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Abstract
In a paper presented at the ISMA conference in 2008 [2], we proposed to solve the Helmholtz equation in
terms of the pressure amplitude and phase instead of the complex pressure itself. The major advantage of
this approach is the large reduction of the number of degrees of freedom, needed to describe predominantly
propagating waves at large wavenumbers. This is due to the fact that, for propagating waves, both amplitude
and phase are smooth functions for any wavenumber. A drawback of the method is the resulting non-linear,
coupled set of differential equations, as well as the resulting non-linear boundary equations (as opposed to
boundary conditions). Despite this increased complexity, in 2008, we did present 2D solutions on meshes of
approximately 3 wavelengths per element. Solutions for higher wavenumber values could not be obtained
(the non-linear solver did not converge). In this paper, we give an explanation and a solution for this nonconvergence problem. First, we present accurate finite element solutions for a 1D benchmark problem,
obtained on meshes having an arbitrary number of waves per element. In addition, we present solutions for
the 2D problem of 2008, also for meshes having an arbitrary number of waves per element. As a prelude to
more practical problems, we show the solution for a vibrating cylinder and a preliminary solution for a plane
wave scattering on a rigid cylinder. Unluckily, the scattering problem revealed convergence problems which
need further investigation. We will discuss these problems and end with conclusions.

1

Introduction

At the ISMA conference of 2008, we proposed to solve the Helmholtz equation for problems where the waves
are predominantly propagating, in terms of the (real valued) amplitude and phase instead of the complex
pressure. The reason for this proposition is that, if the sound waves are predominantly propagating, both the
amplitude and phase are smooth functions for any wavenumber! Hence, as opposed to solving the Helmholtz
equation in terms of the pressure, the meshsize does not need to be reduced for higher wavenumbers. A
simple example of such a solution is the plane wave solution in x−direction p = Be−ikx , where p denotes
the complex pressure, B the amplitude, k denotes the wavenumber and x is the spatial coordinate. In terms
of amplitude and phase, i.e. by setting p = Aeiφ , where A is the amplitude and φ is the phase, it is obvious
that the amplitude A = B is constant and the phase φ = −kx is only linear in x. Using a linear element for
both A and φ would thus suffice to describe the analytical solution for any wavenumber!
We showed the potential of the method in 2008 by simulating the radiation of sound from a simple square
radiator. We showed that we could obtain a converged solution with a meshsize which is upto 3 wavelengths
per element (as opposed to the normally needed 6 elements per wavelength). A higher number of wavelengths
per element caused the solver to diverge and a solution could not be obtained; the Helmholtz equation in
terms of amplitude and phase are non-linear, coupled differential equations and it was thought that the solver
was not robust enough to solve this non-linear system of equations.
In this paper we present the solution to this alleged non-convergence problem. First however, we will shortly
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explain the method again and show the discretization error of a finite element solution for a 1D spherical
radiator. Next, we proceed to indeed show accurate solutions at very high wavenumbers for the square
radiator of 2008. In addition to being beneficial for radiation calculations, the proposed method may also be
beneficial for scattering problems, as generally the amplitude and phase of the scattered wave are smooth. As
a prelude to the scattering problem of a plane wave on a rigid cylinder, we first present an accurate solution
to the vibrating cylinder problem (the scattering problem is in fact a problem with a specified velocity on
the boundary of the scattering object). We will address some additional problems which revealed itself when
studying the scattering problem and end with a discussion and conclusions.

2

Theory

2.1 Amplitude and phase
The Helmholtz equation in terms of the complex pressure p reads:
∇2 p(x) + k 2 p(x) = 0,

(1)

where k = ω/c denotes the wavenumber. Appropriate boundary conditions, in terms of pressure (p = p̂),
normal velocity (v = v̂) or normal impedance (ζ̂∂p/∂n + ikp = 0, where n denotes the boundary normal
and ζ̂ = Ẑ/(ρ0 c0 ) is the specific acoustic impedance) can be described on the enclosing boundary. The
reader is referred to [2] for additional details. A solution to the Helmholtz equation is readily obtained by
various methods like the finite element method, boundary element method [3] or wave based method [5].
Setting p(x) = A(x)eiφ(x) transforms the Helmholtz equation (1) to two coupled, non-linear differential
equations:

∇2 A + k 2 − ∇φ · ∇φ A = 0 and
(2)
A∇2 φ + 2∇A · ∇φ = 0.

(3)

In fact, these equations are the real and imaginary part of the Helmholtz equation and were already given by
Foreman [1]. Foreman used the equations to trace rays if the solution to the Helmholtz equation was known.
Straightforward discretization of equations (2) and (3), as given in [2], leads to convergence problems if,
somewhere in the computational domain, the amplitude becomes (approximately) zero, see [4]. Note that
zero amplitudes do not only arise for standing wave behaviour, where solving in terms of amplitude and phase
is inefficient, but also for propagating waves; a vibrating object radiates poorly in the direction perpendicular
to the vibration movement, resulting in almost zero amplitudes in this direction. This convergence problem
can be (partly) solved by multiplying equation (3) by the amplitude A to yield
A2 ∇2 φ + 2A∇A · ∇φ = 0,

(4)

a solution proposed by F.H. de Vries [4].
As already given in [2], but stated here for completeness, the transformation leads to a set of boundary
conditions:
A = Â

and

φ = φ̂,

(5)
(6)

for a given pressure p̂ = Âeiφ̂ .
A given normal velocity v̂ = V̂ eiφ̂V transforms to a set of coupled, non-linear, boundary equations:
∂A
+ ρ0 c0 k V̂ sin(φ − φ̂V ) = 0 and
∂n
∂φ
+ ρ0 c0 k V̂ cos(φ − φ̂V ) = 0,
A
∂n

(7)
(8)
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where n denotes the unit normal vector on the boundary. Note that this equation is also important for scattering problems; a normal velocity, being the negative value of the normal velocity induced by the incident
wave, need to be prescribed on the scattering body.
Finally, for a given complex impedance ζ̂ = ζˆr + iζˆi , the boundary equations read:
∂A
ζˆi
and
+ 2
2 kA = 0
∂n
ζˆr + ζˆi
∂φ
ζˆr
A
kA = 0.
+ 2
∂n ζˆr + ζˆi 2

(9)
(10)

For a given plane wave impedance, these expressions reduce to ∂A/∂n = 0 and ∂φ/∂n = −k. For a
spherical wave impedance, the expressions reduce to ∂A/∂n = −A/r and ∂φ/∂n = −k. For a cylindrical
(2)
(2)
(2)
wave impedance ζ̂ = iH0 (kr)/H1 (kr), where Hn (z) = Jn (z) − iYn (z) denotes the Hankel function
of the second kind, these equations reduce to:
∂A J0 (kr)J1 (kr) + Y0 (kr)Y1 (kr)
+
kA = 0
∂n
J02 (kr) + Y02 (kr)
∂φ J1 (kr)Y0 (kr) − J0 (kr)Y1 (kr)
+
kA = 0.
A
∂n
J02 (kr) + Y02 (kr)

2.2

(11)
(12)

Finite elements

A finite element discretization of equations (2) and (4) can straightforwardly be obtained by multiplying
equation (2) and (4) by test functions v and w, respectively, and subsequent integration over the volume Ω.
Integration by parts then yields the following weak formulation:
Z
Z
Z
2
− ∇v · ∇A dV +
v(k − ∇φ · ∇φ)A dV +
v∇A · n dS = 0
(13)
ΩZ
∂Ω
ZΩ
− A2 ∇w · ∇φ dV +
wA2 ∇φ · n dS = 0.
(14)
Ω

∂Ω

One may recognize the natural boundary conditions ∂A/∂n and A∂φ/∂n as given above for the various
boundary conditions. These equations reveal a second advantage of using equation (4), as opposed to equation (3); the number of terms in the finite element discretization reduces by one term, see also [2].

3
3.1

Results
1D: Spherical radiator

To validate the proposed method, equations 13, 14 and the appropriate boundary conditions have been implemented in Comsol and used to calculate the amplitude and phase for the axisymmetric spherical radiator
for 1 ≤ r ≤ 1 + 2π. Setting the pressure boundary condition p̂ = 1 at r = 1 and the spherical wave
impedance ζ̂ = ikr/(1 + ikr) at r = 1 + 2π, the analytical solution in this domain is readily obtained as
pana = e−ik(r−1) /r.
In figure (1), to illustrate the inability to accurately solve the Helmholtz equation in terms of pressure for
element sizes h which are larger than about 1/(2π) (≈ 1/6) times the wavelength (kh > 1), the discretization
error of the absolute value of the pressure |p| is shown for a standard finite element analysis of the Helmholtz
equation. The figure clearly shows that if kh > 1, the discretization error increases rapidly to O(1) values
and no useful solution can be obtained.
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Figure 1: Discretization error, in L2 -norm, for |p| using standard discretization of the Helmholtz equation
(quadratic elements).

In terms of amplitude and phase, the analytical solution is equal to Aana = 1/r and φana = −k(r − 1). Both
functions are indeed smooth (independent of the wavenumber) and hence the transformation to amplitude
and phase should increase accuracy (or decrease computation time) tremendously. The amplitude and phase
boundary equations, equations (5) and (6), for the given pressure at r = 1 are Â = 1 and φ̂ = 0. The
amplitude and phase boundary equations, equations (9) and (10), for the impedance boundary condition at
r = 1 + 2π are equal to ∂A/∂n = −A/r and ∂φ/∂n = −k. These boundary equations are substituted for
the matching terms in the boundary integrals of equations (13) and (14) and the system can be solved.
Note that, since the equations are non-linear, an iterative solver is needed and this iterative solver requires an
initial solution. For this specific problem, no special solution is needed to obtain a converged solution (the
solution A = 1 and φ = 0 are sufficient). For more complex problems, one can obtain a solution for low
values of k and then iterate to find solutions for higher values. The solution of the previous k-value can then
be used as an initial solution for the current k-value. For the 1D case however, this was not necessary.
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Figure 2: Discretization error in L2 -norm of amplitude A and phase φ for the proposed discretization of
the Helmholtz equation in terms of amplitude and phase (quadratic elements). N denotes the number of
elements.
The calculated discretization errors, in L2 -norm, as obtained by solving Helmholtz in terms of amplitude
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and phase for both the amplitude A and phase φ, are shown in figure 2. The discretization error has been
calculated for various number of elements N , as indicated in the figure. The meshsize is thus 2π/N . It
can be clearly seen that both the discretization errors, for both the amplitude and phase, are small for any
wavenumber! In addition, the discretization errors reduce with mesh refinement, again independent from the
wavenumber.

3.2

2D

3.2.1 Square radiator (pressure boundary condition).
From a practical point of view more interesting example is the 2D case of a square radiator, shown in figure 3.
The same example was used in [2]. In that publication, we were only able to show solutions with a meshsize
of approximately 3 waves per element, because the solver did not converge for higher wavenumbers. Initially
it was thought that the solver was not robust enough to cope with the non-linearity of the system of equations.
However, the reason for this non-convergence appeared to be twofold and the robustness of the solver is not
one of them. First, a plane wave impedance was used at the outer boundary of the domain. It was assumed
that the boundary was sufficiently far away from the radiator to justify this assumption. Secondly, for high
values of the wavenumber, the solution shows large gradients in the amplitude and the mesh used in [2] was
not able to accurately describe such gradients. The solution to both items turned out to be straightforward;
using the cylindrical wave impedance at the outer boundary and local mesh refinement where large gradients
could be expected (especially near the corners of the square radiator) were sufficient to obtain a solution for
any wavenumber. This is illustrated in figures 3, 4 and 5.

Figure 3: Mesh and amplitude contour for k = 1 (kh = 0.146) of a square radiator.

From the figures, it is seen that for low wavenumbers, as expected, the square radiator radiates approximately
spherically. For higher wavenumbers, the four sides of the radiator increasingly start to radiate similar to a
light beam; a straight illuminated zone clearly separated from a non-illuminated zone. One can see that
accurate solutions can still be obtained for kh-values in the order of 15000! For the presented problem, there
is no restriction to the kh-value attainable; we present the solution for k = 105 as the amplitude for higher
k-values does not change anymore within the domain.
3.2.2 Vibrating cylinder (velocity boundary condition).
As indicated earlier, the proposed method could also be used to solve scattering problems. As a prelude
to this scattering problem, which in fact is a velocity boundary problem, we first address the problem of a
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Figure 4: Amplitude contours for k = 5 (kh = 0.73) and k = 10 (kh = 1.46) of a square radiator.

Figure 5: Amplitude contours for k = 100 (kh = 14.6) and k = 100000 (kh = 14610) of a square radiator.

vibrating cylinder of unit radius, vibrating at a velocity V0 along the x-axis. The resulting normal velocity
on the cylinder surface at r = 1 is thus V̂ = V0 cos(θ), where θ denotes the angle with the x-axis. The
phase at the cylinder surface is set to φ̂ = 0. The simulated cylindrical domain again extends from r = 1
to r = 1 + 2π. As a velocity boundary condition is specified, one needs to satisfy the non-linear boundary
equations 7 and 8. On the outer boundary, the cylindrical wave impedance is specified again.
As said previously, the system of equations is non-linear and an initial solution is required. Here, we start
with a low k-value solution, (the analytical solution or a standard finite element solution can be used) and
iterate to higher k-values, using the solution at a previous k-value as the initial solution. Due to the nonlinearity, it is however imperative to choose a ’correct’ initial solution and this is one of the peculiarities
when solving Helmholtz in terms of amplitude and phase.
As a first remark, it is noted that the transformation to amplitude and phase is non-unique; one can change the
sign of the amplitude and, at the same time, increase or decrease the phase by π. In the case shown in figure
6, we specifically choose for an initial negative amplitude (the amplitude A does not need to be positive!) in
half of the domain (x < 0) and change the associated phase accordingly. Then, both the amplitude and the
phase are smooth, non-discontinuous functions and the numerical solution could easily be obtained. Thus,
one needs to make the ’correct’ choice for a smooth function in both the amplitude and the phase. In our
experience, the choice for a positive amplitude throughout the domain and the associated discontinuity in the
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Figure 6: Mesh, amplitude and phase for a vibrating cylinder at k = 1000 (kh ≈ 628).

phase, leads to almost immediate divergence.
It should be mentioned that we were not able to find a converged solution with the discrete finite element
version of equation (3), see [2]. Although it converged very well for problems having all non-zero amplitudes
within the domain, it did not for this particular case. Further research is needed as to why this approach solved
this particular problem.

3.3 Plane wave scattered by a cylinder
As a final illustration of the proposed method, a scattering problem is addressed. It is noted that direct
calculation of the total sound field in terms of amplitude and phase is not efficient. As the reflection due to
the object induces ’standing’ wave behaviour before the object, the amplitude changes with the wavelength
and hence the amplitude is non-smooth. However, as long as the object predominantly induces a single
reflection, the scattered sound field is smooth in terms amplitude and phase and the proposed method would
be very efficient.
We illustrate the method by means of an incident plane wave pin = e−ikx scattered by a cylinder of unit
radius. The boundary condition on the scattering cylinder is thus a velocity boundary condition and equal
to V̂ = −cos(θ)/Z0 , being the negative of the induced normal velocity amplitude of the incident wave, and
φ̂V = −kx, being the velocity phase.
The implementation of these boundary conditions is straightforward. The solution is, again, obtained by the
sequence indicated before; starting with a standard solution at low wavenumbers and subsequent iteration to
higher k-values with the converged solution as an initial estimate.
The amplitude of the scattered wave is shown in figure 7. The total pressure is shown in figure 8. Indeed,
as can be seen from the contour plot, the scattered wave is smooth and its smoothness is almost independent
of the wavenumber. Only in a small region close to the cylinder, the amplitude is very close to zero and a
large gradient can be observed. As was also seen in the vibrating cylinder problem, large gradients hamper
convergence and indeed, for higher k-values, the solver diverged. Closer examination showed that the solver
diverged when the amplitude A became zero. The use of equation (4) instead of equation (3) did not solve
this problem apparently.
The reader might observe that, similar to the vibrating cylinder, the amplitude is positive in the entire domain
and could be made smoother by changing the amplitude’s sign and adding a π phase jump to the associated
phase. At the time of writing, it is unclear whether this would solve this issue and how this might be
accomplished automatically. In addition, it is then unclear how to determine a ’correct’ initial solution.
Further research will focus on solving this topic.
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Figure 7: Amplitude of the scattered wave at k = 4.15 (kh ≈ 2.6). Contour (left) and side view (right)

Figure 8: Amplitude of the total pressure (incident and scattered) at k = 4.15 (kh ≈ 2.6).

4

Conclusions

Solving the Helmholtz equation in terms of amplitude and phase reduces computation times tremendously
for problems that predominantly show propagating wave behaviour (smooth amplitude and phase). Very accurate solutions for benchmark problems have been obtained on computational grids for which the meshsize
is independent of the wavenumber. As a result, this meshsize does not need to be in the order of the wavelength and below. In fact, for the presented solutions that converged, an almost infinite number of waves are
represented by one single element.
In addition to these solutions, a first attempt was made to also make the technique suitable for scattering
problems. The amplitude and phase of the scattered wave, for the problem addressed, are indeed smooth
and the technique should work. However, the current status is that the solution procedure does not converge
when the amplitude tends to zero (or the gradient of the amplitude is discontinuous). Further research is
towards solving this non-convergence problem.
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