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Abstract
Considering the influence of wall slip on fluid flow is important for many engineering topics involving liquid-solid
interfacial phenomena, such as flow through porous media, liquid coatings and lubrication. Boundary slip can act as a
method to reduce friction in lubricated contacts. Furthermore, surface texturing can also play a positive role to enhance
the film thickness. Therefore, combination of these two methods can be beneficial in order to improve the tribological
performance of lubricated contacts. Although, in recent years the study of frictional behaviour of surface with boundary
slip is getting more attention, the combination of these two methods of surfaces properties modification is interesting to
investigate. For the no-slip boundary condition, the first layer of fluid molecules has the same velocity as the contacting
solid surface and this condition has been widely applied in the field of fluid mechanics. In lubricated contacts with
boundary slip, the first layer of the lubricant molecules move with a different velocity from that of the solid surface. In
this article, the frictional behaviour of boundary slip in parallel sliding lubricated contacts for textured surfaces is
investigated. This study shows that boundary slip has a significant influence on the film thickness in case of textured
surfaces. Furthermore, it is possible to increase the film thickness, and enhance the frictional behaviour by modifying the
boundary slip parameters.
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Nomenclature
Parameters
ℎ
ℎ0
𝑢0
𝑃
𝑝
𝑝𝑎
𝑝𝑐
𝜂
𝜌
𝐹
𝜑
𝑏
𝑢𝑠
𝑣𝑠
𝜏𝑥𝑧
𝜏𝑐𝑥
𝜏𝑐𝑜
𝑇𝑑
𝑟𝑝
𝑆
𝑃𝑥
𝐿
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Description
film thickness
Contact separation
Sum velocity
Dimensionless pressure
Pressure
Ambient pressure
Cavitation pressure
Dynamic viscosity
Lubricant density in full film region
Elrod cavitation algorithm switch function
Cavitation dimensionless variable
Slip length
Slip velocity in x-direction
Slip velocity in y-direction
Shear stress
Shear stress x-component when slip takes place at solid surface
Critical shear stress
Texture depth
Cavity characteristic width
Cavity size = 2𝑟𝑝
Texture pitch
Contact length

Unit
𝑚
𝑚
𝑚/𝑠
−
𝑃𝑎
𝑃𝑎
𝑃𝑎
𝑃𝑎. 𝑠
𝐾𝑔/𝑚3
−
−
𝑚
𝑚/𝑠
𝑚/𝑠
𝑘𝑃𝑎
𝑘𝑃𝑎
𝑘𝑃𝑎
𝑚
𝑚
𝑚
−
𝑚

𝐿𝑠
𝐿𝑔𝑥
𝐿𝑔𝑦
𝐿𝑥
𝐿𝑦
𝑋
𝑌
𝐻
𝜇
𝜇𝑟𝑒𝑓
𝜇∗

Slip area length
Texture cell length in x-direction
Texture cell length in y-direction
Textured area in x-direction
Textured area in y-direction
Dimensionless Cartesian coordination = x/rp
Dimensionless Cartesian coordination = y/rp
Dimensionless local depth of textured surface
Coefficient of friction
Coefficient of friction for reference condition
Normalized coefficient of friction for slip length study = 𝜇/𝜇𝑟𝑒𝑓

1. Introduction
In the case of no-slip boundary condition, the immediate
layer of the fluid next to the solid surface moves with
the same velocity of contacting solid surface. This
boundary condition is employed universally for much
sophisticated calculation in fluid mechanics [1].
However, there have been doubts about its validity [26]. In studies with measurement of velocity gradients in
fluids [7, 8] and measurements studying non-wetting on
viscous shear forces [9, 10] confirmed that, slip
happened when the surface is smooth and the fluid is
weakly bonded to the solid [7, 8, 11-13]. Furthermore,
Spikes [14, 15] showed that due to wall slip, it is
possible to achieve interesting opportunities for
hydrodynamic bearing design, in particular in the
lubrication of microelectromechanical systems
(MEMs).
In the study of Tauviqirrahman et al. [16], the effect of
boundary slip on friction reduction is investigated. In
that study a combined optimized complex slip surface
and an optimized slope incline ratio is obtained. It was
shown that surface optimization of a parallel sliding gap
with a slip surface can double the hydrodynamic load
carrying capacity and reduce the friction force by an half
of what the classical Reynolds theory predicts for an
optimal slope inclination of a traditional sider contact.
For a two-dimensional (finite length) journal bearing Ma
et al. [17] showed that the optimization of shape and size
of the surface may enhance the frictional behaviour.
It has been found that some non-Newtonian liquids such
as polymer melts show boundary slip effects at solid
surfaces. This boundary slip is due to reduction in
viscosity of the fluid layer close to the surface as a result
of shear thinning or compositional variation [18-21]. In
these cases, slip has been modeled by the Navier slip
length model. The results in these studies show an
agreement to the predictions and measurements [1].
For Newtonian liquids, the results were compared with
this Navier model. Some studies obtained results fitting
closely to the constant slip length model [7, 8, 13] but
others not f [12, 22-24].
To solve this issue, a wall slip model is developed by
Spikes [15] in which a critical shear stress criterion is
broadened to incorporate both a critical shear stress and
a constant slip length criterion. This combined model is
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𝑚
𝑚
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−
−
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compared with experimental and showed rather good
agreement.
In work of Tauviqirrahman et al. [25, 26] they showed
that when the surface has partially boundary slip, it is
possible to improve the performance of fluid bearings by
increasing the lubricant film thickness due to the higher
load carrying capacity generation. In these studies, the
lubricated sliding contact is operating under steady state
conditions.
The focus of this study is to develop a model to calculate
the film thickness and predict the frictional behaviour of
contacts in case of parallel textured sliding contacts,
including boundary slip. In this model, the decisive
effect of cavitation due to texturing is also applied.

2. Mathematical solution
Experimental studies with wall slip make use of surfaces
with different physical or chemical treatments together
with different types of lubricants in order to achieve
different solid/liquid interfacial properties. Another
common means to change the property of the
solid/liquid interface is by addition of surfactants to the
liquid lubricant. The velocity of the fluid flow at the wall
surface can be effectively adjusted by putting different
concentrations of surfactants [24].
In order to simulate the boundary slip phenomenon the
main challenge is choosing the most realistic slip model
and employing the most accurate boundary conditions
for a hydrophobic surface.
There are two main wall slip models which have been
adopted to describe the boundary slip, i.e. the slip length
model (SLM) and the critical shear stress model
(CSSM)[16].
- Slip length model (SLM):
A boundary condition for partial slip was proposed by
Navier in 1823. This boundary condition is the most
frequently used model to characterize boundary slip.
Navier introduced a linear boundary condition, which
state that the liquid velocity term 𝑢𝑧=0,ℎ at the wall
surfaces is proportional to the shear stress at the surface.
The slip length, b, which is defined as the distance
beyond the liquid/solid interface as shown in Fig. 1.b.

𝑢𝑧=0,ℎ = 𝑢𝑠 = 𝑏

𝜏𝑥
𝑑𝑢
=𝑏
|
𝜂
𝑑𝑧 𝑧=0,ℎ

(1)
For Newtonian flow:
𝜏=𝜂

Where:
𝑏:
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(3)

Slip length,
Slip velocity of the fluid along the surface x-

Substituting Eq. 2 in Eq. 3 and by applying the flow
continuity the result is:
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By defining the following dimensionless parameters:
𝑋=
(a)

𝑥
𝑦
ℎ
𝑢𝑠
𝑣𝑠
,𝑌 = ,𝐻 =
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2.3 Boundary conditions
(b)
Figure 1: Schematic of wall slip model. (a) No-slip, (b)
Boundary slip condition.
- Critical shear stress model (CSSM):
Spikes and Granick [1] introduced a new mathematical
slip model for Newtonian fluids. Their model 𝜏𝑐 =
𝜂
𝜏𝑐𝑜 + 𝑢𝑠 incorporates both the critical shear stress and
𝑏
constant slip length criteria in which 𝜏𝑐𝑜 is the critical
shear stress at the onset of slip. The critical shear stress
model adopted in the present study assumes that wall
slip occurs only after the surface shear stress reaches the
critical shear stress. The focus of this section is to show
the importance of the critical shear stress choice for
contacts with a textured surface combined with a slip
boundary.
2.2 Governing equations
Based on the force equilibrium analysis of a fluid
element one obtains (1-D):
𝜕𝑝 𝜕𝜏
=
𝜕𝑥 𝜕𝑧
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(2)

2.3.1 Slip Length Model (SLM)
By applying the boundary slip, on the stationary surface
it is possible to increase the beneficial effects of this
phenomenon [16, 25-27] to achieve a higher load
carrying capacity for the parallel sliding surface
situation (see Fig. 2). In addition, the slip area is starting
from the point that the flow is starting to enter into the
first cavity, the reason to use this geometry is to apply
the effect of partial slip. Furthermore, the optimum slip
area dimensions from work of Tauviqirrahman et al.
[28] is applied to achieve a higher film thickness.
Tauviqirrahman et al. [25] showed that in their study,
which in order to achieve a thicker lubricant film the
optimized partial slip is beneficial. Therefore, for the
boundary conditions for slip area we have:

𝜇=

𝐹𝑓
𝑊

(10)

Where, the friction force (𝐹𝑓 ) generated in a lubricated
system is due to shearing the fluid. By integrating
interface shear stress over the interface surface area, the
friction force (𝐹𝑓 ), is obtained:
𝑤

𝑙

𝐹𝑓 = ∫ ∫ 𝜏𝑑𝑥𝑑𝑦
0

Figure 2: The schematic parallel sliding contacts, the
red lines are showing the surfaces with boundary slip
effect.
𝑧 = ℎ → 𝑢 = 𝑢𝑠 , 𝑣 = 𝑣𝑠
{ 𝑧 = 0 → 𝑢 = 𝑢0 , 𝑣 = 0
ℎ𝑖 = ℎ𝑜 = ℎ

𝜂
𝜏𝑐 = 𝜏𝑐𝑜 + 𝑢𝑠
𝑏

𝑤
0

(7)

(8)

𝜇=

𝜂𝑢0
𝑝ℎ

0

(13)

In this study in order to have a better understanding of
boundary slip effect on textured surfaces on frictional
behaviour of contacts the normalized coefficient of
friction can be employed. The normalization of
coefficient of friction is possible by dividing the
calculated coefficient of friction over a reference
coefficient of friction. The reference coefficient of
friction can be deferent in different type of calculations.
𝜇∗ =

→ 𝑢 = 𝑢𝑠 , 𝑣 = 𝑣𝑠

(12)

Therefore, in order to calculate the coefficient of
friction, we have:

𝑧 = ℎ; 𝑆𝑙𝑖𝑝 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛
{

𝑙

𝑊 = ∫ ∫ 𝑝𝑑𝑥𝑑𝑦

From the boundary conditions in the case that the slip
occurs at the lower stationary surface, the upper and
lower surfaces boundary condition reads:
𝑧 = 0; 𝑛𝑜 − 𝑠𝑙𝑖𝑝 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛
→ 𝑢 = 𝑢0 , 𝑣 = 0

0

Where, (𝑙) is the length and (𝑤) is the width of surface.
In addition, load support (𝑊), is obtained by integration
of the pressure:

(6)

2.3.2 Critical Shear Stress Model (CSSM)
From the two-component slip model reads:

(11)

𝜇
𝜇𝑟𝑒𝑓

(14)

Which in Eq. 7, ℎ𝑖 = ℎ𝑜 = ℎ and 𝜏 = 𝜏𝑐𝑥 when 𝑧 = ℎ.
𝜕𝑝
𝜕𝑥

=

𝜕𝜏𝑥𝑧
𝜕𝑧

𝜏𝑥𝑧 = 𝜂

(9)

and

𝜕𝑢

𝜕𝑝

= (𝑧 − ℎ ) + 𝜏𝑐𝑥
𝜕𝑥
1 𝜕𝑝 𝑧 2
𝜏𝑐𝑥
→ 𝑢 = 𝑢1 +
( − ℎ𝑧) +
𝑧
𝜂 𝜕𝑥 2
𝜂
𝜕𝑧

Calculating 𝑢𝑠 from the two component model of Spikes
and Granick [29] (Eq. 4) and by applying the boundary
conditions (Eq. 9):

𝑢𝑠 =

(𝑢0 −

ℎ2 𝜕𝑝
ℎ
− 𝑠𝑔𝑛(𝑢𝑠 ) 𝜏𝑐𝑜 )
2𝜂 𝜕𝑥
𝜂
ℎ
1+
𝑏

(10)

2.4 Friction calculation
In these simulations to calculate the coefficient of
friction, we have:
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2.5 Solution
There are two groups of approaches in solving (Eq. 5),
i.e., the direct solvers and the iterative solvers. Further,
it is more common to utilize the de-coupled iteration
technique rather than the fully coupled iteration
technique. In order to solve this modified Reynolds
equation in large-scale lubrication problems, iterative
solvers are more applicable because they avoid the
storage requirement that a direct solver generally
demands. Iterative solvers include nodal iteration, the
tri-diagonal matrix algorithm (TMDA) (Patankar [30]).
TDMA, also known as the Thomas algorithm, is a
simplified form of the Gaussian elimination to solve the
tri-diagonal systems of equations. It breaks the problem
into a series of tri-diagonal sub-problems where any
entries outside the tri-diagonal portion are treated as
source terms using the previous values. When one solves
a two-dimensional problem, the TDMA solution column
by column or row by row becomes iterative, and
sweeping is done line-by-line and column-by-column or
row-by-row. Supposing the domain is discretized by
nnodes = ncol × nrow nodes.

In this case, the computed domain should be divided into
a number of control volumes and the modified Reynolds
equation will be solved using a TDMA. In the twodimensional case, it is possible to solve the equations
iteratively for the pressure at each grid point using the
alternating-direction-implicit (ADI) method with the tridiagonal-matrix-algorithm (TDMA). The numerical
solution is schematically is presented in the fellow chart
in appendix A.

3. Results and discussion
In work of Tauviqirrahman et al. [16, 25-27] on the
effect of boundary slip in contribution with textured
surfaces, the influence of boundary slip over the load
carrying capacity and friction force parameters in
textured surfaces has been studied. Although they
solved the modified Reynold equation, the effect of
cavitation was neglected. Therefore, in this study by
applying the boundary slip equations in film thickness
model a three-dimensional model for boundary slip
developed which it contains the effect of cavitation.
In this section, several numerical simulations have been
performed to obtain a better understanding on influence
of boundary slip parameters over the film thickness in
textured surface. In these calculations, the effect of slip
length and critical shear stress (𝜏𝑐𝑜 ) on hydrodynamic
film thickness is investigated. In these calculations, the
slip area length is equal to 75% of contact length, this
decision is made based on the study of Tauviqirrahman
et al. [28] on optimization of boundary slip area.
Table 1: range of operating parameters.
Parameter
Value
Unit
Texture depth (𝑇𝑑 )
10
𝜇𝑚
Texture size (𝑆)
Texture Pitch (𝑃𝑥 )
Viscosity

150
0.5
8

𝜇𝑚
−
𝑚𝑃𝑎. 𝑠

Load
Slip length (𝑏) range
Critical shear stress (𝜏𝑐𝑜 )
range
𝐿
Slip area length ( 𝑠)
𝐿
Contact area

20
0 − 40
1 − 2000
0.75
1 × 10

𝑁
𝜇𝑚
𝑘𝑃𝑎
−

−6

𝑚2

Based on parameters on table 1 several calculations are
done in order to find the influence of slip length and
critical shear stress on film thickness for textured
surfaces. The texturing pattern is shown in Fig. 3.
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U

Figure 3: Texture pattern (open groove pattern).
In this study, a rectangular geometry for the texture cell
shape is used.
Cavity size: 𝑆 = 2 × 𝑟𝑝
Pitch in x direction: 𝑃𝑥 =

𝑆

𝐿𝑔𝑥

3.1 Effect of Slip length (𝒃)
Based on the mathematical model and the method of
solution for this model, one of the two main parameters
that they have control over the wall slip behaviour is slip
length. In order to study the influence of this parameter
texturing parameters (𝑇𝑑 , 𝑆 and 𝑃𝑥 ) and other slip
parameter (Critical shear stress, 𝜏𝑐𝑠 ) are set as constant
and the slip length (𝑏) is varying from 0 to 40𝜇𝑚.
As can be seen in Fig. 4, for the textured surface in
parallel sliding contact (the wedge effect is absent), the
increase of the slip length leads to a sensible
improvement in the film thickness. However, in Fig. 4
after slip length is passing 20𝜇𝑚, the growth in this
parameter causes a smaller improvement in film
thickness in comparison with the values of slip length
smaller than 20𝜇𝑚.
The existence of a higher slip length can cause a higher
slip velocity on slippery wall, which results on a
dramatic velocity difference between the fluid velocity
on area with boundary slip and non-slippery areas. This
difference in velocity will cause a pressure gradient,
which can produce a higher film thickness.

more lubricant can enter into the contact, which it results
in increasing the hydrodynamic pressure.
The artificial slip surface can be obtained with a superhydrophobic surface. Therefore, for a higher film
formation, it is very beneficial to engineer the critical
shear stress to the lowest possible values (i.e. zero
critical shear stress equal to perfect slip).

Figure 4: Influence of slip length on film thickness.

Figure 6: Influence of critical shear stress on film
thickness.

Figure 5: Influence of slip length on friction.
In Fig. 5, the effect of the variation of slip length on
frictional behavior of textured surfaces is presented. The
coefficient of friction is calculated against the velocities
based on four different values of slip length, then by
dividing the calculated values over the coefficient of
friction in no-slip condition (𝜇𝑟𝑒𝑓 = 𝜇b=0 ) the
normalized coefficient of friction (𝜇 ∗ ) is calculated. This
normalization is used to indicate the frictional behaviour
of contacts based on different slip lengths.
With respect to normalized coefficient of friction (𝜇 ∗ ),
the increase in the slip length leads to a decrease in this
parameter (𝜇 ∗ ). It can also be observed, if slip length
decreases to zero, then 𝜇 ∗ leads to its no-slip value. It is
shown that the rate of friction drop is higher from 𝑏 =
0𝜇𝑚 to 𝑏 = 20𝜇𝑚 than from 𝑏 = 20𝜇𝑚 to 𝑏 = 30𝜇𝑚.
3.2
Effect of critical shear stress (𝝉𝒄𝒐 )
The focus of this section is to show the importance of
the critical shear stress to control the frictional
behaviour of contacts in case of parallel sliding contact.
Therefore, in these calculations the critical shear stress
of a partially slip/textured surface is changed between
[1𝑘𝑃𝑎~ 2𝑀𝑝𝑎] to observe the influence of this
parameter over the film thickness and friction. As an
observation from Fig. 6, it is possible to obtain that the
critical shear stress has a significant effect on the
predicted film thickness. It is also possible to observe
that by employing a surface with a low critical shear
stress (𝜏𝑐𝑜 = 1 𝑘𝑃𝑎 in this case) the highest film
thickness is achievable. For a low critical shear stress,

6

Figure 7: Influence of critical shear stress on friction.
By increasing the critical shear stress value, over the
slippery surface the shear stress between the lubricant
and wall is increasing this growth means more resistance
against the fluid flow in contact area, which results on a
lower slip velocity and lower load carrying capacity.
Therefore, by increasing the critical shear stress the film
thickness is reducing.
In case of friction against the critical shear stress ( 𝜏𝑐𝑜 ),
in Fig. 7 the normalized coefficient of friction
parameter 𝜇 ∗ is used. In order to normalize the
coefficient of friction in this part, the highest coefficient
of friction calculated which it is when 𝜏𝑐𝑜 = 2 𝑀𝑃𝑎 is
taken as the reference coefficient friction (𝜇𝑟𝑒𝑓 ) due to
this fact which this friction value is more close to the
value when there is no boundary slip effect over the
surface. From Fig. 7 it is possible to observe that by
increasing critical shear stress (𝜏𝑐𝑜 ) value, the
coefficient of friction in textured surfaces are increasing
e.g. the lowest normalized coefficient of friction is
achievable when 𝜏𝑐𝑜 is close to zero. Therefore,
reducing the critical shear stress value, to a very low

level, that is, close to zero, the boundary slip leads to a
significant improvement in reduction of friction.

4. Discussion
The results from numerical calculations in this article
showed that, the existence of boundary slip could
increase the film thickness and reduce the coefficient of
friction. On the other words, with respect to the film
thickness, the textured surface with boundary slip is
superior to the surfaces with just textured surface.
The existence of boundary slip and slip velocity over the
surfaces results in a higher average inlet velocity of
lubricant into the contact area. This increase in average
velocity causes the growth in fluid flow in the contact
region and higher amount of lubricant material in that
region will act as an element to have a larger separation
between two surfaces; it is possible to translate this
higher separation as higher film thickness. Therefore, by
increasing the slip velocity it is possible to thicken the
lubricant film in contact region.
Rationally, based on terms in Eq. 8, it is possible to
observe that the growth of the slip length (𝑏) leads to the
increase in slip velocity and film thickness.
Slip length value can control the fluid flow and film
thickness in contact region. It is worth to consider that
in this study, the full film lubrication (HL) is
investigated and in HL regime, the higher values for slip
length results in lower coefficient of friction because of
a thicker film (see Eq. 13). Therefore, if the reduction of
friction in full film lubrication situation is the goal, in
presence of surface texturing employing boundary slip
is beneficial. On the other hand, by employing the
boundary slip it is possible to reach to higher film
thickness and as a consequence a higher separation
between solid surfaces in contact in lower velocities.
Moreover, from Eq. 8, it is also possible to track the
effect of critical shear stress in slip velocity, which by
decreasing this parameter it is possible to achieve a
higher slip velocity and higher film thickness. It is worth
to mention that by increasing the velocity the coefficient
of friction is also increasing despite the growth of film
thickness, because apparently the ratio between the
velocity growth is higher than the film thickness growth.

5. Conclusions
The aim of the investigation was to develop a numerical
code in order to have a better understanding of film
thickness for textured surfaces in boundary slip
conditions. The model is based on a numerical algorithm
based on Reynolds equation with the Elrod cavitation
algorithm formulation. The equations were made
discrete using the finite difference method, and solved
using the TDMA iterative method. In addition, in order
to study the frictional behaviour of parallel sliding
contact when the texturing and boundary slip is applied,
the normalized coefficient of friction is introduced.
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From the study on influence of slip length on film
thickness and friction, it is possible to observe that a
thicker lubricant film is achievable when the slip length
has larger values, due to the higher slip velocity. The
positive effect of increasing slip length on film
formation is less significant when the value of this
parameter is higher than 20µm. With respect to
normalized coefficient of friction (𝜇 ∗ ), the increase in
the slip length leads to a decrease in this parameter (𝜇 ∗ ).
Influence of critical shear stress on film thickness and
friction is also studied, based on the calculations it is
observed that when the boundary slip effect is present,
the highest film thickness is achievable at the lowest
values of the critical shear strength. Therefore, by
increasing the critical shear stress (𝜏𝑐𝑜 ) value, the
coefficient of friction in textured surfaces are increasing
e.g. the lowest normalized coefficient of friction is
achievable when 𝜏𝑐𝑜 is close to zero.
Therefore, from this study it is possible to achieve that
the existence of boundary slip can improve the film
thickness in case of textured surfaces. In case of
boundary slip/textured surface in addition to the
geometrical parameters of surface texturing critical
shear stress and slip length are two physical parameters,
which they have control over the slip and consequently
over the film thickness and friction force. Although, by
activating the boundary slip in contacts it is possible to
reduce the friction and enhance the film thickness, it
shall be considered that the slip parameters should be in
the optimum range. Based on this study the optimum
value for slip length (𝑏) is around 20 𝜇𝑚. In case of
optimum critical shear stress (𝜏𝑐𝑜 ) from Fig. 7, it is
possible to observe that, although the lowest coefficient
of friction is achievable when 𝜏𝑐𝑜 = 0𝑘𝑃𝑎, the rate of
friction reduction between 𝜏𝑐𝑜 = 1𝑘𝑃𝑎 and 𝜏𝑐𝑜 =
160𝑘𝑃𝑎 is smaller than the rate friction reduction
between 𝜏𝑐𝑜 = 160𝑘𝑃𝑎 and 𝜏𝑐𝑜 = 250𝑘𝑃𝑎 , therefore a
critical shear stress around 160𝑘𝑃𝑎 can be beneficial to
decrease the friction in contacts.
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Appendix A:
The diagram for the methodical solution algorithm used in this study is:

Figure A.1: Solution scheme for numerical calculations.
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