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In the past three decades, different physical models to describe the thermal conductivity enhancements
of suspensions with micro- and nanoparticles with respect to particle sizes, shape, volume fraction etc.
were established. However, none of these models considered the effect of shear, although an inﬂuence has
been observed experimentally in a few studies for very high shear rates. Possible underlying mechanisms
for shear induced thermal conductivity enhancement have not been explained in detail yet.
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In this article, the ﬁnite element method is used to evaluate how shear induced particle rotation and the
velocity ﬁeld around the rotating particle drives thermal conductivity enhancement. For nanoparticles it
is found that particle rotation does not enhance the heat transfer inside the particle. However, within the
Péclet number (Pe = γ˙ d2 /a) range of 0 − 300, particle rotation linearly enforces the heat transport up to
5 − 30%, mainly due to advective motion (eddies) around the particle. For high shear rates (Pe > 500),
the enhancement approaches a constant value, at which the particle material becomes irrelevant for the
effective conductivity enhancement. In this case, asymmetric advective motion around the particle dominates the heat transfer. Note that the Péclet number range for which an advective motion plays a signiﬁcant role is relevant for suspensions with micrometer-size particles but not for nanoparticle suspensions.
In a ﬁnal step, the inﬂuence of the shear-affected thermal conductivity is evaluated for a forcedconvection laminar pipe ﬂow with a parabolic velocity proﬁle. Utilizing a thermal conductivity model
which accounts for the local shear, the overall heat transfer enhancement in the channel ﬂow is determined. It is found that a 65% cross-section saturation with shear-induced enhancement is hard to be
reached within the laminar ﬂow region. Thus, the shear enforcements mainly take effect close to the
pipe wall.
© 2021 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction
The exploration of ﬂuids with enhanced thermal properties can
have massive applications in heating and cooling systems of various industries [1]. One of the branches among those attempts is
to mix solid particles into the ﬂuid to form the suspension. Initially based on theoretical and experimental studies of suspensions containing millimeter- or micrometer-sized particles, various effective medium theory models were developed, such as the
Maxwell model [2] considering the volume fraction; the Hamilton
and Crosser model [3] including a shape factor for non-spherical
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particles; and later Nan’s model [4] taking particle size, shape, volume fraction, orientation distribution and interfacial thermal resistance into consideration. All of these models consider a stagnant
ﬂuid.
Choi and Eastman [5] were among the ﬁrst to utilize suspensions with particles of nanometer-size, so called Nanoﬂuids, for
thermal conductivity enhancement. Following their experimental
work, numerous research groups investigated the enhancement
of thermal conductivity by nanoparticles. The experimental observations showed inconsistent results which were hardly explainable by classical theoretical models [6,7]. Different mechanisms
were assumed to be responsible for the abnormal increase such
as Brownian motion, liquid layering, interfacial resistances because
of ballistic phonon heat transfer across the interface, clustering
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Maxwell as well as the Hamilton and Crosser model including the
effect of interfacial nanolayers to the thermal conductivity; Avsec
[13] featured the model representing the phonon and electron
heat transfer analysis of thermal conductivity for nanoﬂuids basing on statistical nanomechanics; Buongiorno [14] emphasized the
important mechanisms contributing to the thermal enhancement
of nanoﬂuids are Brownian diffusion and thermophoresis. Thus, a
non-homogeneous two-phase model was proposed to describe the
effect of the nanoﬂuid on the convective transport.
To resolve the problem of inconsistencies due to a broad range
of synthesis processes, experimental measurement approaches,
and the often-incomplete characterizations of the nanoﬂuid samples, the International Nanod Property Benchmark Exercise (INPBE)
[15] organized between September, 2007 and January, 2009 measurements by 34 organizations worldwide with standard samples
of nanoﬂuids. Based on this large set of experimental data, they
concluded that the classic effective medium theory is applicable
for well-dispersed nanoﬂuids and no anomalous enhancement of
the stagnant thermal conductivity exists. So far, the enhancement
of thermal conductivity of nanoﬂuids is valid with descriptions
from mathematical models veriﬁed by experimental data.
Former numerical investigations on nanoﬂuids involved convective heat transfer for different ﬂow geometries like pipe ﬂow,
parallel-plate ﬂow, squeezing ﬂow and jet ﬂow etc., with different algorithms such as semi-analytical methods, ﬁnite difference
method, ﬁnite volume method and lattice Boltzmann method [16].
Experimental data under laminar ﬂow conditions in circular tubes
can be found by Wen [17], Kim [18] and Rea et al. [19] who measured the entrance region; further Hwang et al. [20] extended the
length and decreased the diameter of the tube to enable the focus on the fully developed region with uniform heat ﬂux from the
wall; and Heyhat et al. [21] performed the fully developed ﬂow
with the constant wall temperature boundary. Details on the parameters adopted are listed in Table 1. A direct comparison of the
experimental data with numerical simulation results using different effective thermal conductivity models (see Table 2) is diﬃcult.
Especially because the experimental setup did not always match
with the assumptions made for the numerical investigation. Nevertheless, the comparison between the simulation by EbrahimniaBajestan et al. [22] and the experiment by Kim et al. [18], also the
simulation by Haghshenas-Fard et al. [23] and the experiment by
Zeinali-Heris et al. [24,25] offered a hint, that the relative error between experimental data and numerical results using single-phase
method can be as high as 7.5%. This indicates that present effective
thermal conductivity models cannot predict effects that take place
in a moving liquid, for instance shear induced particle migration or
shear induced particle rotation.
Studies on shear-dependent thermal conductivities date back
to Sohn and Chen [26] in 1981, conducting experiments with
micrometer-scale particle suspensions. For this problem, the relevant parameter is the Péclet number Pe = γ˙ d2 /a, with γ˙ denoting the shear rate, d the particle diameter, and a the ﬂuid
thermal diffusivity. Sohn and Chen showed the effect of microconvection, e.g. the formation of eddies caused by shear-induced
particle rotation, on the thermal conductivity enhancement. They
observed an enhancement only at high Pe numbers (larger than
300). For nanoparticle suspensions with Péclet numbers of order
one, researches assumed shear-dependent particle rotation being
insigniﬁcant for the convective thermal enhancement [17]. However, the experimental studies on nanoﬂuids under high shear rates
by Shin and Lee [27] do not support this statement. By examining polyethylene and polypropylene particles of 25, 100, 180 and
300μm size, a signiﬁcant enhancement due to shear was observed
for particles larger than 100μm, with Péclet numbers ranging from
20 to 200. Sun et al. [28] measured the heat transfer utilizing silicon oxide (SiO2 ) nanods with average particle diameters of 10, 20,

Nomenclature
Physical quantities
ū
average velocity of the Hagen-Poiseuille ﬂow inside
the circular pipe m/s
γ˙
imposed shear rate on the ﬂuid domain s−1
Q˙
total heat ﬂux through the upper or lower boundary
of the domain W
λ
thermal conductivity of the material W/(m · k )
σ 
the average shear stress integrated on the boundary
surface Pa
μ
dynamic viscosity of the ﬂuid Pa · s
ω
angular velocity of the rotating spherical particle
s−1
φ
volume fration on the particle in the base ﬂuid
→

τ

shear stress on the surface of the particle Pa

n
a
Br

normal direction of the surface
thermal diffusivity m2 /s
Brinkman number indicating the ratio between heat
produced by viscous dissipation and heat trans-

→

μ(γ˙ l )2

cp
d
k0
k∞
keff
l
Nu

Pe

ported by ﬂuid (Br = λ(T
)
upper −Tlower )
heat capacity J/(kg · K )
diameter of the particle m
the effective thermal conductivity with the ﬂuid and
the particle at rest W/(m · k )
the effective thermal conductivity of plateau at high
shear rates W/(m · k )
the effective thermal conductivity with the ﬂuid and
the particle W/(m · k )
length of the domain m
a dimensionless number indicating the convective
heat transfer compared to the thermal conductivity
of the ﬂuid
Péclet number indicating the ratio between the advective heat ﬂux and the conductive heat ﬂux (Pe =
γ˙ d2

R
Re
Sk

Tupper
Tm
Tlower
u0

a )
radius of the circular pipe m
shear Reynolds number indicating the inertia of
ﬂuid under shear compared to its viscosity
a dimensionless number named in this study to indicate the ratio between the shear induced thermal
conductivity increment and its static thermal conductivity k0
temperature deﬁned at the upper boundary of the
ﬂuid domain K
the mean temperature of the ﬂuid in the fully developed Hagen-Poiseuille ﬂow K
temperature deﬁned at the lower boundary of the
ﬂuid domain K
velocity at the upper and lower boundary in the
shear direction according to the shear rate m/s

Subscripts
adv
advection
cond
conduction
f
ﬂuid
p
particle
of nanoparticles or thermophoresis [1,8]. Including some of these
mechanisms leads to various model approaches extending the classic models: for example, Koo and Kleinstreuer [9] included the effect of Brownian motion; Xuan et al. [10] expanded the Maxwell
model considering the Brownian motion and aggregation structure of nanoparticle clusters; Yu and Choi [11,12] developed the
2
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Table 1
Former experimental investigations on laminar convective heat transfer of nanoﬂuids inside a circular tube.

Author, year

Wen, 2004

Rea, 2009
Kim, 2009

Material

Particle size

Water-Al2 O3

Water-Al2 O3
Water-ZrO2
Water-Al2 O3

27 − 56nm

50nm
20 − 50nm

Water-C

Volume fraction

0%, 0.6%, 1%, 1.6%

0.6%, 1%, 3%, 6%
0.32%, 0.64%, 1.32%
3.5%

Tube size
Diameter

Length

4.5mm

0.97m

Boundary condition

Reynolds
number

Results example:
convective increase

Constant heat ﬂux

500 − 2100

φ = 1.6%,

4.5mm

1.01m

Constant heat ﬂux

400 − 1900

4.57mm

2m

Constant heat ﬂux

1460

1.81mm

2.5m

500 − 800

5mm

2m

Constant heat ﬂux
5000W/m2
Constant wall
temperature

Re = 1600
x/D = 63
x/D = 173
φ = 6%
φ = 3.5%
at entrance
at the exit
at entrance
at the exit
φ = 0.3%

330 − 2100

φ = 0.1%, Re = 330

3%

φ = 2%, Re = 2100

30%

3%

Hwang, 2009

Water-Al2 O3

30nm

Heyhat, 2013

Water-Al2 O3

40nm

0.01%, 0.02%, 0.03%,
0.1%, 0.2%, 0.3%
0.1%, 0.5%, 1%, 1.5%,
2%

47%
14%
27%
3%
15%
12%
8%
5%
8%

Table 2
Former numerical investigation on laminar convective heat transfer of nanoﬂuids inside a circular tube based on single-phase method with different effective thermal
conductivity models.

Author, year

Material

Tube size
Diameter

Length

Maïga, 2005

1mm

1m

Bianco, 2009

Water-Al2 O3
EG-Al2 O3
Water-Al2 O3

10mm

1m

Haghshenas-fard, 2010

Water-Al2 O3

6mm

1m

Ebrahimnia-bajestan, 2011

Water-Al2 O3

4.6mm

2m

Boundary condition

Input effective thermal
conductivity model

Results example:
convective increase

Uniform wall heat ﬂux
2500 − 5000 W/m2
Uniform wall heat ﬂux 5000,
7000, 10,000 W/m2
Uniform wall temperature

Hamilton and Crosser
(1962)
Hamilton and Crosser
(1962)
Yu and Choi (2003)

φ = 7.5% at

Uniform wall heat ﬂux
2090 W/m2

Koo and Kleinstreuer
(2004)

the exit
φ = 1% at the
exit
φ = 3%
Pe = 2500
average
φ = 6% at the
exit

63%
3.70%
13%

22%

40, and 60nm, with Pe in the order of 10−5 . The experimental results revealed a shear-dependent thermal enhancement up to ca.
10%. Both experimental results by Shin and Lee [27] and Sun et al.
[28] have in common that the shear-induced enhancement saturates for high shear rates (400s−1 ). This could have not been observed by Sohn and Chen [26] because in their case the shear rate
was limited to 25s−1 .
The aim of this paper is to quantify the inﬂuence of shear and
particle rotation on heat transfer enhancement. For this, numerical
simulations using a ﬁnite element method have been applied. Examining the simulation results, the shear-dependent thermal conductivity enhancement and the saturation behavior shall be explained. Further, a shear-dependent correlation for the effective
thermal conductivity is applied to determine the convective heat
transfer in a channel ﬂow.
2. Methods
2.1. Heat transfer simulation of single particles in shear ﬂow
In a ﬁrst attempt, the suspended particles are assumed to be
evenly distributed in the base ﬂuid under shear ﬂow conditions.
This includes the absence of any clustering or redistribution effects (e.g. by shear or thermophoresis) and allows to investigate
a representative ﬂuid volume with periodic boundary conditions
and a single particle centrally located inside. This assumption is
considered applicable in the range of volume fractions below 20%,
where in the view of rheology, particle-particle interactions in dilute suspension are neglectable [29]. To access the heat transfer
rate through this ﬂuid layer including the particle, a computational
domain as shown in Fig. 1 is applied. Fixed velocity boundary con-

Fig. 1. Boundary conditions set on the computational domain illustrated by a 2D
slice.

ditions of −u0 /2 at the bottom and u0 /2 at the top impose the
shear ﬂow. For the temperature, the upper and the lower boundary are set to a constant value. All other domain boundaries are of
periodic type. The ratio between domain and particle size deﬁnes
the volume fraction. The three-dimensional domain as well as the
applied mesh are shown in Fig. 2. Computations are performed using COMSOL Multiphysics®.
3
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Fig. 2. Geometry and mesh of the single sphere particle rotating model including
112,946 tetrahedral elements in the bodies and 8560 triangle elements on surfaces.

The ﬂuid dynamic problem is deﬁned by the mass and momentum conservation equations for an incompressible ﬂuid and stationary state conditions which read
→

∇ · V = 0,

(1)

 →
→
→
ρ V · ∇ V = −∇ P + μ∇ 2 V .

(2)

Fig. 3. Ratio of angular velocity and shear rate for a rotating two-dimensional cylinder under shear. Present results computed by two different approaches (green stars)
are compared to the results from former studies summerized by Ding and Aidun
[31], among which a linear decreasing tendency at Re > 20 was proposed by Kossack and Ding. (H/r represents the ratio between the hight of the domain and the
radius of the cylinder.). (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

The rotation speed of the particle ω is a direct result from the
imposed shear rate γ˙ . This is a direct response to the shear forces
acting on the particle. The position of the particle is ﬁxed. Thus, a
possible translatory motion, that can only be caused due to numerical truncation errors in the fully symmetric and laminar problem,
is suppressed.
To model this interaction, two different approaches are utilized:
(1) The time-dependent ﬂuid-structure interaction (FSI) solver,
which fully couples ﬂuid dynamics and solid mechanics. In this
case, the ﬂuid exerts a force on the particle such that the rotating velocity converges during the simulation to a ﬁnal value. (2) A
steady state simulation without full coupling of ﬂuid dynamic and
solid mechancis, where a guessed particle rotation velocity is imposed. In this case, a force on the particle remains which would accelerate or decelerate the particle. Iteratively adapting the rotation
→
velocity until the tangential shear stress on the particle surface τ
vanishes will lead to the equilibrium rotation speed.
The shear stress on the particle surface is evaluated by
→

→

τ =n · ,

The effective viscosity is another quantity suitable to compare
and validate the model results. The relative viscosity could be obtained by the average shear stress σ  on the upper or lower
boundary, as validated by Xu et al. [33,34]

μeff σ /γ˙
=
μf
μf

Table 3 provides data for two different ﬂuids and two different
shear rates. All four values are close to the theoretical value of
1.2 calculated with the model of Batchelor [35]. According to the
theory for dilute suspensions, the relative viscosity is independent
from rotational speed and only varies with volume fraction.
The stationary heat transfer problem is governed by the conservation equation

(3)

with the viscous stress tensor


 →T 
→
=μ ∇V + ∇V

⎡
du
μ du
+ dv
dy
dx
2duμ dx dv
dv
⎣
2μ dy
= μ dy + dx


+ dw
+ dw
μ du
μ dv
dz
dx
dz
dy

→

ρ c p V ·(∇ T ) = λ∇ 2 T

⎤
+ dw
μ du
dz
dx
⎦.
μ dv
+ dw
dz
dy
dw
2μ dz

(5)

(6)

This equation is solved based on the converged solution of the
velocity ﬁeld. With the Brinkman number Br = μ(γ˙ l )2 /[λ(Tupper −
Tlower )] being smaller than 10-3 , viscous dissipation is neglectable.
The effective thermal conductivity is evaluated by dividing the
total heat ﬂux perpendicular to the upper or lower surface Q˙ by
the imposed temperature difference and the distance l (length of
the domain).

(4)

For model validation, the angular velocity ω is calculated for
the two-dimensional case of a rotating cylinder and presented in
Fig. 3 together with literature data. Good agreement is obtained
with the velocity being smaller than half of the shear rate γ˙ and
being dependent on Reynolds number [30] [31]. Both solution approaches (time-dependent FSI solver and the statistic solver) provided the same results.
For the particle in the three-dimensional domain and a
Reynolds number of range 0.024 − 0.335, the angular speed calculated utilizing both approaches takes the value of ω/γ˙ ≈ 0.47326
and is also consistent with the second-order approximation by Lin
ω/γ˙ = 1/2 − 0.1538Re1.5 [32].

keff =

Q˙
l·

T

.

(7)

The conductivity enhancement due to particle rotation is compared to the thermal conductivity with the nanoﬂuid and the particles at rest k0 . Thus, the enhancement rate is deﬁned by
k

4

=

keff − k0
× 100%.
k0

(8)
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Table 3
Computed relative viscosity of dispersions of volume fraction φ = 7% with different ﬂuid material comparing to the effective medium theory model.
Material

μeff
−1
[present study]
μf at γ˙ = 500s

μeff
−1
[present study]
μf at γ˙ = 30 0 0s

μeff
2
μf =1 + 2.5φ + 5.2φ [Batchelor, 1972]

Water
Silicon oil mixed with kerosene

1.196
1.195

1.213
1.195

1.200
1.200

If the sphere rotates with a given speed, an advective heat ﬂux
contribution arises which scales with the velocity.

2.2. Heat transfer in fully-developed pipe ﬂow with shear dependent
thermal conductivity

q˙ p,adv = ρp c pp u T .

The inﬂuence of a shear dependent thermal conductivity on
a laminar pipe ﬂow is estimated on an analytical basis. In general, high shear rates can lead to shear thinning effects of complex dispersions. However, for dilute nanoﬂuids (such as considered here with volume fraction below 7%), the inﬂuence of the
shear-thinning is neglectable [36]. As such, the velocity proﬁle in
the pipe is assumed to be of parabolic shape (Hagen-Poiseuille result).



u(r ) = 2ū 1 −

r2
R2

The Péclet number characterizes the ratio between the two heat
transfer mechanisms

P ep =



(9)

∂u
4ū
= 2 r,
∂r
R

(10)

where ū denotes the average velocity and R the pipe radius. With
the boundary condition of constant heat ﬂux, the temperature proﬁle can be obtained by integrating the energy equation






∂T
1 ∂
∂T
∂ 2T
ρ cp u
=k
r
+
.
∂z
r ∂r
∂r
∂ z2

q˙ f,adv = ρf c p f u T .

P ef =

To determine the effective heat transfer coeﬃcient,



A

ρ c p u(r )T (r )dA
4
= 2
ρ c p ūA
R



R
0



r 1−

r2
R2



T (r )dr.

(14)

3. Results and discussion
3.1. Advective heat transfer of the rotating particle
In a ﬁrst step, the heat transfer enhancement by the additional
advective heat transport of the rotating particle is analyzed. For
this, the heat ﬂux from the bottom of the sphere to the top of the
sphere is theoretically addressed without considering any contribution due to the outside ﬂuid. In case of a non-moving sphere,
the heat transport is purely by conduction such that the total heat
ﬂux density scales with

q˙ p,cond = λp

T
.
d

(18)

q˙ f,adv
= ud/af .
q˙ f,cond

(19)

Using again the size of the particle as a characteristic length,
and the transport properties of water, the wall normal velocity requires to be in the order of 2.5m/s for nanoparticle or
1.5 × 10−3 m/s for microparticle for an equivalent contribution. This
value for the velocitiy can be obtained for shear rates in the order of 4 × 107 s−1 for nanoparticles or 15s−1 for microparticles. The
common ﬂow inside a microchannel such as the one used in the
experiments by Rea and Hwang [19,20] adopts a volume ﬂux of
around 10 − 20cm3 /s, which results in a maximum shear rate at
wall in the order of 103 s−1 , far below the threshold of nanosized
particles for an equivalent effect of advection. Thus, for nanoﬂuids
in channel ﬂow the advection due to the particle rotation is neglectable.

(13)

equation (12) is numerically solved for the unknown wall temperature T (R ). The mean temperature of the ﬂuid Tm , which is the reference temperature for the heat transfer coeﬃcient, is calculated
by the integration of

Tm =

(17)

A direct comparison between the heat conduction through the
ﬂuid and the heat advection is given by

(12)

q˙
,
T (r = R ) − Tm

= ud/ap ,

The ﬂow ﬁeld in a shear ﬂow without particles is strictly parallel to the wall. Thus, there is no contribution to heat transfer by an
advective velocity component in wall normal direction. However,
the ﬂow ﬁeld including a rotating particle shows a velocity component in wall normal direction (y-direction in Fig. 4). This velocity
contributes to the heat transport yielding to an advective heat ﬂux
density of

With uniform heat ﬂux boundary condition, the temperature
increase in ﬂow direction takes the constant value of ∂ T /∂ z =
2q˙ /(Rρ c p ū ) = const. Thus, the second derivate vanishes. Because
the thermal conductivity depends on the local shear rate, the effective thermal conductivity keff (γ˙ ) is used to replace k leading to
the equation

heff =

ud

λp /ρp c pp

3.2. Advective heat transfer of the surrounding liquid

(11)

∂ 2T 1 ∂ T
u(r ) 2q˙
+
=
.
∂ r2 r ∂ r keff (r ) Rū

q˙ p,adv
=
q˙ p,cond

with a being the thermal diffusivity. For an aluminum-oxide
nanoparticle with the thermal diffusivity aAl2 O3 = 8.23 × 10−6 m2 /s,
and a size of d = 6 × 10−8 m (nanoparticle) or d = 1 × 10−4 m (microparticle), the velocity needs to be in the order of 100m/s or
0.08m/s respectively to have a comparable contribution of conduction and convection. Because of this very high velocity, which
translates to a shear rate of 2.3 × 109 s−1 or 820s−1 , the contribution of the advective transport from the nanoparticle is neglectable
for all shear rates and inside the microparticle for small shear
rates. Conduction remains the dominant mechanism.

and the resulting local shear rate is given by

γ˙ (r ) =

(16)

3.3. Shear-induced heat transfer enhancment by particles
In the previous sections, the effect of particle rotation and ﬂow
ﬁeld alteration was discussed separately. Here, both effects are
combined by solving both, the ﬂow and the temperature ﬁeld for
different shear rates inside and outside of the rotating particle. In
line with the experimental investigation of Shin and Lee [27], the
material properties of silicone kerosene mixture and polyethylene
particles with the size of d = 1 × 10−4 m are used. Fig. 5 presents

(15)
5
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Fig. 4. The stream line of the velocity ﬁeld simulated with a rotating particle in the center at Pe = 100 (a); and the resultant temperature ﬁeld with the isothermal contour
lines (b).

Fig. 6. Heat transfer contributions from the heat conduction inside the particle and
the convective heat transfer outside the particle (y-axis in blue on the left side). The
total convective heat transfer can be further divided into two sections: the ﬂow on
the left section transfers heat upwards; while the ﬂow on the right section transferes heat downwards (y-axis in orange on the right side). (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)

Fig. 5. The effective thermal conductivity ratio for polyethylene particles in a silicon oil and kerosene mixture presented in dimensionless form as function of Pe.

the results for the effective thermal conductivity ratio for Péclet
numbers from zero to 900. Therein, k0 is calculated based on the
simulation results for a non-moving particle. The simulation results
agree well with the experimental data and show a quasi-linear
increase up to a Péclet number of 300. Beyond that Péclet number, the thermal conductivity ratio converges to a plateau with the
value keff /k0 ≈ 1.36.
In order to identify the reason for a) the linear increase and b)
the plateau, a more detailed investigation of the ﬂow ﬁeld and the
heat ﬂux is performed. For this, the different heat transfer contributions through the center-plain of the particle at y = 0 are evaluated.
Fig. 6 shows the three dominant heat transfer contributions.
First, heat conduction through the particle inside (blue line with
ﬁlled dots); second, the convective heat transport by conduction

and advection through the left section (x < −0.5D, red dashed line
with triangles pointing to the left) and, third, through the right
section (x > 0.5D, red dashed line with triangles pointing to the
right) (see Fig. 7). The latter two contributions are divided because
the wall normal velocity v points in opposite direction. While the
convective heat transport through the ﬂuid linearly increases with
the shear rate and the increase in velocity v, the heat conduction
through the particle decreases. The reason for the decreasing heat
conduction is a quasi-isothermal layer formed around the particle
by the ﬂuid ﬂow, which is illustrated in Fig. 4. This isothermal layer
is a result of the reduced temperature gradient caused by the ad6
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ditional advective heat transfer contribution in the ﬂuid. The result
of the linear increase of the convective heat transfer through the
left and right section leads to the saturation of the total heat convection, namely the plateau at high Pe.
3.4. Inﬂuence of particle properties on heat transfer enhancement
Because it is found that the heat transfer by conduction through
the particle becomes less important for higher rotation velocities, it’s expected that the particle properties in this case do not
inﬂuence the overall heat transfer. To conﬁrm this assumption,
the effective thermal conductivity at high shear rates is determined for different particle materials, e.g. polyethylene, siliconoxide, aluminum-oxide, and copper-oxide, whose parameters are
listed in Table 4.
Fig. 8 shows the absolute value of the effective thermal conductivity (plot b,d) and the effective thermal conductivity ratio (a,c)
for the different particle materials and ﬂuid properties (silicon oil
- kerosene mixture (a,b) ; water (c,d)). As expected, the effective
thermal conductivity increases ﬁrst with shear rate. However, for

Fig. 7. Two sections to compute the convective heat transfer.
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Fig. 8. The relative enhancement keff /k0 of various particle materials with different initial thermal conductivity k0 in mixture of silicon oil and kerosene(a) and in water(c);
the absolute effective thermal conductivity keff of suspensions in mixture of silicon oil and kerosene(b) and in water(d) as function of Pe.
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Table 4
Different material properties used to validate the irrelervance of thermal conductivity of material on the effective thermal conductivity at high shear rates.

Material

Density
[kg/m3 ]

Thermal conductivity
[W/(m·K)]

Heat capacity
[J/(kg·K)]

997.1
915

0.613
0.159

4179
1910

[2] for this quantity shows as expected excellent agreement. Note
that the Hamilton and Crosser model [3] and Nan’s model [4] are
identical to Maxwell’s model if considering only the sphere without interfacial thermal resistances.

Fluid
Water
Silicon oil mixed
with kerosene

3.5. Inﬂuence of the shear-dependent thermal conductivity on the
heat transfer in fully-developed pipe ﬂows
Based on the 3D simulation results as shown in Fig. 5, an
approximation of the shear induced effective thermal conductivity can be drawn with a threshold value Pe∞ = 300, a saturation value (k/k0 )∞ = 1.36, a slope value ∂ k/∂ Pe = k0 ( (k/k0 )∞ −
1 )/Pe∞ = 1.95 × 10−4 , leading to an effective thermal conduction
model considering the shear:

Solid
CuO
Al2 O3
SiO2
Polyethylene

6315
3970
2650
900

33
25
1.4
0.35

531
765
705
1900

k=

Table 5
Computed effective thermal conduction of dispersions of volume fraction
φ = 7% with different particle material in water comparing to the effective
medium theory model.
k0 [present study]

k0 = λf λpp +2λf −φ (λpp−λ f) [Maxwell, 1881]
f
f

CuO
Al2 O3
SiO2
PE

0.7439
0.7415
0.6527
0.5925

0.7435
0.7410
0.6524
0.5918

∂ Pe ·Pe

k0 ·

k
k0 ∞

P e < P e∞
P e ≥ P e∞

(20)

This could be applied further to shear related forced convection
models to investigate its macro inﬂuences.
For the fully-developed Hagen-Poiseuille ﬂow, the average axial velocity ū and the radius of the circular tube R are two independent variables. In dimensionless form, the Reynolds number
Re = 2ūR/υ decides the absolute value of the velocity proﬁle. In
terms of heat transfer in the thermally fully developed pipe ﬂow,
the dimensionless heat transfer coeﬃcient (Nusselt number) takes
the value of 4.36 (with constant axial wall heat ﬂux boundary condition and in the absence of thermal energy sources, viscous dissipations, ﬂow work) [37] for constant ﬂuid properties. If the thermal conductivity depends on the shear rate, an additional dimensionless number can be introduced, which we denote by Sk. This
number is deﬁned by

λ +2λ +2φ (λ −λ )

Material

 ∂k

higher shear rates, all values converge to the same value independent from the particle material. For a less viscous ﬂuid like water with higher Reynolds number and a decreasing ratio between
particle rotation speed and shear rate (see Fig. 3), there is still a
continuous increase in effective thermal conductivity with higher
Péclet number. For a high viscous liquid with low Reynolds numbers, the ratio between particle rotation speed and shear rate remains almost constant, which results in a saturation behavior of
the effective thermal conductivity with higher Péclet numbers.
Considering the effective thermal conductivity ratio, which is
very often shown in experimental studies, might result in a different interpretation. Because the effective thermal conductivity ratio
depends on k0 (ﬂuid and particle at rest), which varies from different inserting materials listed in Table 5, the relative thermal conductivity increase does not converge for the various particle materials. Comparing the determined value of k0 to Maxwell’s model

Sk =

4 Rū · ∂∂γk˙
,
k0

(21)

with
2
dp
∂k
∂ k ∂ Pe
∂k
=
·
=
·
∂ γ˙
∂ Pe ∂ γ˙
kf /ρf c p f ∂ Pe

(22)

and scales the gradient of thermal conductivity with respect to the
shear rate (∂ k/∂ γ˙ )/k0 to the mean shear rate of the ﬂuid ﬂow u/R.
A physical deﬁnition of this dimensionless number is provided in
Appendix A.

Fig. 9. The convective heat transfer for the fully-developed Hagen-Poiseuille ﬂow considering the shear-induced effective thermal conductivity enhancements of the ﬂuid (in
blue); and the radius proportion of the cross-sectional area which reaches the saturation k∞ (in orange) in relation to the dimensionless variable Sk.
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Based on these two independent dimensionless variables, Re
and Sk, the overall enhancement in convection is presented in
Fig. 9 (left). The convection coeﬃcient expressed in Nusselt number depends not signiﬁcantly on the Reynolds number, but largely
on Sk.
Because of the saturation behavior of the single particle’s thermal conductivity enhancement, also the heat transfer coeﬃcient
reaches a plateau for high values of Sk. With increasing Sk, the
cross-sectional area increases in which the thermal conductivity
reaches saturation (see Fig. 9, right). For Sk = 1, more than 65% of
the radial cross-sectional area is saturated with the maximal thermal conductivity k∞ /k0 = 1.36.
The ﬁnal question that needs to be answered is, whether a
value of Sk ≈ 1 can be obtained in realistic applications. According
to the deﬁnition of Re and Sk (21) the two physical independent
quantities can be presented as
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4. Conclusion

Appendix A

Utilizing three-dimensional numerical simulations of a rotating
particle in a shear ﬂow, the inﬂuence of high shear rates on heat
transfer is analyzed. In addition, the effect of shear on the heat
transfer in a full-developed Hagen-Poiseuille ﬂow is presented.
Without taking into account the effect of shear on other ﬂuid properties (e.g. viscosity), the ﬁndings of this study can be summarized
as follows

The dimensionless number given the name Sk is deduced from the integration of the radial thermal resistance in
equation (A.1) and (A.2).

Rthermal =



1
2π L

R
rm

1
dr,
k(r )r

(A.1)

∂ γ˙
with k(r ) = k0 + ∂∂γk˙ · ∂ r r = k0 +

1. For nanoparticles, the contribution of the advective transport
inside (due to the rotary movement) and outside the rotating
particle is irrelevant, compared to the conduction through the
particle.
2. For microparticles, the contribution of the advective transport
inside and outside the rotating particle plays rather an important role under high shear.
3. For high shear rates, an isothermal liquid layer forms around
the particle which hinders heat transfer through the particle itself.
4. For high shear rates and high viscous liquids, the effective thermal conductivity exhibits saturation behavior with Péclet number.
5. For high shear rates and low viscous liquids (Re > 10), the effective thermal conductivity continuously increases with Péclet
number caused by a decreasing ratio between particle rotation
speed and shear rate.
6. For high shear rates, the thermal conductivity enhancement
becomes independent from the particle material properties. A
polyethylene particle enhances heat transfer in the same manner as a copper-oxide particle.
7. In the Hagen-Poiseuille ﬂow, the heat transfer enhancement depends signiﬁcantly on the dimensionless number Sk but not on
Reynolds number.

⎡





∂ k 4ū
∂ γ˙ · R2 r within the linear zone,

⎤

R

⎢
⎥
⎢
⎥
⎢
⎥
1 ⎢
1
⎥
Rthermal =
ln
⎢
⎥
k
·
R
2π k0 L ⎢
⎥
0
⎢ 1 + Rr ·
∂
k ⎥
4ū · ∂ γ˙ ⎦
⎣
  
1/Sk

.

(A.2)

rm

As rm , the radial position at which the temperature is the same
as the mean temperature (Tr=rm = Tm ), is only determined by R



( rRm =



2−

17
6

≈ 0.5628), so that the only essential dimension-

less variable here is the ratio between the by shear rates increased
thermal conductivity and the original static thermal conductivity
k0 , deﬁned here as Sk.
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