brieﬂy discuss the mechanism that leads to the assistance of APs in clathrin
cage formation. Consider a situation in which clathrin alone do not assemble, i.e. a situation
when the concentration of clathrin is below its CAC, or similarly when the binding energy is too
small for the given concentration of clathrin to lead to cage formation. Adding small amounts
of APs will not alter the situation, since for entropic reasons they will remain dissolved. On
increasing the concentration of APs, the entropy loss of binding APs to clathrin will decrease
and become comparable to the decrease of energy on binding to clathrin. Since double clicking
of APs to clathrin in cages leads to the same binding energy as clicking two APs to one or two
free clathrin, the lower loss of AP-entropy in the ﬁrst case will favor doubly clicking APs to
(fragments of) clathrin cages. With increasing concentrations of AP, therefore, the clathrin will
ﬁnally form cages, even if their concentration is (slightly) below the CAC for calthrins only. With
these AP concentrations, APs will mainly occur doubly clickes to cage clathrin. If we increase
the concentration of APs even more, so much that all clathrin binding sites are saturated with
APs, the gain of AP entropy on double clicking decreases and the eﬃciency of assisting clathrin
to form cages goes down again. This is consistent with our ﬁndings in Fig. 2.9, see Chapter 2.

3.5

Discussion and conclusions

Adaptor proteins are well known to aﬀect the size distributions of clathrin cages grown in
vitro, but the underlying mechanism remained unresolved for several decades. The statistical
mechanical model introduced in the current study reveals a subtle origin, i.e. the slight variation
with cage size of the distance between a knee and its nearest terminal domain in cages results in
a slight variation of the free energy of the disordered linker of an AP connecting these two sites.
Since a cage contains many of these double bound APs, between one and three per triskelion,
[19] the cumulative contribution to the reaction free energy is substantial. The slightly shorter
(longer) distances in small (large) cages causes the cage size distribution to shift to smaller cages,
and hence to a narrower distribution, when AP is added to an in vitro solution of clathrin. We
note that this mechanism also applies in vivo, e.g. in the increase of the average vesicle size in
a squid giant synapse induced by AP180-inhibitors. The model also explains how double clicked
APs stabilise cages under conditions where these are unstable in the absence of AP [19].
Recent experiments by Kelly et al. [49] indicate that AP2, and therefore probably also AP3,
posses only a single binding site for clathrin, thereby drawing into question the experimental cage
size distribution discussed here. They suggest that these early experiments were contaminated
with traces of AP180, which does double-bind to clathrin [50]. Cage size distributions reported
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for AP180, [16] which is a four times more potent inducer of cage assembly than AP2, [51] are
quantitatively similar to those studied here. This does not discredite our theory, but indicates
that the adaptor protein being analyzed was not AP2 but AP180.
The sole main parameter not determined in this study is Δμ0A . We furthermore recall the
assumed simpliﬁcation of both sites of the adaptor protein binding equally strong to clathrin, see
Section 3.2.2. This assumption is readily removed, at the expanse of more elaborate equations.
The two binding constants can be measured by binding assays using clathrin fragments, thus
ensuring that only one type of bond occurs. A viable alternative is to explore the CAC of
AP-clathrin mixtures, speciﬁcally the AP concentrations required to induce half the triskelia in
solutions of various concentrations to assemble into cages, which can then be combined with the
theory to extract the binding constants.
It would be desirable to have more quantitative experimental data on the mechanical and
binding properties of clathrin and adaptor proteins, and – in view of the above critique – to
remeasure the cage size distributions. This would allow a validation of the theory and a more
realiable determination of its main parameters, so it can be applied to further explore the intricacies of CME from a statistical mechanical perspective. Experiments over a range of temperatures
would enable splitting the reaction free energy diﬀerences, and thereby parameters such as Δμ0C
and Δμ0A , into their enthalpic and entropic contributions.
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Appendix: Momentum of the pucker

The partition function of a triskelion described by a position rC , an orientation ϕC , a pucker χ
and their conjugate momenta pX , is given by

1
(3.38)
qC =
e−β(ΦC +K) drC dϕC dχdprC dpϕC dpχ ,
σ C h7
with the potential energy ΦC as in Eq. (3.8) and σC = 3 the symmetry number of a triskelion
[33]. In the kinetic energy
K=

p2χ
p2rC
1
−1
+ pT
I
p
+
.
ϕ
C
2MC 2 ϕC C
2μχ

(3.39)

the inertia tensor IC and the eﬀective mass of the pucker,


 1
μχ =
mi
i

∂χ
∂ri


2 −1
,

(3.40)

are in principle functions of χ. If the thermally induced variations of these inertia are small, i.e.
if they depend only weakly on χ and/or the ﬂuctuations in χ are small, then

7
1 
3/2
1/2 1/2
2πk
T
M
|I
|
μ
(3.41)
qC =
e−βΦC drC dϕC dχ
B
C
χ
C
σ C h7

1
=
(3.42)
e−βΦC drC dϕC dχ,
ΔC
where the last step deﬁnes the elementary volume ΔC .
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Chapter 4

Early stages of clathrin aggregation
at a membrane
The self-assembly process of clathrin coated pits during endocytosis has been simulated by combining and extending coarse grained models of the clathrin triskelion, the adaptor protein AP2
and a ﬂexible network membrane. The AP2’s core, upon binding to membrane and cargo, releases a motif that can bind clathrin. In conditions where the core-membrane-cargo binding is
weak, the binding of this motif to clathrin can result in a stable complex. We characterize the
conditions and mechanisms resulting in the formation of clathrin lattices that curve the membrane, i.e. clathrin coated pits. The mechanical properties of the AP2 β linker appear crucial
to the orientation of the curved clathrin lattice relative to the membrane, with wild-type short
linkers giving rise to the inward curving buds enabling endocytosis while long linkers produce
upside-down cages and outward curving bulges. 1

4.1

Introduction

Eukaryotic cells possess the remarkable ability to collect, sort and internalize a variety of membrane components and external cargo molecules, by a process known as clathrin-mediated endocytosis (CME) [1–3]. The two main proteins involved in CME are clathrin and the AP2 adaptor
protein complex, assisted by a series of accessory proteins [4]. Clathrin is a three-legged protein,
see Fig. 5.1, with the ability to self-assemble into a variety of polyhedral cages in vivo and
in vitro [5, 6]. In cages, a clathrin triskelion is centered at every vertex, with each of its legs
running along two edges before bending inward at the leg’s terminal domain (TD) [7–9]. Cages
grown in vivo enclose lipid vesicles, with the clathrin triskelia tethered to the membrane by
multiple AP2 complexes. The latter carries motifs for the phosphatidylinositol 4,5-bisphosphate
[PtdIns(4,5)P2 ] lipids speciﬁc to the plasma membrane [10] and motifs binding cargo molecules,
all located in the folded core of the protein, as well as two binding sites for clathrin on a long
ﬂexible linker [11–13]. Crystallography experiments indicate that the mid-linker motif binding
a clathrin TD [9] is only released by the AP2 core when that core has bound PtdIns(4,5)P2
and cargo, [14, 15] while earlier binding essays suggest that the permanently available ‘ear’ or
‘appendage’ site at the free end of the linker binds a site higher up the clathrin leg [16]. In
the highly coordinated process of endocytosis, [17] AP2 intermediates by bringing cargo and
triskelia together in a clathrin coated pit (CCP), i.e. a membrane invagination coated by a
1
This chapter has been published as M. Giani, W. K. den Otter, and W. J. Briels, ‘Early stages of clathrin
aggregation at a membrane in coarse-grained simulations’, The Journal of Chemical Physics, vol. 146, no. 15, pp.
155102, 2017.
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Figure 4.1: The highly coarse-grained models used for simulating clathrin (A and B) and AP2
(C), plotted on the same scale. In the rigid clathrin triskelion three proximal leg segments (P)
radiate from a central hip (h) to the knees (k), at a pucker angle χ relative to the symmetry
axis n̂h , followed by distal leg segments (D) running to ankles (a) and terminal domains (TDs)
ending at the toes (t). The directionality of leg-leg interactions, represented by the polarity
vectors m̂, is elaborated on in Fig. 5.2. The AP model features three beads connected by two
ﬂexible linkers: the β1 and β2 beads can bind to the toes and ankles of clathrin, respectively,
while the core β0 can bind to a membrane bead. The full AP2 protein also possesses a ﬂexible
α linker, which is omitted in the simulations as it does not bind to membranes nor to clathrin.
clathrin lattice. As the lattice continues to grow and curve, the membrane is wrapped until the
above mentioned clathrin coated vesicle (CCV) is pinched oﬀ from the membrane. Finally, the
proteins decorating the vesicle are released for the next cycle while the vesicle carries the cargo
to an organelle for further processing. Clathrin also produces transport vesicles at other sites in
the cell, in collaboration with a wide range of membrane-speciﬁc and/or cargo-speciﬁc adaptor
proteins [11, 18, 19].
Current experimental techniques do not permit examination at the molecular level of CCP
formation in living cells. Cryo-electron microscopy produces high resolution stills of CCPs at
various stages of maturation, thereby providing insights into the structure of these CCPs [20]
as well as revealing the presence of large ﬂat clathrin lattices [21, 22]. Labeling selected proteins
with ﬂuorescent labels enables imaging endocytosis in living cells [23]. Fluorescence recovery
after photobleaching (FRAP) reveals that triskelia in pits are readily exchanged, unlike those in
cages grown in vitro [24–26]. Total internal reﬂection ﬂuorescence microscopy (TIRF) unravels
the sequence of arrival and departure of various proteins – including cargo, clathrin, adaptor
proteins and the membrane scission protein dynamin – over the course of approximately one
minute between the initiation and successful conclusion of an endocytic event [27–30]. Besides
initiations that mature to completion, these experiments also detect aborted events [31, 32].
In two recent studies, single particle tracking is combined with photo-activation localization
microscopy (PALM) to follow the internalization by CME of nano-particles in unparalleled
resolution [33] and ﬂuorescence intensity tracing is used to shift the focus from the plasma
membrane - coverglas interface to CCP formation at unrestrained membranes [34]. Despite the
wealth of information obtained by these and other optical techniques, a number of fundamental
questions on CCP dynamics are still hotly debated. These include the mechanical contribution
of clathrin toward bending the membrane,[35–38] and whether CCPs are formed by nucleation
and growth or by gradually increasing the curvature of a pre-existing planar lattice[20, 26, 33,
34, 39–43].
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Computer simulations provide a powerful tool to explore the statistical-mechanical feasibility of hypothesized self-assembly pathways of CCPs, based on experimentally deduced and/or
estimated interactions between the key proteins. Matthews and Likos modelled clathrin as a
triskelion composed of 13 bead particles with interaction patches on their surfaces, showing that
these triskelia can self-assemble into cages as well as create deep membrane invaginations [44].
Spakowitz and collaborators modelled clathrin as a particle that forms harmonic bonds with
three neighbours, to study the mechanical properties of lattices against a ﬂat membrane and
the ﬂuidization of these lattices when the membrane is nano-indented [45, 46]. Adaptor proteins
were omitted in both types of simulations, by enabling the clathrin particles to bind directly
to the membrane. The indirect coupling of trisklia to the membrane in cells – note that the
disordered linkers of adaptor proteins transmit pulling forces but not pushing forces – is likely
to strongly aﬀect the deformation of the membrane by the coat. We have developed a simulation model of clathrin as a rigid particle with kinked legs, see Fig. 5.1, and with this model
showed that asymmetric leg-leg interactions hold the key to self-assembly, related the binding
energy to the critical assembly concentration (CAC), established a time-scale for self-assembly
in solution, and observed how ﬂat lattices release early CCPs when forced to curve [47–50]. In a
recent study, we developed a simulation model for AP2 [51]. Several combinations of AP-binding
locations on the clathrin leg were explored, to separate combinations that enable cage assembly
from those that do not, thereby arriving at the insight that the entropic spring linking the two
clathrin motifs of AP2 is crucial to the functioning of this adaptor protein. The combination of
both binding sites residing at the TD, which was not explicitly mentioned in that paper, did not
prove able to promote cage assembly in the bulk. This may explain the recent observation by
Moshkanbaryans et al. [52] that a newly discovered ‘site 1’ on AP180 binds weaker to clathrin
than eight previously identiﬁed TD-binding motifs yet proves crucial to AP-induced cage formation, by the hypothesis that site 1 is the only motif that binds clathrin at a location higher
up the leg.
Modeling any process, especially one as complex as CME, involves making assumptions –
based on the available experimental data – regarding the features to be included in the model and
the details that can be ignored. In the current study, we explore the early stages of CCP formation
for the simplest experimentally functional combination of components: clathrin, membrane and
an adaptor protein [15, 37]. The clathrin protein is modelled as a rigid triskelion with smooth legleg interactions. Based on 106 triskelia in a cellular volume of 103 μm3 , the clathrin concentration
is estimated at 10−6 molar [53–55]. A comparable concentration is used in the simulations, while
the critical assembly concentration (CAC) of the model triskelion is about an order of magnitude
higher [49, 51]. The model for AP2 is equipped with two clathrin binding sites to enable the
protein to bring two triskelia together and thereby induce cage assembly, as observed in in
vitro experiments [5]. Our simulations of this process indicated that adaptor proteins – and,
by implication, dimers of adaptor proteins [56–58] – are ineﬀectual when binding to terminal
domains only, because of the relatively large distance between TDs in a cage. Hence we included
binding of the β-linker appendix to the ankle of a triskelion. Because of the modest experimental
evidence supporting this second site, [15, 16, 59] we also present simulations without this site.
Spontaneous AP2-induced assembly of cages in solution is prevented by incorporating the
switching mechanism proposed by Owen and co-workers, [14, 15] whereby a clathrin binding site
on the β-linker is released only when the AP2’s core is bound to membrane, PtdIns(4,5)P2 and
cargo. Alternative mechanisms exist, as for instance in neurons where the inﬂux of Ca2+ ions
triggers the temporary unlocking by dephosphorylation of a collection of adaptor and accessory
proteins crucial to CME, collectively known as dephosphins [60]. Recent studies indicate that
FCHo and Eps15 form a complex with AP2 at the membrane, at least in the initial stages of
CME, and thereby induce AP2’s conformational change that releases the clathrin motif on the
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β linker [61, 62]. The common feature of these mechanisms, i.e. AP2’s ability to bind clathrin
changes when AP2 binds to the membrane and cargo, is incorporated in our simulation model.
For reasons of simplicity, we do not include auxiliary proteins vying with AP2 for the binding
sites on the triskelia [9, 63]. Nor do we include proteins that promote membrane bending, like
BAR-domains and CALM, [64–66] or proteins that resist membrane bending, like crowding
eﬀects by bulky cargo proteins [38, 67]. The model we have build, guided by the experimental
data on a diverse set of proteins with complex interactions, is a highly coarse-grained idealization
involving only clathrin, AP2 and membrane beads, to gain a deeper understanding by statistical
mechanical simulations of the minimum requirements for the formation of clathrin coated pits.
The simulation models for clathrin, AP2 and a lipid membrane are introduced in Section 4.2.
In Section 4.3 the simulation results are presented. The main conclusions and their biophysical
implications are discussed in Section 4.4.

4.2

Model

In this section, the simulation models for clathrin, AP2 and the membrane are described successively. A discussion of the assumptions made to arrive at the model was presented at the end
of the previous section. The model parameters for the force ﬁeld and the Brownian Dynamics
(BD) propagator are summarized in Tables 4.1 and 4.2, the rates of the Monte Carlo (MC) steps
are collected in Table 4.3. Readers less interested in the ﬁne details of the model are advised to
proceed to the presentation of the results in Section 4.3, where the features of the models will
be brieﬂy reiterated, and the discussion of the biological implications in Section 4.4.

4.2.1

Clathrin

The clathrin model
In several preceding studies, we modelled clathrin as curved, rigid patchy particles to study the
in vitro self-assembly of clathrin cages in bulk through Monte Carlo and Brownian Dynamics
simulations [47–51]. We here provide a brief description of the model and refer the reader to
our previous publications for a more detailed discussion. The model triskelion consists of three
identical legs stemming from a central ‘hub’ (h) at a ‘pucker’ angle χ relative to the normal
vector n̂h along the threefold rotational symmetry axis of the particle, see Fig. 5.1. Each leg
consists of three segments: the proximal (P) and distal (D) sections and the terminal domain
(TD), connected by the knee (k) and ankle (a) respectively. All three leg segments are straight
and of identical length, σ = 17 nm. The orientation of the distal segments relative to the proximal
segments is chosen to allow maximum overlap between the legs of a triskelion and those of a
secondary triskelion whose hub is situated at a knee of the primary triskelion. According to
the structural information ﬁle 1XI4, [8, 68] available at the Protein Data Bank (PDB), the
terminal domain forms an angle of ∼114◦ with the adjacent distal segment and a dihedral angle
of ∼28◦ relative to the distal and proximal segments of the same leg. We select a pucker angle
of χ = 101◦ , as this value corresponds to soccer-ball cages containing 60 triskelia, the most
commonly observed cage size in in vitro experiments in the presence of AP [5].
In a completed clathrin cage, a hub is located at every vertex, on top of three knees and
three ankles of neighbouring and next-nearest triskelia, respectively, see Fig. 5.2. A lattice edge
is thus composed of two proximal and two distal segments, where the amino acid sequences
in both pairs of like segments run in opposite directions (i.e. anti-parallel). In our model, the
interaction between two triskelia is described by a sum of inter-segmental interactions inspired
by the segmental pairings observed in experimental cage edges, and thus attractive interactions
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Figure 4.2: Cartoons of the cage structure, using the same colouring scheme as in Fig. 5.1.
The terminal domains, curving inward from the ankle toward the center of the cage, have been
omitted for clarity. (A) Snapshot of a self-assembled cage in solution. (B) Edges are composed
of two proximal and two distal leg segments, with like segments oriented anti-parallel; vertices
are meeting points of one hub (red), three knees (white) and three ankles (blue). For clarity,
the leg segments are drawn next to each other. (C) The cross section of an experimental cage
edge, along the dashed line in (B), with the two distal segments below (i.e. inside the cage)
the two proximal segments. The markers and ⊗ denote segments pointing (from hip to knee
or from knee to ankle) in to and out of the plane of the picture, respectively. Shaded areas
highlight the hypothesized locations of binding sites; their asymmetric distribution along the
leg’s circumference is included in the simulation model by means of a torsion potential acting
on the polarity vectors m̂.
are introduced between aligned pairs of two anti-parallel proximal segments, of two anti-parallel
distal segments, and between any aligned pair of one proximal and one distal segment – the
contribution of the TDs is considered negligible. The attractive interaction between any pair
of segments is modelled by a four-site potential based on the distances between the end-points
and the orientations of the two segments. All these attractive interactions are anisotropic under
rotations around the long axes of the leg segments, to mimic that the many weak interaction
sites are predominantly located at that side of the leg that faces the neighbouring legs along the
same cage edge, see Fig. 5.2. Our previous simulations indicate that this asymmetry or ‘polarity’
holds the key to spontaneous self-assembly of cages [47, 48].
As an example, consider the interaction between the proximal segment of the αth leg of
particle i and the proximal segment of the β th leg of particle j. When the two segments are
properly aligned, their respective ends are close to each other. The two average distances between
the four ends of these segments are
1
1
|xi,h − xjβ,k | + |xiα,k − xj,h | ,
2
2
1
1
= |xi,h − xj,h | + |xiα,k − xjβ,k | ,
2
2

iα,hk
=
rjβ,kh

(4.1)

iα,hk
rjβ,hk

(4.2)

with x denoting the position of the speciﬁc joint indicated in the subscript. The distance on the
ﬁrst line is small if the hub of i is close to the β th knee of j and the αth knee of i is close to
the hub of j (i.e. aligned and anti-parallel), while the distance on the second line is small if the
hub of i is close to the hub of j and the αth knee of i is close to the β th knee of j (i.e. aligned
and parallel). The former combination occurs in clathrin cages, hence an attractive interaction
is assigned:

 

iα,hk
hk
φiα,hk
(4.3)
jβ,kh = −εkh · f rjβ,kh · g m̂iα,P · m̂jβ,P ,
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with the positive parameter εhk
kh denoting the (absolute) maximum inter-segmental binding energy. The distance dependence smoothly decreases from unity for coinciding end points to zero
at the cut-oﬀ distance rcut , following


1
tanh[A(r − rcut /2)]
f (r) =
1−
,
(4.4)
2
tanh[Arcut /2]
where A determines the steepness of the potential. The numerical values of these parameters
are provided in Table 4.1. Although this function favours the proper (anti)parallel alignment of
leg segments, it leaves both segments free to rotate around their long axes. The cross section
of a cage edge in Fig. 5.2(C), however, suggest that binding sites are located at one side of the
segment and that the segments in a cage present this side to their neighbours. To model this,
we associate with every proximal segment a polarity vector, deﬁned for the αth leg as
m̂α,P =

n̂h × (xα,k − xh )
,
|n̂h × (xα,k − xh )|

(4.5)

see Figs 5.1(A) and 5.2. Alignment of the polarities of the two leg segments in Eq. (4.3) is
imposed through

−x for x < 0
g(x) =
(4.6)
0 for x ≥ 0.
All other attractive interactions between segment pairs, see the tabulated list of combinations,
are constructed along the same lines. Polarity vectors to distal segment m̂α,d are deﬁned as in
Eq. (4.5), based on the end points of that segment and the normal at the knee, which is obtained
by mirroring the normal vector at the hub in a plane perpendicular to the proximal domain,
running through the center of that segment, see Figs 5.1 and 5.2.
Excluded volume interactions between triskelia are omitted for computational reasons. Their
introduction would require a more complex particle shape and some ﬂexibility of the legs to
enable the particles to interweave four legs along each cage edge. Excluded volume interactions
are important in preventing a triskelion from binding to a cage in a position and orientation
already occupied by another triskelion. This eﬀect is reproduced by a repulsion between aligned
parallel segments of the same type. For two proximal segments the potential takes the form


iα,hk
hk
=
−ε
·
f
r
φiα,hk
(4.7)
hk
jβ,hk
jβ,hk ,
and likewise for two distal segments, with the parameters listed in the Table 4.1 [48].
Propagator
The trajectories of the triskelia are calculated using ﬁrst order Brownian Dynamics equations
of motion for translation and rotation [69–71]. Since a clathrin triskelion is modelled as a rigid
particle, the position and orientation of all leg segments are fully described by the coordinates
of its hydrodynamic center [72] x in the laboratory (l) coordinate system and a rotation matrix
A relative to the laboratory frame. In the laboratory frame, the coordinates of a site α on the
ith particle are then given by
(l)
(4.8)
xiα = xi + Ai x(b)
α
(b)

where xα represents the constant coordinates of the αth site in the body-ﬁxed (b) coordinate
system. The latter is chosen as follows: the origin coincides with the hydrodynamic center, the
third coordinate axis runs parallel to the threefold symmetry axis of the triskelion, the ﬁrst and
third coordinate axes deﬁne the plane that includes the proximal segment of the ﬁrst leg of the
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iα – jβ
attractive
hk – kh
ka – ak
hk – ka
hk – ak
repulsive
hk – hk
ka – ka

ε

A/σ −1

rcut /σ



/2
/2

4
4
4
4

0.4
0.4
0.4
0.4

−10
−10

0.8
0.8

0.8
0.8

x
m̂P · m̂P
m̂D · m̂D
−m̂P · m̂D
m̂P · m̂D
−1
−1

Table 4.1: Interaction parameters of the six distinct clathrin leg segment pairings. In the ﬁrst
column, the letters refer to the hub (h), knee (k) and ankle (a) of legs α and β of particles i
and j, respectively. Note that the order is important: the two proximal-proximal pairings, i.e.
the ﬁrst attractive combination and the ﬁrst repulsive combination, refer to Eqs. (4.1) and (4.2),
respectively. The elements in the last column represent the arguments x to the polarity function
g(x), where the ﬁrst polarity vector in the dot products refers to a segment of the α leg of particle
i and the second polarity vector to a segment of the β leg of particle j, and where g(−1) = 1.
triskelion, and the second coordinate axis lies perpendicular to this plane, in such a way as to
form a right-handed coordinate system. In Brownian Dynamics, the eﬀect of numerous collisions
with solvent molecules is translated into a friction and a random term. The translational motion
of the hydrodynamic center over a time step δt then reads as
(l)

xi (t + δt) = xi (t) + μt(l) (t)Fi (t)δt

1/2
t(l)
+ μi (t)
Θti (t) 2kB T δt,

(4.9)

(l)

t(l)

where μi denotes the laboratory-based translational mobility tensor, Fi is the sum of all conservative forces acting on the triskelion and Θti is a random Markovian contribution distributed
according to a standard normal distribution. The random displacements are related to the mobility tensor by the ﬂuctuation-dissipation theorem, incorporated by the last term of Eq. (4.9),
where kB is Boltzmann’s constant and T temperature. The translational mobility tensor varies
with the orientation of the particle,
μi (t) = Ai (t)μt(b) AT
i (t),
t(l)

(4.10)

t(b)

where μi represents the constant mobility tensor in the body-ﬁxed coordinate system. The
t(l)
t(l)
t(l)
square-rooted matrix, which obeys [μi ]1/2 [μi ]1/2 = μi , rotates likewise and hence the
matrix square root has to be evaluated only once in the entire simulation.
We have recently introduced a Rotational Brownian Dynamics (RBD) algorithm [50] to
simulate the rotational dynamics of rigid anisotropic bodies by expressing their orientation in
space through unit quaternions, i.e. a set of four coordinates qγ , with γ ∈ {0, 1, 2, 3}, and a
constraint of unit length |q| = 1. The rotation matrix A is then expressed as
⎞
q02 + q12 − q22 − q32
2(q1 q2 − q0 q3 )
2(q1 q3 + q0 q2 )
q02 − q12 + q22 − q32
2(q2 q3 − q0 q1 ) ⎠ .
A(q) = ⎝ 2(q1 q2 + q0 q3 )
2
2(q2 q3 + q0 q1 )
q0 − q12 − q22 + q32
2(q1 q3 − q0 q2 )
⎛

(4.11)
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This description avoids the well-known singularities encountered when using three angular coordinates, e.g. Euler angles. The resulting algorithm, in the Itô representation, [70] is numerically
stable and remarkably compact, with the ith particle updated by

r(b)

+ Bi (t) μi

(l)

AT
i (t)Ti (t)δt

1/2
Θri (t) 2kB T δt
r(b)

qi (t + δt) = qi (t) + Bi (t)μi

(4.12)

+ λi (t)qi (t),
r(b)

where μi is the constant rotational mobility matrix in the body ﬁxed frame. The second term
(l)
on the r.h.s. represents the contribution due to the torque Ti acting on the triskelion, and the
third term represents the Brownian random contribution, where the components of the vector
Θri are again Markovian and distributed according to a standard Gaussian. The transformation
matrix Bi converts angular displacements in the body frame into quaternion displacements [69,
73],
⎞
⎛
−q1 −q2 −q3
1 ⎜ q0 −q3
q2 ⎟
⎟.
(4.13)
B(q) = ⎜
q0 −q1 ⎠
2 ⎝ q3
−q2
q1
q0
In the last contribution to Eq. (4.12), λi is a Lagrange multiplier used to constrain the modulus
of the quaternion to be unitary. Its value is obtained by solving the quadratic equation
|qui (t + δt) + λi (t)qi (δt)|2 = 1

(4.14)

in every step, where qui (t + δt) are the unconstrained quaternions obtained when λi = 0. The
constraint also conveniently eliminates the calculation of a metric tensor correction and a drift
term resulting from the q-dependent mobility, as both turn out to be parallel to the constraint
direction [50]. The translational and rotational mobility tensors are related to their diﬀusivity
counterparts by D = kB T μ. The latter are determined using the hydro++ package [72] by
modeling clathrin as an array of 52 spheres arranged to reﬂect the overall shape of the protein, using a viscosity of η = 10−3 Pa s for water at room temperature. In the body-ﬁxed frame
discussed above, the body-ﬁxed translational and rotational diﬀusivity tensors are both simultaneously diagonal, with D1t = D2t = 1.29 · 10−7 cm2 s−1 and D3t = 1.07 · 10−7 cm2 s−1 for the
translational diﬀusivity tensor, and with D1r = D2r = 1.64 · 104 s−1 and D3r = 1.02 · 104 s−1 for the
rotational diﬀusivity tensor. The square roots of the body-based mobility tensors, as needed in
the evaluation of the random terms, are then readily obtained by taking the square roots of the
diagonal elements. The time step is set at 10−8 s, which is the limit dictated by the rotational
Brownian motion of the triskelia.

4.2.2

Adaptor Protein 2

The AP2 model
In a previous study, [51] we introduced a coarse-grained model for adaptor proteins inspired by
the AP2 complex, and used it to study their role in the assembly process of clathrin triskelia in
bulk through Monte Carlo simulations. Only those parts of the AP2 complex involved in clathrin
binding were represented in the model. Here the model is extended to include the core section
of the protein, which was excluded in the previous model as it plays no role in the clathrin
binding process in bulk. The two clathrin binding sites present in the C-terminal region of the
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β linker, i.e. residues 631–635, and the β appendage domain formed by residues 705–937, are
modelled by point particles, β1 and β2 respectively, see Fig. 5.1. The ﬂexible, structureless linker
connecting the two binding sites is composed of about 70 residues, with an estimated contour
length of L12 ≈ 26 nm. The linker, which acts as an entropic spring, [74] is modelled through a
ﬁnite extensible nonlinear elastic (FENE) potential, [75]
⎧


⎪
r 2
⎨ 1
2
− 2 k12 L12 ln 1 −
for r < L12
(4.15)
U12 (r) =
L12
⎪
⎩
∞
for r ≥ L12 ,
where r denotes the distance between the two beads. The spring constant k12 is estimated using
an expression from polymer physics, [74]
k12 =

3kB T
,
2L12 lp

(4.16)

where lp denotes the persistence length. With an experimental value of lp ≈ 0.6 nm for disordered
proteins, the resulting spring constant for the linker becomes k12 = 30kB T /σ 2 .
The core section of the AP protein is responsible for binding with the membrane and cargo.
Following the above reductionist approach, it is represented by an additional point particle, β0
, and connected by a ﬂexible tether to the β1 point particle, see Fig. 5.1. This section of the
linker, representing the initial section of the β linker and composed of about 40 residues, has
a contour length of L01 ≈ 15 nm and is also modelled through a FENE potential. The spring
constant is estimated through Eq. (5.2) as k01 = 50kB T /σ 2 . The α linker and α appendage of
AP2 are not represented in the model as they do not bind with clathrin nor with the membrane.
Interaction with clathrin
APs possess two diﬀerent binding sites for clathrin that speciﬁcally bind to two matching sites
on a triskelion leg. The presence of a binding site at the end of the TD matching the β1 site
on the AP2 linker is well established [12]. The AP2 β2 site binds clathrin near the ankle [16]
and possibly also at a site higher up along the leg [59]. In previous work, we explored the eﬀect
of sites located at the ankle and at the knee on cage assembly in solution, establishing that
both possibilities permit AP-regulated clathrin aggregation [51]. Our study revealed that the
mechanical properties of the AP linker region play a crucial role in regulating the assembly
mechanism. Here, the β2 bead binds to the clathrin ankle only, as this is the accepted site in
the current literature.
To overcome the numerically inconvenient short range of the AP-clathrin site-site interaction,
we developed a clicking potential to describe the AP binding interactions with clathrin [51].
Consider the interaction between the αth binding site on the ith triskelion and the β th bead on
the j th AP. Said interaction is described by a ﬂag biα,jβ that assumes two values reﬂecting the
discrete state of the interaction. In the unclicked state, biα,jβ = 0, there is no interaction. In the
clicked state, biα,jβ = 1, the interaction is characterized by a ﬁxed interaction energy CA and a
maximum distance ρCA between the two binding sites. The interaction potential then reads as
⎧
0
for biα,jβ = 0
⎨ 
−CA for riα,jβ < ρCA
φclick(riα,jβ , biα,jβ ) =
(4.17)
for biα,jβ = 1.
⎩
∞
for riα,jβ ≥ ρCA
The two distinct clathrin-AP bounds, β1 binding toes and β2 binding ankles, are probably
characterized by diﬀerent interaction parameters. Since neither interaction free energy has been
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measured, to the best of our knowledge, we here assume that both bonds are equally strong and
explore a range of values for CA in the simulations. The same radius ρCA = 0.25σ is used to
describe both interactions.
The click interactions are turned on and oﬀ by an MC procedure. Attempts to modify the
interaction status of a randomly selected AP binding site are made at a rate of rCA attempts
per second and per AP bead. A list is made of all K possible binding sites within the interaction
radius ρCA of that bead, including the current site if applicable. The unclicked state is also
considered, as the 0th option. For each of these K + 1 trial moves, the accompanying energy
is calculated, which can only assume the values 0 and ±CA , and one of the states
change Δφclick
k
is selected with probability
exp(−βΔφclick
)
k
.
(4.18)
Pk =  K
click
k =0 exp(−βΔφk )
Note that the coordinates of the particles are left untouched. Excluded volume interactions
between AP beads are omitted for reasons of computational eﬃciency. We note, however, that
excluded volume interactions play an important role in preventing multiple AP beads binding
to the same clathrin site: this is eﬀectively inhibited in the model by making the clicks mutually
exclusive, allowing the AP and clathrin sites to partake in only one interaction at a time. We
furthermore note that the total volume of all APs bound to a cage is signiﬁcantly smaller than
the interior volume of the cage.
Propagator
The positions of the three particles composing an AP are updated separately, in a manner
that depends on their clicking status. An unclicked bead follows a translational BD equation
of motion, see Eq. (4.9), with an isotropic mobility tensor μtβ = μtβ I, where I is the identity
matrix. The mobility μtβ is estimated through the Stokes-Einstein equation for isolated Brownian
spheres,
1
,
(4.19)
μtβ =
6πηRβ
where η is the viscosity of the suspending ﬂuid and Rβ the sphere’s radius. Assuming a diameter
[76] of ∼9 nm for the 200 kDa AP2 core and a diameter of ∼4 nm for the appendage domain,
the mobilities of the β0 and β2 beads become μt0 = 1.2 · 1010 Ns/m and μt2 = 2.6 · 1010 Ns/m,
respectively, in water at room temperature. Unlike those two bulky sites, the motion of the
four-residue β1 site will be dominated by the dynamics of the linker. For reasons of simplicity,
the β1 bead is simulated as a Brownian particle with the same properties as the β2 bead. The
beads do not rotate.
We now turn to clicked beads. All AP beads clicked to a triskelion move with that triskelion;
the aggregate of a triskelion and one or several attached AP beads moves as a single rigid body,
obeying Eqs. (4.9) and (4.12), subject to the sum of all the forces and torques acting on the
aggregate. This preserves the clicking status of the AP beads involved, as well as their relative
positions in the body frame of the triskelion. The translational and rotational mobilities of the
aggregate are assumed to be identical to those of a free triskelion. On top of this motion, the
AP beads explore the small clicking volume by Monte Carlo trial moves taking them to random
positions withing this volume, at a rate of rv attempts per second and per bead. These trial
moves also preserve the clicking status, but alter the potential energy. Trial moves are accepted
or rejected with a probability given by the Metropolis scheme [77, 78]
#
$
acc
Po→n
= min 1, e−βΔΦo→n ,
(4.20)
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where ΔΦo→n = Φ(n) − Φ(o) is the potential energy change between the old conﬁguration o and
the new conﬁguration n.
Chemostat
In the relatively small volume of the simulation box, the adhesion of APs and triskelia to the
membrane will strongly deplete their concentrations in the dissolved phase. To counter this
eﬀect, a chemostat is employed to maintain a constant chemical potential, and hence constant
concentration in the bulk phase, by the insertion and removal of particles, thus mimicking
exchange with a large ideal reservoir. A Monte Carlo algorithm is applied to both solute molecule
types independently; in the following we refer to clathrin as an illustrative example. Trial moves
to exchange triskelia with the reservoir are attempted at a rate of rc attempts per second. The
trial move consists in adding or removing a triskelion with equal likelihood. Consider a system
with NC triskelia in a volume V . The probability of acceptance of an insertion move is given by
[69, 78]
PNacc
C →NC +1


[C]r V −βΔΦN →N +1
C
C
e
= min 1,
NC + 1

,

(4.21)

where [C]r refers to the clathrin concentration in the reservoir and ΔΦNC →NC +1 is the potential
energy change accompanying the insertion of a triskelion at a random position and with a
random orientation. Similarly, the acceptance probability for the removal of a randomly selected
triskelion is given by

NC −βΔΦN →N −1
C
C
PNacc
e
=
min
1,
C →NC −1
[C]r V

.

(4.22)

Similar equations apply for the AP2 chemostat.
The chemostat algorithm causes the numbers of triskelia and APs to ﬂuctuate throughout a
simulation. For an ideal gas at constant chemical potential, volume and temperature, the equilibrium distribution of the number of molecules follows a Poisson distribution. A test simulation
was run using reference concentrations of [C]r = 0.01σ −3 and [A]r = 0.01σ −3 , respectively, with
all inter-molecular interactions turned oﬀ. Under these conditions, the system should behave
like a mixture of two ideal gases featuring diﬀerent internal degrees of freedom. Good numerical
agreement was observed between the averages and variances of the number of molecules present
and their theoretical values (data not shown).

4.2.3

Membrane

The membrane model
The free energy of a membrane is well described by the Helfrich expression, [74, 79]

F = 2κ

1
H 2 da + KA A0
2
A

A − A0
A0

2

,

(4.23)

where the integral runs over the area A of the membrane, H denotes the local mean curvature,
κ the bending rigidity, KA is the elasticity modulus, and A0 is the equilibrium surface area. In
this form, the equation applies to membranes with no intrinsic curvature, ﬁxed topology and
without edges. The coarse grained membrane model aims at reproducing Helfrich’s free energy.
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particle
clathrin

parameter
segmental length
pucker
intersegment energy2
transl. diﬀ. coeﬀ.
rotat. diﬀ. coeﬀ.

AP

bulk concentration4
linker length
spring constant
transl. diﬀ. coeﬀ.

membrane

AP – CL
AP – mb
mb – X5

bulk concentration
bending rigidity
spring constant
equilibrium length
maximum length
excluded volume
transl. diﬀ. coeﬀ.
click strength
click radius
click strength
click radius
repulsion
vertical range
horizontal range

symbol
σ
χ

D1t , D2t
D3t
r
D1 , D2r
D3r
[C]r
L01
L12
k01
k12
D0t
D1t , D2t
[A]r
kκ
km
0
rm
Lm
ev
σm
ev
m
t
Dm
CA
ρCA
Am
ρAm
m
b
d

value
17 nm
101◦
6kB T 3
4.46 · 104 σ 2 /s
3.70 · 104 σ 2 /s
1.64 · 104 /s
1.02 · 104 /s
10−3 σ −3
0.9σ
1.5σ
50kB T /σ 2
30kB T /σ 2
2 · 104 σ 2 /s
5 2
 1−3· 10 σ−2/s
 −3
10
−10

 σ
10−30 kB T
100kB T
0.5σ
0.8σ
0.35σ
10kB T
102 σ 2 /s


6−14 kB T
 0.25σ

6−14 kB T
0.1σ
3
10 kB T /σ 4
0.1σ
1.0σ

Table 4.2: Summary of the applied simulation parameters for clathrin, AP and membrane
particles, as well as their interaction parameters.
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We simulate the membrane through a mesh composed of Nm beads, connected by 3Nm
ﬂexible tethers forming a multi-faceted surface composed by 3Nm /2 triangles. The elasticity is
accounted for by modeling the ﬂexible tethers through a FENE potential,
⎧


2
0
⎪
r − rm
⎨ 1
2
0|<L
− 2 km Lm ln 1 −
for |r − rm
m
el
(4.24)
Um
(r) =
Lm
⎪
⎩
0
∞
for |r − rm | ≥ Lm ,
where km denotes the spring constant, and Lm the maximum deviation from the equilibrium
0 . Self-avoidance of the membrane is guaranteed by introducing excluded volume interlength rm
actions between beads, modelled through a Weeks-Chandler-Andersen (WCA) potential,


⎧
ev 12
ev 6
⎪
σm
σm
1
⎨ ev
ev
4m
for r < 21/6 σm
−
+
ev
(r) =
Um
(4.25)
r
r
4
⎪
⎩
1/6
ev
0
for r ≥ 2 σm .
ev = 0.35σ and strength ev = 10k T are chosen such that membrane beads are
The radius σm
B
m
prevented from crossing the surface of any membrane triangle.
A bending potential is introduced between neighbouring triangles. Several potentials have
been proposed in the literature in which the mean curvature is calculated either through the
angles formed by adjacent triangles [79–81] or using a lattice dual to the membrane triangulation
[79, 81–83]. The latter approach, unlike the former, yields a bending rigidity that does not
vary with the membrane topology [81, 84] and is therefore followed here. For computational
convenience, we use a simpliﬁed version of this potential, [82]

1 
φi,
Φ = kκ
2

(4.26)

i

where kκ denotes the strength of the potential. The summation runs over all membrane beads,
with
2
1 
φi =
(xi − xj ) ,
(4.27)
Ωi
j(i)

where the sum runs over all nodes j connected to i and Ωi represents the collective area of all
triangles joining at site i.
Propagator
The motion of individual membrane nodes is described by a translational BD equation of motion, see Eq. (4.9), with a constant isotropic mobility tensor μtm = μtm I. Membrane thermal
undulations with wavelengths comparable to the clathrin size relax much faster than the time
required for clathrin to diﬀuse over its own length [85]. Since we want to simulate both processes,
we use the expedient of slowing down the membrane motion by judiciously choosing the highest
mobility scalar μtm that maintains a numerically stable membrane when using the maximum time
t = μt k T = 100σ 2 /s.
step suitable for the triskelia, thus arriving at a diﬀusion coeﬃcient of Dm
m B
Networks with ﬁxed connectivity behave as elastic struts and prove unable to form pit-like
invaginations under appropriate forces. To model the ﬂuidity and deformability of the membrane,
Monte Carlo moves are used to modify the network connectivity [79]. A random bond is selected
and ﬂipped to connect the tops of the two triangles that hitherto shared this bond, as illustrated
in Fig. 4.3. This move leaves the positions of the nodes untouched, but nevertheless it is likely
to result in a change of the potential energy of the ﬂipping bond and of the bending energies
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Figure 4.3: Cartoon of the Monte Carlo bond ﬂipping move, employed in the simulations to
ensure membrane ﬂuidity and enable large amplitude deformations. A randomly selected bond,
here coloured in green, is ﬂipped from one diagonal to the other diagonal of the quadrangle
formed by its two adjacent triangles.
of the neighbouring triangles. The acceptance probability of the ﬂipping move is again given by
the Metropolis scheme in Eq. (5.15). Note that the total number of triangles is conserved, while
the connectivity numbers of the four nodes involved in the bond swap increase or decrease by
one. In order to conserve the geometrical properties of the triangulated network, any attempt
that reduces the connectivity of a node below ﬁve is rejected [79]. Bond ﬂips are attempted at
a rate of rf attempts per bond and per second.
Interaction with other particles
The membrane – with a main orientation parallel to the xy plane – ﬂoats roughly in the middle
of the simulation box and thereby divides the box into an ‘interior’ region above the membrane
and an ‘exterior’ region below the membrane (where we, for the sake of argument, temporarily
ignore the periodic boundary conditions along the z axis). The presence of particles only in the
interior region will result in an osmotic pressure that pushes the membrane down; this eﬀect is
removed by employing periodic boundary conditions in the z direction, because this allows the
particles to diﬀuse freely between the two regions and thereby equalizes pressures and chemical
potentials on both sides of the membrane. A ﬂag li is assigned to every triskelion and AP
molecule to distinguish between those in the interior, li = +1, and those in the exterior, li = −1.
When a particle i crosses the periodic boundaries at z = ± 12 Lz , its ﬂag li reverses sign.
The interaction of AP beads with the membrane comprises two parts, a repulsion that
prevents the β1 and β2 beads from crossing the membrane and a click potential that enables
the core, i.e. β0 , to bind to a membrane bead. The repulsive bead-membrane potential should
allow particles to come close to the membrane but not to cross the membrane permanently,
a combination that can not be realized in BD simulations by merely introducing a repulsive
potential between beads and membrane nodes. In stead, we introduce an interaction between
particle i and membrane triangles t of the form
φm
i = m



||

⊥
f (li rit
)g(rit ),

(4.28)

t

where m is a positive strength parameter. Using n̂t as the normal to the triangle, pointing to
⊥ = r · n̂ ,
the interior, one may calculate the height of the particle above the membrane, rit
it
t
||
⊥
and its lateral displacement along the membrane, rit = |rit − rit n̂t |, with rit being the vector
pointing from the center of mass of the triangle to the bead. The above introduced ﬂag li is
included in the argument of f to ensure that the resulting repulsive force always points in the
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correct direction, i.e. to the interior for li = +1 and to the exterior for li = −1, even if the bead
has slightly penetrated the membrane.
The penalty function f is zero for particles beyond a height b, is quadratic just above the
membrane triangle, and increases linearly for particles penetrating the membrane,
⎧
0
for
x≥b
⎨
(x − b)2 for 0 < x < b
(4.29)
f (x) =
⎩ 2
b − 2bx for 0 ≤ x.
The function g distributes the interaction over several adjacent triangles, reﬂecting the size of
the protein fragment interacting with the membrane,

(x − d)2 for 0 < x < d
g(x) =
(4.30)
0
for
x ≥ d,
with d setting the decay length of the spread function. In the simulations, m = 103 kB T /σ 4 ,
b = 0.1σ and d = 1σ.
The above repulsion applies to the β1 and β2 beads of AP, as well as to the hubs, knees
and ankles of triskelia. The core particle of AP is excluded to permit binding of this particle to
the membrane, as discussed below. A modest ﬂexibility of the clathrin protein, allowing a leg to
bend when pressed against a membrane, is mimicked in the simulations by a reduction by 90%
of the repulsion strength m for the extremal parts of the triskelion, i.e. the ends of the TDs.
The short-ranged binding interaction between the AP core, β0 , and a membrane node is
described, like the equally short-ranged AP-clathrin binding interaction, by the clicking potential
introduced in section 4.2.2. Attempts are made, at a rate of rAm attempts per AP and per second,
to click a free core with any available membrane node within a clicking radius of ρAm = 0.1σ
or to unclick a bound core. Upon clicking (unclicking), the system energy is lowered (raised) by
the click energy Am . Clicks are again mutually exclusive, to prevent two APs from binding to
the same membrane bead. Structural studies have revealed that the AP2 protein undergoes a
large conformational change from a ‘locked’ state in the cytosol to an ‘open’ state when bound
to the membrane [14, 15]. In the locked state, the β1 site is buried within the core and only
the β2 site is available for clathrin binding, thus inhibiting APs from bridging two triskelia and
thereby eﬀectively suppressing the cage assembly process in the cytosol. Upon binding to the
membrane, the β1 site is released and the AP2 complex can bind two triskelia. This mechanism
is mimicked in the simulations by allowing a β1 bead to click to the end of a TD only when the
matching core bead is clicked to a membrane node. Since a membrane-bound AP2 complex can
diﬀuse relative to the membrane, in the simulation MC moves are included that enable the AP
core bead to jump from its membrane node to a randomly selected neighbouring node, at a rate
of rj attempts per membrane bound AP and per second. The acceptance probability of trial
moves to unoccupied nodes is again given by Eq. (5.15), while trial jumps to occupied nodes are
rejected.
Monte Carlo Barostat
Together with the bending rigidity, tension is a key factor determining the membrane deformability. A change of the in-plane tension can be induced by an aﬃne rescaling of the simulation
box, thus stretching or compressing all tethers forming the triangulated mesh. A vanishing tension is imposed on the system through Monte Carlo rescaling moves aﬀecting the two in-plane
directions x and y independently, while preserving the size of the box in the z direction. Attempts are made at a rate of rb per second to change the length of a selected box edge from the
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function
chemostats, CL and AP
barostat
membrane bond ﬂipping
AP-clathrin click
AP-membrane click
reshuﬄe clicked AP
AP-membrane jumps

symbol
rc
rb
rf
rCA
rAm
rv
rj

value (s−1 )
105
106
104
106
106
104
104

Table 4.3: Attempt rates of all Monte Carlo moves discussed in the main text. The ﬁve values
in the second half of the table denote rates per particle, to eliminate system size dependence.
old value Lo to a new value Ln = Lo + ΔL, where ΔL is a random number uniformly distributed
over the interval [−0.1, 0.1] σ. Rescaling causes a volume change of the simulation box from Vo to
Vn . The aﬃne transformation is applied to all membrane beads, the hydrodynamic centers of the
triskelia and all unclicked AP beads; clicked AP beads move with the bead they are connected
to, in order to preserve their click statuses. The probability of accepting the trial move as the
new conﬁguration is given by [78]

%
Ln N −β[Δφo→n+P (Vn −V0 )]
acc
e
,
(4.31)
Po→n = min 1,
Lo
where N is the total number of molecules in the system – including the membrane, counted as
one molecule – and P the imposed pressure. To obtain a tensionless membrane, P is set to zero.
Since the two dimensions are scaled independently, the initial shape of the box is not conserved
throughout the simulation.
Model validation
The mechanical properties of the membrane were tested using a system containing 1188 membrane nodes, initially prepared in a regular hexagonal lattice. The equilibrium length of the
0 = 0.5σ and the maximum extensibility at L = 0.8σ. Typical experimentethers was set at rm
m
tal values for giant unilamellar vesicles of ﬂuid-phase double-tailed phosphatidylcholine lipids
at room temperature were selected for the bending rigidity, κ = 0.4 · 10−19 J = 10kB T , and the
elastic modulus, KA = 250 mJ/m2 [86]; the√former is realised in the simulation model by kκ = κ,
the latter through the formula km = 2KA / 3 obtained by relating area expansion to tether elongation in a hexagonal lattice. During simulations with this membrane, the MC steps to swap
bonds were never accepted and consequently the membrane displayed anisotropic behaviour.
Moreover, when initiating simulations with a membrane containing a hand-made pit-like dome,
which required the introduction of beads with 5 or 7 neighbours, the pit was never observed
to collapse spontaneously. Since the main properties of a membrane relevant for the endocytic
process are its non-permeability and bending stiﬀness, we found it expedient to lower the elastic
modulus to 1 mJ/m2 ≈ 70kB T /σ 2 . The resulting model membrane permits bond swaps, shows
isotropic behaviour, and artiﬁcially introduced domes readily collapse.
The elastic modulus of the model membrane was determined by a series of runs uniformly
stretching both in-plane box dimensions from L = 220 σ to 230 σ, with the barostat turned
oﬀ. The tension on the membrane τ was calculated from the diagonal elements of the stress
tensor, Pαβ , where the latter was obtained by the virial expression [69, 78]. When the elastic
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contribution dominates the Helfrich free energy, the tension is related to the relative elongation
of the membrane by [87, 88]


1
τ = Lz Pzz − (Pxx + Pyy )
2
(4.32)
A − A0
= KA0
,
A0
where the membrane area is approximated by the ground plane area of the simulation box,
A = L2 . The stress-strain curve of the membrane is shown in Fig. 4.4. From the slope of the
tangent at the zero-tension intercept, at A0 ≈ 224.4σ 2 , we obtain an eﬀective elastic modulus
KA0 ≈ 58kB T /σ 2 . The curve is not the straight line predicted by Eq. (4.32), and the elastic
modulus is less then expected, because the contributions of the membrane undulations to both
the free energy and the membrane area are ignored in that equation. Both can be corrected for,
yielding [86, 88, 89]
kB T
−1
−1
KA0
= KA
+
A .
(4.33)
32π 3 κ2 0
Upon inserting the bending rigidity (to be discussed next) we obtain KA = 67kB T /σ 2 , in good
agreement with the input value. This value is also approached by the slope of the curve in the
large area limit of Fig. 4.4, where the high tension has eﬀectively suppressed the undulations.
Upon turning the barostat on, the areas of the simulation boxes were observed to converge to
A0 .
The undulations of the membrane are commonly expressed by a superposition of twodimensional tranverse waves. Taylor expanding the Helfrich free energy to second order in the
complex amplitudes cq of a Fourier series with wave vectors q, followed by applying the equipartition theorem, yields the structure factors [87, 90]
S(q) = |cq |2  =

kB T
,
A (κq 4 + τ q 2 )

(4.34)

where τ is the tension on the membrane. Figure 4.5 shows the results for two barostatted
membranes with kκ = 10kB T and 20kB T , respectively. From the slopes of the ﬁtted straight
lines, we extract eﬀective bending rigidities of κ = 11kB T and 18kB T , respectively, in good
agreement with the input values. The small non-zero intercept indicates that there is a small
residual tension on the membrane, which arises from a subtle diﬀerence between the tension τ
measured in this plot and the tension τ nulliﬁed by the barostat [88, 91].

4.3
4.3.1

Results
Membrane coverage

The beads of our membrane model perform three roles. Firstly, the positions of the beads
describe the conﬁguration of the membrane and the interactions between the beads endow the
membrane with an equilibrium area, an elastic modulus and a bending rigidity. Secondly, the
multi-faceted plane formed by the beads act as a barrier that prevents molecules from crossing
the membrane. Thirdly, the membrane beads act as binding sites for APs, in the same way
that the combination of PtdIns(4,5)P2 and cargo functions as the membrane-bound binding
partner for the AP2 complex in vivo. The latter role is the focus of the current subsection. AP2
is modelled as a chain of three beads connected by springs, see Fig. 5.1. The ﬁrst bead, β0 ,
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Figure 4.4: The tension on the membrane as a function of the area of the ground plane of the
simulation box. The non-linearity of the curve reﬂects the presence of membrane undulations:
undulations are suppressed under elongation and promoted under compression, causing the
membrane to buckle for the smallest areas. The slope of the dotted line, i.e. the tangent at the
tensionless state, yields the eﬀective elastic modulus KA0 .
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Figure 4.5: Structure factors of thermal membrane undulations S versus wave number q, plotted
in a format that linearizes their theoretical relationship by Eq. (4.34). The green circles and red
squares mark simulations at two diﬀering input values of the bending rigidity kκ .
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Figure 4.6: The fraction θA of membrane beads occupied by AP as a function
the AP  of −2
membrane binding strength Am , for a membrane exposed to an AP solution of A = 10 σ −3 ≈
3.4 · 10−6 molar, with the restriction potential preventing AP’s linker beads β1 and β2 from
crossing the membrane turned oﬀ (red squares, dashed line) and turned on (green triangles,
solid line). Markers represent averages over simulations of 10 s each, the lines are obtained by the
statistical-mechanical theory outlined in Appendix 4.5.1. The inset shows a linear representation
of the same data.
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bulk, in arbitrary units (a.u.). Markers show experimental data by Chang et al., [92] the solid
line is a ﬁt with the Langmuir theory, see Eq. (4.35).
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represents the core and can bind to a membrane bead. Beads β1 and β2 along the β linker are
capable of binding to the clathrin terminal domain and knee, respectively.
When the membrane is exposed to a solution of APs, a number of membrane beads will
become occupied by one AP-core bead each.
 The fractional occupancy θA is expected to be
a function of the bulk AP concentration, A , and the strength of the binding interaction,
Am . This relation was explored by varying the bond strength in a series of simulations using
a membrane of 2064 nodes. A chemostat simulates the exchange of APs with a hypothetical
ideal AP reservoir and thereby maintains a bulk AP concentration of 0.01σ −3 , irrespective of
the number of APs attached to the membrane. To minimize interference with the processes at
the membrane and to avoid possible superpositions of inserted particles with the membrane
surface, the chemostat is applied only to a section of the box well below the membrane, i.e. in
the ‘exterior’ to the cell, covering ∼25% of the total box volume. Diﬀusion of molecules between
the ‘exterior’ and ‘interior’, via the periodic boundary conditions along the z direction, equalizes
the chemical potential and osmotic pressure throughout the box.
To accelerate the realization of thermodynamic equilibrium and to improve sampling, in this
subsection only, the membrane is conﬁgured as an immobile ideal hexagonal lattice, the barostat
is turned oﬀ and APs are not permitted to jump diﬀusively between membrane beads – note
that these expedients do not aﬀect the equilibrium occupancy. We remind the reader that the
interaction between membrane-clicked APs is designed to prevent multiple APs from binding
to the same membrane node, thus mimicking explicit excluded volume interactions that are
omitted for reasons of computational eﬃciency. Clathrin triskelia are absent in this initial set of
simulations.
The simulation results collected in Fig. 4.6 show a smooth transition, from a low occupancy of
the membrane beads to their near saturation with APs, in a narrow region of clicking strengths
Am . A statistical-mechanical derivation of this Langmuir-like behaviour [93] is presented in
Appendix 4.5.1, yielding
 
A −βΔG0
θA
Am ,
=
e
(4.35)
1 − θA
c0
where c0 denotes the standard reference concentration of 1 molar, and ΔG0Am is the change in
the standard state free energy accompanying the AP-membrane binding reaction. That is,
ΔG0Am = μ0Am − μ0A − μ0m = Δμ0Am ,

(4.36)

with μ0X the reference chemical potential of component X at the standard concentration and
Δμ0Am the standard chemical potential diﬀerence associated with the reaction. The agreement
between theory and simulations is very good, see Fig. 4.6, both in the absence and presence of
the potential that prevents the two AP linker beads β1 and β2 from crossing the membrane.
The reduced conﬁgurational freedom imposed by this restraint causes a shift of the equilibrium
fractional coverage function to slightly higher binding energies. Chang et al. [92] measured the
saturation binding of AP2 on plasma membrane fragments prepared by freeze-thaw lysis of cells,
which were stripped of their endogenous coat proteins before exposure for 30 minutes to AP2
solutions of various concentrations. Their experimental data are well described by the Langmuir
theory, see Fig. 4.7, yielding Δμ0Am = −17.8kB T .
Let us now consider a mixture of clathrin and APs, both subject to a chemostat. As in
our preceding simulation studies, [48, 49] clathrin is modelled as a rigid triskelion with kinked
legs following the characteristic shape of the protein, see Fig. 5.1. Attractions (repulsions) are
introduced between pairings of straight leg segments that are (are not) present in experimental
cage edges. The interactions were originally tuned to simulate in vitro self-assembly in a slightly
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Figure 4.8: The theoretical fractional occupancies θ of membrane beads (A) by AP, θA, (B)
by AP-clathrin complexes, θCA, and (C) the sum of these two occupancies. In order to make
this theoretical calculation feasible, AP has been curtailed to one clathrin binding site, which
is activated only when AP is bound to the membrane, the triskelia have only one site that
clicks to AP, and the penetration barrier of the membrane is turned oﬀ. The green triangular
area for Δμ0Am  −12kB T in the two rightmost plots, while the leftmost plot is red at these
low membrane-AP binding strengths, highlights a cooperative eﬀect with APs binding to the
membrane only
of
The concentrations of free monomers in the solution
 triskelia.

  in the−2presence
−3
−3
are ﬁxed at A = 10 σ and C = 10 σ −3 . Simulation results along the dashed and dotted
lines are presented in Fig. 4.9.
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Figure 4.9: The simulated fractional occupancies θ of membrane beads by AP (θA, green
triangles), by AP-clathrin complexes (θCA, red squares) and their sum (black circles), for (A)
an AP-membrane binding strength Am = 10kB T , and (B) an AP-clathrin binding strength
CA = 10kB T , The lines represent the corresponding theoretical curves i.e. the cross sections of
Fig. 4.8(A through C) along the dotted and dashed lines, respectively.
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acidic solution; upon weakening these interactions, the model reproduces the in vitro regulation
of cage assembly by AP2 [51]. The AP2 complex carries a mid-linker clathrin binding site
that is available only when AP2 binds to PtdIns(4,5)P2 and cargo at a membrane [15]. This
feature is mimicked in the AP simulation model by activating the clicking potential of the
β1 site of an AP molecule only when its core bead is clicked to a membrane bead. With the
membrane bead representing a patch of membrane including PtdIns(4,5)P2 and cargo, the β1
sites of all membrane-bound APs are activated. The proper functioning of this feature is tested
by temporarily simplifying the properties of the AP model to the point where the membrane
coverage can be solved analytically. In this simpliﬁed model, the β2 bead does not bind clathrin,
the number of AP binding sites per clathrin is reduced to one, at the end of one leg, and the
interactions among clathrin triskelia are turned oﬀ.
A statistical mechanical derivation of the fractional occupations of membrane sites by APs
and AP-clathrin complexes is presented in Appendix 4.5.1, and the resulting phase diagrams are
depicted in Fig. 4.8. In agreement with the simulations discussed above, Fig. 4.8(A) shows that
APs saturate the membrane beads when the standard chemical potential diﬀerence associated
with AP clicking to the membrane, Δμ0Am , is lower (more negative) than about −12kB T . Below
this value, i.e. for the high binding strengths Am at the top of the plots, with increasing
AP-clathrin binding strength, CA , a transition from predominantly unoccupied APs to APs
occupied by triskelia is observed in Fig. 4.8(A) and (B) when the standard chemical potential
diﬀerence associated with clathrin clicking to a membrane-bound AP reaches Δμ0CAm ≈ −12kB T .
Simulations with the simpliﬁed coarse-grained models, employing the acceleration expedients
listed above, yield good agreement with the theory, see Fig. 4.9(A). Because this standard
chemical potential diﬀerence is closely related to that of clathrin binding a (hypothetical) active
β1 -bead of an AP in solution, Δμ0CAm ≈ Δμ0CA , the onset of AP-assisted clathrin adsorption at
the membrane approximately coincides with the onset of AP-clathrin complexation in the bulk
if the latter is not prevented by AP adopting the closed conformation in solution. Interestingly,
the triangular green region for Δμ0Am  −12kB T in Figs 4.8(B) and (C), while Fig. 4.6 and
Fig. 4.8(A) show that θA ≈ 0 for for Δμ0Am  −12kB T , indicates that the binding of AP to
the membrane can be strongly aﬀected by clathrin: for the combination of binding strengths
corresponding to the green triangular area, the AP-membrane interaction is too weak to induce
AP adsorption, but the (prospective) release of the AP-clathrin binding free energy – which
requires AP binding to the membrane – makes the APs click to the membrane nevertheless.
This cooperative behaviour is conﬁrmed by the simulation results presented in Fig. 4.9(B). If
endocytosis is initiated by AP2 tethering clathrin to the plasma membrane in response to the
detection of cargo molecules, then this sequence of events will occur in the current simpliﬁed
model if the combination of AP-membrane and AP-clathrin interactions corresponds to a point
in the red area of Fig. 4.8(B) in the absence of cargo and shifts upwards – increasing the strength
of the AP-membrane bond – into the green region of that ﬁgure in the presence of cargo.
ubsectionFormation of coated pits
The aggregation of triskelia at the membrane was studied using the full simulation model
described
in Section 4.2.
 A chemostat stabilized the bulk concentrations of clathrin and AP at
 
C = 10−3 σ −3 and A = 10−2 σ −3 , respectively. The interaction strength between the triskelion
leg segments was set at  = 6kB T , which lies slightly below the threshold for spontaneous cage
formation in the bulk at the chosen clathrin concentration [47]. Since AP’s mid-linker clathrin
binding site is not activated in the bulk, cage formation is strictly limited to a small area adjacent
to the membrane, as was conﬁrmed by the simulations. The CCP assembly phase diagram in
Fig. 4.10 was obtained by varying both the AP-membrane click strength Am and the APclathrin click strength CA over ranges from 4 to 14 kB T . Each run lasted 1 s, requiring about 10
days of CPU time. All simulation boxes were visually inspected for the presence of aggregates
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Figure 4.10: Phase diagram of clathrin-coat assembly and disassembly at the membrane, as a
function of the clathrin-AP clicking strength CA and the membrane-AP clicking strength Am ,
The clathrin and AP bulk concentrations are maintained at [C] = 10−3 σ −3 and [A] = 10−2 σ −3 ,
respectively. Spontaneous assembly within 108 time steps (corresponding to 1 s) of at least one
clathrin pentamer or hexamer ring from solution is marked with empty blue squares, a lack hereof
by red crosses. For simulations initiated with a partial coat attached to the membrane, this coat
either appears stable (blue squares and blue squares overlaying red crosses), detaches from the
membrane and gradually disintegrates (red circles overlaying red crosses) or directly disintegrates
(red crosses). Above the dashed line, more than half the membrane beads is occupied by APs
in the absence of clathrin, see Fig. 4.8. To the right of the dotted line, triskelia in solution are
bound to at least one AP on average, by β2 clicking to the ankles.
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with at least one closed ring of triskelia, i.e. a pentamer or hexamer facet of an incipient coat.
Every marker in the ﬁgure represents results collected from two independent simulations at the
same phase point. Clathrin lattices nucleate and grow at the membrane, see the empty blue
squares in Fig. 4.10, when the conditions CA  7kB T (Δμ0CAm  −13kB T ) and Am  9kB T
(Δμ0Am  −12kB T ) are both met, while no spontaneous assembly was observed outside this
region, see the red crosses. Due to the rarity of coat nucleation events at the membrane, mapping
a phase diagram by observing spontaneous assembly within a restricted time scale provides an
upper limit on the locations of the phase boundaries. A lower limit was obtained by observing
the fate of simulations initiated with coated pit structures (grown under conducive conditions);
the employed lattice comprised 24 triskelia, forming four hexagonal and one pentagonal facet,
connected by about 20 APs to a mildly curved membrane. For most parameter combinations,
seeded and unseeded systems showed similar ﬁnal states. The biggest diﬀerence between the two
sets of simulations occurred for the blue squares inscribed by a red cross in Fig. 4.10, marking
conditions where coats appeared stable and/or growing but their nucleation from solution was
too rare to detect. Red circles denote lattices that partly or fully detached from the membrane
and subsequently slowly disintegrated. Interestingly, spontaneous coat assembly (empty blue
squares) is only observed in simulations where clathrin binds AP2 in solution (to the right of
the dotted line), in agreement with experimental data suggesting that clathrin arrives at the
membrane with two attached AP2s [30].
A typical sequence of events during the formation of a coated pit is illustrated in Fig. 4.11
(Multimedia view). Initially, triskelia diﬀusing into the neighbourhood of the membrane are
tethered to the membrane by APs. Next, triskelia diﬀusing along the membrane meet and form
aggregates. Even small diﬀusing aggregates have repeatedly been observed to merge into larger
aggregates, a process that is rare (and more diﬃcult to spot) in solution [50]. The ﬁrst completed
ring of triskelia is always a hexagon, probably because the resulting construct – an annulus with
sprawling unpaired legs – is ﬂatter than a similar construct centered around a pentamer. At this
time, the membrane underneath the ring is still essentially ﬂat, save for the perpetual thermal
undulations. Small mobile aggregates have a clear preference to reside at membrane sections
that match their curvature, as this reduces the elongation of the APs linkers and thereby lowers
the free energy. This eﬀect becomes more pronounced when imposing artiﬁcial undulations
on the membrane shape to mimick the potential eﬀect of e.g. BAR domains – bending the
membrane inward attracts clathrin aggregates – or mutually repulsive cargo molecules – bending
the membrane outward repels clathrin aggregates – (data not shown). A similar disposition of
coats to curved membranes is observed in experiments [94]. With increasing time, aggregates
continue to grow by binding additional APs and triskelia that form additional rings adjacent
to previously formed facets. Most lattice patches remain fairly circular; elongated structures
arise occasionally, but they often cease to grow and have a tendency to break up into smaller
fragments that can grow again. As a patch grows, its extremal segments start to poke into the
membrane and consequently the central part of the patch rises. The multiple APs linking the
central triskelia to the membrane are stretched and eventually lift the membrane below the center
of the patch relative to the membrane at the edge of the patch, thus inducing the membrane to
smoothly curve toward the lattice and into the cell interior, see Fig. 4.11(B). With the continued
growth of the AP-clathrin assembly, a clathrin coated pit is formed, see Fig. 4.11(C) and (D)
and the supplemental movie.
The bending resistance by the membrane puts the lattice patch under considerable stress.
An additional set of simulations was run to study the stability of the lattice for various bending
rigidities exceeding the 10kB T of giant unilamellar vesicles of ﬂuid-phase double-tailed phosphatidylcholine lipids, as expected for biological membranes of more complex lipid compositions
and attached proteins. In simulations seeded with the coated pit structures described before, the

96

Chapter 4. Early stages of clathrin aggregation at a membrane

Figure 4.11: Snapshots of clathrin triskelia and adaptor proteins spontaneously assembling into
a coat at the membrane surface, at time intervals of 0.1 s. The colour scheme is the same as in
Fig. 5.1, with the membrane represented by darkish yellow triangles; the images are taken from
a vantage point inside the cell, looking down at the membrane. The interaction strengths are
CA = 10kB T and Am = 10kB T . A movie of another self-assembly event is available (multimedia
view). For presentation purposes, the snapshots and movie were generated with the numbers of
triskelia and AP ﬁxed at 60 and 100, respectively, rather than using chemostats, as in the phase
diagram of Fig. 4.10, to stabilize the chemical potentials of these proteins.
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Figure 4.12: Clathrin coats formed by mutant APs that bind clathrin only by the appendage
β2 bead clicking to an ankle. The images are again taken from a vantage point inside the cell,
looking down at the membrane. While coats formed in the presence of default APs always bend
the membrane inward, see Fig. 4.11, the coats compiled by these partially defunctionalized APs
systematically cause the membrane to bulge outward.
lattice was stable and/or continued to grow for kκ  30kB T . At higher values of the bending
rigidity, the initially curved membrane largely detached from the lattice and ﬂattened, remaining in contact with the lattice only at its rim; subsequently, these lattices tended to disassemble
slowly. On these stiﬀ membranes, the spontaneous assembly of clathrin aggregates ended with
the completion of a single hexagonal facet. The unfavourable elongation of the AP tethers connecting the lattice to the unyielding membrane prevented these structures from growing any
larger or fusing together. Clearly, this limiting size depends on the pucker angle at the clathrin
hub, which we recall to be ﬁxed at 101◦ in these simulations, and on the properties of the AP
linkers. The stresses exerted by the membrane’s bending resistance on the tethered lattice patch
are also evidenced by the structure of that lattice. When rigid triskelia with a pucker of 101◦ are
induced to self-assemble in solution, either by increasing the leg-leg interaction  or through the
help of APs with a permanently active β1 bead, they form stress-minimized near spherical cages
of about 60 triskelia with a homogeneous distribution of the pentagonal facets [47, 51] – the
assembly appears to be guided by the ‘exclusion of head-to-tail dihedral angle discrepancies’
[95, 96] or ‘excluded 5566’ rule [51]. The clathrin patches growing against the model membrane,
however, typically have developed into a hexagonal facet surrounded by a ring of six hexagonal
facets before the ﬁrst pentagonal facet forms at the edge of the patch. Such a conﬁguration of
hexagons is not observed for cages grown in solution at the same χ, but results from the stresses
imposed by the tethering to a membrane that resists curvature. Because the initial patch is ﬂattened and denuded in pentagons, it is to be expected that the ﬁnal cage surrounding a vesicle
will be larger than the cages grown in solution at the same χ, the twelve pentagonal facets will
be unevenly distributed over the surface of the cage, and hence the cage will be less spherical.
Cryo-electron tomography images do indeed show that clathrin cages grown during endocytosis
deviate more from a symmetrical shape than empty clathrin cages [6].

4.3.2

Mechanism

The role of APs in the aggregation and assembly process is explored by disabling either of their
clathrin clicking sites. Since these modiﬁed APs can bind one clathrin at most, they can not
gather triskelia in solution and consequently will not induce cage formation in the bulk. But
they can still collect triskelia at the membrane and thus potentially raise the local clathrin
density beyond the critical concentration to spontaneous lattice formation. For APs binding
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Figure 4.13: Cartoons of cross-sections (top) of clathrin coats (black line) attached to the
cytosolic side of membranes (yellow line) and the adaptor proteins (bottom) giving rise to these
coats. Right way up coats (A) are formed when the terminal domain of clathrin (red ring) is
bound by an AP β1 site (red circle) that is closely tethered to the AP core (orange), irrespective
of the AP β2 site (blue circle). Upside down coats (B) are formed by mutant APs whose β1 site
binding the TD is connected to the AP core by a long linker and by mutant APs that only bind
with their β2 site to the clathrin ankle (blue ring).
clathrin only through the mid-linker β1 site clicking to the end of a TD, the coat assembly
process still proceeds as described above. Mutant APs binding clathrin only by the appendage
β2 bead clicking to an ankle are also capable of assembling coats adjacent to the membrane, for
Am  10kB T and CA  10kB T . Surprisingly, these coats are systematically oriented upside
down: the TDs now point toward the cell interior, rather than to the exterior, and these coats
induce evagination of the membrane, rather than the invagination required for endocytosis, as
illustrated in Fig. 4.12. The upside down coats incorporate pentagonal facets at an earlier stage
than the functional coats, indicating that the former are under less stress. Upside down patches
are also observed in the presence of the default APs when conditions permit lattice assembly to
commence in solution. When these fragments land upside-down on a membrane, they typically
are anchored by a small number of APs, near the point of closest approach, and consequently
hardly bend the membrane on the simulation time scale. Fragments landing the right way up
become anchored by APs at the lattice edge, but form few membrane connections in the center
of the patch and consequently are also ineﬃcient in bending the membrane. We also observed
upside-down coats for mutant APs with a functioning β1 bead, irrespective of the β2 bead,
whose entropic spring constant between β0 and β1 has been reduced from k01 = 50kB T /σ 2 to
1kB T /σ 2 , which approximately triples the linker’s average end-to-end length. A visual summary
of the AP2-clathrin combinations giving rise to curved membranes is provided in Fig. 4.13.

4.4

Discussion and conclusions

The nucleation of clathrin coats tethered to a membrane by adaptor proteins has been studied by simulations. This was made possible by combining, adapting and tuning coarse grained
models for the two proteins and the membrane, using both soft interactions and click potentials,
simulated by alternating Brownian Dynamics and Monte Carlo steps.
Simulations and theory show that the coverage of a membrane by non-aggregating AP2s follows Langmuir-like behaviour. The experimental data by Chang et al. [92] are also well described

4.4. Discussion and conclusions

99

by this theory, see Fig. 4.7 suggesting that aggregation of AP2 plays a minor role. The release of
the β1 clathrin binding site by the AP2 core upon binding of the latter to cargo and membrane
can lead to conditions wherein an AP2 core does not bind membrane and cargo in the absence
of clathrin but does bind them in the presence of clathrin, see Fig. 4.8. Along the same line, a
small change in a living cell – like the arrival of a cargo molecule – may initiate a sequence of
events – like the formation of a clathrin coat – by tipping the thermodynamic stability balance.
The simulations show that the total free energy released by the numerous binding processes
during coat formation can be suﬃcient to bend a membrane into a coated pit. The stress exerted by the membrane on the coat is signiﬁcant, however. Lattice fragments grown against the
membrane are ﬂatter than equally sized fragments in solution, and the formation of pentagonal
facets is postponed till a later stage in the growth process. With increasing stiﬀness of the membrane, the growth of a coat may even cease after a single hexagonal ring has formed, because
the attachment of additional triskelia results in strong unfavourable steric interactions between
these triskelia and the stiﬀ membrane. Of course, a more detailed assessment of whether this
process can proceed likewise in vivo requires additional quantitative experimental information
on the binding free energies of the proteins involved, on the bending rigidity of clathrin, both
as monomers in solution and intertwined in cages, and on the bending strengths and bending
resistances of the auxiliary proteins and transmembrane cargo proteins involved.
The rigid clathrin model is based on the triskelion conﬁguration and inter-segmental contacts
in cages, and therefore potentially biased to the nucleation-and-growth mechanism of coated pit
formation observed in the simulations. Besides experimental data supporting this mechanism,
the literature also contains studies reporting coated pit formation by the gradual curling up
of pre-existing ﬂat hexagonal clathrin lattices [20, 26, 33, 34, 39–42]. The modiﬁcations of the
clathrin model required to enable this second mechanism, like the inclusion of ﬂexibility and the
reduction of inter segmental binding energies to enable frequent clathrin exchange and lattice
reshuﬄes, are a topic of ongoing research.
The modelled second clathrin motif at the appendix of AP2’s β-linker proves crucial to induce
cage assembly in solution, but the simulations indicate that this motif is not required for coat
assembly at the membrane. This suggests two alternative assembly mechanisms: i) in solution
the adaptor protein itself brings two triskelia together, while ii) at the membrane an AP binds to
a single triskelion and diﬀusion along the membrane brings the triskelia together. Since the latter
mechanism appears to suﬃce, it is unclear why AP2s are capable of inducing non-functional cage
assembly in solution. We speculate that the β2 site serves to accelerate the assembly of coats
at the membrane. omparing the AP models that give rise to normal and upside-down coats, it
appears that the competition between steric clathrin-membrane interactions and the elongation
of the linker determines the orientation of a coat. For the wild-type short core-β1 linkers, a
triskelion tethered to the membrane by all three legs will experience a signiﬁcant steric repulsion
when oriented the wrong side up, i.e. with its hub sticking into the membrane, and hence there
is a strong preference to orient the right way up. Upon binding to neighbouring triskelia, the
resulting lattice patch will bend the membrane inward. For mutant APs with longer core-β1
linkers, and for mutant APs that bind clathrin through β2 only, this steric repulsion between
a triple-tethered upside down triskelion and the membrane is much smaller, and consequently
the probability of binding in the wrong orientation is much larger. The simulations suggest
that small aggregates formed by these upside down triskelia are under less stress than regular
lattices – they show a higher curvature at the same patch size, which indicates they spend less
free energy on bending the membrane – and thereby further enhances their stability relative
to the functional orientation. To the best of our knowledge, upside-down cages – which do not
contribute to endocytosis – have never been observed in in vivo or in vitro experiments. It will be
interesting to see whether these upside-down cages can be realised in experiments with mutant
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AP2s.
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4.5
4.5.1

Appendix
Adsorption at the membrane

In this appendix, statistical mechanical concepts [97] are used to derive expressions for the numbers of APs bound to triskelia and the numbers of APs and triskelia adsorbed at the membrane.
For the reaction of clathrin (C) binding n APs (A),
C + nA  CAn ,
the equilibrium constant can be deﬁned as


[CAn ]3D /c03D
0

n = e−βΔGCAn ,
KCAn = 
0
0
[C]3D /c3D [A]3D /c3D

(4.37)

(4.38)

where [X]3D denotes the three-dimensional number density of component X, c03D is a reference
concentration typically taken to be 1 molar, and ΔG0CAn is the standard free energy change of
the reaction. In statistical mechanics, assuming ideal solutions, the above equilibrium constant
is calculated as [97–99]
 0 n
(qCAn /V )
,
(4.39)
KCAn =
n c3D
(qC /V ) (qA /V )
where qX denotes the molecular partition function of a molecule X and V the volume of the
system. In terms of the chemical potentials of the reaction participants in ideal solutions at the
reference concentration,
(qX /V )
μ0X = −kB T ln
,
(4.40)
c03D
the standard free energy change of the reaction reads as
ΔG0CAn = μ0CAn − μ0C − nμ0A = Δμ0CAn ,

(4.41)

with Δμ0CAn the standard chemical potential change of the reaction.
The partition function of a rigid triskelion in solution follows from the integral of the Boltzmann factor over all particle positions rC and orientations ϕC ,

1
1
8π 2 V e−βΦC ,
(4.42)
qC =
e−βΦ drC dϕC ≈
ΔC
ΔC
where ΔC denotes the elementary volume of the particle (a combination of elementary constants,
the temperature, the mass and the inertia tensor of the triskelion; the exact value is of no
consequence as it will drop out in all major results derived below), with Φ the potential energy,
ΦC the averaged solvation free energy of clathrin and where use was made of the Euler angles
with ϕ1 ∈ [0, 2π), ϕ2 ∈ [0, π), ϕ3 ∈ [0, 2π), and dϕC = sin ϕ2dϕ1dϕ2dϕ3.
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The AP model described in the main text consists of three beads connected by non-linear
springs. The partition function of this molecule reads as

1
qA = 3
(4.43)
e−βΦ dr0 dr1 dr2
Δa
1
≈ 3 e−βΦA V qs 01qs 12,
(4.44)
Δa
with Δa the elementary volume per bead (for simplicitiy taken to be identical for all beads;
again, this factor will cancel out in the ﬁnal expressions), Φ the potential energy as a function
of the particle positions r, and ΦA the average solvation free energy of AP. Integrating over r2
at ﬁxed r1 yields a factor

2πkB T 3/2
(4.45)
qs 12 = e−βψ12 (x12) dr12 ≈
,
k12
where the linker potential ψ12 has been approximated by a Hookean spring with spring constant
k12 . One obtains a similar factor when integrating over r1 at ﬁxed r0 , and the ﬁnal integration
over r0 yields the volume V , collectively arriving at Eq. (4.44).
For a dissolved protein complex of a triskelion bound to an AP by the β2 bead, the partition
function reads as


1
qCA =
(4.46)
· · · e−βΦ drC dϕC dr0 dr1 dr2
ΔC Δ3a
qC qA 4 3 βCA
≈
μ πρCA e
,
(4.47)
V
3
where ρCA and CA denote the radius and strength, respectively, of the click interaction between
the β2 bead and any of the μ = 3 matching sites on the triskelion. This remarkably compact
result is a consequence of the click potential, which reduces the translational freedom of one of
the partners from V to the volume of the click interaction and contributes a Boltzmann factor
related to the clicking strength [51]. This insight is readily extended to triskelia decorated with
multiple APs; insertion in Eq. (4.39) then yields the equilibrium constants of these clathrin-AP
complexes.
If the membrane beads, in their role as binding sites for APs, are both free to diﬀuse over
the entire membrane area A and suﬃciently thinly distributed so as to ignore interactions, their
partition function will read as

1
1
qm =
(4.48)
e−βΦ drm ≈  Ae−βΦm ,
Δm
Δm
with Φm the average free energy of a bead, and where the elementary area, Δm , represents the
ratio of the elementary volume for a membrane bead, Δm , to the mean transverse displacement
of a bead conﬁned to a membrane.
The partition function of the complex of an AP molecule clicked by its β0 bead to a membrane
bead is given by

1
qAm = 3
(4.49)
e−βΦ dr0 dr1 dr2 drm .
Δ a Δm
Upon ignoring the non-bonding AP-membrane interactions, i.e. the potential that prevents the
β1 and β2 beads from crossing the membrane, one readily obtains the approximation, denoted
by a tilde,
q̃Am ≈ qm

qA 4 3 βAm
πρ e
,
V 3 Am

(4.50)
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where ρAm and Am denote the radius and strength, respectively, of the click interaction between
the membrane bead and the AP’s core. By analogy with the above equilibrium constant in bulk
solution, the equilibrium constant of the reaction
A + m  Am
can be deﬁned as

(4.51)



KAm


[Am]2D /c02D


=
[A]3D /c03D [m]2D /c02D
(qAm /A)
c0 ,
=
(qA /V ) (qm /A) 3D

(4.52)
(4.53)

where the membrane beads and their complexes are bound to the two-dimensional membrane
surface, and c02D denotes a two-dimensional reference concentration. By inserting the preceeding
expressions for the molecular partition functions, one arrives at
[Am]2D
[A]3D
0
= 0 e−βΔGAm
[m]2D
c3D

(4.54)

with the free energy change accompanying the reaction given by
ΔG0Am = μ0Am − μ0m − μ0A = Δμ0Am
= −kB T ln

4 3 βAm 0
πρ e
c3D ,
3 Am

(4.55)

where the reference chemical potentials of membrane-bound particles and complexes follow from
μ0X = −kB T ln

(qX /A)
.
c02D

(4.56)

Upon noting that [Am]2D and [m]2D are proportional to the fractions of occupied and unoccupied membrane beads, θA and 1 − θA respectively, one recognizes in Eq. (4.54) the Langmuir
expression of Eq. (4.35).
Returning to the partition function of Eq. (4.49), the non-bonded interactions of the AP’s
β1 and β2 beads with a locally nearly ﬂat membrane, taken to be the plane z = 0, can be
approximated by the conditions z1 ≥ 0 and z2 ≥ 0. Evaluating the partition function part by
part, the integral over r2 at given r1 then yields


&
1 2πkB T 3/2
1
(4.57)
1 + erf
,
q̂s,2 (z1 ) =
2 βk12 z1
2
k12
where erf denotes the error function. Assuming z0 ≈ 0 and k01 ≈ k12 , the integral over r1 at
constant r0 becomes
 ∞
1 2πkB T 3
2
(4.58)
q̂s,12 =
erf(s) e−s ds ,
1+
4
k12
0
which is readily solved by noting that the Gaussian is the derivative of the error function. The
integral over r0 proceeds as before, and by collecting factors we arrive at the remarkably simple
result
3
q̂Am = q̃Am ,
8

(4.59)
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in excellent agreement with the simulation results in Fig. 4.6.
In the AP2 complex and in the simulation model, the mid-linker binding site for clathrin,
β1 becomes actived when the core, β0 , binds to the membrane. This feature of the model is
tested in Section 4.3.1, using an analytically solvable simpliﬁed model system with only one
clathrin binding site per AP, i.e. β1 , and only one matching binding site per triskelion. The
partition function of a triskelion bound to an AP which in turn is bound to a membrane bead
can be constructed by combining the previous results in this appendix. Partition functions of
molecules are typically calculated by integrating the internal and rotational motions relative
to the molecule’s center of mass, followed by an integration over the position of that reference
point [97]. We note that the partition function is independent of the location of the reference
point relative to the molecule. In the case under study, it proves advantageous to calculate
the partition function of the triskelion with respect to its single AP-binding site. The partition
function of an clathrin-AP complex bound to a membrane bead, when ignoring the repulsive
non-penetration potential of the membrane, then becomes
q̃CAm = q̃Am

qC 4 3 βCA
πρ e
.
V 3 CA

(4.60)

The standard free energy change accompanying the reaction
C + Am  CAm

(4.61)

then reads as
ΔG0CAm = μ0CAm − μ0Am − μ0C = Δμ0CAm
= −kB T ln

4 3 βCA 0
πρ e
c3D .
3 CA

(4.62)

The equilibrium of the two coupled reactions, Eqs. (4.51) and (4.61), follows by solving the
fractional occupancies of membrane beads by APs and AP-clathrin complexes, θCA and θA
respectively, from the coupled equations
[C]3D
θCA
[CAm]2D
0
= 0 e−βΔGCAm ,
=
[Am]2D
θA
c3D
[A]3D
θA
[Am]2D
0
= 0 e−βΔGAm ,
=
[m]2D
1 − θA − θCA
c3D

(4.63)
(4.64)

where in the second line it was used that the fractions of empty and occupied membrane beads
add up to unity.
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Chapter 5

Simulations of clathrin mediated
endocytosis reveal a midway
activation barrier
The self-assembly process of clathrin coated membrane buds during clathrin mediated endocytosis
(CME) is explored by coarse-grained simulations of clathrin triskelia, adaptor proteins and a
ﬂexible network membrane. Preceding simulations indicated that the spontaneous formation of
a clathrin coated pit becomes very slow, if not arrested, when the clathrin coat has grown into
an approximately hemi-spherical dome. The free energy calculations presented here, using the
potential of mean constraint force (PMCF), reveal the presence of an activation barrier of about
30 kB T , followed by a spontaneous maturation into a nearly completed CCV. This suggests that
surmounting this barrier, which may act as a decision event in CME, requires the assistance of
auxilliary proteins.1

5.1

Introduction

Clathrin-mediated endocytosis is a critical process involved in the cellular uptake of nutrients,
growth factors and receptors, that relies on the regulated assembly of clathrin-coated vesicles
(CCVs) at the plasmatic surface of the cell membrane [1–3]. The fundamental assembly unit, and
namesake of clathrin-coated vesicles, is the clathrin triskelion, a three-legged protein with the
ability to self-assemble in vitro, without assistance, into polyhedrical cages that closely resemble
the coats surrounding the in vivo vesicles [4]. After clathrin, the adaptor protein 2 (AP2) is
the second most abundant protein in clathrin coats formed during endocysis [5]. AP2s are
tetrameric complexes that carry binding motifs for clathrin, cargo molecules and lipids speciﬁc
to the plasma membrane, with the fundamental function of tethering clathrin triskelia to the
plasma membrane following the external arrival of cargo. The formation of a CCV begins with
a nucleation event, yielding an aggregate that grows at a fairly constant rate [2] through the
recruitment of individual clathrin triskelia and adaptor proteins from the cytosol. This assembly
deforms the underlying membrane as it grows in size, creating an invagination called a clathrin
coated pit (CCP) and eventually the coat fully envelopes the cargo [6, 7]. Finally, the CCV is
released by cutting the thin neck still connecting the membrane inside the coat to the plasma
membrane, the coat is disassembled and the coat units are recycled in the next endocytic event.
The time elapsed between nucleation and release of a CCV ranges from 30 to 120 seconds [8].
1
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The assembly dynamics of CCVs continues to attract the interest of research groups using
a wide variety of experimental techniques. Cryo-electron microscopy (cryo-EM) yields detailed
images of the 3D structure of CCPs and CCVs, as well as stills of ﬂat hexagonal lattices [9,
10]. Labelling selected proteins with ﬂuorescent labels has unleashed the ability to follow the
dynamics of proteins during endocytosis, using a steadily growing collection of optical techniques [11, 12]. Combining single particle tracking with photoactivation localization microscopy
(PALM) captures the endocytosis dynamics at near-molecular resolution [13]. Fluorescence intensity traces of hundreds of simultaneous clathrin aggregates in a cell provide access to their
formation and dissolution rates [14]. The exchange of triskelia between CCPs and the cytosol
was revealed by ﬂuorescence recovery after photobleaching (FRAP) [8, 15]. Combining cryo-EM
with live-cell imaging relates high resolution structural information to speciﬁc stages in the evolution of CCPs [16]. Total internal reﬂection ﬂuorescence microscopy (TIR-FM) has been used
to determine the sequence and numbers of proteins arriving at, and leaving from, the membrane
over the course of many endocytic events. Interestingly, these experiments detected a large number of short-lived clathrin structures, referred to as ‘abortive’ pits, whose lifetime is less than 20
seconds, well below that of ‘productive’ CCVs [8, 17, 18]. Despite the wealth of experimental information obtained by a range of supplementary techniques, a number of fundamental questions
on CCP dynamics are still hotly debated. These include the mechanical contribution of clathrin
toward bending the membrane,[19–22] and whether CCPs are formed by nucleation and growth
or by gradually increasing the curvature of a pre-existing planar lattice[9, 13, 14, 16, 17, 23–25].
Coarse-grained simulation models, reducing the protein models to their bare essentials based
on interpretations of the experimentally available data on the proteins’s structures and their
interactions, oﬀer a potent method to improve our current understanding of CME. If the model
does not deliver, this suggests that an essential component was missing; simulations are also
known to ﬁnd unexpected results which in hindsight appear obvious [26]. Matthews and Likos
simulated clathrin as a triskelion composed of 13 bead particles endowed with interaction patches
on their surfaces, showing that these triskelia can self-assemble into cages and that they are able
to create deep membrane invaginations [27]. Spakowitz and collaborators modeled clathrin as
a particle that forms harmonic bonds with three neighbors, to study the mechanical properties
of lattices against a ﬂat membrane and the ﬂuidization of these lattices when the membrane is
nano-indented [28, 29]. In a recent study, we combined our coarse-grained clathrin [30] and AP
models [31] with an elastic membrane model, to simulate their combined aggregation process
by Brownian Dynamics [32]. The presence of cargo and phosphatidylinositol 4,5-bisphosphate
[PtdIns(4,5)P2 ] lipids speciﬁc to the plasma membrane, both crucial to the binding of AP2 to the
membrane and the release by AP2 of a clathrin motif, were mimicked by allowing AP to bind to
a fraction of the membrane beads Other proteins that potentially playing a role in endocytosis,
like membrane bending proteins, were not included to keep the model as basic as possible, in
line with experiments indicating that clathrin plus adaptor protein suﬃce to creat CCPs [21].
The simulations spontaneously follow the sequence of events described above, up to midway the
vagination process. First, individual triskelia are tethered to the membrane by adaptor proteins
and aggregate to form a small lattice. The latter grows by incorporating additional triskelia and
APs from the solution, and progressively deforms the underlying membrane as it increases in
size. Surprisingly, the growth process discontinues when the clahtrin coat is about to reach a
hemi-spherical conﬁguration; not a single CCP was observed to grow beyond this point.
Here we will explore why the simulated CCPs do not grow to completion. At the midway
point, the process has either become very slow, and merely appears arrested, or the spontaneous
growth has reached a local free energy minimum. In the latter case, the spontaneous growth may
continue once the system has surmounted an activation barrier, which constitutes a rare event on
the simulation time scale. To distinguish between the two cases, the free energy proﬁle of a coated
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bud will be calculated as a function of the bud’s area. Several methods exist to calculate free
energies along a reaction coordinate, including umbrella sampling, thermodynamic integration,
metadynamics and the potential of mean constraint force (PMCF) [33–36]. The latter method
is used here, i.e. we perform simulations with ﬁxed values of the bud area and recover the free
energy proﬁle form the averaged constraint forces required to keep the bud areas constant. As
will be discussed in detail below, the hemi-spherical CCP constitutes a local minimum along the
reaction path. The activation barrier to escape from this minimum amounts to ∼ 30kB T , and
is followed by spontaneous growth into a nearly completed CCV. Speculations on the intriguing
ability that this barrier might be related to a go / no-go decision, and on how in vivo endocytic
events overcome this barrier, will be postponed till the discussion.
This paper is structured as follows. The simulation models for clathrin, AP2 and the lipid
membrane are described in Section 5.2, together with the simulation algorithm and the PMCF
method. In Section 5.3 we present the simulation results. Finally, we discuss the results and
their implications for the endocytic pathway in Section 5.4.

5.2

Models and Methods

In the ﬁrst part of this section we brieﬂy discuss the simulation models for clathrin, AP2 and the
membrane, successively. These models were used in the Chapters 2 and 4 to model the assembly
processes of puriﬁed clathrin triskelia, clathrin with AP2, and recently clathrin with AP2 and
a membrane; more detailed descriptions of the models can be found in these references. In the
second part of this section, we describe the Brownian equations of motion, the PMCF method,
and introduce the reaction coordinate.

5.2.1

Models

Clathrin
Clathrin triskelia are modeled here as rigid patchy particles with three identical legs radiating
from a common ‘hub’, see Fig. 5.1. Each leg is subdivided into three leg segments of identical
length σ = 17 nm, referred to as the proximal and distal segments and the terminal domain
(TD). The proximal legs are at an angle χ = 101◦ relative to the three-fold rotational symmetry
axis; this ‘pucker’ is typical of triskelia forming soccer-ball structures containing 60 triskelia, a
commonly observed cage in in vitro self-assembly experiments in the presence of adaptor proteins
(AP2). The orientation of distal leg segments was chosen to maximize the overlap between the
segments of two triskelia, each with its hub adjacent to a knee of the other triskelion. The
relative position and orientation of TDs was calculated using the structural data ﬁle 1XI4, [4,
37] available at the protein data bank (PDB); the TD forms an angle of ∼114◦ with the adjacent
distal segment and a dihedral angle of ∼28◦ relative to the distal and proximal segments of the
same leg. As a result, TDs are oriented to point inward, towards the center of the clathrin cage.
In a cage, a clathrin hub is found at every vertex and each edge is composed of two proximal
and two distal leg segments, with the like segments aligned in antiparallel fashion, see Fig. 5.2.
The binding of clathrin legs in cages is thought to result from a multitude of weak interactions
distributed along the entire lenght of the leg. Our inter-segmental interaction potential introduces attractions between all segmental pairings observed in experimental cages, see Fig. 5.2(B).
The strength of the interaction depends on the collective distance between the two ends of the
two segments and is anisotropic under rotations of these segments around their long axis. The
latter reﬂects a concentration of binding sites along one side of the leg, see Fig. 5.2(C), and
proved crucial to the self-assembly of cages in previous simulations [30, 38]. Excluded volume
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particle
clathrin

parameter
segmental length
pucker
intersegment energy2
transl. diﬀ. coeﬀ.
rotat. diﬀ. coeﬀ.

AP

bulk concentration4
linker length
spring constant
transl. diﬀ. coeﬀ.

membrane

AP – CL
AP – mb
mb – clathrin or AP.

bulk concentration
bending rigidity
spring constant
equilibrium length
maximum length
excluded volume
transl. diﬀ. coeﬀ.
click strength
click radius
click strength
click radius
repulsion
vertical range
horizontal range

symbol
σ
χ

D1t , D2t
D3t
r
D1 , D2r
D3r
[C]r
L01
L12
k01
k12
D0t
D1t , D2t
[A]r
kκ
km
0
rm
Lm
ev
σm
ev
m
t
Dm
CA
ρCA
Am
ρAm
m
b
d

value
17 nm
101◦
6kB T 3
4.46 · 104 σ 2 /s
3.70 · 104 σ 2 /s
1.64 · 104 /s
1.02 · 104 /s
10−3 σ −3
0.9σ
1.5σ
50kB T /σ 2
30kB T /σ 2
2 · 104 σ 2 /s
5 2
 1−3· 10 σ−2/s

10 −10 σ −3
10kB T
100kB T
0.5σ
0.8σ
0.35σ
10kB T
102 σ 2 /s


6−14 kB T
 0.25σ

6−14 kB T
0.1σ
3
10 kB T /σ 4
0.1σ
1.0σ

Table 5.1: Summary of the applied simulation parameters for clathrin, AP and membrane
particles, as well as their interaction parameters.
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Figure 5.1: The coarse-grained simulation models for the clathrin triskelion (A and B) and
AP2 (C), on the same scale. The rigid clathrin triskelion is constituted by three identical legs,
each composed by a proximal leg segment (P) radiating from a central hip (h) to the knees (k),
followed by distal leg segments (D) running to ankles (a) and terminal domains (TDs) ending
at the toes (t). The intrinsically curved structure of the triskelion is characterized by a pucker
angle χ relative to the symmetry axis n̂h . The directionality of leg-leg interactions is represented
by the polarity vectors m̂ attached to each leg segment. The AP model features three beads:
the β1 and β2 beads can bind to the toes and ankles of clathrin, respectively, while the core β0
can bind to a membrane bead. The beads are connected by two ﬂexible linkers. The full AP2
protein also possesses a ﬂexible α linker, which is omitted in the simulations as it does not bind
to membranes nor to clathrin.

Figure 5.2: Representations of the clathrin cage structure. (A) Snapshot of a self-assembled
cage in solution. (B) Edges are composed of two proximal and two distal leg segments, with
like segments oriented anti-parallel; vertices are meeting points of one hub (red), three knees
(white) and three ankles (blue). For clarity, the leg segments are drawn next to each other.
(C) The cross section of an experimental cage edge, along the dashed line in (B), with the two
distal segments below (i.e. inside the cage) the two proximal segments. The markers
and
⊗ denote segments pointing (from hip to knee or from knee to ankle) in to and out of the
plane of the picture, respectively. Shaded areas highlight the hypothesized locations of binding
sites; their asymmetric distribution along the leg’s circumference is included in the simulation
model by means of a torsion potential acting on the segmental polarity vectors m̂. For clarity,
the terminal domains, curving inward from the ankle toward the center of the cage, have been
omitted in these illustrations.
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interactions, which prevent two triskelia from binding at the same vertex, are not explicitly modeled for reasons of computational eﬃciency but are mimicked by a repulsive potential between
parallel like segments. The TDs are thought to play no role in the inter-clathrin interactions,
and merely serve as binding sites for APs.
AP2
The AP2 model consists of three point particles, representing the β1 and β2 sites on the β linker
binding to the clathrin TD and knee, respectively, and the core, β0 , with a membrane binding
site, see Fig. 5.1. The interactions of these sites with their respective partners are described
by click potentials, discussed below. The three sites are connected by two structureless ﬂexible
linkers, modeled as ﬁnitely extensible non-linear elastic (FENE) elements, [39]
⎧


⎪
r 2
⎨ 1 2
− 2 kL ln 1 −
for r < L
(5.1)
U (r) =
L
⎪
⎩
∞
for r ≥ L,
where r denotes the elongation of the linker and L its maximum lenghth, estimated based on
the numbers of amino acids in the linkers as 0.8σ and 1.5σ for the β0 – β1 and β1 – β2 linkers,
respectively. The spring constant k is estimated using the expression for an entropic spring in
polymer physics, [40]
3kB T
k=
,
(5.2)
2Llp
where lp denotes the persistence length. With an experimental value of lp ≈ 0.6 nm for disordered proteins, the resulting spring constants for the linkers become 30kB T /σ 2 and 50kB T /σ 2 ,
respectively. The α linker and α appendage are not represented in the model, as they do not
directly interact with clathrin nor with the membrane.
Structural studies revealed that the AP2 protein undergoes a large conformational change
[41, 42]. The protein is in the ‘locked’ state when dissolved in the cytosol, with the β1 site buried
within the core to suppress the formation clathrin cages. Once AP binds to the cell membrane
and cargo, it transforms to the ‘open’ state and releases the β1 site to promote cage assembly.
This mechanism is reproduced in the simulations by allowing a β1 bead to click to a TD only
when the matching core bead has clicked to a membrane node [32].
The membrane model
The membrane bilayer is modeled as an elastic triangulated mesh with bending rigidity. This
mesh is a computationally attractive structure, formed by Nm vertices connected by 3Nm edges
forming 3Nm /2 triangular facets. A detailed description of the model, the model parameters
and the validation, is provided in Chapter 4. The free energy of a membrane bilayer with no
intrinsic curvature, ﬁxed topology and without edges, is described by the Helfrich expression,
[40, 43, 44]

A − A0 2
1
H 2 da + KA A0
,
(5.3)
F = 2κ
2
A0
A
where the integral runs over the entire area A of the membrane, H denotes the local mean
curvature, κ the bending rigidity, KA is the elasticity modulus, and A0 is the equilibrium surface
area. The coarse grained membrane model aims at reproducing this free energy, and in particular
the bending rigidity because of its relevance to bud formation.
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Figure 5.3: Representation of the Monte Carlo bond ﬂipping move employed in the simulations to
ensure membrane ﬂuidity and enable large amplitude deformations. A randomly selected bond,
here represented by the two green arrows, is ﬂipped from one diagonal to the other diagonal of
the quadrangle formed by its two adjacent triangles. Each triangle in the network is equipped
with a normal vector, represented in the picture by the arrows on its edges and following the
right-hand convention, allowing identiﬁcation of the inner and outer spaces separated by the
membrane. The orientation of the ﬂipped edge is assigned so as to preserve the deﬁnitions of
these normals.
The elasticity of the membrane is modeled by FENE springs along all edges of the mesh,
Lm . As a ﬁrst approximation, we note that
with a spring constant km and ﬁnite extensibility
√
for a purely hexagonal lattice km = 2KA / 3. An equilibrium area is introduced by making the
0 . The bending rigidity
potential non-Hookean, substituting the argument r in Eq. (5.1) by r − rm
of the membrane is modeled by
1 
φi ,
(5.4)
Φ = kκ
2
i

with kκ denoting the strength of the potential. The summation runs over all membrane beads,
with
2
1 
φi =
(xi − xj ) ,
(5.5)
Ωi
j(i)

where the sum runs over all nodes j connected to i and Ωi represents the collective area of all
triangles joining at site i. The typical bending rigidity of lipid bilayers, [45] κ = 0.4 × 10−19
J, is reproduced by selecting kκ = κ. Finally, vertices are prevented from crossing edges and
facets, and self-avoidance of the membrane is imposed, by introducing Weeks-Chandler-Andersen
(WCA) excluded volume interactions between all membrane beads, using a strength ev
m and a
ev .
diameter σm
Previous simulations revealed that triangulated networks with a ﬁxed connectivity behave
as purely elastic surfaces and are unable to form or relax pit-like invaginations [32]. In order
to create a deformable ﬂuid membrane, Monte Carlo moves are used to modify the network
connectivity and thereby enable long-range diﬀusion of membrane beads. The MC move consists
of selecting a random bond composing the common edge of two triangles in the lattice, and
ﬂipping it to become the other diagonal of the quadrilateral, [43] as illustrated in Fig 5.3. This
move conserves the total number of triangles and the position of the nodes involved, but it is
likely to change the stretching energy of the ﬂipped bond and the bending energies of the two
triangles and their neighbours. Hence, a Metropolis Monte Carlo scheme is used to calculate
the acceptance probability of every attempted move. The connectivity numbers of the nodes
involved in the move increase or decrease by one. In order to conserve the geometrical properties
of the triangulated network, any attempt move that reduces the connectivity of a node below
ﬁve is rejected [43]. Bond ﬂips are attempted at a rate of rf attempts per bond and per unit
of time; see Table 5.2 for an overview of all MC rates. For later use, we note that a unit vector
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function
chemostats, CL and AP
membrane bond ﬂipping
AP-clathrin click
AP-membrane click
reshuﬄe clicked AP
AP-membrane jumps

symbol
rc
rf
rCA
rAm
rv
rj

value (s−1 )
105
104
106
106
104
104

Table 5.2: Attempt rates of all Monte Carlo moves discussed in the main text. The ﬁve values
in the second half of the table denote rates per particle, to eliminate system size dependence.
normal is attached to every facet to distinguish ‘inside the cell’ from ‘outside’. Previously, the
orientations of the normals of the two newly generated triangles were determined by selecting
the orientations with the highest dot product relative to the normals of the two disappearing
triangles. This procedure proved unreliable for the high curvatures encountered in the current
study, and was replaced be determining the orientation compatible with applying the right-hand
convention to the orientations of the conserved non-diagonal triangle edges.
Interactions
The short ranges, relative to the protein dimensions, of the interactions between the AP sites β0 ,
β1 and β2 binding to a membrane bead, a clathrin TD and knee, respectively, are numerically
inconvenient. In stead, we apply click potentials [31, 32]. Consider, as an example, the interaction
between the αth site of the ith triskelion and the β th site of the j th AP. The status of this
interaction is described by a ﬂag biα,jβ that assumes two values, reﬂecting the discrete state of
the interaction. The interaction potential then reads as
⎧
0
for biα,jβ = 0
⎨ 
−CA for riα,jβ < ρCA
φclick (riα,jβ , biα,jβ ) =
(5.6)
for biα,jβ = 1,
⎩
∞
for riα,jβ ≥ ρCA
with CA > 0 the strength of the click and ρCA the maximum distance between two clicked sites.
The click interactions are turned on and oﬀ by MC trial moves, at a rate of rCA attempts
per second and per AP bead. The MC move consists of several steps, starting with the random
selection of an AP bead. A list is made of all K possible binding sites within the interaction
radius of that bead, including the current site if the bead is already clicked, and the unclicked
state is added as the 0th option. For each of these K + 1 trial moves, the accompanying energy
change is calculated. One of these states is then selected, with probability
exp(−βΔφclick
)
k
.
Pk =  K
click
k =0 exp(−βΔφk )

(5.7)

Note that the coordinates of the particles are left untouched.
Excluded volume interactions between AP beads have been omitted for reasons of computational eﬃciency. The total volume of all APs bound to a cage is small in comparison to the
available volume, i.e. the spherical shell bounded by the clathrin cage and the enclosed vesicle. We note, however, that excluded volume interactions play an important role in preventing
multiple AP beads binding to the same clathrin or membrane site. This is eﬀectively inhibited
in the model by making the clicks mutually exclusive, allowing the AP, clathrin and membrane
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sites to partake in only one interaction at a time. We furthermore note that the two distinct
clathrin-AP bounds, β1 binding toes and β2 binding ankles, are probably characterized by different interaction parameters. Since neither interaction free energy has been measured, to the
best of our knowledge, for reasons of convenience we assume here that both bonds are identical.
A repulsive interaction prevents the triskelia and APs from crossing the membrane ﬂoating
roughly in the middle of the simulation box, dividing it into an ‘interior’ region above the
membrane and an ‘exterior’ region below it. The use of 3D periodic boundary conditions allows
the particles to diﬀuse freely between these two regions, and thereby eliminates an osmotic
pressure diﬀerence that would cause the membrane to drift downward. The membrane oﬀers
a repulsive boundary to beads arriving from both sides; the membrane is inert, except for
AP β0 beads approaching from the interior. Because of the random displacement term in the
BD algorithm of Equation (5.13), a thin repulsive boundary is not easily realized by merely
introducing a repulsive potential between the particles and the membrane nodes. To ensure that
particles are pushed back in the right direction, including those that have slightly overstepped the
membrane, each particle is labelled with a ﬂag li that takes the values +1 and −1 for particles
in the interior and exterior, respectively, and retains that value until the particle crosses the
periodic boundaries. The interaction between the ith particle and the membrane then reads as

||
⊥
φm
f (li rit
)g(rit ),
(5.8)
i = m
t

where m is a positive strength parameter and the sum runs over all membrane triangles. With
n̂t the inward pointing normal to the tth membrane triangle, the vector rit from the center of
this triangle to a bead is decomposed into the height of the particle relative to the triangle
⊥ = r · n̂ and and its lateral displacement r || = |r − r ⊥ n̂ |. Multiplication of the height with
rit
it
t
it
it t
it
the particle’s ﬂag li , as in the argument to the penalty function f , yields a positive (negative)
value for particles at the permitted (forbidden) side of the membrane triangle. This function is
deﬁned as zero for particles beyond a height b, is quadratic just above the membrane triangle,
and increases linearly for particles penetrating the membrane,
⎧
0
for
x≥b
⎨
(x − b)2 for 0 < x < b
f (x) =
(5.9)
⎩ 2
b − 2bx for 0 ≤ x.
The function g distributes the interaction over several adjacent triangles, reﬂecting the size of
the protein fragment interacting with the membrane,

(x − d)2 for 0 < x < d
g(x) =
(5.10)
0
for
x ≥ d,
with d setting the decay length of the spread function. The repulsion by the membrane applies
to the β1 and β2 beads of AP, as well as to the hubs, knees, ankles and toes of triskelia. The core
particle of AP is excluded to allow it to ‘click’ to the membrane, as discussed above. The modest
ﬂexibility of the clathrin protein, allowing a leg to bend when pressed against a membrane, is
mimicked in the simulations with a 90% reduction of the repulsion strength m at the extreme
ends of the legs, i.e. the toes.
Chemostat
In the modestly sized simulation box, the accumulation of triskelia and APs in a nascent coat
results in a signiﬁcant depletion of the cytosolic concentrations of these proteins. We therefore
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simulate the exchange of clathrin triskelia and APs with ideal large reservoirs, by Monte Carlo
algorithms maintaining constant chemical potentials, and hence constant bulk phase concentrations, for both solute molecule types independently. Consider a system with NC triskelia in a
volume V . Trial moves to add or remove a triskelion, with equal likelihood, are attempted at a
rate of rc attempts per second. The probability of accepting an insertion move is given by [33,
34]

[C]r V −βΔΦN →N +1
C
C
PNacc
e
=
min
1,
,
(5.11)
C →NC +1
NC + 1
where [C]r refers to the clathrin concentration in the reservoir and ΔΦNC →NC +1 is the potential
energy change accompanying the insertion of a triskelion at a random position and a random
orientation. Similarly, the acceptance probability for the removal of a randomly selected triskelion
is given by

NC −βΔΦN →N −1
C
C
e
=
min
1,
PNacc
.
(5.12)
C →NC −1
[C]r V
The reference bulk concentrations and the attempt rates are listed in Tables 5.1 and 5.2, respectively.

5.2.2

Methods

Constrained Brownian Dynamics Simulations
The trajectories of the simulated clathrin triskelia, AP and membrane beads, are calculated by
ﬁrst order Brownian Dynamics equations of motion with superimposed Monte Carlo moves for
the clicked beads. In Brownian Dynamics, the solvent particles are not explicitly simulated, but
the eﬀect of the numerous collisions with solvent molecules is translated into friction and random
terms in the equations of motion of the simulated particles, related by the ﬂuctuation-dissipation
theorem [33]. Here we present the Brownian Dynamics equation of motion in a generalized form,
for a full set of generalized coordinates Q representing the positions and orientations of the
particles. We refer the reader to previous publications [32, 46] for the equivalent expanded
equations, discussed in detail in Chapter 4.
The generalized Brownian dynamics equation of motion reads as
Q(t + δt) − Q(t) = −μQ


∂F
∂μQ
δt + kB T
δt + (μQ )1/2 ΘQ (t) 2kB T δt.
∂Q
∂Q

(5.13)

The ﬁrst term on the r.h.s. describes the displacement over a time step δt resulting from a
generalized force, with F representing the free energy as a function of the generalized coordinates,
being opposed by friction from the solvent, with μQ representing a generalized mobility matrix
depending on the coordinates. The second term on the r.h.s. accounts for the inhomogeneity of
the mobility tensor, which is required in the Itô representation to recover the correct Boltzmann
equilibrium distribution. The last contribution on the r.h.s. represents the Brownian stochastic
displacements due to the collisions with the solvent. The numerical values of the parameters are
reported in Table 5.1.
Because the clathrin triskelion is modeled as a rigid particle, the positions and orientations
of its leg segments are described by the Cartesian coordinates of its center and a rotation matrix accounting for the overall orientation. The latter is conveniently expressed in terms of unit
quaternions, i.e. four coordinates qγ with a constraint of unit length |q| = 1, and propagated by
Eq. (5.13). The constant body-based translational and rotational mobility tensors were determined using the hydro++ package [47] by modeling clathrin as an array of 52 spheres arranged
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to reﬂect the overall shape of the protein [48]; these are readily converted by means of the
rotation matrix to the space-based mobility tensors entering the equation of motion.
The motion of individual membrane beads is described by a translational BD equation for
their positions. A constant diﬀusion coeﬃcient was chosen for simplicity. Because the membrane
is the fastest moving component of the simulated system, for reasons of computational eﬃciency
we selected the smallest possible mobility coeﬃcient that yields a numerically stable membrane
for the maximum time step permitted by the triskelia, see Chapter 4.
The positions of the three beads composing an AP are updated separately, in a fashion
that depends on their clicking status with clathrin and/or membrane. All unclicked beads are
propagated by translational Brownian Dynamics assuming an isotropic mobility tensor; the
AP beads do not rotate. The mobility coeﬃcient μtβ is estimated through the Stokes-Einstein
equation for isolated Brownian spheres,
μtβ =

1
,
6πηRβ

(5.14)

where η is the viscosity of the suspending ﬂuid and Rβ the sphere’s radius. Assuming diameters
of ∼9 nm for the 200 kDa AP2 core and ∼4 nm for the appendage domain, [49] the mobilities
of the β0 and β2 beads become μt0 = 1.2 · 1010 Ns/m and μt2 = 2.6 · 1010 Ns/m, respectively, in
water at room temperature. For reasons of simplicity, the mid-linker β1 bead is equipped with
the same dynamic properties as the β2 bead.
All clicked AP beads move with the clathrin triskelion or membrane bead they are clicked to,
as a single rigid body following the equation of motion of this second particle. The aggregate is
subject to the sum of all forces and torques acting on the composing units. This motion preserves
the clicking status of the AP beads involved. The translational and rotational mobilities of the
aggregate are assumed to be identical to those of a free triskelion or membrane node. On top of
this motion, the AP beads explore the small clicking volumes by Monte Carlo trial moves taking
them to random positions within these volumes, at a rate of rCA attempts per second and per
bead. These trial moves also preserve the clicking status, but may alter the potential energy and
therefore trial moves are accepted or rejected with a probability given by the Metropolis scheme
[33, 34]:
#
$
acc
Po→n
= min 1, e−βΔΦo→n ,

(5.15)

where ΔΦo→n = Φ(n) − Φ(o) is the potential energy change between the old conﬁguration o and
the new conﬁguration n.
Since a membrane-bound AP2 complex can diﬀuse relative to the membrane, in the simulation MC moves are included that enable a clicked AP core bead to jump from its membrane
node to a randomly selected neighboring node, at a rate of rj attempts per membrane bound AP
and per second. The acceptance probability of trial moves to unoccupied nodes is again given
by Eq. (5.33), while trial jumps to occupied nodes are rejected.
The PMCF method
In the introduction we speculated that the spontaneous growth from a hemispherical lattice to
a fully enveloping clathrin coat requires surmounting a free energy barrier. If this proves to be
correct, this region of the free energy landscape can only be sampled eﬃciently through the use
of biased simulations, as commonly used to study ‘rare events’ like reactions characterized by
the presence of a high activation barrier. A reaction coordinate ξ({ri }) is deﬁned, chosen to map
the entire coordinate space onto a single coordinate describing the progression of the reaction.
The free energy proﬁle along this coordinate is then calculated by biased sampling methods
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that improve the sampling eﬃciency at those values of the reaction coordinate that are rarely
sampled by regular equilibrium simulations, e.g. through the use of a constraint or an umbrella
potential, taking care to correct the simulation results for the applied bias [33, 34].
The potential of mean constraint force (PMCF) method traditionally uses a series of constrained Molecular Dynamics (MD) simulations for a range of values ξ ∗ of the reaction coordinate. Following the SHAKE routine of MD, we add to the BD equation of motion Eq. (5.13) a
constraint force of the form F = −λξ ∇ξ, where the Lagrange multiplier λξ is computed iteratively from ξ({ri (t + δt)}) = ξ ∗ . By varying ξ ∗ , one forces the system to sample hyperplanes of
coordinate-space, including planes that would be infrequently sampled in unconstrained simulations. In MD simulations the free energy derivative can then be calculated from the average
constraint force, including minor corrections related to the mass-metric tensor [35, 50, 51]. A
similar expression is expected to hold true in Brownian Dynamics simulations, [46]
dF (ξ ∗ )
 λξ ξ∗ ,
dξ

(5.16)

where . . .ξ∗ denotes the average over a constrained BD simulation at ξ = ξ ∗ . Upon integrating
the latter expression, one obtains the free energy function

F (ξ) =

ξ
ξ

λξ ξ∗ dξ ∗ + Fξ ,

(5.17)

where the last term is an arbitrary reference constant.
The reaction coordinate
To assist clathrin in bending the membrane, we introduce a reaction coordinate based on the
number of membrane beads in the proximity of the center of the membrane bud, rc . The selected
deﬁnition is a sum of one-particle contributions,
 

¯ i − rc | )
(5.18)
ξ(|r
ξ' {ri }, rc =
i

where the sum runs over all membrane nodes in the simulation box, and |ri − rc | measures the
distance between the ith particle and the vertical axis through rc , i.e. the projected distance
parallel to the groundplane of the box. The smoothed one-particle function is deﬁned by
¯ =1
ξ(r)
2

1 − tanh

r − r0
α

,

(5.19)

where r0 sets a reference distance and α the width of transition range. In the limit of α → 0 this
function reduces to a step function with ξ¯ = 1 within a cylinder of radius r0 around rc and ξ¯ = 0
outside this cylinder, and consequently the value of ξ' reduces to the number of membrane beads
inside the cylinder. This deﬁnition is inspired by the reaction coordinate used by Tolpekina et
al. [52] to measure the free energy of pores in lipid membranes.
To create a reaction coordinate ξ whose value remains unchanged under rigid body translations of the entire membrane, one must make rc a function of the bead positions. Following
' Then
earlier work on transmembrane pores, [53] we deﬁne rc as the point that minimizes ξ.
¯ i − rc | )
 ∂ ξ(|r
' i }, rc )
∂ ξ({r
=−
= 0,
∂rc
∂ri
i

(5.20)
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where the ﬁrst equivalence follows from Eq. (5.19). With this choice for the center, the reaction
coordinate


(5.21)
ξ({ri }) = ξ' {ri }, rc ({ri })
is an internal coordinate and consequently the total force exerted by the constraint equals zero.
The position of the center can not be solved analytically but is easily determined numerically
by a number of algorithms. Since the analytical expressions for the ﬁrst and second derivatives
of ξ' with respect to rc are available, see Eq. (5.20) and its derivative
¯ i − rc | )
 ∂ 2 ξ(|r
∂ 2 ξ'
=
,
∂rc ∂rc
∂ri ∂ri

(5.22)

i

the center can be located eﬃciently by the Newton-Raphson method. The total derivative of
the reaction coordinate with respect to the position of particle i, to be used in the SHAKE
algorithm, is given by
∂ ξ'
∂ ξ' ∂rc
∂ ξ¯
∂ξ
=
+
·
=
,
(5.23)
∂ri
∂ri ∂rc ∂ri
∂ri
'
where the last step follows from the deﬁnitions of rc and ξ.

5.3
5.3.1

Results
The assembly of clathrin pits

In our previous paper, all membrane beads were available for binding with the core bead of APs
[32]. To simulate the presence of a low number of cargo molecules, here only a fraction of the
membrane beads can bind AP. In an initial set of simulations, these ‘active’ beads were uniformly
distributed over the membrane and only diﬀused through the motion of these membrane beads.
At low fractions of active beads, the membrane bound triskelia rarely meet one another and
consequently no coat assembly was observed within feasible simulation time scales (∼ 1 second).
Since membrane-bound cargo will diﬀuse substantially more than an entire membrane patch, i.e.
a membrane bead, we allow the ‘activity’ to jump to a neighbouring bead. A Monte Carlo move
is implemented producing jumps of the activity from one unclicked membrane node to the next
at a rate of rs attempts per activated particle per unit of time. For clicked active membrane
beads, the activity jumps with the occupying AP core. These moves conserve both the total
number of ‘activated’ membrane beads and the number of clicks. With this procedure, clathrin
and AP are again able to assemble into coated pits. These coats and their formation process
closely resemble those observed in our earlier simulations with all membrane beads in the active
state, as described in the previous chapter. A relatively small fraction of active sites, around
5% corresponding to a density of 74 / nm2 suﬃces for the spontaneous formation of nucleation
points on the simulation time scale. These nuclei are then able to recruit additional triskelia and
APs from the solution and grow into coated pits.

5.3.2

Free energy calculations

The constraint method and related free energy calculation are validated by simulating a bare
membrane, in the absence of clathrin and AP. This simple scenario allows for a comparison
of the simulation results against an analytical expression based on Helfrich’s theory. Since the
constraint controls the number of membrane nodes in a cylindrical ‘inner’ region of radius r0
around rc but does not restrict the shape of the membrane in any other way, the membrane will
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Figure 5.4: The tubular protrusion induced in a membrane when the number of membrane
nodes within r0 from the tube’s long axis is constrained to ξ ∗ = 300.
minimize its free energy by forming a tubular protrusion of radius ∼r0 centered around rc , see
Fig. 5.4. The reduction of the number of nodes in the ‘outer’ region will result in the build-up
of a tension in that region, which is reduced by selecting a ground plane area approximately 10
times larger than the cross section of the tube. Note that this tension does not ‘enter’ the tube,
as the constraint exerts forces in the intermediate region, i.e. near the bottom of the tube. The
resulting simulation box with A = 412σ 2 contains a membrane of Nm = 2064 beads. In the
absence of clathrin, the time step is increased to δt = 10−7 s. A set of simulations are performed,
systematically varying the value of the constrained reaction coordinate ξ ∗ from 190 to 300, while
keeping all other characteristics of the simulation box ﬁxed at their initial values. In particular,
A is constant.
For an equilibrium thermally ﬂuctuating membrane, ξ ≈ 100. When the reaction coordinate
is increased beyond this value by the constraint, the membrane in the inner region passes through
contorted and buckled shapes until at suﬃciently high ξ ∗ the tubular protrusion emerges, which
grows in length with increasing ξ. The free energy of this tube, as calculated by Eq. (5.17), is
shown in Fig. 5.5. Markers represent averages over two independent simulations of about 7 s,
each requiring about a week of CPU time on a single core. We observe a good quantitative
agreement between the simulation results and our analytical expression for ξ ∗ > 150, The
theoretical predictions also shown in that graph are obtained by applying Helfrich’s theory
to the cylindrical and ﬂat sections of the membrane, is then approximated as
)2
(

A − πr02 − A0 (ξ)
1
κ
.
(5.24)
F (ξ) = 2 2 Acyl + KA0 A0
2
A0 (ξ)
r0
The area of the cylinder may be assumed to be given by Acyl = ξa0 , with a0 = 0.18σ 2 the
projected area per node for a ﬂat tensionless membrane. For the outer region, the term between
square brackets represents the constant projected area covered by the membrane, while the
equilibrium area A0 (ξ) = a0 ξ decreases as more and more nodes are pulled into the tube.
Contributions resulting from the tip and rim of the tube are assumed to be independent of ξ
and therefore irrelevant for the comparison with simulations. The good quantitative agreement
between simulations and theory for ξ > 230 indicates that the constraint is working properly;
the small deviations may be attributed to the approximations in the theory.
We now turn to the simulations of a clathrin coated pit. In our preceding simulations of
triskelia and APs near a membrane, the bulk concentrations (in a volume well away from the
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Figure 5.5: The free energy of the tubular membrane protrusion, see Fig. 5.4, formed by imposing
a constraint on the number ξ of membrane nodes within r0 from a vertical axis. Markers indicate
simulation results and lines the theoretical results of Eq. (5.24) for the total free energy (solid),
the elastic component (dashed) and the bending component (dotted). The theoretical values are
treated as absolute values, the simulation results where shifted to match the theoretical value
at ξ = 250.

membrane) of both proteins were stabilized at [C]r = 0.001σ −3 and [A]r = 0.003σ −3 , respectively, by a chemostat mimicking coupling to ideal reservoirs at these concentrations, while the
tension on the membrane was eﬀectively removed by a barostat scaling the two in-plane box
lengths independently. The constrained simulations, using a time step of δt = 10−8 s, are initiated with a system from these earlier simulations, which had reached the point where the single
coated pit in this system ceased to grow. To prevent the formation of a second pit, all APs
outside the pit were removed and the ability of APs to (un)click was turned oﬀ, freezing them
all in their initial click state. After equilibrating the system, the barostat was also turned oﬀ;
the production runs are at constant ground plane area A and at constant [C]r .
Constrained simulations were run for values of the reaction coordinate ranging from 150 to
300. Snapshots of these simulations are shown in Fig. 5.6, corresponding to three values of the
imposed reaction coordinate. Note that the constraint eﬀectively blocks the growth and shrinkage
of the pit area – each run samples an equilibrium at a diﬀerent stage of CCP maturation. A
sequence of images at successive values of ξ then looks like a pit growing to completion, but the
simulations are not following the actual path that a single maturating pit would follow in time.
It is clear from the images that with the constraint we can generate coats that are well beyond
the hemi-spherical stage, i.e. beyond the stable end point reached in the preceding conventional
equilibrium simulations. At high values of ξ, when a clear neck starts to form connecting the
membrane inside the coat to the mother membrane, we start to run into the limitations of the
current coarse-grained model. The free energy proﬁle is again extracted from the constraint force.
We have to take into account that the ﬂat area of the membrane is exposed to increasing tension
as the bud grows bigger; the correction for this contribution to the free energy is identical to
that applied when growing the tubular protrusion. The calculated free energy proﬁle is presented
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Figure 5.6: Snapshots of clathrin coated pits from three simulations with the reaction coordinate,
obtained for a pucker angle of χ = 103◦ i.e. the bud area, constrained to ξ = 200, 250 and 300,
from top to bottom. The pictures are made with Visual Molecular Dynamics [54] (VMD), using
the same colour scheme as in Fig. 5.1.

5.4. Discussion and Conclusions

125
●

●
●
●

●

●

350

400

●

●

●

●

300

●
●

●

250

F

●

●

●

●

200

●

150

●

200

220

240

260

280

300

ξ

Figure 5.7: The free energy proﬁle of a clathrin coated pit as a function of the reaction coordinate
ξ. The markers represent the simulation results, the line is a guide to the eye. Note the existence
of a local minimum and an activation barrier.
in Fig. 5.7, with each marker representing a simulation of 1 s (requiring about two weeks on a
single core). One readily observes a local minimum, followed by a reaction barrier of ∼30kB T .
This explains why the spontaneously formed buds in our earlier simulations did not mature but
became arrested midway. Beyond the activation barrier lies a steep decline to lower free energies,
indicating that this part of the maturation path will proceed spontaneously. Unconstrained
simulations initiated with conﬁgurations extracted from constrained simulations with ξ ≥ 260
do indeed show a steady growth of the coat.

5.4

Discussion and Conclusions

The assembly of a clathrin coated vesicle mediated by AP2 at a membrane was studied by means
of Brownian dynamics simulations. Both these proteins and the membrane are represented by
coarse-grained models, largely derived from the available experimental data on their structure,
mechanical properties and interaction characteristics. All the clathrin pits observed in our previous simulations [32] grow by polymerization of single clathrin triskelia or adaptor proteins,
and are able to bend the underlying membrane, but fail to incorporate additional units upon
reaching a conﬁguration corresponding to about half the size of a complete vesicle, prior to the
scission through dynamin. This behavior, observed in all simulations, can be explained by the
existence of a free energy barrier, eﬀectively halting the spontaneous transition to a fully grown
clathrin vesicle.
We made use of the potential of mean constraint force method to explore the nature of the
barrier, by expressing the free energy proﬁle as a function of a reaction coordinate ξ through
constrained Brownian Dynamics simulations. The reaction coordinate was chosen to allow a
direct control on the density of membrane beads, that represent in our coarse-grained model
patches of membrane lipids, within a given distance from the center of the coat. We validated the
method by pulling a membrane tube from a ﬂat membrane, enabling a direct comparison between
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simulation results and a theoretical prediction. Upon constraining the reaction coordinate to high
values, the membrane forms an elongated structure by balancing the bending and elastic energy
contributions to the free energy. The conﬁguration is well described by means of the Helfrich free
energy expression. The presence of clathrin, in conjunction with AP2s, shapes the membrane
in a structure resembling an Ω, typical of clathrin coated vesicle. The free energy proﬁle of the
assembly process on the tensionless plasma membrane of a cell is then calculated by subtracting
the free energy related to the tension induced by the constraint from the overall reconstructed
proﬁle. This calculation revealed the presence of a barrier of about 30kB T , that makes the
spontaneous completion of a clathrin cage an extremely unlikely event, in line with our previous
observations from earlier simulations.
The height of the barrier suggests that other endocytic proteins, not required for the initial
stages of the nucleation and growth process, are rather implicated in surmounting the activation
barrier. We note that this result is relative only to the transition from a partial to a full coated
pit; a possible method for calculating the complete energy proﬁle associated with the assembly
process of clathrin and AP units from the solution is brieﬂy discussed in the outlook section.

5.5. Outlook and future developments
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Figure 5.8: The proposed procedure to calculate the total mechanical work FAD performed
by clathrin triskelia and AP, initially in the bulk phase at a tensionless membrane (A), in
bending the membrane into a clathrin coated membrane invagination during endocytosis (D).
In Chapter 5, we characterize the transition from a system with a partially to a fully built coat
(C → D). In the main text we describe the calculations required to compute the energy released
upon building the partial coat from a system with a membrane with a compressive tension
resulting from keeping the surface area constant during the process (B → C), and to calculate
the energy of the compression (A → B), and thus to complete the cycle.

5.5

Outlook and future developments

In this section we brieﬂy discuss how to calculate the total mechanical work performed by
clathrin triskelia in bending the membrane during endocytosis into a clathrin coated membrane
invagination, based on the results presented in this thesis. The complete process is divided in a
sequence of steps, pictured in Fig. 5.8, where the arrows represent the analytical or computational
calculations for the free energy diﬀerence between two steps. In this chapter we established the
free energy proﬁle of the activation barrier to completely encoated membrane buds. i.e. step
C → D in Fig. 5.8.
The free energy released during the formation of the hemi-spherical initial bud, i.e. step
B → C, can be established by performing simulations using the coupling parameter approach,
whereby an interaction term in the force ﬁeld, namely the AP-clathrin click interaction, is
stepwise turned on and oﬀ through multiplication by a coupling parameter Λ, with 0 ≤ Λ ≤ 1
[33, 34]. In these simulations, the conditions must be kept identical to those in the constrained
simulations described in this chapter, i.e. same constant ground plane area, with a chemostat
stabilizing the chemical potential of the triskelia in solution and the APs remaining attached to
the membrane.
Using thermodynamic integration, the free energy diﬀerence between the state with the
potential term at conventional strength and the state with vanishing AP-clathrin click interaction
follows from
 1
 1
dF (Λ)
dΛ =
φclAP (ΛCA )Λ dΛ.
(5.25)
F (1) − F (0) =
dΛ
0
0
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where CA denotes the total energy of the AP-clathrin clicks.
Several minor steps are required to convert the calculated free energy diﬀerences into free
energy diﬀerences relevant in a biological context. Assuming that the cell membrane is tensionless
throughout the endocytic process, we have already corrected the path C → D for the tension
resulting from the constraint. The free energy of the stable hemi-spherical bud, state C in
Fig. 5.8, can be calculated from the constrained simulations as

(5.26)
FC = e−βF (ξ) dξ,
where the integral runs over the entire potential well corresponding to state C in Fig. 5.7. A
similar equation applies to the stable near-spherical bud in state D and, by combining the two
free energies obtained from the single free energy curve, we arrive at the free energy diﬀerence
FDC . We furthermore note that the free energy of state C corresponds to F (1) in the coupling
parameter approach, and that of state B to F (0). Since the ground plane of the box was kept
constant, at a value that nulliﬁed the tension for the hemi-spherical bud, the membrane in state
B experiences a compressive tension. The free energy change upon zeroing this tension can be
calculated from the mechanical properties of the membrane. Combining the above partial steps
then yields FDA , which represents the desired free energy diﬀerence.
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Summary
The assembly of clathrin coats in the presence of adaptor proteins was studied through computer
simulations using coarse-grained models and through statistical mechanics. Adopting a reductionist approach based on recent experimental results, we aimed at reproducing and studying the
minimal conditions that lead to the successful formation of aggregates, and at investigating the
molecular properties and mechanisms required by the assembly process both in bulk conditions
and at a membranous surface. In order to tackle this challenging task, coarse-grained models
were used to describe all the assembly units involved in the simulations presented in this thesis.
These models are based on the available structural data and are engineered to capture the key
elements and behavior of the modeled proteins.
In Chapter 2 we introduce a coarse grained model of adaptor proteins, inspired by and representing the AP2 complex. The latter, the second most abundant component of endocytic coats
after clathrin, is known to play a fundamental role in promoting and assisting the creation of
coats at the cytosolic surface of the membrane. It is reported to be able to trigger polymerization of clathrin triskelia in physiological conditions of salt and pH, under which puriﬁed clathrin
triskelia do not spontaneously self-assemble. The interaction between APs and clathrin were
modeled throughout this thesis through a click potential, introduced for the ﬁrst time in this
chapter. The characteristics of the AP model, and of this interaction, have been tuned to reproduce the existing experimental assembly data of an AP2 and clathrin mixture. Our computer
simulations provide novel insights into the role of AP2 in the self-assembly of clathrin cages and
suggest that the mechanical properties of adaptor proteins are of fundamental importance. In the
same chapter, we also developed a statistical mechanical theory that describes the equilibrium
concentration of clathrin cages as a function of the other assembly variables and parameters,
such as the protein concentrations and interaction strengths.
This theoretical model has been further developed in Chapter 3, in order to explicitly take
into account the eﬀect of the ﬂexibility of the clathrin triskelion, previously neglected. The main
aim of the chapter is to investigate the equilibrium properties of clathrin cages resulting from the
aggregation process, with emphasis on their size in the absence and in the presence of adaptor
proteins. In order to perform this study, the essential features and characteristics of clathrin and
AP2s are captured through a small number of eﬀective parameters, and the number of allowed
aggregates is determined on the base of geometrical considerations and arguments. The model
is able to capture the key mechanisms determining the experimentally known ability of AP2s to
inﬂuence the size of a clathrin cage, and thus to shape the resulting cage size distribution.
In Chapter 4, we introduce a triangulated mesh model for an elastic membrane to investigate
the formation of clathrin/AP2 coats at the cytosolic face of a cellular membrane. The model
parameters are tuned to reproduce the typical properties of a biological membrane within the
computational limits imposed by our simulations. In order to be able to extract the dynamical
behavior associated to the aggregation process from the simulations, we make use of a compact
Rotational Brownian Dynamics algorithm that uses quaternions to describe rotations, recently
developed within the group. In the same spirit that led to the development of the statistical133

mechanical model accompanying the simulations of Chapter 2, we developed a Langmuir-like
adsorption model for the clathrin/AP complex at the membrane. Through the combination of
simulations and theory, we characterize the mechanisms by which an initial nucleation point constituted by a small number of assembly units is stabilized through a cooperative eﬀect between
APs and clathrin at the membrane surface. We furthermore describe and predict the conditions
under which this nucleation point is able to grow into a hemispherical clathrin coat.
In all the simulations performed in Chapter 4, the growth of the clathrin coat halts upon
reaching a hemispherical conﬁguration, hinting towards the existence of an activation barrier in
the free energy proﬁle associated with the assembly of a clathrin coat at the membrane. Chapter 5 is devoted to investigating and computing the free energy proﬁle by means of constrained
Brownian Dynamics simulations. The free energy is here expressed and computed as a function
of a reaction coordinate by integrating the average constraint force. Our results conﬁrm the
existence of a free energy barrier, implying the action of other endocytic components, possibly
other membrane-bending proteins, at a speciﬁc step of the assembly process.

Samenvatting
De assemblage van clatrine-mantels in de aanwezigheid van adapter-eiwitten is bestudeerd middels computersimulaties met grof-korrelige modellen en middels statistische mechanica. Met een
reductionistische aanpak gebaseerd op recente experimentele resultaten richten we ons op het
reproduceren en bestuderen van de minimale condities die leiden tot de succesvolle formatie van
aggregaten, en het onderzoeken van de moleculaire eigenschappen en mechanismes benodigd
voor het assemblageproces zowel in bulkcondities en aan een membraanoppervlak. Om deze
uitdagende taak aan te pakken worden grof-korrelige modellen gebruikt voor de beschrijving
van alle assemblage eenheden betrokken bij de simulaties die gepresenteerd worden in dit proefschrift. Deze modellen zijn gebaseerd op de beschikbare structurele data en zijn ontworpen om
de essentiële elementen en gedrag van de gemodeleerde eiwitten te vangen.
In Hoofdstuk 2 introduceren we een grofkorrelig model van adaptereiwitten, geı̈nspireed op
en voorstellende het AP2 complex. Van deze laatste, op clathrine na de meestvoorkomende
component in endocytische mantels, is bekend dat zij een fundamentele rol spelen in het aanjagen en assisteren van de creatie van mantels aan het cytosol oppervlak van het membraan. Er
wordt gerapporteerd dat het in staat zou zijn de polymerisatie van clathrine driepoten in gang
te zetten in fysiologische zout en zuurgraad condities, waarbij gezuiverde clathrine driepoten
niet spontaan zelf-assembleren. De interactie tussen APs en clathrine werd in het gehele proefschrift gemodeleerd door een klikpotentiaal, voor het eerst geı̈ntroduceerd in dit hoofdstuk. De
karakteristieken van het AP model, en van zijn interacties, zijn afgestemd op het reproduceren
van de bestaande experimentele assemblage data van een AP2 en clathrine mengsel. Onze computersimulaties leveren nieuwe inzichten in de rol van AP2 in de zelf-assemblage van clathrine
kooien en suggereert dat de mechanische eigenschappen van adaptereiwitten van fundamenteel
belang zijn. In hetzelfde hoofdstuk ontwikkelen we ook een statisch-mechanische theorie die
de evenwichtconcentraties van clathrine kooien beschrijft als functie van de andere assemblage
variabelen en parameters, zoals de eiwitconcentraties en interactiesterktes.
Dit theoretische model wordt verder uitgewerkt in Hoofdstuk 3, om daarmee het eﬀect van
de ﬂexibiliteit van clathrine driepoten, voorheen genegeerd, expliciet in rekening te brengen.
Het belangrijkste doel van het hoofdstuk is het onderzoeken van de evenwichtseigenschappen
van clathrine kooien zoals die uit het aggregatieproces volgen, met nadruk op hun grootte in de
afwezigheid en aanwezigheid van adaptereiwitten. Om deze studie uit te voeren zijn de essentiële
eigenschappen en karakteristieken van clathrine en AP2 gevangen in een klein aantal eﬀectieve
parameters, en het aantal toegestane aggregaten is bepaald aan de hand van geometrische overwegingen en argumenten. Het model is in staat het sleutelmechanisme te vangen dat leidt tot de
experimenteel bekende competentie van AP2 om de grootte van clathrine kooien te beı̈nvloeden,
en daarmee vorm geeft aan de resulterende verdeling van kooigroottes
In Hoofdstuk 4 introduceren we een driehoekig netwerk model om de formatie van clathrine/AP2mantels aan de cytosol-zijde van cellulaire membranen te onderzoeken. De modelparamaters zijn
afgestemd op het reproduceren van typische eigenschappen van biologische membranen binnen
de computationele limieten opgelegd door onze simulaties. Om in staat te zijn het dynamische
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gedrag geassocieerd met het aggregatieproces uit de simulaties af te leiden, maken we gebruik
van een compact Rotationeel Brownse Dynamica algoritme dat quaternionen gebruikt om rotaties te beschrijven, dat recentelijk ontwikkeld is in de groep. In dezelfde geest die leide tot de
ontwikkeling van een statistisch-mechanisch model ter begeleiding van de simulaties in Hoofdstuk 2, ontwikkelen we een Langmuir-achtig adsorptiemodel voor het clathrine/AP-complex aan
het membraan. Door het combineren van deze twee methodes karakteriseren we het mechanisme
waardoor een initieel nucleatiepunt opgebouwd uit een klein aantal assemblage-eenheden wordt
gestabiliseerd foor een coöperatief eﬀect tussen APs en clathrine aan het membraanoppervlak.
Verder beschrijven en voorspellen we de omstandigheden waaronder dit nucleatiepunt in staat
is uit te groeien tot een hemisferische clathrine-mantel.
In alle simulaties uitgevoerd in Hoofdstuk 4 stopt de groei van de clahrine-mantels als de
hemisferisch conﬁguratie wordt bereikt, hetgeen suggereert dat er een activeringsbarriëre bestaat
in het vrije-energie proﬁel geassocieerd met de assemblage van een clathrine mantel aan het membraan. Hoofdstuk 5 is gewijd aan het onderzoeken en berekenen van het vrij-energie proﬁel door
middel van geforceerde Brownse Dynamica simulaties. De vrije energie wordt hier uitgedrukt en
berekend als een functie van een reactiecoördinaat door integratie van de gemiddelde opgelegde
kracht. Onze resultaten bevestigen het bestaan van een vrije-energie barriëre, en impliceert
daarmee de actie van andere endocytische componenten, mogelijk membraan-buigende eiwitten,
tijdens een speciﬁeke stap in het assemblage proces.
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