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Abstract
Energy has been the driving force behind virtually all major technological developments of the last 200 years. Over time, a stable and reliable energy infrastructure has been created that ensures an adequate supply of energy to our society,
whose proper operation depends completely on this infrastructure. However,
the future stability and reliability of our current energy systems are threatened
as shown by new scientific insights on the effect of these systems on our planet.
For instance, fossil fuels form a crucial energy source for our current energy infrastructure but, at the current consumption rate, they will have been depleted
way before the end of the 21st century. Moreover, the combustion of these fuels
leads to a major increase in CO2 emissions, which in turn accelerates humaninduced global warming. A widely advocated solution to this problem is to
switch to more sustainable and cleaner energy sources such as solar and wind
power. Moreover, many innovations have been done that led to an increase in
energy-efficiency of devices.
Although these new energy sources and innovations in energy-efficiency are
seen as promising developments towards a reliable future energy system, they
come with several disadvantages that have become apparent particularly in the
Netherlands. One major disadvantage is the uncertainty of both energy supply and demand, i.e., the dependence of supply on weather conditions and the
dependence of demand on human behavior. Furthermore, due to the rapidly
increasing electrification of heating and transport, there is also a rapid increase in
the amount of electricity that needs to be transported throughout the electricity
distribution network. The capacity of the current (Dutch) network, however,
is not sufficiently large to accommodate this increase in transported electricity.
To resolve these two issues and to avoid huge financial investments in the energy
infrastructure, it is crucial to actively manage the energy flows within an energy
system or device. Hereby, one can adequately react to unexpected demand or
supply behavior and ensure the proper operation of the system or device without violating its operational constraints. This leads to the formulation of energy
management problems, which are often viewed from either of two perspectives.
The first one is the practical perspective, where the primary goal is to obtain
a solution that can actually be implemented and used in practice. Although
the proposed solutions often perform well in practice, one disadvantage of this
perspective is that it is generally very hard to provide insight in or justification
of why this is the case. The second perspective is the theoretical one, where
the primary goal is to understand the structural properties of a given model or
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problem. Hereby, the focus is usually on the theoretical (asymptotic) efficiency
of solution approaches, i.e., how well the execution time and required space of an
approach scale with the problem input size. Although the resulting approaches
usually come with good (theoretical) performance guarantees, it is often questionable whether they perform well in practice. One reason for this is that they
often require complex and advanced subroutines or data structures to achieve
the promised performance guarantee. Moreover, in order to derive theoretical
performance guarantees, usually severe problem simplifications are required. As
a consequence, these approaches are not suitable for practical use because either
they are too hard and time-consuming to implement or the simplified problem
is not an appropriate representation of the given real-life problem.
The aim of this thesis is to develop solution approaches and algorithms for
energy management problems that combine the merits of both the practical and
theoretical perspectives as described above. This means that, on the one hand,
the developed approaches can be implemented in practice within reasonable
time and with limited effort and, on the other hand, they come with theoretical
performance guarantees on, e.g., the execution time or solution accuracy. To
achieve this, energy management problems are studied in this thesis from a
mathematical perspective as a special class of so-called resource allocation problems
(RAPs). This type of problems has been studied extensively since the 1950s and
has many applications within and outside of energy management. The resulting
extensive body of research on these problems forms a suitable starting point for
modeling energy management problems and incorporating practical aspects into
these models while maintaining nice theoretical performance guarantees.
To solve the considered energy management problems and RAPs, a so-called
duality perspective is employed. The idea behind this perspective is, roughly,
that the problem might become significantly easier to solve if first some of its restrictions are relaxed and only enforced in a later stadium. Over the last decades,
this idea has developed into a well-studied and mature mathematical theory of
duality that is used to solve a wide range of optimization problems occurring
in operations research, finance, and engineering. In particular, for many classes
of the aforementioned RAPs, the state-of-the-art solution approaches and algorithms are based on this mathematical duality theory. Thus, this “duality-driven
optimization” serves as a promising technique for solving energy management
problems.
The concrete contributions of this thesis are twofold. The first contribution
is the extension of several existing energy management problems and the corresponding RAPs so that practical requirements and physical properties of the
given system or device are incorporated while maintaining theoretical performance guarantees. In particular, several practical aspects of electric vehicle charging are considered such as the usage of three-phase charging systems, the choice
between a fixed number of distinct charging rates, and the influence of the charging rate on the efficiency of the charging process. Using simpler and well-studied

RAPs as building blocks, the resulting new problems are solved by newly developed approaches that take these practical aspects into account. Furthermore, a
new solution approach and algorithm is presented for RAPs occurring in, e.g.,
storage system scheduling, vessel speed optimization, and processor scheduling.
This algorithm is an improvement over existing algorithms for these problems because it achieves the best-known theoretical performance guarantee with regard
to execution time without relying on complex and advanced data structures. As a
consequence, the proposed algorithm is much more suitable for actual practical
implementation. For all the newly presented algorithms, performance guarantees on the asymptotic worst-case execution time are established, which are
subsequently verified and confirmed by extensive computational experiments.
The second contribution is a new framework for solving energy management
problems where uncertainty is present in several of the problem parameters. This
framework, called “Online Duality-Driven Optimization” (ODDO), solves the
given problem online, i.e., instead of determining the energy usage of the given
system or device completely a priori for a given time horizon, the energy usage
at a given moment in time is decided at that particular moment. As opposed to
existing frameworks for optimization under uncertainty, the proposed ODDO
framework does not require predictions of the uncertain data themselves. Instead,
a duality perspective is employed wherein a solution to the given problem is
characterized not in terms of the (uncertain) input data but in terms of socalled multipliers that represent the structure of the solution. The key idea in
this duality-driven approach is to predict these multipliers instead of the actual
uncertain data itself and use these multiplier predictions as guidance for the
online solution process. Although the duality perspective is usually used to
tackle several types of mathematical optimization problems offline, i.e., when
all problem parameters are known, this thesis shows that it can also be used to
solve problems with uncertain problem parameters. As a proof of concept, the
resulting ODDO framework is applied to several energy management problems
and computational experiments are conducted to assess the performance of the
framework. The results of these experiments indicate that the framework is
able to compute near-optimal solutions to the considered energy management
problems using simple multiplier prediction strategies. This demonstrates the
potential of the ODDO framework as a successful method for solving energy
management problems without a need for predicting detailed energy supply and
demand profiles.
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Samenvatting
Energie is al 200 jaar lang de drijfveer achter vrijwel alle grote technologische
ontwikkelingen. Langzamerhand is er een stabiele en betrouwbare energieinfrastructuur gecreëerd die een adequaat aanbod van energie garandeert voor
onze samenleving, die volledig afhankelijk is van deze infrastructuur. Echter, de
toekomstige stabiliteit en betrouwbaarheid van onze huidige energiesystemen
wordt bedreigd, zoals aangetoond door nieuwe wetenschappelijke inzichten over
het effect van deze systemen op onze planeet. Fossiele brandstoffen, bijvoorbeeld,
vormen een cruciale energiebron voor onze huidige energie-infrastructuur maar
zullen, onder het huidige verbruik, ver voor het einde van de 21ste eeuw opgeraakt zijn. Verder leidt het verbranden van deze brandstoffen tot een grote
toename van de CO2 uitstoot, die op zijn beurt de door mensen veroorzaakte
opwarming van de aarde versnelt. Een breed gedragen oplossing voor dit probleem is om over te stappen op duurzamere en schonere energiebronnen zoals
zon- en windkracht. Verder hebben er veel innovaties plaatsgevonden die geleid
hebben tot een toename van de energie-efficiëntie van apparaten.
Hoewel deze nieuwe energiebronnen en innovaties in energie-efficiëntie als veelbelovende ontwikkelingen richting een betrouwbaar toekomstig energiesysteem
worden gezien, brengen ze een aantal nadelen met zich mee die zich met name
in Nederland openbaard hebben. Een van deze nadelen is de onzekerheid van
zowel het aanbod van als de vraag naar energie, i.e., het aanbod is afhankelijk van
het weer en de vraag is afhankelijk van menselijk gedrag. Bovendien, vanwege
de snel toenemende elektrificatie van warmte en vervoer is er ook een snelle toename van de hoeveelheid elektriciteit die door het elektriciteitsnetwerk vervoerd
moet worden. De capaciteit van het huidige (Nederlandse) netwerk is echter niet
groot genoeg om deze toename van de vervoerde elektriciteit aan te kunnen.
Om deze twee kwesties op te lossen en gigantische financiële investeringen in de
energie-infrastructuur te vermijden, is het cruciaal om de energiestromen binnen
een energiesysteem of apparaat actief te beheren. Hierdoor kan men adequaat
reageren op onverwacht vraag- of aanbodgedrag en de goede werking van het
systeem of apparaat garanderen zonder dat zijn operationele beperkingen overschreden worden. Dit leidt tot het formuleren van energiemanagementproblemen,
die vaak vanuit een van de volgende twee perspectieven beschouwd worden. Het
eerste perspectief is het praktische perspectief, waar het voornaamste doel is om
een oplossing te verkrijgen die daadwerkelijk in de praktijk geïmplementeerd
en gebruikt kan worden. Hoewel de voorgestelde oplossingen in de praktijk
vaak goed werken, is een nadeel van dit perspectief dat het in het algemeen erg
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moeilijk is om inzicht of een verklaring te geven voor waarom dit zo is. Het
tweede perspectief is het theoretische perspectief, waar het voornaamste doel is
om de structurele eigenschappen van een gegeven model of probleem te begrijpen. Hierbij is de focus meestal op de theoretische (asymptotische) efficiëntie
van de oplossingstechnieken, i.e., hoe goed de uitvoeringstijd en benodigde opslagruimte van een aanpak schaalt met de grootte van de invoer van het probleem.
Hoewel de daaruitvolgende aanpakken meestal goede (theoretische) prestatiegaranties met zich meebrengen, is het vaak de vraag hoe goed ze in de praktijk
werken. Een reden hiervoor is dat er vaak complexe en geavanceerde subroutines
nodig zijn om de beloofde prestatiegaranties te behalen. Verder is het vaak nodig
om het probleem stevig te versimpelen om deze theoretische prestatiegaranties
af te kunnen leiden. Als gevolg hiervan zijn deze aanpakken niet geschikt voor
de praktijk, danwel omdat ze te moeilijk en tijdrovend zijn om te implementeren, danwel omdat het versimpelde probleem geen geschikte veergave is van het
gegeven echte probleem.
Het doel van dit proefschrift is om oplossingstechnieken en algoritmes voor
energiemanagementproblemen te ontwikkelen die de voordelen combineert van
de praktische en theoretische perspectieven zoals hierboven beschreven. Dit
betekent dat, aan de ene kant, de ontwikkelde aanpakken kunnen binnen een redelijk tijd en zonder al te veel moeite in de praktijk geïmplementeerd worden en,
aan de andere kant, ze theoretische prestatiegaranties met zich meebrengen met
betrekking tot, e.g., de uitvoeringstijd of de nauwkeurigheid van de oplossing.
Om dit te bereiken worden energiemanagementproblemen in dit proefschrift bestudeerd vanuit een wiskundig perspectief als een speciaal geval van zogenoemde
allocatieproblemen. Dit soort problemen wordt al sinds de jaren vijftig intensief
bestudeerd en heeft veel toepassingen binnen en los van energiemanagement. Het
daaruitvolgende vele onderzoek naar deze problemen vormt een geschikt startpunt voor het modelleren van energiemanagementproblemen en het integreren
van praktische aspecten in deze modellen met behoud van de mooie theoretische
prestatiegaranties.
Om de beschouwde energiemanagementproblemen en allocatieproblemen op te
lossen, wordt een zogenoemd dualiteitsperspectief aangewend. Het idee achter
dit perspectief is grofweg dat het probleem mogelijk aanzienlijk eenvoudiger is
om op te lossen als eerst een aantal restricties van het probleem weggelaten wordt
en pas in een later stadium opgelegd worden. Gedurende de laatste decennia is dit
idee doorontwikkeld tot een goed bestudeerd en volwassen wiskunde dualiteitstheorie die gebruikt wordt om een breed scala aan operationele, financiële, en
technische optimaliseringsproblemen op te lossen. In het bijzonder zijn de stateof-the-art oplossingtechnieken en algoritmes voor veel van dit soort allocatieproblemen gebaseerd op deze wiskunde dualiteitstheorie. Deze “dualiteits-gedreven
optimalisatie” dient dus als een veelbelovende techniek voor het oplossen van
energiemanagementproblemen.

De concrete bijdragen van dit proefschrift zijn tweevoudig. De eerste bijdrage
is de uitbreiding van een aantal bestaande energiemanagementproblemen en
de bijbehorende allocatieproblemen zodat praktische restricties en fysieke eigenschappen van het gegeven systeem of apparaat meegenomen worden met behoud
van theoretische prestatiegaranties. In het bijzonder wordt een aantal praktische
aspecten van het laden van elektrische voertuigen beschouwd, zoals het gebruik
van driefase laders, de keuze tussen een beperkt aantal vastgestelde laadcapaciteiten, en de invloed van de laadcapaciteit op de efficiëntie van het laadproces.
Door simpelere en goed bestudeerde allocatieproblemen als bouwblokken te
gebruiken, worden de daaruitvolgende nieuwe problemen opgelost met behulp
van nieuw ontwikkelde technieken die deze praktische aspecten meenemen. Verder wordt een nieuwe oplossingstechniek en algoritme gepresenteerd voor allocatieproblemen met betrekking tot, e.g., het aansturen van energieopslag, de
kruissnelheid van voertuigen, en het uitvoeren van taken op een processor. Dit
algoritme is een verbetering ten opzichte van bestaande algoritmes voor deze problemen omdat het de beste bekende theoretische prestatiegarantie behaalt met
betrekking tot uitvoeringstijd, zonder het gebruik van complexe en geavanceerde
datastructuren. Als gevolg hiervan is het voorgestelde algoritme veel geschikter
voor daadwerkelijke implementatie in de praktijk. Voor alle nieuwe gepresenteerde algoritmes worden prestatiegaranties met betrekking tot de asymptotische
worst-case uitvoeringstijd vastgesteld, die vervolgens geverifieerd en bevestigd
worden door uitvoerige computationele experimenten.
De tweede bijdrage is een nieuw framework voor het oplossen van energiemanagementproblemen waarin onzekerheid aanwezig is in een aantal van de probleemparameters. Dit framework, genaamd “Online Duality-Driven Optimization”
(online dualiteits-gedreven optimalisatie; ODDO), lost een gegeven probleem
online op, i.e., in plaats van dat het energieverbruik van het gegeven systeem of
apparaat geheel van tevoren wordt bepaald voor een gegeven tijdsbestek, wordt
het energieverbruik op een gegeven moment bepaald op dat specifieke moment.
In tegenstelling tot bestaande frameworks voor optimalisatie onder onzekerheid,
het voorgestelde ODDO framework heeft geen voorspelling nodig van de onzekere data zelf. In plaats daarvan wordt een dualiteitsperspectief aangewend
waarin een oplossing voor het gegeven probleem niet gekarakteriseerd wordt
in termen van de (onzekere) invoerdata maar in termen van zogenoemde multipliers die de structuur van de oplossing weergeven. Het belangrijkste idee in
deze dualiteits-gedreven aanpak is om deze multipliers te voorspellen in plaats
van de daadwerkelijke onzekere data zelf en om deze voorspelling van de multipliers te gebruiken als invoer voor het online oplossingsproces. Hoewel het
dualiteitsperspectief meestal gebruikt wordt om bepaalde soorten optimaliseringsproblemen offline aan te pakken, i.e., wanneer alle probleemparameters
zeker zijn, laat dit proefschrift zien dat het ook gebruikt kan worden om problemen met onzekere probleemparameters op te lossen. Het daaruitvolgende
ODDO framework wordt als een proof-of-concept toegepast op een aantal energiemanagementproblemen en computationele experimenten worden uitgevoerd
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om de werking van het framework te beoordelen. De resultaten van deze experimenten geven aan dat het framework in staat is om oplossingen voor de
beschouwde energiemanagementproblemen te bepalen die bijna optimaal zijn
en waarvoor slechts simpele voorspellingsstrategieën benodigd zijn. Dit laat
de potentie van het ODDO framework zien als een succesvolle methode voor
het oplossen van energiemanagementproblemen zonder dat voorspellingen van
gedetailleerde vraag- en aanbodprofielen van energie nodig zijn.
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Introduction
Abstract – This chapter serves as a general introduction to this thesis. We
introduce the general topic of energy management, give several examples of
its applications, and discuss the field of research on energy management in
general. Based on this, we formulate the main research question that is answered in this thesis and the two corresponding subquestions. Finally, we list
the contributions and provide an outline of the remainder of this thesis.

1.1

Energy and the need for energy management

During the last few centuries, the development of society has been fueled by
energy, both literally and figuratively. Since the invention and widespread use
of the steam engine in the 18th and 19th centuries, the availability and ongoing
development of relatively cheap fuels and new efficient and powerful engines
has been the base for many new technological advancements in manufacturing,
transportation, and computation. All these developments have led to a society
that is completely dependent on a stable and reliable energy system. However, in
the last few decades, several weaknesses and negative consequences of this system
have come to light. The leading cause of these negative effects is the use of fossil
fuels such as coal and gas as the main energy sources within the system. These
fuels have been formed within the Earth’s crust over the course of millions of
years. However, current estimates of these fossil fuel reserves suggest that, at the
current energy production and consumption rates, these reserves will be fully
depleted within 50 years (oil and natural gas) or 132 years (coal) [1]. Moreover,
the large-scale burning of fossil fuels leads to an increased greenhouse effect.
The consensus among climate scientists is that this is the primary thriving force
behind recent increases in global warming and extreme climate changes (see also
[37, 132, 133]).
These insights were the driving force for researchers and governments to search
for other energy sources that are plentiful, contribute less to the greenhouse
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effect, and cause minimal pollution. This has led to the development of technologies to harvest energy from so-called renewable energy sources (RES) such
as solar irradiation, wind, and water. Moreover, in the last years, research on
reducing energy usage by increasing the energy efficiency of, e.g., computing devices, transportation vehicles, and household appliances, increased significantly.
Hereby, the focus was on improving both the devices themselves (e.g., smaller
computer chips or lighter materials) and their utilization (e.g., varying processor
speeds, traveling through shorter routes, or incorporating power-saving modes).
However, the introduction and integration of RES within energy systems also
comes with several weaknesses and challenges. One major weakness of an energy
system based on RES concerns the inherent uncertainty of the supply from these
sources. More precisely, whereas the supply of fossil fuels for an energy system
can be fully controlled by increasing the production at power plants, the supply
from RES is less controllable and determined primarily by environmental factors
such as the weather. As a consequence, the energy supply within a system based
on RES is less reliable than that within a system based on fossil fuels.
The transition to RES has as a side effect that electricity as one of the energy
forms gets an increased share in the overall energy usage. This is called the electrification of energy production and supply. For instance, solar and wind power are
mainly transported in the form of electricity, whereas power from traditional
power plants is also transported as gas or via heating networks. Moreover, in the
traditional fossil fuel-based system, space heating and transportation required
energy in the form of coal, gas, or petrol, whereas in a future RES-based system
this energy is mainly required to be electricity due to the extensive use of, e.g.,
heat pumps and electric vehicles. Therefore, as a consequence of electrification, a
huge increase in energy flows within the electricity distribution grid is expected,
which may lead to an increased wearing of grid assets such as cables and transformers and can even lead to blackouts [80]. One way to overcome this problem
would be to simply increase the capacity of the grid by, e.g., installing more or
thicker cables. However, this is an extremely costly operation (see, e.g., [68]),
since this increase of capacity is mainly needed for accommodating sporadic large
peaks in demand and supply and thereby leads to a lower utilization rate.
With regard to energy efficiency of devices, one way to increase a device’s efficiency is to exploit any flexibility that it has in accomplishing its task to reduce its
energy consumption. A concrete example of this is the presence of “eco-friendly”
settings for many modern white goods: washing laundry at a lower temperature
takes more time but requires overall less energy than washing at a higher temperature. Similar trade-offs between, e.g., time and energy usage, can be observed in
transportation and computing. Here operating a vehicle or processor at higher
speeds reduces the time needed to reach a destination or complete a task but
requires disproportionately more energy. Unfortunately, it is not always obvious how exactly this trade-off should be made, partly because this trade-off is

often user-dependent. In particular, it is unlikely that users themselves are able
to properly make this trade-off (see, e.g., [140]).

The focus of this thesis is on these types of energy management problems and
algorithms to solve these problems. In this first chapter, a brief introduction to
this topic is provided, the studied research questions are stated, and the main
contributions of the thesis are summarized. In detail, the remainder of this
chapter is organized as follows. First, in Section 1.2, we discuss several concrete
examples of energy management problems and applications. Subsequently, in
Section 1.3, we state the research questions of this thesis and our approach for
answering these questions and in Section 1.4, we summarize the contributions
of this thesis. Finally, in Section 1.4, we provide an outline of the remainder of
this thesis.

1.2

Examples of energy management problems

In the previous section, we stated the need for active energy management in
future energy systems and for the involved devices. In this section, we briefly
discuss several examples of such systems and devices.
1.2.1

Micro-grids

Micro-grids are branches of the main distribution grid that aim to be as selfsustainable as possible and to this end aim to minimize the import and export of
energy from the main grid. To achieve this, energy flows within a micro-grid are
actively managed and the flexibility of devices such as electric vehicles (EVs) is
exploited. Hereby, the main grid still functions as a common “buffer” to compensate for moments when the micro-grid is not able to be entirely self-sustainable.
Next to reducing the energy exchange between the micro-grid and the main distribution grid, this form of energy management has also other advantages. For
instance, by reducing the amount of energy that is transported through the grid
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These challenges of RES-based energy systems and the trade-offs regarding energy
efficiency suggest that some form of energy management is needed to maintain a
proper operation of such energy systems and devices. More precisely, in order
to ensure that the energy demands are satisfied or certain tasks of devices are
achieved, energy flows must be actively managed within the physical boundaries and limitations of the system and the involved device. Furthermore, to
be successful, this should be done automatically via algorithms that determine
proper energy schedules, given knowledge of the properties and limitations of
the energy system and the involved devices and their energy demand and supply
requirements. Such schedules specify the energy consumption of (each part of)
the system and/or of devices at each moment in time and, thereby, should fulfill
as much as possible the given requirements and take into account the preferences
of the users.

and the distance that this energy is traveling, also transport losses within the
system are reduced.
4
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One of the most used paradigms to manage energy flows within micro-grids is
called decentralized energy management (DEM) [79, 166]. Within this paradigm,
the main objective (self-sustainability of the micro-grid) is achieved by influencing the energy usage of each device individually and coordinating this individual
steering on the micro-grid level. By distributing the actual optimization over
the individual devices instead of optimizing the usage of all devices within the
micro-grid as a whole, computational effort can be saved. Moreover, by analyzing properties of the given micro-grid and its devices, one may often be able to
derive clever coordination schemes that ensure convergence of the optimization
process towards a good (enough) or even the “optimal” energy schedule for the
entire micro-grid. Based on this, DEM is seen as a suitable successor of centralized energy management approaches that are based on traditional models and
techniques for fossil fuel-based systems such as the unit commitment problems
[135].
For a detailed overview of the rise and development of micro-grids, DEM, and
energy systems in general, we refer the interested reader to the quite complete
overview given in [164, Appendix A].
1.2.2

Vehicle routing

The transport sector is one of the larger energy users. Truck transport and
shipping are estimated to be responsible for around 6% and 10% of the global
CO2 emissions in 2020 respectively [2, 88]. Because of this, vehicle routing and
shipping companies have been interested in ways to reduce this negative impact
on the environment while maintaining the service quality, i.e., ensuring that
delivery deadlines are met. This interest has led to a relatively young research
area within the broader field of vehicle routing usually called “green routing”
[105].
Traditionally, the goal within vehicle routing problems is to minimize either
the (total) travel time or distance of the used vehicles. Hereby, the underlying
implicit assumption is that the cost for routing a vehicle is proportional to either
the traveled time or distance or both. However, as mentioned before, this is in
general not true for the costs of fuel and the environmental impact of driving
a vehicle, since the negative force that a vehicle undergoes while driving (e.g.,
air or rolling resistance) increases quadratically in the vehicle’s speed. As a
consequence, the total amount of fuel used to travel a given fixed distance is
proportional to the used driving speed. Hence, driving at lower speeds leads to
an increase in travel time but also to a reduction of fuel usage and thereby may
be an attractive alternative if this increase in travel time is allowable with regard
to delivery deadlines.

Information and communication technology

It is estimated that around 3 to 4 percent of the global CO2 emissions in 2020
is due to information and communication technology (ICT) and that this share
will increase in the coming years [20]. Therefore, significant energy savings can
be realized by increasing the efficiency of ICT devices and developing better task
management strategies for processors.
Addressing the first aspect is essential for ICT systems whose computational
power and energy supply are limited due to, e.g., space or capacity constraints.
Prominent examples of these are wireless devices such as smartphones. These
devices are required to be small for a proper user experience and are usually powered through a battery contained within the device. Thus, both the computation
hardware and the battery must be relatively small. As a consequence, these elements must be highly efficient if the device is to be used for more extended
periods of time without intermediate recharging.
Addressing the second aspect (improving task management strategies) is important for systems where the way the system is operated has a (large) influence
on the energy consumption. Examples of this are large data centers where the
processing of the data produces (a lot of) heat and cooling equipment is installed to prevent the servers from overheating. Within a data center, cooling
accounts for around 40% of the total energy usage of the data center (see, e.g.,
[157]). Therefore, modern energy-efficient data centers apply task scheduling
techniques whereby, e.g., tasks are distributed over multiple servers and any
flexibility in the deadlines of tasks is exploited to reduce the operating speed of
the servers. The goal of these actions is to achieve a reduction in the energy used
for computing and the temperature of the servers, which in turn reduces the
necessity for extensive cooling (see, e.g., [184]).

1.3

Problem statement and approach

Solving a given problem in the natural and exact sciences is almost always started
by formulating a (mathematical) model of the studied phenomenon and analyzing the properties of this model. Subsequently, an algorithm is designed to
compute a solution to the model (or “solve the model”). Generally, there is a
large variance of possible models for a given phenomenon and many ways to
design an algorithm for a given model. The eventual choice for a concrete model
and/or algorithm is determined to a large extend by the objective of the modeler
and/or designer.
Scientific models for the optimization of real-life systems, such as the optimization of energy schedules in energy management, are generally constructed from
either of two perspectives. The first perspective is a practical and pragmatic one,
where one encounters a problem in real-life and the main goal is to find a simple
solution to (re)solve this problem. For the resulting approaches, it is generally
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important that they work well in practice, but usually little or no justification of
the chosen approach nor an analysis of the behavior is/can be given. In particular,
often no information on the (expected) performance of the approach in terms
of, e.g., efficiency or goodness of the solution is available. As a consequence,
the reliability of the approach cannot always be fully guaranteed. The second
perspective is a theoretical and formal one, which is mainly employed within
research fields such as theoretical computer science, scheduling, or discrete mathematics. In this perspective, the goal when studying a given problem or problem
class is often not primarily to solve an actual problem in real life, but rather
to investigate the computational boundaries of the considered problem (class).
The resulting approaches usually have well-described performance guarantees in
terms of efficiency (e.g., time complexity) and/or solution quality (e.g., approximation ratios) that scale well with the size of the considered problem. However,
this can often be done only after simplifying the problem to the extent that,
in an extreme case, the solutions produced by the resulting algorithms cannot
be used and/or implemented anymore in practice to solve the actual real-life
problem. Additionally, often little attention is paid to the practical performance
of such algorithms. In the best case, this is because practical performance was
simply not the (main) focus of the research. However, in the worst case, the developed algorithms are made so complex (in order to achieve certain worst-case
complexities) that they are no longer suitable for implementation in practical
settings, for instance as part of larger software tools.
The difference between the mentioned practical and theoretical research perspective is in particular visible in energy management research. Here, a large part of
research is initiated from the fields of theoretical computer science and mathematical optimization. The used models in this field are often rather simplistic
and far away from reality, not taking into account practical limitations of devices and/or energy systems. Also, the focus is often on solution approaches
and algorithms with a provable low computational complexity, i.e., algorithms
whose number of required operations scales well in the input size of the problem.
However, this type of complexity does not say anything about the actual number
of required operations, which is a major determinant of the overall execution
time of an implemented algorithm.
Ideally, one would like to combine the benefits of both perspectives, namely
to obtain algorithms that are fast in practice and have some kind of (theoretical) performance guarantee. Recently, a new research area has emerged within
(theoretical) computer science called algorithm engineering that aims to address
exactly this issue (see also [125]). More precisely, in this field, the goal is to develop algorithms for real problems that both have nice theoretical performance
guarantees and are suitable for practical usage and implementation within a given
application.

This thesis aims to contribute towards the area of energy management by approaching it from the field of algorithm engineering. More precisely, with this
thesis, we aim to answer the following research question:

The approach for answering this question is to focus on two different perspectives on energy management problems. The first perspective is that of resource
allocation, meaning that we view energy management problems as problems
where a given amount of resource (energy) must be divided over a set of activities (devices, time periods) such that the cost of this allocation is minimized
and potential additional restrictions on the allocated amounts are satisfied. This
more general problem type is known in the literature as the resource allocation
problem (RAP) and has been studied extensively since the 1950s within many different fields such as operations research, finance, and telecommunications [137].
Since then, many efficient algorithms have been developed for this problem and
many of its variants and extensions (see, e.g., [85, 94, 138]). Practical limitations
and requirements of devices within energy systems lead to several new variants
of the RAP. For these types of problems, we develop efficient and fast solution
algorithms.
The second perspective is that of so-called duality theory. Duality is a common
concept in several areas of (applied) mathematics [10] and several types of duality
theory have been developed. In this thesis, we utilize so-called Lagrangian duality
(see, e.g., [29]), where the dual perspective leads to an alternative formulation of
an optimization problem in terms of penalties (called Lagrange multipliers) on
constraint violations. More precisely, the dual of an optimization problem is the
problem of finding values for these penalties such that the best possible solution
for the initial problem can be obtained by finding the solution that incurs the
least combined cost. Under several mild and practically justified assumptions
on the problem at hand, these Lagrange multipliers completely characterize an
optimal solution to the problem. This means that an optimal solution can be
deduced relatively easily from these (optimal) Lagrange multipliers.
We argue that the Lagrangian dual perspective is particularly suitable to solve
energy management problems. The first reason is that Lagrangian duality theory has been used to solve the RAP since the earliest studies on the problem in
the 1950s [137]. Henceforth, it has served as an important tool to solve several
variants of this problem, in particular the RAP with so-called submodular constraints [12, 49, 75] that can be used to model a wide range of energy management
problems. The second reason is that Lagrange multipliers within energy management problems often have a concrete and useful interpretation. Examples of this
are energy management problems involving EVs and storage systems in microgrids. A commonly desired goal with regard to the operation of these devices is
that they use energy such that the combined energy consumption of the device
and, e.g., a household with solar panels, is flattened as much as possible. In this
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1.3 – Problem statement and approach

How can we develop algorithms for energy management problems that are
efficient and give good solutions both in theory and in practice?

8

setting, the Lagrange multipliers can be interpreted as the level of “flatness” of
the combined profile. This interpretation of the Lagrange multiplier has been
used successfully in, e.g., [34, 59, 122] to solve a range of scheduling problems
for EVs.

Chapter 1 – Introduction

With these two perspectives in mind, we formulate the following two subquestions of the main research question. The first subquestion is concerned with the
integration of physical properties and requirements into the rather theoretical
models of RAPs:
» How can we incorporate physical properties of devices in models and
algorithms for energy management problems while maintaining good theoretical performance guarantees for corresponding solution approaches?
To answer this subquestion, we study several energy management problems
arising in RES-based energy systems and other applications such as processor
scheduling and vessel speed optimization. For these problems, we develop algorithms that compute an optimal solution to the problem. All these algorithms explicitly exploit the (Lagrangian) dual perspective by first computing the optimal
Lagrange multipliers and, subsequently, derive from these values the optimal (primal) solution to the problem. When developing these algorithms, we adequately
address both the theoretical efficiency and practical speed of the algorithm. In detail, we derive theoretical performance guarantees with regard to the scalability
of the algorithm (the worst-case time complexity) and assess the practical speed
of the algorithm via numerical evaluations. To obtain a deeper insight into the
practical behavior of the algorithms, we evaluate them on both synthetic and
realistic instances of the corresponding energy management problem. Thereby,
we are able to validate the quality of the theoretical efficiency bounds and the
usability of the algorithms within existing software for simulating and operating
energy systems and devices.
The second subquestion is concerned with the dependency of proper energy
management solutions on predictions of future energy demand and production:
» How can we obtain good solutions to energy management problems that
do not require detailed predictions of uncertain data such as future energy
demand and supply?
To answer this subquestion, we propose a novel concept to solve optimization
problems where uncertain data that is only revealed over time is present. The
core idea of this concept is that we move away from predicting the actual data
itself and instead focus on predicting the optimal Lagrange multipliers of the
problem at hand. This implies that we transform the problem of uncertainty
in the data into the problem of uncertainty in the optimal Lagrange multipliers.
This shift in focus leads to several advantages since the Lagrange multipliers encode information that is directly concerned with the optimal solution of the optimization problem, whereas the original uncertain problem data often does not

In order to solve optimization problems using predictions of the optimal Lagrange multipliers as input, we develop a new framework that we call “Online
Duality-Driven Optimization” (ODDO). The term “online” represents the nature of the arrival of the uncertain data, i.e., the data is revealed gradually in
stages as time progresses and after each stage a decision on the optimization
variables corresponding to this stage must be made. We stress that, as opposed
to other existing approaches for optimization under data uncertainty (see also
Section 6.2), this framework does not require any additional predictions of the
future original data as input. Moreover, when applied to a certain broad class
of RAPs, the framework provides a worst-case performance guarantee on the
difference in objective value between the online and optimal offline solution.
To also assess the practical performance of the ODDO framework, we apply
the framework to several energy management problems and demonstrate the
effectiveness of several simple strategies for predicting the optimal Lagrange multipliers. Finally, we also study the possible extension of the framework towards
problems wherein the concept of Lagrangian duality either cannot be applied or
leads to different characterizations of optimal solutions.

1.4

Contributions and outline

In the following, we summarize the contributions and give an outline of the
remainder of this thesis.
In Chapter 2, we provide an overview of RAPs. We discuss several well-studied
variants and extensions of the problem in the literature and give an overview of
known algorithms for these problems. Furthermore, we show that several objectives used for RAPs are in a sense equivalent. This means that for a given instance
of a given RAP, there often exists a solution to this instance that is optimal for
not just one objective but for a whole range of different objectives. Finally, we
present several concrete applications where some of the core problems can be
formulated as RAPs.
In Chapter 3, we discuss one of the most basic RAPs, namely the RAP with
quadratic cost functions and additional lower and upper bounds on the allowed
allocation of resource to activities. We choose to dedicate a separate chapter to
this problem since it is an important building block in many of the problems
discussed in later chapters. We analyze the structural properties of this problem
and discuss a well-established solution approach to solve it. Moreover, we discuss
two efficient algorithms based on this approach that also form an important
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provide such information. For instance, Lagrange multipliers directly represent
useful concrete information on an optimal solution in terms of, e.g., redundant
constraints, which could in principle have been omitted, or tight constraints,
which indicate the limitations of the given problem with regard to achieving
better solutions.

building block of solution approaches and algorithms for the problems discussed
later in the thesis.
10
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In Chapter 4, we focus on the RAP with quadratic cost functions and additional
nested constraints. Applications of this problem in energy management include
energy storage scheduling, vessel speed optimization, and speed scaling (see also
Section 2.5). Several theoretically efficient algorithms exist to solve this problem.
However, we argue that the currently most efficient algorithm might not be very
fast in practice due to the required complex data structures and repeated initialization of parameters for its subroutines. Therefore, we derive an alternative
solution approach and algorithm for this problem that has the same theoretical worst-case time complexity, but requires only simple data structures and
saves computational effort by minimizing the number of parameter values that
need to be initialized. Computational experiments confirm that our algorithm
outperforms the aforementioned currently most efficient algorithm in practice
by one order of magnitude. Moreover, numerical comparisons with an algorithm implemented within an existing simulation tool for energy management
research demonstrate the potential of our approach for its application in real
energy management systems.
In Chapter 5, we consider a RAP where the allocation costs depend not only on
the allocations to individual activities, but also on the allocations to subsets of
the activities. This leads to a so-called non-separable RAP, which has hardly been
studied in the literature. A direct application of this problem is the scheduling
of EV charging via three-phase chargers. The latter is an increasingly emerging
technology for residential EV charging that is considered to be crucial for the
proper integration of EVs in residential areas. We develop a theoretically efficient
solution approach and algorithm for this problem and show via computational
experiments that this algorithm is also fast enough in practice for usage in real
energy management systems.
In Chapter 6, we introduce the online duality-driven optimization (ODDO)
framework for solving online optimization problems mentioned in the previous section. As already stated, this framework requires as input predictions
of only the optimal Lagrange multipliers of the given optimization problems.
Advantages of this framework, when compared to existing frameworks for optimization problems involving uncertain data, include
1. that it does not require any quantitative knowledge on the original uncertain data,
2. that the problems that must eventually be solved within this framework
are not computationally harder than the original problem with deterministic data and can thus be solved using the same optimization methodology, and
3. that it is relatively easy to use and apply in practice since it is based only
on basic results from the field of convex optimization.

In Chapter 7, we continue our research on the ODDO framework by focusing in
more detail on the actual prediction of the optimal Lagrange multipliers. More
precisely, we present two different approaches for making these predictions. The
first approach is based on incorporating a specific preference for the difference
between the predicted and the optimal Lagrange multiplier. The second approach
is based on the specific problem structure of especially RAPs and exploits a given
relation between the uncertain data and the optimal Lagrange multipliers. As a
proof of concept, we apply both approaches within the ODDO framework to the
specific energy management problem of scheduling the charging of an EV within
a household. The resulting numerical results indicate that both approaches are
able to compute predictions that lead to online solutions with near-optimal
objective value, which demonstrates the potential of these approaches for their
general application within the ODDO framework.
In Chapter 8, we study possible extensions of the ODDO framework to optimization problems that do not fully satisfy the necessary assumptions for deriving this framework and several of its performance guarantees. We do this by
studying two energy management problems in the context of EV charging that
actively incorporate several practical limitations of EV batteries and the charging infrastructure. For these problems, we present and discuss algorithms to
solve their deterministic versions. Moreover, we show how the original ODDO
framework can be adjusted to solve these problems when some of the data is
uncertain. Additional simulation studies confirm that these adjusted ODDO
frameworks are able to compute near-optimal online solutions, similarly to the
original ODDO framework. This shows the potential of the ODDO framework
for successfully handling practical limitations of devices and energy systems.
Finally, in Chapter 9, we summarize the results of this thesis and answer the
research question and the two subquestions. Furthermore, we state our recommendations for relevant and interesting future research on the considered
problems but also for energy management in general.
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Furthermore, for the special case of RAPs with increasing cost functions and submodular constraints, we derive a theoretical performance guarantee in the form
of a bound on the difference between the online and optimal offline solution,
provided that the optimal Lagrange multipliers are ‘under-predicted”. Moreover,
we apply the framework to both an energy management problem (scheduling
the operation of a storage system) and a problem from outside energy management (inventory management of a warehouse). In computational experiments,
we compare for these applications the performance of ODDO to that of an alternative optimization approach where we explicitly use predictions of the original
uncertain data as input. The results of these experiments indicate that ODDO
is able to outperform this approach, which indicates that the optimal Lagrange
multipliers either are easier to predict than the uncertain data, provide more
knowledge on the actual optimal solution, or both. This serves as a promising
starting point for usage of ODDO in applications.
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We conclude this chapter with three general remarks regarding this thesis. First,
all simulations and computations in this thesis have been implemented in Python
(version 3.5) and executed on a 2.60 GHz Dell Inspiron 15 with an Intel Core
i7-6700HQ CPU and 16 GB of RAM, unless stated otherwise. Second, to guide
the reader through this thesis, especially when the reader wishes to read only
about specific topics discussed in only some of the chapters, Figure 1.1 depicts
the reading dependencies between the chapters. Finally, I hope that the reader
finds this thesis informative and wish them much enjoyment while reading!
Ch. 4

Ch. 1

Ch. 2

Ch. 3

Ch. 5

Ch. 6

Ch. 7

Ch. 9

Ch. 8
Figure 1.1: Reading dependencies between the chapters of this thesis. Solid
arrows represent dependencies for the entire content of a chapter, whereas dashed
arrows represent dependencies for only those parts regarding applications and
evaluations.
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2

Overview of resource
allocation problems
Abstract – Energy management problems can often be interpreted as resource allocation problems (RAPs). In these problems, the goal is to divide a
given amount of resource over a set of activities while minimizing the cost of
this allocation and possibly satisfying constraints on allocations to subsets of
the activities. This chapter provides an introduction to RAPs and discusses several relevant special cases of these problems. In particular, we focus on the cost
function and show that a particular class of cost functions is an equivalence
class in the sense that, given an instance of the RAP, there exists a solution to
the RAP that minimizes all cost functions in this class simultaneously. Furthermore, we discuss several applications of the RAP to energy management
problems and the implications of the aforementioned equivalence result for
these problems.

2.1

Introduction

The resource allocation problem (RAP) is a classical problem within operations
research and has been studied extensively and continuously since the 1950s [137].
In its most basic and most studied form, this problem asks for the allocation of
a given amount of resource over a set of activities while minimizing a given cost
function. Over the years, several variations and extensions of this basic setting
have been studied, with specific types of individual cost functions, additional
constraints, and allocation restrictions such as integer-valued allocations [94].
The goal of this chapter is threefold. First, we aim to provide an overview of
the most relevant RAPs in the literature and corresponding algorithms and their
worst-case time complexities. Second, we show that a particular class of objective
This chapter is based on and contains parts of [SU:1].
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functions is equivalent, i.e., given a constraint structure of a RAP, there exists a
solution that minimizes all objective functions within this class simultaneously.
Finally, we model several energy management problems as RAPs and show the
impact of the aforementioned equivalence result on these problems.

Chapter 2 – Overview of resource allocation problems

On a higher level and perhaps of independent interest, this chapter aims to
demonstrate that methodological research on RAPs is conducted independently
in many different research fields, often under different names. As a consequence,
many conceptual insights, structural properties, and solution approaches for
RAPs have been re-invented and re-discovered many times over the years, both
within the same field and independently in several fields. Therefore, we aim
to promote a cross-disciplinary approach to studying RAPs. Such an approach
will both reduce the number of future re-discoveries and re-inventions and allow
researchers to benefit from the many available different perspectives on RAPs.
The organization of the remainder of this chapter is as follows. In Section 2.2,
we formally describe different variants of the RAP that we study in this chapter. Subsequently, in Section 2.3, we provide an overview of existing solution
approaches and algorithms for each of these variants. In Section 2.4, we show
the equivalence result mentioned above. Section 2.5 presents several applications
of the RAP to energy management problems and discusses the implications of
the equivalence result for these problems. Finally, Section 2.6 provides some
concluding remarks.

2.2

Problem formulation and preliminaries

In this section, we formulate the studied RAPs and introduce the used notation
and definitions.
2.2.1

Constraints structures and cost functions

The basic version of the RAP calls for an allocation x ∈ Rn of a given amount
R ∈ R of resource to a set of activities N such that a given cost function Φ(x)
of the allocation is minimized. This problem can be formulated as follows:
RAP : min Φ(x)
x
X
s.t.
xi = R.
i∈N

Based on this basic version, we can formulate several variants of the RAP with
specific types of cost functions, additional constraints, and different types of
decision variables.
Concerning the objective, most of the existing research on RAPs consider a
separable cost function, i.e., each activity has its own cost function ϕi and the
objective is to minimize the sum of these individual functions. State-of-the-art

This motivates us to study in particular RAPs where the cost functions share
a common structure and differ only in the parameter choice. More precisely,
we introduce the notion of (a, b, f )-separable RAPs, wherein the cost function
of each activity i is of the form ai f ( xaii + bi ), where f is the shared convex
function and ai > 0 and bi are given parameters that can be different for different activities i. Such cost functions are an extension of so-called d-separable
functions introduced in [170]. Moreover, they are closely related to the concept
of perspective functions [35, 36], which arise naturally in many problems in
applied mathematics. In particular, most of the applications in (works surveyed
in) [5, 137, 138, 172] can be modeled as (a, b, f )-separable RAPs.
With regard to the constraint structure, we focus on a general version of the RAP
that occurs widely in applications, namely the RAP with additional submodular
constraints (see, e.g., [49, 64]). In this problem, for each subset of the activities,
there is an upper bound on the total amount of resource allocated to these activities and this bound is given by a submodular set function (see also Section 2.2.2).
Submodular functions have the so-called diminishing-returns property, meaning
that the marginal function value, i.e., the function value divided by the number
of elements in the input set, does not increase when the input set is extended.
Because of this property, the RAP with submodular constraints has many applications in, e.g., machine learning [12, 13], scheduling [107, 154], and game theory
[66, 71, 90]. Moreover, important special cases of this problem are the RAP with
box constraints (see [137]), the RAP with generalized bound constraints (see
[74] and Chapter 5), and the RAP with nested constraints (see [172]). Important
application areas for in particular these special cases include regularized learning [40, 112], telecommunications and energy management [136, 167, 179], and
statistics [46, 130] (see also the overviews in [137] and [172]).
2.2.2 Notation and definitions
In the following, we introduce some notation and properties of the used functions and sets. For this, let N := {1, . . . , n} be the index set of the given
activities. We call a convex function Φ : Rn → R separable if P
it can be written
as the sum of single-variable convex functions, i.e., if Φ(x) = i∈N ϕi (xi ) for
some single-variable convex functions ϕi : R → R, i ∈ N . Moreover, given two
vectors a ∈ Rn>0 and b ∈ Rn and a single-variable convex function f : R → R,
we say that a separable function Φ is (a, b, f )-separable if each function ϕi can be

17

2.2.2 – Notation and definitions

solution approaches for RAPs generally allow each activity to have its own
arbitrary (convex) cost function. Although this is an interesting aspect from a
mathematical point of view, it is questionable whether this is a given situation
for practical problems. In applications, often the structure of the cost functions
is the same for all activities (e.g., all functions are quadratic) and the difference
lies primarily in different parameters for these functions (e.g., each function has
different multiplicative factors). In fact, this is the case for the large majority of
applications studied in (the works surveyed in) [5, 137, 138, 172].

written as


ϕi (xi ) = ai f
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xi
+ bi .
ai
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Note that we do not pose any restrictions on f other than convexity. Hence,
both f and ϕi are not necessarily strictly convex or differentiable. We denote the
left and right derivatives of f by f − and f + respectively. It follows that the left
derivative ϕ−
i of ϕi is given by




y
xi
a
f
+
b
−
a
f
+
b
i
i
i
i
a
a
ϕi (y) − ϕi (xi )
i
i
ϕ−
= lim
i (xi ) := lim
y↑xi
y↑xi
y − xi
y − xi


xi
−
=f
+ bi .
ai


+
+ xi
Analogously, the right derivative ϕ+
of
ϕ
is
given
by
ϕ
(x
)
=
f
+
b
i
i
i .
i
i
ai
Throughout this thesis, we call a resource allocation problem (a, b, f )-separable
if its objective function is (a, b, f )-separable.
We denote the vector of ones of dimension n by ē. Furthermore, for each index
i ∈ N , we denote by ei ∈ Rn the standard basis vector associated with i, i.e., the
vector whose ith entry is 1 and whose other entries are all zero. For a given set
C ⊆ Rn and x ∈ C, let EC (x) denote the set of index pairs (i, k) ∈ N 2 for which
we can shift some amount from xi to xk without violating feasibility. More
precisely, we define
EC (x) := {(i, k) ∈ N 2 | x + ϵ(ek − ei ) ∈ C for some ϵ > 0}.
Each pair in (i, k) ∈ EC (x) is called an exchangeable pair.
Finally, we define the concept of submodular set functions. Let r : 2N → R be
a set function on the index set N . We say that r is submodular if r(X ∪ Y) +
r(X ∩ Y) ≤ r(X ) + r(Y) for any X , Y ⊆ N , where we assume that r(∅) = 0.
An alternative definition in terms of diminishing returns is that r is said to be
submodular if we have for any X , Y ⊆ N with X ⊆ Y and every i ∈ N \Y that
r(Y ∪ {i}) − r(Y) ≤ r(X ∪ {i}) − r(X ).
2.2.3 Problem classification
In this section, we introduce all the variants of the basic RAP, which was introduced in Section 2.2.1, that we discuss in this chapter. To clearly distinguish
between these problems, we adopt a classification scheme similar to that in [85]
and [94], i.e., we specify each problem variation by three fields α/β/γ, where α
specifies the objective function, β describes the constraint set, and γ specifies the
nature of the decision variables.
For α, we consider the following options:

1. Separable (S): Φ is separable.
2. (a, b, f )-separable ((a, b, f )-S): Φ is (a, b, f )-separable.
3. Quadratic ((a, b)-Q): Φ is (a, b, f )-separable using f (y) =
means that Φ is both separable and quadratic.

1 2
2y .

This
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1. Box constraints (Box): li ≤ xi ≤ ui for all i ∈ N .
(GBC): Next to the box constraints also
2. Generalized bound constraints P
constraints of the form Lj ≤ i∈Nj xi ≤ Uj , j ∈ M are given, where
the sets N1 , . . . , Nm form a partition of N .
3. Nested constraints
P (NC): Next to the box constraints also constraints of the
form Lj ≤ i∈Nj xi ≤ Uj , j ∈ M are given, where the sets N1 , . . . , Nm
are such that N1 ⊂ · · · ⊂ Nm ⊂ N .
P
4. Laminar (or tree) constraints (LC): Constraints of the form Lj ≤ i∈Nj xi
≤ Uj , j ∈ Mare given, where the subsets N1 , . . . , Nm of N have the
following property: if Nj ∩ Nℓ ̸= ∅, then either Nj ⊂ Nℓ or Nj ⊃ Nℓ
for all j, ℓ ∈ M.
P
5. Submodular P
constraints (SC): Constraints of the form i∈S xi ≤ r(S),
S ⊂ N and i∈N xi = r(N ) are given, where r is a given submodular
function with r(N ) = R.
Note that the constraint structures Box, GBC, and NC are special cases of the
structure LC. Moreover, it can be shown that the structure LC is a special case of
the structure SC (see Appendix 2.7). Thus, all constraint structures are special
cases of SC. We discuss each of these special cases in more detail in Section 2.3.
For γ we consider the following two cases:
1. Continuous decision variables (C): x ∈ Rn .
2. Integer decision variables (I): x ∈ Zn . In this case, we assume without loss
of generality that the chosen convex objective function is replaced by its
piece-wise linear approximation with breakpoints at the integers.
Table 2.1 summarizes the possible entries of α, β, and γ as a compact reference.
To simplify the presentation, we assume that whenever we specify β, the parameters that define the corresponding constraints are fixed. For example, when we
consider the problems (a, b, f )-S/LC/C and (a, b)-Q/LC/C for some vectors
a, b and convex function f , we assume that the subsets N1 , . . . , Nm and vectors
L := (Lj )j∈M and U := (Uj )j∈M are fixed.
Finally, apart from these variants of the RAP, we study a general constraint class
where a constraint x ∈ C for some set C ⊆ Rn is given. We pose no restrictions
on this set other than that it is nonempty. We denote this constraint class by C

2.2.3 – Problem classification

For β, we consider the follows special constraint structures, where we use M :=
{1, . . . , m} as an index set for additional constraints:

Field

Entry

Meaning

α

S
(a, b, f )-S
(a, b)-Q

Separable objective function
(a, b, f )-separable objective function
(a, b, f )-separable objective function with f (xi ) = 12 x2i

β

Box
GBC
NC
LC
SC

Bounds on individual variables
Bounds on individual variables and disjoint sums of variables
Bounds on individual variables and nested sums of variables
Bounds on laminar sums of variables
Bounds on sums of variables given by a submodular function

γ

C
I

Continuous variables (x ∈ Rn )
Integer variables (x ∈ Zn )
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Table 2.1: Overview of entries for the problem classification α/β/γ.
and denote the corresponding separable, (a, b, f )-separable, and (a, b)-quadratic
versions of this problem by S/C, (a, b, f )-S/C, and (a, b)-Q/C respectively.
In the following section, we focus in more detail on the special cases of α/SC/γ.

2.3

Algorithms and complexity results

During the last few decades, many different solution approaches and algorithms
have been developed for all kinds of RAPs, in particular for the RAPs that
fall within the problem classification presented in the previous section. The
purpose of the current section is to give a brief overview of these approaches
and algorithms. In particular, we focus on algorithms and complexity results for
the quadratic versions of these problems.
As a compact reference, Tables 2.2 and 2.3 summarize the complexity results
discussed in this section.
2.3.1

α/Box/γ: Optimization over box constraints

In this subsection, we focus on the RAP with box constraints. The general
version of this problem, S/Box/γ, can be formulated as follows:
X
S/Box/γ : min
ϕi (xi )
x

s.t.

i∈N

X

xi = R,

(2.1)

i∈N

li ≤ xi ≤ ui , i ∈ N ,
(
Rn if γ = C,
x∈
Zn if γ = I.

(2.2)

γ

Box
GBC
NC
LC
SC

C

I

O(n)
O(n)
O(n log m)
O(n2 ), O(n log n)
(only upper constraints)
O(n2 + nẼ)
(decomposition),
)
) (greedy)
O(n(log n + F̃ ) log r(N
ϵn

O(n)
O(n)
O(n log m)
O(n2 )
O(n2 F log r(N ) + nF̃ )
(decomposition),
)
O(n(log n + F̃ ) log r(N
) (greedy)
n

Table 2.2: Overview of the worst-case time complexity results for the problem
(a, b)-Q/β/γ
β

γ
C

Box
GBC
NC
LC

SC

I
nR
)
ϵ
nR
)
ϵ

O(n log
O(n log
O(n log m log nR
)
ϵ
O(n2 log n log nR
),
ϵ
O(n log n log nR
)
ϵ
(only upper constraints)
)
O(n2 log nr(N
+ nẼ)
ϵ
(decomposition),
)
O(n(log n + F̃ ) log r(N
)
ϵn
(greedy)

O(n log R
)
n
O(n log R
)
n
O(n log m log R)
O(n2 log n log mR
),
n
O(n log n log R
)
n
(only upper constraints)
)
O(n2 (log r(N
+ F log r(N )) + nF̃ )
n
(decomposition),
)
O(n(log n + F̃ ) log r(N
)
n
(greedy)

Table 2.3: Overview of the worst-case time complexity results for the problem
S/β/γ.
This problem has been extensively studied since the 1950s [137] and many solution approaches and algorithms have been proposed for this problem, especially
for the problems (a, b)-Q/Box/γ. We refer to [137, 138] for surveys on the continuous version S/Box/C and to [94] for a brief but thorough review on the
integer version S/Box/I.
The best-known complexities for S/Box/C and S/Box/I are O(n log nR
ϵ ) and
O(n log R
)
respectively,
where
ϵ
is
an
accuracy
parameter
[45,
74].
Furthermore,
n
their quadratic versions (a, b)-Q/Box/C and (a, b)-Q/Box/I can be solved in
O(n) time ( [32] and [85] respectively). The linear-time algorithms for (a, b)Q/Box/C belong to the class of so-called breakpoint search algorithms that solve
the problem by efficiently searching for the optimal Lagrange multiplier corresponding to the resource constraint (2.1) (see also [100]). The linear-time
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β
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algorithm for (a, b)-Q/Box/I in [85] first solves the continuous version (a, b)Q/Box/C of this problem using a linear-time algorithm such as in [32]. Subsequently, it uses this solution and a specific rounding scheme to construct an
instance of (a, b)-Q/Box/I with R = O(n) that has the same optimal solution
as the original instance of (a, b)-Q/Box/I. Using the algorithm in, e.g., [45, 74]
for S/Box/I, this instance can be solved in O(n log O(n)
n ) = O(n) time.
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With regard to the actual execution time of the algorithms, there are several
classes of algorithms that outperform the aforementioned linear-time algorithms.
For example, for the problem (a, b)-Q/Box/C, it is shown in [101] that so-called
variable-fixing algorithms that run in O(n2 ) time are in general faster than lineartime algorithms such as in [32]. These algorithms first compute a solution to
the problem without the box constraints (2.2) and subsequently determine the
optimal value of either all variables that exceed their lower bound or their upper
bound in this solution. This process is repeated with the yet undetermined
variables until none of these variables exceeds its bounds in the solution to the
relaxed problem. The worst-case time complexity of O(n2 ) is attained when only
one variable can be fixed to its optimal value during each step in the procedure.
However, this is quite an extreme case since it has the property that in the optimal
solution all variables are equal to one of their bounds.
Moreover, [177] shows that for several instances of (a, b, f )-S/Box/C, a specialized interior-point method significantly outperforms, among others, the
linear-time breakpoint search approaches. Interior-point methods are iterative
approaches where each intermediate solution is obtained from the previous one
by taking a step in a search direction that is the solution of a perturbed version of
the Karush-Kuhn-Tucker optimality conditions (see also [61]). Usually, the computation of this search direction is the computationally most expensive step of
the interior-point method since it requires solving a linear system involving the
constraint matrix. However, by exploiting the sparse structure of the constraint
matrix for S/Box/C, the number of operations required to solve this system can
be reduced from O(n3 ) to O(n).
One reason for the bad practical performance of linear-time algorithms for (a, b)Q/Box/C compared to other algorithms is that they require a linear-time computation of the median of sets of numbers such as given in [28]. These methods
are in general significantly slower than alternative sorting-based approaches that
run in linearithmic time [7, 99].
For the problem (a, b)-Q/Box/I, the linear-time complexity is based on the
linear-time complexity of (a, b)-Q/Box/C and the existence of linear-time algorithms for selecting a k th smallest element from a collection of sorted lists [85].
For the latter problem, many studies refer to [45] for such a linear-time algorithm. Analogously to the breakpoint search algorithms for (a, b)-Q/Box/C,
the linear-time complexity of this algorithm depends on a linear-time algorithm
for median-finding and may thus be slower in practice than alternative sortingbased approaches. It should be noted, however, that recently new linear-time

algorithms have been developed that are based on specialized heap data structures
and have a better performance in practice (see, e.g., [93]).

2.3.2 α/GBC/γ: Optimization over generalized bound constraints
In this subsection, we focus on the RAP with generalized bound constraints.
The general version of this problem, S/GBC/γ, can be formulated as follows:
S/GBC/γ : min
x

s.t

X

ϕi (xi )

i∈N

X

xi = R,

i∈N

Lj ≤

X

xi ≤ Uj ,

j ∈ M,

(2.3)

i∈Nj

li ≤ xi ≤ ui , i ∈ N ,
(
Rn if γ = C,
x∈
Zn if γ = I,
where N1 , . . . , Nm is a partition of the index set N , M = {1, . . . , m}, and
L, U ∈ Rm . Applications of this problem include portfolio optimization [108],
transportation problems [39], stratified sampling [146], and three-phase electric
vehicle (EV) charging (see Chapter 5).
In the literature, this problem is studied primarily with only the upper bound
constraints in (2.3). [74] shows that S/GBC/γ with only generalized upper
bound constraints can be solved with the same time complexity as S/Box/γ by
reducing the problem to a sequence of subproblems S/Box/γ over in total n
variables. We show in Chapter 5 (more precisely, Section 5.5.3) a similar result
for (a, b)-Q/GBC/γ with both generalized lower and upper bound constraints,
which yields an O(n) algorithm for solving (a, b)-Q/GBC/γ. Finally, the continuous version of the problem, (a, b)-Q/GBC/C, can be solved alternatively in
O(n) time as a special case of quadratic programming with a fixed number of
constraints [114].
2.3.3 α/NC/γ: Optimization over nested constraints
In this subsection, we focus on the RAP with nested constraints. The general
version of this problem, S/NC/γ, can be formulated as follows:
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2.3.2 – α/GBC/γ: Optimization over generalized bound constraints

The problem (a, b)-Q/Box/C with a quadratic objective function forms an important building block for RAPs studied in later chapters. Therefore, we consider this problem in more detail in Chapter 3 and discuss several algorithms for
this problem, including a linear-time algorithm similar to those in [32, 100].

S/NC/γ : min
24

x

s.t

X

ϕi (xi )

i∈N

X

xi = R,

i∈N
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Lj ≤

X

xi ≤ Uj ,

j ∈ M,

(2.4)

i∈Nj

li ≤ xi ≤ ui , i ∈ N ,
(
Rn if γ = C,
x∈
Zn if γ = I,

(2.5)

where N1 , . . . , Nm are subsets of N such that N1 ⊂ · · · ⊂ Nm ⊂ N and
M = {1, . . . , m}. Research on this problem has almost exclusively focused on
the case with either the lower or upper nested constraints in (2.4) but not both.
We refer to [5] for a survey on this version of the problem.
The theoretically most efficient algorithm for both S/NC/γ and (a, b)-Q/NC/γ
is the decomposition algorithm in [172]. This algorithm solves the problem
as a sequence of S/Box/γ subproblems where the single-variable bounds (2.2)
of each subproblem are optimal solutions to subproblems deeper in the decomposition hierarchy. The worst-case time complexity of this algorithm is
O(n log m log nR
ϵ ) for S/NC/C, O(n log m log R) for S/NC/I, and O(n log m)
for both (a, b)-Q/NC/C and (a, b)-Q/NC/I. The latter two time complexities
are attained by utilizing the linear-time algorithms for (a, b)-Q/Box/γ to solve
occurring subproblems. As mentioned in Section 2.3.1, these are not the fastest
algorithms for these subproblems in practice. As a consequence, it can be expected that using, e.g., variable-fixing algorithms [101] for the subproblems in
practice significantly improves the overall execution time of the algorithm.
It has been shown that infeasibility-guided algorithms such as in [167, 178] are significantly faster in practice than the decomposition algorithm in [172] (see also
Chapter 4). These algorithms first compute a solution to S/NC/γ without the
nested constraints (2.4) and, based on which nested constraint is violated most in
this solution, subsequently divide the problem into two smaller instances of this
problem. Analogously to the variable-fixing algorithms for (a, b)-Q/Box/C, the
maximum number of divisions is O(n), which results in a worst-case time comR
2
plexity of O(n2 log nR
ϵ ) for S/NC/C [167] and Θ(n log n ) for S/NC/I [178].
However, this worst-case complexity occurs only in cases where the number of
divisions is n − 1, which are instances where each nested constraint is tight in an
optimal solution. For the case with only upper nested constraints (2.4), lower
single-variable bounds (2.5), and randomly generated problem parameters, [171]
shows that the expected number of tight constraints in an optimal solution to
(a, b, f )-S/NC/C is O(log n).

Interestingly, [5, 171] show that we can solve the problem (a, b, f )-S/NC/C with
only nested upper constraints and without the box constraints (2.5) in O(n) time.
More precisely, they show that this problem can be reduced to the problem of
finding a concave cover of n points in R2 and give an O(n) time algorithm to
find this cover.
2.3.4 α/LC/γ: Optimization over laminar constraints
In this subsection, we focus on the RAP with laminar constraints. The general
version of this problem, S/LC/γ, can be formulated as follows:

S/LC/γ : min
x

s.t

X

ϕi (xi )

i∈N

X

xi = R,

i∈N

Lj ≤

X

xi ≤ Uj ,

j ∈ M,

(2.6)

i∈Nj

li ≤ xi ≤ ui , i ∈ N ,
(
Rn if γ = C,
x∈
Zn if γ = I,
where L, U ∈ Rm and N1 , . . . , Nm are subsets of N that satisfy the following
property: if Nj ∩ Nℓ ̸= ∅, then either Nj ⊂ Nℓ or Nj ⊃ Nℓ for all j, ℓ ∈ M =
{1, . . . , m}.
Similarly to S/NC/γ, the problem S/LC/γ was studied mainly with only the
upper laminar constraints in (2.6). The algorithms with the lowest computational complexities for these problems are given by [74] and have time complexR
ities of O(n log n log nR
ϵ ) for γ = C and O(n log n log n ) for γ = I. For the
general problem S/LC/γ, i.e., with both lower and upper laminar constraints,
we obtain an efficient algorithm by combining results on the complexity of
general separable convex optimization problems with linear constraints [76]
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2.3.4 – α/LC/γ: Optimization over laminar constraints

Recently, for the problem (a, b)-Q/NC/C with only upper nested constraints,
[176] shows that a specialized interior-point method is able to outperform the
decomposition-based approach in [171], which is similar to the approach in
[172] that yielded the currently most efficient algorithm, when the number m of
nested constraints is more than 10% of the number n of variables. As mentioned
in Section 2.3.1, this method exploits the constraint structure of S/NC/C to
compute search directions in O(n) time instead of O(n3 ) time analogously to
[177]. Although the authors in [176] consider only upper nested constraints, it
is straightforward to generalize their results to problems involving also lower
nested constraints [156].
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and of S/LC/C with a linear objective function [134]. More precisely, the
time complexities of S/LC/C and S/LC/I are O(Plinear (8n2 , m) log Rn
ϵ ) and
)
O(Plinear (4n2 , m) log Rm
respectively,
where
P
(n,
m)
is
the
time
complexlinear
n
ity of solving an instance of S/LC/C with a linear objective function [76]. The
latter can be solved in O(n log n) time using the algorithm in [134]. Thus,
Rm
2
we obtain time complexities of O(n2 log n log Rn
ϵ ) and O(n log n log n ) for
S/LC/C and S/LC/I respectively.

Chapter 2 – Overview of resource allocation problems

With regard to the quadratic version of the problem, the special case of (a, b)Q/LC/C with only upper laminar constraints can be solved in O(n log n) time
[75]. This is done by reducing the problem to an instance of (a, b)-Q/NC/C
with only upper nested constraints, which can be solved in O(n log n) time
[75]. The general version of (a, b)-Q/NC/C with both lower and upper laminar
constraints can be solved in O(n2 ) time as an instance of the quadratic convex
cost flow problem on a tree network [163]. Finally, the integer-valued problem
(a, b)-Q/NC/I can be solved in O(n2 ) time by first computing a solution to
the continuous version of this problem and subsequently applying a specific
rounding procedure to round this solution to an optimal integer solution [120].
As far as we are aware, the problem S/LC/γ has been studied primarily from an
academic point of view, i.e., little attention is paid to possible applications. One
relevant application that has received quite some importance in the past years is
the scheduling of the (dis)charging of an electrical storage system within a smart
grid (see also Section 2.5.2) where the energy can be drawn from all three phases
within the low-voltage distribution network (see also Chapter 5). The resulting
problem is an instance of S/LC/C where the feasible set is the intersection of
nested constraints (to model the storage capacity limits) and generalized upper
bound constraints (to model the charging limits). The further investigation of
this problem is an interesting topic for future research.
2.3.5

α/SC/γ: Optimization over submodular constraints

In this subsection, we focus on the RAP with submodular constraints. The
general version of this problem, S/SC/γ, can be formulated as follows:
X
S/SC/γ : min
ϕi (xi )
x

s.t

i∈N

X

xi = r(N ),

i∈N

X

xi ≤ r(S),

S ⊂ N,

i∈S

(
x∈

Rn
Zn

if γ = C,
if γ = I,

where r is a submodular function over the ground set N .

(2.7)

The second class consists of greedy algorithms that solve the integer version
S/SC/I by incrementally building an optimal solution (see, e.g., [74, 119]). However, instead of incrementing the total amount of allocated resource by unit steps,
these algorithms apply a scaling procedure to determine larger step sizes that
speed up the building process while still maintaining feasibility of the current
solution. To solve the continuous version S/SC/C, these algorithms exploit a
proximity result between optimal solutions of S/SC/C and S/SC/I (see, e.g.,
[120]) that states that for any optimal solution x∗ to S/SC/I there exists an optimal solution x̃ to S/SC/C such that |x̃i −x∗i | ≤ n−1. As a consequence, to solve
S/SC/C with a given accuracy ϵ, one can scale all problem parameters by a factor
⌈ nϵ ⌉, solve the scaled problem with integer variables using the greedy algorithm,
and scale back the resulting solution. The most efficient algorithms of this class
)
r(N )
run in O(n(log n + F̃ ) log r(N
ϵn ) time for S/SC/C and O(n(log n + F̃ ) log n )
for S/SC/I [74, 119], which are also the time complexities for the quadratic cases
(a, b)-Q/SC/C and (a, b)-Q/SC/I.
One notable special case of (a, b)-Q/SC/C is the problem of computing the point
with minimum Euclidean norm of a base polytope (see, e.g., [49]). This problem
is equivalent to (ē, 0)-Q/SC/C and plays an important role as a subroutine
in several algorithms for machine learning problems and submodular function
minimization [12, 50]. One of the most popular algorithms in practice for
finding the point with minimum norm is Wolfe’s algorithm [175], which solves
the problem by iteratively updating a hyperplane and the minimum-norm point
on this hyperplane based on the feasibility of this point. The authors in [33] show
that this algorithm computes an ϵ-approximate solution to the problem (ē, 0)2
Q/SC/C in O( nM
ϵ ) time, where M is the norm of the point in the base polytope
with the largest Euclidean norm. Although there are algorithms for finding the
point with minimum norm that have a better computational complexity, e.g.,
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2.3.5 – α/SC/γ: Optimization over submodular constraints

For this problem, there are classes of algorithms in the literature. The first class
consists of decomposition algorithms that first compute a solution to the problem without the submodular constraints (2.7) and, based on which constraints
are violated by this solution, split up the problem into two smaller instances of
S/SC/γ [47, 64]. Note that the infeasibility-guided algorithms for S/NC/γ as
discussed in Section 2.3.3 are based on the same principle. The best worst-case
)
time complexities of such algorithms are O(n2 log nr(N
+ nẼ) for S/SC/C
ϵ
r(N )
2
[127] and O(n (log n + F log r(N )) + nF̃ ) for S/SC/I [94], where Ẽ is the
time required to minimize a given submodular function and F is the time required to check the feasibility of a given vector for the submodular constraints.
Moreover, F̃ is the time required to determine for a given solution x that is
feasible for the submodular constraints (2.7) by how much we can increase a
given variable xi without violating any of these submodular constraints. For the
quadratic problems (a, b)-Q/SC/γ, these complexities reduce to O(n2 + nẼ)
for (a, b)-Q/SC/C and to O(n2 F log r(N ) + nF̃ ) for (a, b)-Q/SC/I.

the aforementioned decomposition and greedy algorithms, Wolfe’s algorithm
has been shown to be among the fastest algorithms in practice [12, 50].
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2.4

Reduction of (a, b, f )-separable RAPs to quadratic
RAPs

Chapter 2 – Overview of resource allocation problems

This section shows a reduction result concerning (a, b, f )-separable RAPs with
submodular constraints. More precisely, we show that for given parameters
a and b and an instance of this class of RAPs, there exists a feasible solution
to this instance that is optimal for any choice of the convex function f . In
particular, we show that any solution that is optimal to the basic quadratic
version of this RAP, i.e., where f (xi ) = 12 x2i , is also optimal for the (a, b, f )separable version for any choice of f . This means that solving any (a, b, f )separable RAP reduces to solving the quadratic version of this RAP and allows
us to solve this problem using any tailored algorithm that solves the quadratic
RAP. Thus, to solve this problem, we do not require algorithms designed to
solve the more general version with arbitrary convex cost functions, which are
in general much slower and less efficient than the tailored algorithms for the
quadratic RAP. As a consequence, our reduction result allows us to solve a
wide range of RAPs using the extensive collection of solution approaches and
algorithms for quadratic RAPs. In particular, all algorithms for quadratic RAPs
discussed in the previous section can be used to solve (a, b, f )-separable RAPs.
We first provide in Section 2.4.1 a brief overview of existing reduction and equivalence results for RAPs. Subsequently, in Section 2.4.2, we prove the stated
reduction result.
2.4.1

Reduction results in the literature

In the literature, reduction results similar to the one that we derive in this section already exist for specific RAPs. For instance, for RAPs over submodular
constraints, [47] showed that the problem with quadratic cost functions is equivalent to the problem of computing a lexicographically optimal base with regard
to a given weight vector. [127] extends this result to a range of different strictly
convex cost functions for the case of continuous variables. Their result is used
in [128] to solve optimization problems on graphs and in [153] to derive efficient
algorithms for processor scheduling problems. For a special case of RAPs with
nested constraints, the equivalence of (a, b, f )-separable RAPs is proven in [5]
for the case where the functions f are strictly convex and differentiable, b = 0,
and where the variables are continuous.
Some reduction results can be derived using existing algorithms for specific applications in the literature. An example of this concerns the vessel speed optimization problem (see, e.g., [131]). In this problem, a ship traverses a given
route between ports and must dock at each given port within a specific time
window. The goal is to determine the ship’s speed between each leg of the route

Another example is the scheduling of tasks on a single processor with agreeable
deadlines (see, e.g., [55]). Here, we are given a number of tasks that must be
processed on a single processor, each of which has its own workload, arrival time,
and deadline. The goal is to assign processor speeds to tasks such that all tasks
are finished before their deadline while minimizing the total energy usage of the
processor. This energy usage depends on the workload of each task and on the
required power to maintain a given processor speed. Analogously to the vessel
speed optimization problem, the processor scheduling problem can be solved
using the RSA without any knowledge of the exact relation between the speed
and the energy usage other than that it is convex [83]. Thus, also the optimal
solution given by this algorithm does not depend on the power function.
Our reduction result generalizes all the above results to general convex functions
f , i.e., not necessarily strictly convex or differentiable, and to both continuous
and integer variables. In particular, in the case of continuous variables and a
strictly convex function f , our reduction result becomes an equivalence result
since the optimal solution to any strictly convex optimization problem is unique.
In fact, given the parameters a and b, an instance to the RAP, and two strictly
convex functions f and f¯, we show that the (a, b, f )-separable and (a, b, f¯)separable versions of this RAP have the same unique optimal solution and are
thus equivalent in that sense.
2.4.2 The reduction result
We show for all the RAPs introduced in Section 2.2 that their (a, b, f )-separable
versions reduce to their quadratic versions. More precisely, given a constraint
structure β, variable type γ, convex function f , and vectors a ∈ Rn>0 and b ∈ Rn ,
we show that any optimal solution to (a, b)-Q/β/γ is also optimal for (a, b, f )S/β/γ. This means that we can solve (a, b, f )-S/β/γ by solving (a, b)-Q/β/γ.
Note that for many of these quadratic RAPs, tailored algorithms exist that are
faster and more efficient than other algorithms for the case with arbitrary convex
cost functions. Thus, this reduction result allows us to solve (a, b, f )-S/β/γ
problems using fast algorithms for their quadratic special case.
We start by considering the general constrained optimization problem S/C with
a convex separable objective function:
S/C : min
x

X

ϕi (xi )

i∈N

s.t. x ∈ C,

29

2.4.2 – The reduction result

while minimizing fuel costs. The authors in [131] propose a recursive-smoothing
algorithm (RSA) for this problem, which is shown to be optimal by [84]. This
algorithm, however, does not require knowledge on the fuel cost function other
than that it is convex. Thus, the optimal solution outputted by this algorithm is
indifferent of the choice of cost function.

where C ⊆ Rn and ϕ1 , . . . , ϕn are single-variable convex functions. We do not
assume any properties on the set C other than that it is nonempty. Note that all
RAPs introduced in the previous section are special instances of this problem.
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We show that if S/C satisfies a certain optimality condition, any optimal solution to (a, b)-Q/C is also optimal for (a, b, f )-S/C. This optimality condition
states that a feasible solution x to S/C is optimal if and only if moving an arbitrary amount from one variable xi to another variable xk while maintaining
feasibility never leads to a decrease in objective value. We state this condition as
Condition 2.1 and give the mentioned reduction result in Theorem 2.1.
Condition 2.1. Given separable convex functions ϕℓ : R → R for ℓ ∈ N and a
set C ⊂ Rn , a feasible solution x to S/C is optimal if and only if we have for each
−
exchangeable pair (i, k) ∈ EC (x) that ϕ+
k (xk ) ≥ ϕi (xi ).
Theorem 2.1. Let the set C, a convex function f , and a ∈ Rn>0 and b ∈ Rn
be given. If Condition 2.1 holds for S/C both for the separable convex functions
x2
ϕi (xi ) = 12 aii + bi xi for all i ∈ N and ϕi (xi ) = ai f ( xaii + bi ) for all i ∈ N and
x ∈ C is optimal for (a, b)-Q/C, then x is also optimal for (a, b, f )-S/C.
Proof. Let x be an optimal solution to (a, b)-Q/C. Since this problem is an
−
instance of S/C, we may apply Condition 2.1, i.e., we have that ϕ+
k (xk ) ≥ ϕi (xi )
−
+
xℓ
for all i, k ∈ EC where ϕℓ (xℓ ) = ϕℓ (xℓ ) = aℓ + bℓ for all ℓ ∈ N . Thus, we
have that xakk + bk ≥ xaii + bi for all (i, k) ∈ EC (x). Since by convexity of
+
f the right derivative f + is non-decreasing
f − (y) for


 and we
 have f (y) ≥ 
all y ∈ R, it follows that f +

xk
ak

+ bk

≥ f+

xi
ai

+ bi

≥ f−

xi
ai

+ bi

for all i, k ∈ EC (x). Since Condition 2.1 holds in particular for the choice
ϕℓ (xℓ ) := aℓ f ( xaℓℓ + bℓ ), which is the cost function for the problem (a, b, f )-S/C,
we may apply this condition again to conclude that x is optimal for (a, b, f )S/C.
Note that Theorem 2.1 does not explicitly require the problem S/C to be a RAP.
This means that this theorem and thus our reduction result might be more widely
applicable to other problems, provided that they satisfy Condition 2.1.
It is well-known that S/SC/γ satisfies Condition 2.1 for γ ∈ {C, I} (see, e.g.,
[49, 64]). To gain some insight into why this is the case, we provide for the
interested reader in Appendix 2.8 an alternative proof for this claim for the
relevant special case S/LC/γ that relies only on basic concepts from convex
analysis such as subgradients. It follows that Theorem 2.1 can be applied to
S/SC/γ and in particular also to all special cases of this problem:
Corollary 2.1. Let a convex function f , vectors a ∈ Rn>0 , b ∈ Rn , and entries β
and γ as specified in Table 2.1 be given. If x is optimal for (a, b)-Q/β/γ, then x is
also optimal for (a, b, f )-S/β/γ.

This corollary is an extension of the equivalence results in [127], where the
reduction result is shown for the two special cases with continuous variables
where f is strictly convex and differentiable or where ϕi = f for all i ∈ N .

Corollary 2.2. Let a convex function f , vectors a ∈ Rn>0 , b ∈ Rn , and entries β
and γ as specified in Table 2.1 be given. The worst-case time complexity of (a, b, f )S/β/γ is at most that of (a, b)-Q/β/γ.
In particular, the complexity results for the quadratic RAPs in Table 2.2 apply
also to their (a, b, f )-separable versions.
Finally, for the case of continuous variables, Theorem 2.1 holds also when we
replace the problem (a, b)-Q/β/C by (a, b, f¯)-S/β/C, where f¯ is a strictly convex
function. This effectively turns our reduction result into an equivalence result
between these two problems:
Corollary 2.3. Let a ∈ Rn>0 , b ∈ Rn , and entries β as specified in Table 2.1 be
given, and let f¯ be a strictly convex function and f be an arbitrary convex function.
If x is optimal for (a, b, f¯)-S/β/C, then x is also optimal for (a, b, f )-S/β/C.
Proof. Since f¯ is strictly convex, x is the unique optimal solution to (a, b, f¯)S/β/C. It follows from Theorem 2.1 that the unique optimal solution to (a, b)Q/β/C is x and thus that x is also optimal for (a, b, f )-S/β/C.
Corollary 2.3 allows us to solve a given continuous (a, b, f )-separable RAP using
any algorithm that solves the (a, b, f¯)-separable version of the problem for some
strictly convex function f¯, i.e., not only just for quadratic objectives. This can
be beneficial in cases where efficient algorithms have already been developed for
a specific choice of a non-quadratic objective function, motivated by the given
application.

2.5

Applications

In this section, we model several energy management problems and a problem
in statistics as RAPs. In particular, we show the relevance of (a, b, f )-separable
RAPs and the reduction result proved in the previous section. Moreover, the
reduction result leads to new insights into common practices to solve these problems. In particular, we show that two problems in the area of vessel routing
and processor scheduling can be solved in O(n log n) time rather than O(n2 )
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2.5 – Applications

The validity of the reduction result of Theorem 2.1 for RAPs with submodular constraints and its special cases implies that any algorithm for solving the
quadratic version of this problem can be used to solve the (a, b, f )-separable
version. In particular, any time complexity or efficiency results for the quadratic
version as discussed in Section 2.3 also apply to the (a, b, f )-separable version:
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time, which was the previously best-known complexity for these problems. Finally, with this collection of applications and the included references, we intent
to stimulate cross-disciplinary research that leads to new structural results and
algorithms for RAPs that are applicable to many different research fields.
2.5.1

Power allocation in multi-channel communication systems

Chapter 2 – Overview of resource allocation problems

In many telecommunication systems, data can be transmitted over several parallel
channels to reduce the amount of noise experienced when transmitting the data
(see, e.g., [150]). The amount of data that can be transmitted through a given
channel i, i.e., the channel capacity, depends on the power xi spent on this
channel, its bandwidth Bi , and a “gain” parameter ci that represents the amount
of noise on the channel. One goal in these systems is to allocate a given budget of
total power P tot over a set N of n channels such that the overall channel capacity
is maximized while respecting power limits on each channel. This problem can
be formulated mathematically as
X
POWER : maxn
Bi log(1 + ci xi )
x∈R

s.t.

i∈N

X

xi = P tot ,

i∈N

0 ≤ xi ≤ P̄i ,

i ∈ N,

where P̄i is the maximum allowed power on channel i.
Note that for a given channel i ∈ N we have
!
1
ci + xi
Bi ci = Bi log
Bi log(1+ci xi ) = Bi log
Bi

1
ci

+ xi
Bi

!
+Bi log(Bi ci ).

Since the second term Bi log(Bi ci ) in the above expression is constant,
 we can re
P
xi
1
place the objective function of Problem POWER by i∈N Bi log B
+
B
c
i
i i
without changing the optimal solution to the problem. The resulting problem
is an instance of (B, B̄, f )-S/Box/C with B := (Bi )i∈N , B̄ := ( B1i ci )i∈N ,
and f (xi ) := − log(xi ). Thus, by Corollary 2.1, we can solve this problem as
an instance of (B, B̄)-Q/Box/C in O(n) time, i.e., we can replace each term
x2
Bi log(1 + ci xi ) by Bii + Bxiici . Note that this leads to a more efficient approach
than several existing approaches for solving Problem POWER that claim a linear
time complexity (see, e.g., [98, 106]). The reason for this is that these algorithms
achieve this complexity only if the gain parameter c has already been sorted,
which is, however, only the case for some specific communication systems (see,
e.g., [136]).
Another common objective for the channel power allocation problem POWER
(see, e.g., [179]) is to minimize the mean square error between different channels

from a set N . This objective is given by

x∈R

X
i∈N

wi
,
Ai x i + D i
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where wi , Ai , and Di are positive parameters for
q each i ∈ N . This objective
wi
function is (a, b, f )-separable by choosing ai := A
and bi := √wDiA for each
i
i

i ∈ N and f (xi ) :=


ai f

xi
+ bi
ai



r
=

i

1
xi :

wi
1
q
Ai x A i +
i
wi

√
=
√ Di
wi Ai

A
√i xi
wi

wi
wi
=
.
Ai x i + D i
+ √Dwii

Moreover, several variations of the channel power allocation problem have been
studied with, e.g., bounds on disjoint or nested subsets of allocations (see, e.g.,
[70] and [41] respectively). Analogously to Problem POWER, one can show
that these problems are instances of (a, b, f )-S/GBC/C and (a, b, f )-S/NC/C
and thus can be solved as instances of (a, b)-Q/GBC/C and (a, b)-Q/NC/C
respectively.

2.5.2 Storage operation in energy systems
Storage systems are becoming a crucial part of current and future sustainable
energy systems (see, e.g., [109, 144, 183]). Such systems support satisfying the
energy demand of, e.g., a neighborhood, when renewable energy sources such
as solar and wind are insufficient due to, e.g., unfavorable weather conditions.
Commonly, the operation of the storage systems is steered in a way that the
stress on the overall grid is reduced as much as possible. Determining for a
given time horizon the best operational schedule for the storage, i.e., how much
energy should be (dis)charged at each moment to reach the overall goal in the
best way, leads to an optimization problem. In this problem, we discretize the
overall time horizon into n equidistant time intervals of length ∆t indexed by
the set N := {1, . . . , n} and determine for each interval i ∈ N the (dis)charging
power xi during this interval. This amount is limited by the given minimum
and maximum charging rates Xmin and Xmax . Moreover, the charging must be
done such that the storage capacity D is not exceeded. Given an initial amount
of energy Sstart in the storage and a desired eventual target amount Send , the
storage operation problem can be formulated as follows (see also [167]):
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minn

BATTERY : minn
34

x∈R

X

ϕi (xi )

i∈N

s.t. 0 ≤ Sstart + ∆t

j
X

xi ≤ D,

j ∈ N \{n},

i=1
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Sstart + ∆t

X

xi = Send ,

i∈N

Xmin ≤ xi ≤ Xmax ,

i ∈ N,

where the functions ϕi represent the desired objective of the grid to which the
storage asset is connected. Note that if each function ϕi is convex, which is in
general the case in this problem setting, this problem is an instance of S/NC/C.
Three commonly used objectives to reduce grid stress and congestion are: minimal import and export of energy from the main grid (also known as energy
autarky, see, e.g., [124]), load profile flattening (see, e.g., [58]), and minimizing
peak consumption (see, e.g., [165]). One often-used way to model the latter
case is to set a maximum level M for the overall power consumption of the
neighborhood and to penalize any consumption above this level.
Given the power consumption p := (pi )i∈N of the neighborhood, we can model
these objectives as follows:
Minimizing main grid exchange: ϕi (xi ) = |xi + pi |;
Load profile flattening: ϕi (xi ) = (xi + pi )2 ;
(
0
if xi + pi ≤ M,
Threshold peak shaving: ϕi (xi ) =
f (xi + pi ) if xi + pi > M,
where f is a convex non-decreasing function with f (M ) = 0. Note that for the
objective of load profile flattening, Problem BATTERY is an instance of (ē, p)Q/NC/C, where ē is the vector of ones. Moreover, for the other two objectives,
Problem BATTERY is an instance of (ē, p, f )-S/NC/C where f is the absolute
value function or the piecewise function
(
0
if y ≤ M,
f (y) =
f (y) if y > M.
It follows by Corollary 2.1 that the optimal solution to (ē, p)-Q/NC/C is also
optimal for (ē, p, f )-S/NC/C for these two functions. This implies that we
can schedule the storage (dis)charging such that all three objectives are satisfied
simultaneously by aiming for load profile flattening. This is an effect that can also
be observed for other renewable energy systems such as a photovoltaic (solar
panel) system combined with an EV charging infrastructure (see, e.g., [126])

2.5.3

Stratified sampling

Stratified sampling is a sampling method suitable for situations where it is likely
that a random sample is not a proper representation of the population [130].
Such a situation occurs, e.g., when several subclasses of the population score
extremely on the to-be-estimated characteristic. To deal with this specific case,
the given population is partitioned into n so-called strata with sizes N1 , . . . , Nn
that, ideally, represent the aforementioned subclasses. Given the desired overall
sample size R, the goal is to determine for each stratum i ∈ N := {1, . . . , n} the
number of samples xi drawn from this stratum while minimizing the variance of
the given characteristic. Following the formulation in [46], the optimal sample
allocation is the solution of the following optimization problem:
minn

x∈Z

s.t.

X  N 2S2
i

i∈N

X

i

xi

− Ni Si2



xi = R,

i∈N

0 ≤ xi ≤ Ni ,

i ∈ N,

where Si2 is the variance of the characteristic within stratum i. Similarly to [46],
the sample bounds of 0 and Ni can be chosen differently to ensure a minimum
or maximum number of samples drawn from a given stratum.
Let D ∈ Rn be a vector with Di := Ni2 Si2 for all i ∈ N . Then the above problem is an instance of the problem (D, 0, f )-S/Box/I with f (xi ) = x1i . Thus, by
Corollary 2.2, we can solve this problem as an instance of (D, 0)-Q/Box/I in
O(n) time. Note that, in contrast to the approaches in, e.g., [46], this complexity depends only on the number n of strata and not on the actual strata sizes
N1 , . . . , Nn or desired sample size R. As a consequence, our reduction result
yields a promising approach to determine optimal sample sizes in large datasets,
which can contain billions of samples (see, e.g., [115]).
2.5.4 Vessel speed optimization
A recent trend in ship routing is to actively manage the ship’s sailing speed to
reduce fuel costs and carbon emissions [141]. As a consequence, when determining the routes of a fleet of ships to deliver cargo within given timing constraints,
one needs a subroutine to determine the minimum cost of having a ship sail a
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and heat pumps (see, e.g., [168]). Moreover, energy tariff systems that employ
piecewise linear cost functions have been shown to be able to flatten the load
profile, i.e., the objective modeled by a quadratic cost function (see, e.g., [143]).
Since such tariff systems are simpler to explain to end-users, they are more likely
to be accepted than systems using quadratic cost functions while still achieving
the desired objective of load profile flattening.
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given route. This problem is known as the vessel speed optimization problem
(see, e.g., [84, 131]). In this problem, we are given a route between n + 1 ports
starting at port 0 at time tstart and required to finish at time tend at port n. The
distance between consecutive ports i − 1 and i is given by di and each port i
must be served by the ship within a given time window [Ai , Di ]. The goal is
to determine for each leg i ∈ N := {1, . . . , n} of the tour, with distance di , a
speed vi such that the fuel cost of sailing at these speeds is minimized. Following
[84, 131], this leads to the following problem:
VESSEL :

X

min
n+1

, v∈Rn

t∈R

di c(vi )

i∈N

di
= ti+1 , i ∈ {0} ∪ N \{n},
vi
Ai ≤ ti ≤ Di , i ∈ N \{n},

s.t. ti +

t0 = tstart , tn = tend ,
v min ≤ vi ≤ v max ,

i ∈ N.

Here, v min and v max are the minimum and maximum cruising speeds and c is a
non-decreasing convex function that models the relation between sailing speed
and fuel costs per unit distance.
Pi
From this formulation, it follows by induction on i that ti = tstart + k=1 dvkk for
Pn
all i ∈ N and that tstart + k=1 dvkk = tend . Let xi := dvii and q(xi ) := c(1/xi ).
It follows that
 
 
di
xi
di c(vi ) = di c
= di q
.
xi
di
Note that q is convex since c is convex and non-decreasing. This means that
Problem VESSEL is equivalent to the following convex optimization problem:
minn

x∈R

X


di q

i∈N

xi
di

s.t. Ai − tstart ≤



i
X

xi ≤ Di − tstart ,

i ∈ N \{n},

k=1

X

xi = tend − tstart ,

i∈N

di
max
v

≤ xi ≤

di
,
min
v

i ∈ N.

This problem is an instance of (d, 0, q)-S/NC/C. Hence, by Corollary 2.2, this
problem and thus Problem VESSEL can be solved in O(n log n) time.

Speed scaling

Efficient energy usage is an important topic within the development of computing systems [185]. To reduce energy consumption, modern computer processors
can adjust their speed to save energy while still meeting their performance constraints. This leads to scheduling problems where a set of tasks needs to be
scheduled and processor speeds need to be chosen such that all tasks are executed
before their deadline (see [59] for a survey). One special case of these types of
scheduling problems is the case where the deadlines are agreeable, i.e., deadlines
are ordered according to the arrival times of the tasks (see also [15]). In this problem, we are given n tasks indexed by the set N that must be processed on a single
processor. Each task i ∈ N has an arrival time Ai , deadline Di , and amount of
work wi that can be interpreted as the amount of operations and calculations
the processor must execute to perform this task. The goal is to select for each
task i an execution speed si and starting time Bi such that each task is processed
before its deadline and the total energy usage of the processor is minimized.
Since the deadlines are agreeable, we have that Di ≤ Dk if Ai ≤ Ak for any two
tasks i, k ∈ N . Moreover, it is known that in an optimal schedule the tasks can
be scheduled in non-decreasing order of their deadlines [15]. This means that we
can formulate this speed scaling problem as follows (see also [55, Chapter 4]):
SPEEDSCALING :

min
n

s∈R

X

B∈Rn

p(si )

i∈N

wi
si

wi
≤ Di , i ∈ N ,
si
B i ≥ Ai , i ∈ N ,
wi
Bi +
≤ Bi+1 , i ∈ N \{n},
si
0 < si ≤ smax , i ∈ N ,

s.t. Bi +

where smax is the maximum processor speed and p is a convex function that
models the relation between processor speed and its energy usage. Note that
we can impose a nonzero lower bound on each si so that the feasible set of this
problem is guaranteed to be closed. Since each task cannot be processed longer
than the maximum time that is available for it, we have that wsii ≤ Di − Ai . This
i
yields a lower bound on si of Diw−A
that is nonzero since wi > 0 and Di > Ai .
i
If the processor shuts down only after the latest task deadline, even when all tasks
have already been completed, there exists an optimal schedule with no idle time
[89]. This means that we can add without loss of generality the constraint Bi =
Pi−1
Ai + k=1 wsii for all i ∈ N to the formulation of Problem SPEEDSCALING.
Defining xi := wsii for all i ∈ N and q(xi ) := xi p(1/xi ) (note that q is convex),
it follows that
 
 
wi
wi
xi
p(si )
=p
xi = wi q
.
si
xi
wi
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Using the lower bound on si , the added constraint on Bi , the transformation
xi = wsii , and the function q, we can reformulate Problem SPEEDSCALING to
 
X
xi
min
wi q
x∈Rn
wi
i∈N

s.t. Ai+1 ≤

i
X

xk ≤ Di ,

i ∈ N \{n},
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k=1

X

xi = Dn − A1 ,

i∈N

wi
≤ xi ≤ Di − Ai ,
smax

i ∈ N.

This is an instance of (w, 0, q)-S/NC/S. Hence, by Corollary 2.2, this problem
and thus Problem SPEEDSCALING can be solved in O(n log n) time. This
result also leads to complexity improvements for speed scaling problems that
can be reduced to Problem SPEEDSCALING, e.g., for the multi-core processor
scheduling problem considered in [57].
Recently, [153] applied the equivalence result in [127] to improve the time complexity of several other speed scaling problems. Together with the result in this
section, this suggests that there is a great potential for using the reduction result
in this chapter to contribute to more efficient algorithms within this research
field.

2.6

Conclusions and outlook

In this chapter, we discussed the resource allocation problem (RAP). We provided an overview of existing variants of and solution approaches and algorithms
for RAPs. Moreover, we proved that RAPs with submodular constraints and
a specific type of objective function, namely those that are (a, b, f )-separable,
can be solved efficiently as RAPs with quadratic objective functions. Finally, we
discussed several applications of the RAP to energy management problems and
we have shown the impact of our reduction result on these problems.
One major direction for future research on this topic is the extension of the
reduction result to other problems. Promising candidates for this are problems
that are variations on the RAPs studied in this chapter. Two of such problems
are the topic of further parts of this thesis. In Chapter 5, we study a RAP whose
objective function includes additional nonseparable terms. This particular RAP
can be used to model the problem of scheduling electric vehicle (EV) charging
where we can use three-phase charging technology, i.e., energy can be drawn
from all three phases of the low voltage network. In Section 8.3, we study a
RAP with on-off constraints, i.e., the allowed allocated amount of resource to
a given activity is either zero or lies within a given range not including zero.
This particular RAP can be used to model the in practice relevant limitation of

EVs that charging at rates close to zero is often not possible due to technical
limitation of the EV and/or the charging infrastructure.

2.7

Appendix: Proof that laminar constraints are a special case of submodular constraints

In this appendix, we show that laminar (or tree) constraints are a special case of
submodular constraints. Recall that
P
» laminar constraints are of the form Lj ≤ i∈Nj xi ≤ Uj , j ∈ M, where
the subsets N1 , . . . , Nm of N have the property that either Nj ∩ Nℓ = ∅,
Nj ⊂ Nℓ , or Nj ⊃ Nℓ for all j, ℓ ∈ M;
P
» submodular
constraints are of the form i∈S xi ≤ r(S), S ⊂ N and
P
i∈N xi = r(N ), where r is a submodular function.
To derive the stated result, we use a result from [48, 49] on so-called cross-free
families of subsets. A family F ⊆ 2N is called cross-free if none of its elements
cross, i.e., for any two subsets X , Y ∈ F we have that at least one of the sets
X ∩ Y, X ∩ (N \Y), (N \X ) ∩ Y, or (N \X ) ∩ (N \Y) is empty. For a given
cross-free family F containing ∅ and N and for any set function r : F → R
with r(∅) = 0, the set
(
)
X
X
n
B(F, r) := x ∈ R
xi ≤ r(X ) ∀X ∈ F,
xi = r(N )
i∈X

i∈N

is a base polyhedron [48, 49]. This means that there exists a submodular function
r′ : 2N → R such that
(
)
X
X
n
′
B(F, r) = x ∈ R
xi ≤ r (X ) ∀X ⊂ N ,
xi = r(N ) .
i∈X

i∈N

Thus, we can show that laminar constraints are a special case of submodular
constraints if for a given feasible set C ′ determined by laminar constraints we can
find a cross-free family F and a set function r : F → R such that B(F, r) = C ′ .
P
For given laminar constraints Lj ≤ i∈Nj xi ≤ Uj , j ∈ M and a correspondP
ing feasible set C ′ := {x ∈ Rn | Lj ≤ i∈Nj ≤ Uj , j ∈ M}, we define the
following family of subsets of N :
N ′ := {Nj | j ∈ M} ∪ {N \Nj | j ∈ M}.
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Besides this more technical direction, in the light of a more cross-disciplinary
approach towards the study of RAPs, it is worthwhile to identify more research
fields and applications (next to the ones that we discussed in this chapter) where
RAPs occur and where our results can have an impact and lead to new insights.
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Note that the feasible set C ′ is equal to B(N ′ , r′ ), where r′ : N ′ → R is a set
function on N ′ given by
(
Uj
if X = Nj for some j ∈ M,
′
r (X ) :=
R − Lj if X = N \Nj for some j ∈ M.
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We claim that N ′ is a cross-free family, which immediately implies that the set
B(N ′ , r′ ) is a base polyhedron and thus that laminar constraints are a special
case of submodular constraints. For this, we consider for two given distinct sets
X , Y ∈ N ′ four cases:
1. If X = Nj and Y = Nℓ for some j, ℓ ∈ M, then either X ∩ Y = ∅,
X ⊂ Y, or X ⊃ Y. The latter two cases imply that X ∩ (N \Y) = ∅ and
(N \X ) ∩ Y = ∅ respectively. Thus, in all three cases, X and Y do not
cross.
2. If X = Nj and Y = N \Nℓ for some j, ℓ ∈ M, then either X ∩ (N \Y) =
∅, X ⊂ (N \Y), or X ⊃ (N \Y). The latter two cases imply that X ∩Y =
∅ and (N \X ) ∩ (N \Y) = ∅ respectively. Thus, in all three cases, X and
Y do not cross.
3. If X = N \Nj and Y = Nℓ for some j, ℓ ∈ M, we can use the argument
in case 2 with the roles of X and Y interchanged to conclude that X and
Y do not cross.
4. If X = N \Nj and Y = N \Nℓ for some j, ℓ ∈ M, then either (N \X ) ∩
(N \Y) = ∅, (N \X ) ⊂ (N \Y), or (N \X ) ⊃ (N \Y). The latter two
cases imply that (N \X ) ∩ Y = ∅ and X ∩ (N \Y) = ∅ respectively. Thus,
in all three cases, X and Y do not cross.

2.8

Appendix: Proof that Condition 2.1 holds for the
RAP with laminar constraints

Here we present an alternative proof of the claim that Condition 2.1 holds for
the resource allocation problem with laminar constraints (S/LC/γ). Before
we prove this result in Lemma 2.3, we first show that the difference between
any two feasible solutions x and z of S/LC/γ can be written as a nonnegative
combination of vectors in the set V := {ek − ei | (i, k) ∈ EC ′ (x)}, where C ′ is
the feasible set of S/LC/γ. In other words, z − x belongs to the cone generated
by the vectors in V´. To this end, we present the following procedure to obtain
this combination. Starting from the solution x̄0 := x, we construct a series
of intermediate vectors (x̄t )t≥0 that finally leads to z by iteratively transferring
amounts
between two variables. We do this in such a way that the distance
P
|z
− x̄ti | reduces as t increases and becomes zero for some t̄ ≥ 0, meaning
i
i∈N
t̄
that x̄ = z. To ensure finiteness of this process, we always choose two variables
with indices i, k such that x̄ti > zi and x̄tk < zk . By transferring an amount of
λik := min(x̄ti −zi , zk − x̄tk ) between those variables, we have for the subsequent

To ensure that each index pair with a positive coefficient is an exchangeable pair
(see also Lemma 2.2), i.e., is in EC ′ (x), we restrict the choice of index pair in the
procedure in the following way. First, we order the subsets such that Nj ⊂ Nj ′
implies j > j ′ for all j, j ′ ∈ M. Moreover, we define N0 := N . Now we
iterate through the subsets from Nm to N0 and during iteration j we allow only
exchanges between variables whose indices belong to the current subset Nj .
The procedure is summarized in Algorithm 2.1. In this algorithm, for any j ∈
{0}∪M, tj is the last iteration index such that no exchanges are allowed between
a variable whose index is in Nj and a variable whose index is not in Nj .
Algorithm 2.1: Computing z − x as a conic combination of vectors in V.
1
2
3
4
5
6
7
8
9
10
11
12

Input: Two feasible solutions x, z to S/LC/γ
Output: Weight matrix λ ∈ Rn×n
≥0
Initialize λik = 0 for all i, k ∈ N
Order subsets such that Nj ⊂ Nj ′ implies j > j ′ for all j, j ′ ∈ M
N0 := N ; t = 0; x̄0 := x
for j = m down to 0 do
while there exist i, k ∈ Nj such that x̄ti > zi and x̄tk < zk do
λik := min(x̄ti − zi , zk − x̄tk )
x̄t+1 := x̄t + λik (ek − ei )
t=t+1
tj = t
return λ

In Lemma 2.1, we prove several properties of the output λ of the algorithm and
of the intermediate vectors (x̄t )t≥0 .
Lemma 2.1. The following statements hold for the output λ and the sequence of
intermediate vectors (x̄t )t≥0 of Algorithm 2.1 when applied to two feasible solutions
x and z to S/LC/γ:
P
t
1.
i∈N x̄i = R for all t ≥ 0.
′

2. If x̄ti > zi for a given t ≥ 0, then zi ≤ x̄ti ≤ x̄ti ≤ xi for all t′ > t;
′

3. If x̄ti < zi for a given t ≥ 0, then zi ≥ x̄ti ≥ x̄ti ≥ xi for all t′ > t;
′

4. If x̄ti = zi for a given t ≥ 0, then x̄ti = zi for all t′ > t.
5. For a given j and t ≥ tj , we have that either x̄ti ≤ zi for all i ∈ Nj or
x̄ti ≥ zi for all i ∈ Nj .
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vector x̄t+1 that either x̄t+1
= zi or x̄t+1
= zk . By repeating this process, we
i
k
finally reach an intermediate vector x̄t̄ that equals z. For each selected pair (i, k),
the value λik represents a positive coefficient in the desired conic combination.
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6. Each index pair (i, k) ∈ N 2 is selected at most once over the entire course of
the algorithm.
P
P
7. For a given j and any t ≤ tj , it holds that ℓ∈Nj x̄tℓ = ℓ∈Nj xℓ .
P
8. z − x = (i,k)∈N 2 λik (ek − ei ).
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Proof. P
Part (1): Follows by induction on t since
λik = ℓ∈N x̄tℓ for all t ≥ 0 and x̄0 = x.

P

ℓ∈N

x̄t+1
=
ℓ

P

ℓ∈N

x̄tℓ +λik −

Part (2): For a given t ≥ 0, we have that x̄ti > zi implies that either x̄t+1
= x̄ti
i
t+1
t
(if i is not selected during iteration t) or zi ≤ x̄i < x̄i (if i is selected during
iteration t). Thus, we have that x̄ti > zi implies that zi ≤ x̄t+1
≤ x̄ti . By
i
′
induction, one can deduce that if xti > zi , then zi ≤ x̄ti ≤ x̄ti ≤ xi for all t ≥ 0
and t′ > t.
Part (3): Is analogous to the proof of Part (2).
Part (4): If xti = zi , then i will not be selected anymore as part of an exchangeable
pair. Hence, xti = xt+1
= · · · = zi .
i
t

Part (5): By definition of tj , we have that either x̄ℓj ≥ zℓ for all ℓ ∈ Nj or
t
x̄ℓj ≤ zℓ for all ℓ ∈ Nj . It follows directly from Parts (2)-(4) that in the first
case x̄tℓ ≥ zℓ for all ℓ ∈ Nj and that in the second case x̄tℓ ≤ zℓ for all ℓ ∈ Nj .
Part (6): If the pair (i, k) is chosen during some iteration t, then either x̄t+1
= zi
i
or x̄t+1
=
z
.
Thus,
at
least
one
of
the
indices
i,
k
cannot
be
chosen
again
as
k
k
part of a pair, hence the pair (i, k) is selected at most once.
Part (7): For a given t ≤ tj , let (i, k) denote the selected pair during iteration t−1.
Thus, there is a subset Nj ′ with j ′ > j such that i, k ∈ Nj ′ . By the ordering
of the subsets, we have either Nj ∩ Nj ′ = ∅ or Nj ′ ⊂ Nj . Thus,Peither both
or neither of the indices i and k are in Nj . This implies that ℓ∈Nj x̄tℓ =
P
P
P
0
x̄t−1
. By induction on t, it follows that ℓ∈Nj x̄tℓ =
ℓ∈N
ℓ∈Nj x̄ℓ =
ℓ
j
P
ℓ∈Nj xℓ .
Part (8): Follows from Part (6) and the fact that λik = 0 if the pair (i, k) has not
been chosen during any iteration.
Lemma 2.1 implies that for any two feasible solutions x and z, the difference z −x
can be written as a nonnegative combination of the vectors in {ek −ei )(i,k)∈N 2 }.
We strengthen this result in Lemma 2.2 by proving that z − x can be written as
a nonnegative combination of the vectors in V.
Lemma 2.2. Let λ and (x̄t )t≥0 be the output of Algorithm 2.1 applied to two feasible
solutions x and z of the problem S/LC/γ. If λik > 0 for a given pair (i, k) ∈ N 2 ,
then (i, k) ∈ EC ′ (x) and λℓ,i = λk,ℓ = 0 for all ℓ ∈ N .

Note that for any ℓ ∈ N , we can only have that λℓi > 0 if there is some
iteration t with x̄ti < zi . Since x̄ti ≥ zi for all t ≥ 0, we must have that λℓi = 0.
Analogously, we must have that λkℓ = 0 since x̄tk ≤ zk for all t ≥ 0.
Lemma 2.2 implies that we can partition N into three subsets such that one
subset contains all indices i for which λik > 0 for at least one k ∈ N , one subset
contains all indices i for which λki > 0 for at least one k ∈ N , and one subset
contains all indices i such that λik = λki = 0 for all k ∈ N . More precisely, we
define the following partition of N :
L(x) := {i ∈ N | λik > 0 for some k ∈ N },
U(x) := {i ∈ N | λki > 0 for some k ∈ N },
F(x) := N \(L(x) ∪ U(x)) = {i ∈ N | λik = λki = 0 for all k ∈ N }.
Using this partition and Lemma 2.2, we can show that S/LC/γ satisfies Condition 2.1.
Lemma 2.3. For γ ∈ {C, I}, the problem S/LC/γ satisfies Condition 2.1.
Proof. First, we prove the “only if”-part. Suppose x is optimal for S/LC/γ and
−
there exists an index pair (i, k) ∈ EC ′ (x) such that ϕ+
k (xk ) < ϕi (xi ). We
consider the two cases γ = C and γ = I separately and show for both cases
that there exists a feasible solution whose objective value is smaller than that
of x. Thus, x cannot be optimal, which is a contradiction. It follows that
−
′
ϕ+
k (xk ) ≥ ϕi (xi ) for all (i, k) ∈ EC (x):
+
γ = C: By definition of EC ′ (x) and the left and right derivatives ϕ−
k and ϕi ,
+
there exists ϵ > 0 such that x + ϵ(ek − ei ) is feasible and ϕk (xk + ϵ) <
ϕ−
i (xi − ϵ). Thus, it follows from convexity of ϕi and ϕk that
+
ϕi (xi )−ϕi (xi −ϵ) ≥ ϕ−
i (xi −ϵ)ϵ > ϕk (xk +ϵ)ϵ ≥ ϕk (xk +ϵ)−ϕk (xk ).
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2.8 – Appendix: Proof that Condition 2.1 holds for the RAP with laminar constraints

Proof. Note that for any two indices i, k ∈ N , the solution x + ϵ(ek − ei ) is
feasible for some
Pϵ > 0 if and only if we have for each subset Nj that contains i
but not k that ℓ∈Nj xℓ > Lj , and for each subset Nj ′ that contains k but not
P
i that ℓ∈Nj′ xℓ < Uj ′ . Let Nj ′ be the minimal subset that contains both i and
k, i.e., there is no other subset Nj such that Nj ⊂ Nj ′ and i, k ∈ Nj . If λik > 0,
then there exists tj ′ +1 < t ≤ tj ′ such that the pair (i, k) has been selected during
iteration t. Thus, x̄ti > x̄t+1
≥ zi and x̄tk < x̄t+1
≤ zk . By Parts (2) and (3) of
i
k
Lemma 2.1, this means that xi > zi and xk < zk and that x̄ti ≥ zi and x̄tk ≤ zk
for all t ≥ 0. By Part (5) of Lemma 2.1, this means that for any subset Nj that
t
contains i but not k we have that x̄ℓj ≥ zℓ for all ℓ ∈ Nj since j > j ′ . In
t
particular, we have by Part (2) that x̄ij > zi since x̄ti > zi . It follows from
P
P
P
t
feasibility of z and Part (7) that Lj ≤ ℓ∈Nj zℓ < ℓ∈Nj x̄ℓj = ℓ∈Nj xℓ .
P
Analogously, we can show that Uj > ℓ∈Nj xℓ . Thus, the solution x+ϵ(ek −ei )
is feasible for some ϵ > 0, hence (i, k) ∈ EC ′ (x).

This implies that
ϕk (xk + ϵ) + ϕi (xi − ϵ) < ϕk (xk ) + ϕi (xi ),
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and thus that the objective value of x + ϵ(ek − ei ) is smaller than that of
x.
γ = I: Recall from Section 2.2.3 that we may assume without loss of generality
that the functions ϕi and ϕk are piece-wise linear with breakpoints at the
integers. This means in particular that ϕ−
i (xi ) = ϕi (xi ) − ϕi (xi − 1) and
ϕ+
(x
)
=
ϕ
(x
+
1)
−
ϕ
(x
).
It
follows
that
k
k
k
k
k
k
+
ϕi (xi ) − ϕi (xi − 1) = ϕ−
i (xi ) > ϕk (xk ) = ϕk (xk + 1) − ϕk (xk ),

which implies that
ϕk (xk + 1) + ϕi (xi − 1) < ϕk (xk ) + ϕi (xi ).
Thus, the objective value of x + (ek − ei ) is smaller than that of x. Finally,
by definition of EC ′ (x), we have that x + (ek − ei ) is feasible, i.e., we may
choose ϵ = 1 in this definition given that (i, k) ∈ EC ′ (x).
Second, we prove the “if”-part. Let x be a feasible solution such that ϕ+
k (xk ) ≥
′ (x) and let z be an arbitrary feasible solution. Moreϕ−
(x
)
for
all
(i,
k)
∈
E
i
C
i
over, let λ ∈ Rn×n denote the output of Algorithm 2.1 when applied to x and
z. By Lemma 2.2 and definition of the sets L(x), U(x), and F(x), we have that
X
X
z−x=
λik (ek − ei ) =
λik (ek − ei )
(i,k)∈N 2

=

(i,k)∈EC′ (x)

X

k

i

λik (e − e ) =

(i,k)∈EC′ (x),
i∈L(x)

X

λik (ek − ei ).

(i,k)∈EC′ (x),
i∈L(x),
k∈U (x)

We define the following subgradient g ∈ Rn at the solution x:

−

if i ∈ L(x),
:= ϕi (xi )
+
gi := ϕi (xi )
if i ∈ U(x),


−
+
∈ [ϕi (xi ), ϕi (xi )] if i ∈ F(x).
By convexity of the functions ϕi , it follows that
X
X
(ϕi (zi ) − ϕi (xi )) ≥ g ⊤ (z − x) =
i∈N

λik g ⊤ (ek − ei )

(i,k)∈EC′ (x),
i∈L(x),
k∈U (x)

=

X

−
λik (ϕ+
k (xk ) − ϕi (xi )) ≥ 0.

(i,k)∈EC′ (x),
i∈L(x),
k∈U (x)

It follows that x is optimal since z is an arbitrary feasible solution.
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3

Quadratic resource allocation
Abstract – In this chapter, we focus on the continuous quadratic resource
allocation problem with box constraints. This problem returns in several
chapters in this thesis either as a subproblem within studied extensions of the
problem (Chapters 4, 5, and 8) or as an example problem to illustrate online
optimization and prediction methodologies (Chapters 7 and 8). We provide
an analysis of and solution approach for the problem based on Lagrangian
relaxation and discuss two algorithms. These algorithms fall into the class of
so-called breakpoint search algorithms, which form an important building
block for the presented algorithms for extensions of the problem studied in
Chapters 4, 5, and 8.

3.1

Introduction

The focus of this chapter is on the resource allocation problem (RAP) with a
quadratic objective function, subject to additional box constraints, and involving continuous variables. In terms of the classification scheme introduced in
Section 2.2.3, this is the problem (a, 0)-Q/Box/C, where a ∈ R>0 . For convenience in this and later chapters, we call this problem the quadratic resource
allocation problem (Problem QRA).
We present a solution approach for Problem QRA based on Lagrangian relaxation and so-called breakpoint search. Hereby, one exploits the fact that an
optimal solution to Problem QRA can be characterized by a single value called
the optimal Lagrange multiplier. In the breakpoint search approach, one searches
for an optimal Lagrange multiplier and uses this value to reconstruct the optimal
(primal) solution. The search for this value can be done structurally due to the
monotonic relation between the Lagrange multiplier and the resulting primal
solution, i.e., the solution to the Lagrangian relaxation. As a consequence, the
This chapter contains parts of [SU:2].

47

48

Chapter 3 – Quadratic resource allocation

multiplier search can be reduced to searching through a finite set of candidate
values called breakpoints. We discuss two algorithms for this searching problem
that each use a different strategy to obtain the optimal Lagrange multiplier. The
first algorithm sorts the candidate values and searches them sequentially, whereas
the second algorithm applies binary search and uses a sophisticated bookkeeping
scheme to reduce the computational overhead. An overview of the pros and
cons of these two algorithms is given in Table 3.1: we discuss them in more detail
later in this chapter.
Sequential search

Binary search

Time complexity
Implementation

O(n log n)
Requires simple bookkeeping scheme

Performance

Good: sorting is the heaviest operation

O(n)
Requires
sophisticated
bookkeeping scheme and
repeated median-finding
Depends on efficiency of
bookkeeping and medianfinding implementation

Table 3.1: High-level differences between the sequential search- and binary searchbased algorithms for Problem QRA.
The outline of the remainder of this chapter is as follows. In Section 3.2, we
formulate the considered Problem QRA and derive a general solution approach
for it based on breakpoint search. Subsequently, in Section 3.3, we discuss the
two mentioned breakpoint search algorithms in Table 3.1. In Section 3.4, we give
an example of an application of this model in the context of electric vehicle (EV)
charging. This example forms the basis of several other occurrences of RAPs
within energy management, in particular those in Chapters 5, 7, and 8. Finally,
in Section 3.5, we discuss the relevance of Problem QRA and the EV charging
problem introduced in Section 3.4 for later chapters of this thesis.

3.2

Problem formulation, analysis, and general solution
approach

Problem QRA is given as follows:
X 1 x2
i
x∈R
2 ai
i∈N
X
s.t.
xi = R,

QRA : minn

(3.1)

i∈N

li ≤ xi ≤ ui ,
Rn>0 ,

i ∈ N,

where a ∈
R ∈ R, l, u ∈ R , and N := {1, . . . , n}. The so-called
Lagrangian relaxation of this problem, where the resource constraint (3.1) is
n

replaced by a penalty term in the objective function, is given by:

X  1 x2
i
QRA(λ) : minn
− λxi
x∈R
2 ai
i∈N

i ∈ N,

where λ ∈ R is the Lagrange multiplier corresponding to the resource constraint (3.1). We denote the optimal solution to this problem by x(λ) :=
(xi (λ))i∈N . Since the objective function of this problem is separable, the optimal
solution to QRA(λ) is given by


if λ < alii ,
 li
xi (λ) = ai λ if alii ≤ λ < uaii ,
(3.2)


ui
if uaii ≤ λ.
Observe that xi (λ) is a continuous piece-wise linear non-decreasing function
of λ. More precisely, xi (λ) is constant for λ ≤ alii , linear with slope ai for
λ ∈ [ alii , uaii ], and again constant for λ ≥ uaii (see also Figure 3.1). For each i ∈ N ,
we call the points where xi (λ) has “kinks”, i.e., where xi (λ) is non-differentiable,
the breakpoints of xi (λ). We denote these breakpoints for i ∈ N by αi and βi
respectively, i.e., αi := alii and βi := uaii , where we refer to αi as the lower
breakpoint of xi (λ) and to βi as the upper breakpoint of xi (λ). We denote the
multiset of lower breakpoints by A := {αi | i ∈ N } and the multiset of upper
breakpoints by B := {βi | i ∈ N }. The reason for defining A and B as multisets
is because this allows us to readily associate each breakpoint value in the set with
one index in N .
P
Note that also the sum z(λ) := i∈N xi (λ) is continuous, piece-wise linear,
and non-decreasing. Moreover, it has 2n breakpoints, namely those of all terms
xi (λ). Thus, the multiset of breakpoints of z(λ) is given by A ∪ B.

xi (λ)

ui

li

li
ai

ui
ai

λ

Figure 3.1: The function xi (λ) for a given i ∈ N . The slope of the line segment
for λ ∈ [ alii , uaii ] is ai .

3.2 – Problem formulation, analysis, and general solution approach

s.t. li ≤ xi ≤ ui ,
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By definition of z(λ), feasibility of the original Problem QRA implies that there
exists a value λ∗ of the Lagrange multiplier such that z(λ∗ ) = R. As shown in
the following lemma, this property ensures that x(λ∗ ) is not only an optimal
solution to Problem QRA(λ∗ ) but also to the original Problem QRA:
Lemma 3.1. If for a given λ∗ ∈ R we have z(λ∗ ) = R, the solution x(λ∗ ) is
optimal for both QRA(λ∗ ) and Problem QRA.

Chapter 3 – Quadratic resource allocation

Proof. Suppose that x(λ∗ ) is not optimal for Problem QRA, i.e., there exists an
optimal solution x̄ to Problem QRA whose objective value is lower than that of
x(λ∗ ). Since x(λ∗ ) is optimal for QRA(λ∗ ), we have
 X 2

X  1 xi (λ∗ )2
1 x̄i
∗
∗
∗
− λ xi (λ ) ≤
− λ x̄i
2 ai
2 ai
i∈N
i∈N

X  1 xi (λ∗ )2
∗
− λ x̄i .
<
2 ai
i∈N
P
P
∗
It follows that −λ∗ i∈N xi (λ∗ ) < −λ∗ i∈NP
x̄i . However, since
P both x(λ )
∗
and x̄ are feasible for Problem QRA and thus i∈N xi (λ ) = i∈N x̄i = R,
this implies that −λ∗ R < −λ∗ R. This is a contradiction, hence x(λ∗ ) must also
be optimal for Problem QRA.
We call λ∗ the optimal Lagrange multiplier for Problem QRA. Note that this
multiplier is not necessarily unique: in general, there may exist an interval I ⊂ R
such that λ ∈ I implies z(λ) = R. However, Lemma 3.1 implies that we can
easily compute an optimal solution to Problem QRA using Equation (3.2) when
we have found any optimal Lagrange multiplier in this interval I. Based on this,
in the remainder of this chapter, we assume without loss of generality that the
optimal Lagrange multiplier λ∗ is unique.
In the following, we describe our two-step approach to find the optimal Lagrange
multiplier λ∗ . First, we aim to find two consecutive breakpoints λ1 and λ2 such
that λ1 ≤ λ∗ ≤ λ2 . Since z is non-decreasing, this is equivalent to finding two
consecutive breakpoints λ1 and λ2 such that z(λ1 ) ≤ R ≤ z(λ2 ). In the second
step, given these consecutive breakpoints, we determine λ∗ and x(λ∗ ). Note
that, since x(λ) is non-decreasing, we have for each i ∈ N :
» xi (λ∗ ) = li if and only if xi (λ2 ) = li , and
» xi (λ∗ ) = ui if and only if xi (λ1 ) = ui .
Thus, given λ1 and λ2 , we know whether a given variable xi (λ∗ ) equals its lower
bound li , its upper bound ui , or is strictly in between these bounds. To find
xi (λ∗ ) for the remaining variables that are strictly in between their bounds, note
that, by definition of x(λ),
X
X
X
R = z(λ∗ ) =
li +
ai λ∗ +
ui .
i: xi (λ∗ )=li

i: li <xi (λ∗ )<ui

i: xi (λ∗ )=ui

It follows that
∗

λ =

R−

P

i: xi (λ∗ )=li li

−

P

P

i: xi (λ∗ )=ui

i: li <xi (λ∗ )<ui

ui

ai

,
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It remains to find the consecutive breakpoints λ1 and λ2 with λ∗ ∈ [λ1 , λ2 ]. In
the next section, we discuss two strategies for this, which lead to two different
algorithms for solving Problem QRA. The first strategy consists of searching
the set A ∪ B of breakpoints sequentially, whereas the second strategy consists
of a binary search.

3.3

Two breakpoint search algorithms

In this section, we discuss two algorithms for Problem QRA, which are based
on the existing sequential breakpoint search strategy in [72] (Section 3.3.1, Algorithm 3.1) and the existing binary breakpoint search strategy in [100] (Section 3.3.2, Algorithm 3.2).
3.3.1

An O(n log n) time algorithm based on sequential breakpoint
search

In the first strategy, we consider all breakpoints in A ∪ B in non-decreasing order
until we have found the first, i.e., smallest, breakpoint λ such that λ∗ < λ. In
detail, for each candidate breakpoint λ, we compute z(λ) and if z(λ) > R for
the first time, we set λ2 := λ and λ1 as the previously considered breakpoint.
To compute z(λ) efficiently, we keep track of the sums
X
X
X
li +
ui ,
Q(λ) :=
ai
P (λ) :=
l

i: λ< ai

i

u

i: λ≥ ai
i

i:

li
ai

u

≤λ< ai
i

and update these values after a new breakpoint has been considered (see Table 3.2).
Type of λ
λ ≡ αi
λ ≡ βi

Update P (λ)

Update Q(λ)

P (λ) − li
P (λ) + ui

Q(λ) + ai
Q(λ) − ai

Table 3.2: Updating the bookkeeping sums P (λ) and Q(λ) when searching the
breakpoints in non-decreasing order.
Algorithm 3.1 summarizes the sketched strategy. To efficiently compute the
minimum breakpoint λk , we can implement the multisets A and B as sorted
lists. As a consequence, each iteration of the repeat-statement takes O(1) time.

3.3 – Two breakpoint search algorithms

from which we can directly compute xi (λ∗ ) by xi (λ∗ ) = ai λ∗ .
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Since the maximum number of iterations is 2n (one for each breakpoint), the
overall complexity of this approach is O(n log n) due to the initial sorting of the
breakpoints. If this sorting has already been given (for example if the breakpoints
have already been sorted in a previous run of the algorithm), the time complexity
of the algorithm reduces to O(n).
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Algorithm 3.1: An O(n log n) time algorithm for Problem QRA.
1
2
3

4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Input: Parameters a ∈ Rn>0 , R ∈ R, and l, u ∈ Rn
Output: Optimal solution x̄ to Problem QRA
Compute the breakpoint multisets A := {αi | i ∈ N } and
B := {βi | i ∈P
N}
Initialize P := i∈N li ; Q := 0
repeat
Determine smallest breakpoint λi := min(A ∪ B)
if P + Qλi = R then
Compute x(λ∗ ) using Equation (3.2)
return x̄ := x(λ∗ )
else if P + Qλi > R then
∗
λ∗ = R−P
Q ; compute x(λ ) using Equation (3.2)
return x̄ := x(λ∗ )
else
if λi is lower breakpoint (λi = αi ) then
P := P − li ; Q := Q + ai
A := A\{αi }
else
P := P + ui ; Q := Q − ai
B := B\{βi }

▷ λ∗ = λ i

▷ λ∗ < λi

▷ λ∗ > λi

We conclude this subsection with two observations that are crucial for the problems studied in Chapters 4 and 8 and the resulting solution approaches and
algorithms:
1. Instead of searching the breakpoints in non-decreasing order, we may also
search them in non-increasing order and continue the search until we find
the first, i.e., largest breakpoint λ1 such that λ1 < λ∗ .
2. Solving two instances of Problem QRA that differ only in the value of R
in the resource constraint (3.1) can be done sequentially in one run of
Algorithm 3.1. This is because the multisets of the breakpoints for these
two instances of Problem QRA are the same. Thus, we can modify Algorithm 3.1 such that it continues the breakpoint search after the optimal
multiplier for the smallest of the given values of R has been found. Note
that, essentially, the optimal multiplier for a given value R serves as the

starting candidate for the optimal multiplier for instances with a higher
value of R.

The second strategy is based on binary search combined with a sophisticated
bookkeeping scheme. In this strategy, we maintain a valid lower bound λ↓ and
a valid upper bound λ↑ on λ∗ and tighten the interval [λ↓ , λ↑ ] until this interval
lies in between two consecutive breakpoints. To update the bounds, a sequence
of candidates for λ∗ is chosen. For each candidate λ̂, the value z(λ̂) is evaluated
and based on this either the lower or upper bound is updated accordingly. An
important aspect hereby is that we guarantee that any breakpoint outside the
interval [λ↓ , λ↑ ] cannot be a candidate for λ∗ and thus does not have to be
considered any longer.
The key to efficiency in this approach is twofold. First, similarly to Algorithm 3.1,
we can compute z(λ̂) efficiently by keeping track of several sets and sums that
are updated throughout the algorithm. More precisely, we keep track of the
following sets:
L(λ↓ , λ↑ ) := {i | αi ≥ λ↑ },

(3.3a)

F(λ↓ , λ↑ ) := {i | αi < λ↓ ≤ λ↑ < βi },

(3.3b)

U(λ↓ , λ↑ ) := {i |βi ≤ λ↓ },

(3.3c)

I(λ↓ , λ↑ ) := {i | λ↓ < αi < λ↑ or λ↓ < βi < λ↑ }.

(3.3d)

Note that for any pair (λ↓ , λ↑ ), these four sets from a partition of N (see also
Figure 3.2).
β1 ≤ λ↓
α1

⇒ 1 ∈ U(λ↓ , λ↑ )

β1
α2 < λ↓ ≤ λ↑ < β2 ⇒ 2 ∈ F(λ↓ , λ↑ )
α2

β2
α3

α4

α3 ≥ λ↑

⇒ 3 ∈ L(λ↓ , λ↑ )

λ↓ < β4 < λ↑

⇒ 4 ∈ I(λ↓ , λ↑ )

β3

β4
λ↓ < α5 < β5 < λ↑ ⇒ 5 ∈ I(λ↓ , λ↑ )
α5

β5
λ↓ < α6 < λ↑
α6

λ↓

⇒ 6 ∈ I(λ↓ , λ↑ )

β6
λ↑

λ→

Figure 3.2: Example of the variable partitioning based on their breakpoints and
the interval [λ↓ , λ↑ ].

3.3.2 – An O(n) time algorithm based on binary breakpoint search
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3.3.2 An O(n) time algorithm based on binary breakpoint search
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Initially, we start with lower and upper bounds λ↓ ≡ −∞ and λ↑ ≡ ∞,
meaning that initially we have L(λ↓ , λ↑ ) = F(λ↓ , λ↑ ) = U(λ↓ , λ↑ ) = ∅ and
I(λ↓ , λ↑ ) = N . Observe that by increasing λ↓ and decreasing λ↑ , an index i can
move from I(λ↓ , λ↑ ) to any of the three sets L(λ↓ , λ↑ ), F(λ↓ , λ↑ ), or U(λ↓ , λ↑ ).
Furthermore, if an index i once moved to another set, it stays there when λ↓
is further increased or λ↑ is further decreased. Moreover, it follows from the
definitions of x(λ∗ ) in Equation (3.2) and the sets L(λ↓ , λ↑ ), F(λ↓ , λ↑ ), and
U(λ↓ , λ↑ ) in Equation (3.3) that for any bounds λ↓ < λ↑ we have
i ∈ L(λ↓ , λ↑ )

⇒ αi ≥ λ↑ ≥ λ∗

⇒ xi (λ∗ ) = li ,

i ∈ F(λ↓ , λ↑ )

⇒ αi < λ∗ < βi

⇒ xi (λ∗ ) = ai λ∗ ,

i ∈ U(λ↓ , λ↑ )

∗

⇒ βi ≤ λ ↓ ≤ λ

⇒ xi (λ∗ ) = ui .

This means that by tightening the interval [λ↓ , λ↑ ], we implicitly determine for
additional variables whether in the optimal solution they are equal to their lower
or upper bound or are strictly in between these bounds. This process continues
until this has been determined for all variables, i.e., until [λ↓ , λ↑ ] lies in between
two consecutive breakpoints.
Given the interval [λ↓ , λ↑ ], we can compute z(λ) for any λ ∈ R as
X
X
z(λ) =
xi (λ) +
xi (λ)
i∈L(λ↓ ,λ↑ )

+

i∈F (λ↓ ,λ↑ )

X
i∈U (λ↓ ,λ↑ )

X

=

xi (λ)

i∈I(λ↓ ,λ↑ )

X

li +

i∈L(λ↓ ,λ↑ )

+

X

xi (λ) +

i∈F (λ↓ ,λ↑ )

X
i∈I(λ↓ ,λ↑ ):αi ≥λ

li +

X

ai λ +

ui

i∈U (λ↓ ,λ↑ )

X
i∈I(λ↓ ,λ↑ ):αi <λ<βi

ai λ +

X

ui .

i∈I(λ↓ ,λ↑ ):βi ≤λ

For an efficient calculation of this value throughout the breakpoint search, we
keep track of the sums
X
X
X
P (λ↓ , λ↑ ) :=
li +
ui , Q(λ↓ , λ↑ ) :=
ai
i∈L(λ↓ ,λ↑ )

i∈U (λ↓ ,λ↑ )

i∈F (λ↓ ,λ↑ )

and update these sums whenever a variable index is moved from I(λ↓ , λ↑ ) to
any of the other sets L(λ↓ , λ↑ ), F(λ↓ , λ↑ ), or U(λ↓ , λ↑ ).
Second, in each iteration of the breakpoint search, we choose the candidate
λ̂ to be the median of the set of still to-be-considered breakpoints. This has
two advantages with regard to efficiency. First, finding the median of a set of m
elements can be done in O(m) time [28]. Second, the set of still to-be-considered
breakpoints is at least halved during each iteration, meaning that the number of
iterations of the overall strategy is O(log n).

Algorithm 3.2 outlines the sketched strategy. To determine the time complexity
of this algorithm, note that
» The initialization and final computations in Lines 3-4 and Lines 25-28
take O(n) time.
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» We have |I| ≤ |D| by definition of I and because D consists of all breakpoints within [λ↓ , λ↑ ]. As a consequence, all operations in a given iteration of the breakpoint search take O(|D|) operations.
Since the size of D is at least halved in each iteration, the total time complexity
of Algorithm 3.2 is



X n
 ≤ O(n) + O n + n + n + n + · · · = O(n).
O(n) + O 
2k
2
4
8


log(n)

k=0

We note that several improvements listed in [100] can be used to improve the
practical performance of Algorithm 3.2. For example, in order to speed up
the
z(λ̂) in Line 7, one could also
P computation of P
P keep track of the sums
l
a
,
,
and
i∈I(λ↓ ,λ↑ ):αi ≥λ i
i∈I(λ↓ ,λ↑ ):αi <λ<βi i
i∈I(λ↓ ,λ↑ ):βi ≤λ ui and update these sums accordingly after the update of D in Lines 13 and 16.
We conclude this section with two remarks on the two breakpoint search strategies presented in this section.
1. Both strategies can be generalized to solve Problem QRA where we rex2
place each term 12 aii by a convex function fi . However, the major computational gain when applying these strategies to Problem QRA is that
we can compute z(λ) and eventually λ∗ efficiently by means of bookkeeping via the sums P (λ) and Q(λ) (in the sequential search strategy)
and P (λ↓ , λ↑ ) and Q(λ↓ , λ↑ ) (in the binary search strategy). This is in
contrast to the case of general convex functions, where computing z(λ)
for an arbitrary λ takes O(n) time and a nonlinear equation has to be
solved to find λ∗ [138].
2. Although Algorithm 3.2 has a better worst-case time complexity than
Algorithm 3.1, it is not necessarily faster in practice. This is due to the
relatively large constant factor that is "hidden" in the worst-case time
complexity of the median-find algorithm in [28]. As a consequence, this
type of algorithm is rarely used in practice. However, recent studies have
demonstrated the potential of similar median-find algorithms that have
smaller constant factors and are thereby faster (see, e.g., [7]).

3.3.2 – An O(n) time algorithm based on binary breakpoint search

» In each iteration of the breakpoint search, Lines 6, 13, and 16 each take
O(|D|) time and Line 7 and Lines 17-23 take O(|I|) time.
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Algorithm 3.2: An O(n) algorithm for Problem QRA.
1
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2
3
4
5
6
7

8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

Input: Parameters a ∈ Rn>0 , R ∈ R, and l, u ∈ Rn
Output: Optimal solution x̄ to Problem QRA
Compute the breakpoint sets A := {αi | i ∈ N } and B := {βi | i ∈ N }
Initialize D := A ∪ B; I := N ; P := 0; Q := 0; λ↓ := −∞; λ↑ := ∞
repeat
λ̂ := median(D)
P
Compute z(λ̂) := P + Qλ̂ + i∈I(λ↓ ,λ↑ ):αi ≥λ̂ li +
P
P
i∈I(λ↓ ,λ↑ ):αi <λ̂<βi ai λ̂ +
i∈I(λ↓ ,λ↑ ):βi ≤λ̂ ui
if z(λ̂) = R then
Compute x(λ∗ ) using Equation (3.2)
return x̄ := x(λ∗ )
else if z(λ̂) > R then
Update upper bound λ↑ = λ̂
Update D: D = {λ ∈ D | λ < λ̂}
else
Update lower bound λ↓ = λ̂
Update D: D = {λ ∈ D | λ > λ̂}
for i ∈ I do
if αi ≥ λ↑ then
I := I\{i}; P := P + li
else if αi < λ↓ ≤ λ↑ < βi then
I := I\{i}; Q := Q + ai
else if βi ≤ λ↓ then
I := I\{i}; P := P + ui

28

until D = ∅
if Q = 0 then
Compute x(λ∗ ) as x(λ↓ ) using Equation (3.2)
else
∗
λ∗ := R−P
Q ; compute x(λ ) using Equation (3.2)

29

return x̄ := x(λ∗ )

24
25
26
27

▷ λ∗ = λ̂

▷ λ∗ < λ̂

▷ λ∗ > λ̂

Application to electric vehicle charging

In this section, we discuss how Problem QRA appears in the context of scheduling the charging of EVs. More precisely, we consider the problem of load profile
flattening for the whole grid, whereby we treat EVs as a special type of storage
system that can only charge energy and does not discharge energy back into the
grid. Thus, we can model the problem of scheduling EV charging analogously
to that of scheduling the operation of a storage system that we introduced in
Section 2.5.2, i.e., as an instance of Problem BATTERY.
Recall that, in Problem BATTERY, we divide the overall time horizon into n
equidistant time intervals of length ∆t indexed by the set N := {1, . . . , n} and
determine for each interval i ∈ N the (dis)charging power xi during this interval. In the case of EV charging, this amount is limited by 0 and the maximum
charging rate Xmax . Given the amount of energy R̄ that must be charged over
the overall time horizon, the problem of scheduling the EV charging can be
formulated as follows:
EV : minn
x∈R

s.t.

X1
(xi + pi )2
2

i∈N

X
i∈N

xi =

R̄
,
∆t

0 ≤ xi ≤ Xmax ,

i ∈ N.

Note that this problem is an instance of Problem QRA by applying the variable
transform yi = xi + pi for all i ∈ N . Moreover, we can also model an EV
charging scheduling problem involving a nonzero lower charging rate bound
Xmin , i.e., with the constraints Xmin ≤ 0 instead of 0 ≤ xi for all i ∈ N , as an
instance of Problem EV by applying the variable transform yi = xi + Xmin for
all i ∈ N . Finally, note that a more general model where these rates can differ
per interval i is also an instance of Problem QRA.
In Problem EV, the optimal Lagrange multiplier has a nice physical interpretation. To see this, observe that for λ ∈ R the optimal solution to the Lagrangian
relaxation of this problem is given by


0
xi (λ) = λ − pi


Xmax

if λ − pi < 0,
if 0 ≤ λ − pi < Xmax ,
if Xmax ≤ λ − pi .

This implies that the optimal Lagrange multiplier λ∗ represents a "best" level of
"flatness" of the combined EV and base load profile. This is also illustrated by
Figure 3.3.
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3.4 – Application to electric vehicle charging
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Figure 3.3: EV charging using the optimal Lagrange multiplier λ∗ . The EV starts
charging at 18:00h and its charging deadline is 7:00h on the next day.

3.5

Outlook

In this chapter, we studied a specific resource allocation problem (RAP), namely
the RAP with quadratic cost functions, additional box constraints, and continuous variables (Problem QRA). In particular, we discussed a solution approach
for the problem of finding an optimal Lagrange multiplier that characterizes
the unique optimal solution to the problem. Moreover, we studied two search
strategies for finding this Lagrange multiplier that are based on sequential and
binary search respectively.
Problem QRA and Problem EV form important building blocks for the RAPs
discussed in Chapters 4, 5, and 8 and for the exposition of our online dualitydriven optimization (ODDO) framework given in Chapters 6-8. We conclude
this chapter by pointing out the relevance of Problem QRA for later chapters:
1. In Chapter 4, we study the RAP with quadratic cost functions, additional box and nested constraints, and continuous variables, i.e., (a, 0)Q/NC/C in terms of the classification scheme introduced in Section 2.2.3.
We show that solving this problem can be reduced to solving a sequence
of specific instances of Problem QRA whose box constraints are optimal
solutions to instances earlier in the sequence.
2. In Chapter 5, we study the RAP with a nonseparable quadratic objective function, additional generalized bound constraints, and continuous
variables. We show that each instance of this problem can be reduced
to an instance without the generalized bound constraints by solving a
sequence of specific instances of Problem QRA. Moreover, we show that
the resulting instance can be solved using a sequential breakpoint search
approach that is in spirit similar to the one discussed in Section 3.3.1.

3. In Chapter 7, we present two prediction strategies for the ODDO framework introduced in Chapter 6. Hereby, we use Problem EV as an illustrative example.
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4. In Chapter 8, we study the performance of ODDO when some of the
original assumptions made in the framework are relaxed. For this, we use
two variants of Problem EV as illustrative problems. The first variant
is obtained from Problem EV by replacing the objective function with
a piece-wise linear approximation of this function. To solve this variant,
we use a sequential search approach that is similar to that described in
Section 3.3.1. The second variant is obtained from Problem EV by adding
the restriction that charging rates between zero and a given minimum
threshold are not allowed. We show that this variant can be solved as a
sequence of specific instances of Problem EV.
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4

Quadratic resource allocation
with nested constraints
Abstract – In this chapter, we study the quadratic resource allocation problem with lower and upper constraints on nested sums of variables. As discussed
in Chapter 2, this problem occurs in many applications. In particular, we
consider in this chapter battery scheduling within decentralized energy management (DEM) for smart grid as a leading example. We present an algorithm
for this problem that matches the state-of-the-art time complexity O(n log n)
but, in contrast to existing algorithms for this problem, that achieves this time
complexity using relatively simple and easy-to-implement subroutines and
data structures. This makes our algorithm very attractive for real-life application and implementation. Numerical comparisons of our algorithm with a
subroutine for battery scheduling within an existing tool for DEM indicates
that our algorithm significantly reduces the overall execution time of the DEM
system, especially when the battery is expected to be completely full or empty
multiple times in the optimal schedule. Moreover, computational experiments
with synthetic data show that our algorithm outperforms the currently most
efficient algorithm by more than one order of magnitude. In particular, our
algorithm can solve the considered instances with up to one million variables
in less than 17 seconds on a personal computer.

4.1

Introduction

In this chapter, we study the resource allocation problem (RAP) with a quadratic
objective function, additional box and nested constraints, and continuous variables. In terms of the classification scheme introduced in Section 2.2.3, this is
the problem (a, 0)-Q/NC/C, where a ∈ R>0 . For convenience in this and later
This chapter is based on and contains parts of [SU:2].
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chapters, we call this problem the quadratic resource allocation problem with
nested constraints (Problem QRA-NC).
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In Section 2.3.3, we already surveyed several approaches for solving this problem. In particular, we discussed the only two known tailored algorithms for this
problem, namely the infeasibility-guided algorithm in [167], hereafter referred
to as ALGinf , and the decomposition algorithm in [172], hereafter referred to as
ALGdec . Both algorithms are based on a divide-and-conquer strategy, wherein the
problem is split up into subproblems that are instances of the quadratic resource
allocation problem (Problem QRA, see Chapter 3). The worst-case time complexities of these algorithms are O(n2 ) for ALGinf and O(n log n) for ALGdec ,
making the latter algorithm the currently known most efficient algorithm for
Problem QRA-NC.
Although the decomposition-based algorithm ALGdec has a good worst-case time
complexity, we observe several disadvantages of this algorithm that may make it
less favorable in practice than its good worst-case time complexity suggests:
1. Each level of recursion within ALGdec solves a series of instances of Problem QRA whose parameters are determined by optimal solutions to multiple instances of Problem QRA on earlier levels. Since each instance is
solved from scratch, much time is spent on initializing the subproblems.
2. ALGdec achieves for each level of the recursion an O(n) time complexity
by solving the QRA subproblems using an O(n) time algorithm such
as the ones in [100] and Section 3.3.2. These O(n) time algorithms repeatedly invoke linear-time algorithms such as [28] to find the median
of a set. However, as already mentioned in Chapter 2, these median-find
algorithms are relatively slow in practice due to a big constant factor in
their complexity [28]. Moreover, they are significantly more difficult
to implement than straight-forward sorting or sampling-based strategies
[7, 99].
To alleviate these issues, we propose in this chapter a new algorithm for Problem QRA-NC, called ALGseq , which has the same time complexity as ALGdec ,
namely O(n log n), but in contrast requires only relatively simple and fast subroutines to attain this complexity. As a consequence, this algorithm is both faster
in practice and easier to implement than ALGdec . These are in practice generally more important criteria for the actual adaptation of a given algorithm than
the polynomial worst-case time complexity [125]. Our algorithm builds upon
the monotonicity results for Problem QRA-NC derived in [172] and solves a sequence of QRAP subproblems that have a sequential nested structure rather than
the divide-and-conquer structure of both ALGdec and ALGinf . More precisely,
for each j ∈ N , the j th subproblem involves only the first j variables x1 , . . . , xj .
As a consequence, our approach can solve its first j subproblems without any
knowledge on the parameters involving indices higher than j, whereas both
ALGinf and ALGdec require all problem parameters to be known a priori. This

We attain the O(n log n) complexity using an efficient implementation of doubleended priority queues [30, 102] for several bookkeeping parameters. This data
type supports insertion of arbitrary elements and finding and deletion of minimum and maximum elements in at most O(log n) time. Our approach requires
O(n) of such operations, which leads to an overall time complexity of O(n log n).
Double-ended priority queues can be implemented using specialized data structures such as min-max heaps [11] or by a simple coupling of a standard min-heap
and max-heap (see also [30]). The latter heaps are one of the most basic data
structures and many efficient implementations exist for different programming
languages [31]. Thus, we can achieve the time complexity of O(n log n) using
relatively simple data structures, as opposed to ALGdec that requires a more involved implementation of a linear-time median algorithm.
Note that by the reduction result of Corollary 2.1, our algorithm for Problem QRA-NC also leads to efficient and fast algorithms for instances of this
x2
problem where we replace the term 12 aii by ai f ( xaii ) for each i ∈ N with a given
convex function f , i.e., for the problem (a, 0, f )-S/NC/C. Such a structure is
present in many applications considered in the literature, in particular in most of
the applications surveyed or evaluated in [5, 172]. This leads to faster algorithms
for a wide range of practical problems, including the vessel speed optimization
problem [84, 131] and processor scheduling with agreeable deadlines [55, 83] (see
also Sections 2.5.4 and 2.5.5).
In Section 4.4, we evaluate the performance of our algorithm ALGseq and compare it to the state-of-the-art algorithms ALGinf and ALGdec . For this evaluation,
we use both synthetic instances and realistic instances of the battery scheduling
problem BATTERY introduced in Section 2.5.2 using real power consumption
data as input, where in Problem BATTERY we choose load profile flattening
as objective. We compare our approach to a tailored implementation of ALGinf
within DEMKit, an existing simulation tool for decentralized energy management (DEM) research [82]. Within DEMKit, the battery scheduling problem is
used as a subroutine within a distributed optimization framework that coordinates the energy consumption of multiple devices [58]. Our results indicate that
the number of tight nested constraints in an optimal solution greatly influences
which algorithm is faster for a given problem instance. In particular, ALGseq is
on average faster than ALGinf , except when the percentage of tight nested constraints is relatively low (less than 2%). Moreover, the execution time of ALGseq
is more stable than that of ALGinf , which makes our algorithm more suitable for
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makes our algorithm particularly useful in situations where problem parameters
become known only over time. Moreover, due to the nested structure, each
input and bookkeeping parameter is accessed within a relatively small time period instead of frequently throughout the entire course of the algorithm. This is
beneficial in combination with caching as used in micro-processors since this increases the number of times a value can be accessed quickly from a cache instead
of relatively slowly from the main memory.
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use in DEM systems that employ a high level of parallelism (see, e.g., [81]). With
regard to the synthetic instances, we study the scalability of ALGseq , ALGinf ,
and ALGdec . Our results indicate that both our algorithm ALGseq and ALGinf
are at least one order of magnitude faster than ALGdec . Moreover, ALGseq is on
average almost twice as fast as ALGinf . In particular, ALGseq solves instances
with up to one million variables in less than 17 seconds.
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The outline of the remainder of this chapter is as follows. In Section 4.2, we
formulate Problem QRA-NC and present an initial sequential algorithm for
solving this problem with an O(n2 ) worst-case time complexity. Based on this
algorithm, we derive in Section 4.3 our O(n log n) time algorithm ALGseq . In
Section 4.4, we evaluate the performance of this algorithm and compare it to the
state-of-the-art. Finally, we provide our conclusions in Section 4.5.

4.2

Problem formulation and an initial sequential algorithm

Problem QRA-NC can be formulated as follows:
X 1 x2
i
x∈R
2 ai
i∈N
X
s.t. Lj ≤
xi ≤ Uj ,

QRA-NC : minn

j ∈ Nn−1 ,

i∈Nj

X

xi = R,

i∈N

li ≤ xi ≤ ui ,

i ∈ N,

(4.1)

where Nj := {1, . . . , j} for j ∈ N \{n}, L, U ∈ Rn−1 , and where we define
Ln = Un = R for convenience. Note that if Lj = Uj for some j ∈ Nn−1 ,
we may split the problem into two smaller instances of Problem QRA-NC that
involve the variables x1 , . . . , xj and xj+1 , . . . , xn respectively. Thus, we assume
without loss of generality that Lj < Uj for all j ∈ Nn−1 . Moreover, we may
assume that L1 = l1 , U1 = u1 , and Lj ≥ Lj−1 + lj and Uj ≤ Uj−1 + uj for
j ∈ Nn−1 \{1}.
In this section, we present an initial sequential algorithm for Problem QRANC. This algorithm solves the problem as a sequence of 2n − 1 instances of
Problem QRA whose single-variable bounds (4.1) are given by optimal solutions
to previous QRAP subproblems. For this, we consider a sequence of restricted
subproblems where we take into account only a subset of the variables. More
precisely, we define for each j ∈ N and C ∈ R the following subproblem:

X 1 x2
i
2 ai
x∈R
i∈Nj
X
s.t.
xi = C,

QRA-NCj (C) : minj
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(4.2)

Lk ≤

X

xi ≤ U k ,

k ∈ Nj−1 ,

(4.3)

i∈Nk

li ≤ xi ≤ ui ,

i ∈ Nj .

Throughout this chapter, we denote the optimal solution to this subproblem
by xj (C) := (xji (C))i∈Nj . Note that this optimal solution is unique since
the objective function of the corresponding problem is strictly convex and all
constraints are linear. Moreover, observe that the nth subproblem QRA-NCn (R)
is equal to the original Problem QRA-NC.
The key ingredient to our algorithm is that we can replace the nested constraints (4.3) by specific single-variable constraints without changing the optimal
solution. By doing this, we transform an instance of Problem QRA-NC into
an equivalent instance of Problem QRA. More precisely, we show that each
subproblem QRA-NCj (C) yields the same optimal solution as the following
instance of Problem QRA:
X 1 x2
i
2 ai
x∈R
i∈Nj
X
s.t.
xi = C,

QRAj (C) : minj

(4.4)

i∈Nj

xj−1
(Lj−1 ) ≤ xi ≤ xj−1
(Uj−1 ),
i
i
lj ≤ xj ≤ uj ,

i ∈ Nj−1 ,

(4.5)
(4.6)

where the bounds xj−1 (Lj−1 ) and xj−1 (Uj−1 ) in (4.5) are the optimal solutions of the problems QRA-NCj−1 (Lj−1 ) and QRA-NCj−1 (Uj−1 ) respectively.
Note that the single-variable bounds for xj in (4.6) are the same as those of the
original subproblem QRA-NCj (C).
The validity of this transformation is proven by Lemmas 4.1-4.3. First, Lemma 4.1
shows that the optimal solution xj (C) to the subproblem QRA-NCj (C) is nondecreasing in C. Subsequently, Lemma 4.2 uses this property to show that when
adding the alternative single-variable bounds (4.5) to the problem formulation
of QRA-NCj (C), the optimal solution xj (C) to QRA-NCj (C) is not cut off.
Finally, Lemma 4.3 shows that the alternative single-variable bounds (4.5) are
stronger than the nested constraints (4.3).
Lemma 4.1. If Lj ≤ A ≤ B ≤ Uj , we have xj (A) ≤ xj (B) for a given j ∈ N .

4.2 – Problem formulation and an initial sequential algorithm

i∈Nj

Proof. This proof is based on the proof of Theorem 2 in [172] and given in
Appendix A.1.1.
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Lemma 4.2. For a given j ∈ Nn−1 and C ∈ [Lj , Uj ], we have that xji (Lj ) ≤
xj+1
(C) ≤ xji (Uj ).
i
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j+1
Proof. Let x′ := (xj+1
(C)) be the vector of the first j components
1 (C), . . . , xj
of the optimal solution to the problem QRA-NCj+1 (C). Since x′ is feasible for
all nested constraints (4.3) for k P
∈ Nj , this vector is also the optimal solution
′
′
j
to QRA-NCj (A) where A :=
i∈Nj xi , i.e., we have x = x (A). Since

A ∈ [Lj , Uj ], Lemma 4.1 implies that xji (Lj ) ≤ xji (A) ≤ xji (Uj ) for all i ∈ Nj .
It follows that xji (Lj ) ≤ xj+1
(C) ≤ xji (Uj ) for all i ∈ Nj .
i
Lemma 4.3. If for aPgiven j ∈ Nn−1 and vector y ∈ Rj we have xj (Lj ) ≤ y ≤
xj (Uj ), then Lk ≤ i∈Nk yi ≤ Uk for all k ∈ Nj .
Proof. The sum of the inequalities xji (Lj ) ≤ yi ≤ xji (Uj ) over all i ∈ Nk yields
X
i∈Nk

xji (Lj ) ≤

X
i∈Nk

yi ≤

X

xji (Uj ).

i∈Nk

Since xj (Lj ) and xj (Uj ) are feasible for QRA-NCj (Lj ) and QRA-NCj (Uj )
P
P
respectively and k ≤ j, we have Lk ≤ i∈Nk xji (Lj ) and i∈Nk xji (Uj ) ≤ Uk
and the result of the lemma follows.
Lemma 4.2 implies that, given optimal solutions xj−1 (Lj−1 ) and xj−1 (Uj−1 )
to QRA-NCj−1 (Lj−1 ) and QRA-NCj−1 (Uj−1 ) respectively, we can replace
the nested constraints (4.3) in QRA-NCj (C) by the single-variable bounds (4.5)
without cutting off the optimal solution to QRA-NCj (C). Moreover, since these
single-variable bounds are stronger than the nested constraints by Lemma 4.3,
adding these constraints does not change the optimal objective value. It follows directly that any optimal solution to QRAj (C) is also optimal for QRA-NCj (C).
Based on Lemmas 4.1-4.3, we use the following approach to solve Problem QRANC. We successively solve the subproblems QRAj (Lj ) and QRAj (Uj ) from
j = 1 to n − 1 and finally the subproblem QRAn (R), whereby in each step
we use the optimal solutions to the preceding subproblems QRAj−1 (Lj−1 ) and
QRAj−1 (Uj−1 ) as input. Note that each of the subproblems is an instance of
Problem QRA. This approach is summarized in Algorithm 4.1.
Since each subproblem QRAj (·) can be solved in O(n) time, the worst-case
time complexity of Algorithm 4.1 is O(n2 ). However, recall that linear-time
algorithms for Problem QRA attain their linear time complexity by employing
linear-time algorithms for median-finding, which are, as already mentioned, in
general slower than simple sorting- or sampling-based approaches [7, 99]. Note,

Algorithm 4.1: An initial sequential algorithm for Problem QRA-NC.
2
3
4
5

6
7

Input: Parameters a ∈ Rn>0 , L, U ∈ Rn−1 , R ∈ R, and l, u ∈ Rn
Output: Optimal solution x to Problem QRA-NC
Initialize x11 (L1 ) = L1 ; x11 (U1 ) = U1
for j = 2, . . . , n − 1 do
Compute optimal solutions xj (Lj ) and xj (Uj ) to QRAj (Lj ) and
QRAj (Uj ) respectively
Compute optimal solution xn (R) to QRAn (R)
return x̄ := xn (R)

moreover, that also the O(n log n) time algorithm ALGdec attains its worst-case
time complexity by using such slow linear-time algorithms as a subroutine.
In the next section, we propose an algorithm to solve Problem QRA-NC in
O(n log n) time that, as opposed to ALGdec , does not require linear-time medianfinding subroutines. Instead, it only requires a simple data structure for doubleended priority queues to store several bookkeeping parameters.
We conclude this section with two remarks that may be of independent interest:
1. It can be shown that Lemmas 4.1-4.3 also hold for the case where the variables are integer-valued, i.e., x ∈ Zn (see also Theorem 5 in [172]), given
that all parameters a, L, U , l, and u are also integer-valued and nonnegative. As a consequence, when solving each subproblem QRAj (·) with
integer variables, Algorithm 4.1 computes an optimal solution to Problem QRA-NC with integer variables. The worst-case time complexity
of this algorithm is O(n2 ) since each QRAj (·) subproblem with integer
variables can be solved in O(j) time ( [85], see also Section 2.3.1).
2. Lemmas 4.1-4.3 can be generalized to the case where the objective function is the sum of separable convex cost functions fi , i.e., where we rex2
place each term 12 aii by a convex function fi (xi ). For this more general
problem, this leads to a sequential algorithm that is very similar to Algorithm 4.1. However, initial computational tests indicated that both
this algorithm and Algorithm 4.1 are in practice much slower than both
ALGinf and ALGdec .

4.3

A fast O(n log n) time algorithm for Problem QRAPNC

The sequential algorithm derived in the previous section does not match the
best-known time complexity of ALGdec . However, we show in this section
that we can implement Algorithm 4.1 such that its time complexity reduces to
O(n log n) without requiring a linear-time median finding algorithm. Instead,
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4.3 – A fast O(n log n) time algorithm for Problem QRAP-NC

1

we only require a data type that supports insertion of elements and the finding
and removing of minimum and maximum elements in O(log n) time. A doubleended priority queue is an example of such a data type.
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The key to efficiency in our approach is that we do not explicitly compute the solution to each QRA subproblem. Instead, we only compute an optimal Lagrange
multiplier corresponding to the resource constraint (4.4) that characterizes the
entire optimal solution to this subproblem. Subsequently, we use these multipliers to reconstruct the optimal solution to the original Problem QRA-NC using
two sets of simple recursive relations that can be executed in O(n) time. In order to compute the Lagrange multipliers without explicitly storing intermediate
solutions, we exploit the special structure of these multipliers and of a specific
algorithm for solving Problem QRA.
First, in Section 4.3.1, we introduce some of the used notation. Second, in Section 4.3.2, we derive an efficient approach for computing the optimal Lagrange
multipliers of the subproblems QRAj (Lj ) and QRAj (Uj ). Based on these optimal Lagrange multipliers, we derive in Section 4.3.3, two simple recursions to
compute the optimal solution x to Problem QRA-NC. Finally, in Section 4.3.4,
we present an O(n log n) algorithm for Problem QRA-NC and discuss an implementation that attains this worst-case time complexity.
4.3.1

Notation

We introduce the following notation concerning the subproblems QRAj (Lj )
and QRAj (Uj ) that we use throughout the remainder of this chapter. We denote for j ∈ N and C ∈ [Lj , Uj ] the lower and upper single variable bounds
(4.5) and (4.6) of QRAj (C) by ¯lj := (¯lij )i∈Nj and ūj := (ūji )i∈Nj , where
¯lj := xj−1 (Lj−1 ) and ūj := xj−1 (Uj−1 ) for i < j, and ¯lj := lj and ūj := uj .
i
i
j
i
i
j
Furthermore, we denote by αj := (αij )i∈Nj and β j := (βij )i∈Nj the lower and
upper breakpoints for the QRAj (C) subproblem (see Section 3.2 for more background on breakpoints). We call the breakpoints corresponding to i = j, i.e., αjj
and βjj , initial breakpoints since the problem QRAj (C) is the first subproblem,
i.e., the problem with lowest index j, in which we have to compute breakpoint
values for the variable xj . Note that we can compute these breakpoints directly
l
u
as αjj := ajj and βjj := ajj by definition of the subproblem QRAj (C).
Furthermore, let κj and λj denote the optimal Lagrange multipliers for the
subproblems QRAj (Lj ) and QRAj (Uj ) respectively and define κ := (κj )j∈N
and λ := (λj )j∈N , where we set κ1 := α11 and λ1 := β11 . If the optimal Lagrange
multiplier for a given subproblem QRAj (Lj ) is not unique, we define without
loss of generality κj as the largest optimal Lagrange multiplier. Analogously, we
define λj as the smallest optimal Lagrange multiplier of subproblem QRAj (Uj ).
In this chapter, we write the optimal solution to the Lagrangian relaxation of a
QRA subproblem as xj [·], i.e., using the brackets [·] instead of (·), to emphasize

the distinction of this solution from the optimal solution to a subproblem of
the form QRA-NCj (·). Note that xj (Lj ) = xj [κj ] and xj (Uj ) = xj [λj ] by
definition of the subproblems QRAj (Lj ) and QRAj (Uj ) and of κj and λj .

4.3.2 Computing the optimal Lagrange multipliers of the subproblems
The goal of this subsection is to derive an efficient approach for computing
the optimal Lagrange multiplier of each QRA subproblem in Algorithm 4.1
without explicitly calculating any of the intermediate optimal solutions xj (Lj )
and xj (Uj ) for j ∈ N . If we would follow the latter strategy, i.e., if we solve
each pair of subproblems QRAj (Lj ) and QRAj (Uj ) from scratch, e.g., using
Algorithm 3.1, we would have to explicitly compute the breakpoint sets for
each pair of subproblems. This leads to O(n2 ) computations and thus forms an
efficiency bottleneck within this algorithm.
In the following, we show that we can apply the sequential breakpoint search
procedure for Problem QRA in Algorithm 3.1 of Section 3.3.1 for solving the
subproblems such that each breakpoint set Aj+1 can be obtained from the previous set Aj in O(1) amortized steps, i.e., the total number of steps required
to carry out this construction for all j ∈ Nn−1 is O(n). This is based on two
intermediate results that we show in this subsection:
1. First, the number of distinct values that the breakpoints can take is not
O(n2 ) but O(n). We obtain this result by unveiling a useful relation
between breakpoints of consecutive subproblems, i.e., between αj , β j
and αj+1 , β j+1 .
2. Second, when constructing the breakpoint sets, each distinct breakpoint
value is included in or removed from a breakpoint set at most twice
during the entire procedure. For this, it is important that we solve each
lower subproblem QRAj (Lj ) by considering the breakpoints in nondecreasing order and each upper subproblem QRAj (Uj ) by considering
the breakpoints in non-increasing order.
Together, these two results imply that the construction of the breakpoint sets
requires in total O(n) additions and removals of breakpoint values. By using an
appropriate data structure such as double-ended priority queues for maintaining
the breakpoint sets, each of these steps can be executed in O(log n) time, which
leads to an overall O(n log n) complexity for computing the optimal Lagrange
multipliers κ and λ.
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Finally, for a given subproblem QRAj (C), we define the set of its lower breakpoints as Aj := {αij | i ∈ Nj } and the set of its upper breakpoints as B j :=
{βij | i ∈ Nj }. Recall that in Section 3.2 breakpoint sets are defined as multisets
for convenience when solving Problem QRA. However, for our approach for a
fast algorithm for Problem QRA-NC, it is crucial that the breakpoint sets do
not contain duplicate elements. Therefore, in this section and the remainder of
this chapter, we regard Aj and B j as ordinary sets.
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The outline of the remainder of this subsection is as follows. First, we analyze
the relation between breakpoints of consecutive subproblems and show that the
number of distinct breakpoint values is O(n). Subsequently, we use this information and the structure of Algorithm 3.1 to construct the breakpoint sets for
each subproblem from those of the preceding subproblems. Finally, we discuss
how the updating of the bookkeeping parameters within the breakpoint search
procedure must be adjusted when applying this procedure to the subproblems
QRAj (Lj ) and QRAPj (Uj ).
Relation between consecutive breakpoints
We first show how we can efficiently obtain the breakpoint set of a given subproblem QRAj+1 (C) based on the breakpoint set and optimal Lagrange multipliers
of the preceding subproblems QRAj (Lj ) and QRAj (Uj ). We establish for a
given j ∈ Nn−1 and i < j the following relation between the subsequent lower
breakpoints αij and αij+1 :
» If κj < αij , it follows from Equation (3.2) that xji [κj ] = ¯lij since αij =
This implies that ¯lij+1 = xji (Lj ) = xji [κj ] = ¯lij and thus αij+1 = αij .

l̄ij
ai .

» If αij ≤ κj < βij , it follows from Equation (3.2) that xji [κj ] = ai κj .
Thus, αij+1 =

l̄ij+1
ai

=

xji (Lj )
ai

=

xji [κj ]
ai

= κj .

» If βij ≤ κj , then it follows from Equation (3.2) that xji [κj ] = ūji . This
implies that ¯lij+1 = xji (Lj ) = xji [κj ] = ūji and thus αij+1 = βij .
Summarizing, we can determine αij+1 from the previous breakpoints αij and βij
and the optimal Lagrange multiplier κj as follows:
 j
j
j

αi if κ < αi ,
j+1
j
αi = κj if αi ≤ κj < βij ,
(4.7)

 j
j
j
βi if βi ≤ κ .
Analogously, we obtain the following expression for the upper breakpoint βij+1
in terms of the previous breakpoints αij and βij and the optimal Lagrange multiplier λj :
 j
βi if λj > βij ,

j+1
βi = λj if βij ≥ λj > αij ,
(4.8)

 j
j
j
αi if αi ≥ λ .
Note that it follows from these relations that αij ≤ αij+1 and βij ≥ βij+1 for
each j ∈ Nn−1 . Moreover, note that the only values that the breakpoints can
take are those of the initial breakpoints αjj and βjj or of the optimal Lagrange
multipliers κ and λ. Thus, the number of distinct values among all breakpoints
is limited by 4n.

Constructing consecutive breakpoint sets

Based on this, we define the sets Ãj and B̃ j as the sets of lower and upper breakpoints that remain to be considered after solving the subproblems QRAj (Lj )
and QRAj (Uj ), i.e., we have
Ãj := {αij ∈ Aj | κj ≤ αij ≤ λj },
B̃ j := {βij ∈ B j | κj ≤ βij ≤ λj }.
We call these sets the remaining breakpoint sets of the subproblems QRAj (Lj )
and QRAj (Uj ). In the following, we relate these two remaining breakpoint
sets to the breakpoint sets of the next two subproblems, i.e., to the sets Aj+1
and B j+1 . For this, we focus on the relation between the lower remaining
breakpoint sets Ãj and the lower breakpoint set Aj+1 ; the relation between
the upper remaining breakpoint set B̃ j and the upper breakpoint set B j+1 is
analogous.
To calculate αij+1 for each i ∈ Nj , we consider four cases:
1. If κj ≤ αij ≤ λj , it follows from Equation (4.7) that αij+1 = αij . Thus, all
values in Ãj act as remaining breakpoint values for the next subproblems,
i.e., Ãj ⊆ Aj+1 .
2. If αij < κj and κj < βij , it follows from Equation (4.7) that αij+1 = κj .
3. If αij < κj and βij ≤ κj , it follows from Equations (4.7) and (4.8) that
xji (Lj ) = ūji and βij+1 = βij = αij+1 respectively. Thus,
βij+1 = αij+1 ≤ · · · ≤ αin ≤ βin ≤ · · · ≤ βij+1 .
′

′

′

′

This means that αij = βij = βij and ¯lij = ūji = ūji for all j ′ > j. In
particular, we have αij+1 = βij . Note ,moreover, that in all remaining
′
subproblems, the lower and upper breakpoints of i coincide and xji (C) =
ūji for any j ′ > j and Lj ′ ≤ C ≤ Uj ′ , regardless of the values of the
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As observed at the end of Section 3.3.1, we can solve a given QRA subproblem
by searching its breakpoints either in non-decreasing or non-increasing order.
In particular, we can solve all lower subproblems QRAj (Lj ) by searching the
breakpoints in non-decreasing order and all upper subproblems QRAj (Uj ) by
searching the breakpoints in non-increasing order. When doing this, note that
for solving the upper subproblem QRAj (Uj ) we can use as breakpoint sets
the sets that “remain” from the breakpoint search for the lower subproblem.
More precisely, instead of using the sets Aj and B j as breakpoint sets for the
lower subproblem QRAj (Lj ), we can use the sets {αij ∈ Aj | αij ≥ κj } and
{βij ∈ Bj | βij ≥ κj } respectively. This is because κj ≤ λj and thus in the
breakpoint search for the upper problem QRAj (Uj ) no breakpoints smaller
than κj need to be considered.

′

′

future optimal Lagrange multipliers κj and λj . This means that this
index (variable) does not play an active role anymore in the breakpoint
search and can thus be removed from the search.
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4. Finally, if αij > λj , it follows from Equations (4.7) and (4.8) that αij+1 =
αij and βij+1 = αij respectively. Thus, αij+1 = βij+1 = αij . Analogously
′
′
′
to the case αij ≤ βij < κj , it follows that ¯lij = ūji = ¯lij and xji (C) = ¯lij
for all j ′ > j and Lj ′ ≤ C ≤ Uj ′ . Thus, also in this case the index i does
not play an active role anymore in the breakpoint search. This means
that this index (variable) does not play an active role anymore in the
breakpoint search and can thus be removed from the search.
These four cases imply that we can construct Aj+1 from Ãj as follows:
(
{κj } if there exists i such that αij < κj < βij ,
j+1
j+1
j
A
= Ã ∪ {αj+1 } ∪
∅
otherwise.
Analogously, we can construct B j+1 from B̃ j as follows:
(
{λj } if there exists i such that αij < λj < βij ,
j+1
j+1
j
B
= B̃ ∪ {βj+1 } ∪
∅
otherwise.
The above constructions show how the breakpoint sets evolve over the course of
the algorithm. In these constructions, at most 4n additions of breakpoint values
to a breakpoint set occur. Moreover, during the breakpoint search procedure of
Algorithm 3.1, breakpoints are only removed and not added. This means that
updating the breakpoint sets can be done in O(n) steps, i.e., by O(n) additions
and removals of breakpoint values.
Updating bookkeeping parameters
P
In order to efficiently compute the sums z j [δ] := i≤j xji [δ] for a given breakpoint δ, we define the following bookkeeping parameters analogously to those
in the breakpoint search procedure for Problem QRA in Algorithm 3.1:
X
X
X
¯lj +
P j (δ) :=
ūji ,
Qj (δ) :=
ai ;
i
l̄

j

i≤j: δ< ai

i

ū

j

i≤j: δ≥ ai

i

i≤j:

j
l̄
i
ai

j
ū

≤δ< ai

i

Each breakpoint value κℓ and λℓ in a given breakpoint set acts as a collective
breakpoint for one or multiple activities. As a consequence, within the breakpoint search procedure, they have the same function as the “regular” initial lower
and upper breakpoint values αii and βii . Thus, when a breakpoint value of the
form κℓ or λℓ has been considered, we require an efficient update of the bookkeeping sums P j (κℓ ), Qj (κℓ ) or P j (λℓ ), Qj (λℓ ) respectively. In the case of κℓ ,
we update P j (κℓ ) by subtracting from this value the sum of the lower bounds ¯lij

of those activities i whose lower breakpoint equals κℓ , i.e., for which αij = κℓ .
The sum of these values is
X
X
X
¯lj =
ai αij =
ai κℓ
i
i<j: αji =κℓ

= κℓ

X

i<j: αji =κℓ

ai = Qℓ (κℓ )κℓ ,

i≤ℓ: αℓi ≤κℓ <βiℓ
l̄j

′

since αij = aii for each i ∈ Nj and we have that αij = κℓ if and only if αiℓ = κℓ
for all ℓ′ ∈ {ℓ, . . . , j}. Thus, the update of P j (κℓ ) takes the form P j (κℓ ) :=
P j (κℓ ) − Qℓ (κℓ )κℓ . Analogously, we update the bookkeeping sum Qj (κℓ ) by
adding to this value the sum of the parameters ai for which αij = κℓ . This sum
is
X
X
ai =
ai = Qℓ (κℓ ).
i<j: αji =κℓ

i≤ℓ: αℓi ≤κℓ <βiℓ

Thus, the update takes the form Qj (κℓ ) := Qj (κℓ ) + Qℓ (κℓ ).
The updates for the case of λℓ , i.e., for P j (λℓ ) and Qj (λℓ ), are analogous to
those for the case of κℓ . Table 4.1 provides an overview of the updates of the
bookkeeping sums for both these cases for each of the four types of breakpoint
values αii , βii , κℓ , and λℓ .
Type of δ
δ
δ
δ
δ

≡ αii
≡ βii
≡ κℓ , ℓ < j
≡ λℓ , ℓ < j
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In QRAj (Lj ) (non-decreasing search)
P j (δ)
Qj (δ)
P j (δ) − li
P j (δ) + ui
P j (δ) − Qℓ (κℓ )κℓ
P j (δ) + Qℓ (λℓ )λℓ

Qj (δ)i + ai
Qj (δ) − ai
Qj (δ) + Qℓ (κℓ )
Qj (δ) − Qℓ (λℓ )

Type of δ

In QRAj (Uj ) (non-increasing search)
P j (δ)
Qj (δ)

Qj (δ)i + ai
Qj (δ) − ai
Qj (δ) + Qℓ (κℓ )
Qj (δ) − Qℓ (λℓ )

P j (δ) + li
P j (δ) − ui
P j (δ) + Qℓ (κℓ )κℓ
P j (δ) − Qℓ (λℓ )λℓ

Qj (δ) − ai
Qj (δ) + ai
Qj (δ) − Qℓ (κℓ )
Qj (δ) + Qℓ (λℓ )

Table 4.1: Updating the bookkeeping sums P j (δ) and Qj (δ) when searching
the breakpoints in non-decreasing order (QRAj (Lj )) and non-increasing order
(QRAJ (Uj )).
4.3.3 Recovering the optimal solution to Problem QRAP-NC
In the previous section, we discussed an efficient way to compute the optimal Lagrange multipliers κj and λj for the QRA subproblems QRAj (Lj ) and

4.3.3 – Recovering the optimal solution to Problem QRAP-NC

i<j: αji =κℓ
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QRAj (Uj ). In this section, we show how we can use these values to compute the
optimal solution xn (R). For this, we first determine which nested constraints
are tight in xn (R) and use this information to reconstruct the individual terms
xni (R) for all i ∈ N . To this end, for each j ∈ Nn−1 , let ℓj denote the smallest index larger than or equal to j such that one of its corresponding nested
constraints is tight in xn (R). More precisely,
!
X
X
n
n
ℓj := min k ≥ j
xi (R) = Lk or
xi (R) = Uk .
i∈Nk

i∈Nk

Furthermore, let Vj denote the value of the tight nested constraint corresponding
to the index ℓj , i.e., Vj ∈ {Lℓj , Uℓj }, and χj the corresponding multiplier, i.e.,
χj ∈ {κℓj , λℓj }. More precisely,
P
n
j
ℓj
»
i∈Nℓj xi (R) = Lℓj implies Vj = Lℓj and χ = κ ;
P
n
j
ℓj
»
i∈Nℓ xi (R) = Uℓj implies Vj = Uℓj and χ = λ .
j

The main result in this subsection is that the values χj act as optimal Lagrange
multipliers for the resource constraint (4.4) in the subproblem QRAn (R). As a
consequence, given these values, we can calculate xn (R) directly using a relation
similar to the Lagrangian relaxation solution in Equation (3.2). To show this
result, we prove Lemmas 4.4 and 4.5. First, Lemma 4.4 shows how we can iteratively compute χ from the optimal multipliers κ and λ using a simple recursive
relation. Second, Lemma 4.5 shows how we can calculate xn (R) from χ using a
relation similar to that in Equation (3.2) for Problem QRA.
Lemma 4.4. It holds that χn = κn = λn . Moreover, for each j ∈ Nn−1 , the
following implications are valid:
P
1. χj+1 ≤ κj implies i∈Nj xni (R) = Lj and χj = κj ;
P
2. λj ≤ χj+1 implies i∈Nj xni (R) = Uj and χj = λj ,
P
3. κj < χj+1 < λj implies Lj < i∈Nj xni (R) < Uj and χj = χj+1 .
Proof. See Appendix A.1.2.
Lemma 4.5. For each i ∈ N , we can calculate xni (R) by


if χi < αii ,
li
n
xi (R) = ai χi if αii ≤ χi < βii ,


ui
if βii ≤ χi .

Proof. See Appendix A.1.3.

(4.9)

Thus, given the optimal Lagrange multipliers κ and λ, we can compute x in O(n)
time as xn (R) using the two simple recursions in Equations (4.9) and (4.10).
4.3.4 An O(n log n) time algorithm
In the previous two subsections, we derived an efficient approach to compute
the optimal Lagrange multipliers κ and λ for the subproblems QRAj (Lj ) and
QRAj (Uj ) and to compute from these multipliers the optimal solution x. In this
subsection, we combine these two ingredients to formulate a fast and efficient
algorithm for Problem QRA-NC (Algorithm 4.2). More precisely, in the first
part of this subsection, we present our algorithm and discuss several of its details
regarding the subroutines for computing the optimal Lagrange multipliers of
the subproblems QRAj (Lj ) and QRAj (Uj ). This includes several procedures
that deal with corner cases and with the updating of the breakpoint sets and
the bookkeeping parameters. In the second part, we focus on the efficiency of
the algorithm. In particular, we prove in Lemma 4.6 that the algorithm has an
O(n log n) worst-case time complexity when using an appropriate data structure.
Description of the algorithm
Algorithm 4.2 captures our approach for solving Problem QRA-NC. First, in
Lines 3-11, the algorithm initializes all problem parameters, the initial breakpoint
values and breakpoint sets, and the initial bookkeeping parameters. Throughout
the entire algorithm, four separate sets A, B, K, and L of breakpoint values
indicating the “source” of the values are maintained, i.e., they specify whether
the corresponding value is one of the initial breakpoint values αii or βii or one of
the optimal Lagrange multipliers κj or λj respectively. Second, in Lines 12-13, the
algorithm applies for each j ∈ N \{1} the procedure SolveSubproblems(j) (see
Algorithm 4.3) that computes the optimal Lagrange multipliers κj and λj for the
two subproblems QRAj (Lj ) and QRAj (Uj ). Finally, using the obtained vectors
of optimal Lagrange multipliers κ and λ, the algorithm computes in Lines 14-18
the (alternative) multiplier values χ using the recursion in Equation (4.10) and
from these values the solution xn (R) using Equation (4.9).
The procedure SolveSubproblems(j) carries out the breakpoint search procedure for the subproblems QRAj (Lj ) and QRAj (Uj ) as described in Section 3.3.1
(Lines 33-48). This is done by first initializing the bookkeeping parameters for
these breakpoint search procedures in Lines 33-39 and Lines 41-47 and subsequently applying the procedures LowerSubproblem(j) (Line 40, Algorithm 4.4)

75

4.3.4 – An O(n log n) time algorithm

Note that, starting from χn = κn and using Lemma 4.4, we can compute the
values χj recursively as

j

if χj+1 ≤ κj ,
κ
j
j
χ = λ
(4.10)
if χj+1 ≥ λj ,

 j+1
χ
otherwise.

Algorithm 4.2: An O(n log n) time algorithm for Problem QRA-NC.
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5
6
7
8
9
10
11
12
13
14
15
16
17
18

Input: Parameters a ∈ Rn>0 , L, U ∈ Rn−1 , R ∈ R, and l, u ∈ Rn
Output: Optimal solution x to Problem QRA-NC
L1 = max(L1 , l1 ); U1 = min(U1 , u1 )
for j = 2 to n do
Lj = max(Lj , Lj−1 + lj )
Uj = min(Uj , Uj−1 + uj )
for i = 1 to n do
αii = alii ; βii =

ui
ai
1
β1 ; κj

κ1 = α11 ; λ1 =
= ∞, λj = −∞ for j > 1
Initialize breakpoint sets: A := {α11 }; B := {β11 }; K := ∅; L := ∅
Initialize bookkeeping sums: P̄L1 = P̄U1 = 0; Q̄1L = Q̄1U = a1
for j = 2 to n do
Apply procedure SolveSubproblems(j)
χn := κn
for i = n − 1 down to 1 do
Compute χi using Equation (4.10)
Compute xn (R) using Equation (4.9)
return x̄ := xn (R)

Algorithm 4.3: Procedure SolveSubproblems(j).
1
2
3
4
5
6
7
8
9
10
11
12
13
14

if Lj−1 + max(lj , min(aj κj−1 , uj )) = Lj then
κj := κj−1 ; replace κj−1 in K by κj
if κj < αjj then
P̄Lj := P̄Lj−1 + lj ; Q̄jL := Q̄j−1
L
else if βjj < κj then
j−1
P̄Lj = P̄Lj−1 + uj ; Q̄jL := Q̄L
else
P̄Lj := P̄Lj−1 ; Q̄jL := Q̄j−1
+ aj
L
else if Lj−1 + max(lj , min(aj κj−1 , uj )) > Lj then
(κj < κj−1 :) κj = (Lj − Lj−1 )/aj
P̄Lj := Lj−1 ; Q̄jL := aj
Add κj to K
else
(κj > κj−1 :) remove κj−1 from K

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

if Uj−1 + max(lj , min(ai λj−1 , uj )) = Uj then
λj := λj−1 ; replace λj−1 in L by λj
if λj < αjj then
P̄Uj := P̄Uj−1 + lj , Q̄jU := Q̄j−1
U
else if βjj < λj then
P̄Uj = P̄Uj−1 + uj ; Q̄jU := Q̄j−1
U
else
P̄Uj := P̄Uj−1 ; Q̄jU := Q̄j−1
+ aj
U
else if Uj−1 + max(lj , min(aj λj−1 , uj )) < Uj then
(λj > λj−1 :) λj = (Uj − Uj−1 )/aj
P̄Uj := Uj−1 ; Q̄jU := aj
Add λj to L
else
(λj < λj−1 :) remove λj−1 from L
if min(κj−1 , κj ) < αjj ≤ max(λj−1 , λj ) then
Add αjj to A
if min(κj−1 , κj ) ≤ βjj < max(λj−1 , λj ) then
Add βjj to B
if κj > κj−1 then
if κj−1 < αjj then
P := P̄Lj−1 + lj ; Q := Q̄j−1
L
else if αjj ≤ κj−1 < βjj then
P := P̄Lj−1 ; Q := Q̄j−1
+ aj
L
else
P := P̄Lj−1 + uj ; Q := Q̄j−1
L
Apply procedure LowerSubproblem(j)
if λj < λj−1 then
if βjj < λj−1 then
P := P̄Uj−1 + uj ; Q := Q̄j−1
U
else if αjj < λj−1 ≤ βjj then
P := P̄Uj−1 ; Q := Q̄j−1
+ aj
U
else
P := P̄Uj−1 + lj ; Q := Q̄j−1
U
Apply procedure UpperSubproblem(j)
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15

Algorithm 4.4: Procedure LowerSubproblem(j).
1
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5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

repeat
Choose minimum to-be-considered breakpoint: δ := max(A, B, K, L)
and corresponding member set D ∈ {A, B, K, L}
if P + Qδ = Lj then
κj := δ; add κj to K
P̄Lj := P , Q̄jL := Q
return
else if P + Qδ > Lj then
(κj < δ:) κj := (Lj − P )/Q; add κj to K
P̄Lj := P , Q̄jL := Q
return
else
(κj > δ:) breakpoint δ will be considered
if D ≡ A then
Let breakpoint be δ ≡ αkk
P := P − lk ; Q := Q + ak
Remove αkk from A
else if D ≡ B then
Let breakpoint be δ ≡ βkk
P := P + uk ; Q := Q − ak
Remove βkk from B
else if D ≡ K then
Let breakpoint be δ ≡ κk
P := P − Q̄kL κk , Q := Q + Q̄kL
Remove κk from K
else
Let breakpoint be δ ≡ λk
P := P + Q̄kU λk ; Q := Q − Q̄kU
Remove λk from L

and UpperSubproblem(j) (Line 48, Algorithm 4.5), which are identical in nature to Lines 5-20 of Algorithm 3.1. Before carrying out the breakpoint search
procedure, two possible corner cases are considered in Lines 1-32 with regard to
the relation between the to-be-computed multipliers κj and λj and their predecessors κj−1 and λj−1 . We briefly discuss these corner cases for κj ; the corner
cases for λj are analogous.
The first corner case occurs when κj = κj−1 (Lines 1-8 in SolveSubproblems(j)). This case corresponds to Lines 7-9 in Algorithm 3.1 , where the currently considered candidate multiplier δi leads to a solution x[δi ] that sums

Algorithm 4.5: Procedure UpperSubproblem(j).

3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

repeat
Choose maximum to-be-considered breakpoint: δ := min(A, B, K, L)
and corresponding member set D ∈ {A, B, K, L}
if P + Qδ = Uj then
λj := δ; add λj to L
P̄Uj := P , Q̄jU := Q
return
else if P + Qδ < Uj then
(λj > δ:) λj := (Uj − P )/Q); add λj to L
P̄Uj := P , Q̄jU := Q
return
else
(λj < δ): breakpoint will be considered
if D ≡ A then
Let breakpoint be δ ≡ αkk
P := P + lk , Q := Q − ak
Remove αkk from A
else if D ≡ B then
Let breakpoint be δ ≡ βkk
P := P − uk ; Q := Q + ak
Remove βkk from B
else if D ≡ K then
Let breakpoint be δ ≡ κk
P := P + Q̄kL κk , Q := Q − Q̄kL
Remove κk from K
else
Let breakpoint be δ ≡ λk
P := P − Q̄kU λk ; Q := Q + Q̄kU
Remove λk from L

up to C, i.e., z[δi ] = R. For QRA-NCj (Lj ), this case thus occurs if and
only if Lj−1 + xjj [κj ] = Lj , i.e., if and only if xji (Lj ) = xj−1
(Lj−1 ) for
i
j
all i ∈ Nj−1 and Lj−1 + max(lj , min(aj χ , uj )) = Lj . The second case
(Lines 9-12) occurs when κj < κj−1 and corresponds to Lines 10-12 of Algorithm 3.1, where the candidate multiplier δi leads to a solution x[δi ] whose sum
is larger than R, i.e., z[δi ] > R. In QRA-NCj (Lj ), this case occurs if and only
if Lj−1 + xjj [κj ] > Lj , i.e., if and only if xji (Lj ) = xj−1
(Lj−1 ) for all i ∈ Nj−1
i
and Lj−1 + max(lj , min(aj χj , uj )) > Lj . In both cases, it is not necessary to
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1
2

carry out the actual breakpoint search to find κj since either κj = κj−1 (the
first case) or κj = (Lj − Lj−1 )/aj (the second case).
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Whether or not one of the above-mentioned corner cases occurs partly determines whether or not we have to include the new initial breakpoint values αjj
and βjj in the breakpoint search procedure. The algorithm makes this decision
in Lines 29-32: αjj and βjj are included only if they are in between the lowest
and highest breakpoint values that can be considered in the breakpoint search.
This lowest value is κj if κj ≤ κj−1 (when one of the two corner cases for κj
occurs and thus this value has already been determined) and κj−1 otherwise
(when breakpoint search is required to find κj ). Analogously, the highest value
is λj if λj ≥ λj−1 and λj−1 otherwise.
Time complexity
We now establish the worst-case time complexity of Algorithm 4.2 by means of
the following lemma:
Lemma 4.6. Algorithm 4.2 can be implemented such that its worst-case time complexity is O(n log n).
Proof. Observe that, if we exclude the four operations on the sets A, B, K, and
L of to-be-considered breakpoints, the remaining part of the algorithm has a
total time complexity of O(n).
For a given breakpoint set D ∈ {A, B, K, L}, the corresponding four operations
are finding the minimum and maximum breakpoint in D (Lines 2 and 16 in Algorithm 4.3 and Line 2 in Algorithms 4.4 and 4.5), inserting a breakpoint value
in D (Lines 12, 26, 30, and 32 in Algorithm 4.3), and removing the minimum or
maximum breakpoint from D (Lines 14 and 28 in Algorithm 4.3 and Lines 16,
20, 24, and 28 in Algorithms 4.4 and 4.5). As we showed in Section 4.3.2, each
breakpoint value is inserted and removed at most once during the course of
the algorithm. Moreover, in the worst case, we have to find the minimum and
maximum breakpoint value in D at most n times. Thus, the total number of
breakpoint set operations is O(n). If we maintain the breakpoint sets as min-max
heaps [11], each of these operations can be executed in O(1) (finding the minimum and maximum) and O(log n) (inserting and removing a breakpoint) time.
This means that the total time complexity of all four breakpoint set operations
is O(n log n) if we use min-max heaps to store the breakpoint sets. It follows
that Algorithm 4.2 can be implemented such that its worst-case time complexity
is O(n log n).
In practice, carrying out the breakpoint set operations might be faster if we use
a different data structure than min-max heaps to maintain the breakpoint sets
A, B, K, and L. For instance, when n is small, simple arrays might be sufficient
for fast insertion and removal of breakpoints, even though this increases the

4.4

Evaluation

In this section, we evaluate the performance of our Algorithm 4.2 as presented in
Section 4.3.4, to which we shall refer as ALGseq for clarity, and compare it with
the state-of-the-art algorithms ALGinf from [167] and ALGdec from [172]. We
carry out two types of experiments. First, we evaluate the performance of our
algorithm on realistic instances of the battery scheduling problem BATTERY.
Here, we take as objective load profile flattening, meaning that the cost functions take the form f t (xt ) = (xt + pt )2 for each t ∈ T . For this, we tailor
ALGseq to this specific problem and compare this implementation to a tailored
implementation of ALGinf within the simulation tool DEMKit [82]. Second,
we compare the execution time and scalability of our algorithm and of ALGinf
and ALGdec on synthetic instances with sizes ranging from 10 to one million
variables. We have implemented all three algorithms in Python (version 3.5)
to be able to compare them to the implementation in DEMKit, which is also
written in Python.
In Section 4.4.1, we describe in more detail the problem instances that we use in
the evaluation. Subsequently, in Section 4.4.2, we discuss several implementation
choices and in Section 4.4.3 we present and discuss the results of our evaluation.
4.4.1

Problem instances

For the comparison of the tailored implementation of our algorithm ALGseq
with the tailored implementation of ALGinf within DEMKit, we generate realistic instances of Problem BATTERY. For this, we consider the setting where a
battery charging schedule for two consecutive days needs to be computed. This
scheduling horizon is divided into 15-minute time intervals, resulting in n = 192.
To study the influence of the battery size on the solving time, we consider three
scenarios that correspond to three different battery sizes and denote them by
Small, Medium, and Large. In these scenarios, the battery capacity is chosen
to be 20 kWh, 100 kWh, or 180 kWh and the (dis)charging rate is 4 kW, 20 kW,
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worst-case time complexity to O(n2 ). On the other hand, [75] suggests to keep
the breakpoint sets by means of a so-called disjoint set data structure (see, e.g.,
[38]). Using such a structure, a sequence of O(n) breakpoint insertions and
deletions in sets of size at most n can be done in O(n) time using the algorithm
in [52]. However, it is unclear whether the algorithm in [52] is fast in practice for
two reasons. First, it is complicated and cumbersome to implement compared
to other algorithms for insertion and removal operations on disjoint set data
structures [53]. Second, although the authors mention in the preliminary study
[51] that their algorithm outperforms the then state-of-the-art, the literature
contains hardly if any studies on its practical performance. If possible, one can
use any other algorithm (e.g., those evaluated in [139]) even if it has a worse
worst-case time complexity, as long as it has been shown to be fast in practice.
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or 36 kW respectively. This leads to ∆t = 41 and to the values for Xmin , Xmax ,
and D as given in Table 4.2. These parameter choices are made such that they
represent a scenario where either 10, 50, or 90 percent of the households have
installed a smaller “home” battery with a capacity of 5 kWh and a (dis)charging
rate of 1 kW (the latter values correspond to a situation as given in real-life field
tests such as described in [142]). We set both the initial and target amount of
energy (called the initial and target state-of-charge (SoC)) to a given fraction
of the capacity, i.e., Sstart = Send = sD, where s ∈ {0, 0.1, 0.2, . . . , 1}. For
each scenario, we simulate 50 battery schedules over two days. As input for the
base load p, we use measurement data of the actual power consumption of 40
households for 100 consecutive days that were obtained in the field test described
in [80].

Small
Medium
Large

Xmin

Xmax

D

3

3

8.0 · 104
4.0 · 105
7.2 · 105

−4.0 · 10
−2.0 · 104
−3.6 · 104

4.0 · 10
2.0 · 104
3.6 · 104

Table 4.2: Parameter choices for the battery scheduling problem for each scenario.
For the scalability analysis, we generate synthetic instances in the same way as
in [172]. We consider instance sizes n in the set {10, 20, 50, 100, . . . , 106 } and
for each of these sizes, we generate 10 instances. In each instance, we sample the
parameters a, l, and u from the uniform distributions U (0, 1), U (0.1, 0.5), and
U (0.5, 0.9) respectively. To generate the nested bounds L and U , we first draw
for each i ∈ N two values Xi and Yi from the uniform distribution
U (li , ui ).
P
Subsequently, we define for each j ∈ N the values vj := i∈Nj Xi and wj :=
P
i∈Nj Yi and we set Lj := min(vj , wj ) and Uj := max(vj , wj ) for j < n and
R = Ln = Un = 12 (vn + wn ).
4.4.2 Implementation details
In both the divide-and-conquer algorithm ALGdec and the infeasibility-guided algorithm ALGinf , we use Algorithm 3.1 to solve the QRA subproblems. Note that
using this algorithm instead of linear-time algorithms such as in [100] increases
the worst-case time complexity of ALGdec and ALGinf by a factor O(log n).
However, for practically relevant problems sizes, this procedure is generally
faster in practice and easier to implement than the linear-time algorithms in, e.g.,
[100].
For the double-ended queues needed in ALGseq to store the optimal Lagrange
multipliers κ and λ, we use the Python container datatype deque. Moreover, we
initially implemented the double-ended priority queues for the lower and upper

4.4.3 Results and discussion
In this section, we present and discuss the results of our evaluation. First, we
discuss the results of the comparison of the tailored implementation of ALGseq
with the tailored implementation of ALGinf within DEMKit. Figure 4.1 shows
the ratios between the execution times of the tailored implementation of ALGinf
and that of ALGseq . Moreover, Tables 4.3-4.5 contain for each scenario and each
initial and target SoC value the mean, maximum, and coefficient of variation
(CoV) of the execution times. The CoV is the sample deviation divided by the
sample mean and is a suitable measure of the variation between samples when
comparing different collections of samples with significantly different sample
means.
s

Mean (s)

ALGseq
Max (s)

CoV

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

−3

−3

−2

1.80 · 10
1.78 · 10−3
1.81 · 10−3
1.79 · 10−3
1.79 · 10−3
1.77 · 10−3
1.83 · 10−3
1.77 · 10−3
1.80 · 10−3
1.79 · 10−3
1.79 · 10−3

2.09 · 10
2.14 · 10−3
2.77 · 10−8
2.25 · 10−3
2.44 · 10−3
2.25 · 10−3
4.00 · 10−3
2.21 · 10−3
2.68 · 10−3
2.87 · 10−3
2.18 · 10−3

5.80 · 10
6.18 · 10−2
9.19 · 10−2
7.70 · 10−2
7.25 · 10−2
6.28 · 10−2
1.89 · 10−1
6.49 · 10−2
1.00 · 10−1
1.24 · 10−1
6.02 · 10−2

ALGinf within DEMKit
Mean (s)
Max (s)
−3

6.15 · 10
6.15 · 10−3
6.10 · 10−3
6.10 · 10−3
6.07 · 10−3
6.02 · 10−3
6.01 · 10−3
6.05 · 10−3
6.05 · 10−3
5.97 · 10−3
6.01 · 10−3

−3

7.23 · 10
7.16 · 10−3
7.15 · 10−3
7.10 · 10−3
7.11 · 10−3
6.94 · 10−3
7.09 · 10−3
6.97 · 10−3
7.06 · 10−3
7.88 · 10−3
8.22 · 10−3

CoV

7.61 · 10−2
6.52 · 10−2
7.17 · 10−2
7.34 · 10−2
7.10 · 10−2
6.41 · 10−2
6.78 · 10−2
7.69 · 10−2
7.52 · 10−2
8.48 · 10−2
8.81 · 10−2

Table 4.3: The mean, maximum, and coefficient of variation of the execution
times of the tailored implementation of ALGseq and the tailored implementation
of ALGinf within DEMKit for the scenario Small.
Tables 4.3-4.5 show that the mean execution time of ALGseq is similar in each
scenario, whereas that of ALGinf appears to decrease as the battery size increases.

83

4.4.3 – Results and discussion

initial breakpoint values (αii )i∈N and (βii )i∈N as symmetric min-max heaps [9].
However, initial tests indicated that using instead a coupled min-heap and maxheap implementation leads to similar or even lower execution times of the overall
algorithm. Moreover, the latter data structure is much simpler to implement
using the standard Python library heapq. Therefore, we use this method instead
of min-max heaps. In this alternative method, we insert new breakpoints in
both the min-heap and the max-heap and use the min-heap to find and delete a
minimum breakpoint (in the lower subproblems) and the max-heap to find and
delete a maximum breakpoint (in the upper subproblems). Moreover, we assign
to each breakpoint a flag that is 1 if the breakpoint has been removed from either
of the heaps and 0 otherwise. This prevents that we find a minimum (maximum)
breakpoint in the min-heap (max-heap) that was already considered in the other
heap and thus has been removed from the breakpoint search.

2
Ratio

4

2

1
0.5
0.25

1
0

0.5
s

1

0

(a) Small.

0.5
s

1

(b) Medium.
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From these results, we can derive a “rule of thumb” for the choice of a proper
algorithm that depends on the expected number of tight nested constraints. To

Ratio

84

This implies that also the ratios between the execution times decrease as the
battery size increases, which is confirmed by the boxplots in Figure 4.1. In
particular, a smaller battery size seems to imply that ALGseq is likely to be
faster than ALGinf whereas ALGinf is likely to be faster for larger battery size.
The reason for this is that the execution time of ALGinf heavily depends on the
number of tight nested constraints in an optimal solution. To support this fact,
we plot in Figure 4.2 boxplots of these numbers. Note that when the initial
SoC is 20% or 30% of the battery capacity in the scenario Large, in only 4
of the 50 instances the number of tight constraints was more than 1, meaning
that in the remaining 46 instances the optimal solution to the relaxation of the
problem did not violate any of the nested constraints. The relation between
the number of tight nested constraints and the ratios is also strongly visible
when comparing Figures 4.1 and 4.2: the ratios increase as the number of tight
constraints increases.

1
0.5
0.25
0

0.5
s

1

(c) Large.

Figure 4.1: Boxplots of the execution time of the tailored implementation of
ALGinf within DEMKit divided by that of the tailored implementation of
ALGseq for the three scenarios. Ratios larger than 1 imply that ALGseq was
faster than ALGinf .

Mean (s)

ALGseq
Max (s)

CoV

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

−3

−3

−1

1.71 · 10
1.64 · 10−3
1.66 · 10−3
1.76 · 10−3
1.65 · 10−3
1.66 · 10−3
1.65 · 10−3
1.68 · 10−3
1.64 · 10−3
1.70 · 10−3
1.67 · 10−3

2.40 · 10
1.96 · 10−3
2.40 · 10−3
3.50 · 10−3
2.36 · 10−3
2.42 · 10−3
2.48 · 10−3
2.09 · 10−3
1.94 · 10−3
2.17 · 10−3
2.11 · 10−3

1.19 · 10
7.39 · 10−2
1.03 · 10−1
1.85 · 10−1
1.07 · 10−1
1.08 · 10−1
9.75 · 10−2
8.46 · 10−2
6.79 · 10−2
1.02 · 10−1
8.41 · 10−2

ALGinf within DEMKit
Mean (s)
Max (s)
−3

1.88 · 10
1.45 · 10−3
1.47 · 10−3
1.68 · 10−3
1.76 · 10−3
1.95 · 10−3
2.23 · 10−3
2.32 · 10−3
2.36 · 10−3
2.53 · 10−3
2.61 · 10−3

−3

3.45 · 10
3.31 · 10−3
3.34 · 10−3
3.43 · 10−3
3.51 · 10−3
3.27 · 10−3
3.52 · 10−3
3.42 · 10−3
3.19 · 10−3
3.50 · 10−3
4.05 · 10−3

CoV

3.10 · 10−1
4.47 · 10−1
4.78 · 10−1
4.41 · 10−1
3.45 · 10−1
2.83 · 10−1
2.26 · 10−1
1.85 · 10−1
1.61 · 10−1
1.63 · 10−1
1.54 · 10−1

Table 4.4: The mean, maximum, and coefficient of variation of the execution
times of the tailored implementation of ALGseq and the tailored implementation
of ALGinf within DEMKit for the scenario Medium.

s

Mean (s)

ALGseq
Max (s)

CoV

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

1.59 · 10−3
1.58 · 10−3
1.58 · 10−3
1.55 · 10−3
1.54 · 10−3
1.54 · 10−3
1.53 · 10−3
1.55 · 10−3
1.53 · 10−3
1.53 · 10−3
1.52 · 10−3

2.15 · 10−3
1.90 · 10−3
1.94 · 10−3
2.16 · 10−3
2.05 · 10−3
2.05 · 10−3
1.83 · 10−3
1.77 · 10−3
1.86 · 10−3
1.94 · 10−3
1.77 · 10−3

7.33 · 10−2
7.33 · 10−2
8.61 · 10−2
8.79 · 10−2
7.06 · 10−2
7.67 · 10−2
6.24 · 10−2
6.22 · 10−2
5.80 · 10−2
6.34 · 10−2
4.58 · 10−2

ALGinf within DEMKit
Mean (s)
Max (s)
1.60 · 10−3
8.93 · 10−4
7.82 · 10−4
7.45 · 10−4
8.22 · 10−4
1.02 · 10−3
1.34 · 10−3
1.72 · 10−3
2.09 · 10−3
2.31 · 10−3
2.51 · 10−3

2.76 · 10−3
2.11 · 10−3
2.04 · 10−3
2.00 · 10−3
2.30 · 10−3
2.42 · 10−3
2.63 · 10−3
2.61 · 10−3
2.95 · 10−3
2.98 · 10−3
3.16 · 10−3

CoV

2.98 · 10−1
5.22 · 10−1
4.77 · 10−1
4.66 · 10−1
5.18 · 10−1
5.51 · 10−1
4.38 · 10−1
2.75 · 10−1
1.87 · 10−1
1.69 · 10−1
1.36 · 10−1

Table 4.5: The mean, maximum, and coefficient of variation of the execution
times of the tailored implementation of ALGseq and the tailored implementation
of ALGinf within DEMKit for the scenario Large.
this end, we compute for each number of tight constraints the percentage of
instances where the tailored implementation of ALGseq runs faster than the
tailored implementation of ALGinf within DEMKit given the optimal solution
has this particular number of tight nested constraints (see Table 4.6). These
4
values suggest that when the number of tight constraints is more than 192
≈ 2.1
percent, our algorithm is faster in more than 50% of the instances. In particular,
7
when the number of tight constraints is 192
≈ 3.6 percent or more, the tailored
implementation of our algorithm ALGseq is always faster.
Note that this rule-of-thumb is in line with the physical interpretation of tight
nested constraints in Problem BATTERY. For this, note that a battery being

85

4.4.3 – Results and discussion

s

25

90

20

# constraints

# constraints

86

100
80
70
60

15
10
5
1

50
40
0

1

0

(a) Small.

0.5
s

1

(b) Medium.
25

# constraints

Chapter 4 – Quadratic resource allocation with nested constraints

0.5
s

20
15
10
5
1
0

0.5
s

1
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Figure 4.2: Boxplots of the number of tight constraints in the optimal solutions
for the three scenarios.
Number of tight nested constraints

1

2

3

4

5

6

≥7

“Win” percentage

0.0

2.2

30.2

62.8

83.8

93.4

100

Table 4.6: Percentage of instances where the tailored implementation of ALGseq
is faster than the tailored implementation of ALGinf within DEMKit given the
number of tight nested constraints in their optimal solutions.
completely empty or full is equivalent to a nested constraint of Problem BATTERY being tight. When the charging rates of the battery are large, the battery
is better able to, at a given moment, flatten large peaks or drops in power consumption. However, the latter is also dependent on whether there is enough
space (energy) left in the battery to store (dispatch) this energy, which is more
likely when the battery capacity is large. Thus, when adopting a large battery
for load profile flattening, it is less likely that it will be completely empty or full.
Although the ratio between the execution times of ALGseq and ALGinf appears
to depend significantly on the battery size, the maximum and CoV of the execution times of ALGseq is on average around 1.9 and 3.0 times smaller than that of
ALGinf respectively. This means that the execution times of ALGseq are on average more stable than those of ALGinf , regardless of the battery size. For DEM in

In the following, we present and discuss some results of the scalability evaluation.
Figure 4.3 shows the execution times of the three algorithms ALGseq , ALGinf ,
and ALGdec , and Table 4.7 shows for each studied instance size n the mean and
CoV of the execution times of the corresponding instances. The added regression
lines in Figure 4.3 are the fitted power laws of the execution times, i.e., for each
algorithm we fit the function ϕ(n) = c1 · nc2 to the execution times. These
lines indicate that the practical execution time of both ALGseq and ALGdec is
close to O(n) and that of ALGinf is actually slightly less than O(n). Thus, it can
be expected that for very large values of n, more precisely for n > 2.90 · 109 ,
ALGinf is on average faster than ALGseq . However, the CoVs for ALGinf are
around one order of magnitude larger than those of both ALGseq and ALGdec .
This suggests that the execution time of the latter two algorithms is significantly
less affected by the choice of problem parameters than ALGinf . This is in line
with the results of the comparison of the tailored implementation of ALGseq for
Problem BATTERY with that of ALGinf within DEMKit.
103
102

Execution time (s)

101
100
10−1

ALGseq : 8.76 · 10−6 · n1.03
ALGinf : 2.26 · 10−5 · n0.99
ALGdec : 1.69 · 10−4 · n1.08

10−2
10−3
10−4
101

102

103

104

105

106

n

Figure 4.3: Execution times of ALGseq (circles, black), ALGinf (triangles, gray),
and ALGdec (squares, open).
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general and DEMKit in particular, this is beneficial since the coordination and
optimization of schedules for different devices are often done in parallel due to
the decentralized nature of the coordination (see, e.g., [81]). As a consequence,
the execution time of the entire coordination and optimization framework is
constrained by the maximum execution time required for solving one (subset
of) device-level optimization problem(s). Thus, using ALGseq instead of ALGinf
within such a framework may significantly reduce the overall execution time of
the framework.

n
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10
20
50
100
200
500
1, 000
2, 000
5, 000
10, 000
20, 000
50, 000
100, 000
200, 000
500, 000
1, 000, 000

ALGseq

Mean (s)
ALGinf

ALGdec

ALGseq

CoV
ALGinf

ALGdec

9.47 · 10−5
1.92 · 10−4
4.82 · 10−4
1.08 · 10−3
2.62 · 10−3
5.29 · 10−3
1.06 · 10−2
2.29 · 10−2
5.82 · 10−2
1.170 · 10−1
2.37 · 10−1
6.19 · 10−1
1.28
2.61
7.07
1.56 · 1001

3.17 · 10−4
4.92 · 10−4
1.30 · 10−3
2.14 · 10−3
4.01 · 10−3
1.02 · 10−2
1.82 · 10−2
4.05 · 10−2
9.49 · 10−2
1.91 · 10−1
3.85 · 10−1
1.12
2.35
4.21
1.09 · 1001
2.66 · 1001

1.90 · 10−3
4.17 · 10−3
1.14 · 10−2
2.37 · 10−2
5.57 · 10−2
1.39 · 10−1
2.89 · 10−1
6.11 · 10−1
1.63
3.41
7.18
1.94 · 1001
4.03 · 1001
8.40 · 1001
2.22 · 1002
4.66 · 1002

7.40 · 10−2
1.03 · 10−1
9.69 · 10−2
2.46 · 10−1
2.45 · 10−1
7.11 · 10−2
4.61 · 10−2
8.10 · 10−2
3.83 · 10−2
4.05 · 10−2
3.75 · 10−2
4.93 · 10−2
3.20 · 10−2
1.67 · 10−2
4.11 · 10−2
3.32 · 10−2

3.94 · 10−1
2.40 · 10−1
3.21 · 10−1
3.37 · 10−1
2.75 · 10−1
3.70 · 10−1
4.09 · 10−1
2.33 · 10−1
3.50 · 10−1
3.38 · 10−1
2.63 · 10−1
3.53 · 10−1
2.57 · 10−1
2.59 · 10−1
1.76 · 10−1
3.07 · 10−1

2.74 · 10−1
1.10 · 10−1
8.19 · 10−2
3.88 · 10−2
1.58 · 10−1
4.51 · 10−2
4.56 · 10−2
1.79 · 10−2
3.10 · 10−2
2.50 · 10−2
1.60 · 10−2
2.24 · 10−2
1.56 · 10−2
1.35 · 10−2
1.11 · 10−2
1.29 · 10−2

Table 4.7: Mean and coefficient of variation of the execution times.
The results in Figure 4.3 and Table 4.7 indicate that on average ALGseq is 27.2
times faster than ALGdec and 1.95 times faster than ALGinf . With regard to
the performance of ALGdec , we acknowledge that ALGdec and in particular the
updating scheme for the single-variable bounds can probably be implemented
more efficiently than in the current implementation. To reduce the influence of
the overall implementation on the results of this study, we measured the total
time that is spent in ALGdec on solving QRA subproblems and compared this to
the execution times of ALGseq and ALGinf . This ’reduced’ time represents the
time that is minimally required to solve all QRA subproblems regardless of the
implementation of the scheme used to update the single-variable bounds. These
measurements indicate that on average around 59% of the total execution time
of ALGdec is spent on solving QRA subproblems. However, this time is still on
average 15.9 times more than the execution time of ALGseq and 9.5 times more
than that of ALGinf .

4.5

Conclusions

In this chapter, we proposed an O(n log n) time algorithm for quadratic resource
allocation problems (RAPs) with lower and upper bound constraints on nested
sums of variables (Problem QRA-NC). As opposed to existing algorithms with
the same time complexity, our algorithm can achieve the O(n log n) time complexity using only basic data structures and is therefore easier to implement. In
computational experiments, we demonstrate the good practical performance of
our approach, both on synthetic instances and on realistic instances from the
application area of decentralized energy management (DEM) for smart grids.
Our approach builds upon monotonicity arguments that find their origin in
the validity of greedy algorithms for convex optimization problems over poly-

With regard to the application of Problem QRA-NC within DEM systems, we
compared our algorithm with an existing implementation of the state-of-theart algorithm in [167] within a simulation tool for DEM research. One of our
objectives was to decide which of these two algorithms is more suitable to be
used for a given (type of) problem instance. It would be worthwhile to conduct
a more thorough comparison and to develop an automated procedure to decide
which algorithm is most likely to be faster. Moreover, the nonseparable version
of the studied problem mentioned already in the previous paragraph is related
to energy management of batteries in three-phase distribution networks, where
load profile flattening on all three phases together is required to avoid blackouts
in these networks [80, 174]. Thus, this further emphasizes that research in this
direction may be of value also in the context of DEM.
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matroids [74, 75]. Such monotonicity arguments have been primarily studied
for resource allocation problems where the objective function is separable, i.e.,
can be written as the sum of single-variable functions. In the next chapter, we
prove the validity of similar monotonicity arguments to solve a nonseparable
RAP with generalized bound constraints. Moreover, recent results on the use of
interior-point methods for nested resource allocation problems [156, 176] suggest
that incorporating specific nonseparable terms in the objective function does
not increase the complexity of the used solution method. Thus, one interesting
direction for future research is to investigate whether one can use monotonicity
arguments to derive efficient algorithms for RAPs over nested constraints with
nonseparable objective functions.

90

5

Nonseparable quadratic
resource allocation with
generalized bound constraints
Abstract – In this chapter, we study a quadratic nonseparable resource allocation problem that arises in the area of decentralized energy management
(DEM), where unbalance in electricity networks has to be minimized. The
problem is to allocate a given resource over a set of activities that are partitioned into subsets, whereby a cost is assigned to the overall allocated amount
of resources both to individual activities and to activities within the same subset. We derive two efficient O(n log n) time algorithms to solve this problem.
For the special case where all subsets have the same size, one of these algorithms
even runs in linear time given the subset size. Numerical evaluations on both
real and synthetic data confirm the theoretical efficiency of both algorithms
and demonstrate their suitability for integration in DEM systems.

5.1

Introduction

The resource allocation problems (RAPs) studied in the previous chapters of this
thesis had separable objective functions, i.e., a single cost function was associated
with each activity. However, in this chapter, we focus on a quadratic nonseparable
RAP. In this problem, next to costs for each individual activity, we also consider
costs on sums of allocations to subsets of the activities. We call this problem
QRA-NonSep-GBC, where the part "GBC" expresses that the subsets form a
partition of the whole set of activities and thus have the same structure as in the
RAP with generalized bound constraints (see Section 2.3.2).
This chapter is based on and contains parts of [SU:4] and [SU:9].
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Our interest in studying this problem stems from its application in decentralized
energy management (DEM). More precisely, we are interested in the local optimization of a specific device class within DEM, namely the scheduling of electric
vehicles (EVs) that are equipped with a three-phase charger. This means that
the EV can distribute its charging power arbitrarily over all the three phases of
the distribution network. Recent studies show that three-phase EV charging, as
opposed to single-phase EV charging, can help to reduce losses in the electricity
grid, reduce the stress on grid assets, and thereby prevent outages caused by a
high penetration of EVs charging simultaneously on a single phase [174]. We
discuss this topic in more detail in Section 5.2 and we show that the three-phase
EV charging problem can indeed be modeled as an instance of Problem QRANonSep-GBC.
In this chapter, we present two O(n log n) time algorithms for Problem QRANonSep-GBC. Our algorithms are, in their essence, breakpoint search algorithms similar to Algorithms 3.1 and 3.2 for the quadratic RAP with box constraints (Problem QRA) and Algorithm 4.2 for the quadratic RAP with nested
constraints (Problem QRA-NC). This means that our algorithms are based on
the Lagrangian relaxation of the original problem and search for the optimal
Lagrange multiplier associated with the resource constraint. For this, we exploit
the structure of the well-known Karush-Kuhn-Tucker (KKT) optimality applied
to this problem (see, e.g., [29]). We show that for (strictly) convex instances of
Problem QRA-NonSep-GBC, this leads to a monotonicity relation between the
Lagrange multiplier and the solution to the Lagrangian relaxation, i.e., to the
KKT-conditions. For the case where all subsets have the same size K, we show
that one of the derived algorithms runs in O(n log K) time, meaning that for
a given K, this algorithm has a linear time complexity. We show, furthermore,
that this property of same-sized subsets holds in particular for the three-phase
EV charging problem and that thereby this problem can be solved in O(n) time.
We evaluate the performance of our algorithms on both realistic instances of
the three-phase EV charging problem and synthetically generated instances of
different sizes. These evaluations indicate that our algorithms are suitable for
integration in DEM systems since they are fast in practice and do not require
much memory. Furthermore, they show that our algorithms scale well when the
number of subsets or their sizes increase. More precisely, the evolution of their
execution time matches the theoretical worst-case complexity of O(n log n). In
fact, we show that our algorithms are capable of outperforming the commercial
solver MOSEK by two orders of magnitude for instances of up to one million
variables.
The remainder of this chapter is organized as follows. In Section 5.2, we formulate Problem QRA-NonSep-GBC and explain in more detail the application of
this problem in DEM and, specifically, in three-phase EV scheduling. In Section 5.3, we analyze the structure of Problem QRA-NonSep-GBC and derive
a crucial property of feasible solutions to the problem. We use this property

to derive our solution approach to solve Problem QRA-NonSep-GBC in Section 5.4 and in Section 5.5, we present two O(n log n) algorithms based on this
approach. In Section 5.6, we evaluate the performance of our algorithms and,
finally, Section 5.7 contains some concluding remarks.

Problem formulation and motivation

In this section, we describe in more detail our motivation for studying Problem QRA-NonSep-GBC. For this, we first provide in Section 5.2.1 the mathematical formulation of this problem and some background on existing solution approaches. Subsequently, Section 5.2.2 provides a short introduction to
load balancing in three-phase electricity networks and discusses the relevance of
minimizing load unbalance. In Section 5.2.3, we formulate the three-phase EV
charging problem and show that this problem is an instance of Problem QRANonSep-GBC.
5.2.1

Problem formulation and background

We consider the following nonseparable RAP, which is a generalization of Problem QRA:
QRAP-NonSep-GBC : minn
x∈R

s.t.

m
X
1
j=1
n
X

2

2


wj 

X

xi  +

n 
X
1 x2
i

i=1

i∈Nj

2 ai


+ bi x i
(5.1a)

xi = R

i=1

Lj ≤

X

xi ≤ U j ,

j ∈ {1, . . . , m}

(5.1b)

i∈Nj

li ≤ xi ≤ ui ,

i ∈ {1, . . . , n}.

(5.1c)

where b, l, u ∈ Rn , a ∈ Rn>0 , R ∈ R, and w, L, U ∈ Rm are given inputs.
Furthermore, in this problem, a partition of the index set N := {1, . . . , n} into
m disjoint subsets N1 , . . . , Nm of size n1 , . . . , nj indexed by M := {1, . . . , m}
is given. The objective function of Problem QRA-NonSep-GBC assigns for
each subset Nj a cost to the sum of all allocated amounts associated with this
subset and also costs to the individual amounts. Furthermore, Constraints (5.1b)
and (5.1c) put bounds on the sum of all variables associated with each given
subset and on the individual variables.
Problem QRA-NonSep-GBC can be classified as a quadratic nonseparable RAP
with generalized bound
P constraints (Constraint (5.1b)). The nonseparability is
due to the terms ( i∈Nj xi )2 , which cannot be written as the sum of singlevariable functions and are thus nonseparable. Choosing the factors wj as zero
makes that these nonseparable terms disappear and Problem QRA-NonSep-GBC
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becomes the quadratic separable RAP with generalized bound constraints, i.e.,
(a, b)-Q/GBC/C in the classification of Section 2.2.3 (see also Section 2.3.2).
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To the best of our knowledge, no tailored algorithm exists for Problem QRANonSep-GBC. However, Problem QRA-NonSep-GBC can be modeled as a minimum convex quadratic cost flow problem if w ≥ 0. Therefore, this case can
be solved in strongly polynomial time [169]. In fact, since the resulting network structure is series-parallel, it can be solved by the algorithms in [120, 163]
in O(n2 ) time. However, when some of the factors wj are negative, existing
approaches for solving this type of flow problem do not apply anymore. This
situation in particular occurs in the aforementioned EV scheduling problem in
DEM, where the objective of minimizing load unbalance is modeled as an instance of Problem QRA-NonSep-GBC by setting some or all of the factors wj to
a negative number (see also Section 5.2.3). In fact, by allowing some factors wj to
be negative, convexity of the objective function is not guaranteed anymore. As
a consequence, also general solvers for convex optimization problems may not
be able to compute an optimal solution to the problem. Thus, one important
question regarding Problem QRA-NonSep-GBC is for which parameter choices
the problem is convex and thus for which parameter choices the problem is most
likely to be efficiently solvable. We address this issue in Section 5.3.1.
5.2.2 Load balancing in three-phase electricity networks
Load balancing in electricity distribution grids has as goal to distribute the power
consumption of a neighborhood over a given time horizon and over the three
phases of the electricity distribution network such that peak consumption and
unbalance between phases is minimized. Increased peak consumption occurs
when the consumption is not spread out equally over the time horizon but
instead is concentrated within certain time periods. This is generally seen as
non-desirable since it induces an increase in energy losses and stress on grid
assets, such as transformers, and can even lead to outages (see, e.g., [80]). As a
consequence, many DEM systems take into account the minimization of peak
consumption when scheduling, e.g., EV charging (see, e.g., [54, 58, 122]).
However, minimization of load unbalance between phases is hardly considered
in optimization approaches for EV scheduling within DEM. To explain the
relevance of load unbalance minimization, we provide in the following some
background on three-phase electricity networks in general (for a more detailed
and comprehensive introduction to this topic, we refer to [160] and [103]).
In residential electricity distribution networks (or, in general, low-voltage networks), electrical energy is transported by electric current that flows through
a conductor (e.g., a wire). This current can be seen as a signal with a given
frequency and amplitude that transports (alternating current) power, i.e., the
average energy transported in each cycle. In principle, only one supply conductor is required to transport electrical energy between two points. However,
it is more efficient to divide this energy over three bundled conductors whose

In order to maximize the efficiency of a three-phase network, ideally the power
flow over all three phases is equal. When this is not the case, negative effects similar to those of peak consumption can occur, i.e., energy losses, wearing of grid
assets, and outages. With the increasing penetration of single-phase connected
EVs in the low-voltage network, actively maintaining load balance becomes important. This is mainly because the power consumption of an EV is in general
much larger than the average power consumption of a household (see, e.g., [147])
and most EVs, especially in the Netherlands, are connected to only one of the
three phases. As a consequence, when charging multiple EVs simultaneously,
large load unbalance can occur when the (charging of the) EVs are (is) not divided equally over the phases [80].
Recently, [174] explored the potential of three-phase EV charging, i.e., allowing an EV to distribute its charging over the three phases for minimizing load
unbalance. This study suggests that three-phase EV charging can significantly
reduce the distribution losses and stress on the grid compared to single-phase EV
charging, even when using the same DEM methodology.
I3
ϕ3

ϕ2

I2

ϕ1

I1

Figure 5.1: Schematic view of the three-phase system. I1 , I2 and I3 represent the
current on each of the three phases and ϕ1 , ϕ2 , and ϕ3 represent the phase angles
(with regard to the horizontal axis). The light gray arrows represent a balanced
load distribution, whereas the black arrows represent load unbalance.
5.2.3 Modeling the three-phase EV charging problem
The problem of three-phase EV charging with the objective to minimize peak
consumption and load unbalance can be modeled as an instance of Problem QRA-
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currents have the same frequency but an equidistant phase shift. This means
that there is a phase difference of 120 degrees between each pair of conductors.
Networks wherein the conductors are bundled in this way are referred to as
three-phase networks, where the term “phase” generally refers to one of the three
bundled conductors. Figure 5.1 illustrates the concept of three-phase systems.
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NonSep-GBC. For this, we consider a division of the scheduling horizon into m
equidistant time intervals of length ∆t labeled by to M := {1, . . . , m}. Furthermore, we define the set P := {1, 2, 3} as the set of phases. We introduce for
each j ∈ M and p ∈ P the variable zj,p that denotes the power consumption
of the EV drawn from phase p during time interval j. Moreover, we denote by
qj,p the remaining household power consumption drawn from phase p during
interval j. This consumption is assumed to be known. Furthermore, we assume
that we know on forehand the total required energy that must be charged by
the EV and denote this requirement by R̄. Finally, we denote the minimum and
maximum allowed power consumption from phase p during interval j by ˜lj,p
and ũj,p respectively and the minimum and maximum allowed consumption
from all three phases summed together by L̃j and Ũj respectively.
The objective of minimizing peak consumption can be achieved by “flattening
out” the overall consumption as much as possible over the time intervals. As the
P3
term p=1 (qj,p +zj,p ) represents the total power consumption during interval j,
we model this objective by minimizing the function
!2
3
X X
(qj,p + zj,p ) .
j∈M

p=1

For minimizing load unbalance, we aim to equally distribute the consumption
during each time interval j over the three phases. We can model the objective
of minimizing load unbalance by minimizing the function

!2 
3
3
X 3X
X
1

(qj,p + zj,p )2 −
(qj,p + zj,p ) 
(5.2)
2 p=1
2 p=1
j∈M

(see Appendix 5.8 for the derivation of this expression). This leads to the following optimization problem that we denote by EV-3Phase
EV-3Phase :
min W1

z∈Rm×3

X

3
X

j∈M

p=1

!2
(qj,p + zj,p )


X

+ W2

j∈M

s.t.

3
XX

3
X
1
3
(qj,p + zj,p )2 −
2 p=1
2

zj,p ∆t = R̄,

j∈M p=1

L̃j ≤

3
X

zj,p ≤ Ũj ,

j∈M

p=1

˜lj,p ≤ zj,p ≤ ũj,p ,

j ∈ M, p ∈ P.

!2 
3
X
(qj,p + zj,p ) 
p=1

In Problem QRA-NonSep-GBC

In Problem EV-3Phase

Nj ,
(xi )i∈Nj ,
wj ,
ai ,
bi ,
R
(li )i∈Nj ,
(ui )i∈Nj ,
Lj ,
Uj ,

P := {1, 2, 3}
(zj,p )p∈P ,
2W1 − W2

j∈M
j∈M
j∈M
i∈N
j ∈ M, i ∈ Nj

1
3W2

W1 − 21 W2

j∈M

 P3
p=1

qj,p + 32 W2 qj,p

R̄
∆t

j
j
j
j

∈M
∈M
∈M
∈M

(˜
lj,p )p∈P
(ũj,p )p∈P
L̃j ,
Ũj ,

j∈M
j∈M

Table 5.1: Modeling Problem EV-3Phase as an instance of Problem QRANonSep-GBC.

5.3

Analysis

In this section, we consider the general version of Problem QRA-NonSep-GBC
and derive some of its properties. First, in Section 5.3.1, we derive a necessary and
sufficient condition on the vectors w and a for strict convexity of Problem QRANonSep-GBC. Moreover, we show that the three-phase EV charging problem
as presented in Section 5.2.3 satisfies this condition. Second, in Section 5.3.2,
we show that we may replace Constraint (5.1b) by equivalent single-variable
constraints without changing the optimal solution to the problem. This greatly
simplifies the derivation of our solution approach in Section 5.4. Third, in Section 5.3.3, we derive a structural property of optimal solutions to Problem QRANonSep-GBC that forms the crucial ingredient for our solution approach to solve
the problem.
5.3.1

Convex instances of Problem QRA-NonSep-GBC

Since all constraints of Problem QRA-NonSep-GBC are linear, the problem is
strictly convex if and only if the second-derivative matrix (the Hessian) of its
objective function is positive definite. Since this objective function is separable
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Here, W1 and W2 are positive weights that express the trade-off between the
two objectives. By choosing the parameters as given in Table 5.1, this problem
becomes an instance of Problem QRA-NonSep-GBC (see also Appendix 5.8).
Observe that if W2 > 2W1 , the weights wj are negative and thus Problem EV3Phase cannot be solved as a minimum convex quadratic cost flow problem using,
e.g., the algorithms in [120, 163].

over the indices j, it suffices to investigate for each j ∈ M if the function
2


X  1 x2
1 X 
i
xi
+
fj ((xi )i∈Nj ) := wj
+ bi x i
2
2 ai
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is strictly convex. We do this by checking whether the Hessian H j of fj is
positive definite. This Hessian is given by
H j := wj ēē⊤ + diag(aj ),
where ē is the vector of ones of appropriate size and aj := ( a1i )i∈Nj . Lemma 5.1
provides a characterization for which choices of wj and aj the Hessian H j is
positive definite. This characterization can also be obtained as a special case of
Theorem 1 in [158].
P
Lemma 5.1. H j is positive definite if and only if 1 + wj i∈Nj ai > 0.
Proof. See Appendix A.2.1.
Lemma 5.1 implies that an instance
of Problem QRA-NonSep-GBC is strictly
P
convex if and only if 1 + wj i′ ∈Nj ai′ > 0 for each j ∈ M. To stress the
importance of this relation and for future reference, we state this relation as a
property:
P
Property 5.1. For each j ∈ M, it holds that 1 + wj i′ ∈Nj ai′ > 0.
For the remainder of this chapter, we consider only instances of Problem QRANonSep-GBC that satisfy Property 5.1. We conclude this subsection by observing that the parameters for Problem EV-3Phase satisfy this property:
1 + wj

X
i∈Nj

3
X
2W1 − W2
2W1
1
=1+
=
> 0.
ai = 1 + (2W1 − W2 )
3W
W
W2
2
2
p=1

5.3.2 Constraint elimination
In the previous subsection, we studied properties of the objective function of
Problem QRA-NonSep-GBC. In contrast, in this section we focus on properties of the constraints of Problem QRA-NonSep-GBC. We show that we can
reduce the complexity of the constraint set by replacing the generalized bound
constraints (5.1b) by a set of single-variable constraints without changing the
optimal solution to Problem QRA-NonSep-GBC. As these single-variable constraints can be integrated into the existing single-variable constraints (5.1c), we
can focus without loss of generality on solving Problem QRA-NonSep-GBC
without this constraint.

To derive this result, we first define for each j ∈ M and C ∈ R the following
subproblem of Problem QRA-NonSep-GBC:
(5.3)
(5.4)

i∈Nj

li ≤ xi ≤ ui ,

i ∈ Nj .

(5.5)

Note that this problem is an instance of (a, b)-Q/Box/C, i.e., of Problem QRA
when applying the variable transform yi = xi + ai bi . Moreover, note that this
definition of QRAj (C) is slightly different from that in Section 4.2 with regard to
the subproblems of Problem QRA-NC. In the latter case, the subproblems have
a nested structure and the single-variable bounds within each subproblem are
optimal solutions to previous subproblems. In contrast, now the subproblems
have a disjoint structure and represent the problem obtained after "decoupling"
the dependencies between (variables corresponding to) different subsets in the
original problem by removing the resource constraint (5.1a) and setting wj = 0.
Lemma 5.2 states the main result of this subsection, namely that optimal solutions to QRAj (Lj ) and QRAj (Uj ) for j ∈ M are component-wise valid lower
and upper bounds on optimal solutions to Problem QRA-NonSep-GBC. The
proof of this lemma is inspired by the proof of Lemma 6.2.1 in [74] and can be
found in Appendix A.2.2.
Lemma 5.2. For a given j ∈ M, let xj := (xi )i∈N and xj := (xi )i∈N be optimal
solutions to QRAj (Lj ) and QRAj (Uj ) respectively. Then there exists an optimal
solution x∗ := (x∗i )i∈N to Problem QRA-NonSep-GBC that satisfies xi ≤ x∗i ≤ xi
for each i ∈ Nj .
Lemma 5.2 implies that adding the inequalities xi ≤ xi ≤ xi , i ∈ N to the
formulation of Problem QRA-NonSep-GBC does not cut off the optimal solution to the problem. Moreover, these inequalities imply the
P generalized bound
constraints (5.1b) since we have for each j ∈ M that i∈Nj xi = Lj and
P
i∈Nj xi = Uj by definition of x and x. This means that Problem QRANonSep-GBC has the same optimal solution as the following problem:

2

X 1
X
X  1 x2
i
minn
wj 
xi  +
+ bi x i
x∈R
2
2 ai
i∈Nj
i∈N
j∈M
X
s.t.
xi = R
i∈N

xi ≤ xi ≤ xi ,

i ∈ N.
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X  1 x2
i
+ bi x i
2 ai
x∈R j
i∈Nj
X
xi = C,
s.t.

QRAj (C) : min
n
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To compute the new variable bounds xi and xi , we solve the 2m subproblems
QRAj (Lj ) and QRAj (Uj ). Since each subproblem is an instance of QRAP, this
can be done in O(n log n) using Algorithm 3.1 (sequential breakpoint search, see
Section 3.3.1) or in O(n) time using Algorithm 3.2 (binary breakpoint search,
see Section 3.3.2). Thus, in the remainder of this chapter and without loss
of generality, we focus on solving Problem QRA-NonSep-GBC without the
generalized bound constraints (5.1b).
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5.3.3

Monotonicity of optimal solutions

In this section, we analyze Problem QRA-NonSep-GBC (without Constraint
(5.1b)) and in particular the structure of its optimal solutions. More precisely, we
study the KKT-conditions for this problem and derive a property of solutions
satisfying all but one of these conditions. This property is the crucial ingredient for our solution approach for Problem QRA-NonSep-GBC since it allows
us to apply breakpoint search strategies similar to those for Problem QRA in
Chapter 3.
P
For convenience, we define yj := i∈Nj xi for j ∈ M. The KKT-conditions
for Problem QRA-NonSep-GBC are given as follows:
wj yj +

xi
+ bi − λ + µi = 0, j ∈ M, i ∈ Nj ,
ai
X
xi = R,

(5.6a)
(5.6b)

i∈N

li ≤ xi ≤ ui ,
+
µi (xi − ui ) = 0,
µ−
i (xi − li ) = 0,
λ, µi , ∈ R,

i ∈ N,

(5.6c)

i ∈ N,

(5.6d)

i ∈ N,

(5.6e)

i ∈ N.

(5.6f)

−
Here, µ+
i and µi are the positive and negative part of µi respectively; i.e.,
+
µi = max(0, µi ) and µ−
i = min(0, µi ). Assuming that Slater’s condition holds
[29], the KKT-conditions are necessary and sufficient for optimality. Moreover,
since Problem QRA-NonSep-GBC is strictly convex, it has a unique optimal
solution x∗ .

For a given λ, let (x(λ), µ(λ)) ∈ R2n be the unique solutionP
that satisfies all KKTconditions (5.6) except (5.6b). Moreover, define yj (λ) := i∈Nj xi (λ) for j ∈
M. It follows that x(λ) is the optimal solution to Problem
P QRA-NonSep-GBC
if and only if it satisfies KKT-condition (5.6b), i.e., if i∈NPxi (λ) = R. The
core of our solution approach is to find a value λ∗ such that i∈N xi (λ∗ ) = R
and reconstruct the corresponding solution x(λ∗ ) that, by definition, is optimal
to Problem QRA-NonSep-GBC. We call λ∗ an optimal (Lagrange) multiplier.
The main result of this section is Lemma 5.4, which states that each xi (λ) is a nondecreasing function in λ. This result allows us to use approaches for separable

RAPs such as those discussed in Section 3.3 to find λ∗ . To prove Lemma 5.4, we
first identify in Lemma 5.3 a useful relation between xi (λ) and µi (λ).

Proof. Suppose xi (λ1 ) < xi (λ2 ) for some i ∈ N . Then li ≤ xi (λ1 ) <
xi (λ2 ) ≤ ui , which implies xi (λ1 ) < ui and xi (λ2 ) > li . Together with
KKT-conditions (5.6d) and (5.6e), it follows that µi (λ1 ) ≤ 0 and µi (λ2 ) ≥ 0
respectively, which implies that µi (λ1 ) ≤ µi (λ2 ).
Lemma 5.4. For any λ1 , λ2 ∈ R with λ1 < λ2 , it holds that xi (λ1 ) ≤ xi (λ2 ) for
all i ∈ N .
Proof. See Appendix A.2.3.
Lemma 5.4 implies that the values xi (λ) are monotonically non-decreasing in λ.
As a consequence, that all possible values for the optimalP
multiplier λ∗ necessarily
form a closed interval I ⊂ R, i.e., λ ∈ I if and only if i∈N xi (λ) = R. Thus,
to simplify the discussion, we may assume in the derivation of our approach
without loss of generality that the optimal multiplier λ∗ is unique since λ∗ is
non-unique only in an extreme case. More precisely, λ∗ is non-unique if and
only if the interval I contains more than one point, which can happen only if
for each index i ∈ N one of the two bound constraints 5.1c are tight for i in the
optimal solution, i.e., for all i ∈ N either x∗i = li or x∗i = ui .
The monotonicity of the values xi (λ) forms the main ingredient for our solution
approach to Problem QRA-NonSep-GBC, which we derive in Section 5.4. We
conclude this section with two corollaries of Lemma 5.4 that we require for the
derivation of this approach. The first corollary states that not only the values
xi (λ) are non-decreasing in λ, but also the values y(λ) for j ∈ M. The second
corollary is a stronger version of Lemma 5.3 for the case where i ∈ Nj with
wj < 0.
Corollary 5.1. For any λ1 , λ2 ∈ R with λ1 < λ2 , it holds that yj (λ1 ) ≤ yj (λ2 ),
j ∈ M.
Proof. Follows directly from Lemma 5.4.
Corollary 5.2. If wj < 0, then for any λ1 , λ2 ∈ R with λ1 < λ2 , it holds that
µi (λ1 ) ≤ µi (λ2 ) for i ∈ Nj .
Proof. By Lemma 5.4, we have xi (λ1 ) ≤ xi (λ2 ). If this is strict, i.e., if xi (λ1 ) <
xi (λ2 ), then it follows from Lemma 5.3 that µi (λ1 ) ≤ µi (λ2 ). Otherwise, if
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Lemma 5.3. For any λ1 , λ2 ∈ R and i ∈ N , we have that xi (λ1 ) < xi (λ2 ) implies
µi (λ1 ) ≤ µi (λ2 ).

xi (λ1 ) = xi (λ2 ), KKT-condition (5.6a) together with wj < 0 and Corollary 5.1
implies
102

wj yj (λ1 ) +

xi (λ1 )
+ bi + µi (λ1 ) = λ1 < λ2
ai
xi (λ2 )
+ bi + µi (λ2 )
ai
xi (λ1 )
≤ wj yj (λ1 ) +
+ bi + µi (λ2 ).
ai
= wj yj (λ2 ) +
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It follows that µi (λ1 ) < µi (λ2 ), proving the corollary.

5.4

Solution approach

In this section, we present our approach for solving Problem QRA-NonSepGBC. First, in Section 5.4.1, we provide an outline of the approach based on
the analysis conducted in Section 5.3. Second, Section 5.4.2 focuses in detail on
several computational aspects of the approach.
5.4.1

Outline

The monotonicity of xi (λ), proven in Lemma 5.4, has two important implications. First, for each i ∈ N , there exist unique breakpoints αi < βi such that
λ ≤ αi ⇔ xi (λ) = li ,

(5.7a)

αi < λ < βi ⇔ li < xi (λ) < ui ,

(5.7b)

βi ≤ λ ⇔ xi (λ) = ui .

(5.7c)

For now, we assume that these breakpoints are known. In Section 5.4.2, we
discuss how they can be computed efficiently. The second implication of the
monotonicity is that, given the optimal multiplier λ∗ , we have
λ ≤ λ∗ ⇒

X

xi (λ) ≤

i∈N

λ ≥ λ∗ ⇒

X
i∈N

X

xi (λ∗ ) = R,

(5.8a)

xi (λ∗ ) = R.

(5.8b)

i∈N

xi (λ) ≥

X
i∈N

These two implications are the base to determine the optimal multiplier λ∗ . Let
us define the set of all breakpoints by D := {αi | i ∈ N } ∪ {βi | i ∈ N }.
Equations (5.7a)-(5.7c) imply that min(D) ≤ λ∗ ≤ max(D). This means that
there exist two consecutive breakpoints δ1 , δ2 ∈ D such that δ1 ≤ λ∗ < δ2 .
Figure 5.2 illustrates the relation between x(λ), y(λ), the total resource R, the
breakpoints in D, and the special breakpoints δ1 , λ∗ , and δ2 .

i=1

ui

x(λ), y(λ)

R

x1 (λ)
x2 (λ)
x3 (λ)
y(λ)
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P3

u1
u2
u3

P3
i=1

li
l2
l1
l3
α3

α2

α1

β3

λ∗

β2

β1

λ

Figure 5.2: Illustrative example of the relation between x(λ), y(λ) =
P3
∗
i=1 xi (λ), R, and the special breakpoints αi , βi , δ1 , λ , and δ2 . In this ex∗
ample, δ1 = β3 , δ2 = β2 , and λ is represented by the black square.

The key to our approach is that once we have found δ1 and δ2 , we can easily
compute λ∗ and the resulting optimal solution x(λ∗ ). To see this, note that by
Equations (5.7a)-(5.7c) and by definition of δ1 and δ2 , we have for all i ∈ N that
xi (δ2 ) = li ⇔ xi (λ∗ ) = li ,
li < xi (δ1 ) < ui ⇔ li < xi (λ∗ ) < ui ,
xi (δ1 ) = ui ⇔ xi (λ∗ ) = ui .
As a consequence, we know that xi (λ∗ ) = li if αi ≥ δ2 and xi (λ∗ ) = ui
if βi ≤ δ1 . Thus, we may eliminate these variables from the problem. As
a consequence for the remaining problem, the box constraints (5.1c) become
redundant and Problem QRA-NonSep-GBC reduces to a quadratic optimization
problem with a single equality constraint. We show in Section 5.4.2 that this
specific structure allows us to derive an explicit expression for λ∗ that can be
determined in O(n) time.
To find the breakpoint δ1 , we may either consider all breakpoints in the set D
monotonically
P or apply a binary search to D. This is because the variable sum
yi (λ) =
i∈N xi (λ) induces an order on the breakpoints by Corollary 5.1.
Moreover, we know by Equations
P (5.8a) and (5.8b) that δ1 is the largest breakpoint λ in the set D such that i∈N xi (λ) ≤ R. Note, that the two approaches
to find δ1 lead to different algorithms.

The kernel of both approaches is an efficient method to evaluate x(λ) for any
given λ ∈ R as this is the base for computing the breakpoint set D, and to compute λ∗ from δ1 . We focus on each of these three aspects in the next subsection.
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In the approach outlined in Section 5.4.1, there are three quantities whose computation is not straightforward. These quantities are the solution x(λ) (and thereby
y(λ)) for a given λ ∈ R, the set of breakpoints D, and the optimal multiplier λ∗ .
In the following subsections, we discuss how these quantities can be computed
efficiently.
Computing x(λ) and y(λ) for a given λ
To compute x(λ) for a given λ, we need to find a feasible solution to the KKTconditions (5.6) without (5.6b). We call these KKT-conditions the primary KKTconditions. Instead of trying to derive x(λ) directly from the primary KKTconditions, we first determine which variables in x(λ) are equal to one of their
bounds and which ones are strictly in between their bounds. To this end, for
each j ∈ M, the set of variables Nj can be partitioned into the following sets:
Njlower (λ) := {i ∈ Nj | xi (λ) = li },
upper

Nj

(λ) := {i ∈ Nj | xi (λ) = ui },

Njfree (λ) := {i ∈ Nj | li < xi (λ) < ui }.
Based on Equations (5.7), the following equivalent definition of these sets can
be achieved:
Njlower (λ) = {i ∈ Nj | αi ≥ λ},

(5.9a)

upper
Nj
(λ)

= {i ∈ Nj | βi ≤ λ},

(5.9b)

= {i ∈ Nj | αi < λ < βi }.

(5.9c)

Njfree (λ)

Thus, given the set D of breakpoints, we can easily determine these sets in O(n)
time by checking whether αi ≥ λ, βi ≤ λ, or αi < λ < βi .
upper

Given the partition (Njlower (λ), Nj
(λ), Njfree (λ)), we can compute x(λ) as
upper
follows. As xi (λ) = li for all i ∈ Njlower (λ) and xi (λ) = ui for all Nj
(λ), it
remains to compute xi (λ) for all i ∈ Njfree (λ). Let
yjfree (λ) :=

X

xi (λ),

i∈Njfree (λ)

yjfixed (λ) :=

X
i∈Nj \Njfree (λ)

xi (λ) =

X
i∈Njlower (λ)

li +

X
upper

i∈Nj

ui .
(λ)

By KKT-conditions (5.6d)-(5.6e), we have µi (λ) = 0 for each i ∈ Njfree (λ).
As a consequence, after substituting yjfixed (λ) and xi (λ) for i ∈ Njlower (λ) ∪
upper
Nj
(λ) into the primary KKT-conditions (5.6a) and (5.6c)-(5.6e), the only
non-redundant primary KKT-conditions are (5.6a) and (5.6f) for i ∈ Njfree (λ):
xi (λ)
+ bi − λ = 0,
ai

j ∈ M, i ∈ Njfree (λ), λ ∈ R.

We show that the solution to these equations in terms of xi (λ) can be given in
closed form. For convenience, we define the following quantities:
X
X
Aj (λ) :=
aℓ ,
Bj (λ) :=
aℓ bℓ .
ℓ∈Njfree (λ)

ℓ∈Njfree (λ)

Using, e.g., the Sherwood-Morrison formula (see, e.g., [17]), one can deduce and
verify that the solution to the non-redundant primary KKT-conditions is
xi (λ) = ai

λ − wj yjfixed (λ) + wj Bj (λ)
− ai bi ,
1 + wj Aj (λ)

i ∈ Njfree (λ).

(5.10)

It follows that
yj (λ) := yjfree (λ) + yjfixed (λ) = −
=
=

xi (λ) λ − bi
+
ai wj
wj

− wλj + yjfixed (λ) − Bj (λ)
1 + wj Aj (λ)

+

λ
wj

yjfixed (λ) − Bj (λ)
Aj (λ)
+
λ.
1 + wj Aj (λ)
1 + wj Aj (λ)

(5.11)

Note that for each j ∈ M, the value yj (λ) can be computed in O(n
P j ) time given
the
breakpoint
set
D.
As
a
consequence,
computing
the
sum
j∈M yj (λ)(=
P
x
(λ))
takes
O(n)
time.
i∈N i
Computing the breakpoints
To compute the breakpoints, we exploit two important properties of these breakpoints that we state and prove in Lemmas 5.5 and 5.6. The first property is
concerned with the value µ introduced in the KKT-conditions (5.6). Recall from
KKT-conditions (5.6d) and (5.6e) that, for a given λ ∈ R and i ∈ N , we have
that µi (λ) ≥ 0 if xi (λ) = ui , µi (λ) = 0 if li < xi (λ) < ui , and µi (λ) ≤ 0 if
xi (λ) = li . It follows from Equation (5.7) that µi (λ) ≤ 0 if λ ≤ αi , µi (λ) = 0
if αi < λ < βi , and µi (λ) ≥ 0 if βi ≤ λ. Lemma 5.5 shows that µi (λ) is also 0
for λ = αi and λ = βi .
Lemma 5.5. For all i ∈ N , we have µi (αi ) = µi (βi ) = 0.
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wj yjfree (λ) + wj yjfixed (λ) +
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Proof. See Appendix A.2.4.
106

Next, Lemma 5.6 states that we can use the values Pj := { alii + bi | i ∈ Nj }
and Qj := { uaii + bi | i ∈ Nj } to determine the order of the corresponding
breakpoints.
Lemma 5.6. For j ∈ M and i, k ∈ Nj , we have:
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»
»

li
ai
ui
ai

+ bi <
+ bi <

lk
ak
uk
ak

+ bk implies αi ≤ αk , and;
+ bk implies βi ≤ βk .

Proof. See Appendix A.2.5.
Based on Lemmas 5.5 and 5.6, the following strategy can be used to compute the
breakpoints. From the KKT-condition (5.6a) for i ∈ Nj , j ∈ M, we have for
the breakpoints αi and βi that
αi = wj yj (αi ) +

βi = wj yj (βi ) +

xi (αi )
li
+ bi + µi (αi ) = wj yj (αi ) +
+ bi + µi (αi ),
ai
ai
(5.12a)
xi (βi )
ui
+ bi + µi (βi ) = wj yj (βi ) +
+ bi + µi (βi ).
ai
ai
(5.12b)

By applying Lemma 5.5 and plugging Equation (5.11) into Equation (5.12a), we
can obtain the following expression for a given breakpoint αi :
li
+ bi + µi (αi )
ai
wj yjfixed (αi ) − wj Bj (αi )
wj Aj (αi )
li
=
+
αi +
+ bi .
1 + wj Aj (αi )
1 + wj Aj (αi )
ai

αi = wj yj (αi ) +

This is equivalent to
αi =

wj (yjfixed (αi )


− Bj (αi )) +


li
+ bi (1 + wj Aj (αi )).
ai

(5.13)

Analogously, we can deduce the following expression for βi by applying Lemma
5.5 and plugging Equation (5.11) into Equation (5.12b):


ui
βi = wj (yjfixed (βi ) − Bj (βi )) +
+ bi (1 + wj Aj (βi )).
(5.14)
ai
Using these two expressions, we can compute the breakpoints sequentially in ascending order. Note that this order can be determined using Lemma 5.6 without
knowledge of the actual breakpoint values. Furthermore, for each breakpoint

1

2

Type of ηi
ηi ≡ αi
ηi ≡ βi

upper

Njlower (ηk )

Nj

Njlower (ηi )\{i}
Njlower (ηi )

upper
Nj (ηi )
upper
Nj (ηi )

(ηk )
∪ {i}

Njfree (ηk )

yjfixed (ηk )

Aj (ηk )

Bj (ηk )

Njfree (ηi ) ∪ {i}
Njfree (ηi )\{i}

yjfixed (ηi ) − li
yjfixed (ηi ) + ui

Aj (ηi ) + ai
Aj (ηi ) − ai

Bj (ηi ) + ai bi
Bj (ηi ) − ai bi

Table 5.2: Relation between consecutive breakpoints ηi and ηk and their index
set partitions.

Algorithm 5.1 summarizes this approach to compute the breakpoints. Each new
smallest breakpoint ηk in Line 6 can be retrieved in O(1) time if we implement
the values in Pj and Qj as sorted lists. As a consequence, the time complexity
of Algorithm 5.1 for a given j ∈ M is O(nj log nj ) and the overall computation
of the breakpoints for all variables can be done in O(n log n) time. Note that
if each nj is equal to a given constant K, i.e., all subsets
PNj have the same

constant cardinality, this complexity can be refined to O
j∈M K log K =
O(Km log K) = O(n log K). Thus, for a given K the breakpoints can be
computed in linear time.

Computing λ∗
To finalize our approach, we need to specify how to compute λ∗ for a given δ1 ,
which is the largest breakpoint such that δ1 ≤ λ∗ . In Section 5.4.1, we showed
that the partitioning of the variables under λ∗ can be derived from the partitioning under δ1 and δ2 , i.e., for each j ∈ M, we have Njlower (λ∗ ) = Njlower (δ1 ),
upper ∗
upper
N
(λ ) = Nj
(δ2 ), and Njfree (λ∗ ) = Njfree (δ1 ). Moreover, as we have
Pj
∗
j∈M yj (λ ) = R by definition of yj , we can apply the derived expression for
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ηk , we can compute the terms yjfixed (ηk ), Aj (ηk ), and Bj (ηk ) efficiently from the
preceding breakpoint ηi by exploiting the dependencies between the partitions
upper
upper
(Njlower (ηi ), Nj
(ηi ), Njfree (ηi )) and (Njlower (ηk ), Nj
(ηk ), Njfree (ηk )) summarized in Table 5.2 (see also Figure 5.2 and Equation (5.9)). Given the smallest
breakpoint η, the sequential computation of the terms yjfixed (·), Aj (·), and Bj (·)
P
is initialized by yjfixed (η) := i∈Nj li , Aj (η) := 0, and Bj (η) := 0. To determine if ηk ≡ αk or ηk ≡ βk , let k1 be the index of the next lower breakpoint
and k2 the index of the next upper breakpoint. This implies either ηk = αk1
or ηk = βk2 . Observe that the partition corresponding to the breakpoint ηk
does not depend on whether ηk is a lower or upper breakpoint. Thus, it follows
from the breakpoint expressions in Equations (5.13) and (5.14) that ηk = αk1 if
lk1
uk2
ak + bk1 < ak + bk2 and ηk = βk2 otherwise.

Algorithm 5.1: Computing the breakpoints for j ∈ M.
1
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2
3
4
5
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6
7
8
9
10
11
12
13
14
15
16
17
18

Input: Parameters ai ∈ R>0 , li , ui , bi ∈ R for i ∈ Nj , and wj ∈ R
Output: Lower and upper breakpoints αi and βi for i ∈ Nj
Compute the sets Pj := { alii + bi |i ∈ Nj } and Qj := { uaii + bi | i ∈ Nj }
P
Initialize Y := i∈Nj li ; A := 0; B := 0
repeat
Determine smallest value ηk := min(Pj ∪ Qj )
if ηk ∈ Qj then
▷ ηk ≡ αk
yjfixed (αk ) = Y ;Aj (αk ) = A; Bj (αk ) = B


αk := wj (yjfixed (αk ) − Bj (αk )) + alkk + bk (1 + wj Aj (αk ))
Y = Y − lk ; A = A + ak ; B = B + ak bk
Qj = Qj \{ηk }
else
▷ ηk ≡ βk
yjfixed (βk ) = Y ;Aj (βk ) = A; Bj (βk ) = B


βk := wj (yjfixed (βk ) − Bj (βk )) + uakk + bk (1 + wj Aj (βk ))
Y = Y + uk ; A = A − ak ; B = B − ak bk
Pj = Pj \{ηk }
until Pj ∪ Qj = ∅
return αi , βi for i ∈ Nj

general yj (λ) in Equation (5.11) to obtain the following linear equation in λ∗ :
!
X
X yjfixed (λ∗ ) − Bj (λ∗ )
Aj (λ∗ )
∗
∗
+
λ
R=
yj (λ ) =
1 + wj Aj (λ∗ )
1 + wj Aj (λ∗ )
j∈M
j∈M
!
X yjfixed (δ1 ) − Bj (δ1 )
Aj (δ1 )
∗
=
+
λ .
1 + wj Aj (δ1 )
1 + wj Aj (δ1 )
j∈M

It follows that
R−
λ∗ =


P

yjfixed (δ1 )−Bj (δ1 )
j∈M
1+wj Aj (δ1 )


.

(5.15)

Aj (δ1 )
j∈M 1+wj Aj (δ1 )
upper ∗
Note that, given the partitioning sets NjlowerP
(λ∗ ), Nj
(λ ), and Njfree (λ∗ ), this
∗
expression allows us to compute λ in O( j∈M nj ) = O(n) time.

5.5

P

Two algorithms for Problem QRA-NonSep-GBC

In this section, we present two algorithms that solve Problem QRA-NonSepGBC based on the approach presented in Section 5.4. This approach can be
summarized by means of the following four steps:

1. Replace the generalized bound constraints (5.1b) by the box constraints
xi ≤ xi ≤ xi , i ∈ N (Section 5.3.2),
2. Compute for each i ∈ N the lower and upper breakpoints αi and βi
(Section 5.4.2),
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4. Compute the optimal Lagrange multiplier λ∗ and the optimal solution
x(λ∗ ) (Section 5.4.2).
Both algorithms follow these four steps. Their difference is in the execution of
Step 3 or, more precisely, in how we search for δ1 through the breakpoint set D.
In the first algorithm, we consider the breakpoints sequentially starting from the
smallest breakpoint, whereas in the second algorithm, we apply binary search on
D. We present and discuss these algorithms and their breakpoint search strategies
in more detail in Sections 5.5.1 and 5.5.2.
5.5.1

An O(n log n) time algorithm based on sequential breakpoint
search

The sequential breakpoint search strategy is similar to Algorithm 3.1 for solving
Problem QRA and Algorithm 5.1 to compute the breakpoints, i.e., we search
through the breakpoint set D in ascending
Porder. For each considered breakpoint
η
,
k
∈
N
,
we
compute
the
sum
k
j
j∈M yj (ηk ) using Equation (5.11).
P
If j∈M yj (ηk ) < R, it follows from
Equation
(5.8b) that ηk < λ∗ and we
P
continue the search. Otherwise, if j∈M yj (ηk ) > R, then it follows from
Equation (5.8a) that ηk > λ∗ , meaning that δ1 is the breakpoint preceding ηk
∗
and that δP
2 = ηk . Subsequently, we can use Equation (5.15) to compute λ .
∗
Finally, if j∈M yj (ηk ) = R, then λ = ηk by definition of the values yj (·).
P
To efficiently compute the sum j∈M yj (ηk ), we exploit the dependencies between ηk and its preceding breakpoint ηi , i ∈ Nj , given in Table 5.2. This means
that we can compute the terms yjfixed (ηk ), Aj (ηk ), and Bj (ηk ) in O(1) time from
the terms yjfixed (ηi ), Aj (ηi ), and Bj (ηi ). Moreover, by defining for a given λ ∈ R
F (λ) :=

X yjfixed (λ) − Bj (λ)
,
1 + wj Aj (λ)

j∈M

V (λ) :=

Aj (λ)
.
1 + wj Aj (λ)

and by using
P these values andPthe dependencies in Table 5.2, we can easily
compute
j∈M yj (ηk ) from
j∈M yj (ηi ) in O(1) time. For this, note that
P
y
(λ)
=
F
(λ)
+
λV
(λ)
by
Equation (5.11).
j
j∈M
Algorithm 5.2 summarizes the four steps of our overall solution approach where
Step 3 is carried out using the sequential breakpoint search strategy. In this
algorithm, Line 4 corresponds to Step 1, Line 5 to Step 2, Lines 6-26 to Step 3,
and Lines 14 and 17 to Step 4. During each iteration τ of the sequential breakpoint

5.5.1 – An O(n log n) time algorithm based on sequential breakpoint search

3. Find δ1 , i.e., the largest breakpoint smaller than or equal to λ∗ (Section 5.4.1),

Algorithm 5.2: Solving Problem QRA-NonSep-GBC using sequential
breakpoint search.
110
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5
6

7
8
9
10
11
12
13
14
15
16
17
18
19

Input: w, L, U ∈ Rm , a ∈ Rn>0 , b, l, u ∈ Rn , and R ∈ R
Output: Optimal solution x̄ to Problem QRA-NonSep-GBC
for j ∈ M do
Solve QRAj (Lj ) and QRAj (Uj ); set li := max(li , xi ) and
ui := min(ui , xi )
Compute αi and βi for each i ∈ Nj using Algorithm 5.1
P
D := {αi | i ∈ N } ∪ {βi | i ∈ N }; τ := 0; Dτ := D; F := i∈N li ;
V := 0
P
For j ∈ M: Initialize Y j := i∈Nj li ; Aj := 0; B j := 0
repeat
Determine ηk := min(Dτ ) and define j as the index for which k ∈ Nj
for j ′ ∈ M do
(ηk ) = Y j ′ ; Aj ′ (ηk ) = Aj ′ ; Bj ′ (ηk ) = B j ′
yjfixed
′
Pm
Compute j ′ =1 yj ′ (ηk ) = F + V αk
Pm
if j ′ =1 yj ′ (ηk ) = R then
λ∗ := ηk ; compute x(λ∗ ) as x(ηk ) using Equation (5.10)
return x̄ := x(λ∗ )
Pm
else if j ′ =1 yj ′ (ηk ) > R then
∗
λ∗ := R−F
V ; compute x(λ ) using Equation (5.10)
∗
return x̄ := x(λ )
else
Y j −B j
;
1+wj Aj

F := F −

21

24

if ηk ≡ αk then
Y j := Y j − li ; Aj := Aj + ai ; B j := B j + ai bi
else
Y j := Y j + ui ; Aj := Aj − ai ; B j := B j − ai bi

25

F := F +

:= V +

26

Dτ +1 :=

:= τ + 1

22
23

V := V −

Aj
1+wj Aj

20

Y j −B j
;V
1+wj Aj
τ
D \{ηk }; τ

Aj
1+wj Aj

search in Lines 6-26, the set Dτ is the subset of the original breakpoint set D
that has not yet been searched in this iteration.
We state the time complexity of this algorithm in the following theorem:
Theorem 5.1. Algorithm 5.2 has a worst-case time complexity of O(n log n).
Proof. First, the replacement of Constraint (5.1b) by the single-variable constraints xi ≤ xi ≤ xi in Line 4 takes in total O(n) time. Second, the compu-

Note that besides the computation and sorting of the breakpoints, Algorithm 5.2
runs in linear time.
5.5.2

An O(n log n) time algorithm based on binary breakpoint search

In this subsection we present an alternative strategy, where we apply binary
search on the set of breakpoints. Note that this strategy is similar to Algorithm 3.2 for solving Problem QRA. During each iteration τ of the binary search,
we compute the median δ̂ τ of the current breakpoint set Dτ , i.e., of the subset
of the original breakpoint set that is guaranteed to contain the breakpoint δ1 .
P
For this median breakpoint, we compute the sum j∈M yj (δ̂ τ ) and compare
P
this value to the given amount R of the resource. If j∈M yj (δ̂ τ ) = R, then
P
λ∗ = δ̂ τ . Otherwise, if j∈M yj (δ̂ τ ) > R, then δ̂ τ < λ∗ and during the next
iteration τ + 1 we take as breakpoint set Dτ +1 := {λ ∈ Dτ | λ > δ̂ τ }. Finally,
P
if j∈M yj (δ̂ τ ) < R, we have that δ̂ τ > λ∗ and during the next iteration τ + 1
we take as breakpoint set Dτ +1 := {λ ∈ Dτ | λ ≤ δ̂ τ }.
P
To efficiently compute each sum j∈M yj (δ̂ τ ), we use the following observation
that is analogous to the approach in Section 3.3.2 for solving Problem QRA in
O(n) time. For a given iteration τ of the binary search, let λτ↓ and λτ↑ denote the
minimum and maximum breakpoint in the current breakpoint set Dτ . Then
for any multiplier λ that lies within the interval [λτ↓ , λτ↑ ] and each j ∈ M and
i ∈ Nj , the following is true due to Equation (5.9):
αi ≤

λτ↓

≤

λτ↑ ≤ αi ⇒ i ∈ Njlower (λ),

(5.16a)

Njfree (λ),
upper
Nj
(λ).

(5.16b)

λτ↑

≤ βi ⇒ i ∈

βi ≤

λτ↓

⇒i∈

(5.16c)

We introduce the following sets, which partition the set Nj according to Equation (5.16) during iteration τ :
Lτj := {i ∈ Nj | λτ↑ ≤ αi },

(5.17a)

Fjτ
Ujτ
Ijτ

(5.17b)

:= {i ∈ Nj
:= {i ∈ Nj
:=

Nj \(Lτj

| αi ≤ λτ↓ ≤ λτ↑ ≤ βi },
| βi ≤ λτ↓ },
∪ Fjτ ∪ Ujτ ) = {i ∈ Nj

(5.17c)
|

λτ↓

< αi <

λτ↑

or

λτ↓

< βi < λτ↑ }
(5.17d)
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tation of the breakpoints by means of Algorithm 5.1 in Line 5 takes in total
O(n log n) time. Third, each iteration of the sequential breakpoint procedure
can be executed in O(1) time if we maintain the breakpoint sets as sorted lists so
that computing the smallest value ηk in Line 9 can be done in O(1) time. Finally,
once λ∗ has been found in either Line 14 or 17, we can compute the optimal
solution x(λ∗ ) in O(n) time using Equation (5.10). Summarizing, the worst-case
time complexity of Algorithm 5.2 is O(n log n).

(see also Figure 5.3). Note, that for any λ with λτ↓ ≤ λ ≤ λτ↑ , we have
i ∈ Lτj ⇒ i ∈ Njlower (λ),
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i ∈ Fjτ ⇒ i ∈ Njfree (λ),
upper

i ∈ Ujτ ⇒ i ∈ Nj

(λ).

Chapter 5 – Nonseparable quadratic resource allocation with generalized bound constraints

β1 ≤ λτ↓
α1

⇒ 1 ∈ Ujτ (λτ↓ , λτ↑ )

β1
α2 < λτ↓ ≤ λτ↑ < β2 ⇒ 2 ∈ Fjτ (λτ↓ , λτ↑ )
α2

β2
α3

α4

α3 ≥ λτ↑

⇒ 3 ∈ Lτj (λτ↓ , λτ↑ )

λτ↓ < β4 < λτ↑

⇒ 4 ∈ Ijτ (λτ↓ , λτ↑ )

β3

β4
λτ↓ < α5 < β5 < λτ↑ ⇒ 5 ∈ Ijτ (λτ↓ , λτ↑ )
α5

β5
λτ↓ < α6 < λτ↑
α6

λτ↓

⇒ 6 ∈ Ijτ (λτ↓ , λτ↑ )

β6
λτ↑

λ→

Figure 5.3: Example of the partitioning of the variables based on their breakpoints and the interval [λτ↓ , λτ↑ ].
Due to the construction of the sets Dτ , the sequence (λτ↓ )τ ∈N is nondecreasing
and the sequence (λτ↑ )τ ∈N is non-increasing. This implies that as soon as one of
the three cases (5.16a)-(5.16b) occurs during an iteration τ for an index i ∈ Nj , we
know for any future candidate breakpoint δ̂ τ that i ∈ Njlower (δ̂ τ ), i ∈ Njfree (δ̂ τ ),
upper τ
or i ∈ Nj
(δ̂ ) respectively. In particular, we know that i ∈ Njlower (λ∗ ),
upper ∗
i ∈ Njfree (λ∗ ), or i ∈ Nj
(λ ) respectively. Thus, when determining the
upper τ
lower τ
free τ
partition (Nj (δ̂ ), Nj (δ̂ ), Nj
(δ̂ )), we only need to determine the
membership of xk (δ̂ τ ) for all k ∈ Ijτ instead of for all k ∈ Nj when the sets Lτj ,
Fjτ , and Ujτ are known.
The main computational gain is obtained by introducing for each iteration τ the
following bookkeeping parameters:
X
X
X
X
τ
τ
Yjτ :=
li +
ui ,
Aj :=
B j :=
ai ,
ai bi .
i∈Lτj

i∈Ujτ

i∈Fjτ

i∈Fjτ
τ

τ

Observe that if the set Ijτ and the bookkeeping parameters Yjτ , Aj , and B j are
known, then computing yj (λ) for any λτ↓ ≤ λ ≤ λτ↑ via Equation (5.11) can be
done in O(|Ijτ |) time instead of O(nj ) time.
We summarize the resulting realization of the four steps of our overall solution
approach, using in Step 3 the discussed binary breakpoint search strategy, in

We establish the worst-case time complexity of Algorithm 5.3 by means of
Lemma 5.7 and Theorem 5.2. First, Lemma 5.7 states that the binary search
procedure can be carried out in O(n) time.
Lemma 5.7. The binary breakpoint search procedure in Lines 6-36 of Algorithm 5.3
has a time complexity of O(n).
Proof. We show that iteration τ of the binary breakpoint search has a time
complexity of O(|Dτ |). Since |Dτ +1 | ≤ 12 |Dτ | for each iteration τ , it follows
that the time complexity of the binary search procedure is




log(n)
log(n)
X
X n
 = O(n).
O
|Dτ | = O 
τ
2
τ =0
τ =0
We establish the time complexity of an iteration τ using the following two
observations:
1. We consider the computation of the candidate multiplier δ̂ τ in Line 9.
Recall that the median of an unsorted set of breakpoints Dτ can be computed in O(|Dτ |) time using, e.g., the median-of-medians algorithm in
[28]. This means that instead of sorting the initial breakpoint set D in
O(n log n) time and retrieving median elements in O(1) time, we can
compute each candidate multiplier δ̂ τ in O(|Dτ |) time.
2. By introducing the partition sets Lτj +1 , Fjτ +1 , Ujτ +1 , and Ijτ +1 and the
τ
τ
bookkeeping values Yjτ , Aj , and B j , we reduce the worst-case time comP
P
plexity of computing j∈M yj (δ̂ τ ) from O(n) to O( j∈M |Ijτ |). On
Algorithm 5.3: Solving Problem QRA-NonSep-GBC using binary breakpoint search.
1
2
3
4

5

Input: w, L, U ∈ Rm , a ∈ Rn>0 , b, l, u ∈ Rn , and R ∈ R
Output: Optimal solution x̄ to Problem QRA-NonSep-GBC
for j ∈ M do
Solve QRAj (Lj ) and QRAj (Uj ); set li := max(li , xi ) and
ui := min(ui , xi )
Compute αi and βi for each i ∈ Nj using Algorithm 5.1
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5.5.2 – An O(n log n) time algorithm based on binary breakpoint search

Algorithm 5.3. In this algorithm, Line 4 corresponds to Step 1, Line 5 to Step 2,
Lines 6-36 to Step 3, and Lines 21 and 37-38 to Step 4. In each iteration τ , the
τ +1
τ +1
new set Ijτ +1 and bookkeeping values Yjτ +1 , Aj , and B j are constructed
after the new breakpoint set Dτ +1 and lower and upper bounds λτ↓ +1 and λτ↑ +1
have been determined. This update can be done using the definition of the sets
Lτj +1 , Fjτ +1 , Ujτ +1 , and Ijτ +1 in Equation (5.17).

6
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7
8
9
10
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

D := {αi | i ∈ N } ∪ {βi | i ∈ N }; D0 := D; τ := 0; λ0↓ := −∞; λ0↑ := ∞
0

0

For j ∈ M: Ij0 := Nj ; Yj0 := Aj := B j := 0
while |Dτ | > 1 do
δ̂ τ := median(Dτ )
for j ∈ M do
τ
τ
yjfixed (δ̂ τ ) := Yjτ ; Aj (δ̂) := Aj ; Bj (δ̂) := B j
for k ∈ Ijτ do
if k ∈ Njlower (δ̂ τ ) then
yjfixed (δ̂ τ ) := yjfixed (δ̂ τ ) + lk
upper τ
else if k ∈ Nj
(δ̂ ) then
fixed τ
yj (δ̂ ) := yjfixed (δ̂ τ ) + uk
else
Aj (δ̂ τ ) := Aj (δ̂ τ ) + ak ; Bj (δ̂ τ ) := Bj (δ̂ τ ) + ak bk
P
Compute j∈M yj (δ̂ τ ) using Equation (5.11)
P
if j∈M yj (δ̂ τ ) = R then
▷ λ∗ = δ̂ τ
Compute x(λ) as x(δ̂ τ ) using Equation (5.10)
return x̄ := x(λ∗ )
P
else if i∈N xi (δ̂ τ ) < R then
▷ δ̂ τ ≤ λ∗ ≤ δ1
τ
+1
τ
+1
Dτ +1 := {λ ∈ Dτ | λ > δ̂ τ }; λ↓ := λτ↓ ; λ↑ := δ̂ τ
else
▷ δ̂ τ > λ∗ > δ2
τ
+1
τ
+1
Dτ +1 := {λ ∈ Dτ | λ ≤ δ̂ τ }; λ↓ := δ̂ τ ; λ↑ := λτ↑
for j ∈ M do
τ +1
τ
τ +1
τ
Ijτ +1 := Ijτ ; Yjτ +1 := Yjτ ; Aj := Aj ; B j := B j
for k ∈ Ijτ do
if λτ↑ +1 ≤ αk then
Remove k from Ijτ +1 ; Yjτ +1 := Yjτ +1 + lk
else if αi ≤ λτ↓ +1 ≤ λτ↑ +1 ≤ βi then
τ +1

Remove k from Ijτ +1 ; Aj

33

+ ak ;

τ +1
Bj

34
35
36
37
38
39

τ +1
:= B j + ak bk
else if βk ≤ λτ↓ +1 then
Remove k from Ijτ +1 ; Yjτ +1

τ +1

:= Aj

:= Yjτ +1 + uk

τ := τ + 1
Determine δ1 as the single element of Dτ
Compute λ∗ using Equation (5.15) and x(λ∗ ) using Equation (5.10)
return x̄ := x(λ∗ )

the other hand, constructing the new set Ijτ +1 and the bookkeeping valP
τ +1
τ +1
ues Yjτ +1 , Aj , and B j in Lines 23-35 takes O( j∈M |Ijτ |) time.

Using this lemma, we establish the time complexity of Algorithm 5.3:
Theorem 5.2. Algorithm 5.3 has a time complexity of O(n log n).
Proof. Analogously to Theorem 5.1, all operations other than the binary search
procedure in Lines 6-36 take O(n log n) time. Since the binary search procedure
takes O(n) time by Lemma 5.7, the overall time complexity of Algorithm 5.3 is
O(n log n).
5.5.3

Complexity results for special cases and related problems

In this section, we use Algorithms 5.2 and 5.3 and the complexity results in
Theorems 5.1 and 5.2 to state complexity results for several special cases of Problem QRA-NonSep-GBC and related problems. Some of these cases are of interest
for the problem of three-phase electric vehicle charging, whereas other cases may
be of independent interest.
The first special case is when all subsets Nj have the same cardinality, i.e., nj = K
for some K ∈ N. For this case, we can show that, given K, the time complexity of Algorithm 5.3 is linear. Note that this special case includes the problem
of three-phase electric vehicle charging introduced in Section 5.2.3 (see also Table 5.1) as we have K = 3 in this case.
Theorem 5.3. If nj = K for all j ∈ M for a given K ∈ N, the time complexity of
Algorithm 5.3 is O(n log K).
Proof. The only part of the algorithm that does not have a linear time complexity is the computation of the breakpoints, which needs O(n log n) operations
for the general Problem QRA-NonSep-GBC.
However, when
P
Pnj = K, the complexity analysis can be refined to O( j∈M nj log nj ) = O( j∈M K log K) =
O(mK log K) = O(n log K). It follows that the time complexity of Algorithm 5.3 for this special case is O(n log K).
Next, we focus on the special case where wj = 0 for all j ∈ M, i.e., we consider the quadratic separable RAP with generalized bound constraints ((a, b)Q/GBC/C). With regard to three-phase EV charging, this case represents the
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Thus, the P
time complexity of the τ th iteration of the binary search loop is
τ
O(|D | + j∈M |Ijτ |). Observe that by definition of Ijτ , for each j ∈ M
and each index k ∈ Ijτ there is at least one breakpoint
P (αk or βk or both) in the
set of current breakpoints Dτ . This implies that j∈M |Ijτ | ≤ |Dτ |. It follows
that the time complexity of the τ th iteration of the binary search loop reduces
to O(|Dτ |).
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situation where the only objective is to minimize peak consumption and we do
not consider minimization of load unbalance. As mentioned in Section 2.3.2,
this case can be solved in O(n) time [114]. In particular, it can be solved in O(n)
time by solving a sequence of instances of Problem QRA:
Theorem 5.4. If wj = 0 for all j ∈ M, Problem QRA-NonSep-GBC can be solved
in O(n) time by solving 2m + 1 specific instances of Problem QRA.

Chapter 5 – Nonseparable quadratic resource allocation with generalized bound constraints

Proof. First, recall that the first step of our solution approach, namely the replacement of the generalized bound constraints (5.1b) by the box constraints
xi ≤ xi ≤ xi , i ∈ N (see Section 5.3.2), can be done in O(n) time by solving
the subproblems QRAj (Lj ) and QRAj (Uj ) for each j ∈ M. The remaining
problem is an instance of Problem QRA since wj = 0 for each j ∈ M. Thus,
we can solve this problem in O(n) time, which implies that we can also solve
the complete Problem QRA-NonSep-GBC in O(n) time by solving 2m + 1
instances of Problem QRA.
Finally, we consider the integer version of Problem QRA-NonSep-GBC, i.e.,
the problem with the additional constraint that xi ∈ Z for all i ∈ N . If wj = 0
for all j ∈ M, we can solve the integer version in O(n) time:
Theorem 5.5. If wj = 0 for all j ∈ M, the integer version of Problem QRANonSep-GBC can be solved in O(n) time.
Proof. Without loss of generality, we assume that l, u ∈ Zn , L, U ∈ Zm , and
R ∈ Z. Note that all steps and statements in the proof of Lemma 5.2 are valid for
the integer version of Problem QRA-NonSep-GBC, provided that the chosen
optimal solution to QRAj (Uj ) is component-wise larger than that to QRAj (Lj ),
i.e., we have x ≤ x. In more detail, the proof of Lemma 5.2 is valid since we
have ϵ > 1 and we can choose ϵ = 1 to obtain feasible solutions x′ and (x′ )j .
Thus, analogously to the case of continuous variables in Theorem 5.4, we can
solve this version of the problem by solving the 2m subproblems QRAj (Lj )
and QRAj (Uj ) and one instance of Problem QRA with n variables (see also
the proof of Theorem 5.4) as integer RAPs. Since an instance of Problem QRA
with integer variables can be solved in linear time ( [85], see also Section 2.3.1),
we can solve these 2m + 1 problems in O(n) time.
If wj ≥ 0 for all j ∈ M, the integer version can be solved in O(n2 ) time [120].
Finally, we conjecture that the integer version of the general Problem QRANonSep-GBC, i.e., instances that satisfy Property 5.1, is solvable in strongly
polynomial time, but leave this as an open question for future research.

Evaluation

In this section, we evaluate the two algorithms that were presented in Sections 5.5.1 and 5.5.2. We carry out two types of evaluations. First, we evaluate the
performance of our algorithms on realistic instances of the EV charging problem
EV-3Phase introduced in Section 5.2.3. Second, to assess the practical scalability
of our algorithms, we evaluate them on problem instances with varying numbers m of generalized bound constraints and numbers K of variables associated
with a given constraint. Since for Problem QRA-NonSep-GBC no other tailored
algorithms are available, we compare the performance of our algorithms to that
of the commercial solver MOSEK [121].
In Section 5.6.1, we describe in more detail the problem instances that we use
in the evaluations. Subsequently, in Section 5.6.2, we discuss several implementation details. Finally, in Section 5.6.3, we present and discuss the evaluation
results.
5.6.1

Problem instances

To evaluate the performance of our algorithms on instances of Problem EV3Phase, we consider a setting wherein an EV is empty and available for residential
charging from 18:00h and must be fully charged by 8:00h on the next day. This
charging horizon of 14 hours is divided into 15-minute time intervals, meaning
that m = 56 and that ∆t = 14 . For the power consumption constraints of
the EV, we follow the balancing framework in [174] and use the Tesla Model 3
as a reference EV [4]. This means that we choose R̄ = 40, 000 (Wh), L̃j =
0 (W) and Ũj = 11, 500 (W) for each j ∈ M, and ˜li = − 11,500
(W) and
3
11,500
ũi = 3 (W) for each i ∈ N . We simulate 100 charging sessions, where each
session corresponds to charging on a different day. As input for the different
days, we use power consumption measurement data of 40 households for 100
consecutive days that were obtained in the field test described in [80]. Thereby,
we distribute the single-phase power consumption profiles of these 40 households
randomly over the three phases, i.e., we assign each profile to one of the three
phases. For the usage for a given day, the total load qj,p during interval j on
phase p is given as the sum of the power consumption of all households assigned
to phase p during that interval j. To study the influence of different trade-offs
between the two objectives (minimizing peak consumption and minimizing
load unbalance) on the time required to solve the problem, we simulate each of
the 100 charging sessions using three different combinations of the weights W1
and W2 , namely (W1 , W2 ) ∈ {(1, 1), (1, 100), (100, 1)}.
We now describe the instances of the general Problem QRA-NonSep-GBC used
to assess the scalability of our algorithms. We focus on the case where the subset
sizes nj are equal to some positive integer K. We generate random instances
for a number of fixed values of K and numbers of subsets m (Table 5.3 shows
for the used values of K and m the uniform distribution used for generating the
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parameter values). For each combination of K and m, we generate 10 instances
according to the given distributions. Hereby, the distribution of each weight wj
is chosen such that the resulting problem instances satisfy Property 5.1, which
ensures by Lemma 5.1 that their objective functions are strictly convex. The distributions of the values Lj and Uj are chosen such that none of the generalized
bound constraints (5.1b) is redundant. As a consequence, all of these constraints
need to be replaced according to the constraint simplification procedure in Section 5.3.2. In this way, we maximize the time that Algorithms 5.2 and 5.3 require
for this step and thus improve the fairness of the comparison with MOSEK.
Parameter

Values

K
m
aj
bi

{1; 2; 5; 10; 20; 50; 100; 200; 500; 1, 000}
{1; 2; 5; 10; 20; 50; 100; 200; 500; 1, 000}
∼ 1/U (0, 10)
∼ U (−10, 10)
!

wj

∼U

1

−P

i∈Nj

li
ui
Lj
Uj
R

∼ U (−10, 0)
∼ U (0,
 10)

P

∼U

i∈Nj



∼ U 0.8
∼U

P

aj

i∈Nj

Lj ,

1

i∈Nj

li , 0.8

P

m
j=1

,−P

P

ui ,

P

i∈Nj

li

P
i∈Nj

U
j∈M j

aj

+ 10



ui





Table 5.3: Parameter choices for the scalability evaluation.
5.6.2 Implementation details
For solving the subproblems QRAj (Lj ) and QRAj (Uj ) in Line 4 of both Algorithms 5.2 and 5.3, we implemented a sophisticated version of the sequential breakpoint search algorithm in Section 3.3.1, Algorithm 3.1, that allows us
to solve both subproblems simultaneously and approximately twice as fast as
the original algorithm. Furthermore, in Algorithm 5.3, we compute the candidate breakpoint, i.e., the median of a breakpoint set, in the same way as in
Algorithm 5.2, namely by sorting the original breakpoint set and retrieving the
desired breakpoints in O(1) time (see also Section 5.5.1).
In both algorithms, it would be possible to reduce the time complexity of sorting
all breakpoints from O(n log n) to O(n log m) by using a multi-way merging
algorithm (see, e.g., [102]) to merge the 2m sorted lists of breakpoints. However, preliminary testing has shown that in both algorithms the time needed for
sorting the breakpoints using a standard sorting algorithm is at least one order
of magnitude smaller than the time needed for computing the breakpoints and
carrying out the breakpoint search. Thus, we have chosen not to use a multi-way

merging algorithm to simplify the implementation of the algorithms without
significantly increasing the overall execution time.

In this section we present and discuss the results of the evaluation as described
in Section 5.6.1. First, we focus on the performance of our algorithms on the
instances of Problem EV-3Phase. Table 5.4 shows the average execution times of
our algorithms and of MOSEK for each combination of weights. Moreover, Figure 5.4 shows for each combination of weights the boxplots of the ratios between
the execution times of each combination of algorithms. The results in Figure 5.4
indicate that our algorithms solve realistic instances of Problem EV-3Phase four
to five times as fast as MOSEK for each weight combination. Moreover, Algorithm 5.3 appears to be slightly faster than Algorithm 5.2, although the difference
in their execution times is less than 4% of the execution time of Algorithm 5.3
for the majority of the problem instances. The results in Table 5.4 and Figure 5.4
suggest that the choice of weights has little to no effect on the execution times
of both our algorithms and MOSEK. The results in Table 5.4 indicate that our
algorithms can solve realistic instances of Problem EV-3Phase in the order of
milliseconds. This is significantly lower than common speed and delay requirements for communication networks in DEM systems [43]. Thus, our algorithms
will most likely not be the (computational) bottleneck in DEM systems and are
therefore suitable for integration in such systems.
Weight combination
(1, 1)
(1, 100)
(100, 1)

Execution time (s)
Algorithm 5.2 Algorithm 5.3
−3

4.64 · 10
4.69 · 10−3
4.71 · 10−3

−3

4.89 · 10
4.94 · 10−3
4.86 · 10−3

MOSEK
2.33 · 10−2
2.11 · 10−2
2.07 · 10−2

Table 5.4: Average execution times of Algorithms 5.2 and 5.3 and MOSEK for
each combination of weights.
In the following, we discuss the results of the scalability evaluation. For this, we
first compare the performance of the two different breakpoint search approaches,
since these are the only aspect in which Algorithms 5.2 and 5.3 are different. To
this end, we show in Figure 5.5 for each combination of K and m the boxplot
of the ratios between the execution times of the sequential breakpoint search in
Algorithm 5.2 and of the binary breakpoint search in Algorithm 5.3, i.e., the
execution time of the breakpoint search procedure of Algorithm 5.2 divided by
that of Algorithm 5.3. Moreover, Figure 5.6 shows for each combination of K
and m the boxplot of ratios between the overall execution times of Algorithms 5.2
and 5.3. The results in Figure 5.5 indicate that for K ≤ 10 the ratios regarding
the breakpoint search procedures decrease significantly as m increases. For these
values of K, most of the ratios are greater than 1 when m ≤ 5 and smaller than 1
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Algorithms

(a) (W1 , W2 ) = (1, 1).
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Figure 5.4: Boxplots of the ratios of the execution times between
MOSEK and

MOS.
MOS.
Algorithm 5.2
,
MOSEK
and
Algorithm
5.3
,
and
Algorithms
5.3
5.2
5.3

and 5.2 5.3
for
each
combination
of
weights.
5.2
when m ≥ 10. This suggests that the binary breakpoint search procedure is faster
than the sequential breakpoint search procedure when m ≥ 10. For K > 10,
the relation between the ratios and m is less clear. However, for each of these
values of K, most of the ratios are greater than 1 for almost every value of m,
which suggests that the binary breakpoint procedure in general outperforms the
sequential breakpoint procedure.
It should be noted that the differences in execution time of the breakpoint
searches of Algorithms 5.2 and 5.3 are less than an order of magnitude. Since the
breakpoint search is the only aspect in which the algorithms differ, we expect
that the differences in execution time of the entire algorithms are even less. This
is confirmed by the results in Figure 5.6, i.e., in almost all cases, the difference in
execution time between the two algorithms is significantly less than a factor 2.
However, the behavior of these ratios is similar to that of those in Figure 5.5.
For example, for K ≤ 10, most ratios are larger than 1 when m ≤ 5 and smaller
than 1 when m ≥ 10, whereas for K > 10 most ratios are greater than 1. This
suggests that Algorithm 5.3 is in general faster than Algorithm 5.2 unless K ≤ 10
and m ≤ 5.
The marginal difference in overall execution time between Algorithms 5.2 and 5.3
is also confirmed by the results presented in Table 5.5, which shows the fitted
power laws for Algorithms 5.2 and 5.3, i.e., for each K, we fit the function
f (m) = c1 · mc2 to the execution times corresponding to K. These power
laws suggest that the execution time of both algorithms grows linearly as m
increases, i.e., all the exponents c2 in Table 5.5 are close to one. This observation
is consistent with the theoretical worst-case complexity of Algorithm 5.3, which
is O(n log K) = O(mK log K) and demonstrates its practical scalability.
Finally, we compare the performance of our algorithms to MOSEK. To this end,
Figure 5.7 shows for each considered combination of K and m the execution time
of Algorithm 5.3 and MOSEK. Moreover, Figure 5.8 shows all these execution
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Figure 5.5: Boxplots of ratios between the execution times of the breakpoint
search procedures of Algorithms 5.2 and 5.3, i.e., the execution time of the breakpoint search procedure of Algorithm 5.2 divided by that of Algorithm 5.3.
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Figure 5.6: Boxplots of ratios between the execution times of Algorithms 5.2
and 5.3, i.e., the execution time of Algorithm 5.2 divided by that of Algorithm 5.3

1
2
5
10
20
50
100
200
500
1, 000

Algorithm 5.2
−5

0.827

7.27 · 10 · m
1.08 · 10−4 · m0.899
1.40 · 10−4 · m0.932
1.91 · 10−4 · m0.961
3.06 · 10−4 · m0.977
6.69 · 10−4 · m0.987
1.22 · 10−3 · m0.993
2.50 · 10−3 · m0.983
5.77 · 10−3 · m0.991
1.14 · 10−2 · m1.009

Algorithm 5.3
5.52 · 10−5 · m0.912
9.31 · 10−5 · m0.944
1.27 · 10−4 · m0.956
1.78 · 10−4 · m0.970
2.87 · 10−4 · m0.977
6.34 · 10−4 · m0.985
1.11 · 10−3 · m0.993
2.15 · 10−3 · m0.995
5.24 · 10−3 · m0.998
1.03 · 10−2 · m1.003

Table 5.5: Power law regression functions for Algorithms 5.2 and 5.3 for each K,
i.e., the fitted functions c1 · mc2 .
times in dependence of the total number of variables n(= Km). We do not plot
the execution times of Algorithm 5.2 in these figures, since the differences in
execution time between Algorithms 5.2 and 5.3 are so small that plotting them
together in the same figure would unnecessarily obscure the results. Note that
for K = 1, 000, MOSEK was unable to solve any of the instances for m = 500
and m = 1, 000 due to out-of-memory errors. Finally, to provide additional
insight into the reported execution times, Tables 5.6-5.8 in Appendix 5.9 show
for each combination of K and m the average execution time of Algorithms 5.2
and 5.3 and MOSEK respectively.
The execution times of MOSEK for K ≤ 50 in Figures 5.7a-5.7f are quite large
compared to the size of the problems. This is most likely due to the initialization time of MOSEK, which for smaller problem instances is relatively large
compared to the actual time required by the internal solver to solve the corresponding instance. As a consequence, Algorithms 5.2 and 5.3 are at least one
order of magnitude faster than MOSEK for instances with K ≤ 50 and m ≤ 10.
For K ≥ 100, the results in Figure 5.7 and Tables 5.6-5.8 indicate that Algorithms 5.2 and 5.3 are at least one order of magnitude faster than MOSEK regardless of m. In fact, for K = 1, 000, both our algorithms are even two orders
of magnitude faster. For these instances, our algorithms solve all instances with
m = 500 and m = 1, 000 in less than 16 seconds (Algorithm 5.2) and 12 seconds (Algorithm 5.3), whereas MOSEK was unable to compute a solution due
to out-of-memory errors.

5.7

Concluding remarks

In this chapter, we studied a quadratic nonseparable resource allocation problem
(RAP) with generalized bound constraints. This problem was motivated by
its application in decentralized energy management (DEM) and in particular
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Figure 5.7: Execution times of Algorithm 5.3 (circles, black) and MOSEK (triangles, gray) in dependence of K and m.
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Figure 5.8: Execution times of Algorithm 5.3 (circles, black) and MOSEK (triangles, gray) in dependence of n.
for scheduling electric vehicles (EVs) to minimize load unbalance in electricity
networks. We derived two algorithms with O(n log n) time complexity for this
problem, of which one runs in linear time for a subclass containing the EV
scheduling problem. Numerical evaluations demonstrate the practical efficiency
of our algorithms both for realistic instances of the EV scheduling problem and
for instances with synthetic data. In fact, our algorithms solve problem instances
with up to 1 million variables in less than 16 seconds on a personal computer
and are up to 100 times faster than a standard commercial solver. This practical
efficiency of our algorithms makes them suitable for the aforementioned EV
scheduling problems since these problems have to be solved in a short time on
embedded systems with low computational power and low memory.
From a theoretical perspective, the results presented in this chapter add a new
problem to the class of quadratic nonseparable RAPs that can be solved efficiently, i.e., in (strongly) polynomial time. The question remains how this class
can be extended further. Existing work on optimization under submodular constraints [75, 120] suggests that the class of nonseparable RAPs where both the
constraints and nonseparability are induced by so-called cross-free families (see
also Section 2.7) constitutes a promising direction for this extension. We expect
that new efficient and practical algorithms can be obtained for these problems
by combining insights from existing methodologies to solve similar problems,
including minimum quadratic cost flow problems [75, 163], scaling algorithms
[120], and monotonicity-based optimization ( [172], Chapter 4, and this chapter).
With regard to the application for DEM, such algorithms can be used to solve
local optimization problems of other devices that draw their power from all three
phases simultaneously other than EVs. As already mentioned in Section 4.5, in
particular the derivation of an algorithm for the (quadratic) nonseparable RAP
with nested constraints is an interesting direction for future research since this
models the problem of scheduling large-scale batteries with three-phase chargers.
Such batteries are widely recognized as vital components of current and future
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residential distribution grids with a high infeed from renewable energy sources
and integrated devices such as EVs (see also Section 2.5.2). Therefore, this is a
relevant and important direction of future research that can contribute greatly
to a sustainable future energy supply.

5.8

Appendix: Formulation of Problem EV-3Phase
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In this appendix, we derive the expression in Equation (5.2) for the objective of
minimizing load unbalance and show that Problem EV-3Phase is an instance of
Problem QRA-NonSep-GBC.
First, as a measure for load unbalance during a given interval j ∈ M, we utilize
the squared 2-norm of the resulting vector of the three phase loads qj,1 + zj,1 ,
qj,2 + zj,2 , and qj,3 + zj,3 according to the phase arrangement depicted in Figure 5.1. This resulting vector equals
"

Pjres

#
3
3
X
X
:=
(qj,p + zj,p ) cos ϕp ,
(qj,p + zj,p ) sin ϕp ,
p=1

p=1

where ϕ1 , ϕ2 , and ϕ3 are the angles of the three phases. Thus, wePcan model the
objective of minimizing unbalance by minimizing the function j∈M ||Pjres ||2 ,
where || · || denotes the 2-norm on R2 . Note that we can assume without loss of
generality that the phases are arranged as depicted in Fig. 5.1. This means that
we may assume that ϕ1 = 1 56 π, ϕ2 = 1 16 π, and ϕ3 = 12 π. Thus, for each j ∈ M,
it follows that
||Pjres ||2 =

3
X

!2
(qj,p + zj,p ) cos ϕp

+

p=1

=

3
X

3
X
(qj,p + zj,p ) sin ϕp

!2

p=1

(qj,p + zj,p )2 (cos2 ϕn + sin2 ϕn )

p=1

+2

X

((qj,p + zj,p )

p,p′ ∈{1,2,3}:
p̸=p′

(qj,p′ + zj,p′ )(cos ϕp cos ϕp′ + sin ϕp sin ϕp′ ))


3
X
3 1
=
(qj,p + zj,p )2 + 2(qj,1 + zj,1 )(qj,2 + zj,2 ) − +
4 4
p=1


1
+ 2(qj,1 + zj,1 )(qj,3 + zj,3 ) 0 −
2


1
+ 2(qj,2 + zj,2 )(qj,3 + zj,3 ) 0 −
2

=

3
X

(qj,p + zj,p )2 − (qj,1 + zj,1 )(qj,2 + zj,2 )

p=1

Second, to show that Problem EV-3Phase is an instance of Problem QRANonSep-GBC, observe that the objective function of Problem EV-3Phase can
be rewritten to
!2
3
X X
W1
(qj,p + zj,p )
j∈M

+ W2

p=1



3
3X



2 p=1

X
j∈M

(qj,p + zj,p )2 −

1
2

3
X

!2 
(qj,p + zj,p )



p=1

!2
3
3
XX
X
3
(qj,p + zj,p )2
(qj,p + zj,p ) + W2
2
j∈M p=1
j∈M p=1
!
2

X X
3
3
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1
3
2
zj,p
= W1 − W2
zj,p
+ W2
2
2
j∈M p=1
j∈M p=1
! 3

X X
3
3
XX
X
1
3
+ W 1 − W2
qj,p zj,p
qj,p
zj,p + W2
2
2
p=1
j∈M p=1
j∈M p=1
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X X
3
3
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1
3
2
+ W 1 − W2
qj,p
.
qj,p
+ W2
2
2
p=1
p=1


1
= W1 − W2
2

X

j∈M

j∈M

The latter expression leads directly to the values in Table 5.1.
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− (qj,1 + zj,1 )(qj,3 + zj,3 ) − (qj,2 + zj,2 )(qj,3 + zj,3 )
!2
3
3
1 X
3X
2
(qj,p + zj,p ) .
(qj,p + zj,p ) −
=
2 p=1
2 p=1

K\m
1.07 · 10−4
1.58 · 10−4
1.75 · 10−4
2.40 · 10−4
3.63 · 10−4
6.63 · 10−4
1.16 · 10−3
3.45 · 10−3
6.08 · 10−3
1.36 · 10−2

1
1.49 · 10−4
2.06 · 10−4
2.77 · 10−4
3.72 · 10−4
5.61 · 10−4
1.54 · 10−3
2.84 · 10−3
4.64 · 10−3
1.13 · 10−2
2.17 · 10−2

2
2.38 · 10−4
3.93 · 10−4
5.97 · 10−4
8.04 · 10−4
1.41 · 10−3
3.09 · 10−3
6.28 · 10−3
1.38 · 10−2
2.87 · 10−2
5.84 · 10−2

5
3.68 · 10−4
7.23 · 10−4
1.08 · 10−3
1.61 · 10−3
2.88 · 10−3
6.56 · 10−3
1.22 · 10−2
2.37 · 10−2
5.78 · 10−2
1.09 · 10−1

10

8.87 · 10−4
1.34 · 10−3
1.92 · 10−3
2.89 · 10−3
5.29 · 10−3
1.36 · 10−2
2.33 · 10−2
4.66 · 10−2
1.11 · 10−1
2.34 · 10−1

20

1.51 · 10−3
3.29 · 10−3
4.96 · 10−3
8.73 · 10−3
1.37 · 10−2
3.09 · 10−2
6.12 · 10−2
1.10 · 10−1
2.83 · 10−1
5.43 · 10−1

50

2.94 · 10−3
6.49 · 10−3
9.91 · 10−3
1.60 · 10−2
2.94 · 10−2
6.35 · 10−2
1.14 · 10−1
2.15 · 10−1
5.29 · 10−1
1.12 · 10+0

100

5.75 · 10−3
1.34 · 10−2
2.09 · 10−2
3.22 · 10−2
5.40 · 10−2
1.29 · 10−1
2.20 · 10−1
4.56 · 10−1
1.04 · 10+0
2.28 · 10+0

200

1.47 · 10−2
3.13 · 10−2
4.78 · 10−2
7.95 · 10−2
1.33 · 10−1
3.10 · 10−1
6.29 · 10−1
1.11 · 10+0
3.01 · 10+0
6.89 · 10+0

500

2.75 · 10−2
6.29 · 10−2
9.89 · 10−2
1.53 · 10−1
2.72 · 10−1
6.10 · 10−1
1.18 · 10+0
2.45 · 10+0
5.43 · 10+0
1.27 · 10+1

1, 000
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Table 5.6: Average execution times (s) of Algorithm 5.2 for each combination of K and m.

1
2
5
10
20
50
100
200
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1, 000
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−4

1.11 · 10
1.80 · 10−4
2.63 · 10−4
3.55 · 10−4
5.57 · 10−4
1.34 · 10−3
2.17 · 10−3
4.23 · 10−3
1.05 · 10−2
2.00 · 10−2

2
−4

2.11 · 10
3.79 · 10−4
5.59 · 10−4
8.26 · 10−4
1.35 · 10−3
3.20 · 10−3
6.03 · 10−3
1.29 · 10−2
2.53 · 10−2
4.98 · 10−2

5
−4

3.77 · 10
7.23 · 10−4
1.08 · 10−3
1.61 · 10−3
2.56 · 10−3
6.23 · 10−3
1.05 · 10−2
2.04 · 10−2
5.26 · 10−2
1.00 · 10−1

10
−4

8.84 · 10
1.49 · 10−3
1.98 · 10−3
2.99 · 10−3
5.94 · 10−3
1.20 · 10−2
2.14 · 10−2
4.03 · 10−2
9.80 · 10−2
2.00 · 10−1

20
−3

1.69 · 10
3.69 · 10−3
4.95 · 10−3
7.82 · 10−3
1.27 · 10−2
2.85 · 10−2
5.19 · 10−2
1.00 · 10−1
2.55 · 10−1
5.14 · 10−1

50
−3

3.76 · 10
6.74 · 10−3
1.01 · 10−2
1.56 · 10−2
2.52 · 10−2
5.74 · 10−2
1.02 · 10−1
2.07 · 10−1
5.06 · 10−1
1.04 · 10+0

100
−3

6.90 · 10
1.47 · 10−2
2.01 · 10−2
3.01 · 10−2
5.00 · 10−2
1.23 · 10−1
2.06 · 10−1
4.05 · 10−1
1.02 · 10+0
2.07 · 10+0

200

−2

1.73 · 10
3.48 · 10−2
5.07 · 10−2
7.63 · 10−2
1.26 · 10−1
2.89 · 10−1
5.62 · 10−1
1.05 · 10+0
2.63 · 10+0
5.39 · 10+0

500
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Table 5.7: Average execution times (s) of Algorithm 5.3 for each combination of K and m.

7.31 · 10
1.20 · 10−4
1.47 · 10−4
1.98 · 10−4
3.10 · 10−4
6.44 · 10−4
1.17 · 10−3
2.24 · 10−3
5.69 · 10−3
1.17 · 10−2

1
2
5
10
20
50
100
200
500
1, 000

−5

1

K\m

3.50 · 10−2
6.93 · 10−2
1.03 · 10−1
1.55 · 10−1
2.55 · 10−1
5.84 · 10−1
1.12 · 10+0
2.22 · 10+0
5.42 · 10+0
1.10 · 10+1

1, 000
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K\m
1.09 · 10−2
1.21 · 10−2
1.21 · 10−2
1.23 · 10−2
1.27 · 10−2
1.52 · 10−2
2.34 · 10−2
5.70 · 10−2
3.08 · 10−1
1.06 · 10+0

1
1.26 · 10−2
1.20 · 10−2
1.20 · 10−2
1.27 · 10−2
1.38 · 10−2
1.98 · 10−2
4.32 · 10−2
1.00 · 10−1
5.92 · 10−1
3.05 · 10+0

2
1.26 · 10−2
1.26 · 10−2
1.25 · 10−2
1.42 · 10−2
1.68 · 10−2
4.20 · 10−2
7.07 · 10−2
2.21 · 10−1
1.55 · 10+0
7.37 · 10+0

5
1.26 · 10−2
1.70 · 10−2
1.24 · 10−2
1.57 · 10−2
2.09 · 10−2
5.41 · 10−2
1.20 · 10−1
4.42 · 10−1
3.30 · 10+0
1.54 · 10+1

10

1.45 · 10−2
1.80 · 10−2
1.53 · 10−2
2.61 · 10−2
3.31 · 10−2
7.62 · 10−2
2.54 · 10−1
8.32 · 10−1
5.98 · 10+0
3.41 · 10+1

20

1.26 · 10−2
2.29 · 10−2
2.00 · 10−2
3.55 · 10−2
5.26 · 10−2
1.61 · 10−1
5.83 · 10−1
2.03 · 10+0
1.63 · 10+1
7.84 · 10+1

50

4.19 · 10−2
2.13 · 10−2
2.83 · 10−2
4.60 · 10−2
8.72 · 10−2
3.27 · 10−1
1.21 · 10+0
4.21 · 10+0
2.98 · 10+1
1.71 · 10+2

100

1.89 · 10−2
2.87 · 10−2
4.23 · 10−2
7.39 · 10−2
1.54 · 10−1
6.35 · 10−1
2.15 · 10+0
8.73 · 10+0
6.20 · 10+1
3.75 · 10+2

200

2.33 · 10−2
4.29 · 10−2
7.94 · 10−2
1.57 · 10−1
3.65 · 10−1
1.55 · 10+0
5.85 · 10+0
2.40 · 10+1
1.60 · 10+2
-

500

2.95 · 10−2
7.25 · 10−2
1.36 · 10−1
3.15 · 10−1
8.12 · 10−1
3.27 · 10+0
1.20 · 10+1
4.41 · 10+1
3.51 · 10+2
-

1, 000
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Table 5.8: Average execution times (s) of MOSEK for each combination of K and m.

1
2
5
10
20
50
100
200
500
1, 000
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6

Online duality-driven
optimization
Abstract – In this chapter, we focus on sequential decision-making under
data uncertainty in energy management problems. More generally, we study
convex optimization problems with uncertainty in the objective function. To
deal with these problems, we propose a new framework called “Online DualityDriven Optimization” (ODDO). This framework distinguishes itself from
existing paradigms for optimization under uncertainty in its efficiency, simplicity, and ability to solve problems without any quantitative assumptions
on the uncertain data. The key idea behind this framework is that instead
of the actual uncertain data, the optimal Lagrange multipliers are predicted.
Subsequently, these predictions are used to construct an online primal solution
by exploiting strong duality of the problem. We show that the framework is
robust against prediction errors in the optimal Lagrange multipliers both theoretically and in practice. In fact, evaluations of the framework on problems
with both measured and randomly generated input data show that ODDO can
achieve near-optimal online solutions, even when only elementary statistics
are used to predict the optimal Lagrange multipliers.

6.1

Introduction

Dealing with uncertainty plays an important role in modern decision-making.
As a consequence, many paradigms have been developed for optimization under
data uncertainty (we discuss several of them in Section 6.2.1). Each of these
paradigms has its own pros and cons, and it depends strongly on the given
application which of them is most suitable. Therefore, to focus the discussion, we
consider a specific application domain as a leading example, namely optimization
under uncertainty in decentralized energy management (DEM).
This chapter is based on and contains parts of [SU:3].
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Within DEM, scheduling the usage of energy requires information on energy
production and consumption in the upcoming time period, i.e., information
that is in general unknown at the current time. Often, this information is directly predicted and a deterministic version of the scheduling problem at hand
is considered based on this predicted data [16]. However, in practice, predicting especially the base load consumption of all non-steerable devices is difficult
since it is to some extent equivalent to the prediction of human behavior on a
small scale (see, e.g., [91]). For this reason, current research directions in this
area focus on the development of advanced prediction approaches [78] and the
application of existing frameworks for optimization under data uncertainty (see,
e.g., [110]).
In this chapter, we consider a general class of constrained convex optimization
problems with uncertainty in the objective function. In these problems, the
optimization horizon is divided into stages and we associate with each stage a
vector of decision variables and an uncertain cost function. At the start of a
given stage, this uncertain cost function is revealed and the decision variables
corresponding to this stage have to be decided. Depending on the application,
this revelation can be based on, e.g., a measurement or a (very) short-term
forecast of the cost function. The goal is to obtain in this way a feasible solution
to the problem whose objective value is close to the optimum of the deterministic
version of the optimization problem. We call this decision-making problem the
online version or setting of the optimization problem. Note that deciding about
the variables for a given stage is also related to the uncertain cost functions for
the future stages since the given constraints of the problem also involve variables
of future stages. Many scheduling problems in DEM fall into this problem class
of constrained convex optimization problems (see, e.g., [167]). More details on
these problems are given in Section 6.5.
There is quite some research that especially focuses on problems with only uncertainty in the objective function. Examples of such problems can be found in the
fields of linear programming [42], network flow problems [25], distributed optimization [104], and multi-objective optimization [86]. Examples of applications
are task scheduling on processors [59], production and inventory management
[123], and speed optimization for truck and ship routing [84].
In this chapter, we propose a new framework for solving optimization problems
with uncertain objective functions. We call this framework “Online DualityDriven Optimization” (ODDO). The key idea in ODDO is that we can characterize the optimal decision vector for a given stage using the optimal Lagrange
multipliers of the deterministic optimization problem and the parameters corresponding to the given stage. In particular, for this characterization, we require no
information on the cost functions other than the one associated with the given
stage. As a consequence, there is no need to predict these future cost functions
and/or the uncertain data underlying these functions. Instead, we only require
predictions of the optimal Lagrange multipliers of the deterministic version of

We evaluate the performance of the ODDO framework by applying it to two
problems. The first problem is the scheduling of a large neighborhood battery
with the goal to minimize the net peak consumption of the neighborhood. This
is an instance of Problem BATTERY introduced in Section 2.5.2. The second
problem is an adaption of an inventory management problem studied in [21] that
the authors used to introduce and demonstrate the concept of adjustable robust
optimization, which is a well-known approach to solve specific optimization
problems under uncertainty (see also Section 6.2.1). Simulation results show
that in both cases, ODDO can achieve near-optimal online solutions and that
these solutions can be achieved using easy-to-compute predictions for the optimal
Lagrange multipliers. Moreover, the results indicate that ODDO is able to
significantly outperform optimization over nominal or expected values, i.e.,
sample average approximation.
The outline of the remainder of this chapter is as follows. First, in Section 6.2,
we provide some background on existing approaches for optimization under
uncertainty and for incorporating multiplier predictions into online optimization. In Section 6.3, we formulate the studied class of optimization problems
and present the ODDO framework for solving these problems in an online
setting. In Section 6.4, we analyze the theoretical performance of the ODDO
framework and prove several results regarding its robustness to prediction errors
in its optimal Lagrange multipliers. In Section 6.5, we evaluate the performance
of the ODDO framework and, finally, Section 6.6 contains the conclusions and
discusses several limitations and possible extensions of the framework.

6.2

Background

This section provides some background on existing approaches for optimization
under uncertainty and predicting optimal Lagrange multipliers. Moreover, we
provide a brief comparison of these approaches to ODDO.
6.2.1 Existing paradigms for optimization under uncertainty
The optimization problems considered in this chapter are concerned with sequential (or, alternatively, online or multistage) decision-making under uncer-
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the problem, i.e., the version where all input data is known on forehand. This
approach is especially beneficial in problems where the dimension of the dual
space, i.e., the number of constraints, is low compared to the dimension of the
uncertain data since it reduces the number of values that need to be predicted.
Furthermore, we show that this approach is robust against prediction errors in
the Lagrange multipliers. In particular, for a specific class of separable optimization problems with submodular constraints (see, e.g., [49, 75] and Section 2.3.5)),
we derive several bounds on the difference in objective value between our online
solution and the optimal offline solution, provided that we "under-predict" the
optimal Lagrange multipliers (we define this type of prediction in Section 6.4.2).
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tainty. There exists a vast literature on such optimization problems (see [14]
for a survey). Here, we briefly discuss three of the most prominent paradigms
for solving these problems and their advantages and disadvantages, namely (multistage) stochastic programming, (adjustable) robust optimization, and online
convex optimization.

Chapter 6 – Online duality-driven optimization

Stochastic programming (SP) is applied to solve optimization problems where
the uncertain data is assumed to be stochastic under a given joint probability
distribution. The goal is to design a policy that maximizes the expected outcome
of some objective function on the decision variables and under the constraint
that all or almost all constraints are fulfilled for all possible data outcomes [152].
In particular, in a multi-stage SP, the aim is to iteratively derive a policy for
a single (the current) stage and a set of policies for the future stages for each
outcome of the stochastic data of the current stage.
The advantage of SP is that it takes all information on the probability distribution
into account in the decision-making, which leads to more accurate results. However, a major drawback of SP is that knowledge of the distribution underlying the
data is needed but not always available and cannot always be estimated well from
historical data, e.g., due to the data not being stationary. Moreover, multi-stage
SP problems are generally intractable [44] and, although several approaches exist
to compute approximate solutions (see, e.g., [151]), the exponential growth of
the dimension of the to-be-solved SP problem is a limiting factor for applications
where fast computations are crucial.
A different approach is taken in robust optimization (RO), which, in contrast
to SP, is a solution paradigm that does not assume any probability distribution
on the uncertain data. Instead, the essential assumption in RO is that one can
construct a so-called uncertainty set that contains all possible or likely realizations of the uncertain data [22]. Given such an uncertainty set, the goal is to
compute the best worst-case solution to the problem, i.e., the best solution that
is feasible for any realization of the data within the uncertainty set. A variant of
RO for sequential or online decision-making is adjustable RO [180]. Here, one
distinguishes between here-and-now variables, which have to be decided at the
current stage, and wait-and-see variables, which can or must be decided in later
stages.
The major advantage of RO and adjustable RO is that any quantitative information on the uncertain data can be taken into account when constructing
the uncertainty set. Moreover, the decision-maker can control the level of conservatism involved in the process of determining a solution by adjusting the
uncertainty set. However, a disadvantage of RO is that its solutions can be too
conservative since not all realizations within the uncertainty set are equally likely
to occur. Indeed, it is known that a careful design of the uncertainty set is crucial
for the success of RO for solving real-life problems [62]. Another disadvantage
is that solving a RO-model is in general much harder than solving the original
deterministic problem and greatly increases the size of the problem at hand [23].

The major advantage of this framework is that it requires no assumptions on
the uncertainty in the objective function other than that this function is convex.
Moreover, it provides performance guarantees in terms of both objective value
and constraint violations [111]. However, some of these guarantees require that
the optimization horizon is extremely large [92], which makes them less informative in practice for problems with smaller optimization horizons. Moreover,
the practical performance of OCO heavily depends on estimates of several properties of the uncertain objective function such as its Lipschitz constant. Such
an estimate depends on the actual uncertain data underlying the objective function and thus requires knowledge on this data itself. In any case, the classical
OCO framework does not consider the availability of further information (e.g.,
obtained from measurements) on the part of the objective function corresponding to the current stage. It is only very recently that OCO-models are studied
with so-called 1-step look-ahead features, where such measurements are (partly)
available (see, e.g., [73]).

6.2.2 Multiplier prediction
The idea of predicting optimal Lagrange multipliers shares similarities with active set learning for continuous and mixed-integer optimization [26, 118]. These
works solve optimization problems by predicting the set of constraints that is active at the optimal solution. Subsequently, they use this set to reduce the original
problem to a convex equality-constrained optimization problem that, depending
on the linearity of the constraints, might be easier to solve. Active set learning
and ODDO are similar in the sense that both approaches predict sets of values
(active constraints or Lagrange multipliers) from which an optimal solution can
be easily reconstructed. In fact, since the values of optimal Lagrange multipliers
directly imply the set of active constraints by complementary slackness (see,
e.g., [29]), active set learning is able to reconstruct an optimal solution with
less information than ODDO. However, solving the aforementioned reduced
equality-constrained problem requires all uncertain cost functions to be known
a priori. As a consequence, the approaches in [26, 118] are only able to solve offline optimization problems and cannot be used to solve sequential optimization
problems where uncertain data is revealed over time. In our approach, however,
we reduce the original problem to a collection of smaller problems, one for each
stage, that each can be solved without using input data that has not yet been
revealed. This means that given a prediction of the optimal Lagrange multipliers,
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A third considered paradigm is online convex optimization (OCO). In the OCO
framework [149], the goal is to solve convex optimization problems with objective uncertainty by learning the structure of the objective function “on the go”.
At each stage, the then-available information on the objective function is used
to determine the decision for this stage. Subsequently, the part of the objective
function corresponding to this stage is revealed and the resulting cost is incurred.

we can compute a solution for a given stage using this prediction and with only
data that has already been revealed.
138

Chapter 6 – Online duality-driven optimization

It is worth mentioning that, in energy management, several specific optimization
problems under uncertainty are already being solved by similar approaches, be
it under a different name. For example, in the case of electric vehicle (EV) charging, this approach is known as online valley filling [34, 56, 122] and the single
Lagrange multiplier that is predicted is called the fill-level. The ODDO framework generalizes these approaches to a setting with convex objective function
and constraints.
6.2.3 Comparison to ODDO
Our approach has several advantages compared to the existing paradigms for
optimization under uncertainty that were mentioned in Section 6.2.1:
1. We do not pose any quantitative assumptions on the uncertain data in
terms of support, underlying probability distribution, or uncertainty set.
Instead, we only assume that the data possesses some structure, meaning
that the data is similar for, e.g., consecutive problem instances.
2. A disadvantage of, e.g., SP and RO is the large increase in complexity of
the problems that eventually have to be solved, e.g., the robust counterpart in RO. In our approach, however, at each stage, one has to solve a
problem that is as easy as the original problem but with a slightly different, though still convex, objective function. The construction of this new
objective function consists of adding a linear term to the objective. Thus,
the online problem can be solved within the same (time) complexity as
the deterministic problem.
3. Our approach does not only work for the case where underlying data is uncertain, but also when the structure of the cost functions (e.g., quadratic,
exponential) is uncertain. The only information that we require of these
functions is that they are convex and continuously differentiable on a
given compact support set.
4. The validity of the performance guarantee that we derive is independent
of the number of stages and the guarantee itself only depends on the
prediction errors in the optimal Lagrange multipliers. As a consequence,
and as opposed to some works on OCO, this guarantee holds for any
number of stages and makes our approach successfully applicable also to
problems with only a small number of stages.
5. The derivation and validation of our approach requires only well-known
optimality and stability results from convex programming. This means
that the approach is relatively easy to apply by practitioners.
For the envisioned application of our framework to energy management, these
advantages are relevant in the following way:

1. We circumvent the problem of having to predict energy consumption
data of individual households, which is in practice very difficult [91] and
already an entire discipline on its own [78].

3. Depending on new information received by the measured energy consumption data within, e.g., the houses in a neighborhood, one may decide
to change the operational mode of the devices within the neighborhood,
e.g., to reduce the peak consumption of a particular group of houses.
4. The optimization horizon in DEM typically consists of only a few days
that are divided into time slots of 10 or 15 minutes (see, e.g., [113]). This
means that the total number of stages is only a few hundreds, whereas
some of the performance guarantees and bounds in OCO, e.g., in [111]
require that the number of stages is in the order of tens of millions.
5. The relative simplicity of our approach is relevant since energy management is a multi-disciplinary research area with many experts from engineering that might not have the time and/or mathematical knowledge to
delve into the rather technical literature of, e.g., SP, RO, and OCO.

6.3

The ODDO framework

In this section, we present the ODDO framework for solving online constrained
convex optimization problems. We start this section by formulating the studied optimization problem in Section 6.3.1 and formalizing the online decisionmaking process. Subsequently, we revisit in Section 6.3.2 several basic results
from Lagrangian duality theory. In Section 6.3.3, we present our approach. Note,
that we postpone the motivation for and robustness analysis of the ODDO framework to Section 6.4. Finally, in Section 6.3.4, we provide an illustrative example
of the ODDO framework.
6.3.1

Problem formulation

We consider a finite horizon consisting of T stages indexed by the set T :=
{1, . . . , T }. With each stage t ∈ T , we associate an index set N t of size N t and
a decision vector xt := (xti )i∈N t of dimension N t . Furthermore, for each stage
t ∈ T , a continuously differentiable and strictly convex cost function f t (xt ) is
given. The objective is to minimize the sum of the cost functions over all stages.
We consider two types of constraints. First, we impose for each stage t that xt
t
has to be chosen from a compact convex set C t ⊂ RN . Second, we consider
both equality and inequality constraints that are separable over the stages, i.e.,
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2. The limited increase in complexity of the online problem compared to
the deterministic problem is relevant because the computation of device
schedules within DEM often has to be done on embedded systems with
relatively low computational power [19].

that are of the form
X
140

gjt (xt ) ≤ 0,

j ∈ M,

htk (xt ) = 0,

k ∈ L.

t∈T

X
t∈T
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Here M and L denote the index sets of the inequality and equality constraints
respectively. Moreover, we assume that each function gjt is convex and continuously differentiable and each function htk is affine. Summarizing, we obtain the
following convex optimization problem:
X
P : min
f t (xt )
(6.1a)
x1 ,...,xT

s.t.

t∈T

X

gjt (xt ) ≤ 0,

j ∈ M,

(6.1b)

htk (xt ) = 0,

k ∈ L,

(6.1c)

t∈T

X
t∈T
t

x ∈ Ct,

t∈T.

(6.1d)

In particular, we study Problem P in the online setting, i.e., the setting wherein
the cost functions f t are uncertain. In this online version, the nature of the
uncertainty can be related to either uncertain input parameters, e.g., uncertain
coefficients of a given polynomial, or an uncertain function type, e.g., polynomial or exponential. In any case, we assume that the uncertainty is such that f t
remains convex and continuously differentiable for any possible outcome of the
uncertain data underlying the function or any possible structure of the function.
Most importantly, however, we do not assume any quantitative knowledge of the
uncertainty. This includes knowledge in terms of, e.g., types of cost functions,
probability distributions, and uncertainty sets.
The decision-making process in the online setting is as follows. At each stage
t ∈ T , the corresponding cost function f t is revealed and the decision-maker
must decide on the corresponding decision vector xt . The goal is to obtain a
good online solution x̂ := (x̂1 , . . . , x̂T ). In this context, “good” means that
the objective value of the solution is close to the optimum of the deterministic counterpart of Problem P. Note that the presence of the constraints (6.1b)
and (6.1c) implies that for deciding on xt , the uncertainty for the remaining
stages t + 1, . . . , T , i.e., the uncertain cost functions f t+1 , . . . , f T , should be
taken into consideration.
6.3.2 Lagrangian duality revisited
For formulating the dual problem related to Problem P, we introduce the Lagrange multipliers µ := (µj )j∈M and λ := (λk )k∈L that correspond to Constraints (6.1b) and (6.1c) respectively. For convenience in later sections, we

assume that both µ and λ are row vectors. Furthermore, we denote the concatenation of the two vectors µ and λ by (µ, λ), meaning that (µ, λ) is a vector
of dimension |M| + |L|. Using µ and λ, the Lagrangian L(x1 , . . . , xT , µ, λ) of
Problem P is given by
X
t∈T

f t (xt ) +

X
j∈M

µj

X

gjt (xt ) +

t∈T

X
k∈L

λk

X
t∈T

The corresponding Lagrangian dual function q(µ, λ) is
q(µ, λ) := min

x1 ,...,xT

htk (xt ).
(6.2)


L(x1 , . . . , xT , µ, λ) | xt ∈ C t , t ∈ T .

Note that for any Lagrange multiplier vector (µ, λ), the solution to the inner
optimization problem of the Lagrangian dual function q(µ, λ) is unique since
each cost function f t is strictly convex. We denote this unique solution by the
vector x(µ, λ) := (xt (µ, λ))t∈T and call this vector the Lagrangian solution to
q(µ, λ).
Throughout this chapter, we assume that Lagrange multipliers (µ∗ , λ∗ ) exist such
that the optimal solution x(µ∗ , λ∗ ) to the Lagrangian dual function q(µ∗ , λ∗ )
is optimal for the original primal Problem P. We call these multipliers optimal
for Problem P. In the case of Problem P, the existence of such optimal Lagrange
multipliers is equivalent to Problem P satisfying strong duality, which can be
achieved through a relatively basic constraint qualification such as Slater’s condition [29]. Moreover, note that the optimal multipliers (µ∗ , λ∗ ) are unique if
and only if the optimal solution to Problem P satisfies the so-called Linear Independence Constraint Qualification [173]. However, to simplify the discussion
and without loss of generality, we assume in the derivation of our approach that
the optimal multipliers (µ∗ , λ∗ ) are unique.
Many solution approaches for convex optimization problems exploit strong duality, i.e., they iteratively evaluate the Lagrangian dual function for a guess of
the Lagrange multipliers and update this guess based on the resulting function
value. The reason for this is that often the special structure of the Lagrangian
dual function can be exploited to evaluate it efficiently for given Lagrange multipliers (µ, λ). A well-known example of this is the quadratic resource allocation
problem QRA that we studied in Chapter 3.
For many optimization problems occurring in practice, the Lagrangian is separable in the primal variables. This separability allows us to decompose the
optimization problem within the Lagrangian dual function into smaller subproblems whose optimal solutions together form the optimal solution to the
whole problem. Since the Lagrangian L(x1 , . . . , xT , µ, λ) of Problem P is indeed
separable in x1 , . . . , xT , we can apply this decomposition also for Problem P.
More precisely, we can define for each t ∈ T the local Lagrangian Lt (xt , µ, λ)
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L(x1 , . . . , xT , µ, λ) :=
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and local Lagrangian dual function q t (xt , µ, λ) by:
X
X
Lt (xt , µ, λ) := f t (xt ) +
µj gjt (xt ) +
λk htk (xt )
j∈M

k∈L

and
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q t (µ, λ) := min
L(xt , µ, λ) | xt ∈ C t .
t
x

Note that solving the inner problem of q(µ, λ) is equivalent to solving the inner
problems of q t (µ, λ) for each t ∈ T . In other words, for each t ∈ T , the solution
to the inner problem of q t (µ, λ) is equal to the tth component of the solution
to the inner problem of q(µ, λ), namely xt (µ, λ). We call this solution the local
Lagrangian solution corresponding to stage t.
In many applications of Lagrangian duality theory, this separability of the Lagrangian is exploited to allow for parallel computation of the local Lagrangian
dual functions q t (µ, λ) (see, e.g., [24]). However, we exploit this separability
for a different purpose, which we explain in the next subsection.
6.3.3 Solution approach
The main idea behind our solution approach is as follows. Suppose we are at
the start of stage t̄ and the corresponding cost function f t̄ has been revealed. If
we know the optimal Lagrange multipliers (µ∗ , λ∗ ), we can compute the optimal stage decision vector (x∗ )t̄ by solving the inner problem of q t̄ (µ∗ , λ∗ ). This
means that we can do this — and this is the key observation in this article — without any knowledge of the future cost functions f t̄+1 , . . . , f T . As a consequence,
the only required data that is uncertain in the computation of the optimal solution vector (x∗ )t̄ is the vector of optimal Lagrange multipliers (µ∗ , λ∗ ) (recall,
that the current cost function f t̄ has already been revealed). Thus, if we have a
prediction (µ̂, λ̂) for (µ∗ , λ∗ ), we can obtain an approximation or online solution
x̂t̄ to the optimal solution vector (x∗ )t̄ by solving the inner problem of q t̄ (µ̂, λ̂).
One important question is whether the resulting online solution x̂ := (x̂t )t∈T is
feasible. Note that when the optimal Lagrange multipliers µ∗ and λ∗ are known,
we have the guarantee that the solution to the inner problem of the Lagrangian
dual function q(µ∗ , λ∗ ) (or, equivalently, the solution obtained by solving the
local Lagrangian dual functions q t (µ∗ , λ∗ )) is feasible for Constraints (6.1b)
and (6.1c). This is true although these constraints are not enforced explicitly in
the Lagrangian dual function. However, when we replace the optimal Lagrange
multipliers by predictions µ̂ and λ̂, i.e., when we use the solutions of the inner
problems of q(µ̂, λ̂), we do not have this guarantee anymore. Thus, we must
find a different way to ensure that the online solution x̂t for a given stage t ∈ T
is chosen such that there always exists a feasible extension of this solution for
the future stages.

xt̄ ,...,xT

s.t.

j∈M
t̄−1
X

gjt (x̂t ) +

t=1
t̄−1
X

k∈L

T
X

gjt (xt ) ≤ 0,

j ∈ M,

t=t̄

htk (x̂t ) +

t=1
t

T
X

htk (xt ) = 0,

k ∈ L,

t=t̄

x ∈ Ct,

t ∈ {t̄, . . . , T }.

Observe that this problem is an instance of Problem P with horizon {t̄, . . . , T }
and without the unknown cost functions f t for t > t̄. This suggests that solving
this adjusted problem is as easy as solving the deterministic version of the original
Problem P. In fact, one could even use the same, possibly tailored, solution
methodology, provided this methodology does not require all cost functions to
be strictly convex.
A second approach, which leads to the same solution but is sometimes easier
to execute, is to construct the projection of the feasible set onto the current
decision vector and adjust the set C t̄ accordingly. This means that we construct
t̄
t̄
an alternative feasible set Cproj
⊂ RN for xt̄ such that choosing x̂t̄ from this
set ensures that there still exists a feasible solution for the future stages. More
precisely, we solve the following problem:
X
X
t̄
(Pproj
(µ̂, λ̂)) : min f t̄ (xt̄ ) +
µ̂j gjt̄ (xt̄ ) +
λ̂k ht̄k (xt̄ )
xt̄

j∈M

s.t. x ∈
t̄

k∈L

t̄
Cproj
,

where
t̄
Cproj
:= {xt̄ | ∃(xt̄+1 , . . . , xT ) s.t. (x̂1 , . . . , x̂t̄−1 , xt̄ , . . . , xT ) is feasible for P}.
(6.3)
Note that this projection is not the same as the projection operation that is
commonly used in OCO. The latter operation is used to project a candidate
solution onto a feasible set (see also, e.g., [69]), whereas here we project a feasible
set onto a decision vector.

The second approach is worth considering over the first approach if constructing
t̄
the projection Cproj
is relatively easy. An example of when this is the case is when
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We discuss two approaches for solving this problem. The first approach is to
simply add all original constraints to the inner problem of q t̄ (µ̂, λ̂), substitute
the online solution corresponding to the previous stages in {1, . . . , t̄ − 1}, and
solve this adjusted optimization problem instead. This adjusted problem, which
we denote by (P t̄ (µ̂, λ̂)), can be formulated as follows:
X
X
µ̂j gjt̄ (xt̄ ) +
λ̂k ht̄k (xt̄ )
(P t̄ (µ̂, λ̂)) : min f t̄ (xt̄ ) +
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all constraints (6.1b) and (6.1c) are affine and the sets C t are polytopes. In this
case, the feasible set of Problem P is given by a set of linear inequalities and,
as a consequence, one can use a method such as Fourier-Motzkin elimination
t
(FME) (see, e.g., [27]) to compute the projection Cproj
. Although FME has
an exponential worst-time complexity, several improvements to the original
FME algorithm can be made to make it fast in practice (see, e.g., [18]). In
addition, specific problem structures of the considered instance of Problem P
can be exploited to increase the efficiency of FME. In Section 6.5.1, we show that
this is indeed possible for a particular battery charging scheduling problem.
Summarizing, using the ODDO framework we can solve the online version
of Problem P as follows. First, we compute a prediction (µ̂, λ̂) of the optimal
Lagrange multipliers (µ∗ , λ∗ ) (we discuss several approaches to make such a
prediction in Section 6.5.3). Subsequently, at the start of each stage t̄ ∈ T , we
compute the corresponding online solution vector x̂t̄ in one of the following
two ways:
t̄
can be computed easily, e.g., by means
» If the alternative feasible set Cproj
t̄
of FME, then we solve Problem (Pproj
(µ̂, λ̂)) using this set as input and

choose x̂t̄ as the solution to this problem.
» Otherwise, we solve Problem (P t̄ (µ̂, λ̂)), i.e., we enforce all original constraints into the formulation of the inner problem of the Lagrangian dual
function q t̄ (µ̂, λ̂), and take the resulting solution vector corresponding
to stage t̄ as the online solution x̂t̄ .
Algorithm 6.1 summarizes the ODDO framework as presented in this section.
The check in Line 4 has been included mainly for the sake of completeness:
when implementing the algorithm for a specific instance of Problem P one can
t
most likely determine on forehand whether or not the projection Cproj
is easy to
compute and directly go to Line 5 or Line 7.
6.3.4 An illustrative example
As an illustrative example of the ODDO framework, we consider the following
example problem, which is an instance of Problem QRA:
E:

min

x1 ,x2 ,x3

3
X

(xt )2 + Y t xt

t=1
1

s.t. x + x2 + x3 = 10,
t

0 ≤ x ≤ 6,

t ∈ {1, 2, 3}.

(6.4a)
(6.4b)
(6.4c)

Since all stage vectors xt are one-dimensional, we omit the subscript index, meaning that in this example xt ∈ R for all t ∈ T . In this problem, the parameters
Y 1 , Y 2 , and Y 3 are uncertain and are revealed at the start of stages 1, 2, and 3

8
9

x̂t̄ := x̃t̄
return x̂

respectively. Furthermore, there is only a single Lagrange multiplier λ that
corresponds to the equality constraint (6.4b). For this multiplier, we take as
prediction λ̂ = 2.
We start the online optimization process at the beginning of stage 1. At this
moment it is revealed that Y 1 = −4. Thus, the local Lagrangian dual function
at stage 1 is
qE1 (λ) := min
((x1 )2 + (−4 + λ)x1 | 0 ≤ x1 ≤ 6).
1
x

Hereby, we still need to take future feasibility into account. Due to the simple
structure of Problem E, we can easily compute the projection of the feasible
region onto x1 . For this, note that we must have x̂1 = 10 − x2 − x3 for
some x2 and x3 that satisfy their box constraints (6.4c). It follows that −2 ≤
x̂1 ≤ 10. Since these bounds are less tight than the original bounds imposed by
Constraint (6.4c), we can ignore them and thus we can choose x̂1 as the solution
1
to the inner problem of q(E)
(λ̂). This yields x̂1 = 1.
Subsequently, at the beginning of stage 2, it is revealed that Y 2 = 1. In order
to ensure future feasibility, we must choose x̂2 such that x̂2 = 10 − x̂1 − x3 for
some x3 that satisfies the bound constraints (6.4c). It follows that we must have
3 ≤ x̂2 ≤ 9. Thus, we must choose x̂2 as the solution to the projected problem
2
(Eproj
(2)), which is given by
min
(x2 )2 + 3x2
2
x

s.t. 3 ≤ x2 ≤ 6.

It follows that x̂2 = 3.
Finally, we arrive at stage 3, where we assume that the last uncertain parameter,
Y 3 , is revealed to be −5. However, its value has no influence on the online
decision x̂3 since it is required to be x̂3 = 10 − x̂1 − x̂2 = 6. Note that this does
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Algorithm 6.1: Solving the online version of Problem P using the ODDO
framework.
1 Input: prediction (µ̂, λ̂) of optimal Lagrange multipliers
1
T
2 Output: online solution x̂ := (x̂ , . . . , x̂ )
3 for t̄ = 1, . . . , T do
t̄
can be computed easily then
4
if Projection Cproj
t̄
t̄
5
Compute Cproj
and obtain solution x̃t̄ to Problem (Pproj
(µ̂, λ̂))
6
else
7
Obtain solution (x̄t̄ , . . . , x̃T ) to Problem (P t̄ (µ̂, λ̂))
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not violate the box constraints (6.4c) for x3 . Thus, the online solution obtained
by choosing λ̂ = 2 is x̂ = (1, 3, 6) and its objective value is 25. The optimal
offline solution, i.e., where the values for Y t are known on forehand, is given
by x∗ = (4, 32 , 29 ) with an objective value of 32 and the corresponding optimal
Lagrange multiplier is λ∗ = −4.
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6.4

Motivation and robustness of ODDO

With regard to the ODDO framework presented in Section 6.3, two important
questions arise. The first question is about the predictive value of the optimal
Lagrange multipliers: what is the value of knowing the optimal Lagrange multipliers when the cost functions are different from what was expected? In other
words, can we say something about the difference between the optimal Lagrange
multipliers of two problem instances whose cost functions are (slightly) different? The second question is about the robustness of this approach: how accurate
must the predictions of the optimal Lagrange multipliers be such that this approach yields a good approximate online solution? In other words, what can
we say about the difference in objective value between the online and optimal
offline solution when we use a prediction of the optimal Lagrange multipliers as
input for the online approach?
For the first question, we provide in Section 6.4.1 several arguments that suggest that a small change in the cost functions will lead to only proportionally
small changes or even no changes at all in the optimal Lagrange multipliers. In
Section 6.4.2, we answer the second question by deriving for a special class of
optimization problems under submodular constraints a bound on the difference
in objective value between the online and offline optimal solution.
6.4.1 Predictive value of the optimal Lagrange multipliers
As mentioned above, to answer the first question, we argue that the effect of small
changes in the cost functions on changes in the optimal Lagrange multipliers is
small. Additionally, we argue that, from a practical point of view, knowledge of
the optimal Lagrange multipliers of a given problem provides useful structural
information on the problem and its optimal solutions.
The first argument is based on results from sensitivity analysis on parametric
convex programs. For this, we assume for the moment that the uncertainty in
the cost functions is due to an uncertain parameter w that resides in a given set
W ⊂ RW . In other words, each cost function f t is a function of both xt and
w, i.e., f t (xt ) ≡ f t (xt , w). Let F ⊂ RN denote an arbitrary feasible region for
Problem P. For each w ∈ W, we denote by I(w) the problem instance of P with
feasible set F and cost functions f t (xt , w), t ∈ T . Moreover, let (µ∗ (w), λ∗ (w))
be the optimal Lagrange multipliers for I(w). It can be shown under a relatively
weak constraint qualification, such as the so-called Mangasarian Fromovitz Constraint Qualification, that (µ∗ (w), λ∗ (w)) is Lipschitz continuous in w (see, e.g.,

[161]). In particular, this means that there exists a positive constant K0 such that
for any w1 , w2 ∈ W it holds that
||(µ∗ (w1 ), λ∗ (w1 )) − (µ∗ (w2 ), λ∗ (w2 ))||2 ≤ K0 ||w1 − w2 ||2 .
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The second argument is that, for a given feasible set F, there are in general multiple instances of Problem P over F, i.e., multiple different cost functions, whose
optimal Lagrange multipliers are the same. In other words, the mapping from the
set of possible cost functions to the corresponding optimal Lagrange multipliers
is not necessarily one-to-one but many-to-one. This is because Constraint (6.1d)
is not dualized in the formulation of the Lagrangian in Equation (6.2). As a
consequence, the Lagrange multipliers that correspond to any constraints imposed by the sets C t are not specified in a vector of optimal Lagrange multipliers.
Thus, for two problem instances with different cost functions, their Lagrange
multipliers may differ only in these non-specified Lagrange multipliers. As an
example of this, we again consider Problem QRA from Chapter 3, where we
adjust the formulation slightly to match it with that of Problem P:
QRA :

X 1 (xt )2
2 at
x1 ,...,xT
t∈T
X
s.t.
xt = R,
min

t∈T

lt ≤ xt ≤ ut ,

t∈T.

Given a Lagrange multiplier λ ∈ R, the Lagrangian dual function qQRAP (λ) of
Problem QRA is given by
 P
 
t 2
P
1 (x )
t
t∈T 2 at + λ
t∈T x − R
qQRA (λ) := min
,
x1 ,...,xT
s.t. lt ≤ xt ≤ ut , t ∈ T
and the optimal solution x(λ) to the inner optimization problem of qQRA (λ) is
given by1

t

l
xt (λ) = −at λ

 t
u

t

if − λ < al t ,
t
if al t ≤ −λ <
t
if uat ≤ −λ.

ut
at ,

Considering the optimal Lagrange multiplier λ∗ and optimal solution x(λ∗ ) of
Problem QRA, observe that λ∗ remains the optimal Lagrange multiplier for,
1 Note

that in this formulation, the sign of the Lagrange multiplier has been "flipped" compared
to the formulation of x(λ) in Equation (3.2) in Section 3.2. This is due to the different way in which
this multiplier is incorporated into the Lagrangian relaxation QRA(λ) and into the Lagrangian dual
function qQRA (λ), whether we implicitly multiply the resource constraint by −1.

6.4.1 – Predictive value of the optimal Lagrange multipliers

This implies that the difference in optimal Lagrange multipliers grows only linearly in the change of the uncertainty parameter w.

e.g., any permutation of T . Note, however, that the Lagrange multipliers that
correspond to the box constraints of Problem QRA would be different.
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The two given arguments together suggest that the optimal Lagrange multipliers
often may be robust against changes in the cost functions as:
» changes in the cost functions do not always lead to a change in the optimal
Lagrange multipliers;
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» even if the optimal Lagrange multipliers change, this change is bounded
by the change of the uncertain data that underlies the cost functions.
The above discussion indicates that the optimal Lagrange multipliers may provide more structural information about the problem and its optimal solution
than the cost functions. Besides the properties discussed in this subsection, there
are other properties of the optimal Lagrange multipliers that support this claim.
One of these properties is complementary slackness: if for a given inequality
constraint (6.1b) with index j ∈ M the corresponding optimal Lagrange multiplier µ∗j is nonzero, then this constraint is tight in the optimal primal solution
x∗ . This is not only a nice theoretical structural relation between the optimal
Lagrange multipliers and the optimal primal solution, but can also have a useful
physical interpretation depending on the application. Two examples of this are
the two problems that we consider in the evaluation of ODDO in Section 6.5,
namely battery scheduling and inventory management. In the first problem, a
tight inequality constraint implies that, in the optimal solution, the battery is
either completely empty or full at a given stage (see also Sections 4.4.3 and 6.5.1).
In the latter problem, tight inequality constraints imply that, in the optimal
solution, a given factory produces at a capacity utilization rate of 100% or that
the level of stock in the warehouse has reached either its minimum or maximum
allowed level at a given stage (see also Section 6.5.2). These insights can not only
be used to determine the optimal operation of the battery or the inventory management systems, but also to design these systems and decide on the necessity
and profitability of, e.g., investments in battery or warehouse capacity.
6.4.2 Robustness of ODDO against prediction errors
In this section, we consider the second question concerning the relation between
the prediction (µ̂, λ̂) of the optimal Lagrange multipliers and the difference in
objective value between the online and optimal offline solution. To answer this
question, we derive a bound on the difference in objective value between the
online solution x̂(µ̂, λ̂) and the optimal offline solution for the special case of optimization problems with submodular constraints and increasing cost functions.
A weakness of this bound is that it depends not only on the Lagrange multipliers
but also on the uncertain cost functions. Therefore, in a next step, we refine
this bound for the special case where each cost function is (a, b, f¯)-separable, i.e.,
t
of the form at f¯t ( xat + bt ) (see also Chapter 2), where f¯t is a known increasing
strictly convex differentiable function, a := (at )t∈T is a known positive-valued

We first give a precise definition of the considered problem class. For this, we
require the concepts of submodular functions and base polyhedra. Recall from
Section 2.2.2 that a set function r : 2T → R is said to be submodular if we have
for any subsets X , Y ⊆ T that r(X ∪Y)+r(X ∩Y) ≤ r(X )+r(Y). Hereby, we
assume without loss of generality that r(∅) = 0. The base polyhedron associated
with a submodular set function r is defined as
(
)
X
X
T
t
t
B(r) := x ∈ R
x ≤ r(X ) ∀X ⊂ T ,
x = r(T ) .
t∈X

t∈T

A well-known property of base polyhedra is that for any vector x ∈ B(r) the
set of tight inequalities that define B(r) is closed under union and intersection:
r : 2T →
x ∈ B(r), and two
Lemma 6.1. If for a submodular
P function
PR, vector
t
t
sets X , Y ⊆
T
we
have
that
and
x
=
r(X
)
x
=
r(Y), then we also
t∈X
t∈Y
P
P
have that t∈X ∪Y xt = r(X ∪ Y) and t∈X ∩Y xt = r(X ∩ Y).
P
P
Proof. Since t∈X xt = r(X ) and t∈Y xt = r(Y), it follows from the submodularity of r that
X
X
xt +
xt = r(X ) + r(Y) ≥ r(X ∪ Y) + r(X ∩ Y)
t∈X

t∈Y

≥

X

xt +

t∈X ∪Y

X
t∈X ∩Y

xt =

X
t∈X

xt +

X

xt .

t∈Y

Thus, t∈X ∪Y xt + t∈X ∩Y xt = r(X ∪Y)+r(X ∩Y), which directly implies
the result of the lemma.
P

P

For a thorough treatment of submodular functions and base polyhedra, we refer
to [49].
We now define the class Isub of problem instances that we consider in this section:
Definition 6.1. The class Isub consists of all problem instances of the form
X
min
f t (xt )
x1 ,...,xT

t∈T

s.t. (x1 , . . . , xT ) ∈ B(r),
where for all t ∈ T the vector xt is one-dimensional (i.e., N t = 1), the function f t
is increasing, strictly convex, and continuously differentiable, and r is a submodular
set function on T .
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vector, and b := (bt )t∈T is an uncertain vector. As already shown in Chapter 2,
in many applications, the cost functions are (a, b, f¯)-separable. In particular,
this is the case for the battery charging scheduling problem that we consider
in Section 6.5.1. The resulting refined bound depends only on the Lagrange
multipliers and the known functions f¯t and parameter a.

Note that each instance in Isub is also an instance of Problem P by choosing
M := {X | X ∈ 2T , 1 < |X | < T },
150

L := {T },
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C t := [r(T ) − r(T \{t}), r({t})],
(
)
if t ∈ X ,
xt − r(X
t
t
|X |
gX (x ) :=
0
otherwise,
htT (xt ) := xt −

r(T )
,
T

t∈T.

Thus, for a given t ∈ T , we can write the local Lagrangian dual function
t
qsub
(µ, λ) as
 t 
 t t
P
f (x ) +
t
X ∈M: X ∋t µX + λT x |
qsub
(µ, λ) := min
,
r(T ) − r(T \{t}) ≤ xt ≤ r({t})
xt
P
and, by letting ν t (µ, λ) := − X ∈M: X ∋t µX − λT , the local Lagrangian solution is given by

r(T ) − r(T \{t})
if (∇f t )−1 (ν t (µ, λ)) < r(T ) − r(T \{t}),



(∇f t )−1 (ν t (µ, λ)) if r(T ) − r(T \{t})
xt (µ, λ) :=

≤ (∇f t )−1 (ν t (µ, λ)) ≤ r({t}),



r({t})
if (∇f t )−1 (ν t (µ, λ)) > r({t}).
(6.5)
For this specific instance class Isub , we can bound the difference in objective value
between the online and optimal offline solution when the multiplier prediction
(µ̂, λ̂) is an “under-prediction” of the optimal Lagrange multipliers (µ∗ , λ∗ ), i.e.,
the inequality (µ̂, λ̂) ≤ (µ∗ , λ∗ ) holds component-wise. Apart from the predicted and optimal Lagrange multipliers (µ̂, λ̂) and (µ∗ , λ∗ ), this bound depends
on the cost functions f t and the inverses of their gradients (∇f t )−1 . More precisely, the bound is the difference in objective value between the (not necessarily feasible) solutions ((∇f t )−1 (v t (µ̂, λ̂)))t∈T and ((∇f t )−1 (v t (µ∗ , λ∗ )))t∈T .
These are closely related to the Lagrangian solutions x(µ̂, λ̂) and x(µ∗ , λ∗ ) as
given by Equation (6.5). We state this bound by means of Theorem 6.1.
Theorem 6.1. For any problem instance in Isub and a given prediction (µ̂, λ̂) of the
optimal Lagrange multipliers (µ∗ , λ∗ ) such that (µ̂, λ̂) ≤ (µ∗ , λ∗ ), it holds that
X
X
f t (x̂t (µ̂, λ̂)) −
f t (x̂t (µ∗ , λ∗ ))
t∈T

≤

X
t∈T

t∈T
t

t −1

f ((∇f )

t

(ν (µ̂, λ̂))) −

X
t∈T

f t ((∇f t )−1 (ν t (µ∗ , λ∗ ))).

Lemma 6.2. For any instance in Isub , the local Lagrangian solutions xt (µ, λ) are
nonincreasing in (µ, λ), i.e., for any two vectors of Lagrange multipliers (µ, λ) and
(µ̄, λ̄) such that (µ, λ) ≤ (µ̄, λ̄), it holds that xt (µ, λ) ≥ xt (µ̄, λ̄) for all t ∈ T .
Proof. Since f t is strictly convex and continuously differentiable, its gradient
∇f t is continuous and monotonically increasing. It follows from the inverse
function theorem that also the inverse (∇f t )−1 is continuous and monotonically
increasing (see, e.g., [159]). Thus, for any two vectors of multipliers (µ, λ) and
(µ̄, λ̄) such that (µ, λ) ≤ (µ̄, λ̄), it holds that
!
X
t −1 t
t −1
(∇f ) (v (µ, λ)) = (∇f )
−
µX − λT
X ∈M: X ∋t

!
≥ (∇f t )−1

−

X

µ̄X − λ̄T

X ∈M: X ∋t

= (∇f t )−1 (v t (µ̄, λ̄)).
Equation (6.5) for the local Lagrangian solution xt (µ, λ) implies that xt (µ, λ)
can be seen as a piecewise nondecreasing function of (∇f t )−1 (v t (µ, λ)). Thus,
it follows that xt (µ, λ) ≥ xt (µ̄, λ̄), which proves the lemma.
Lemma 6.3. For any instance in Isub , a given t̄ ∈ T , and given multipliers (µ, λ)
and corresponding online solution x̂t̄ (µ, λ) and local Lagrangian solution xt̄ (µ, λ),
we have:
if x̂t̄ (µ, λ) < xt̄ (µ, λ), we have:
 
X

x̂t (µ, λ) = r S̄ t̄ .
∃S̄ t̄ ⊆ 1, . . . , t̄ with S̄ t̄ ∋ t̄ such that
t∈S̄ t̄
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We prove Theorem 6.1 using Lemmas 6.2-6.4. Lemma 6.2 states that the local
Lagrangian solution x(µ, λ) is non-increasing in (µ, λ). This implies that the
behavior of the initial online solution xt (µ, λ) can, to some extent, be controlled
via the predicted Lagrange multipliers. Lemma 6.3 implies that whenever the
local Lagrangian solution xt (µ̂, λ̂) needs to be reduced in order to preserve future
feasibility, at least one constraint involving the current stage t but no future stages
is tight in the online solution. This means that this constraint is fulfilled “earlier”
than it would have been when using the optimal Lagrange multipliers as input.
This suggests that the constraint is (nearly) tight in the optimal solution. Finally,
Lemma 6.4 uses Lemmas 6.2 and 6.3 to prove that, in the case of an underprediction of the Lagrange-multipliers, the cost of an online solution x̂t (µ, λ)
will always be less than or equal to the cost of the corresponding local Lagrangian
solution xt (µ, λ), even when adjustments have been made in order to maintain
feasibility.

Proof. See Appendix A.3.1.
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Lemma 6.4. For any instance in Isub and given any Lagrange multipliers (µ, λ)
such that (µ, λ) ≤ (µ∗ , λ∗ ), it holds that x̂t (µ, λ) ≤ xt (µ∗ , λ∗ ) for all t ∈ T .
Proof. See Appendix A.3.2.
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Using this last lemma, we now prove Theorem 6.1:
Proof of Theorem 6.1. We prove the theorem by showing that the inequality
stated in the theorem holds for each individual t ∈ T , i.e., f t (x̂t (µ̂, λ̂)) −
f t (xt (µ∗ , λ∗ )) ≤ f t ((∇f t )−1 (ν t (µ̂, λ̂))) − f t ((∇f t )−1 (ν t (µ∗ , λ∗ ))). The result then follows by summing this inequality over all t.
Without loss of generality, we may assume that for the local Lagrangian solutions
we have that xt (µ̂, λ̂) ̸= xt (µ∗ , λ∗ ) and that ν t (µ̂, λ̂) ̸= ν t (µ∗ , λ∗ ). Thus, by
Lemma 6.4 and the fact that v t (µ, λ) is non-increasing in (µ, λ), it follows that
xt (µ̂, λ̂) < xt (µ∗ , λ∗ ) and ν t (µ̂, λ̂) > ν t (µ∗ , λ∗ ) respectively. By the definition
of the local Lagrangian solution xt (µ, λ) in Equation (6.5), this implies that
xt (µ̂, λ̂) ≤ (∇f t )−1 (v(µ̂, λ̂)) and xt (µ∗ , λ∗ ) ≥ (∇f t )−1 (v(µ∗ , λ∗ )). Thus, for
each t ∈ T , it follows by Lemma 6.4 and the fact that f t is increasing that
f t (x̂t (µ̂, λ̂)) − f t (xt (µ∗ , λ∗ )) ≤ f t (xt (µ̂, λ̂)) − f t (xt (µ∗ , λ∗ ))
≤ f t ((∇f t )−1 (ν t (µ̂, λ̂)))
− f t ((∇f t )−1 (ν t (µ∗ , λ∗ ))).

Theorem 6.1 provides us with a bound on the difference in objective value between the online and optimal offline solution to Problem P. Note, however, that
the bound in Theorem 6.1 depends on the uncertain cost functions f t and the
inverses of their gradients (∇f t )−1 . Therefore, in the following, for a particular
type of cost functions, we refine the bound in Theorem 6.1 so that it depends
only on the Lagrange multipliers and some other known structures. For this,
t
suppose that each cost function f t is of the form at f¯t ( xat + bt ), where the increasing strictly convex differentiable function f¯t and the parameter at ∈ R>0
are known but the parameter bt ∈ R is uncertain. We show in Corollary 6.1
that for instances in Isub whose cost functions have this structure, the bound in
Theorem 6.1 does not depend on any uncertain functions or parameters. Subsequently, as an example of how the bound can be simplified further for specific
choices of f¯t , we apply this result to the cases where each function f¯t is a power
function or an exponential function in Corollaries 6.2 and 6.3 respectively. The
former case applies to the battery charging problem considered in Section 6.5.1.

t
Corollary 6.1. For f t (xt ) := at f¯t ( xat + bt ) with a given increasing strictly convex differentiable function f¯t , a known parameter at ∈ R>0 , and an uncertain
parameter bt ∈ R for all t ∈ T , the bound in Theorem 6.1 becomes
X
X
at f¯t ((∇f¯t )−1 (ν t (µ̂, λ̂))) −
at f¯t ((∇f¯t )−1 (ν t (µ∗ , λ∗ ))).

t∈T

t
Proof. Since ∇f t (xt ) = ∇f¯t ( xat + bt ) and for any δ in the range of ∇f t it holds
that (∇f t )−1 (δ) = at ((∇f¯t )−1 (δ) − bt ), we have

f t ((∇f t )−1 (δ)) = f t (at ((∇f¯t )−1 (δ) − bt )) = at f¯t ((∇f¯t )−1 (δ)).
The result follows by substituting this expression in the bound of Theorem 6.1
for δ ∈ {v t (µ̂, λ̂), v t (µ∗ , λ∗ )}.
Corollary 6.2. If for all t ∈ T we have f¯t (y) = Ky c with K ∈ R>0 and c ≥ 1,
the bound in Theorem 6.1 becomes
!

 c
X
c
c
1 c−1 X t t
t
t
∗
∗
K
a (ν (µ̂, λ̂)) c−1 −
a (ν (µ , λ )) c−1 .
cK
t∈T

t∈T

Proof. The result follows by substituting (∇f¯t )−1 (δ) =
{v t (µ̂, λ̂), v t (µ∗ , λ∗ )} in the refined bound of Corollary 6.1.

δ
cK

1
 c−1

for δ ∈

Corollary 6.3. If for all t ∈ T we have f¯t (y) = Key with K ∈ R>0 , the bound
in Theorem 6.1 becomes
X
X
at ν t (µ̂, λ̂) −
at ν t (µ∗ , λ∗ )
t∈T

t∈T

Proof. Analogously to the proof of Corollary 6.2, the result follows by substiδ
tuting (∇f¯t )−1 (δ) = ln K
for δ ∈ {v t (µ̂, λ̂), v t (µ∗ , λ∗ )} in the refined bound
of Corollary 6.1.
An alternative bound can be deduced using the fact that both f t as a function
of xt and xt (µ, λ) as a function of (µ, λ) are Lipschitz continuous (see, e.g.,
[145, 155]). This yields a bound of the form K||(µ̂, λ̂) − (µ∗ , λ∗ )||2 where K is a
constant that depends on the Lipschitz constants of the functions f t and xt (µ, λ).
This bound suggests that the difference in objective values grows linearly in the
2-norm of the difference between the predicted and optimal Lagrange multipliers.
However, this bound depends on the uncertain cost functions via the constant K.
Moreover, the linear behavior of the bound is inconsistent with the nature of
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t∈T
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the gradients for cost functions that are not quadratic. In contrast, our bounds
in Theorem 6.1 and Corollaries 6.1-6.3 actively incorporate the (gradients of) the
specific cost function structure itself.
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We conclude this section with a note on whether the result of Theorem 6.1
could also be extended to instances that do not fall within the class Isub . We observe that Lemma 6.2 can be extended to broader classes of problems with, e.g.,
multi-dimensional stage vectors, nonlinear and non-submodular inequality constraints, and nonseparable objectives. For instance, in a sense it is analogous to
the monotonicity result for Problem QRA-NonSep-GBC in Lemma 5.4, which
has a nonseparable objective function. This leads us to the question of whether
one can also extend Lemmas 6.3 and 6.4 to broader classes of problems. Since
the proofs of Lemmas 6.3 and 6.4 rely heavily on the submodular constraint
structure (as opposed to the proof of Lemma 6.2), it seems unlikely that these
lemmas can be extended to problem instances with non-submodular constraints.
However, the incorporation of other extensions such as multi-dimensional stage
vectors and nonseparable objectives is not limited by the submodular constraint
structure and it may thus be very well possible to extend the result to such
problem classes.

Evaluation

6.5

In this section, we evaluate the performance of the ODDO framework on two
types of optimization problems. We introduce and formulate these problems in
Sections 6.5.1 and 6.5.2 respectively. Subsequently, in Section 6.5.3, we explain
the goal and setup of our evaluation, including our approach for predicting the
optimal Lagrange multipliers. Finally, in Section 6.5.4, we present and discuss
the results of our evaluations.
6.5.1

Battery scheduling

The first considered problem is the battery scheduling problem BATTERY introduced in Section 2.5.2. We choose as objective for this problem load profile
flattening, meaning that the cost functions take the form f t (xt ) = (xt + pt )2
for each t ∈ T . The resulting problem is the following instance of Problem P:
BATTERY :

min

x1 ,...,xT

X

(6.6a)

(xt + pt )2

t∈T

s.t. 0 ≤ Sstart + ∆t

t
X

xs ≤ D,

t ∈ T \{T },

(6.6b)

s=1

Sstart + ∆t

X

xt = Send ,

(6.6c)

t∈T

Xmin ≤ xt ≤ Xmax ,

t∈T.

(6.6d)

We note that Problem BATTERY belongs to the problem class Isub defined in
Section 6.4.2 when pt + Xmin ≥ 0 for each t ∈ T (see Appendix 2.7). Also,
note that the bound given in Corollary 6.2 applies to this problem by choosing
K = 1, c = 2, at = 1, and bt = pt for all t ∈ T .
For each t ∈ T \{T }, let
and
denote the Lagrange multipliers for the
lower bound and upper bound constraint in (6.6b) respectively. The Lagrangian
dual function qBATTERY (µ, λ) of Problem BATTERY can be written as
µ−
t

qBATTERY (µ, λ) := min 
x1 ,...,xT


.

t
The corresponding local Lagrangian dual function qBATTERY
(µ, λ) for t ∈ T \{T }
is given by


:= min
t
x


PT −1
− t
t
(xt + pt )2 + s=t (µ+
s − µs )x + λx
s.t. Xmin ≤ xt ≤ Xmax

and for t = T by
T
qBATTERY
(µ, λ) := min (xT + pT )2 + λxT
xT


Xmin ≤ xT ≤ Xmax .

We mentioned in Section 6.3.3 that, for some cases, the structure of the cont
straints can be exploited to compute the projection set Cproj
efficiently. Problem BATTERY is such a case where this can be done. More precisely, applying
FME to these constraints allows to compute the projection for all variables in
O(T ) arithmetical operations that can be done at the start of the first time interval (see Appendix 6.7). As a consequence, we do not need to solve at the start
of each time interval an entire instance of Problem BATTERY but can instead
t
use the pre-calculated sets Cproj
. This saves a lot of computation time, which
is crucial for using the algorithm on embedded systems in energy management
applications with low computational power.
In our evaluation, we consider the problem of scheduling the battery over one
day divided into 15-minute time intervals (i.e., T = 96). This interval length
is chosen with regard to contract durations within several European energy
markets (see, e.g., [113]). Furthermore, we assume that the initial and desired
SoC is set to 50% of the capacity. For the uncertain consumption p, we use
real consumption data of 72 households that were obtained in a field test in the
Dutch town of Heeten [142]. We base the battery parameters on the setting
in the same field test. More precisely, we choose Sstart = Send = 5.89 · 103 ,
D = 1.18 · 104 , ∆t = 41 , Xmin = −8.67 · 103 , and Xmax = 8.67 · 103 . We
note that, given the used consumption profile p, the resulting problem instance
satisfies the assumptions of Theorem 6.1.

6.5.1 – Battery scheduling

PT −1
Pt
s
(xt + pt )2 + t=1 µ+
t
t∈T
s=1 x
PT −1 − Pt
P
s
t
− t=1 µt
s=1 x + λ
t∈T x
t
s.t. Xmin ≤ x ≤ Xmax , t ∈ T

 P

t
qBATTERY
(µ, λ)
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As the second problem, we consider a basic inventory management problem
that was considered in [21] to evaluate the performance of adjustable RO for
linear programs. This model is a single product inventory system that consists
of a warehouse and multiple factories. The goal is to minimize the production
cost for all factories over a time horizon divided into stages while satisfying the
required demand of the product for each stage.
We denote the set of factories by N and for each stage t ∈ T and factory i ∈ N ,
we have to decide on the amount xti of (divisible) product that factory i produces
during stage t. Moreover, we denote by cti the cost of producing one unit of the
product at factory i during stage t. For each stage t ∈ T , there is a demand dt for
the product that must be satisfied and at the start of the first stage, an amount of
S is already present in the warehouse. Furthermore, a minimum required level
of stock in the warehouse L and the maximum capacity U are given. Finally, each
factory i ∈ N has a maximum production capacity of uti for stage t ∈ T and a
maximum total production capacity of Ci over the entire horizon. Summarizing,
we get the following optimization problem:
IM :

XX

min

x1 ,...,xT

cti xti

t∈T i∈N

X

s.t.

xti ≤ Ci ,

(6.7a)

i ∈ N,

t∈T

L≤S+
0≤

t X
X

s=1 i∈N
t
xi ≤ utn , t

xsi −

t
X

ds ≤ U,

t∈T,

(6.7b)

s=1

∈ T , i ∈ N.

In [21], the demand was considered as the uncertain parameter. Here, we instead
assume the demand to be certain but the production costs to be uncertain.
+
+
Let µ′ := (µ′i )i∈N , µ− := (µ−
t )t∈T , and µ := (µt )t∈T denote the Lagrange
multipliers corresponding to Constraints (6.7a) and the lower and upper bound
Constraints (6.7b) respectively. The Lagrangian dual function qIM (µ) of Problem IM can be written as
P
P
P
 P

cti xti + i∈N µ′i t∈T xti
t∈T
i∈N
P
Pt P
+
s


+ t∈T µt
s=1 Pi∈N xi
,
P
qIM (µ) := min 
− Pt
s


1
T
− t∈T µt
x
x ,...,x
i
s=1
i∈N
t
t
s.t. 0 ≤ xi ≤ ui , t ∈ T , i ∈ N .
t
and the local Lagrangian dual function qIM
(µ) for stage t ∈ T is given by
!
!
T
X
X
t
t
′
+
−
t
t
t
qIM (µ) := min
ci + µi +
(µs − µs ) xi 0 ≤ xi ≤ ui , i ∈ N .
t
x

i∈N

s=t

For our evaluations, we choose the same parameter values as in [21], which are
given here for the sake of self-containedness. We consider a horizon of 48 weeks,
where a production decision has to be made every two weeks (i.e., T = 24).
Moreover, there are N = 3 factories and the seasonal demand is given by
1
d = 1000 1 + sin
2



π(t − 1)
12


,

t∈T.

The maximum production capacity per two-week period uti of each factory
i ∈ N is 567 and the maximum production capacity over the entire horizon Ci
is 13, 600. The minimum and maximum level of inventory at the warehouse is
L = 500 and U = 2000 and the initial stock level S is 500. Finally, the random
production cost data cti for each factory i ∈ N are drawn uniformly from the
interval [0.8c̄ti , 1.2c̄ti ], where c̄ti is the expected value of the cost and given by

c̄ti




1
π(t − 1)
= Ēi 1 − sin
,
2
12

t∈T,

where Ē := (1, 1.5, 2).

6.5.3 Setup of the evaluation
For Problem BATTERY, the “training” instances for a given test instance are
created by taking the household consumption data of a given number of previous
days as input for the cost functions. For Problem IM, the “training” instances
are created by taking as input for the uncertain parameters in the objective
function randomly generated values according to the distributions specified in
Section 6.5.2. In detail, for each training instance, we compute the optimal Lagrange multipliers and if for a given instance the optimal Lagrange multipliers are
not unique (see Section 6.3.2), we take an arbitrary vector of optimal Lagrange
multipliers. These values serve as the training data for predicting the optimal
Lagrange multipliers of future instances.
We carry out two sets of evaluations. First, we study the performance of four different types of candidate multiplier vectors. For this, for a given test instance, let
H denote the set of optimal Lagrange multipliers to the corresponding training instances. As four candidate vectors we choose the minimum, maximum, mean and
median of the multipliers in H. More precisely, for a given set H, we compute the
four candidate multiplier vectors C min ≡ (µ̂min , λ̂min ), C max ≡ (µ̂max , λ̂max ),
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C mean ≡ (µ̂mean , λ̂mean ), and C med ≡ (µ̂med , λ̂med ) by
C min :

µ̂min
:= min µj ,
j

λ̂min
:= min λk ,
k

µ̂max
j

λ̂max
k

(µ,λ)∈H
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C

max

:

C mean :
Chapter 6 – Online duality-driven optimization

C med :

(µ,λ)∈H

:= max µj ,

µ̂mean
:=
j

(µ,λ)∈H

1
|H|

X

:= max λk
(µ,λ)∈H

λ̂mean
:=
k

µj ,

(µ,λ)∈H

µ̂med
:= med{µj | (µ, λ) ∈ H},
j

1
|H|

X

λk ,

(µ,λ)∈H

λ̂med
:= med{λk | (µ, λ) ∈ H}.
k

Furthermore, we consider two different sizes for the set of training instances,
namely 10 and 50. Thus, for each test instance, we get two values for each of
the four candidate multiplier vectors: one that corresponds to |H| = 10 and one
that corresponds to |H| = 50. Overall, we evaluate the performance of these
eight candidate values for ten test instances.
In the second set of evaluations, we assess the additional value of past knowledge of the optimal Lagrange multipliers over past knowledge of the uncertain
data itself. To this end, we compare ODDO to a simple strategy that resembles
optimization over nominal values. In this simple strategy, we obtain the online
solution to a given test instance by replacing the uncertain parameters in the
cost functions by the mean of the uncertain parameters of the training instances
and solving the resulting deterministic optimization problem. More precisely,
for a given test instance, let P denote the set of cost function parameters for
the training instances. Subsequently, we solve the test instance where for Problem BATTERY we take as value for the uncertain cost function parameters the
values
1 X t
p̂t :=
p
|P|
p∈P

and for Problem IM the values
ĉti :=

1 X t
ci ,
|P|

i ∈ {1, 2, 3},

c∈P

where c := (ct1 , ct2 , ct3 )⊤
t∈T . We call this strategy the nominal strategy since it
represents optimization over the nominal values of the uncertain data. Alternatively, one could see this strategy as a simplified version of model predictive
control (see, e.g., [65]). We compare this nominal approach to ODDO where
the prediction of the multiplier is given by the optimal Lagrange multipliers
of the problem solved in the nominal strategy, i.e., of the problem instance
where the uncertain parameters are substituted by the values p̂ := (p̂t )t∈T or
ĉ := (ĉt1 , ĉt2 , ĉt3 )⊤
t∈T . In this comparison, we consider four different sizes for the
set of training instances, namely 1, 3, 5, and 10. We carry out the comparison
for 50 problem instances.

6.5.4 Results

Figure 6.1 shows the observed ratios for each of the four candidate multipliers.
First, we compare the performance of the candidates C min and C max . It follows
from Figures 6.1a and 6.1b that in all cases, candidate C max yields the worst
performance out of all candidates and its “opposite” candidate C min performs
significantly better than C max . This is in line with the robustness analysis in
Section 6.4.2: when we under-predict the optimal Lagrange multipliers, the
difference between the online and optimal offline objective value is bounded. In
fact, the better performance of C min for Problem IM as depicted in Figure 6.1b
suggests that the robustness result of Theorem 6.1 might apply to a broader class
of instances than the ones specified in the class Isub since Problem IM does not
belong to this class.
For both problem types BATTERY and IM, at least one candidate multiplier
has been able to compute an online solution whose objective value is at most 1%
worse than the optimal objective value (C min for Problem IM and C mean and
C med for both problems). Moreover, candidate multipliers C mean and C med have
been able to compute for most of their instances an online solution whose objective value was at most 1.77% (Problem BATTERY) and 1.24% (Problem IM)
worse than the optimal objective value. This demonstrates that ODDO is capable of obtaining near-optimal solutions not only incidentally, but also has a
stable good performance over a longer set of instances.
In order to obtain more insight into the overall performance of the candidate
multipliers, we focus on their median performance. For most of the considered
cases in Problem BATTERY, Figure 6.1a suggests that the median performance
of the candidates C mean and C med is better than the median performance of candidates C min and C max . An explanation for this is that the candidates C mean and
C med depend on all training data, whereas the candidate C min depends solely on
the value of (extreme) outliers. In contrast, C mean and C med are more “balanced”
and thus seem good candidates for the “average” instance.
Finally, we focus on the difference in performance between different sizes for the
sets of training instances. Figure 6.1b suggests that, in Problem IM, the median
performance of candidates C min , C mean , and C med does not differ significantly
between the case of 10 training instances and the case of 50 training instances.
Interestingly however, Figure 6.1a indicates that for Problem BATTERY these
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In this section, we present and discuss the results of the evaluation as described
in Section 6.5.3. All simulations and computations are coded in MATLAB using
CVX [63]. For each computed online solution, we calculated the ratio between
the online and optimal offline objective value. This ratio serves as a measure
for how good the online solution is, where a ratio of 1 implies that the online
solution is optimal. We first discuss the achieved results for the comparison of
the four candidate multipliers C min , C max , C mean , and C med and subsequently
for the comparison of ODDO and the nominal strategy.
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(a) Problem BATTERY.
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(b) Problem IM.

Figure 6.1: Boxplots of the observed ratios for the four candidate predictions,
where for each candidate the black (left) boxplot corresponds to the case of 10
training instances and the gray (right) boxplot to the case of 50 training instances.

candidates seem to perform better in the case of 10 training instances than in
the case of 50 training instances. One explanation for this could be that the
latter case takes into account the data of the households for approximately three
months, whereas the former case is based on data from only the past one-and-ahalf week. However, household consumption is heavily influenced by weather
(see, e.g., [95]). Thus, by taking into account the weather from three months
ago when computing the candidate multiplier vectors, we consider situations
that are not representative for the current household consumption and thus also

do not characterize well the optimal Lagrange multipliers corresponding to the
current day.

Size of training set
1
3
5
10

Success rate
Problem BATTERY Problem IM
0.7
0.54
0.5
0.44

1
1
1
1

Table 6.1: Fraction of test instances wherein ODDO outperforms the nominal
strategy.
Lastly, we focus on the influence of the number of training instances on the
performance of both ODDO and the nominal strategy. On the one hand, for
ODDO, the results in Figures 6.2a and 6.2b indicate that the ratios are only
marginally affected by the chosen number of training instances. On the other
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Figure 6.2 shows the observed ratios of the online solutions for Problem BATTERY and Problem IM for both ODDO and the nominal strategy. Moreover,
Table 6.1 shows the share of problem instances wherein ODDO outperforms the
nominal strategy. For Problem BATTERY, Table 6.1 suggests that the share of
problem instances wherein ODDO outperforms the nominal strategy decreases
as the number of training instances increases. However, for Problem IM, ODDO
outperforms the nominal strategy in all cases by a large margin. The main cause
of this seems to be the large difference in overall performance of the nominal
strategy between Problem BATTERY and Problem IM: the ratios of this strategy
for Problem IM are significantly larger than for Problem BATTERY, whereas the
ratios of ODDO are similar for both problems. Additionally, for Problem IM,
in the nominal strategy, the overall behavior of the ratios does not significantly
change as the number of training instances increases, whereas for ODDO increasing the number of training instances leads to a rapid decrease and a reduced
spread of the ratios. One explanation for this difference is that the uncertain data
in Problem IM are mutually independent both within one instance and between
multiple instances. As a consequence, the training instances do not provide additional information on the data structure other than an improved estimate of the
variance of the data. Another explanation is that in Problem IM the relative variance of the uncertain data is larger than in Problem BATTERY. More precisely,
for Problem BATTERY the (estimated) coefficient of variation for multivariate
data (as calculated according to [6]) of the uncertain data of the 50 test instances
is only 0.1018, whereas these coefficients for the uncertain data c1 := (ct1 )t∈T ,
c2 := (ct2 )t∈T , and c3 := (ct3 )t∈T of Problem IM are 0.1450, 0.2175, and 0.2900
respectively. This supports the claim made in Section 6.4.1 that large variances
and unanticipated realizations of the uncertain data only have a limited influence
on the performance of ODDO.
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Figure 6.2: Boxplots of the observed ratio in the comparison between ODDO
and the nominal strategy for each considered training set size.
hand, for the nominal strategy, Figure 6.2a suggests that the ratios for Problem BATTERY decrease with an increasing number of training instances and
become competitive with ODDO only when the number of training instances
is five or more. This suggests that ODDO can obtain good online solutions with
a small training set and that these solutions are better than those produced by
the nominal strategy.
Summarizing, the evaluation in this section shows that ODDO is able to achieve
near-optimal results using relatively easy-to-compute candidates as input for problems with measured data (Problem BATTERY) and also for problems with
randomly generated data (Problem IM). Moreover, the results for Problem IM

indicate that ODDO performs well in practice also for problems that do not fall
into the class Isub . This suggests the existence of a wider class of problems for
which ODDO yields good online solutions. We plan to further investigate such
a broader class in future research.

Conclusions and outlook

In this chapter, we presented a new framework for optimization under uncertainty called “Online Duality-Driven Optimization” (ODDO). This framework
is motivated by applications in decentralized energy management, where peak
energy consumption needs to be minimized in order to maintain a proper operation of the distribution grid. The presented approach does not require any
quantitative assumptions on the uncertain data involved in the problem such as
uncertainty sets or probability distributions. The key idea of the framework is
to predict the optimal Lagrange multipliers of the optimization problem instead
of the actual uncertain data or objective function. We analyzed the robustness
of this approach both in theory and in practice. For a specific but important
class of problems, we derived bounds on the difference in objective value between the online and optimal offline solution. Moreover, evaluations suggest
that in practice this robustness carries over to problems that fall outside this
class. For the studied problems, simple statistics such as the mean and median of
previously observed optimal Lagrange multipliers seem to perform well as input
predictions to the ODDO framework. Summarizing, we are convinced that the
ODDO framework is a promising addition to the set of paradigms for optimization under uncertainty and provides the community with a new approach to
tackle these types of problems.
An important direction for future research is to find a structural and unifying
way to predict the optimal Lagrange multipliers used in our approach. The
statistics that we used as predictions in Section 6.5.4 were chosen mainly for
their simplicity and as a means to demonstrate the good practical performance
of ODDO. In Chapter 7, we focus on two alternative prediction approaches that
explicitly exploit the structure of and robustness results for the problems studied
in the current chapter. Using the electric vehicle EV charging problem introduced in Section 3.4 as an illustrative problem, we show that both approaches
lead to structurally accurate online solutions.
The ODDO framework requires the feasible set of the given problem to be convex and the cost functions to be continuously differentiable and strictly convex.
This restriction ensures that properties such as strong duality hold and enables us
to derive the robustness results given in Section 6.4. In Chapter 8, we investigate
how the validity of these properties and results are affected when we relax some
of the used restrictions on the feasible set and the cost functions:
1. One or more of the cost functions are not strictly convex and/or not continuously differentiable. We already considered such a problem, namely the
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inventory management problem IM. It can now happen that not only the
optimal Lagrange multipliers might be non-unique, but also the optimal
primal solution. Thus, when solving a subproblem during the online
optimization process, we might have to choose from a set of multiple
online solutions. In our evaluation, we did not include any preference
for or requirement on choosing an online solution from this set; we simply used the solution computed by the solver. It would be interesting
to investigate under which conditions it is useful to incorporate such a
preference or requirement and what the effect of this is on the overall online optimization process. In Section 8.2, we investigate this issue for the
specific problem of EV charging where the cost functions are piece-wise
linear. This choice of cost function is motivated by a practical limitation
of several EV charging infrastructures, namely that charging can be done
only at a finite number of possible charging rates instead of at any rate
between zero and a given maximum.
2. One or more of the decision variables are binary or integer. This implies
that the feasible region of Problem P is not convex. In the area of energy
management, binary and integer decision variables often arise when a device has several operation modes. It would be interesting to gain insight
into if and how such a structure could be exploited to derive an approach
similar to ODDO to solve the online version of such problems. As a first
direction towards this goal, we derive in Section 8.3 an optimal solution
characterization and an online optimization approach similar to ODDO
specifically for an EV charging problem with binary state-switching variables. This variant of the EV charging problem is motivated by another
practical limitation of EV battery chargers, namely that charging at a
relatively low rate is either not possible or very inefficient.
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6.7

t
Appendix: Computing the projection sets Cproj
for Problem BATTERY

Suppose that we need to compute the online decision x̂t̄ (µ, λ) at the start of
t̄
the interval t̄. To compute the projection set Cproj
, we iteratively eliminate
the variables xT , xT −1 , . . . , xt̄+1 from the constraints (6.6b)-(6.6d). First, we
eliminate xT . This yields the following inequalities on the remaining non-fixed
variables xt̄ , . . . , xT −1 :
0 ≤ Sstart + ∆t

t̄−1
X

x̂s (µ, λ) + ∆t

s=1

t
X

xs ≤ D,

Send − ∆tXmax ≤ Sstart + ∆t

t̄−1
X

xs (µ, λ) + ∆t

s=1

Xmin ≤ xt ≤ Xmax ,

t ∈ {t̄, . . . , T − 1},

s=t̄

t ∈ {t̄, . . . , T − 1}.

T
−1
X
s=t̄

xs ≤ Send − ∆tXmin ,

Observe that there are now two lower and upper bound constraints on the
Pt̄−1
Pt
T −1
:=
term Sstart + ∆t s=1 x̂s + s=t̄ xs . We merge them by defining D̂
ˆ T −1 := min(D, S − ∆tX ). Thus, we
max(0, S − ∆tX
) and D̄
end

end

max

0 ≤ Sstart + ∆t

t̄−1
X

x̂s (µ, λ) + ∆t

s=1

D̂

T −1

t
X

xs ≤ D,

min

t ∈ {t̄, . . . , T − 2},

s=t̄

≤ Sstart + ∆t

t̄−1
X

xs (µ, λ) + ∆t

s=1
t

Xmin ≤ x ≤ Xmax ,

T
−1
X

ˆ T −1 ,
xs ≤ D̄

s=t̄

t ∈ {t̄, . . . , T − 1}.

Now we eliminate the next variable xT −1 . For this, we can apply the same
reasoning as in the elimination of xT . This yields the following inequalities:
0 ≤ Sstart + ∆t

t̄−1
X

s

x̂ (µ, λ) + ∆t

s=1

D̂

T −2

≤ Sstart + ∆t

t
X

xs ≤ D,

t ∈ {t̄, . . . , T − 3},

s=t̄
t̄−1
X

xs (µ, λ) + ∆t

s=1

Xmin ≤ xt ≤ Xmax ,

T
−2
X

ˆ T −2 ,
xs ≤ D̄

s=t̄

t ∈ {t̄, . . . , T − 2},

T −2
T −1
ˆ T −1 −
where D̂
:= max(0, D̂
− ∆tXmax ) and C̄ˆ T −2 := min(D, D̄
t
∆Xmin ). We can continue this process until all variables x with t > t̄ have been
eliminated. The only remaining constraint is then
t̄

max D̂ − Sstart − ∆t

t̄−1
X

!
s

x̂ (µ, λ), Xmin

s=1

≤xt̄
t̄−1
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X
ˆ t̄ − S
≤ min D̄
x̂s (µ, λ), Xmax
start − ∆t

!
,

s=1
t
t+1
ˆ t := min(D, D̄
ˆ t+1 − ∆tX
where D̂ := max(0, D̂
− ∆tXmin ) and D̄
max )
for t ∈ {1, . . . , T − 1}. Thus, the projected problem is the minimization of a
quadratic function over a closed interval whose boundaries can be computed
ˆ
efficiently. Moreover, observe that we can compute the entire vectors D̂ and D̄

in O(T ) time at the start of the first interval since they do not depend on any
of the online decisions x̂t (µ, λ).

t
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Multiplier prediction for
online duality-driven
optimization
Abstract – In the previous chapter, we introduced a mathematical framework for online optimization problems. This methodology requires as input
predictions of the optimal Lagrange multipliers of the deterministic version of
the problem. In this chapter, we present two approaches for predicting these Lagrange multipliers. The first is based on quantile prediction and incorporates
a given preference for under-or over-predicting the Lagrange multipliers. The
second approach exploits the structure of optimal solutions to optimization
problems with submodular constraints. Evaluations of these two approaches
applied to the problem of scheduling electric vehicle charging suggest that both
approaches are able to produce predictions that lead to online solutions with an
optimality gap of less than 1%. Moreover, while the quantile-based approach
is able to yield better results than the structure-based approach, the latter is
more robust in the sense that its good performance does not depend on the
fine-tuning of hyper-parameters.

7.1

Introduction

Many optimization problems in practice require input data that is not known on
forehand. Several methods and techniques exist wherein such data uncertainty
can be incorporated to compute a solution that is in some sense robust against
unexpected realizations of this data (see Section 6.2.1). We introduced in the
previous chapter a new methodology for incorporating data uncertainty into
optimization problems called "Online Duality-Driven Optimization" (ODDO).
The key idea in this approach is that instead of aiming to predict the uncertain
This chapter is based on and contains parts of [SU:3] and [SU:8].
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data itself, we predict the optimal Lagrange multipliers of the deterministic
version of the problem. Subsequently, via the concept of Lagrangian duality, we
use this prediction to compute an online solution to the problem, whereby in
each step we do not require any other information on future data.
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A question that remained open is how the optimal Lagrange multipliers should
be predicted. The results in the previous chapter showed that taking as predictions simple statistics, such as the mean and median of the optimal Lagrange
multipliers of historical instances of the problem, already yield good online solutions. The reason behind choosing these statistics as candidate multipliers was
their simplicity. Moreover, the main goal was to demonstrate the robustness of
ODDO against prediction errors. In general, to successfully use ODDO within
a given application, it is important to have a prediction approach for the Lagrange multipliers that provides guarantees on the quality of the eventual online
solution. This requires a deeper understanding of the relation between these
multipliers, the uncertain data, and the quality of the online solution.
As a first step in this direction, we present in this chapter two simple but accurate
approaches to predict the optimal Lagrange multipliers. The first approach is
motivated by the robustness results in Section 6.4.2 and the evaluation results
in Section 6.5.4. These findings suggested that the quality of the online solution
is influenced significantly by whether we under- or over-predict the multipliers.
In our first approach, we predict optimal Lagrange multipliers while actively
incorporating a given preference for under- or over-prediction. We do this by
considering the optimal Lagrange multipliers as stochastic variables with a certain probability distribution and expressing the preference as the probability
that the computed prediction is smaller than the optimal Lagrange multiplier.
This approach corresponds with the concept of quantile functions in statistics
[148].
The second approach is motivated by the structure of resource allocation problems (RAPs) and in particular (a, b, f )-separable RAPs with box constraints (see
Section 2.3.1). Under the assumption that only a few inequality constraints of
the problem are tight in an optimal solution, one can obtain from the KarushKuhn-Tucker (KKT) optimality conditions (see, e.g., [29]) an expression for the
optimal Lagrange multipliers. This expression does not depend on individual
uncertain data, but only on a single value that is in a sense the aggregation of the
uncertain data.
We illustrate the effectiveness of these simple approaches by taking as an example the problem of scheduling the charging of electric vehicles (EVs), i.e.,
Problem EV introduced in Section 3.4. For this problem, we show that our
method is able to predict the optimal Lagrange multiplier such that an online
solution can be obtained with an optimality gap of less than 1% in the considered
case study. Similarly to the evaluation in Section 6.5.4, we use information of
previous hypothetical charging windows as input for the multiplier prediction
and in this way we learn the behavior of the optimal Lagrange multiplier for a

given charging session. We show that this behavior is very stable over consecutive days, which enables us to compute accurate predictions that lead to accurate
online solutions.

7.2

Two prediction approaches

In this section, we first revisit in Section 7.2.1 the EV charging problem introduced in Section 3.4. This problem serves as a leading example for our prediction
approaches. Moreover, we analyze this problem and its online version in terms
of ODDO, i.e., in terms of Problem P introduced in Section 6.3.1. Subsequently,
we present our prediction approaches in Sections 7.2.2 (the quantile-based approach) and 7.2.3 (the structure-based approach).
7.2.1

The online EV charging problem

As a leading example, we take the EV charging problem introduced in Section 3.4.
Using the notation for the general Problem P as introduced in Chapter 6, this
problem can be formulated as follows:
X1
EV : min
(xt + pt )2
2
x1 ,...,xT
t∈T

s.t.

X
t∈T

xt =

R̄
,
∆t

0 ≤ xt ≤ Xmax ,

t∈T.

Its local Lagrangian solution for a given multiplier λ ∈ R is given by


if λ − pt < 0,
0
t
x (λ) = λ − pt if 0 ≤ λ − pt < Xmax ,


Xmax if Xmax ≤ λ − pt ,

(7.1)

where we have "flipped" the sign of λ compared to the original formulation of
Problem P analogously to Problem QRA in Section 6.4.1. The main reason for
this is to maintain the physical interpretation of the optimal Lagrange multiplier
λ∗ for Problem EV, namely the level of flatness of the combined EV and base
load profile.
In the following, we adapt Algorithm 6.1 for the online version of Problem P
to the specific situation of Problem EV based on the "flipped" local Lagrangian
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The remainder of this chapter is organized as follows. In Section 7.2, we analyze the EV charging problem that is used as a leading example in the context of
ODDO and present our two prediction approaches. In Section 7.3, we perform a
simulation study to validate our approaches. Finally, Section 7.4 provides conclusions and a short discussion on the generalization of our prediction approaches
to other problems.

solution in Equation (7.1). For this, note that, for a prediction λ̂ of λ∗ , the
t̄
projection sets Cproj
(see Equation (6.3)) are given by
170

"

t̄
Cproj

#
t̄−1
X
R̄
t
t̄
:= max(0,
−
x̂ (λ̂) − (T − t̄)Xmax ), min(Xmax , R̂ (λ̂))) ,
∆t t=1

Chapter 7 – Multiplier prediction for online duality-driven optimization

Pt̄−1
R̄
where R̂t̄ (λ̂) := ∆t
− t=1 x̂t (λ̂). Combining this with the definition of the
local Lagrangian solution in Equation (7.1), we obtain the following expression
for the online solution x̂t (λ̂) to Problem EV corresponding to a given prediction
λ̂ of λ∗ :



x̂t̄ (λ̂) := max 0, R̂t̄ (λ̂) − (T − t̄)Xmax , min Xmax , R̂t̄ (λ̂), λ̂ − pt̄ ,
(7.2)
Figure 7.1 illustrates this decision rule and shows the impact of under- and overpredicting of λ∗ on the structure of the overall online solution, i.e., on the
general charging behavior of the EV.
7.2.2 Incorporating a preference for under- or over-prediction
In this section, we present our first approach to predict optimal Lagrange multipliers. As mentioned before, this approach actively incorporates a preference
for under- or over-predicting the multipliers. We now discuss why one could
have a reason to prefer under- or over-prediction of the optimal Lagrange multiplier. The first reason is based on the robustness results for ODDO as derived in
Chapter 6, whereas the second reason is based on the application of the online
optimization approach within a neighborhood with multiple EVs. Subsequently,
we present our prediction approach.
Observe that, assuming pt ≥ 0 for all t ∈ T , the robustness result of Theorem 6.1 applies to Problem EV. In particular, the special case of Corollary 6.2
for polynomial cost functions applies, where K = 12 , c = 2, and v t (λ) = λ
(recall that we "flipped" λ). Thus, the following robustness result holds for the
online version of Problem EV and the online solution given by Equation (7.2):
Corollary 7.1. Given an instance of Problem EV and a prediction λ̂ of the optimal
Lagrange multiplier λ∗ such that λ̂ ≥ λ∗ , it holds that
X1
X1
1
(x̂t (λ̂) + pt )2 −
(xt (λ∗ ) + pt )2 ≤ T (λ̂2 − (λ∗ )2 ),
2
2
2

t∈T

t∈T

i.e., the difference in objective value between the online and optimal offline solution
is bounded by 12 T (λ̂2 − (λ∗ )2 ).
Since this robustness result holds only for the case that we over-predict the
optimal Lagrange multiplier, i.e., only when λ̂ ≥ λ∗ , over-predicting the optimal
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Figure 7.1: Online EV charging using an optimal Lagrange multiplier λ∗ with
(a) λ̂ > λ∗ and (b) λ̂ < λ∗ .

Lagrange multiplier will be the preferred option when we consider the charging
of a single EV and we wish to flatten the combined profile as much as possible.
However, from a neighborhood perspective, under-predicting λ∗ can be beneficial for the aggregated power profile of the entire neighborhood. To see this,
suppose multiple EVs within the same neighborhood are charging simultaneously and that their individual charging is managed by means of ODDO. Also
suppose that they have a similar charging window and deadline (e.g., during the
night and deadlines between 7:00h and 9:00h). If the optimal Lagrange multipliers of all EVs are over-predicted, then all EVs will be done charging before
their actual deadline (see also Figure 7.1a). Near the end of the charging window,
almost no charging is done anymore by any of the EVs. Therefore, it would
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not be so bad if the optimal Lagrange multipliers of a few of the EVs are underpredicted: this simply means that a few EVs will have to charge at full power
near the end of the charging window. As a consequence, they fill up the valley
near the end of the charging window and in addition decrease the aggregated
power consumption during the main part of their charging window (see also
Figure 7.1b).
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We conclude that a preference for either under- or over-prediction of the optimal
fill-level should be taken actively into account when developing a prediction
approach. We choose to model this preference by means of a risk parameter
α ∈ [0, 1], where α = 0 implies that we always want λ̂ ≤ λ∗ and α = 1
implies that we always want λ̂ ≥ λ∗ . Our goal is now to compute to a given α a
prediction λ̂ such that the probability that λ̂ ≤ λ∗ is exactly α. For this, suppose
that λ∗ is a stochastic variable that has a cumulative distribution function (CDF)
Fλ∗ . Then the goal stated above corresponds to finding λ̂ such that
α = P(λ̂ ≥ λ∗ ) = Fλ∗ (λ̂).
This is equivalent to
(7.3)

λ̂ = Fλ−1
∗ (α).

This is the base for a simple approach for predicting λ . Given
and α,
∗
we simply compute λ̂ by applying Equation (7.3). Since Fλ and thus Fλ−1
∗ are
unknown, we approximate Fλ∗ by an appropriate distribution. More precisely,
emp
we construct its empirical CDF Fλ∗ from a set of samples of λ∗ obtained from
solving a series of instances of Problem EV whose parameter choices are the
same except for the base load profile p. Subsequently, we use this function as
an approximation of the CDF of λ∗ . One disadvantage of using an empirical
CDF to compute λ̂ is that it is a discontinuous function, meaning that there exist
emp
values of α for which (Fλ∗ )−1 is not defined. To avoid this when computing λ̂
emp
using Equation (7.3), we construct from Fλ∗ a piece-wise linear approximation
emp
that has the discontinuities of Fλ∗ as its breakpoints. The resulting CDF, which
we denote by Fλ′ ∗ , is continuous and thus its inverse (Fλ′ ∗ )−1 exists and can be
used to evaluate (7.3).
∗

Fλ−1
∗

7.2.3 Predictions based on the problem structure
In this section, we present our second prediction approach that is based on
the structure of the optimal solution x(λ∗ ) to Problem EV. For this, suppose
that in this optimal solution we have that each variable is strictly in between
its bounds, i.e., we have 0 < xt (λ∗ ) < Xmax for all t ∈ T . This means that
the optimal solution is equal to the local Lagrangian solution evaluated for the
optimal Lagrange multiplier λ∗ , i.e., xt (λ∗ ) = λ∗ − pt . Summing the terms
xt (λ∗ ) over t yields
X
X
X
R̄
=
xt (λ∗ ) =
λ∗ − pt = T λ∗ −
pt .
∆t
t∈T

t∈T

t∈T

λ∗ =

R̄
∆t

+

P
T

t∈T

pt

.

(7.4)

Note that in this expression, λ∗ does not depend explicitly on each
elPindividual
n
ement of the uncertain vector p but only on the aggregated term t∈T pt . This
suggests that we can obtain a promising prediction for λ∗ via Equation (7.4)
using a prediction of this aggregated term instead of a prediction of each individual element of p. By the law of large numbers, accurately predicting such an
aggregated term is in general easier than predicting each individual element. In
particular, this is true for power consumption since the average power consumption over a larger time period is in general significantly easier to predict than the
power consumption of individual smaller intervals (see, e.g., [91]).
We can predict the aggregated term similarly to the creation of a sample set for
λ∗ in our first prediction approach in Section 7.2.2. More precisely, we compute
for a given set of previous days the aggregated power consumption over
P the time
period specified by T and thereby create a sample set for the term t∈T pt .
The relation between the optimal Lagrange multiplier and the uncertain vector p
in Equation (7.4) can be generalized to the case where the cost functions have
t
the form at f ( xat + bt ) for a known convex differentiable function f , a known
vector a ∈ Rn>0 , and an uncertain vector b ∈ Rn (see also Section 6.4). In that
case, the expression for λ∗ becomes
!
P
R̄
t t
t∈T a b
∗
∆t +
P
λ = ∇f
.
(7.5)
t
t∈T a
This relation is particularly interesting for the problem class Isub . This is because
for each problem of this class, there exists a partition of the decision variables
such that the problem can be decomposed into a collection of RAPs, one over
each element of the partition (see, e.g., [49]). This partition corresponds directly with the set of constraints that are tight in the optimal primal solution
and thereby with the set of nonzero multipliers in the optimal Lagrange multiplier vector. If we are able to predict this partition accurately, we can also
obtain a promising prediction of the optimal Lagrange multiplier for each RAP
subproblem using Equation (7.5).

7.3

Simulation study

In this section, we validate the prediction approaches presented in Section 7.2
and evaluate their efficiency. For this, we simulate the charging of a single EV
using ODDO, where we predict λ̂ using the two presented approaches. Section 7.3.1 explains the setup of the simulations and the different used scenarios.
Section 7.3.2 presents and discusses the simulation results.
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It follows that
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Setup and scenarios
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For all simulations, we divide the charging windows into 15-minute time intervals, i.e., ∆t = 14 . We consider two different charging windows that represent
charging during the day and charging during the night, namely 7:00h-19:00h and
19:00h-7:00h respectively. We use the Nissan Leaf 2018 model as a reference EV,
which means that the considered battery capacity is 40 kWh [3]. In order to
assess the impact of different charging requirements, we consider both the situation where the battery is empty and needs to be fully charged ( R̄ = 40 kWh) and
the situation where only 25% of the capacity needs to be charged ( R̄ = 10 kWh).
We assume that a home charger with a maximum rate of 6.6 kW is used. For
the base load profile, we use real power consumption data of a household that
was obtained in the field test described in [60]. To construct (F ′ )−1
∗ in the first
λP
approach and the sample set of aggregated power consumption t∈T pt , we
consider four different sets of previous days as training data. These sets consist
of the previous 3, 10, 50 and 100 days respectively.
For the first quantile-based approach, we compute the sample set of optimal
Lagrange multipliers, i.e., we solve Problem EV for these previous days, by applying the sequential breakpoint search algorithm 3.1 discussed in Section 3.3.1.
For each of the above scenarios, we consider a broad range of risk parameters
α̃ = {0.05, 0.15, . . . , 0.95} and for each choice of α ∈ α̃, we compute λ̂ using (7.3). To compute λ̂ for the second structure-based approach, we use the
average aggregated power consumption of the previous days and using this as
input in Equation (7.4). In both approaches, for each prediction λ̂, we apply
ODDO via Equation (7.2) using this λ̂ as input. Subsequently, we compute the
objective value of the online solution and compare this to the optimal offline
solution for this problem instance. Moreover, for the first approach, we also
determine whether λ̂ is either an under- or over-prediction of λ∗ . We repeat this
procedure for 100 subsequent days.
To also assess the influence of local photovoltaic (PV) production, we also evaluate our approaches on two similar households of which one has PV panels and
thus a large production peak during the day. The base load data for these houses
has been obtained in the same field test in [60] and Figure 7.2 shows a typical
daily base load profile for these two houses. For the evaluation, this time we
consider the charging window 7:00h-19:00h, use 10 previous days as sample days,
and repeat the approach for 10 subsequent days. As R̄ = 40 kWh is too small to
be able to flatten the base load profile of the house with PV, we also simulated
these cases for an EV with a larger battery, where we used a Tesla Model S as
reference EV ( R̄ = 100 kWh, Xmax = 11.5 kW).
7.3.2 Results and discussion
First, we discuss the accuracy of the quantile-based approach with regard to
incorporating a preference for under- or over-prediction. Tables 7.1 and 7.2 show
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Figure 7.2: Typical base load profile of the two houses used in the PV study.

the ratio of days where λ̂ ≥ λ∗ for each scenario and each risk parameter in
the set α̃ for the charging windows 7:00h-19:00h and 19:00h-7:00h respectively.
Note that when this ratio is close to its corresponding α, our approach is able to
appropriately take into account the preference α for under- or over-prediction.
The charging requirements do not seem to influence the ratios significantly,
However, in contrast, for the cases where 10 or 50 days are used as training
days, the ratios tend to be closer to α than for the cases where 3 or 100 days
are used. One possible explanation for this is that the previous 10 and 50 days
lead to a good combination of both short-term and long-term behavior of λ∗ .
Information on both behaviors is required to make a good prediction (see also
[95] and the results in Section 6.5.4). The previous 3 days clearly cannot provide
us with sufficient information on the long-term behavior of λ∗ . Similarly, if
we use the previous 100 days and treat all these days equally, i.e., do not assign
larger weights to recent days, we neglect any short-term behavior. Summarizing,
the results in Tables 7.1 and 7.2 suggest that for the cases of 10 or 50 training
days, the quantile-based approach is able to appropriately take into account the
preference α for under- or over-predicting the optimal Lagrange multiplier λ∗ .
We now compare the performance of our two prediction approaches, i.e., the
quality of their resulting online solutions. To this end, Tables 7.3-7.5 show
the median ratio between the objective value of the online solution and of the
optimal solution for the quantile-based approach (Table 7.3 for the charging
window 7:00h-19:00h and Table 7.4 for the charging window 19:00h-7:00h) and
for the structure-based approach (Table 7.5). In both approaches, the number
of training days does not seem to significantly affect the ratios. In contrast,
the online solutions for R̄ = 40 kWh appear to be much better than those
for R̄ = 10 kWh and in some cases even have an optimality gap of less than
1%. Moreover, the ratios for the charging window 19:00h-7:00h are significantly
lower than those for the window 7:00h-19:00h. One explanation for this is that
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α

3d

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

0.25
0.29
0.38
0.45
0.50
0.55
0.58
0.61
0.64
0.73

R̄ = 10 kWh
10d
50d

100d

3d

0.13
0.22
0.31
0.36
0.49
0.51
0.62
0.71
0.80
0.89

0.07
0.21
0.25
0.35
0.49
0.60
0.70
0.77
0.91
0.98

0.24
0.30
0.37
0.45
0.50
0.55
0.57
0.60
0.64
0.72

0.09
0.20
0.25
0.30
0.45
0.58
0.64
0.74
0.83
0.95

R̄ = 40 kWh
10d
50d

100d

0.12
0.22
0.30
0.36
0.48
0.51
0.62
0.71
0.80
0.88

0.07
0.20
0.26
0.35
0.49
0.60
0.70
0.77
0.91
0.97

0.09
0.19
0.26
0.30
0.45
0.58
0.64
0.73
0.84
0.92

Table 7.1: Fraction of cases where λ̂ > λ∗ for the charging window 7:00h-19:00h
for the quantile-based approach. Values close to α imply an accurate modeling
of the risk specified by α.

α

3d

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

0.27
0.31
0.34
0.40
0.47
0.56
0.59
0.65
0.69
0.70

R̄ = 10 kWh
10d
50d

100d

3d

0.16
0.20
0.26
0.37
0.49
0.55
0.64
0.73
0.82
0.86

0.12
0.23
0.29
0.44
0.66
0.78
0.90
0.94
0.95
1.00

0.26
0.31
0.35
0.45
0.51
0.56
0.60
0.66
0.71
0.74

0.10
0.19
0.27
0.39
0.56
0.69
0.80
0.84
0.93
0.97

R̄ = 40 kWh
10d
50d

100d

0.16
0.19
0.25
0.37
0.50
0.57
0.64
0.75
0.80
0.86

0.12
0.23
0.27
0.44
0.65
0.76
0.82
0.90
0.93
0.98

0.10
0.19
0.27
0.39
0.55
0.67
0.75
0.80
0.89
0.95

Table 7.2: Fraction of cases where λ̂ > λ∗ for the charging window 19:00h-7:00h
for the quantile-based approach. Values close to α imply an accurate modeling
of the risk specified by α.

the base load profile of a household generally contains fewer human-created
peaks during the night than during the day. As a consequence, the base load is
relatively constant and is not very different for
Pconsecutive days, which reduces
the variation among the samples of λ∗ and t∈T pt . Finally, we observe for
the quantile-based approach that the online solutions are generally better for
α > 0.5 than for α < 0.5. This is in line with the robustness results and
numerical evaluations for ODDO in Sections 6.4.2 and 6.5.4 respectively (see
also Corollary 7.1) and with the observations in [56, 147] that predicting λ∗ too
high leads to a lower objective value than predicting λ∗ too low.

3d

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

1.212
1.153
1.128
1.104
1.108
1.090
1.089
1.086
1.072
1.073

R̄ = 10 kWh
10d
50d

100d

3d

1.549
1.460
1.311
1.143
1.112
1.085
1.088
1.071
1.060
1.063

1.697
1.490
1.414
1.136
1.099
1.079
1.064
1.046
1.059
1.079

1.029
1.023
1.021
1.022
1.020
1.021
1.021
1.019
1.020
1.019

1.669
1.503
1.410
1.143
1.113
1.085
1.070
1.059
1.050
1.060

R̄ = 40 kWh
10d
50d

100d

1.039
1.034
1.028
1.023
1.021
1.018
1.017
1.019
1.020
1.022

1.050
1.035
1.029
1.022
1.018
1.016
1.015
1.018
1.023
1.035

1.049
1.035
1.026
1.026
1.018
1.017
1.015
1.016
1.019
1.028

Table 7.3: Median ratio between online and optimal objective value for the
charging window 7:00h-19:00h for the quantile-based prediction approach.

α

3d

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

1.058
1.046
1.033
1.025
1.022
1.022
1.021
1.023
1.020
1.017

R̄ = 10 kWh
10d
50d

100d

3d

1.121
1.074
1.046
1.028
1.019
1.015
1.015
1.017
1.018
1.022

1.122
1.061
1.031
1.019
1.012
1.017
1.019
1.030
1.036
1.049

1.008
1.006
1.004
1.004
1.003
1.004
1.003
1.003
1.003
1.004

1.132
1.082
1.033
1.025
1.015
1.011
1.016
1.018
1.024
1.034

R̄ = 40 kWh
10d
50d

100d

1.011
1.007
1.005
1.003
1.002
1.001
1.002
1.003
1.004
1.008

1.011
1.005
1.004
1.002
1.002
1.003
1.004
1.006
1.010
1.020

1.012
1.007
1.004
1.003
1.002
1.002
1.002
1.004
1.006
1.016

Table 7.4: Median ratio between online and optimal objective value for the
charging window 19:00h-7:00h for the quantile-based prediction approach.
Charging
window

3d

7:00h-19:00h
19:00h-7:00h

1.095
1.022

R̄ = 10 kWh
10d
50d

100d

3d

1.102
1.017

1.103
1.012

1.021
1.003

1.115
1.013

R̄ = 40 kWh
10d
50d

100d

1.021
1.002

1.018
1.002

1.019
1.002

Table 7.5: Median ratio between online and optimal objective value for the
structure-based prediction approach.
When comparing the median ratios between the two approaches, we observe that
for almost all combinations of charging window and charging requirement R̄, the
median ratio of the structure-based approach is always only slightly higher than
the best median ratio attained in the quantile-based approach among all values
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of α. This suggests on the one hand that the quantile-based approach is able to
obtain better online solutions than the structure-based approach. However, on
the other hand, depending on the choice of α, the online solutions produced
by the quantile-based approach can also be significantly worse than those of the
structure-based approach, whereas the solution quality of the latter approach is
not influenced by the choice of α. Thus, the structure-based approach seems
to be more robust than the quantile-based approach in the sense that it often
computes online solutions with a good objective value with only a small chance
of outliers.
For the charging window 7:00h-19:00h and the case where R̄ = 10 kWh, the
median ratios of the structure-based approach are significantly higher than the
best median ratios of the quantile-based approach. This suggests that the combination of a relatively peaked base load profile (as compared to the charging
window 19:00h-7:00h) and a lower charging requirement reduce the validity of
the assumptions behind
P the structure-based approach, namely that the aggregated
power consumption t∈T pt is relatively stable over the course of consecutive
days and that the combined EV and base load is the same for many of the time
intervals. Future research should investigate in more detail for which practical
EV charging scenarios these assumptions are valid.
Finally, Tables 7.6 and 7.7 show the results of the PV study. These results
indicate that the presence of PV production diminishes the effectiveness of both
prediction approaches. However, the median ratios improve, i.e., decrease as R̄
increases and for the structure-based approach even result in an optimality gap
of less than 0.3% for the Tesla case. Similarly to the results in Tables 7.3-7.5, the
median ratios of the structure-based approach are better than the best median
ratios of the quantile-based approach. This indicates that the presence of PV
does not significantly influence the difference in performance between the two
approaches.

7.4

Conclusions and discussion

In this chapter, we presented two approaches for predicting the optimal Lagrange multipliers within the online duality-driven optimization framework
introduced in Chapter 6. The first approach models the unknown optimal Lagrange multipliers as stochastic variables and computes a prediction that actively
incorporates a desired preference for under- or over-prediction of the multipliers. The second approach exploits the structure of (a, b, f )-separable resource
allocation problems (RAPs) over submodular constraints and in particular of
the (a, b, f )-separable RAP over box constraints to compute a prediction based
on the aggregation of the unknown vector b. Evaluations of both approaches
with regard to the electric vehicle charging problem introduced in Section 3.4
suggest that both approaches are able to compute predictions that lead to online
solutions with near-optimal objective value.

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

2.486
1.979
1.799
1.621
1.260
1.199
1.375
1.986
1.653
1.791

1.133
1.093
1.050
1.048
1.025
1.023
1.026
1.039
1.047
1.051

R̄ = 40 kWh
PV
No PV
2.766
2.114
1.925
1.847
1.719
1.794
1.940
2.101
2.226
2.385

1.017
1.011
1.014
1.014
1.014
1.013
1.015
1.019
1.022
1.031

Tesla case
PV
No PV
1.140
1.132
1.113
1.104
1.091
1.094
1.103
1.192
1.213
1.240

1.003
1.002
1.002
1.002
1.002
1.002
1.003
1.005
1.007
1.012

Table 7.6: Median ratio between online and optimal objective value for the PV
study for the quantile-based approach.
R̄ = 10 kWh
PV
No PV
1.598

1.021

R̄ = 40 kWh
PV
No PV
1.652

1.011

Tesla case
PV
No PV
1.081

1.002

Table 7.7: Median ratio between online and optimal objective value for the PV
study for the structure-based approach.
An important direction for future research is to assess the performance of our
prediction approaches for problems with more than one long-term constraint,
i.e., with more than one Lagrange multiplier. Although the good results of these
prediction approaches for the case of one Lagrange multiplier seem promising
for this generalization, moving from one to multiplier Lagrange multipliers
introduces several methodological challenges, which we briefly discuss below.
The quantile-based approach is based on the well-defined concept of quantile
functions for one-dimensional stochastic variables. However, this concept is
not well-defined anymore for multi-dimensional stochastic variables, i.e., for
multiple Lagrange multipliers. As a consequence, one must choose one of the
many alternative definitions of quantile functions in this situation that all have
their own pros and cons (see also [148]). In this, one should carefully analyze
and incorporate dependencies among the different multipliers, which is often
either ignored or drastically simplified in practice (see, e.g., [96]).
The structure-based approach builds on the assumption that in an optimal solution all or very few of the box constraints are tight. Already for the case of
only a single Lagrange multiplier, the evaluation results in Section 7.3.2 indicate
that this assumption is not always valid for realistic problem instances. As mentioned in that section, further research is required to assess the validity of this
assumption for different problems, both with only a single and with multiple
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R̄ = 10 kWh
PV
No PV

α
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Lagrange multipliers. Furthermore, in the case of multiple Lagrange multipliers, the success of the structure-based approach depends strongly on how well
one can predict which constraints are tight, i.e., which Lagrange multipliers are
nonzero, in the optimal solution. Only when we are able to do this accurately,
we can properly apply the prediction approach for problems with a single Lagrange multiplier to each of the subproblems induced by the division between
tight and loose constraints in the optimal solution.
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8

Extensions of online
duality-driven optimization
Abstract – In Chapter 6, we introduced a mathematical framework for
online optimization problems. Within this framework, we made several assumptions on the nature of the uncertain cost functions and of the feasible set
of the problem. These assumptions ensured the validity of the approach and
allowed to prove several performance guarantees. In this chapter, we study the
necessity of three of these assumptions by means of two variants of the electric
vehicle scheduling problem introduced in Section 3.4. For these two variants,
we discuss the consequences of lifting the assumptions and present an adapted
version of the online optimization framework. Simulation results indicate
that the quality of the online solutions obtained by this adapted version is
comparable to that obtained by the original framework for their respective
problems. This suggests that although the three assumptions are necessary for
formal analyses of the framework, they are not per se required for its execution
and good practical performance.

8.1

Introduction

We introduced in Chapter 6 a new framework for solving online optimization
problems called "Online Duality-Driven Optimization" (ODDO). In this framework, optimal offline solutions can be characterized in terms of optimal Lagrange
multipliers and subsequently predictions of these Lagrange multipliers can be
used as input to compute an online solution. For a specific problem class consisting of resource allocation problems with additional submodular constraints,
i.e., problems of the type S/SC/C (see Section 2.3.5), this structure and the convexity of the problem allowed to derive guarantees on the quality of the online
solution.
This chapter is based on and contains parts of [SU:5] and [SU:7].

183

In order to be able to apply Lagrangian duality theory in Sections 6.3.2 and 6.3.3
and prove the robustness results of Section 6.4.2, we made several assumptions on
the problem instances. In particular, we made the following three assumptions:
184

1. The cost functions are continuously differentiable, i.e., their gradients are
continuous and contain no "kinks";
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2. The cost functions are strictly convex, i.e., their gradients are strictly
increasing;
3. The feasible set is convex.
The proofs of the robustness results of Section 6.4.2 require all these three assumptions. However, not all of them are necessary for the derivation and practical performance of ODDO. For instance, in Problem IM introduced in Section 6.5.2 the cost functions are not strictly convex; yet the evaluation results
in Section 6.5.4 indicate that applying ODDO to Problem IM yields good online solutions for this problem. Thus, the question arises to what extend these
assumptions are necessary for the validity and practical performance of ODDO.
This is an important question since relaxing one or more of these assumptions
would allow to apply ODDO to a much broader range of relevant optimization
problems.
The goal of this chapter is to assess whether the above mentioned three assumptions are necessary for the validity and good practical performance of ODDO.
In particular, we show how the original framework can be adapted to account
for the omission of one or more of these assumptions. We do this by considering
as leading examples two variants of the electric vehicle (EV) scheduling problem
introduced in Section 3.4. Both variants are motivated by practical limitations
with regard to the charging power. The first variant is motivated by the fact
that EVs can often choose from a finite set of charging rates, i.e., the allowed
charging rates are discrete instead of continuous. Moreover, it is not desirable to
switch frequently between several charging rates within a short amount of time
since it significantly increases the degradation of the EV battery [97]. The second variant is motivated by the facts that charging at a relatively low rate is not
always possible due to restrictions on the minimum charging current set by EV
battery manufacturers (see, e.g., [87, 182]) and generally reduces the efficiency
of the charging process (see, e.g., [8]).
In the first variant, we replace the quadratic cost functions of the original EV
scheduling problem with a piece-wise linear approximation of this function. This
means that in this variant the assumptions of continuous differentiability and
strict convexity are not satisfied. In the second variant, we add the restriction
that the charging rate is either zero or lies within a given interval, meaning
that charging at a rate between zero and a given threshold is not allowed. As a
consequence, the feasible set of the problem is no longer convex, meaning that
the third assumption is not satisfied by this model. We show for both variants
how the original ODDO framework can be adapted so that it can be used to

The remainder of this chapter is organized as follows. In Section 8.2, we formulate the first variant of the EV scheduling problem, i.e., the variant with piecewise linear cost functions, and describe the necessary adaptation of ODDO to
solve the online version of this problem. In Section 8.3, we formulate the second
variant, i.e., the variant wherein a minimum threshold is given, and present an
alternative version of ODDO for this problem. Finally, Section 8.4 contains our
conclusions and a brief outlook on the further applicability of ODDO.

8.2

Piece-wise linear cost functions

In this section, we study a variant of the EV charging scheduling problem
wherein the cost functions are piece-wise linear. We show how ODDO can
be adapted to solve the online version of this problem. To this end, we first
describe in Section 8.2.1 the practical motivation for this EV scheduling problem
and provide a formal problem formulation. Subsequently, in Section 8.2.2, we
describe a solution approach for the offline (i.e., deterministic) version of the
problem that is similar to the sequential breakpoint search strategy for Problem QRA and Problem EV in Section 3.3.1. Based on this approach, we present
in Section 8.2.3 an adaptation of ODDO for the online version of the problem.
Finally, in Section 8.2.4, we conduct a simulation study to assess the performance
of the proposed adaption of ODDO. We note that the analysis in this section can
be generalized to EV charging problems with general convex cost functions (see
[SU:5]). However, in this section, we focus on quadratic cost functions, which
connects the analysis better to that of the other specific energy management
problems studied in this thesis.

8.2.1 Motivation and problem formulation
The EV charging scheduling problem was introduced in Section 3.4 and reformulated in terms of ODDO in Section 7.2.1:
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solve the online versions of these variants. Moreover, we conduct simulation
studies to assess the practical performance of this adapted version. These studies
indicate that the online solution quality of this adapted version of ODDO is
comparable to that of the original ODDO framework. This suggests that the
three assumptions are not crucial for the practical application of ODDO, which
significantly increases the number of problems to which it can be successfully
applied.

EV :
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min

x1 ,...,xT

s.t.

X1
(xt + pt )2
2

t∈T

X

xt =

t∈T

R̄
,
∆t
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0 ≤ xt ≤ Xmax ,

t∈T.

As already mentioned, EVs can often charge only at a finite number of different
rates that usually correspond to different user preferences such as "slow" or "fast"
charging (see also [97]). To include this limitation in Problem EV, we replace
the charging rate constraints 0 ≤ xt ≤ Xmax by the constraint xt ∈ Z, where
Z := {z0 , . . . , zm } denotes the set of available charging rates. This leads to the
following optimization problem for EV charging with discrete charging rates:
DiscreteEV :

min

x1 ,...,xT

s.t.

X1
(xt + pt )2
2

t∈T

X

xt =

t∈T

xt ∈ Z,

R̄
,
∆t
t∈T.

If the EV can only be charged at one charging rate, i.e., if Z = {0, Z} for some
Z ∈ R>0 , we can solve Problem DiscreteEV easily by a greedy approach. More
precisely, the intervals that are used for charging are those intervals for which the
difference 12 (Z + pt )2 − 12 (pt )2 is smallest. However, when the EV can choose
between multiple charging rates, Problem DiscreteEV is in general NP-hard
[167]. Thus, it seems unlikely that we can derive an efficient, i.e., polynomialtime approach to solve this problem, let alone an efficient online approach in
the style of ODDO.
Therefore, we consider a relaxation of Problem DiscreteEV that allows the EV
to switch between charging rates within each interval. This means that now xt
represents a convex combination of the charging rates during a time interval t
instead of a single rate that is used during the entire interval. We define the
cost for this combined charging in interval t as the corresponding convex combination of the costs of using the individual charging rates within this interval.
Since we aim to minimize the cost and the function 12 (xt + pt ) is convex, only
two consecutive charging rates have to be considered in an optimal schedule
as part of the combined charging rate xt (see also [167]). More precisely, if
zj−1 < xt < zj for some j ∈ {1, . . . , m}, then only the charging rates zj−1
and zj are used for charging during this interval and xt is a convex combinat
tion of zj−1 and zj . Thus, there exist nonnegative values yj−1
and yjt with
t
t
t
t
t
t t
yj−1 + yj = 1 such that x = yj−1 zj−1 + yj zj and the cost for interval t is given

1
2 (zj

stj :=

+ pt )2 − 12 (zj−1 + pt )2
1
= (zj + zj−1 ) + pt ,
zj − zj−1
2

j ∈ {1, . . . , m}.

(8.1)
For technical reasons, we define s0 := −∞ and sm+1 := ∞. We can now define
the cost functions F t of our relaxed problem as follows (this is also illustrated
in Figure 8.1):
1
(zj−1 + pt )2 + stj (xt − z j−1 ),
2

F t (xt ) :=

if zj−1 ≤ xt < zj .

This implies that we can formulate a relaxation of Problem DiscreteEV as follows:
RelaxEV :

X

min

x1 ,...,xT

s.t.

F t (xt )

t∈T

X

xt =

t∈T

R̄
,
∆t

z0 ≤ xt ≤ zm ,

t∈T.

+ pt ) 2 , F t

In the remainder of this section, we focus on solving Problem RelaxEV. We
first sketch an approach from [167] to optimally solve Problem RelaxEV. Subsequently, in Section 8.2.3, we derive an online approach for Problem RelaxEV.

st1

st3

t
1
2 (x

st2
z0

z1

xt
t
1
2 (x

z2

+ pt )2

z3
Ft

Figure 8.1: An example of a piece-wise linear function F t obtained from linearizing 21 (xt + pt )2 .
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t
(zj−1 +pt )2 + 12 yjt (zjt +pt ). Essentially, this means that we obtain a new
by 12 yj−1
cost function F t that is piece-wise linear and that is obtained from 12 (xt + pt )2
by linearizing it on each of the intervals (z0 , z1 ), (z1 , z2 ), . . . , (zm−1 , zm ). We
call the points z0 , . . . , zm the breakpoints of F t , (see also the definition of breakpoints for Problem QRA in Section 3.2). Note, that the slope of the piece
between two consecutive breakpoints zj−1 and zj is given by

z4
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λ

Figure 8.2: The structure of an optimal solution x(λ) to RelaxEV(λ).
8.2.2 Offline optimization approach
For a given λ ∈ R, the Lagrangian relaxation of Problem RelaxEV is given as
RelaxEV(λ) :

min

x1 ,...,xT

X

(F t (xt ) − λxt )

t∈T

s.t. z0 ≤ xt ≤ zm ,

t∈T.

For each t ∈ T , let j̄ t (λ) be the unique charging rate index j for which stj − λ <
0 ≤ stj+1 − λ, i.e., for which λ is in between stj and stj+1 . Then a solution x(λ)
is optimal for RelaxEV(λ) if and only if it is of the following form:
t

x (λ)

(
:= zj̄ t (λ)

if λ < stj̄ t (λ)+1 ,

∈ [zj̄ t (λ) , zj̄ t (λ)+1 ] if λ = stj̄ t (λ)+1 .

(8.2)

(see also Figure 8.2). Note that, as opposed to the case of Problem QRA, the
solution x(λ) is unique if and only if λ ̸= stj for all t ∈ T and j ∈ {1, . . . , m}.
Note that x(λ) can be seen a piece-wise constant non-decreasing function of
t
t
t
λ with discontinuities at the
P slopet values in S := {s1 , . . . , sm }. This implies
that also the sum z(λ) := t∈T x (λ) can be seen as a piece-wise constant nondecreasing function of λ with discontinuities at all slope values in S := ∪t∈T S t .
For Problem QRA, we proved in Lemma 3.1 that if for a given λ∗ ∈ R the
optimal solution to the Lagrangian relaxation QRA(λ∗ ) satisfies the resource
constraint (3.1), this solution is also optimal to the original Problem QRA. This
result also holds for Problem RelaxEV, i.e., if for a given λ∗ ∈ R there exists an
R̄
optimal solution to RelaxEV(λ∗ ) of the form x(λ) such that z(λ) = ∆t
, then
x(λ) is also optimal for Problem RelaxEV. To see this, note that in the proof of
Lemma 3.1 all arguments remain valid when we replace the original objective
function of Problem QRA by any function f (x1 , . . . , xT ).
This means that we can find an optimal solution to Problem RelaxEV by searching for an optimal Lagrange multiplier λ∗ such that a solution of the form x(λ∗ )

» there exist two unique consecutive slope values s̄1 , s̄2 ∈ S such that
R̄
z(λ) = ∆t
for all λ ∈ (s̄1 , s̄2 ), or;
» there exists a unique slope value s∗ such that z(λ1 ) <
λ1 , λ2 with λ1 < s∗ < λ2 .

R̄
∆t

< z(λ2 ) for all

In both cases, we can find the desired slope values by sequentially searching
through the set S. More precisely, for a given s ∈ S, we compute the maximum
R̄
possible value Z of z[s] and consider the following three options. If Z < ∆t
, we
R̄
know that s cannot be s̄2 or s∗ and we continue the search. If Z > ∆t , we know
that the first case applies and s̄2 = s, from which we can directly determine s̄1 .
R̄
Finally, if Z = ∆t
, we know that the second case applies and s = s∗ . In this
second case, an optimal solution x∗ to Problem RelaxEV is given by finding a
R̄
solution of the form x = (s∗ ) such that z(s∗ ) = ∆t
. Exploiting the structure of
this solution by means of Equation (8.2) yields the following general approach
for computing x∗ :
1. Set (x∗ )t := zj̄ t (s∗ ) for all t ∈ T .
P
R̄
− t∈T (x∗ )t some2. Divide the remaining amount of resource V := ∆t
how over the stages t with s∗ = stj for some j ∈ {1, . . . , m}.
Observe that the division of the remaining amount of resource V can be done in
various ways, e.g., proportionally according to the difference zj̄ t (s∗ )+1 − zj̄ t (s∗ ) .
We propose to do this in a greedy way, i.e., such that we have (x∗ )t = zj̄ t (s∗ )+1
for as many of these stages as possible. The reason for this is that the greedy
division ensures that the charging rates within the optimal solution correspond
to initial (discrete) charging rates in Z as much as possible. By doing this, we
adhere as well as possible to the practical requirement of not switching too much
between different charging rates. Moreover, it allows us to present our overall
approach as a relatively straightforward greedy algorithm.
Algorithm 8.1 captures this sequential greedy slope search approach. During
each iteration of the while-loop, we select the smallest slope that has not yet
been used (Line 7), where we break ties by selecting the slope with the highest
stage index. Subsequently, we increase the charging rate of the corresponding
stage to the next rate (Lines 8 and 9). Notice that in this selection process, we
only need to consider for each interval the slope with the lowest slope-index j
that has not been used. This is because, for each t ∈ T , we have s1t < s2t < . . . <
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P
R̄
exists with z(λ∗ ) = t∈T xt (λ∗ ) = ∆t
. We can find this Lagrange multiplier
using an approach similar to the sequential breakpoint search procedure of Section 3.3.1 for Problem QRA. For this, observe that z(λ) is a non-decreasing
piece-wise constant function with discontinuities at the points in S. Therefore,
we have for any two consecutive slopes s̄1 , s̄2 ∈ S that x(λ) and thereby also
z(λ) is the same and uniquely defined for all λ ∈ (s̄1 , s̄2 ) (see Equation (8.2)).
This implies that either
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t
sM
due to the convexity of the original function 12 (xt + pt )2 (as illustrated in
t
Figure 8.1). The slope selection process iterates until we cannot fully increase
the charging rate of the selected interval to the next charging rate (this happens
when V < zj − zj−1 in Line 8). In that case, we increase the power during this
R̄
stage such that the original charging requirement ∆t
is precisely met.
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Algorithm 8.1: Optimal greedy algorithm for Problem RelaxEV.

13

Input: p ∈ Rn , R̄ ∈ R, ∆t ∈ R>0 , set of charging rates Z
Output: Optimal solution x∗ to Problem RelaxEV
Compute slopes stj for all t ∈ T , j ∈ {1, . . . , m} using Equation (8.1)
Initialize ordered set S := {s11 , . . . , sT1 }
R̄
Initialize x := 0T ; V := ∆t
while V > 0 do
Take first slope value stj from S
Q = min(V, zj − zj−1 )
xt = xt + Q
V =V −Q
S = S\{stj }
if j < m then
Insert stj+1 into the ordered set S

14

return x∗ = x

1
2
3
4
5
6
7
8
9
10
11
12

▷ λ∗ is lastly removed slope value stj

An important property of the optimal solution computed by Algorithm 8.1
is that xt ̸∈ Z for at most one stage t due to the greedy slope choice. This
means that in the optimal solution, there is at most one interval wherein the EV
switches between two charging rates. This follows directly from Algorithm 8.1
since in Line 8, we have Q = zj − zj−1 and thus xt = zj unless V < zj − zj−1 .
In that case, Q = V and thus at the end of the current iteration we get V = 0,
hence the while-loop terminates.
8.2.3 Online optimization approach
In this section, we describe how the concept of ODDO can be applied to obtain
an algorithm for the online version of Problem RelaxEV. For this, we use the
analysis of the previous section regarding the structure of optimal solutions to
this problem and to its Lagrangian relaxation RelaxEV(λ).
The local Lagrangian dual function for Problem RelaxEV is given by

t
qRelaxEV
(λ) : min
F t (xt ) − λxt | z0 ≤ xt ≤ zm .
t
x

Since the cost functions F t are not strictly convex, the solution to the inner
t
problem of qRelaxEV
might not be unique. In line with the robustness results for

t̄
Note that, for a prediction λ̂ of λ∗ , the projection sets Cproj
(see Equation (6.3))
are analogous to those of Problem EV in Section 7.2.1 and given by
h
i
t̄
Cproj
:= max(z0 , R̂t̄ (λ̂) − (T − t̄)zm ), min(zm , R̂t̄ (λ̂) − (T − t̄)z0 ) ,

Pt̄−1
R̄
where R̂t̄ (λ̂) := ∆t
− t=1 x̂t (λ̂). Combining this with the definition of the
local Lagrangian solution in Equation (8.3), we obtain the following expression
for the online solution x̂t (λ̂) to Problem RelaxEV given a prediction λ̂ of λ∗ :



x̂t̄ (λ̂) := max R̂t̄ (λ̂) − (T − t̄)zm , min R̂t̄ (λ̂) − (T − t̄)z0 , xt̄ (λ̂) .
(8.4)
Observe that this expression is similar to that for the online solution for Problem EV in Equation (7.2). One major difference is that when using an optimal
Lagrange multiplier as input for these expressions, i.e., if λ̂ = λ∗ , the online
solution for Problem EV is also optimal, whereas we do not have this guarantee
for Problem RelaxEV. The reason for this is that the local Lagrangian solution
in Equation (8.3) is not necessarily the unique optimal solution to the inner
problem of the local Lagrangian dual function. More precisely, we only have
the guarantee that x̂(λ∗ ) is optimal if the charging rates in the corresponding
optimal solution are all in the (discrete) charging rate set Z. In practice, such a
solution will hardly ever exist. Nonetheless, we expect that the impact of this
non-uniqueness on the eventual online solution is minimal since the freedom of
choice for the local Lagrangian solution is only present when λ̂ is exactly equal
to one of the slope values in S.
8.2.4 Evaluation
In this section, we evaluate the performance of the online approach presented
in the previous section by means of a simulation study. The evaluation consists
of two parts. First, we study the robustness of the approach against prediction
errors in the optimal Lagrange multiplier λ∗ . Second, we investigate how well
we can predict λ∗ using historical data.
We first describe the general setup of these simulations. We apply our online
approach to schedule the charging of an EV between 18:00h and 7:00h. We
divide this charging window into 15-minute time intervals, meaning that ∆t = 14 .
Usually, residential charging is done at either “Level 1" (1.9 kW) or “Level 2"
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ODDO in Section 6.4.2 in general and those for Problem EV in Section 7.2.1 in
particular, we choose to select the maximum out of all optimal solutions to the
inner problem. This means that we define the local Lagrangian solution as
(
zj̄ t (λ)
if λ < stj̄ t (λ)+1 ,
t
x (λ) :=
(8.3)
zj̄ t (λ)+1 if λ = stj̄ t (λ)+1 .
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Robustness study
First, we study the robustness of the online solution given by Equation (8.4).
For this, we apply our approach to a single charging session for different input
predictions λ̂. Figure 8.3 shows the used base load profile for the corresponding
charging window. We compare the quality of each online solution x̂(λ̂) to that
of the optimal solution x∗ by computing the ratio between their objective values.
An online solution x̂(λ̂) is considered a good approximation of x∗ if this ratio
is close to 1 (if the ratio is 1, then x̂(λ̂) is optimal) and, generally, the online
solution in Equation (8.4) is considered robust if a large change in the input
prediction λ̂ leads to only a small change in this ratio.
Figure 8.4 shows the results of the simulations as sensitivity to the prediction λ̂.
More precisely, Figure 8.4 shows for each of the charging requirements in the set
R the ratio between the online and optimal offline solution for different input
predictions λ̂ (lines) and, as a reference point, the maximum value among all
multiplier values λ∗ that are optimal (dots). For R̄ ∈ {5, 000; 10, 000; 15, 000},
the ratio increases significantly when λ̂ is slightly smaller than λ∗ , whereas it
barely increases when λ̂ is slightly larger than λ∗ . On the other hand, for R̄ ∈
{20, 000; . . . ; 50, 000}, this effect is reversed: when λ̂ is slightly smaller than λ∗ ,
the ratio barely increases, whereas it increases greatly when λ̂ is slightly larger
than λ∗ . A possible explanation for this is that λ∗ is relatively high for charging
requirements of 20 kWh and higher. More precisely, λ∗ is close to the slope
1 000
800
Power (W)
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(4 kW) [181]. We assume that our EV can switch between these charging rates
and no charging at all, meaning that we choose Z = {0, 1900, 4000}. To study
the effect of the charging requirement on our approach, we consider values of R̄
that represent charging requirements of 5, 10, . . . , 45, 50 kWh. We denote these
values of R̄ by the set R := {5000; 10, 000; . . . ; 45, 000; 50, 000}. Finally, for
the base load profile, we use the same consumption measurement data as used
in the simulation study for the online version of Problem EV in Section 7.3.1.

600
400
200
0
18:00

21:00

0:00

3:00

6:00

Time (h)

Figure 8.3: The base load profile used in the robustness study in Section 8.2.4.

Nevertheless, Figure 8.4 shows that in almost all cases there is a wide range of
values of λ̂ for which the ratio is very small. This suggests that, although λ∗ lies at
the boundary of this range, a larger deviation of λ̂ from λ∗ can still yield a good
online solution. The main explanation for this behavior lies in the piece-wise
nature of the decision rule in Equation (8.4), which in turn is a consequence of
the fact that the piece-wise linear function Ft is not continuously differentiable.
It is remarkable that the latter fact seems to improve the robustness of the online
algorithm, since in many other cases dropping the assumption of continuous
differentiability often increases the difficulty of solving optimization problems
(see, e.g., [129]).
Predictability of λ∗
Next to the robustness of our online approach, we also assess whether it is possible to predict the maximum optimal Lagrange multiplier λ∗ based on historical
values of λ∗ for (fictional) past charging sessions. For this, we simulate 100
charging sessions on consecutive days for each charging requirement in R and
compute for each session the corresponding λ∗ . As input for these simulations,
we use actual base load data of the household for 100 consecutive days.
Figure 8.5 shows that for most of the charging requirements, the corresponding
values of λ∗ are very close together, which implies that these historical values of
λ∗ accurately represent the behavior of λ∗ for future days. However, for R̄ ∈
{20, 000; 45, 000; 50, 000}, the difference between these values is significantly
larger. For R̄ = 20, 000, this is because the share of charging on “expensive”
stages, i.e., the stages corresponding to the evening demand peak, varies more
over the course of the days since for these charging requirements almost all stages
after this peak are used for charging. For R̄ ∈ {45, 000; 50, 000}, the reason for
the large variance is that the share of expensive stages (the stages before the "night
dip") is relatively large for these charging requirements since the load of these
stages varies more than the base load during the cheap stages, i.e., the base load
during the night.

8.3

Minimum charging threshold

In this section, we study a variation of the original Problem EV with an additional minimum threshold on the allowed charging rate. First, in Section 8.3.1,
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values of the stages before 21:00h, i.e., the stages with a relatively high base load.
As a consequence, when λ̂ is slightly larger than λ∗ , more of these “expensive”
stages will be used for charging in the online solution. On the other hand, for
charging requirements of 15 kWh and lower, λ∗ is relatively low and close to the
slopes of the stages after 21:00h, i.e., the stages with a relatively low base load.
Thus, when λ̂ is slightly larger than λ∗ , only these “cheap” stages will be used
for charging in the online solution.

1.2
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Figure 8.4: Ratios between the online and optimal offline objective value for
each of the charging requirements in R for different choices of λ̂. The dots
represent the maximum value among all corresponding multiplier values λ∗ that
are optimal.
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Figure 8.5: Values of λ∗ for 100 days for each of the charging requirements in R.
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λ∗
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we formulate this problem and analyze its computational complexity. Subsequently, in Section 8.3.2, we present an efficient approach and algorithm to solve
the offline version of this problem. Based on this approach, we present in Section 8.3.3 an alternative version of ODDO to solve the online version of the
problem. Finally, we evaluate the performance of this approach in Section 8.3.4.
8.3.1

Problem formulation
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In practice, mostly a lower limit Xmin on the possible charging rates is given.
To include this restriction of charging either nothing or at a certain rate within
the interval [Xmin , Xmax ], we introduce a binary variable y t that is 1 if charging
is done in stage t and 0 otherwise. This leads to the following optimization
problem:
X1
T hresholdEV : min
(xt + pt )2
2
x1 ,...,xT ,
y 1 ,...,y T

s.t.

t∈T

X
t∈T

xt =

R̄
,
∆t

Xmin y t ≤ xt ≤ Xmax y t ,
t

y ∈ {0, 1}

t∈T,

(8.5)

,t ∈ T .

Throughout this section, we assume without loss of generality that the stages
are sorted according to non-increasing values of pt , i.e., we assume that p1 ≥
p2 ≥ . . . pT . Moreover, we assume that Xmax ≥ 2Xmin , i.e., the range of
admissible charging rates is sufficiently large. This last assumption implies that
R̄
Problem ThresholdEV is feasible for any ∆t
∈ [Xmin , T Xmax ]. Note that this
assumption does not exclude the mentioned technical limitations of EV batteries
since the minimum allowed charging rate is usually around 1.38 (kW) and the
maximum charging rate is at least 3.3 (kW) for virtually every EV (see, e.g.,
[77, 182]).
We note that all analyses, algorithms, and online optimization approaches in
this section can be generalized to the case where the maximum charging rates
t
Xmax are stage-dependent, i.e., we have Xmin y t ≤ xt ≤ Xmax
y t for all t ∈
t
T , provided that Xmax ≥ 2Xmin (see [SU:8]). Moreover, they can also be
generalized to the case where the objective function is (0, p, f )-separable for some
convex function f , i.e., where we replace each term 12 (xt + pt )2 of the objective
function by f (xt + pt ) for a given convex function f (see also Section 2.2.2).
However, similarly to the analysis of EV charging problems with piece-wise
t
linear cost functions in Section 8.2, we restrict ourselves to the case where Xmax
is the same for all t ∈ T in order to connect the problem more easily to the
original Problem EV.
Problems of type ThresholdEV occur in the literature as knapsack problems
with setups [117] or semi-continuous knapsack problems [162]. However, in

both cases, the cost functions are generally assumed to be linear. In contrast,
little to no literature exists on these types of problems with quadratic objective
functions, except for a preliminary analysis of Problem ThresholdEV in [116].
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We first analyze the structure of Problem ThresholdEV and its optimal solutions. We show that solving Problem ThresholdEV can be reduced to solving a
specific sequence of instances of Problem EV. Based on this reduction, we first
derive a solution approach that runs in O(T 2 ) time. Subsequently, we derive an
O(T log T ) time algorithm for the problem by following an approach similar
to that in Chapter 4 to solve Problem QRA-NC. More precisely, we apply the
sequential breakpoint search procedure from Section 3.3.1 to solve the QRA subproblems, whereby we do not solve each subproblem from scratch but use the
optimal Lagrange multiplier of the “preceding” subproblem as a starting point
for the multiplier search in the current QRA subproblem.
We start by showing an important property of optimal solutions to Problem
ThresholdEV, namely that there exists an optimal solution (x∗ , y ∗ ) to Problem
ThresholdEV in which x∗ is a non-decreasing vector:
Lemma 8.1. There exists an optimal solution (x∗ , y ∗ ) to Problem ThresholdEV
with (x∗ )s ≤ (x∗ )t for all s, t ∈ T with s < t.
Proof. Suppose that for an optimal solution (x∗ , y ∗ ) to Problem ThresholdEV
there exist stages s̄, t̄ such that s̄ < t̄ and (x∗ )s̄ > (x∗ )t̄ . Let (x̄, ȳ) denote the
solution obtained from (x∗ , y ∗ ) by switching the values of stages s̄ and t̄, i.e.,
(x̄s̄ , ȳ s̄ ) = ((x∗ )t̄ , (y ∗ )t̄ ), (x̄t̄ , ȳ t̄ ) = ((x∗ )s̄ , (y ∗ )s̄ ), and (x̄t , ȳ t ) = ((x∗ )t , (y ∗ )t )
for all t ∈ T \{s̄, t̄}. Then we obtain the following relation between the objective
values of these solutions:
X1
X1
((x∗ )t + pt )2 −
(x̄t + pt )2
2
2
t∈T
t∈T

1  ∗ s̄
=
((x ) + ps̄ )2 + ((x∗ )t̄ + pt̄ )2 − (x̄s̄ + ps̄ )2 − (x̄t̄ + pt̄ )2
2

1  ∗ s̄
=
((x ) + ps̄ )2 + ((x∗ )t̄ + pt̄ )2 − ((x∗ )t̄ + ps̄ )2 − ((x∗ )s̄ + pt̄ )2
2
=(x∗ )s̄ (ps̄ − pt̄ ) + (x∗ )t̄ (pt̄ − ps̄ )
≥(x∗ )t̄ (ps̄ − pt̄ ) + (x∗ )t̄ (pt̄ − ps̄ )
=0.
This implies that (x̄, ȳ) must be an optimal solution since its objective value is
not larger than that of (x∗ , y ∗ ). This argument can be repeated until we have
arrived at a feasible solution (x, y) with x1 ≤ . . . ≤ xT that is by construction
also optimal
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8.3.2 Offline optimization approach

198

For a given K ≤ T , let ThresholdEV(K) denote the problem of solving Problem ThresholdEV with
P the additional constraint that no charging is done in
exactly K stages, i.e., t∈T y t = T − K. Lemma 8.1 implies that we can find
an optimal solution x∗ to this problem, assuming that it has a feasible solution,
by setting (y ∗ )t = 0 and (x∗ )t = 0 for t ≤ K, setting (y ∗ )t = 1 for t > K, and
solving the remaining problem as an instance of Problem EV:
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ThresholdEV(K) :

T
X
1 t
(x + pt )2
2

min

xK+1 ,...,xT

t=K+1
T
X

s.t.

xt =

t=K+1
min

X

R̄
,
∆t

≤ xt ≤ Xmax ,

t ∈ {K + 1, . . . , T }.

Problem ThresholdEV(K) can be solved in O(T − K) time using the binary
search procedure for Problem QRA in Algorithm 3.2. Thus, we can solve
Problem ThresholdEV in O(T 2 ) time by computing a solution to Problem
ThresholdEV(K) for each K ∈ {0, . . . , T −1} and, from these solutions, choose
the solution with the smallest objective value.
We can improve upon this approach using an approach similar to the fast sequential algorithm for Problem QRA-NC in Chapter 4. More precisely, instead of
solving each problem ThresholdEV(K) from scratch, we apply the sequential
breakpoint search procedure of Section 3.3.1 and use the optimal Lagrange multiplier of the “preceding” subproblem ThresholdEV(K − 1) as a starting point
for the sequential breakpoint search.
For this, note that for a given K ∈ {0, . . . , T − 1}, ThresholdEV(K) can be
written as an instance of Problem QRA by the variable transform z̄ = x + p
and choosing at = 1, lt = Xmin + pt , ut = Xmax + pt for t ∈ {K + 1, . . . , T }
PT
R̄
and R = ∆t
+ t=K+1 pt . Thus, we can write ThresholdEV(K) as
min

z̄ K+1 ,...,z̄ T

s.t.

T
X
1 t 2
(z̄ )
2

t=K+1
T
X

z̄ t =

t=K+1
min

X

T
X
R̄
+
pt ,
∆t
t=K+1

t

t

+ p ≤ z̄ ≤ Xmax + pt ,

t ∈ {K + 1, . . . , T }.

It follows that the solution to the Lagrangian relaxation of ThresholdEV(K) for
a given Lagrange multiplier λ ∈ R is given by


if λ − pt < Xmin ,
Xmin
t
z̄K
(λ) = λ − pt if 0 ≤ λ − pt < Xmax ,


Xmax if Xmax ≤ λ − pt ,

T
X
t=K+2

z̄ t (λK+1 ) =

T
T
T
X
X
X
R̄
+
pt =
z̄ t (λK ) − pK+1 >
z̄ t (λK ).
∆t
t=K+2

t=K+1

t=K+2

Since each z̄ t (λ) is non-decreasing in λ, this implies that λK+1 > λK for all
K ∈ {0, . . . , T − 2}.
The above analysis implies that we can find all the optimal Lagrange multipliers λ0 , . . . , λT +1 together using the sequential breakpoint search strategy from
Section 3.3.1. Hereby, we do not start each breakpoint search from scratch, but
instead use the previous multiplier as a starting point for the current multiplier.
This requires two main alterations to the original sequential breakpoint search
procedure in Algorithm 3.1:
» After a given optimal Lagrange multiplier λK has been found, the required resource R must be adjusted for the next problem ThresholdEV(K)
by subtracting pK+1 from the current amount of resource.
» If the breakpoints αK+1 or β K+1 have not been considered yet, they
must be removed from the breakpoint sets A or B respectively.
The resulting procedure is given by Algorithm 8.2. In this algorithm, the updating of the resource amount R is done in Line 19 and the removal of the
breakpoints αK+1 and β K+1 in Lines 20-25.
Moreover, two additional adjustments can be included to reduce the time needed
to determine the value of K for which the objective value of the optimal solution
to ThresholdEV(K) is smallest among all K:


R̄
1
» We limit K to the interval [K1 , K2 ] with K̄1 := max 0, T − ⌊ ∆t
⌋
Xmin


R̄
1
and K̄2 := min T − 1, T − ⌈ ∆t Xmax ⌉ . These values represent the
maximum and minimum number of stages where charging must be done
for any feasible solution to Problem ThresholdEV respectively. In other
words, ThresholdEV(K) is feasible if and only if K ∈ [K1 , K2 ].
» To efficiently compute for a given K ∈ [K1 , K2 ] the objective value of
the optimal solution to ThresholdEV(K), we keep track of the sum
N (λ) :=

X
t>K:λ<αt

(Xmin + pt )2 +

X
t>K:

λ≥β t

(Xmax + pt )2 ,
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t
where t ∈ {K + 1, . . . , T }. Note that z̄K
(λ) is independent of K; In particular, the lower and upper breakpoints are independent of K, meaning that for
each t ∈ T the breakpoints are the same for all problems Threshold(K) with
K < t. Hence, we can drop the subscript K from z̄K . Furthermore, given an
optimal Lagrange multiplier λK of ThresholdEV(K), the optimal solution to
ThresholdEV(K) is given by (z̄ K+1 (λK ), . . . , z̄ T (λK )). Finally, note that
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and update this value each time a new breakpoint has been considered or
when λK has been found and K is increased. Note that by construction
of the bookkeeping sum Q(λ) (see also Section 3.3.1), the objective value
of the solution z̄(λ) to the Lagrangian relaxation of ThresholdEV(K) is
given by N (λ) + Q(λ)λ2 .
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Analogously to Algorithm 3.1, the worst-case time complexity of the algorithm
is O(T log T ) since each iteration of the repeat-statement takes O(1) time and
is executed at most 2T times. Moreover, all operations outside of the repeatstatement can be executed in O(T ) time except for the initial sorting of p, which
takes O(T log T ) time.
8.3.3 Online optimization approach
In this section, we use the analysis of Section 8.3.2 to derive an algorithm for solving the online version of Problem ThresholdEV, when the vector p is unknown
beforehand. Since the feasible set of Problem ThresholdEV is not convex, we are
not guaranteed that an optimal Lagrange multiplier exists. More precisely, we are
not guaranteed that the optimal solution to the inner problem of the Lagrangian
dual function is optimal for the original problem. This means that we require
an alternative characterization of an optimal solution to Problem ThresholdEV.
We give such a suitable characterization using the analysis of the previous subsection and use this characterization to derive an alternative algorithm to solve
the online version of Problem ThresholdEV.
The analysis in the previous subsection implies that an optimal solution to Problem ThresholdEV is characterized by two values, namely
» the number K of stages where no charging is done, i.e., where xt = y t =
0 in the optimal solution, and
» the optimal Lagrange multiplier λK of the corresponding subproblem
Threshold(K).
Note that, given K, we have for the corresponding solution (x, y) that
(
0
y :=
1
t

if t < K,
if t ≥ K.

(8.6)

Observe that this characterization depends explicitly on the stage index t and
thereby on the order of the elements of the vector p. Recall that we assumed
for the derivation of the offline optimization approach in Section 8.3.2 that p is
a non-increasing vector. However, in the online setting, this assumption is not
valid: we do not know on forehand the order of p. This is a major disadvantage
of this characterization with regard to an online optimization approach for Problem ThresholdEV. Therefore, we propose a slightly different characterization of

Algorithm 8.2: An O(n log n) time algorithm for Problem ThresholdEV.
2
3
4

5

6
7
8
9
10
11
12
13
14
15

16
17

18
19
20
21

22
23
24
25
26
27
28
29
30
31
32

Input: Parameters p ∈ Rn , R̄ ∈ R, and ∆t, Xmin , Xmax ∈ Rn>0
Output: Optimal solution (x̄, ȳ) to Problem ThresholdEV
Sort p non-descendingly and permute T accordingly
Initialize A := {Xmin + pt | t ∈ T }; B := {Xmax + pt | t ∈ T };




1
R̄
1
R̄
⌋
;
K̄
:=
min
T
−
1,
T
−
⌈
⌉
K̄1 := max 0, T − ⌊ ∆t
2
Xmin
∆t Xmax
PK̄1 t 2 PT
P := (T − K̄1 )Xmin ; Q := 0; N = t=1
(p ) + t=K̄1 +1 (Xmin + pt )2 ;
P
R̄
R := ∆t
+ t∈T pt
for K = K̄1 , . . . , K̄2 do
repeat
Determine smallest breakpoint δ i := min(A ∪ B)
if P + Qδ t = R then
λK = δ t
else if P + Qδ t > R then
▷ λK < δ t
R−P
K
λ = Q
else
▷ λK > δ t
t
t
t
if δ is lower breakpoint (δ = α ) then
P := P − Xmin − pt ; Q := Q + 1;
N = N − (Xmin + pt )2 ; A := A\{αt }
else
P := P + Xmax + pt ; Q := Q − 1;
N = N + (Xmax + pt )2 ; B := B\{β t }
until multiplier λK has been found
V K := N + Q(λK )2 ; R = R − pK+1
if λK ≤ αK+1 then
N = N − (Xmin + pK+1 )2 + (pK+1 )2 ; P = P − Xmin − pK+1 ;
A = A\{αK+1 }; B = B\{β K+1 }
else if αK+1 < λK ≤ β K+1 then
N = N + (pK+1 )2 ; Q = Q − 1; B = B\{β K+1 }
else
N = N − (Xmax + pK+1 )2 + (pK+1 )2 ; P = p − Xmax − pK+1
Determine K ∗ := arg minK̄1 ≤K≤K̄2 V K
for K = 1, . . . , K ∗ do
x̄t = 0; ȳ t = 0
for K = K ∗ + 1, . . . , T do
x̄t = z̄ t (λK ) − pt ; ȳ t = 1
Reverse index ordering of T and (x̄, ȳ)
return (x̄, ȳ)
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the idle stages that is almost equivalent to that in Equation (8.6):
(
0 if Xmin + pt ≥ Z act ,
y t :=
1 if Xmin + pt < Z act ,
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where Z act := Xmin + pK . In terms of EV charging, the value Z act can be
interpreted as an activation threshold: in a given stage t ∈ T we only charge if
the minimum resulting combined load Xmin + pt "stays below" Z act . The main
difference between this characterization and that in Equation (8.6) is that the
current characterization does not depend on the stage index t. Thus, if the value
Z act is known, we can use this characterization to compute y t without using
knowledge of any stage other than t. Moreover, both characterization rules are
equivalent if all elements of p are distinct, meaning that computing y using either
of the characterizations yields the same result. Note that in practice it is highly
unlikely that two elements of p are exactly the same since they are measurements
of power consumption.
From the above analysis, we may conclude that we can adequately characterize
an optimal solution (x̄, ȳ) to Problem ThresholdEV wherein x̄t = 0 for K
stages by the two values Z act = Xmin + pK and Z mult := λK . More generally,
we define for any two values Z act and Z mult the following solution:
(
0 if Xmin + pt ≥ Z act ,
t
act
mult
y (Z , Z
) :=
(8.7a)
1 if Xmin + pt < Z act ,


0
if y t (Z act , Z mult ) = 0,





if y t (Z act , Z mult ) = 1 and Z mult − pt < Xmin ,
Xmin
xt (Z act , Z mult ) := Z mult − pt if y t (Z act , Z mult ) = 1



and 0 ≤ Z mult − pt < Xmax ,



X
if y t (Z act , Z mult ) = 1 and Xmax ≤ Z mult − pt .
max
(8.7b)
Under the (practically justified) assumption that all elements of p are distinct,
we have that the solution (x(Z act , Z mult ), y(Z act , Z mult )) is equal to the optimal
solution (x̄, ȳ). Note that this is similar to the optimality of the Lagrangian
solution x(µ∗ , λ∗ ) for the optimal Lagrange multipliers (µ∗ , λ∗ ) within ODDO.
Moreover, note that for each t ∈ T , the determination of x̄t and ȳ t using this
characterization does not require any elements of p other than pt . This property
is similar to the key observation of ODDO, namely that in certain cases the
components x̄t of an optimal solution x̄ to a convex optimization problem can
be reconstructed from the optimal Lagrange multipliers and using parameters
that depend only on the stage t.
It follows that we can solve the online version of Problem ThresholdEV in
the same spirit as ODDO by predicting Z act and Z mult and using the resulting

t̄
Cproj
:= ({0} ∪ [Xmin , Xmax ])∩

[R̂t̄ (Ẑ act , Ẑ mult ) − (T − t̄)Xmax , R̂t̄ (Ẑ act , Ẑ mult ) − Xmin ]

∪{R̂t̄ (Ẑ act , Ẑ mult )} ,
(8.8)

Pt̄−1
R̄
− t=1 x̂t (Ẑ act , Ẑ mult ). If xt̄ (Ẑ act , Ẑ mult ) lies
where R̂t̄ (Ẑ act , Ẑ mult ) := ∆t
within this set, then x̂t̄ (Ẑ act , Ẑ mult ) = xt̄ (Ẑ act , Ẑ mult ). Otherwise, we aim to
respect the initial activation decision y t̄ (Ẑ act , Ẑ mult ) as much as possible. For
this, we choose the online solution x̂t̄ (Ẑ act , Ẑ mult ) to be the feasible solution that
is closest to the initial solution xt̄ (Ẑ act , Ẑ mult ).
In the following, we derive an expression for this online solution x̂t̄ (Ẑ act , Ẑ mult )
t̄
given the initial feasible solution xt̄ (Ẑ act , Ẑ mult ) and the projection set Cproj
. For
j̄
this, note that it follows from Equation (8.8) that Cproj
can be formulated accord-

ing to Table 8.1 given the value of R̂t̄ (Ẑ act , Ẑ mult ).
Range of R̂t̄ (Ẑ act , Ẑ mult )

t̄
Cproj

[0]
[Xmin , 2Xmin )
[2Xmin , Xmax ]

{0}
{0, R̂t̄ (Ẑ act , Ẑ mult )}
{0} ∪ [Xmin , R̂t̄ (Ẑ act , Ẑ mult ) − Xmin ]
∪{R̂t̄ (Ẑ act , Ẑ mult )}
{0} ∪ [Xmin ,

t̄
act
mult
 min(R̂t̄ (Ẑact , Ẑmult ) − Xmin , Xmax )
max(R̂ (Ẑ , Ẑ ) − (T − t̄)Xmax , Xmin ),

min(Xmax , R̂t̄ (Ẑ act , Ẑ mult ) − Xmin )

(Xmax , (T − t̄)Xmax ]
(T − t̄)Xmax ,

(T − t̄ + 1)Xmax

Table 8.1:
t̄

act

R̂ (Ẑ , Ẑ

t̄
Structure of the projection set Cproj
based on the value of

mult

).
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predictions Ẑ act and Ẑ mult as input for the characterization in Equation (8.7).
One issue that must be resolved is how we can ensure that the resulting online
solution (x(Ẑ act , Ẑ mult ), y(Ẑ act , Ẑ mult )) is feasible. Recall that within ODDO we
introduced the concept of a projection set, which for a given stage t ∈ T contains
all allowed values for the current stage decision xt such that there still exists a
feasible solution for the future stages. Since we assumed that Xmax ≥ 2Xmin
R̄
and thus Problem ThresholdEV is feasible for any ∆t
∈ {0} ∪ [Xmin , T Xmax ],
we can construct these sets for Problem ThresholdEV in a similar way as for
Problem EV and Problem RelaxEV. More precisely, for a given stage t̄ ∈ T , let
(x̂1 (Ẑ act , Ẑ mult ), . . . , x̂t̄−1 (Ẑ act , Ẑ mult )) denote the online solution for stages 1
to t̄ − 1 for given predictions Ẑ act and Ẑ mult . Then the projection set for stage t̄
is

Given that x̂t̄ (Ẑ act , Ẑ mult ) is required to be as close to xt̄ (Ẑ act , Ẑ mult ) as possit̄
ble and that x̂t̄ (Ẑ act , Ẑ mult ) ̸∈ Cproj
, we use Table 8.1 to obtain the following
204

expressions for x̂t̄ (Ẑ act , Ẑ mult ), where we omit the arguments of R̂t̄ (Ẑ act , Ẑ mult ),
xt̄ (Ẑ act , Ẑ mult ), and x̂t̄ (Ẑ act , Ẑ mult ) to improve the readability:
1. If R̂t̄ = 0, then x̂t̄ = 0.
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2. If x̂t̄ ∈ [Xmin , 2Xmin ), then
(
0
x̂ =
R̂t̄

if xt̄ ≤ 12 R̂t̄ ,
otherwise.

t̄

3. If R̂t̄ (Ẑ act , Ẑ mult ) ∈ [2Xmin , Xmax ], then

0



X
min
x̂t̄ =
t̄

R̄
− Xmin


 t̄
R̂

if xt̄ ≤ 12 Xmin ,
if 12 Xmin < xt̄ < Xmin ,
if R̄t̄ − Xmin < xt̄ ≤ R̄t̄ − 12 Xmin ,
otherwise.

4. If R̂t̄ ∈ (Xmax , (T − t̄)Xmax ], then

0



X
min
x̂t̄ =
t̄

R̄
− Xmin



min(R̂t̄ − Xmin , Xmax )

if xt̄ ≤ 12 Xmin ,
if 12 Xmin < xt̄ < Xmin ,
if R̄t̄ − Xmin < xt̄ ≤ R̄t̄ − 12 Xmin ,
otherwise.

5. If R̂t̄ ∈ [(T − t̄)Xmax , (T − t̄ + 1)Xmax ], then
x̂t̄ = max(R̂t̄ − (T − t̄)Xmax , Xmin , min(R̂t̄ − Xmin , Xmax , xt̄ ))
Using this scheme, we can efficiently compute an online solution x̂ to Problem ThresholdEV.
8.3.4 Evaluation
In this section, we the performance of the online optimization approach derived
in the previous subsection. In particular, we validate its ability to compute online
solutions whose objective values are close to the optimal offline objective value.
Moreover, we study the predictability of the two characterizing values Z act and
Z mult .
We consider a situation where an EV is charged between 19:00 PM and 7:00 AM
and where the charging window is divided into 15-minute stages, meaning that
∆t = 14 . For the base load profile p, we use the same data as used in the evaluation

act

Z
Z mult
Relative objective value

Minimum

Maximum

Mean

Median

1595
3474
1.0001

3947
3761
1.3770

2707
3611
1.0679

2954
3615
1.0339
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of the online versions of Problem EV in Section 7.3 and Problem RelaxEV in
Section 8.2.4. Moreover, we again choose the Nissan Leaf as reference EV [3],
meaning that we set R̄ = 40 (kWh). Furthermore, we assume that a home
charger with a maximum charging rate of Xmax = 6.6 kW is used and we set
Xmin = 1.1 kW, which is in line with the recommendations in [8] regarding an
acceptable level of efficiency when charging at low rates.
We generate predictions of Z act and Z mult by computing the optimal EV schedule
for 70 previous days under the same circumstances as for the current charging
session, i.e., the same values of R̄, Xmin , and Xmax , using the base load profile
of each of the days respectively. Furthermore, for each previous day, we compute an online solution using the approach of Section 8.3.3 and the predictions
corresponding to that day as input. We compare each resulting solution to the
optimal solution of the current charging session by computing its relative objective value as the ratio between the objective value of the resulting solution and
the optimal objective value. Note that the smallest possible relative objective
value is 1, which occurs when the online solution is optimal.
Figure 8.6 shows the relative objective value of the online solution for different
choices of predictions Ẑ act and Ẑ mult . Here, the minimum is attained at Z act =
3206 and Z mult = 3705. The figure implies that slight deviations of Ẑ act and
Ẑ mult from Z act and Z mult respectively hardly influence the relative objective
value. This suggests that the online approach is robust against prediction errors
in these two characterizing values.
Table 8.2 provides a summary of the evaluation results. Since Z act varies significantly over the course of consecutive days and the predictions Ẑ mult remains
within a small interval around Z mult , these results imply that Z mult is easier to
predict than Z act . The objective value of the online solution is at most 3.39%
higher than the optimal objective value for 50% of the days, which implies that
the online optimization approach often computes online solutions that are nearoptimal.

8.3.4 – Evaluation

Table 8.2: Evaluation results. A relative objective value of 1 implies that the
online solution is optimal.
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Relative objective value
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Figure 8.6: Relative objective value for different combinations of Ẑ act and Ẑ mult
for one day. The minimum of 1 occurs at (Z act , Z mult ) = (3206, 3705).

8.4

Conclusions and outlook

In this chapter, we studied the necessity of some of the core assumptions of the
online duality driven optimization (ODDO) framework introduced in Chapter 6. These assumptions were:
1. The cost functions are continuously differentiable;
2. The cost functions are strictly convex;
3. The feasible set is convex.
To this end, we formulated two variants of the EV charging scheduling problem
introduced in Section 3.4 that take into account several practical limitations of
EV batteries and the charging infrastructure. In the first variant, the first two
assumptions are not satisfied, while in the second variant the third assumption is
not satisfied. For both these variants, we discussed solution approaches to solve
their offline version and presented adaptations of the original ODDO framework to solve their online version. Simulation results indicate that the practical

In the first variant, where the cost functions are not continuously differentiable
and not strictly convex, the predictability of the optimal Lagrange multiplier
varied significantly depending on the amount of resource, i.e., on the charging requirement. More precisely, the variance of the optimal Lagrange multiplier with
regard to charging sessions on consecutive days depends strongly on the amount
of resource, which is due to the step-wise nature of the Lagrange multiplier for
this problem. As a consequence, we expect that the practical performance of our
online approach can also differ significantly depending on this amount. This is a
disadvantage for the practical usage of the approach since it reduces the stability
of its outcomes and thereby the reliability of the approach. Therefore, more
research is needed to identify more specifically the influence of the problem parameters on the predictability of the optimal Lagrange multiplier and to derive
performance guarantees that possibly depend on these parameters.
In the second variant, where the feasible set is non-convex, we were able to
derive a characterization of the optimal offline solution in terms of the number
of "idle" stages, i.e., where no charging is done and thus the primal solution
value is 0, and the optimal Lagrange multiplier corresponding to the resulting
instance of the quadratic resource allocation problem (Problem QRA). The main
reason for this is that we could identify and exploit the monotonic structure
of the optimal solution, meaning that given the number of idle stages, we can
efficiently determine which stages are idle. This structure is closely related to that
of Problem QRA, where a similar structure can be identified. Thus a promising
possible extension of this approach is to other resource allocation problems
(RAPs) with, for example, different cost functions and / or constraint structures.
As mentioned in Section 8.3.1, two successful examples of such extensions are
to the case where the objective function is (0, b, f )-separable for a given vector
b ∈ Rn and some convex function f (see also Section 2.2.2), or where the upper
single-variable bound, i.e., the maximum charging rate, must be sufficiently
larger than the minimum threshold but may be different for each stage. One
interesting direction for future research is to identify possible extensions to RAPs
with additional submodular constraints or special cases of these constraints (see
also Section 2.2.3).
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performance of these approaches is similar to that of the original framework on
the problems discussed in Section 6.5. They are able to compute near-optimal
online solutions using only simple statistics to predict the optimal Lagrange multipliers and additional characterizing values. Thus, the aforementioned three
assumptions within the original framework are not always strictly necessary to
ensure a good performance.
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9

Conclusion
Abstract – In this concluding chapter, we first summarize the main results
obtained in this thesis. Subsequently, we answer the research question and its
two subquestions posed at the beginning of this thesis. Based on these answers
and on the conducted research, we also state relevant and interesting directions
for future research. Finally, we conclude this thesis with some general remarks
regarding energy management research.

9.1

Summary

Current developments with regard to energy, energy consumption, and the energy transition have led to a substantial increase in research on alternative energy
systems based on renewable energy sources (RES) and on energy-efficient devices.
One crucial aspect of those systems and devices is that they require some form
of energy management to actively manage the energy flows within the system.
This management is needed to ensure that the capacity restrictions of the system
are respected. In this thesis, we considered several of these energy management
problems from the mathematical perspectives of resource allocation and (Lagrangian) duality theory and proposed tailored optimization algorithms to solve
these problems.
In Chapter 2, we provided an overview of the resource allocation perspective
and discussed the relation between different possible objectives of energy management problems. By exploiting known theoretical properties of resource allocation problems (RAPs), we showed that often there exists a solution to a given
energy management problem that optimizes several different goals simultaneously. This has important consequences for developing solution approaches to
these problems, which we highlighted and discussed for several important applications such as communication systems, micro-grids, and processor scheduling.
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In Chapter 4, we considered a RAP with additional restrictions on the allocation
of resource to nested sequences of activities. This problem occurs as a core problem in many applications such as the ones mentioned in the previous paragraph.
We presented an algorithm for this problem that attains the same worst-case time
complexity as the current state-of-the-art approaches, but is around one order of
magnitude faster and can be implemented using much simpler subroutines. This
makes the algorithm highly suitable for application in real energy management
systems.
In Chapter 5, we focused on an energy management problem and a corresponding
RAP motivated by recent developments in three-phase electric vehicle charging.
We provide a thorough formal analysis of this problem and its structural properties and, based on this, present an efficient solution approach and two algorithms
to solve this problem. Both algorithms are fast enough for proper usage in real
energy management systems.
In Chapters 6-8, we presented a new framework called "Online Duality-Driven
Optimization" (ODDO) for solving online optimization problems wherein not
all problem data is known beforehand. The key idea in this framework is to
transform the uncertainty in input data into an uncertainty on values that characterize an optimal solution such as Lagrange multipliers and focus on predicting
these characterizing values to obtain good online solutions. In Chapter 6, we formally introduced the ODDO framework and explained its suitability for solving
energy management problems that require information on future energy usage
profiles. For a specific but relevant class of RAPs and energy management problems, we derived a theoretical guarantee on the quality of the resulting online
solutions. Moreover, as a proof-of-concept, we applied the framework to several
practical problems and showed that it is able to deliver good online solutions for
these problems, thereby demonstrating the promising potential of the ODDO
framework.
In Chapter 7, we presented two approaches for predicting the characterizing values (Lagrange multipliers) of an optimization problem and demonstrated their
good practical performance by applying them within the ODDO framework
to a specific EV scheduling problem. Finally, in Chapter 8, we extended the
ODDO framework to two different types of energy management problems in
the context of EV charging. These problems do not fully satisfy the original
assumptions of the framework but, compared to the EV charging scheduling
problem considered in Chapter 7, incorporate several important practical characteristics of the physical EV charging process. We showed that by making
several adjustments to the original ODDO framework, we were successful in
solving also these problems in practice.

9.2

Conclusions

To conclude, we answer the research question and its two subquestions posed in
Section 1.3. The main research question was formulated as follows:
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This question led to two subquestions, of which the first one was:
» How can we incorporate physical properties of devices in models and
algorithms for energy management problems while maintaining good theoretical performance guarantees for corresponding solution approaches?
The algorithms developed in this thesis, first of all, indicate that it is indeed
possible to develop algorithms that satisfy all these properties. Especially for
scheduling the charging of EVs, we have integrated several physical properties
of the EV charging process in existing basic optimization models while maintaining good theoretical performance guarantees. For instance, in Chapter 5, we
extended the basic EV charging optimization model introduced in Chapter 3
to also support three-phase EV charging. This type of charging is seen as a
promising solution for integrating an increasing number of EVs in residential
distribution grids while avoiding grid congestion and blackouts [80, 174]. Another example is given in Chapter 8, where we integrate in the basic model an
additional restriction present in most EV charging infrastructures that charging
at rates close to zero is not possible [87, 182]. This extension increased the applicability of the models in real-life energy management systems, as demonstrated
by the successful application of our algorithm for this problem in the field tests
conducted in [77].
Several of the algorithms presented in this thesis and other alternative solution
approaches use algorithms for existing, simpler models as building blocks. More
precisely, the problems presented in Chapters 4, 5, and 8 could be reduced to
specific sequences of the quadratic RAP introduced in Chapter 3. The used algorithms for this simpler problem already had both good theoretical performance
guarantees and a good practical performance. As a consequence, also the algorithms for extensions of this particular simpler RAP took over these properties.
This indicates that one way to combine all three desired properties into an algorithm is to start from simple problems that already have a good theoretical and
practical performance and try to reduce the problem at hand (i.e., a problem that
incorporates a practical requirement of physical property) to such a problem or
a specific sequence of such problems.
With regard to the actual implementation of an algorithm, it is important to
clearly define a desired and/or acceptable trade-off between these three aspects.
This trade-off depends on the envisioned application of the algorithm (e.g., the
environment wherein the algorithm has to be embedded or the background

9.2 – Conclusions

How can we develop algorithms for energy management problems that are
efficient and give good solutions both in theory and in practice?
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of those who implement or use it) and the availability and necessity of alternatives for necessary subroutines. Sometimes, this means that a more general
"multi-purpose" approach should be favored over a tailored approach. In the following, we illustrate the necessity of this trade-off by highlighting two examples
encountered while carrying out the research presented in this thesis.

Chapter 9 – Conclusion

When different procedures with similar theoretical performance guarantees are
available, practical aspects such as ease of implementation should determine
the choice for the procedure. One example of this was the implementation of
double-ended priority queues in Chapter 4. Usually, it can be expected that a
tailored procedure to solve a given problem yields better results than a more
generally applicable procedure. Therefore, initially, we implemented a tailored
data structure, namely symmetrical min-max heaps [9], for the double-ended
priority queues. However, the actual implementation and its validation were
time-consuming, which prompted us to consider simpler alternatives with a similar performance. It turned out that a much simpler but more generic approach
involving “ordinary” heaps was at least as fast in practice as the specialized minmax heaps structure (see also [30]) and thus eventually this simpler approach
was used in the final implementation. This choice significantly reduced the complexity of the final implementation and the specialized knowledge needed for
the implementation, which increased the usability of the implementation in real
energy management systems.
Another aspect is the potential reduction in execution time of a candidate procedure. If this is not significant enough for the given application, it may not be
worth the additional time and effort required to implement such an alternative
procedure. More precisely, it can occur that even if an alternative approach is
in practice faster than a theoretically efficient method, the potential reduction
in execution is very small compared to the execution time of the overall solution procedure. This was observed in Chapter 5 with regard to sorting so-called
breakpoints. This was an important step of our presented solution approach and,
moreover, together with another step defined the worst-case time complexity of
the presented algorithms. To sort the breakpoints, we could have exploited the
structure of the input data, which consisted of a collection of already sorted lists,
by using a specialized sorting algorithm for data with this particular structure
[102]. However, within the overall solution approach, the practical execution
time of the initial "naive" sorting algorithm was already more than one order
of magnitude smaller than the execution time of the entire approach. Thus,
since implementing or calling from an existing library a standard sorting algorithm is easier, more robust, and faster than implementing a specialized sorting
algorithm, it was decided not to exploit the present structure and instead use a
standard sorting algorithm to implement this step.
The second subquestion was formulated as follows:

» How can we obtain good solutions to energy management problems that
do not require detailed predictions of uncertain data such as future energy
demand and supply?

Computational evaluations of the ODDO framework indicate that predicting
optimal Lagrange multipliers is not necessarily more difficult but often even
easier than predicting the actual uncertain data themselves. One of the reasons
for this is that these values often represent general information on an optimal
solution to the problem or on a given aggregation of the data. For instance, in
Chapter 7, we proposed a prediction approach that exploits the present problem
structure explicitly. The resulting prediction depends directly on an aggregation
of the uncertain data, i.e., on the sum of the uncertain data points. This indicates that knowledge on such an aggregated value directly leads to knowledge
on the optimal Lagrange multipliers, which suggests that such aggregated values
are sufficient to solve the given problem. This confirms the underlying motivation for the posed subquestion, namely that detailed predictions of individual
data points are not necessary to obtain good solutions to energy management
problems with data uncertainty.

9.3

Recommendations for future research

In this final section, we present our recommendations for future research regarding the results obtained in this thesis and regarding the field of energy management in general.
We stressed in Chapter 5 the importance of considering the division of the energy
load of devices such as EVs over the three phases of the residential distribution
network instead of just a single phase. Therefore, also managing the energy
flows on all three phases within other energy management problems is an important direction for future research. A promising starting point for this, based
on the results in Chapters 4 and 5, is to develop a three-phase energy manage-

213

9.3 – Recommendations for future research

We have addressed this question by proposing a new framework for optimization
with uncertain data called "Online Duality-Driven Optimization" (ODDO).
This framework, presented in Chapters 6-8 of this thesis, answers the posed subquestion by transforming the need for detailed predictions of the uncertain data
themselves into a need for predictions of values (optimal Lagrange multipliers)
that characterize optimal solutions. This transformation is advantageous compared to other approaches for solving optimization problems with uncertain
data because it nullifies the need for detailed predictions of, essentially, human
behavior that underlies energy consumption patterns. Moreover, the transformation is beneficial especially for (energy management) problems wherein the
(physical) properties of the system or device can be described using only a few
rules or equations. The reason for this is that for such problems the number
of to-be-predicted characterizing values is relatively small since this number is
proportional to the number of imposed constraints.
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ment approach for storage systems such as neighborhood batteries. In terms of
RAPs, this corresponds to developing a fast and efficient algorithm to solve nonseparable quadratic RAPs with laminar or tree-structured constraints (see also
Section 2.3.4). Such an algorithm could contribute both to our understanding
of nonseparable RAPs and to actively manage energy flows over all three phases.

Chapter 9 – Conclusion

Within the ODDO framework presented in Chapters 6-8, we focused on optimization problems where the uncertainty is present only in the objective of
the problem, i.e., not in the constraints. Assuming constraint uncertainty in
the current version of the framework does not change the applicability of the
framework in the sense that still an initial online solution for each stage can be
computed. This is due to the separable nature of the constraints, which ensures
that no (uncertain) constraint data for future stages is required to compute this
initial solution. However, feasibility of the entire solution, i.e., the solution over
all stages, cannot be guaranteed because the constraint functions for the future
stages are unknown. To overcome this problem, one might be able to approximate the uncertain constraints by using other techniques for optimization under
uncertainty such as stochastic programming, (adjustable) robust optimization,
or online convex optimization, depending on which information on the constraint uncertainty is available. Combining such an approximation with ODDO
is an interesting direction for future research on solving optimization problems
with uncertain data.
The main purpose of the prediction approaches for optimal Lagrange multipliers presented in Chapter 7 and the computational studies in Chapters 6-8 is to
serve as a proof-of-concept to assess the potential of the ODDO framework
for solving practical energy management problems. To further strengthen the
framework, a more elaborate validation is required that includes more different
energy management problems and a more sophisticated analysis of the sensitivity of the prediction approaches. Furthermore, a significant improvement of
the framework would be to develop a prediction approach that gives (probabilistic) guarantees on the prediction error and to extend the derived theoretical
performance guarantee to other problem classes. Together, this leads to a more
complete framework that provides a computable performance guarantee for any
used multiplier prediction, which significantly increases its potential for usage
in, e.g., real energy management systems.
In the energy management problems considered in this thesis, only the shortterm effects of energy usage are taking into account in the objectives, i.e., it is
assumed that the "cost" of energy usage at a given moment in time is independent
of the cost at any other moment. However, hereby several long-term effects of
a given energy usage profile that might influence the proper functioning of the
system or device are not taken into account. One important example of this is
the effect of a given energy usage profile on the temperature of the device and/or
specific assets of the considered energy system. For example, electricity cables
degrade faster and can even overheat and break down if their capacity is exceeded

Finally, the field of optimization approaches for energy management problems
has seen a huge increase in publications over the last few years. For instance, the
search term "scheduling of electric vehicle charging" yields over 45,000 publications in Google Scholar at the time of writing, of which more than 15,000 are
from 2019 or more recent. Therefore, in order to create some clarity and structure in this increasing mass of literature, it is increasingly important to clearly
state the criteria that one uses as guidelines for developing new models and approaches. Moreover, the eventual developed solution approach should match
the stated criteria. For instance, when the stated goal is to develop approaches
that are usable in practice, the resulting algorithms should not contain advanced
subroutines that work in theory but are virtually impossible to be implemented
correctly in practice. By a clear formulation of the assessment criteria on the
one hand and a clear explanation of how the developed approaches satisfy these
criteria on the other hand, the research actually becomes accessible to fellow
scientists and other interested parties. Hereby, these people are able to quickly
put the work into context and decide if it is relevant for their own projects and
interests. More importantly, making research more accessible in this way allows
not only for more efficient searches of the literature, but also for a critical evaluation and a deserved valuation of the research itself. The latter two aspects
are important drivers for science in general and energy management research
in particular. Thus, more effort should be put into making research accessible,
both on the technical level towards fellow scientists and on a more intuitive level
towards the general public.
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for a longer consecutive time period. Moreover, battery-powered devices can
overheat if they consume much energy for a longer consecutive period of time
and are not ventilated properly. Thus, one important goal of energy management strategies is to minimize the peak temperature of the device and/or grid
assets. Apart from the properties of the device and/or system themselves, this
requires an accurate model of the relation between energy usage and temperature.
The optimization models considered in this thesis do not actively incorporate
temperature as a system variable. Thus, one important and interesting direction
for future research is the development and integration of temperature models
into energy management optimization problems.
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Technical proofs
Abstract – This appendix contains the proofs of several technical lemmas in
this thesis.

A.1

Proofs of Chapter 4

A.1.1 Proof of Lemma 4.1
Lemma. If Lj ≤ A ≤ B ≤ Uj , we have xj (A) ≤ xj (B) for a given j ∈ N .
Proof. For convenience, we include the equality constraint (4.2) into the nested
constraints (4.3) by replacing these nested constraints by
X
L̃k ≤
xi ≤ Ũk , k ∈ Nj ,
i∈Nk

where L̃k = Lk and Ũk = Uk for k < j, and L̃j = Ũj = C. The KarushKuhn-Tucker (KKT) optimality conditions (see, e.g., [29]) for the subproblem
QRA-NCj (C) are as follows:
j

xi X j
+
(ηk − ζkj ) + µji − νij = 0,
ai
k=i
X
L̃i ≤
xk ≤ Ũi ,

i ∈ Nj ,

(A.1a)

i ∈ Nj ,

(A.1b)

= 0,

i ∈ Nj ,

(A.1c)

= 0,

i ∈ Nj ,

(A.1d)

k∈Ni

!
ηij

Ũi −

X

xk

k∈Ni

!
ζij

X
k∈Ni

xk − L̃i

µji (ui − xi ) = 0,
νij (xi − li )
ηij , ζij , µji , νij
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i ∈ Nj ,

(A.1e)

= 0,

i ∈ Nj ,

(A.1f)

≥ 0,

i ∈ Nj .

(A.1g)
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Let (ζ j (C), η j (C), µj (C), ν j (C)) denote the Lagrange multipliers corresponding to the optimal solution xj (C). Thus, (xj (C), ζ j (C), η j (C), µj (C), ν j (C))
satisfy the KKT-conditions (A.1).
Suppose that there exists an index s ∈ N such that xjs (A) > xjs (B). Let r be
P
P
the largest index with r ≤ s such that k∈Nr−1 xjk (A) ≥ k∈Nr−1 xjk (B), and
P
P
let t be the smallest index with t ≥ s such that k∈Nt xjk (A) ≤ k∈Nt xjk (B).
By definition of r, s, and t, we have that
t
X

xji (B) =

i=r

X
i∈Nt

≥

X

xji (B) −

X

xji (B)

i∈Nr−1

X

xji (A) −

i∈Nt

xji (A) =

t
X

xji (A).

i=r

i∈Nr−1

Moreover, observe that we cannot have r = s = t simultaneously. Indeed, if
r = s = t, then we have by definition of r, s, and t that
X

xjk (A) ≤

k∈Ns

X

X

xjk (B) ≤

k∈Ns

xjk (A) + xjs (B).

k∈Ns−1

This implies xjs (A) ≤ xjs (B), which is a contradiction. Thus, either r < s or
s < t or both.
We show that we obtain a contradiction if r < s. The proof for the case where
s < t is symmetrical. If r < s, the following holds:
» By definition of r and s, we have
X

xjk (A) <

k∈Nr

X

xjk (B) =

≤

xjk (B) + xjr (B)

k∈Nr−1

k∈Nr

X

X

xjk (A)

+ xjr (B).

k∈Nr−1

Thus, xjr (A) < xjr (B).
» For each k such that r ≤ k ≤ s − 1, we have by definition of r and s and
KKT-condition (A.1b) that
L̃k ≤

X
i∈Nk

xji (A) <

X
i∈Nk

xji (B) ≤ Ũk .

It follows from KKT-conditions (A.1c), (A.1d), and (A.1g) that ζkj (B) =
ηkj (A) = 0. Thus, for each r ≤ k ≤ s − 1, we have
j
j
X
X
(ηij (A) − ζij (A)) −
(ηij (A) − ζij (A)) = ηkj (A) − ζkj (A) ≤ 0
i=k+1

and
j
X

(ηij (B)

−

ζij (B))

i=k

−

j
X

(ηij (B) − ζij (B)) = ηkj (B) − ζkj (B) ≥ 0.

i=k+1

In particular, this implies that
j
j
X
X
(ηij (A) − ζij (A)) ≤
(ηij (A) − ζij (A))
i=r

and

(A.2)

i=s

j
j
X
X
(ηij (B) − ζij (B)) ≥
(ηij (B) − ζij (B)).
i=r

(A.3)

i=s

» We have lr ≤ xjr (A) < xjr (B) ≤ ur . It follows from KKT-conditions
(A.1e)-(A.1g) that
νrj (B) = µjr (A) = 0.
(A.4)
Similarly, since ls ≤ xjs (B) < xjs (A) ≤ us , we have by KKT-conditions
(A.1e)-(A.1g) that
νsj (A) = µjs (B) = 0.
(A.5)
We can now derive a contradiction as follows:
j
X

(ηij (A) − ζij (A)) = −

i=s

xjs (A)
− µjs (A) + νsj (A)
as

xjs (B)
− µjs (B) + νsj (B)
as
j
X
=
(ηij (B) − ζij (B))

<−

(A.6a)
(A.6b)
(A.6c)

i=s

≤

j
X

(ηij (B) − ζij (B))

(A.6d)

i=r

xjr (B)
− µjr (B) + νrj (B)
ar
xj (A)
<− r
− µjr (A) + νrj (A)
ar
=−

(A.6e)
(A.6f)
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i=k
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=

j
X

(ηij (A) − ζij (A))

(A.6g)

(ηij (A) − ζij (A)).

(A.6h)

i=r
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≤

j
X
i=s

Here,
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» (A.6a), (A.6c), (A.6e), and (A.6g) follow from KKT-condition (A.1a);
» (A.6b) follows from Equation (A.5) and the fact that xjs (A) > xjs (B) and
as > 0;
» (A.6d) follows from Equation (A.3);
» (A.6f) follows from Equation (A.4) and the fact that xjr (A) < xjr (B) and
as > 0;
» (A.6h) follows from Equation (A.2).
It follows that xjs (A) ≤ xjs (B).
A.1.2 Proof of Lemma 4.4
Lemma. It holds that χn = κn = λn . Moreover, for each j ∈ Nn−1 , the following
implications are valid:
P
1. χj+1 ≤ κj implies i∈Nj xni (R) = Lj and χj = κj ;
P
2. λj ≤ χj+1 implies i∈Nj xni (R) = Uj and χj = λj ,
P
3. κj < χj+1 < λj implies Lj < i∈Nj xni (R) < Uj and χj = χj+1 .
Proof. We have χn = κn = λn since we defined Ln = UnP= R and by definition
of the solution xn (R) the nested constraints Ln ≤ i∈N xni (Ln ) and
P
n
i∈N xi (Un ) ≤ Un are tight. We prove the lemma by considering each of its
three cases separately for each j < n:
1. We prove this part of the lemma for the case that j is the largest index
smaller than ℓj+1 such that χj+1 ≤ κj , i.e., χk+1 > κk for all k ∈
{j + 1, . . . , ℓj+1 − 1}. Using this result, we show as follows that the other
case, i.e., both the situations where either j = ℓj+1 or where there exists
an index k > j that it is the largest index in the set {j + 1, . . . , ℓj+1 − 1}
such that χk+1 ≤ κk , leads to a contradiction. In the former situation, it
follows that j + 1 > j = ℓj+1 ≥ j + 1, which is a contradiction.
In the
P
latter situation, the lemma applies for k, meaning that i∈Nk xni (R) =
Lk and thus ℓk = k. However, we also have by definition of ℓj+1 that
ℓk = ℓj+1 since j + 1 ≤ k < ℓj+1 . This implies k = ℓj+1 , which is a
contradiction.

» In the former case, note that αik ≤ αik+1 for all k < n by Equation (4.7) and that χj+1 = χk for all k ∈ {j + 1, . . . , ℓj+1 } by definition of χj+1 . Since χk+1 > κk for all k ∈ {j + 1, . . . , ℓj+1 − 1},
we have that αik ≥ αij+1 ≥ χj+1 = χk+1 > κk for all k ∈ {j +
1, . . . , ℓj+1 −1}. Thus, xki (Lk ) = ¯lik = xk−1
(Lk−1 ) for all k ∈ {j +
i
ℓ
−1
j
1, . . . , ℓj+1 − 1}, which implies that xi (Lj ) = xi j+1 (Lℓj+1 −1 ).
ℓj+1
j+1
j+1
ℓj+1
Moreover, note that since α
≥α
≥χ
=χ
, we have
ℓ
ℓ
−1
that xi j+1 (Vℓj+1 ) = xi j+1 (Lℓj+1 −1 ). Therefore, it follows that
ℓ
xi j+1 (Vℓj+1 ) = xji (Lj ).
» The latter case implies that xji (Lj ) = xji (Uj ) = ūji . It follows by
ℓ
ℓ
Lemmas 4.1 and 4.2 that xi j+1 (Vℓj+1 ) ≤ xi j+1 (Uℓj+1 ) ≤ xji (Uj ) =
ℓ
ℓ
xji (Lj ) ≤ xi j+1 (Lℓj+1 ) ≤ xi j+1 (Vℓj+1 ).
On the one hand, if Vℓj+1 = Lℓj+1 , we have
ℓj+1

Lj =

X

xji (Lj )

iNj

=

ℓ
xi j+1 (Lℓj+1 )

X

X

= Lℓj+1 −

ℓ

xi j+1 (Lℓj+1 )

i=j+1

i∈Nj
ℓj+1

≥

X

xni (R) −

i∈Nℓj+1

X

xni (R) =

i=j+1

X

xni (R) ≥ Lj ,

i∈Nj

where the inequality follows since

P

i∈Nℓj+1

xni (R) = Lℓj+1 and by

Lemma 4.2. On the other hand, if Vℓj+1 = Uℓj+1 , we have by Lemma 4.2
that
X j
X ℓ
X
Lj =
xi (Lj ) =
xi j+1 (Uℓj+1 ) ≥
xni (Un ) ≥ Lj .
i∈Nj

i∈Nj

In both cases, it follows that
directly that χj = κj .

P

i∈Nj
i∈Nj

xni (R) = Lj , from which it follows

2. The proof for the case λj ≥ χj+1 is analogous to the proof for the case
χj+1 ≤ κj .
3. Suppose that xji (Lj ) = xni (Ln ) holds for all i < j+1. By Lemma 4.2, this
implies that xki (Lk ) = xji (Lj ) = xni (Ln ) for all k ∈ {j, . . . , n} and i <
j + 1. In particular, we have that xki (Lk ) = ¯lik for all k ∈ {j + 1, . . . , n},
which implies that κk ≤ αik . Furthermore, note that for any k ′ ∈ N
′
′
′
there is at least one index ik′ ≤ k such that αikk′ ≤ κk < βikk′ . Otherwise,
′
there exists ϵ > 0 such that κk + ϵ is an optimal Lagrange multiplier. It

221

A.1.2 – Proof of Lemma 4.4

If χj+1 ≤ κj , it follows from the lower breakpoint relations in Equation (4.7) that we have either αij+1 ≥ κj ≥ χj+1 (if κj < βij ) or
αij+1 = βij ≤ κj ≤ λj (if βij ≤ κj ) for all i ≤ j + 1. We show that in
ℓ
both cases it holds that xi j+1 (Vℓj+1 ) = xji (Lj ):

′

′

follows from the relation between αikk′ and αikk′+1 in Equation (4.7) that
′

′

αikk′+1 = κk for any k ′ < n. This implies in particular that αik+1
= κk ≤
k
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αikk−1 for all k ∈ {j + 1, . . . , n}. It follows that κℓj+1 ≤ αij+1
= κj and
j
ℓj +1
j+1
ℓj+1
ℓj+1
ℓj+1
ℓj+1
thus that κ
<χ
=χ
. Since χ P
∈ {κ
,λ
}, we have
χℓj+1 = λℓj+1 , from which it follows that i∈Nℓ xni (R) = Uℓj+1 .
j+1

However, this implies that
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X

ℓ

X

xi j+1 (Lℓj+1 ) =

i∈Nℓj+1

ℓ

xi j+1 (R) = Uℓj+1

i∈Nℓj+1

X

≥

ℓ

i∈Nℓj+1

and thus that

P

i∈Nℓj+1

ℓ

X

xi j+1 (Uℓj+1 ) ≥

ℓ

xi j+1 (Lℓj+1 ),

i∈Nℓj+1

xi j+1 (Lℓj+1 ) =

P

i∈Nℓj+1

ℓ

xi j+1 (Uℓj+1 ). It fol-

lows that Lℓj+1 = Uℓj+1 by the monotonicity of xℓj+1 (·) as proven in
Lemma 4.1. However, this is a contradiction with the assumption that
′
Lk < Uk for all k < n. Hence, there must
Pbe at least one index
P i such that
xji′ (Lj ) < xni′ (R). It follows that Lj = i∈Nj xji (Lj ) < i∈Nj xni (R).
P
To prove that i∈Nj xni (R) < Uj , we can use a similar argument wherein
we show that the proposition xji (Uj ) P
= xni (R) cannot be true for all
i < n. Together, this implies that Lj < i∈Nj xni (R) < Uj , from which
it follows directly that χj = χℓj+1 = χj+1 .

A.1.3 Proof of Lemma 4.5
Lemma. For each i ∈ N , we have


li
n
xi (R) = ai χi


ui

if χi < αii ,
if αii ≤ χi < βii ,
if βii ≤ χi .

Proof. Let J denote the set of indices whose corresponding nested lower or
upper constraint is tight in xn (R). More precisely,
J := {ℓj | j ∈ N } ≡ {j1 , . . . , jq },
where q := |J | and j1 < · · · < jq . For a given p ∈ {1, . . . , q}, note that since
either the lower or upper nested
P constraint corresponding to jp is tight in the
solution xn (R), we have that i∈Njp xni (R) = Vjp . This implies that the vector

(xni (R))1≤i≤jp is the optimal solution to the subproblem QRA-NCjp (Vjp ), i.e.,

to the problem
X 1 x2
i
2 ai
x∈R p
i∈Njp
X
xi = Vjp ,
s.t.

QRA-NCjp (Vjp ) : minj
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Lk ≤

X

k ∈ {1, . . . , jp − 1}, (A.7)

xi ≤ Uk ,

i∈Nk

li ≤ xi ≤ ui ,

i ∈ {1, . . . , jp }.

Note that in the optimal solution (xni (R))i∈Njp to this problem, none of the
nested constraints (A.7) for k with jp−1 < k < jp are tight. As a consequence,
when deriving the reformulated equivalent problem QRAjp (Vjp ), it follows
from Lemmas 4.2 and 4.3 that we may replace the single-variable bounds (4.5)
for i with jp−1 < i < jp by the original variable bounds li ≤ xi ≤ ui . Thus,
we can reformulate QPRAP-NCjp (Vjp ) to
X 1 x2
i
2 ai
x∈R
i∈Njp
X
s.t.
xi = Vjp ,

QRAjp (Vjp ) : minj

i∈Njp
j −1

xi p

j −1

(Ljp −1 ) ≤ xi ≤ xi p

lj ≤ xj ≤ uj ,

(Ujp −1 ), i ∈ {1, . . . , jp−1 },

i ∈ {jp−1 + 1, . . . , jp }.

Recall that χjp is the optimal Lagrange multiplier for this problem. As a conj
sequence, we can directly compute xi p (R) for i ∈ {jp−1 + 1, . . . , jp } using
Equation (3.2):


if χjp < αii ,
 li
j
xni (R) = xi p (Vjp ) = ai χjp if αii ≤ χjp < βii ,


ui
if βii ≤ χjp .
The result of the lemma follows since χjp = χi for each i ∈ {jp−1 , . . . , jp } by
definition of jp and χi .

A.2 Proofs of Chapter 5
A.2.1 Proof of Lemma 5.1
Lemma. H j is positive definite if and only if 1 + wj

P

i∈Nj

ai > 0.

Proof. Suppose that H j is positive definite. Then its determinant is strictly
positive. Due to the special structure of H j , we can rewrite its determinant to

A.2 – Proofs of Chapter 5

i∈Njp
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the following form by applying the matrix determinant lemma (see, e.g., [67]):


X
det(H j ) = det(wj ee⊤ + diag(aj )) = 1 + wj
ai  det(diag(aj )).
i∈Nj

Appendix A – Technical proofs

Since ai > 0 for P
all i ∈ Nj , we have that det(diag(aj )) > 0 and thus we also
have that 1 + wj i∈Nj ai > 0.
P
Now suppose that 1 + wj i∈Nj ai > 0. We show that all leading principal
minors of H j are positive, i.e., that the determinant of each upper-left submatrix
of H j is positive. For this, we label the indices of Nj as 1, . . . , nj such that, for
any 1 ≤ ℓ ≤ nj , the ℓ × ℓ upper-left submatrix of H j is formed by the first ℓ
j
rows and columns of H j . Let us denote this submatrix by H1:ℓ;1:ℓ
.
j
To show that det(H1:ℓ;1:ℓ
) > 0, we compute this determinant by applying the
j
matrix determinant lemma to H1:ℓ;1:ℓ
. This yields
! ℓ
ℓ
X
Y 1
j
det(H1:ℓ;1:ℓ ) = 1 + wj
ai
.
a
i=1
i=1 i

Note that 1 + wj

Pℓ

i=1

ai > 0 since 1 + wj

P

i∈Nj

ai > 0 and all values ai are

j
det(H1:ℓ;1:ℓ
)

positive. It follows that
> 0. Since ℓ was chosen arbitrarily, this
implies that all leading principal minors of H j are positive and thus that H j is
positive definite.
A.2.2 Proof of Lemma 5.2
Lemma. For a given j ∈ M, let xj := (xi )i∈N and xj := (xi )i∈N be optimal
solutions to QRAj (Lj ) and QRAj (Uj ) respectively. Then there exists an optimal
solution x∗ := (x∗i )i∈N to Problem QRA-NonSep-GBC that satisfies xi ≤ x∗i ≤ xi
for each i ∈ Nj .
Proof. We prove the validity of the lower bounds xi ≤ x∗i ; the proof for the
upper bounds x∗i ≤ xi is analogous. If for a given j ∈ M there is no optimal
solution x∗ to Problem QRA-NonSep-GBC that satisfies the bounds xi ≤ x∗i ≤
xi for each i ∈ Nj , then choose
out of all these solutions the one solution x∗
P
for which the value d := ℓ∈Nj max(xℓ − x∗ℓ , 0) is minimum. Let i ∈ N be
an index with x∗i < xi and let j be such that iP∈ Nj . ThenPthere must exist
k ∈ Nj \{i} such that x∗k > xk since otherwise ℓ∈Nj x∗ℓ < ℓ∈Nj xℓ = Lj .
Let ϵ := min(xi − x∗i , x∗k − xk ) and let ϵ ∈ (0, ϵ]. Then the solution x′ given by
 ∗
 xℓ + ϵ if ℓ = i,
x∗ − ϵ if ℓ = k,
x′ℓ =
 ℓ∗
xℓ
otherwise,

j =1

ℓ∈Nj ′

ℓ=1

2




m
n 
X
X
X
1 (x′ℓ )2
1
′
′

wj ′
xi
+
≤
+ bℓ x ℓ .
2
2 aℓ
′
j =1

ℓ∈Nj ′

ℓ=1

It follows by definition of x′ that
1 (x′i )2
1 (x′k )2
1 (x∗i )2
1 (x∗k )2
+ bi x′i +
+ bk x′k −
− bi x∗i −
− bk x∗k
2 ai
2 ak
2 ai
2 ak
1 (x∗k − ϵ)2
1 (x∗i + ϵ)2
+ bi (x∗i + ϵ) +
+ bk (x∗k − ϵ)
=
2
ai
2
ak
1 (x∗i )2
1 (x∗k )2
−
− bi x∗i −
− bk x∗k
2 ai
2 ak
x ∗ ϵ 1 ϵ2
x∗ ϵ 1 ϵ2
= i +
+ bi ϵ − k +
+ bk ϵ.
(A.8)
ai
2 ai
ak
2 ak

0≤

Analogously, the solution (x′ )j given by

 xℓ − ϵ if ℓ = i,
x + ϵ if ℓ = k,
x′ℓ =
 ℓ
otherwise,
xℓ
is feasible for QRAj (Lj ) since x′i = xi − ϵ ≥ xi − ϵ ≥ xi − xi + x∗i = x∗i ,
x′k = xk + ϵ ≤ xk + ϵ ≤ xk + x∗k − xk = x∗k , and x∗ and xj are feasible for
Problem QRA-NonSep-GBC and QRAj (Lj respectively. Moreover, since xj is
optimal for QRAj (Lj ), we have that


X  1 (x )2
X  1 (x′ )2
ℓ
′
ℓ
+ bℓ xℓ ≤
+ bℓ xℓ .
2 aℓ
2 aℓ
ℓ∈Nj

ℓ∈Nj

It follows by definition of (x′ )j that
1 (x′i )2
1 (x′k )2
1 (xi )2
1 (xk )2
+ bi x′i +
+ bk x′k −
− bi x i −
− bk x k
2 ai
2 ak
2 ai
2 ak
1 (xi − ϵ)2
1 (xk + ϵ)2
=
+ bi (xi − ϵ) +
+ bk (xk + ϵ)
2
ai
2
ak
1 (xi )2
1 (xk )2
− bi x i −
− bk xk
−
2 ai
2 ak

0≤
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is feasible for Problem QRA-NonSep-GBC since x′i = x∗i + ϵ ≤ x∗i + ϵ ≤
x∗i + xi − x∗i = xi , x′k = x∗k − ϵ ≥ x∗k − ϵ ≥ x∗k − x∗k + xk = xk , and xj and
x∗ are feasible for QRAj (Lj ) and QRA-NonSep-GBC respectively. Moreover,
since x∗ is an optimal solution to Problem QRA-NonSep-GBC, we have that

2

m
n 
X
X
X
1
1 (x∗ℓ )2
wj ′ 
x∗i  +
+ bℓ x∗ℓ
2
2 aℓ
′

=−
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x i ϵ 1 ϵ2
x ϵ 1 ϵ2
+
− bi ϵ + k +
+ bk ϵ.
ai
2 ai
ak
2 ak

(A.9)

Adding Equations (A.8) and (A.9) yields
0≤

ϵ(−ϵ + ϵ) ϵ(−ϵ + ϵ)
ϵ(x∗i − xi + ϵ) ϵ(xk − x∗k + ϵ)
+
≤
+
≤ 0.
ai
ak
ai
ak
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This implies that both Equations (A.8) and (A.9) are equalities and thus that x′
and (x′ )j are optimal for Problem QRA-NonSep-GBC and QRAj (Lj ) respectively. However, since x′i ≤ xi and x′k ≥ xk , it holds that
X
max(xℓ − x′ℓ , 0) = d − max(xi − x∗i , 0) − max(xk − x∗k , 0)
ℓ∈Nj

+ max(xi − x′i , 0) + max(xk − x′k , 0)
= d − xi + x∗i − 0 + xi − x′i + 0
= d + x∗i − x′i
= d − ϵ.
This is a contradiction P
with the definition of x∗ as the optimal solution that minimizes the expression ℓ∈Nj max(xℓ − x∗ℓ , 0). Hence, there exists an optimal
solution satisfying the lower bounds x.
A.2.3 Proof of Lemma 5.4
Lemma. For any λ1 , λ2 ∈ R with λ1 < λ2 , it holds that xi (λ1 ) ≤ xi (λ2 ), i ∈ N .
Proof. Suppose that there exist λ1 , λ2 with λ1 < λ2 such that for some j ∈ M
and i ∈ Nj we have xi (λ1 ) > xi (λ2 ). First, we show that there must exist an
index k ∈ Nj \{i} such that xk (λ1 ) ≤ xk (λ2 ). Subsequently, we show that the
existence of such an index k leads to a contradiction.
For each ℓ ∈ Nj , we multiply KKT-condition (5.6a) by aℓ :
aℓ wj yj + xℓ + aℓ (bℓ − λ + µℓ ) = 0,

ℓ ∈ Nj .

(A.10)

By summing Equation (A.10) over Nj , we obtain
X
X
0 = wj yj
aℓ +
(xℓ + aℓ (bℓ − λ + µℓ ))
ℓ∈Nj

ℓ∈Nj


= 1 + wj


X
ℓ∈Nj

aℓ  yj +

X

aℓ (bℓ − λ + µℓ ).

(A.11)

ℓ∈Nj

Suppose that there is no index k ∈ Nj \{i} such that xk (λ1 ) ≤ xk (λ2 ). Then for
all ℓ ∈ Nj , we have xℓ (λ1 ) > xℓ (λ2 ), which in turn implies yj (λ1 ) > yj (λ2 ). It

follows from Equation (A.11), Property 5.1, and Lemma 5.3 that


X 1
 (yj (λ1 ) − yj (λ2 ))
0 = 1 + wj
aℓ
ℓ∈Nj
X
aℓ (bℓ − bℓ − λ1 + λ2 + µℓ (λ1 ) − µℓ (λ2 ))
+
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>

aℓ (bℓ − bℓ − λ1 + λ2 + µℓ (λ1 ) − µℓ (λ2 ))

ℓ∈Nj

>

X

aℓ (µℓ (λ1 ) − µℓ (λ2 ))

ℓ∈Nj

≥ 0.
This is a contradiction and thus there must exist an index k ∈ Nj \{i} with
xk (λ1 ) ≤ xk (λ2 ).
We now show that the existence of the index k leads to a contradiction. By
Lemma 5.3, we have µk (λ1 ) ≤ µk (λ2 ). It follows that
xk (λ1 )
xk (λ2 )
+ bk + µk (λ1 ) ≤
+ bk + µk (λ2 ).
ak
ak

(A.12)

However, KKT-condition (5.6a) implies that
wj yj (λ1 ) +

i (λ1 )

ai

+ bi + µi (λ1 ) = λ1 = wj yj (λ1 ) +

xk (λ1 )
+ bk + µk (λ1 ),
ak

which yields
xk (λ1 )
xi (λ1 )
+ bi + µi (λ1 ) =
+ bk + µk (λ1 ).
ai
ak

(A.13)

Analogously, we have
xi (λ2 )
xk (λ2 )
+ bi + µi (λ2 ) =
+ bk + µk (λ2 ).
ai
ak

(A.14)

It follows from Equations (A.12)-(A.14) and Lemma 5.3 that
xk (λ1 )
xk (λ2 )
+ bk + µk (λ1 ) ≤
+ bk + µk (λ2 )
ak
ak
xi (λ2 )
+ bi + µi (λ2 )
=
ai
xi (λ1 )
<
+ bi + µi (λ1 )
ai
xk (λ1 )
=
+ bk + µk (λ1 ).
ak
This is a contradiction, hence it must be that xi (λ1 ) ≤ xi (λ2 ). As this implies
that xi (λ1 ) ≤ xi (λ2 ) for all λ1 < λ2 and i ∈ N , the lemma is proven.
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ℓ∈Nj

X

A.2.4 Proof of Lemma 5.5
Lemma. For all i ∈ N , we have µi (αi ) = µi (βi ) = 0.
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Proof. Let i ∈ Nj for some j ∈ M. We prove the lemma for µi (αi ); the proof
for µi (βi ) is analogous. Consider the solutions x(αi ) and x(αi + ϵ) for an
arbitrary ϵ > 0 with αi + ϵ < βi . Note that µi (αi + ϵ) = 0 by Equation (5.7b)
and KKT-conditions (5.6d) and (5.6e). It follows from KKT-condition (5.6a) that
xℓ (αi )
+ bℓ − αi + µℓ (αi ) = 0,
aℓ

ℓ ∈ Nj ,

xℓ (αi + ϵ)
wj yj (αi + ϵ) +
+ bℓ − αi − ϵ + µℓ (αi + ϵ) = 0,
aℓ

ℓ ∈ Nj .

wj yj (αi ) +

(A.15a)

(A.15b)

To P
show that µi (αi ) = 0, we show that µi (αi ) ≥ −ϵ if wP
j ≥ 0 and µi (αi ) ≥
−ϵ ℓ∈Nj a1ℓ if wj < 0. Since ϵ was chosen arbitrarily, ℓ∈Nj a1ℓ > 0, and
µi (αi ) ≤ 0 by definition of αi , this implies in both cases that µi (αi ) = 0.
First, if wj ≥ 0, then wj yj (·) is non-decreasing by Corollary 5.1. Together with
Lemma 5.4 and the fact that µi (αi + ϵ) = 0, subtracting Equation (A.15b) from
Equation (A.15a) for ℓ = i yields
0 = wj yj (αi ) − wj yj (αi + ϵ) +

xi (αi ) − xi (αi + ϵ)
+ϵ
ai

+ µi (αi ) − µi (αi + ϵ)
≤ ϵ + µi (αi ).
It follows that µi (αi ) ≥ −ϵ.
Second, if wj < 0, then we can apply the same proof mechanism as was used in
the proof of Lemma 5.4 (see also Equations (A.10) and (A.11)). By multiplying
Equations (A.15a) and (A.15b) by aℓ and summing them over the index set Nj ,
we get the following together with Property 5.1 and Corollary 5.2:
0=

X

(aℓ wj yj (αi ) − aℓ wj yj (αi + ϵ) + xℓ (αi ) − xℓ (αi + ϵ) + ϵ

ℓ∈Nj

+ aℓ µℓ (αi ) − aℓ µℓ (αi + ϵ))
!
X
= 1 + wj
aℓ (yj (αi ) − yj (αi + ϵ))
ℓ∈N

+ϵ

X
ℓ∈Nj

aℓ +

X
ℓ∈Nj

aℓ (µℓ (αi ) − µℓ (αi + ϵ))

X

aℓ +

X

aℓ (µℓ (αi ) − µℓ (αi + ϵ))

ℓ∈Nj

ℓ∈Nj

≤ϵ

X

aℓ + µi (αi ).
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ℓ∈Nj

Here, the first inequality follows from Property 5.1 and Lemma 5.4 and the
second equality follows from
P Corollary 5.2 and the fact that µi (αi + ϵ) = 0. It
follows that µi (αi ) ≥ −ϵ ℓ∈Nj a1ℓ .
A.2.5 Proof of Lemma 5.6
Lemma. For j ∈ M and i, k ∈ Nj , we have:
»
»

li
ai
ui
ai

+ bi <
+ bi <

lk
ak
uk
ak

+ bk implies αi ≤ αk , and;
+ bk implies βi ≤ βk .

Proof. We prove the lemma for the case alii + bi < alkk + bk ; the proof for the
case uaii + bi < uakk + bk is analogous. We show that xi (αk ) > li , which implies
by definition of αi that xi (αk ) > li = xi (αi ). Using Lemma 5.4, this yields
αi ≤ αk .
It follows from KKT-condition (5.6a) that
wj yj (αk ) +

xk (αk )
+ bk + µk (αk ) = αk
ak
= wj yj (αk ) +

xi (αk )
+ bi + µi (αk ).
ai

Since µk (αk ) = 0 by Lemma 5.5 and xk (αk ) = lk by definition of αk , the above
is equivalent to
xi (αk )
lk
+ bk =
+ bi + µi (αk ).
(A.16)
ak
ai
Suppose that xi (αk ) = li . Then µi (αk ) ≤ 0 by KKT-condition (5.6d). It follows
from Equation (A.16) that
lk
li
lk
+ bk =
+ bi + µi (αk ) <
+ bk ,
ak
ai
ak
which is a contradiction. Thus, it must hold that xi (αk ) > li .

A.3 Proofs of Chapter 6
A.3.1 Proof of Lemma 6.3
Lemma. For any instance in Isub , a given t̄ ∈ T , and given multipliers (µ, λ) and
corresponding online solution x̂t̄ (µ, λ) and local Lagrangian solution xt̄ (µ, λ), we
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≤ϵ

have:
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if x̂t̄ (µ, λ) < xt̄ (µ, λ), we have:
 
X

∃S̄ t̄ ⊆ 1, . . . , t̄ with S̄ t̄ ∋ t̄ such that
x̂t (µ, λ) = r S̄ t̄ .
t∈S̄ t̄
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Proof. Suppose x̂t̄ (µ, λ) < xt̄ (µ, λ). Since the function f t̄ is strictly convex, the
local Lagrangian solution xt̄ (µ, λ) is the unique optimal solution to the inner
problem of the local Lagrangian dual function q t̄ (µ, λ) and thus Lt̄ (xt̄ (µ, λ), µ, λ) <
Lt̄ (x̂t̄ (µ, λ), µ, λ). This implies that Lt̄ (·, µ, λ) is decreasing on the interval
[x̂t̄ (µ, λ), xt̄ (µ, λ)] since any solution in this interval is feasible for the inner
problem of q t̄ (µ, λ) and xt̄ (µ, λ) is optimal for this problem.
Consider a vector y ∈ RT for which we have that y t = x̂t (µ, λ) for t < t̄
and y t̄ ∈ (x̂t̄ (µ, λ), xt̄ (µ, λ)). If this vector would have been a feasible solution,
the value y t̄ had been chosen as online solution for stage t̄ since Lt̄ (y t̄ , µ, λ) <
Lt̄ (x̂t̄ , µ, λ). In particular, this means that there is no ϵ ∈ (0, xt̄ (µ, λ)− x̂t̄ (µ, λ))
such that for some s > t̄ the solution wherein we move a positive amount of ϵ
from x̂s (µ, λ) to x̂t̄ (µ, λ), i.e., the solution v̄ := (v̄ t )t∈T given by

 x̂t̄ (µ, λ) + ϵ
t
v̄ =
x̂s (µ, λ) − ϵ
 t
x̂ (µ, λ)

if t = t̄,
if t = s,
otherwise,

P
is feasible. Since t∈T v̄ t ) = r(T ), this implies that there is at least one inequality constraint that is violated by v̄. Since ϵ may be arbitrary close to 0, it follows
for the online solution x̂(µ, λ) that there is at least one inequality constraint
involving x̂t̄ (µ, λ) but not involving x̂s (µ, λ) that is tight in this online solution.
In other
for each s > t̄, there is a subset V̂ s ⊂ T such that t̄ ∈ V̂ s , s ̸∈ V̂ s ,
P words,
t
and t∈V̂ s x̂ (µ, λ) = r(V̂ s ). We denote the intersection of these sets by V̂, i.e.,
V̂ := ∩s>t̄ V̂ s . Note that V̂ is not empty since each set V̂ s contains t̄.
We claim that the set V̂ satisfies all properties of S̄ t̄ that are required by the
lemma, which implies that such a set exists. First, we have that t̄ ∈ V̂ since each
subset V̂ s contains t̄. Second, since for each s > t̄ the subset V̂ s does not contain
s, the intersection V̂ cannot contain any indices exceeding t̄. Third, since for
each s > t̄ the constraint corresponding to V̂ s is tight in the online solution
x̂(µ, λ), Lemma 6.1 implies that also the constraint corresponding to V̂ is tight
in x̂(µ, λ).
A.3.2 Proof of Lemma 6.4
Lemma. For any instance in Isub and given any Lagrange multipliers (µ, λ) such
that (µ, λ) ≤ (µ∗ , λ∗ ), it holds that x̂t (µ, λ) ≤ xt (µ∗ , λ∗ ) for all t ∈ T .

Second, suppose that x̂s (µ, λ) ≤ xs (µ, λ) for all s smaller than some t̄ ∈ T with
t̄ > 1. We prove that this implies x̂t̄ (µ, λ) ≤ xt̄ (µ, λ) by contradiction. For this,
suppose that x̂t̄ (µ, λ) > xt̄ (µ, λ). It follows from an argument analogous to the
first part of the proof of Lemma 6.3 in Appendix A.3.1 that there is no ϵ with
0 < ϵ < x̂t̄ (µ, λ) − xt̄ (µ, λ) such that for some s > t̄ the solution wherein we
move an amount of ϵ from x̂t̄ (µ, λ) to x̂s (µ, λ), i.e., the solution w̄ := (w̄t )t∈T
given by

 x̂t̄ (µ, λ) − ϵ if t = t̄,
t
w̄ =
x̂s (µ, λ) + ϵ if t = s,
 t
x̂ (µ, λ)
otherwise,
P
is infeasible. Since t∈T w̄t = r(T ), this implies for the online solution x̂(µ, λ)
that there must be at least one inequality constraint involving x̂s (µ, λ) but not
involving x̂t̄ (µ, λ) that is tight in this online solution. In other words, for
each
a subset Ŝ s ⊂ T such that s ∈ Ŝ s , t̄ ̸∈ Ŝ s , and
P s >t t̄, there exists
s
t∈Ŝ s x̂ (µ, λ) = r(Ŝ ).
Let T̄ denote the set of stages whose local Lagrangian and online solution are not
the same, i.e., T̄ := {t ∈ T | x̂t (µ, λ) ̸= xt (µ, λ)}. By the induction hypothesis
and Lemma 6.3, it follows that for each sP∈ T̄ with s < t̄ there exists a set
S̄ s ⊆ {1, . . . , s} with s ∈ S̄ s such that s∈S̄ x̂s (µ, λ) = r(S̄ s ). Thus, by
Lemma 6.1, also the inequality constraint corresponding to the set

 

[
[
S ′ := 
S̄ s  ∪  Ŝ s 
s>t̄

s∈T̄ ,s<t̄

is tight in the online solution x̂(µ, λ), i.e.,

P

t∈S ′

x̂t (µ, λ) = r(S ′ ). Note, that

» {t̄ + 1, . . . , T } ⊆ S ′ since for each s > t̄ the set Ŝ s contains s;
» t̄ ̸∈ S ′ since for each s ∈ T̄ with s < t̄ we have S̄ s ⊆ {1, . . . , s} and for
each s > t̄ we have by definition that t̄ ̸∈ Ŝ s ;
» s ∈ S ′ for all s ∈ T̄ with s < t̄ since each set S̄ s contains s.
It follows that (T \S ′ ) ⊆ {1, . . . , t̄}, t̄ ∈ (T \S ′ ), and (T \S ′ ) ∩ T̄ = ∅. We use
this information to derive the following inequality:
X
r(T ) − r(S ′ ) =
x̂t (µ, λ)
(A.17a)
t∈T \S ′
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A.3.2 – Proof of Lemma 6.4

Proof. Consider any Lagrange multipliers (µ, λ) such that (µ, λ) ≤ (µ∗ , λ∗ ). We
prove the lemma by induction on the stage index t̄. First, we consider the case
t̄ = 1. Observe that, when defining the rank function r, we can assume without
loss of generality that r({1}) is the maximum value of x1 in any feasible solution
x in F. As a consequence, the local Lagrangian solution x1 (µ, λ) cannot lead to
any future constraint violation. Hence, x̂1 (µ, λ) = x1 (µ, λ), which proves the
case t̄ = 1.

X

=

xt (µ, λ) + x̂t̄ (µ, λ)

(A.17b)

xt (µ∗ , λ∗ ) + x̂t̄ (µ, λ)

(A.17c)

t∈T \S ′ ,t̸=t̄
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X

≥
t∈T

\S ′ ,t̸=t̄

= r(T ) −

X

xt (µ∗ , λ∗ ) − xt̄ (µ∗ , λ∗ ) + x̂t̄ (µ, λ)

(A.17d)

t∈S ′

Appendix A – Technical proofs

≥ r(T ) − r(S ′ ) − xt̄ (µ∗ , λ∗ ) + x̂t̄ (µ, λ).

(A.17e)

Here, (A.17a) follows
the constraints corresponding
to T and S ′ are tight
P since
P
t
t
in x̂(µ, λ), i.e., t∈T x̂ (µ, λ) = r(T ) and t∈S ′ x̂ (µ, λ) = r(S ′ ), (A.17b)
follows since t ̸∈ T̄ for each t ∈ T \S ′ with t < t̄, (A.17c) follows by Lemma 6.2,
and (A.17d) and (A.17e) follow due to feasibility of the optimal solution x(µ∗ , λ∗ )
for the submodular constraints. The inequality derived in (A.17) implies that
xt̄ (µ∗ , λ∗ ) ≥ x̂t̄ (µ, λ). However, since we assumed that x̂t̄ (µ, λ) > xt (µ, λ), this
implies that xt̄ (µ∗ , λ∗ ) > xt̄ (µ, λ), which is a contradiction with Lemma 6.2.
Thus, we must have that x̂t̄ (µ, λ) ≤ xt̄ (µ, λ).
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Acronyms

B

Box

box constraints

C

CDF
CoV

cumulative distribution function
coefficient of variation

D

DEM

decentralized energy management

E

EV
EV-3Phase

electric vehicle
three-phase electric vehicle charging

F

FME

Fourier-Motzkin elimination

G

GBC

generalized bound constraints

I

ICT

information and communication technology

K

KKT

Karush-Kuhn-Tucker

L

LC

laminar constraints

N

NC

nested constraints

O

OCO
ODDO

online convex optimization
online duality-driven optimization

P

PV

photovoltaic

Q

QRA
QRA-NC
QRA-NonSep-GBC

quadratic resource allocation
quadratic resource allocation with nested constraints
nonseparable quadratic resource allocation with GBC

R

RAP
RES
RO
RSA

resource allocation problem
renewable energy sources
robust optimization
recursive smoothing algorithm

S

SC
SoC
SP

submodular constraints
state-of-charge
stochastic programming
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