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Introduction
In this thesis we primarily concern ourselves with the motion of buoyancydriven rigid particles rising or settling in a still fluid at high Reynolds numbers
(ranging from 1e3 1e4). The first three chapters are dedicated to this topic
with chapters 1 and 2 dealing with spherical particles and the effect of internal
inhomogeneities. In chapter 3 we turn our attention to geometrical anisotropy
of rising particles. Finally, in chapter 4 we treat the related topic of prolate
but neutrally buoyant particles in Taylor-Couette flow.

Problem statement and motivation

Figure 1: Shape and mass distribution dependent motion of falling leaves.
During autumn, when walking through the woods close to the university campus, I cannot help but be amazed by the complex, unpredictable, and wildly
varying motion of falling leaves. One leaf gently glides far away from the tree,
almost like it has a destination in mind. The next shows an elegant fluttering
motion, skipping side-to-side in an apparent effort to reach the cold ground as
slowly as possible. A pointed leaf with a heavy stem travels almost vertically,
while spinning; better to get this whole business of falling over with. Finally, a
1
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playful tumbling of a curled-up leaf making the most of its short-lived freedom.
These paths are so complex and so delicate, a slight change in leaf-shape, a
shift in the mass distribution, a gust of wind... Any of these can affect the
path of these leaves.
The topic of this thesis is exactly this: the dynamics of particles falling (or rising) in a fluid driven by effective buoyancy, i.e. the combined effects of gravity
acting on the particle and the upward force generated by the displaced fluid.
The characteristic trajectories and orientations (kinematics) of these leaves
are in fact indicative of more universal types of motion exhibited by settling
and rising particles in general, examples of each can be found throughout this
thesis. Here, we will primarily focus on the effect of geometry and mass distribution. In this, we attempt to answer what determines the path of freely
rising and settling rigid particles in a still fluid.
Besides its fundamental appeal, this topic is also highly relevant in understanding and modelling many natural and industrial physical processes. In a natural
setting, one obvious example is that of rain, snow, or hail. Where, in clouds,
turbulent mixing combined with the effect of gravity results in the enhancement of growth of these particles (rain droplets, hail stones, or snowflakes) [1].
Another example is the meandering of rivers, a happy coincidence being that
the building in which I spent the four years of my PhD is also called ‘Meander’,
which is caused by the process of sedimentation, governed by buoyancy-driven
particles [2, 3]. Furthermore, the seeds of many plants have also evolved over
uncounted eons to make use of the wind to scatter on the four winds and find
a far-off place to take root. The maple and dandelion seeds are prominent examples hereof [4–6]. Other classical examples include dispersion of pollutants
in the atmosphere and plankton in the oceans. Besides natural phenomena,
particle-laden flows are also common in chemical and industrial applications.
Techniques such as flotation are used to extract minerals from slurry in the
mining industry in order to maximize yields or in waste treatment facilities to
remove hazardous materials or pollutants, before returning waste water to the
environment. Solid particles and bubbles also find use in chemical reactors
and in heat-exchangers where they promote mixing. Similarly bubbles and
droplets have been shown to be effective in the reduction of drag in pipe flow,
reducing the required head to pump oil or other fluids through long pipes, saving energy. This method of drag reduction is even being attempted for large
cargo ships to reduce fuel burn and emissions. The region of the flow in which
bubbles are present is crucial here, therefore we need to better understand
their fundamental dynamics.

3
Most of the examples provided here are of more complex systems; dealing
with a turbulent background flow or high volume fractions for which particleparticle collisions or particle-wake interactions will play a role. However, to
understand the behaviour of these more complex systems, it is beneficial to
first understand the more fundamental dynamics and kinematics of these particles. Furthermore, often the characteristic behaviour of free-rising or settling
particles persists even when the surrounding fluid is no longer quiescent [7].

The motion of buoyancy-driven particles
In fact, this is a very old question, at least dating back to Leonardo Da Vinci
(1452–1519) [8] and Isaac Newton (1643–1727) [9] questioning why spherical
bubbles or rigid particles sometimes feature a non-vertical path and instead
show “zigzag” or “spiralling” motion. This is indeed odd when considering the
equations of motion, which ought to result in a force balance in the direction
parallel to gravity between the fluid drag force and the effective buoyancy
force: (< 5 < ? )6, where < 5 and < ? are the mass of the displaced fluid and
particle, respectively, and 6 is the acceleration due to gravity. So why is it,
that the bubbles in Da Vinci’s case and the inflated hog bladders thrown off
St. Paul’s cathedral in the case of Newton, exhibited path oscillations? The
answer lies in the interaction between the particle and its (turbulent) wake.
To understand the problem we will first give a general introduction to the
formation and topology of the wake behind blunt bodies, before providing an
overview of how the wake-dynamics result in the characteristic behaviour of
settling and rising objects [10].

Dynamics of the wake of blunt bodies
The origin of the complex dynamics of particles is the instabilities that arise
in the wake of blunt bodies such as spheres, cylinders or disks. Therefore,
we will first discuss the structure and dynamics of the flow surrounding fixed
geometries. To do this, we first introduce the Reynolds number, named after
Osborne Reynolds (1842 –1912), who found that under certain conditions the
flow in the vicinity of a body in two different media, e.g. water and air, was
identical. This parameter, governing this similarity, is now called the Reynolds
number ('4) and is defined as:
'4 ⌘

*1 d 5 !
,
`

(1)
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Figure 2: Schematic of characteristic regimes in the wake behind fixed, blunt
bodies (based on [11]). (a) Low Re: the flow is laminar preserving foreaft symmetry, drag is due to skin friction. (b) Fore-aft symmetry is broken,
recirculation regions form behind the body, pressure-induced drag starts to
play a role. (c) Periodic shedding of vorticity starts to occur in the now
turbulent wake, horizontal symmetry is broken. (d) Boundary layer on the
front becomes turbulent, delaying separation of the boundary layer resulting
in a narrower wake.

5
where *1 is the velocity far away from the body, ! is the body characteristic
length scale, d 5 is the fluid density, and ` the dynamic viscosity of the fluid.
The Reynolds number represents the balance between inertial and viscous
forces.
There are additional effects that can affect the wake characteristics, such as
compressibility, but overall the flow field for a steady uniform inflow is primarily dependent on '4. For low '4 the inertial forces are weak and viscous effects
are dominant; this means that any fluctuations resulting in velocity gradients,
decay and vanish. Therefore, the resulting flow field will be laminar; without
fluctuations, such a flow field around a sphere is depicted in figure 2 (a). Here,
the flow is axisymmetric around the axis with direction *1 passing through the
centre of the sphere. Furthermore, the streamlines are nearly vertically symmetric, which results in no significant pressure differences between the front
and back of the sphere. Therefore, all drag in this so-called Stokes’ regime is
associated with skin friction and the pressure distribution around the sphere
is fore-aft symmetric and does not contribute to the drag force. Resulting in
a drag coefficient, defined as
⇠3 =

2 3
,
2A
d 5 *1

(2)

for spherical particles that is Reynolds number dependent: ⇠3 ⇠ '4 1 [13],
as is depicted in figure 3. Here, 3 is the (measured) magnitude of the drag

Stokes’ regime
Intermediate regime
Newton’s regime
Experimental drag data
Stokes’ drag: Cd = 24/Re

Drag crisis

Figure 3: Measured drag curve as a function of the Reynolds number for
fixed, smooth, spherical bodies from Clift & Gauvin (1971) [12] showing the
characteristic drag regimes.
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force on the body and A is proportional to the cross sectional area perpendicular to the incoming flow (for a sphere its diameter squared). If '4 is
further increased, however, this fore-aft symmetry in the flow field breaks
down. Behind the blunt body regions of flow recirculation begin to form as
depicted in figure 2 (b). This happens due to the fact that for increasing '4
the adverse (positive) pressure gradient in the boundary layer around the body
becomes larger and larger. At some '4 it becomes so large that the boundary layer flow separates from the body (laminar flow separation) and actually
moves backwards along the pressure gradient creating a region of recirculation.
While the flow is still predominantly laminar, resulting in no strong horizontal pressure variations, the vertical pressure distribution becomes increasingly
important for particle drag. At the front of the particle the flow is decelerated
significantly as it approaches the shape, resulting in a high stagnation pressure in accordance with Bernoulli’s principle for pressure along a streamline:
2
?(x) = ? 1 + 1/2d 5 (*1
D(x) 2 )1. However, in the region around the recirculation region the velocity is a lot higher, resulting in lower local pressures here
and in the recirculation region (otherwise this would not be stable). Therefore,
there is a pressure difference between the front and rear of the body resulting
in the aptly named pressure drag. For increasing '4 this contribution becomes
increasingly dominant over skin friction, the latter rapidly reducing proportional to '4 1 . This is not to say that skin friction is not important since the
flow separation originates and all subsequent instabilities follow from friction
effects.
With increasing '4, first the wake aft of the circulation region starts to meander or oscillate side-to-side, while still laminar this induces a horizontal asymmetry in the pressure distribution; resulting in a unsteady horizontal force on
the body. Beyond a critical '4 number, however, the wake becomes unstable
and turbulent [14], periodic vortex shedding, as depicted in figure 2 (c), begins
to occur. The laminar boundary layer over the front of the body separates and
rolls up into a vortex behind the body growing in strength until it detaches and
is advected in the wake. The topology of the flow structures varies with body
geometry and '4, however, the periodic nature remains present. These flow
structures result in significant temporal horizontal force fluctuations, causing
structural issues due to vortex induced vibrations in cables, car-antennae or
1Note that Bernoulli’s principle as stated here is only exact for steady, inviscid, incompressible flow. This implies that, by definition, it is not applicable for Stokes’ flow (low '4)
and for unsteady flow as would be the case for an oscillating wake. Here, our goal is to use
it as a tool to understand the physical principles underlying the pressure fluctuations caused
by the local fluid velocity.
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even bridges [15]. In this ‘Newton’s’ regime the drag coefficient, as defined
in (2), is approximately constant for blunt bodies, see figure 3. This regime
will be the primary focus of this thesis since most of the more complex dynamics arise as a direct consequence of these turbulent, quasi periodic, wake
structures.
The final important fundamental change in the wake is due to a transition in
the attached forward boundary layer. For sufficiently high '4 the boundary
layer will itself become turbulent before it reaches the point at which flow
separation from the surface takes place. This means that the velocity inside the
boundary layer contains eddies of fluctuating velocity parallel and transverse
to the direction of the mean flow. This turbulent boundary layer causes an
increase in shearing stresses due to a higher momentum transport from the
free-stream to the body’s surface. However, this increased momentum near the
surface allows the flow to move more effectively against the positive pressure
gradient and stay attached even over parts of the rear of the blunt body as
is schematically depicted in figure 2 (d). This transition in the flow structure
results in a narrower wake and a large decrease in the drag coefficient, the
so-called drag crisis (shown in figure 3).
In Newton’s regime and beyond, the structure and dynamics of the wake are
very sensitive to the geometry of the body. As a result the drag and frequency
of vortex shedding for specific cases vary significantly. The dynamics of vortex
shedding and the dominance of pressure drag over skin friction, however, are
universal for all blunt bodies.

Particle-wake interaction
Thus far, we have only considered the wake of fixed bodies. Armed with
this knowledge we now will tackle the problem of untethered particles, i.e.
particles freely rising or settling in a fluid. This implies that the particle is
free to translate and rotate based on the forces and torques it is subjected to.
The translational and rotational dynamics of a rigid body are described by
the Newton-Euler equations:
<?

dv
= L 5 + (d 5
dC
|

d ? )V6e I ,
{z
}

(3)

effective buoyancy

I? ·

d8
= Z5 .
dC

(4)
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Here, (3) concerns particle translation and (4) its rotation. In these equations
< ? is the mass of the particle, v is its velocity vector of its centre of mass , C
is time, L 5 is the net fluid force on the body, d 5 and d ? are the mass density
of the fluid and particle, respectively, V is the volume of the geometry, 6
the acceleration due to gravity, e z a vertical unit vector parallel but opposite
to gravity, I ? is the rotational moment of inertia (tensor), 8 is the particle
angular velocity vector, and Z 5 is the fluid torque vector. The fluid force (L 5 )
and torque (Z 5 ) are obtained from the integral of pressure and skin friction
over the surface of the submerged body as follows:
Ω
L5 =
?n + 3 F d(,
(5)
Z5 =

Ω

( ( V)

( ( V)

r ⇥ ( ?n + 3 F )d(.

(6)

In these equations ((V) is the surface bounding the volume (V) of the body,
n is the local surface normal vector pointing out of the body, r is a vector from
the centre of mass to the evaluated point on the surface, ? is the pressure of
the fluid at this location, and 3 F is the local skin friction at the wall. The
skin friction is equal to
d
3F =
(D tang )t,
(7)
dn
with D tang being the relative fluid velocity tangential to the surface, and t is a
unit vector tangential to the surface parallel to the local relative velocity. See
figure 4 for a schematic overview of the terms.
By integrating pressure and skin friction over the entire surface (see 5) we
obtain a resulting force in the centre of mass of the particle. This force can be
decomposed in several ways, the most important and obvious one is splitting
(5) into drag (parallel to the direction of motion) and lift (perpendicular to
it). Furthermore, the fluid forcing can be split based on the contributing physical mechanisms. The most important of these are: added mass (the amount
of fluid accelerated along with the body, increasing its effective inertia), the
Basset (history) force (describing the temporal delay in the response of the
boundary layers to acceleration), and the Magnus lift force (estimating circulation induced lift based on particle velocity and rotation). By integrating
the cross product of the vector (r) (the moment arm) and pressure and skin
friction we obtain the fluid induced torque, as is done in 6. Again, the contributions to this can be split along similar lines as was done for the fluid forcing.
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In this thesis we are discussing buoyancy-driven particles, for which the effective buoyancy term in (3), consisting of the upward buoyancy and downward
gravitational force, is non-zero. As a particle rises or sinks in a fluid, this
potential energy is released and converted in kinetic energy of the particle and
of the fluid. This energy in the fluid is slowly dissipated via the turbulent
energy cascade, and the fluid becomes still again. The energy transfer from
particle to fluid is the only thing stopping the particle from accelerating indefinitely. Therefore, when the particle has reached its terminal vertical velocity
i.e. dE I /dC = 0, there is a balance between effective buoyancy force and the
fluid drag, resulting in:
2|d 5 d ? |V6
⇠3 =
,
(8)
d 5 hE I i 2 A

where h·i denotes a time-average quantity. Effectively, the drag coefficient tells
us how quickly the particle moves when it rises or settles, i.e. the rate at which
potential energy due to the buoyancy is released into the fluid.
We will now discuss the effect of vortex shedding on freely moving bodies
which is a very complex interaction, because the vortex shedding forces affect
the particle’s translation and rotation, but in turn this motion will also affect
the flow field. The principle reason is the periodic vortex shedding in the wake,
which results in fluctuating horizontal pressure forces providing one mechanism
for particle path oscillations. Before moving on we need to make an important distinction between spherical (isotropic) and non-spherical (anisotropic)
particles. For spherical particles all rotation is induced by skin friction, see
figure 4(a), whereas for anisotropic particles it is also due to pressure, see figure 4(b). For the former the pressure will not induce a Z 5 in (4), since the
centre of mass is at the same location as the centre of pressure (CoP) and the
cross product in (6) between r and n is zero since they are parallel by virtue
of the geometry. However, for non-spherical particles this is not the case. The
CoP will move around inside the geometry and the pressure distribution will
thus affect torques directly.
But looking at equations (3) and (4), does rotation really matter? We observe
no direct coupling between the two, so why would the particle path or drag
be affected by rotation? The answer to this question is not straightforward,
the particle rotation will affect the vortex shedding and the dynamics of the
wake, thus altering the forcing on the body. This process is complex and
chaotic, therefore it cannot be adequately predicted or modelled. However,
we can consider it in a simplified manner; rotating the particle takes energy to
accelerate it, which in turn adds vorticity to the wake, and since only a limited

10
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Figure 4:
Schematic showing the differences between isotropic (a) and
anisotropic particles (b). Here, vectors are indicated by an over-arrow. In
(a) we show a sphere that is rotating clockwise. The upwards moving surface
on the left side of the body results in a larger local velocity gradient, and
thus an increased adverse pressure gradient. This shifts the point of boundary
layer separation forwards (upstream). On the right side the velocity gradient
and thus the shear is smaller and flow separation is delayed. This results in a
net counter clockwise torque counteracting the current rotation. Furthermore,
the velocity differences between left and right, in accordance with Bernoulli’s
principle, create a high pressure on the left and low pressure on the right, this
effect is known as the Magnus lift force. In (b) an inclined anisotropic body
with a flow coming from above. The pressure distribution due to the flow
field is not symmetric and induces high and low pressure zones. Due to the
geometry these local pressures, and the resulting force, parallel to the surface
normal vector n, also induce a torque around the centre of mass.
amount of potential energy is available this effectively increases particle drag.
In addition to increasing drag, particle rotation also induces a lifting force
(perpendicular to the direction of motion) by means of the Magnus effect. This
happens because, due to particle rotation, the velocity on one side of the body
is higher than on the other side (schematically shown in figure figure 4(a)).
Following Bernoulli’s principle the pressure in the high velocity region is lower
than in the low velocity region, thus creating a horizontal pressure imbalance
called the Magnus effect.
Using the concepts described here, the ambition is to provide the reader with
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a better intuition regarding this field. The fundamental principles discussed
here are at the heart of the first three chapters of this thesis.

A guide through the thesis
In the first two chapters of this thesis we focus on the kinematics and dynamics of spherical particles rising and settling in a quiescent fluid. In the
past a great number of experiments have been performed on the behaviour of
spheres at high Reynolds number e.g. [16–20]. However, this often resulted in
more questions than answers. In these works the characteristic behaviour of
freely rising spheres was classified in terms of the particle density ratio and its
Reynolds number. For the same approximate parameters one author observed
path oscillations, while another saw a straight vertical rise. Even regarding the
particle drag coefficient authors disagreed. Recently, it was suggested that the
rotational dynamics might play an important role in dictating the behaviour
of freely rising cylinders and spheres [21, 22]. With this in mind we aim to
explain the discrepancies in literature.
In chapter 1 we probe the rotational dynamics of spherical particles in a unique
way by inducing a centre of mass (CoM) offset. This creates a fixed distance
between the CoM and the CoP, which for an isotropic sphere are at the same
location. Due to this displacement the fluid pressures around the body will
induce a torque which previously was not the case, see figure 4(a). Furthermore, when the particle is rotated from its rest orientation a restoring moment
rotates it back, similar to a pendulum. This introduces an intrinsic time scale
to the dynamics. Making use of this inherent time scale we can investigate
the effect of rotational dynamics, as well as uncover the importance of this
parameter for natural and industrial particle-laden flows.
In chapter 2 we continue investigating spherical particles by probing the effect of rotational moment of inertia. In [22] this was shown to strongly affect
the rise mode of spheres in turbulence. It was further suggested that this
parameter might explain the previously mentioned discrepancies in literature.
Therefore, we conducted a thorough experimental study spanning density ratios between 0.37 and 0.97, while varying the rotational moment of inertia by
changing the internal mass distribution. This also gives us an indication of
the relevance of the moment of inertia as it pertains to natural and industrial
particle-laden flows, and whether or not it can explain the discrepancies in
literature.
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In chapter 3, we investigate the effects of geometry, as shown in figure 4(b),
by changing the shape of the particles from oblate, flat disks, to a sphere to
prolate (needles). We classify the behaviour of these particles into several
regimes based on the kinematics and dynamics we encounter. We detail the
drag properties as well as the oscillatory dynamics in each regime and offer an
explanation of this behaviour. Furthermore, we encounter two unique regimes;
a tumbling regime for particles close to spherical where the particle semiperiodically flips over and a spiralling regime for extremely prolate particles
characterised by a constant particle inclination and a near perfect spiralling
trajectory.
Finally in chapter 4, numerical simulations of neutrally buoyant prolate spheroids
in Taylor-Couette flows have been performed. In this work we focus on particle preferential concentrations and alignments offer an explanation for the
observed particle behaviour.

13
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Chapter 1
Rising and sinking in resonance: mass
distribution critically affects buoyancy
driven spheres via rotational dynamics
We present experimental results for spherical particles freely rising and settling
in a still fluid. Imposing a well-controlled centre of mass offset enables us to
vary the rotational dynamics selectively by introducing an intrinsic rotational
timescale to the problem. Results are highly sensitive even to small degrees
of offset, rendering this a practically relevant parameter by itself. We further
find that for a certain ratio of the rotational timescale to a vortex shedding
timescale (capturing a Froude-type similarity) a resonance phenomenon sets
in. Even though this is a rotational effect in origin, it also strongly affects
translational oscillation frequency and amplitude, and most importantly the
drag coefficient. This observation equally applies to both heavy and light
spheres, albeit with slightly different characteristics, for which we offer an
explanation. Our findings highlight the need to consider rotational parameters when trying to understand and classify path characteristics of rising and
settling spheres.

Published as: J. B. Will and D. Krug, Rising and Sinking in Resonance: Mass Distribution
Critically Affects Buoyancy Driven Spheres via Rotational Dynamics, Phys. Rev. Lett. 126,
174502 (2021).
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CHAPTER 1. CENTER OF MASS OFFSET

1.1 Introduction
A single particle settling or rising in a still fluid is one of the most intuitive
and conceptually simple problems in fluid mechanics. However, the complexity
arising from the coupling between the motion of the body and the surrounding
flow is intricate and the resulting complex trajectories [23–28] have fascinated
researchers, including Da Vinci [8] and Newton [9], for centuries. Moreover,
single particle dynamics often persist in particle-laden flows [29] and can significantly affect global properties of a system such as sedimentation rate, and
transport of heat or nutrients in a fluid [30], or mixing in chemical reactors [31, 32]. Beside the scientific appeal, a fundamental understanding of the
behaviour of individual particles is therefore also of primary importance in
understanding larger systems in nature and industrial applications.
Despite long-standing efforts, the understanding even for the most basic geometry of a sphere is still incomplete to date [22,33]. The traditional notion is
that the two-way coupled dynamics for this case depend on two dimensionless
parameters only: the particle-to-fluid mass density ratio ⌘ d ? /d 5 , and the
particle Galileo number Ga ⌘ *1 ⇡/a [34,35]. Here,p ⇡ is the particle diameter,
a the kinematic viscosity of the fluid, and *1 = |1
|6⇡ is the buoyancy
velocity with 6 denoting the acceleration due to gravity. In relating buoyancy and viscous forces, Ga is similar to the Reynolds number '4 ⌘ hD I i⇡/a,
where hD I i is the mean vertical velocity (with h·i denoting a time and ensemble
average) which is not known a priori, however.
A significant amount of work was aimed at classifying the motion of spheres
and differences in their wake structures as a function of and Ga [20,33,35–38].
However, there still exists substantial disagreement even on fundamental aspects. For example, it remains open why there are conflicting results for the parameter range for which strong path oscillations are observed [17–20,34,36–41].
The lack of a universal description alludes to the possibility that additional –
yet largely unexplored – parameters may play a role in the problem. In fact,
recently, the importance of rotational dynamics for spheres and 2D circular
cylinders has been highlighted [21, 22, 42], showing that the moment of inertia
(MoI, governed by the internal mass distribution) can affect the vortex shedding mode, the frequency and amplitude of oscillation, as well as the vertical
velocity. The key physical mechanism behind this rotational-translational coupling is the Magnus lift force, which in a still fluid is given by L < ⇠ 8 ⇥ u [43],
with 8 and u denoting the particle angular and linear velocity vectors, respectively. It has been suggested that the dependence on the particle MoI can be
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one of the factors contributing to the spread in particle drag coefficient as well
as causing differences in oscillation amplitude [22], but conclusive evidence, in
particular for spheres, is missing.
In this chapter, we systematically explore the effect of rotational dynamics on
rising and settling spheres. To this end, we modify the rotational properties
of the spherical particles in a controlled manner by introducing a center of
mass (CoM) offset W ⌘ 2;/⇡, where ; is the distance along the unit vector p
pointing from the CoM to the geometrical centre (see Fig. 1.1(a)). Clearly, such
an offset can also be expected to occur in a host of practical applications, for
which particle properties are rarely ever uniform. This concerns e.g. the falling
of dandelion seeds [6] and snowflakes [44–48], the sedimentation behaviour of
sand grains and stones [49, 50], chemical and biological reactors with (inverse)
fluidized beds [51], as well as the transport of micro-plastic in the oceans [52].
The practical relevance is moreover rooted in the fact that we find that even
small values of W can affect the kinematics and dynamics of spherical particles
significantly. Despite their apparent relevance, CoM offsets are often listed
more generally as potential sources of experimental uncertainty (e.g. [27]) but
few studies have considered W explicitly. To our knowledge, the relevance
of this parameter was first noted by [36] who report that the trajectory of
a settling sphere at Ga = 180 was destabilized when introducing an offset
of W = 5% (originating from an air bubble excentrically trapped in some of
their particles). More recently, it was shown that lateral motion of spheres
in a linear shear flow was reduced by presence of a strong offset [53]. While
both of these studies clearly underline the relevance of W as a parameter, the
accounts remain anecdotal and a complete understanding based on systematic
variation is lacking still. For completeness, it should be mentioned that the
role of mass asymmetry has also been examined in the context of cylindrical
or fibre-like particles [54–56]. However, due to the anisotropic geometry, the
dynamics in these instances are completely different from the spherical case
considered here.
We start our analysis from the classical Kelvin-Kirchhoff equations [57], which
for a suspended sphere are given by:
✓
◆✓
◆
L5
1
du
(1
)6
1+
+8⇥u =
+
eI ,
(1.1)
2
dC
<?
Z5
1 ⇤ d8
W
=
(6e I + a 2 ) ⇥ p.
(1.2)
2
10 dC
2⇡
<?⇡
Here, L 5 and Z 5 are the fluid force and torque applied to the body, respectively, and e I is the vertical unit vector. Further, we define the dimensionless

18

CHAPTER 1. CENTER OF MASS OFFSET

(a)

z
Fb

p

(c)

l
✓z

Ga ⇡ 1200, I ⇤ ⇡ 0.76
Ga ⇡ 3100, I ⇤ ⇡ 0.80

0.
T =

05

Ga ⇡ 1800, I ⇤ ⇡ 0.91
Ga ⇡ 3500, I ⇤ ⇡ 0.85

8
0.0

0.1

Ga ⇡ 4800, I ⇤ ⇡ 0.97
Ga ⇡ 7600, I ⇤ ⇡ 1.13

4

0. 1

0. 2

0. 3

D
0.0
5

Fd
!

0.14

0.1

B

0. 08

✓

0.2

u

0.3

25

T

0.0

Fg

(b)

N
Figure 1.1: (a) Schematic of a sphere with CoM offset. (b) The particle
Frenet–Serret (TNB) coordinate system, with unit vectors ) (parallel to u),
T (pointing in the direction of curvature of the path), and H (defined such
that T = H ⇥ Z). The angles q (azimuth) and \ (elevation) uniquely define
a vector in this space. (c) Explored parameter space. Grey shading indicates
the resonance regime and T -isocontours (see Eq. 1.3) correspond to ⇤ = 1.

MoI ⇤ ⌘ ? / as the ratio of the particle MoI ( ? ) over the MoI of a sphere
with a uniform density distribution
= 1/10< ? ⇡ 2 , where < ? is the particle
mass. Note that the linear momentum balance (Eq. 1.1) remains unaffected
by the choice of W. Eq. 1.2 represents the angular momentum balance around
the centre of the sphere, in which the effect of the CoM offset appears in the
form of the cross-product on the right-hand side. Apart from W, the magnitude of this term also depends on the included angle \ I between p and e I (see
Fig. 1.1(a)), and on a 2 , the acceleration of the centre of mass.
For spheres, the geometric centre and the centre of pressure coincide. Therefore, the forcing term Z 5 in Eq. 1.2 is solely due to skin friction, which for
Re ' 275 [58] provides an approximately periodic driving associated with the
vortex shedding in the wake of the body [59]. Neglecting the additional dependence on a 2 , the offset term acts as a restoring torque. Thus, Eq.
p 1.2 is similar
to a periodically forced pendulum with a natural frequency 5 ? = 5W6/⇡ ⇤ /2c,
and the corresponding timescale g? = 5 ? 1 . The driving due to vortex shedding
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is characterised by gE ⇠ ⇡/*1 and on this basis, we define the ratio
s
gE
1
5W
T =
=
.
g? 2c |1
| ⇤

(1.3)

Note that T is entirely determined by particle ans fluid properties. In relating
translational (*1 ) and dissipative (⇡/g? ) velocities, T corresponds to the
inverse of the Froude number defined in [60] for falling strips. However, the
definition in Eq. 1.3 is preferred here as it avoids divergence at W = 0.

1.2 Experimental setup and techniques
To test the effect of variations in T , laboratory experiments were performed for
rising (blue) and settling spheres (red symbols) in a still fluid with systematic
variations in Ga, W, and . An overview of the explored parameter range is
shown in Fig. 1.1(c) and in tabulated form in the appendix 1.5. The particles
Particle design
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(c)

450mm

Settling experiments
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Camera 1: top
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Ixx
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±1100mm
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Figure 1.2: (a) 3D images of the particle construction showing the bearing
ball and the shell for three CoM values for Ga ⇡ 3500. The principle axes
of the moment of inertia tensor are indicated, II is independent of the value
of, W, G G = H H ⇡ II for small offsets. Finally, we show the finished painted
particle. Experimental setup for the rising (b) and settling (c) experiments.
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consist of two 3D printed shell halves and a metal, chrome steel, bearing ball,
see Fig. 1.2(a). The bearing balls are displaced radially outwards in order
to shift the centre of mass. The shells were manufactured using 3D printing
on a RapidShape S30 SLA printer with a vertical resolution of 25 `m and
a horizontal resolution of 21 `m, accurate enough to produce the smallest
offsets used in these experiments. The metal ball was seated inside the shell
and the halves are glued together and sanded to a smooth surface finish. The
particle was then painted using the patterns identical to those used in [61,62],
see Fig. 1.1(a), in order to enable accurate rotational tracking. The properties
⇤ and W of the finished particle were then determined using a commercial
CAD software package (Solidworks) based on the measured particle weight
and measured diameter. The sphericity, defined as the maximum deviation
from the mean diameter, of the smallest particles was within 1.5% of the
diameter. For the moment of inertia ? is said to be ? = G G = H H (Fig. 1.1(a)),
since we expect most rotation around these axes. Multiple particles with the
same nominal properties were used in the experiments to validate repeatability
and accuracy of the particle dimensions. All experiments were performed at
least 6 times for each particle (at least 5000 image frames), resulting in good
statistics for each data point. The results and design parameters are averaged
over particles of the same design and provided in tables in the appendix 1.5.
Particles, ⇡ = 12-25 mm, were released to settle or rise in a large vertical water
tank. After an initial transient (> 20⇡), the position and orientation of the
spheres were tracked over a distance of ⇡ 30-80⇡ using optical methods [61,62].
Two separate experimental setups were used in this work, one for rising and
one for settling particles (Fig. 1.2(b, c)). For rising particles the measurement
section of the Twente Water Tunnel (TWT) was used. The benefit of this setup
is the height of the tank which measures approximately 3.5 m from the release
point up to the water’s free surface. This allows the particles to reach a steady
state over a long distance (1.8 m) before they enter the measurement section.
There, trajectories were recorded by two stacked sets of two perpendicularly
placed cameras as shown in Fig. 1.2(b). The dimensions of the cross-section of
the tank are 450 ⇥ 450 mm2 . For settling a smaller tank was used depicted in
Fig. 1.2(c). The height of the tank was 1.3 m with a cross-section of 270 ⇥ 270
mm2 . The distance from release to the measurement domain in this setup was
550 mm and the height of the measurement domain (covered by a single camera
pair in this case) measured 650 mm. For both, rising and settling experiments,
it was confirmed that the particles had indeed reached terminal velocity by
evaluating vertical acceleration statistics. In the TWT, the particles were
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Figure 1.3: Characteristic particle trajectories for rising particles (Ga ⇡ 1800 and = 0.80) as seem from the
top for different values of T . For each trajectory the bar at the bottom represents the mean amplitude of
oscillation found for this particle. The behaviour shown here as a function of T are representative for the
dynamics of all rising particles. We find that for zero offset the trajectories are spiralling with a relative low
eccentricity. In resonance we find that the trajectories become more circular. Beyond resonance we observe
precession of the trajectory. Finally for extreme offsets, for this ⌧0 W ' 10%, the particles rise vertically.
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released using a water lock. The particle is pushed to the centre of the tunnel
in a tilted “basket”, which is then slowly rotated to release the particle. As
a result, the initial orientation of the particle is random. However, due to
the large distance between the release and measurement regions no effect of
the release on the results were detected. For the settling case particles were
released in the stable orientation, with the CoM below the CoP. Particles were
submerged in a clamping mechanism which could be opened for release. We
did not observe any initial rotation due to the particle release.
Between each measurement, the fluid was left to settle for at least six minutes.
We judged this to be sufficient time for any flow disturbances to die down as
waiting even longer did not lead to any appreciable changes in the particle
behaviour, as was confirmed for the smallest particles. For the rising experiments, air in the release mechanism was evacuated before starting this timer.
Furthermore, after each second experiment the particle mass was checked to
confirm no water had leaked into the particle shell. In case this happened, any
previous runs were invalidated and discarded for the analysis. Further, any
runs that showed bubbles either attached or near the sphere, or during which
particles came close to the sidewalls, were also discarded.

1.3 Results and discussion
The profound effect variations in W have on particle kinematics is exemplified in
Fig. 1.3, where horizontal projections (-. -plane) of drift-corrected trajectories
(see § 3.2.5 for details) for the Ga ⇡ 1800 (rising) case are shown. From these
plots, it is obvious that the oscillation amplitude varies significantly with W
and even vanishes for the most extreme offsets. Simultaneously, also the shape
of the oscillations transitions from mostly planar to circular and then back to
a more planar zigzag motion with additional precession as W is increased. A
similar behaviour is observed across all Ga and for rising particles. For > 1,
we observed a similar increase in amplitude but not the associated helical and
precessing trajectories. We did not encounter significant horizontal drift, as is
reported for lower Ga [33], for any of the cases considered here.
As a first quantitative measure, we extract the frequency 5 of the horizontal
path oscillations. Sample results for three cases in the inset of Fig. 1.4(a)
reveal that 5 varies significantly with W with a remarkable sensitivity even at
small offsets. All cases display a similar pattern relative to their respective
pendulum frequency 5 ? (W) (dashed lines): At small W, 5 exceeds 5 ? , but
the two quickly converge as the offset is increased resulting in a resonance

1.3. RESULTS AND DISCUSSION

(a)

23

(b)

<1
0

5000

Ga
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Figure 1.4: (a) The inset shows the oscillation frequency of the particle
5 (symbols) and internal pendulum frequency 5 ? (dashed lines) vs. W for 3
different Ga values. We see that for all cases, for a range of W, 5 locks on to 5 ? .
In the main figure this resonance regime, for which 5 / 5 ? vs. T ⇡ 1 is indicated
by the grey shaded region. (b) Amplitude of oscillation (0̂) normalized by the
particle diameter for all experiments. The amplitude is found to vary wildly
when no offset is present. With offset, however, a maximum amplitude of
0̂/3 ⇡ 1 is found for all cases close to T ⇡ 0.08, early on in the resonance
range. For large offsets the amplitude decreases and decays.
( 5 ⇡ 5 ? ) between the path oscillations (and hence the vortex shedding) and
the rotational dynamics of the particle. For offsets greater than those at
resonance, 5 ? quickly outgrows the shedding frequency and path oscillations
damp out (resulting in large variations in 5 in this regime). Resonance occurs
at different values of W for different particles. However, all data collapse when
plotting 5 / 5 ? against T as is done in the main panel Fig. 1.4(a). This confirms
that T is indeed the relevant parameter governing the behaviour of particles
with CoM offset and we identify the resonance range as 0.08 / T / 0.14, where
5 / 5 ? ⇡ 1 ± 0.2 (marked by a grey shading in all figures). A similar lock-in
phenomenon of the wake to object oscillations was earlier observed for forced
translational oscillations of beams in a cross flow [63, 64]. A key difference
and a remarkable feature of the present results is, however, that here vortex
shedding dynamics are governed by a parameter that is intrinsically rotational.
The resonance behaviour revealed for the frequencies also has a direct imprint
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Figure 1.5: (a) Particle drag coefficient vs. T , showing a strong drag increase for rising particles in the resonance regime. For settling particles no
drag increase is observed. (b) Mean amplitude of op the particle rotational
amplitude of the vector p with respect to e I vs. T . (c) Mean rotation rate
vs. T . Both, the amplitude of the oscillations and the rotation rate correlate
well with the behaviour of the particle drag coefficient.
on other parameters, such as the normalized oscillation amplitude 0̂/⇡ shown
in Fig. 1.4(b) for both heavy and light particles. At T = 0 i .e. W = 0, the scatter in 0̂/⇡ is considerable owing to the variation in Ga, ⇤ and . However,
these differences vanish and the variation of 0̂/⇡ as function of T becomes
remarkably similar across all cases tested rendering this the dominant parameter once a small but finite offset (W > 0) is introduced. Amplitudes are largest
in the resonance band with a peak of 0̂/⇡ ⇡ 1 located at T ⇡ 0.09 for both rising and settling particles. Consistent with the observation in Fig. 1.3(a), path
oscillations vanish at large T in all cases and it appears that the decrease in
0̂/⇡ beyond resonance is steeper for larger values of . While the resonant behaviour in terms of 5 / 5 ? and 0̂/⇡ is very similar for heavy and light particles,
remarkably the same is not true for the drag coefficient ⇠3 = 4⇡|1 |6/3hE I iC2
shown in Fig. 1.5(a). For rising spheres, there is almost a factor of two increase
in ⇠3 in the resonance regime as compared to the T = 0 case. In contrast, the
⇠3 results appear virtually insensitive to changes in T for settling spheres.
A clue pointing to the cause of this surprising behaviour is given by the results
for the rotational amplitude \ˆI in Fig. 1.5(b). The resonance peak for \ˆI is
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prominent at low reaching values even beyond 90 , but remains weak for
> 1. In all cases, the rotational amplitude vanishes for higher T , for which
5 < 5 ? . Indeed, the scaling \ˆI ⇠ T 2 , which follows from a quasi-static
assumption using ) 5 ⇠ d 5 ⇡ 3* 2 [65,66] appears to capture the decay of \ˆI with
increasing T well in this regime. Such a simple argument fails, however, to
reproduce the prefactor properly for which the suggested ( ⇤ ) 1 -dependence
is weaker than the actual variation in the data. Dynamically, the rotation rate
is more relevant than \ˆI and it further provides a more robust measure, even
at W = 0. We therefore additionally consider the mean rotation rate hli in
Fig. 1.5(c) and observe a good agreement between the trend of this quantity
and that of ⇠3 as a function of T . This indicates that instead of the path
oscillation amplitude (which features a resonance peak even for > 1), the
particle drag correlates better with the rotational energy of the spheres. This
correlation is shown explicitly in Fig. 1.9 in the Appendix.
In evaluating the nature of the rotational-translational coupling, it is useful to consider the Lagrangian Frenet-Serret coordinate system (Z,T,H, see
Fig. 1.1(b)), which is defined with respect to the path of the sphere [22,43,67].
In Fig. 1.6, we show histograms of the orientation of 8 in the TNB coordinate
frame corresponding to the sample trajectories displayed in Fig. 1.3. Especially for the resonance cases (T = 0.096 and T = 0.137), 8 is found to align
strongly with H. This implies that the normal acceleration (along T) is consistent with the direction of the Magnus lift force in this state, since L < ⇠ 8 ⇥ u.
In addition to the fact that no significant path oscillations are observed in the
absence of particle rotation at high T (Fig. 1.5), this underlines the crucial role
rotational dynamics play for the path oscillations. The alignment between 8
and H in the resonance range is slightly less pronounced at > 1 (see supplementary material) but remains a robust feature for all cases considered here.
While light particles at T outside resonance display distinct alignments away
from H, this is not observed at > 1 as rotational amplitude quickly vanishes
in those cases.
With the relevance of the driving via the Magnus force established, it is then
possible to analyse the phase relation between a forcing parameter and a system response. We do so by evaluating the phase angle
between the projections of the acceleration a and of the Magnus lift force L < along an arbitrary
horizontal direction. By definition, the particle acceleration lags behind the
Magnus lift forcing for
< 0 and vice versa for
> 0. The results for
in Fig. 1.7(a) display a collapse as a function of T with a zero-crossing (at
T ⇡ 0.12 ± 0.01) within the resonance band. The latter is in line with the find-
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Figure 1.7: (a) Phase angle
between horizontal particle acceleration and
Magnus lift force. Coupling between particle rotation and the directionof the
Magnus lift force for rising (b) settling (c) particles.
ings in figure 1.3(c) and implies an enhancement of path oscillations through
L < . A key feature of the resonance is therefore that rotational-translational
coupling is coherent with other forcing (e.g. through pressure forces induced
by vortex shedding), while the two are less correlated otherwise. Interestingly,
⇡ 0 occurs at T ⇡ 0.12, at which rotations are strongest, whereas the
phase lag is non-zero at the peak in 0̂/⇡ (
⇡ 45 at T ⇡ 0.09).
The question remains, why the settling spheres have such a pronounced deficit
in rotational dynamics compared to rising ones. An explanation for this is related to the difference in alignment between the direction of offset p (always
pointing up) and the mean direction of motion, that switches between rising
and settling particles. A Magnus lift force in the same direction is therefore associated with rotations in opposite directions between the two cases,
as Fig. 1.7 (b) and (c) show respectively. This is relevant, because the torque
induced by the lateral acceleration due to L < (proportional to Wa 2 ⇥ p, see
Eq. 1.2) then either enhances (rising particles) or counteracts (settling) the
rotation rate 8. Rotational amplitudes are therefore suppressed for heavy
particles via this mechanism. In the resonance regime L < strongly aligns with
the direction of normal acceleration T, such that also translational accelerations due to other forces amplify the effect in this case.
Finally, to put our results into perspective, we compare them to compiled
literature data in terms of ⇠3 vs. Re in Fig. 1.8. The range of ⇠3 in the
present measurements is seen to cover the full spread in the literature data
with matching bounds, indicating that, at least at this level, the dynamics
explored here are comparable to those encountered (nominally) without CoM
offset. The fact that here this variation arises from altering only the rotational
dynamics is testament to the crucial importance of related parameters such
as ⇤ and W. Incorporating these therefore appears necessary for a complete
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Figure 1.8: Particle drag coefficients for rising and settling spheres compiled
from literature (black dots) [16–20, 36, 38, 39, 68–73], and present data (colour
coded by T ) vs. Re = hD I i⇡/a.
description of the problem. Moreover, there is a longstanding notion [20],
with mention already by Newton [9], that high levels of ⇠3 are associated
with large path amplitudes 0̂/⇡. This is clearly at odds with our results for
> 1 (but also with findings by others [33, 36, 62, 74]), where ⇠3 remains low
even though 0̂/⇡ is significant. Our analysis suggests that ⇠3 is instead more
closely related to particle rotations.

1.4 Conclusion
In summary, we have provided strong evidence for how critically the overall
behaviour of free rising or sinking spheres in the vortex-shedding regime is
related to their rotational dynamics. The revealed sensitivity to CoM offsets
as small as W = 0.5% is remarkable and this parameter is therefore likely to
play a role in many practical cases. In particular, it might affect the behaviour
of spheroidal bubbles [75], which are known to display spiral or zigzag motion
when rising in a contaminated liquid [76–78]. In that case, a CoM offset might
arise due to surfactants being swept to the back of the bubble by the flow and
we estimate (assuming ! 0 and ⇤ = 1) that W ⇡ 5% would suffice to reach a
T -value in the resonance regime. Clearly, the present findings are also useful
to tailor particle behaviour. In the future, it will be of particular interest to
broaden the investigation to turbulent flow. Given how easily and effectively
their resonance behaviour can be tuned, CoM spheres may be efficient means
to ‘shape’ turbulence by selectively enhancing specific frequencies in the flow.

1.5. APPENDIX

29

Ub

0

>1

<1

5000

Ga

1.5 Appendix

Figure 1.9: Correlation between the dimensionless rotation rate, defined as
hli⇡/*1 , and the the drag coefficient calculated for each individual particle.
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Figure 1.10: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system for
the complete range of T with settling particles with Ga ⇡ 1200, see table 1.1.
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1.525
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1.091
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0.767
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⇤

0.000
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0.137
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0.506

T
5
(Hz)
0.660
0.870
0.869
1.282
1.203
1.221
1.033
0.989
1.058
0.868
1.305
0.910

5?
(Hz)
0.944
1.179
1.426
1.642
2.006
2.303
2.574
2.800
3.009
3.566
4.181
0.367
0.227
0.291
0.050
0.034
0.034
0.037
0.036
0.037
0.044
0.035
0.054

0̂/⇡
1976
2078
2091
2151
2143
2119
2177
2245
2137
2062
2172
2213

Re
0.471
0.472
0.468
0.383
0.404
0.436
0.392
0.404
0.413
0.442
0.412
0.383

⇠3

\ˆI
( )
17.336
15.878
5.307
5.129
5.733
7.692
5.192
5.086
14.447
5.123
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hli
( B 1)
68.77
59.61
70.40
34.18
33.90
32.59
28.31
30.84
32.66
28.63
27.91
30.05

( )
-23.34
0.15
-1.34
46.03
51.48
-8.46
14.22
19.60
-8.62
9.85
-4.35
-30.49
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Table 1.1:
Particle parameters and results for all settling particles with
⌧0 ⇡ 1200 and ⇡ = 0.012 m. The provided data is averaged over multiple
particles with identical design properties.
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Figure 1.11: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system for
the complete range of T with settling particles with Ga ⇡ 3100, see table 1.2.

2864
3193
3186
3227
3198
3148
2860
3130
3130
3186
3264

Ga #

W
(%)
0.000
0.592
1.031
1.514
2.084
3.005
4.057
5.021
5.985
6.992
9.970

1.105
1.131
1.130
1.134
1.131
1.127
1.105
1.126
1.126
1.130
1.137

0.811
0.793
0.794
0.792
0.795
0.801
0.821
0.811
0.817
0.821
0.845

⇤

0.000
0.085
0.112
0.135
0.159
0.193
0.244
0.250
0.272
0.288
0.331

T
5
(Hz)
0.568
0.675
0.810
0.921
0.710
1.206
0.721
0.954
1.239
1.071
1.361

5?
(Hz)
0.681
0.898
1.089
1.276
1.527
1.752
1.961
2.133
2.300
2.707
0.541
0.936
0.458
0.235
0.304
0.097
0.256
0.159
0.089
0.098
0.068

0̂/⇡
5422
5323
5542
5511
5673
5566
5500
5700
5727
5766
5663

Re
0.372
0.480
0.441
0.457
0.424
0.426
0.360
0.402
0.398
0.407
0.443

⇠3

\ˆI
( )
46.645
12.660
7.191
4.297
7.572
4.150
4.764
6.756
5.268
5.740

hli
( B 1)
62.45
129.13
55.06
40.09
27.30
42.26
28.90
37.28
50.70
42.87
54.24

( )
-44.85
-33.86
-2.04
35.93
1.83
50.85
26.07
42.63
46.30
55.35
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Table 1.2:
Particle parameters and results for all settling particles with
⌧0 ⇡ 3100 and ⇡ = 0.020 m. The provided data is averaged over multiple
particles with identical design properties.
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T = 0.155

T =0

0

1

T = 0.057

T = 0.182

T = 0.080

T = 0.184

T = 0.096

T = 0.210

T = 0.115

T = 0.246

T = 0.137

T = 0.307

Figure 1.12: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system
for the complete range of T with rising particles with Ga ⇡ 1800, see table 1.3.

1780
1784
1820
1842
1785
1837
1891
1781
1959
1871
1908
1908

Ga "

W
(%)
0.000
0.447
0.950
1.407
1.867
2.845
3.885
4.660
6.130
7.088
10.602
18.140

0.812
0.811
0.803
0.798
0.811
0.799
0.788
0.812
0.772
0.792
0.784
0.784

0.934
0.935
0.945
0.951
0.937
0.952
0.970
0.945
1.001
0.982
1.024
1.129

⇤

0.000
0.057
0.080
0.096
0.115
0.137
0.155
0.182
0.184
0.210
0.246
0.307

T
5
(Hz)
0.985
0.974
1.119
1.306
1.359
1.478
1.714
1.787
1.957
1.907
1.735
1.502

5?
(Hz)
0.702
1.025
1.238
1.430
1.759
2.036
2.259
2.519
2.734
3.274
4.079
1.015
0.564
0.877
0.866
0.836
0.760
0.560
0.455
0.455
0.337
0.039
0.047

0̂/⇡
2887
2986
2744
2485
2419
2388
2524
2625
2864
2966
3438
3394

Re
0.512
0.476
0.591
0.738
0.727
0.790
0.748
0.614
0.625
0.532
0.411
0.422

⇠3

\ˆI
( )
47.984
57.450
55.615
54.744
53.994
31.236
21.924
20.350
13.562
3.857
3.851

hli
( B 1)
230.16
156.12
308.23
323.91
347.18
346.47
254.18
179.83
161.57
116.39
20.62
24.69

( )
-45.22
-40.47
-31.10
-17.25
5.22
2.94
37.65
52.29
53.74
56.71
58.64
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Table 1.3: Particle parameters and results for all rising particles with ⌧0 ⇡
1800 and ⇡ = 0.012 m. The provided data is averaged over multiple particles
with identical design properties.
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T = 0.276

T =0

0

1

T = 0.089

T = 0.330

T = 0.131

T = 0.362

T = 0.160

T = 0.398

T = 0.201

T = 0.420

Figure 1.13: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system
for the complete range of T with rising particles with Ga ⇡ 3500, see table 1.4.

3505
3542
3605
3620
3264
3319
3391
3526
3494
3476

Ga "

W
(%)
0.000
0.873
1.962
2.942
3.784
7.599
11.499
15.573
19.391
22.950

0.842
0.839
0.833
0.832
0.863
0.859
0.852
0.840
0.843
0.845

0.854
0.858
0.865
0.868
0.871
0.893
0.908
0.941
0.991
1.062

⇤

0.000
0.089
0.131
0.160
0.201
0.276
0.330
0.362
0.398
0.420

T
5
(Hz)
0.596
0.756
1.035
1.184
1.059
0.869
0.648
0.738
0.859
0.748

5?
(Hz)
0.795
1.187
1.451
1.642
2.299
2.805
3.207
3.487
3.664
0.810
1.010
0.688
0.545
0.062
0.073
0.186
0.100
0.105
0.053

0̂/⇡
5492
4881
4226
4815
5623
5778
5521
5790
5881
5717

Re
0.543
0.703
0.970
0.754
0.449
0.440
0.503
0.495
0.471
0.493

⇠3

\ˆI
( )
55.924
56.676
23.392
2.924
1.810
2.123
2.485
1.918
2.077

hli
( B 1)
96.84
173.87
251.43
112.20
18.01
12.59
15.09
14.72
12.52
11.89

( )
-58.53
-37.95
9.16
43.58
66.41
42.46
35.38
30.44
51.05
24.90
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Table 1.4: Particle parameters and results for all rising particles with ⌧0 ⇡
3500 and ⇡ = 0.020 m. The provided data is averaged over multiple particles
with identical design properties.
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F r = 0.129

Fr = 0

0

1

F r = 0.046

F r = 0.144

F r = 0.066

F r = 0.158

F r = 0.079

F r = 0.170

F r = 0.092

F r = 0.204

F r = 0.112

F r = 0.238

Figure 1.14: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system
for the complete range of T with rising particles with Ga ⇡ 4800, see table 1.5.

4813
4744
4788
4765
4695
4727
4769
4769
4742
4748
4767
4809

Ga "

W
(%)
0.000
0.475
0.997
1.426
1.897
2.838
3.827
4.791
5.718
6.704
10.013
15.011

0.703
0.711
0.706
0.709
0.717
0.713
0.708
0.708
0.711
0.711
0.708
0.703

0.983
0.993
0.988
0.989
0.995
0.999
0.997
1.005
1.011
1.010
1.048
1.131

⇤

0.000
0.046
0.066
0.079
0.092
0.112
0.129
0.144
0.158
0.170
0.204
0.238

T
5
(Hz)
0.917
0.960
0.936
1.043
1.128
1.312
1.485
1.353
1.385
1.581
1.715
1.722

5?
(Hz)
0.545
0.792
0.946
1.088
1.328
1.544
1.721
1.874
2.031
2.437
2.871
0.572
0.572
0.895
0.931
0.986
0.764
0.656
0.763
0.712
0.594
0.518
0.475

0̂/⇡
8126
8057
7925
7578
6639
5803
5803
5767
5733
5758
6402
6673

Re
0.468
0.462
0.487
0.527
0.673
0.885
0.901
0.912
0.913
0.907
0.740
0.693

⇠3

\ˆI
( )
26.188
37.685
41.233
64.510
86.163
81.124
99.159
99.051
83.246
19.261
12.489

hli
( B 1)
91.42
83.81
147.61
185.21
295.39
481.60
500.21
565.45
566.00
514.68
161.71
125.79

( )
-67.51
-75.57
-58.28
-52.37
-48.13
-10.59
10.42
12.87
13.26
26.21
64.92
67.26
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Table 1.5: Particle parameters and results for all rising particles with ⌧0 ⇡
4800 and ⇡ = 0.020 m. The provided data is averaged over multiple particles
with identical design properties.
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T = 0.104

T =0

0

1

T = 0.037

T = 0.116

T = 0.053

T = 0.127

T = 0.064

T = 0.137

T = 0.074

T = 0.164

T = 0.090

Figure 1.15: Drift corrected trajectories as seen from the top down alongside
normalized histograms of the alignment of 8 in the TNB coordinate system
for the complete range of T with rising particles with Ga ⇡ 7600, see table 1.6.

7676
7559
7558
7612
7600
7591
7584
7608
7551
7551
7575

Ga "

W
(%)
0.000
0.474
0.941
1.422
1.879
2.807
3.759
4.699
5.598
6.582
10.147

0.613
0.625
0.625
0.619
0.621
0.621
0.622
0.620
0.625
0.625
0.623

1.138
1.142
1.142
1.144
1.143
1.147
1.158
1.166
1.179
1.194
1.272

⇤

0.000
0.037
0.053
0.064
0.074
0.090
0.104
0.116
0.127
0.137
0.164

T
5
(Hz)
1.639
1.552
1.476
1.270
1.242
1.181
1.357
1.562
1.668
1.624
1.499

5?
(Hz)
0.454
0.640
0.786
0.904
1.103
1.270
1.415
1.536
1.655
1.991
0.446
0.449
0.483
0.646
0.723
1.024
0.813
0.660
0.573
0.632
0.662

0̂/⇡
11793
11933
11998
12047
11856
9943
9360
9323
9364
9378
9354

Re
0.566
0.535
0.529
0.532
0.548
0.777
0.875
0.888
0.867
0.865
0.874

⇠3

\ˆI
( )
33.197
34.209
34.493
33.106
66.468
86.032
89.712
89.541
90.923
108.074

hli
( B 1)
90.65
101.46
120.04
141.33
146.53
367.14
511.20
590.31
577.94
566.32
650.83

( )
-48.64
-37.25
-80.52
-74.68
-74.51
-52.95
-28.97
1.95
21.97
27.86
21.15
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Table 1.6: Particle parameters and results for all rising particles with ⌧0 ⇡
7600 and ⇡ = 0.025 m. The provided data is averaged over multiple particles
with identical design properties.
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Chapter 2
Dynamics of freely rising spheres: the
effect of moment of inertia
The goal of this study is to elucidate the effect the particle moment of inertia (MoI) has on the dynamics of spherical particles rising in a quiescent and
turbulent fluid. To this end, we performed experiments with varying density
ratios , the ratio of the particle density and fluid density, ranging from 0.37
up to 0.97. At each the MoI was varied by shifting mass between the shell
and the center of the particle to vary ⇤ (the particle MoI normalised by the
MoI of particle with the same weight and a uniform mass distribution). Helical paths are observed for low, and ‘3D chaotic’ trajectories at higher values
of . The present data suggests no influence of ⇤ on the critical value for
this transition 0.42 < crit < 0.52. For the ‘3D chaotic’ rise mode we identify
trends of decreasing particle drag coefficient (⇠3 ) and amplitude of oscillation
with increasing ⇤ . Due to limited data it remains unclear if a similar dependence exists in the helical regime as well. Path oscillations remain finite for
all cases studied and no ‘rectilinear’ mode is encountered, which may be the
consequence of allowing for a longer transient distance in the present compared to earlier work. Rotational dynamics did not vary significantly between
quiescent and turbulent surroundings, indicating that these are predominantly
wake driven.

Based on: J. B. Will and D. Krug, Dynamics of freely rising spheres: the effect of moment
of inertia (submitted).
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2.1 Introduction
It is widely known that freely rising spheres can exhibit a host of different and
complex path oscillations. Numerous studies have been devoted to this topic,
which is of interest e.g. as a paradigmatic case for fluid-structure interactions.
Canonically, the independent parameters considered are the density ratio =
d ? /d 5 and the particle Reynolds number '4 = hE I i⇡/a (or a related quantity
p
such as the Galileo number ⌧0 = |1
|6⇡ 3 /a). Here, d ? and d 5 denote
the particle and fluid densities, respectively, h·i indicates a time-average and
E 8 is the velocity component of the particle velocity v in direction 8 (which
in thep definition of the Galileo number is replaced by the buoyancy velocity
+1 = |1
|6⇡). Further, ⇡ is the sphere diameter, a the kinematic viscosity
of the fluid, and 6 is the acceleration due to gravity. Both parameters, and
'4, are related to the vertical momentum balance
dv L 5 ('4)
=
+ (1
dC
<5

)6e I ,

(2.1)

where L 5 is the fluid forcing on the body, < 5 is the particle mass, and e I is
a unit vector pointing opposite to the direction of gravity.
The Reynolds number dependence enters implicitly in (2.1) via the fluid forcing L 5 on the sphere. Once '4 ' 200 [34], vortex shedding sets in in the
particle wake, which results in an approximately periodic forcing and a complex dynamical coupling between particle motion and the surrounding flow
field [25, 26, 79, 80]. The most comprehensive investigation of the -'4 parameter space reported to date is by [20]. These authors conclude that a
critical density ratio 2A 8C exists, which governs the onset of path oscillations.
The value of 2A 8C was shown to exhibit a '4 dependence and path oscillations did not occur for 2A 8C > 0.36 for 260 < '4 < 1550 and 2A 8C > 0.6
for '4 > 1550. [20] also concluded that the presence of path oscillations is
associated with a high drag regime, for which the values of the drag coefficient ⇠3 significantly exceed values reported for a fixed sphere at similar '4.
However, there remain fundamental and largely unexplained discrepancies in
the literature on the topic. This is most evident in the spread of reported
⇠3 values (see figure 2.4 (b) and the corresponding discussion), but also manifests in differences in the reported rise modes. Whereas [20] reported only
planar (’zigzaging’) trajectories, other studies find helical or spiralling motions [17, 33, 39, 62, 81] for comparable values of the parameters. Also the ‘rectilinear mode’ described in [20] for > 2A 8C , in which particles rise straight
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without path oscillations is not observed consistently elsewhere; e.g. [17] report a reduction in oscillating amplitude with increasing within this regime,
but did not encounter perfectly ’vertical’ (i.e. non-oscillating) trajectories.
There certainly are a host of possible explanations for these differences and
the origin of some of them may well be linked to the precise experimental
conditions. This includes the precision of the particle fabrication, residual
disturbances in the flow, the size of the tank among potentially many more.
However, recent findings [21, 22, 42, 81] also suggest a more systematic cause
in that they point to an additional relevance of the rotational dynamics in
setting the overall particle dynamics. Rotations of the sphere are governed by
⇤

10Z 5
d8
=
,
dC
< 5 ⇡2

(2.2)

where, 8 is the angular velocity of the sphere and Z 5 the torque induced by
the fluid. The additional independent parameter introduced by (2.2) is the
dimensionless moment of inertia (MoI), ⇤ = ? / with
= c/60d ? ⇡ 5 the
moment of inertia of a particle with a uniform material density of d ? . Note
that the definition of ⇤ is chosen such that its value is entirely determined
by the mass distribution within the particle and independent of (i.e. fluid
properties). For a homogeneous sphere ⇤ = 1 and ⇤ < 1 ( ⇤ > 1) if the mass
is accumulated towards (away from) the centre. However, the dynamically
relevant parameter implied by (2.2) is still given by ⇤ .
While there is no explicit coupling between (2.1) and (2.2), the two degrees of
freedom can interact via the flow field, e.g. through a Magnus force L < ⇠ 8⇥v.
A potential relevance of the MoI as an additional parameter was already mentioned by [82]. For the case of cylinders, its importance has already been established via systematic studies in two-dimensional simulations [21, 42]. More
recently, [22] also uncovered a regime transition induced by a variation in the
MoI for spheres rising in a turbulent flow. These authors also reported differences when the particles were rising in still fluid, but these observations
remained qualitative and limited to two different values of ⇤ at a single density ratio ( ). Moreover, recent experiments by [81] confirmed the general
relevance of rotational dynamics for rising or settling spheres. By introducing
a center of mass offset, these authors selectively varied the rotational dynamics
while keeping and ⌧0 constant. This led to a resonant behaviour between
particle rotation and wake shedding with significant impact on parameters
such as oscillation amplitude and ⇠3 .
On this basis, it is the goal of this study to systematically explore the effect
variations in ⇤ have on the rise behaviour of light spheres. Little can be
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gleaned on this from existing data sets (most of them based on shell-like, i.e.
high ⇤ particles) as this parameter is generally not reported. Therefore, we
designed and manufactured particles to perform new experiments. Details on
this can be found in § 2.2. Next, we present and discuss the results of the
experiments § 2.3. Additionally, we investigate the effects of background disturbances in the fluid and the effect of the time between experiments (waiting
time) (see § 2.5) and finally conclude in § 2.6.

2.2 Experimental setup and procedures
2.2.1

Particle design and manufacture

We aim to vary the MoI while keeping ⌧0 and nominally constant. This
is achieved by shifting the weight between the outer shell of the particle and
a metal ball of varying size at its center as required, see figure 2.1 (a). The
shells are designed using 3D CAD software and 3D printed on a RapidShape
30L printer with a horizontal resolution of 21 `m and a layer thickness of 25

(a) I ⇤ < 1

(c)

0.37 <
0.52 <
0.66 <
0.79 <
0.90 <

I⇤ = 1

< 0.42
< 0.57
< 0.70
< 0.85
< 0.97

I⇤ > 1

(b)

(d)
Ga

=6

000
0
500 00
40

3

0
00

3000 < Ga < 3500
4000 < Ga < 4500
4500 < Ga < 5000
5000 < Ga < 5500

Figure 2.1: (a) Schematic of the particle design showing how we vary the
moment of inertia of a particle by placing metal bearing ball of varying sizes
in the centre while keeping the density nominally constant. (b) Picture showing the finished particles, one for each density ratio range (indicated by the
coloured squares). Particles are painted using masking and spray painting.
(c) Particle diameter (D) and density ratio ( ) of all particles used in the
experiments. Particles are colour coded based on the ranges of . Isolines of
⌧0 show the variation in this parameter. (d) Particle density ratio and the
dimensionless moment of inertia ⇤ are provided for all particles.
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`m. The print is performed in two halves, which are then glued together and
sanded to smoothen the surface. In a last step, a pattern is painted on the
particle to make the rotation tracking possible, resulting in the final particles
shown in figure 2.1 (b). The mass of the paint and glue contributed less than
0.5% of the total particle mass and hence does not induce a significant centre
of mass offset nor variation of ⇤ . Measured values of the final particle weight
and diameter are used to update the CAD model in order to obtain an more
accurate value of the MoI. The final particles were smooth to the touch and
we expect that the residual surface roughness will not affect the outcome of
the experiments significantly. This is based on the fact that in the present
range of '4, the flow over the roughness elements is laminar [83] and the skin
friction will thus not depend on the roughness height [84].
The sphericity achieved with this method is high with diameter measurements
(taken with a caliper) differing by less than 1% of the diameter at different
cross sections. An overview of the parameter space covered in this study is
shown in figure 2.1 (c,d). Throughout this work the marker colour will designate the different regimes and the different marker types indicate the value
of ⌧0. Line color however is used to indicate ranges of ⇤ . For each -regime,
⇤ is varied as much as physically possible, the resulting ranges are shown in
figure 2.1 (d) in terms of ⇤ .

2.2.2

Experimental setup and methods

All experiments were performed in the approximately 3 m high, water filled,
test section of the Twente Water Tunnel facility. The setup is schematically
shown in figure 2.2 (a). The lab is temperature controlled to be approximately
20 C, thus we assume constant fluid properties d 5 = 998 kg m 3 and a =
1.0035⇥10 6 m2 s. The particles were released using a specifically built release
mechanism located approximately 1.8 m below the measurement region. The
release mechanism, depicted in figure 2.2 (b), consists of a pipe with a cutout
from which the particle can be released. Particles can be inserted into this pipe,
without draining the tank, using a basket. Once pushed to the cutout, this
basket can be turned, thereby releasing the trapped air through a grate while
keeping the particle inside. After the bubbles have risen to the top of the tank,
the water is left to settle for at least 8 minutes before the particle is released
by gently tilting the basket further. Doing so did not cause significant rotation
of the spheres upon leaving the release mechanism. In §2.5, we validate the
dependence of the behaviour on the waiting time, since this was previously
found to be critical to the rise behaviour [20].
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(a)
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water
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bubbles
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Figure 2.2: (a) Schematic of the test section of the Twente Water Tunnel
and the camera setup. (b) Schematic detailing the release mechanism and
procedure. Left: particle is inserted in the basket and pushed to beneath the
release position. Centre: basket is rotated in the pipe to expose the grate and
allow the bubbles to escape from the basket. Right: after waiting at least 8
minutes the basket is rotated a fraction and the particle is released. In case
of turbulent flow, the flow is from top to bottom.
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Figure 2.3: (a) An example of a trajectory of the particle (red) and the centreline of the trajectory (blue). The trajectories projections are also shown on two
sides and on the bottom of the domain. Note that the horizontal oscillations
are greatly exaggerated. The properties of this particle are:
= 0.402, ⇤ =
1.140, ⇡ = 16.2 mm. (b) An example of a particle trajectory for a secondary
particle with properties: = 0.666, ⇤ = 0.827, ⇡ = 19.3 mm.
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Once the particle has entered the measurement section, the particle is recorded
by two pairs of perpendicularly placed high-speed cameras (PHOTRON Fastcam AX200 with 1024◊1024 resolution at 256 grey levels, fitted with ZEISS
Milvus 100mm lenses). The cameras are placed more than 3 meters away from
the centre of the tunnel in order to get a near isometric view of the pattern on
the particles. Stacking two camera pairs (see figure 2.2 (a)) allows tracking of
the particles over a distance exceeding 1 meter in the vertical direction. Grey
background panels are used to contrast with the white and black pattern on
the surface of the particles. The frame rate of the cameras was varied depending on the rise-velocity in order to keep the inter-frame translation between
2-6 pixels.
Based on the calibration of the camera position and taking into account parallax effects, the 3D particle position in space was reconstructed from the two
orthogonal views. The origin of the coordinate system is located at the base
of the measurement domain in the centre of the tunnel. The directions are defined as depicted in figure 2.2 (a), with G and H spanning the horizontal plane
and I pointing upward, i.e. opposite to the direction of gravity. The obtained
position data is smoothed by convolution with a Gaussian kernel to obtain the
trajectories, shown in figures 2.3 (a, b) as the red curves. We further obtain the
velocity and acceleration of the particle by convolution with the derivatives
of a Gaussian kernel [85]. The window sizes and standard deviations of the
kernels were varied based on the particle size and were determined to minimize
the noise, while leaving the underlying signal intact [61].
From the raw data for the trajectories we then determined the dominant frequency of oscillation by considering the horizontal velocity signals. This result
is then used to determine the centre-line of the trajectory indicated by the blue
curves in figures 2.3 (a, b) [62]. The amplitude of the path oscillations (0̂) is
based on the distance between the trajectory and its centre-line, i.e. the trajectory data are drift-corrected.
Finally, in §2.4 we perform experiments with a mean downward flow present
and active grid generated turbulence in the same facility. In these measurement we only use the top two cameras and the measurement region is 0.8m
downstream of the active grid. In these experiments we release the particle
using the same mechanism but with a downward flow in the channel, balancing
out the particle rise velocity. The velocity in the channel is measured using a
magnetic flow meter and is kept constant during the experiment. The active
turbulence grid at the top of the channel is turned on and when the particle
is in the measurement domain the recording is started. The particle can stay
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in this region for a long time producing recordings in access of a duration of
30 seconds. This resulted in very good statistics. The setup is identical to
that used by [22] with '4 _ ⇡ 300 and ⌅ = ⇡/[ ⇡ 100, with [ the Kolmogorov
length scale of the turbulent flow.

2.3 Results and discussion
2.3.1

Particle drag coefficient

We start by considering the drag coefficient
⇠3 =

4(1
)⇡6 4 ⌧0 2
=
,
3 h'4i 2
3hE I i 2

(2.3)

as a function of the dimensionless moment of inertia ⇤ in figure 2.4 (a).
Most strikingly, these results cluster into a high-drag regime (⇠3 ⇡ 0.7) and a
low-drag regime with ⇠3 ⇡ 0.45. Albeit not as pronounced as the difference
between these regimes, there is a distinct trend of decreasing ⇠3 with increasing ⇤ within the low-drag regime. In figure 2.4 (a) we also included relevant
data from [62, 81] for both rising and settling particles. These data points
are largely in line with the low-drag mode in the present data set. Only for
the lowest values of considered here (0.37 < < 0.42) do we encounter the
high-drag regime. For this limited data set no conclusions on the dependence
of ⇠3 on ⇤ can be drawn. Finally, we also note that the transition between
the two drag regimes appears independent of ⇤ in the present data.
To establish how the observed trends —and in particular the dependence of ⇠3
on ⇤ — relate to literature data, we compare our data to published values of
⇠3 [16–19,36,38,39,62,68–73,81] in figure 2.4 (b). The existence of two different
drag states as a function of has been observed and documented before by [20].
They attributed the regimes to a transition from a “vibrating mode”, with
large path oscillations at low , to a rectilinear mode with almost no path
oscillations. The respective ⇠3 values for these two regimes largely match our
results (see also inset in figure 2.4 (a)). However, the threshold density ratio
in the present data (0.42   0.52) is significantly lower compared to the
critical value of = 0.61 determined in [20] (for unknown ⇤ ). Regarding the
dependence of ⇠3 on ⇤ , it is noteworthy that the ⇠3 values of the rectilinear
mode —and at the same time also those for a stationary sphere— are best
matched at high ⇤ . The increase in ⇠3 with decreasing ⇤ then leads
to a deviation from these reference data. Some part, but certainly not all
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Figure 2.4: (a) Drag coefficient as a function of the dimensionless moment of inertia ⇤ . Additionally, results
from [62, 81] for isotropic rising and settling spheres are shown. (b) A comparison of the drag coefficient
with compiled data from literature versus the particle Reynolds number. Specifically marked are the results
from [20], showing the rise mode dependent drag coefficient. The inset shows a more detailed view of the
current data alongside results for a stationary sphere (solid black line) and the “vibrating fit” from [20]. (c)
Particle Reynolds number as a function of its Galileo number, the diagonal dashed lines indicate the drag
coefficient. The symbols correspond to ranges in particle Galileo number and the colours indicate ranges in
density ratio .
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of the spread in the drag data reported in the literature, might therefore
indeed be attributed to differences in the moment of inertia. However, the
effect appears less strong compared to the -dependence, which remains the
dominant parameter in governing the particle drag.
Finally, we also document the particle Reynolds number defined as '4 =
hE I i= ⇡/a. These results are shown in figure 2.4 (c) as a function of ⌧0.
The '4-range for all our experiments are in the Newtonian drag regime,
'4 ' 1000 [12], for which the drag is pressure dominated (⇠3 ⇠ ⇡ 2 ) and
is independent of '4. The Reynolds and Galileo numbers are linked to the
particle drag coefficient as shown in (2.3) and indicated by diagonal dashed
lines in the figure with bi-logarithmic scales. The variation in '4 is small between most particles and there appears to be no systematic relation between
⇠3 and '4. This indicates that the variation in ⇠3 observed in figure 2.4 (a)
in the low drag mode is indeed an ⇤ effect and not related to '4. In the following, we will investigate in more detail how varying and the MoI changes
properties of the trajectories of rising particles.

2.3.2

Particle trajectories

In figure 2.5 a number of representative trajectories for the five ranges of
and for three values of ⇤ are shown. To provide a sense of the variability,
the main panel shows the most commonly observed trajectory, while the inset
shows a second trajectory for the same particle that is (visually) most different
from the typical one. Surprisingly, the horizontal trajectories corresponding to
the high drag-regime (0.37 < < 0.42) are almost circular, indicating that the
path is helical for these cases. This result is unlike the planar ‘zigzag’ observed
by [20,35] for spheres with a low density ratio and similar ⌧0. However, helical
trajectories are not uncommon and have been observed for rigid particles at
low density ratios [17–19, 41] as well as for bubbles [75, 86, 87]. In the work
by [19] these helical trajectories were connected to a different drag scaling,
which could be attributed to lift-induced drag resulting from the shedding
of additional vorticity in the wake. This non standard drag behaviour for
spiralling trajectories was also noted in the numerical work by [33] who find
a similar spiralling regime at low , however, they only have data up to ⌧0 ⇡
700. [41] states that all particles with '4 > 130 and [ / 0.3] rose in a spiralling
trajectory, these were characterized by a constant angle between v and e I
which was found to be ±29 . For the spiralling regime here we find this angle
to be around 18.5 independent of ⇤ .
In this context it is also important to note that trajectories became more
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Figure 2.5: Representative particle trajectories as seen top down (showing the horizontal G H plane). The
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circular for spheres with centre of mass offset in resonance with their natural frequency [81]. However, this can be ruled out as a factor here since the
required offset of 0.03⇡ certainly exceeds our achievable tolerance. Furthermore, it is extremely unlikely to randomly hit resonance for all particles across
a range of ⇤ values. We are therefore convinced that the present trajectories
reflect the genuine particle behaviour at the present values of ⌧0, and ⇤ .
The dynamics in the low drag-regime for > 0.52 are distinctly different from
the spiralling motion at low density ratios. While there remains periodicity
in the sequence of direction changes, the turning angles appear random. The
resulting behaviour is characteristic of the ‘3D chaotic’ regime [33], which
applies to all particles with > 0.52 here. These results are at odds with the
findings of [20], who found a vertical rise regime for all particles larger than
⇡ 0.61 at comparable ⌧0.
Finally, there is no clear trend visible in the shape of the horizontal trajectories
for varying MoIs. We will proceed to investigate the horizontal motion more
quantitatively in order to elucidate such effects.

2.3.3

Fluctuations of the horizontal velocity

To uncover the time-varying dynamics of the rising spheres, it is useful to consider the probability density functions (PDFs) of the horizontal velocity. The
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Figure 2.6: (a–e) Normalized probability density functions of dimensionless
horizontal velocity fluctuations for each of the ranges of density ratios as listed
on top. The colour coding of the lines represents ranges in ⇤ ; dashed lines
are used for different combinations of ⇤ and resulting in the same value of
their product. Note: each line represents an average over multiple particles
with the same nominal properties.
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q
distributions of the normalised horizontal velocity ( E 2G + E 2H /+1 ) are shown
for various values of ⇤ at different in figure 2.6 (a–e). As a most obvious
trend, we note a change in skewness from negative for  0.42 (figure 2.6 (a))
to positive skew at
0.52 (figure 2.6 (b–e)). This is indicative of the transition from spiralling motion, for which the horizontal velocity is generally
high, to the ‘3D chaotic’ state, for which strong horizontal translation is more
intermittent.
The effect of ⇤ , which value is indicated by the line colour, is negligible at
0.37 <
< 0.42, as shown in figure 2.6 (a). Given the limited (by physical
constraints) range of ⇤ at this density ratio, it remains unclear to what extent
this indicates a lesser importance of the rotational dynamics in the spiralling
regime (see also § 2.3.5).
For
0.52 q(i.e in the ‘3D chaotic’ state), however, a clear dependence of
the PDFs of E 2G + E 2H /+1 on ⇤ emerges. We observe that for low ⇤ , the
distribution is in general broader and extends further towards high velocities,
whereas at high ⇤ the distributions is narrow and the peak shift towards
lower velocities. This trend is most evident in figure 2.6 (c, e), showing that
at very low ⇤ the distributions become rather flat, reminiscent of a fluttering
behaviour with more pronounced horizontal motion.q

It should be noted that the trends discussed here for E 2G + E 2H /+1 also manifest
in the statistics of the vertical velocity E I (not shown) albeit with inverse effects
regarding the skewness and the MoI dependence. While there is a distinct
negative correlation between instantaneous vertical velocity and instantaneous
horizontal velocity, which is also obvious from the colour coding in figure
2.5 (b–e)), the magnitude of the velocity, ||v|| is not constant but fluctuates
quasi-periodically for all cases.

2.3.4

Oscillation frequency and amplitude

In all experiments performed here, we observed significant oscillations in the
trajectory of the rising spheres. In this section, we will characterize these
in terms of the frequency and amplitude of the horizontal oscillations. In
figure 2.7 (a), we start by plotting the frequency 5 as a function of the dimensionless moment of inertia ⇤ . It is evident from this figure that there is no
significant dependence of 5 on ⇤ as the data points with the same colour (i.e.
constant ) are at a near constant frequency. The differences in frequency for
different are primarily related to changing ⇡ and hE I i as will be shown figure 2.7 (b) when discussing the Strouhal number. Furthermore, note that the
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Figure 2.7: (a) Measured oscillation frequency in Hz, (b) Strouhal number and (c) amplitude of the path
oscillations normalized by the particle diameter as a function of the dimensionless moment of inertia ⇤ .
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error bars on the frequency, indicating the spread in the data, is very small
for all density ratios besides 0.52 < < 0.57. This indicates that even though
some of the motion appears quite random, there exists a strong dominant frequency associated with the vortex shedding. The outlier at 0.52 < < 0.57 is
most likely related to this case falling within the transitional regime between
that of the helical paths and that of the 3D chaotic patterns.
In figure 2.7 (b), we show the frequency in dimensionless form in terms of the
Strouhal number, defined as:

(CA =

5⇡
.
hE I i

(2.4)

This normalization separates the data into two regimes, akin to those encountered for ⇠3 and for the trajectories. For > 0.66 we find that the Strouhal
number takes a constant value of approximately (CA = 0.04-0.05, while for
0.37 < < 0.42 we find (CA ⇡ 0.09. Only the data for 0.52 < < 0.57 does
not completely fall in line with this decomposition and lies at a slightly higher
value of (CA ⇡ 0.06, this is most likely linked to onset of the aforementioned
transition between the regimes. Furthermore, also the Strouhal number appears to be rather insensitive to changes in ⇤ . The value of (CA ⇡ 0.09 at low
matches the results by [20] (figure 31) closely, who for identical ⌧0 and also
find (CA ⇡ 0.09, however, the sphere is zigzagging there instead of spiralling.
The value of (CA ⇡ 0.04 0.05 for > 0.66 is in line with the results by [17]
(see fig. 19 and page 20), who for 0.582   0.875 also find (CA as low as
0.05, however, they do appear to observe an increase in (CA with .
Finally, we report the normalized amplitude of the path oscillations 0̂/⇡ as a
function of the ⇤ , see figure 2.7 (c). Despite the scatter in these data, there
appears to be a consistent trend of 0̂/⇡ decreasing from approximately 0.8
to 0.3 with increasing ⇤ over the range accessible here. Surprisingly, the
values of the amplitude are congruent for both the helical regime as well as for
the more chaotic trajectories. Our results imply that decreasing ⇤ by either
changing the internal structure of the particle or the density ratio, results in
larger amplitude path oscillations. It appears, indeed, that [20] uncovered
a similar trend with similar amplitudes for their ‘zigzag’ regime by varying
. However, in their experiments ⇤ is not monitored nor controlled, which
renders a quantitative comparison of both datasets impossible. This cannot
explain the ‘vertical’ regime they observed.
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Rotational dynamics and translational coupling

The mechanism by which the particle moment of inertia ⇤ affects the particle
kinematics and dynamics is solely through the rotational equation of motion
2.2, effectively scaling the particle rotation to the fluid torques. Rotational
dynamics in turn affect the flow field around the body, thereby inducing a
coupling with the lateral motion via Magnus lift type forcing. Particle rotation
can also affect vortex detachment and consequently the flow structure in the
wake of the particle, an effect that is believed to be at the heart of the regime
transition observed by [22].
Therefore, the most direct parameter in investigating the impact of the MoI
is the rotation rate of the body. This quantity is explored in figure 2.8 (a),
where we plot the mean dimensionless rotation rate l⇤ = h||8||i⇡/+1 versus
⇤ . We find that the dimensionless rotation rate (l⇤ ), similar to the drag
and amplitude of the oscillation of the trajectory, shows a slight dependence
on ⇤ . The particles with lower rotational inertia indeed rotate more vigorously compared to their higher ⇤ counterparts. We further note that the
normalization of h||8||i with ⇡ and +1 collapses the results across all density
ratios convincingly, which is not a given a priori. It is important to note that
the rotation rate is not affected significantly by the change from spiralling to
the 3D chaotic regime.
In order to explore the importance of rotational dynamics further, we examine
the alignment of the rotation vector 8 with respect to the particle acceleration
along the curvature of the path. Doing so allows us to establish the relevance
of Magnus lift forcing on the particle dynamics. To this end, we consider 8 in
the Frenet-Serret (TNB) coordinate system [67]. As is shown in figure 2.8 (b),
Z points in the direction of the instantaneous velocity v of the sphere, T is
aligned with the curvature of the path (the acceleration of the sphere that is
non-parallel to the direction of motion; a ?Z ), and H = Z ⇥ T. Thus, when
8 k H the induced Magnus force L < k a ?Z , making this coordinate system
very useful to study the effect of rotation. The alignment of 8 within the
TNB coordinate system is given in terms of two angles: the azimuth q and
the elevation \ as indicated in figure 2.8 (c). The directions of T and H are
also indicated in figure 2.8 (d), where we show normalized histograms of the
alignment of 8 in the q \ plane for different values of . Most striking about
these results is the enormous difference in rotational alignments between the
low- and high- regimes. For the low- regime (0.37 < < 0.42), we find
that, depending on the direction of the spiralling motion (clockwise or counterclockwise), the alignment of 8 is either \ ⇡ 40 or 40 , respectively. As
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illustrated in figure 2.8 (b) for the counter-clockwise spiralling case (but also
true for clockwise rotation), this alignment implies that the Magnus lift force
(L < ⇠ 8 ⇥ v) predominantly acts downward. This mechanism therefore leads
to lift induced drag, in a manner similar to that suggested by [87] and [19].
Furthermore, with |q| = 90 the Magnus force acts perpendicular to a ?E , and
is hence not responsible for the lateral acceleration for the lowest .Thus, the
spiralling motion encountered for these particles must have a different origin,
e.g. a rotation of the vortex shedding position relative to the direction of
motion [18].
On the other hand, for > 0.52 the distribution of orientations of 8 is centred
around H with no clear distinguishing characteristics dependent on the range. The histograms of all cases with
> 0.52 are remarkably similar
underlining that these belong to the same dynamical regime. The data clusters
around \ ⇡ 0 (i.e. 8 pointing normal to v). This is consistent with vortex
shedding being a main driver of particle rotation, as this induces a torque
perpendicular to Z. Further, \ ⇡ 0 on average implies that there is no net
contribution of the Magnus force in the vertical direction.
So far, we have only considered how the alignment statistics of 8 depend on .
Potential variations with ⇤ are masked by plotting data with different MoI
together in figure 2.8 (d). To elaborate on the influence of the MoI, we present
additional orientation statistics of 8 for 0.90 <
< 0.97 at five different
⇤ values separately in figure 2.9 (a). At the lowest MoI ( ⇤ ⇡ 0.48), the
alignment of 8 and H is very strong. This behaviour is associated with a strong
coupling of particle rotation and lateral acceleration resulting in a “fluttering”
type of behaviour [22]. The alignment with H progressively weakens for higher
values of ⇤ and the distribution is approximately flat in terms of q at ⇤ ⇡
1.10. We note that the trend observed in figure 2.9 (a) is representative also
for the lower cases in the 3D chaotic regime. However, the alignment with
H at the respectively lowest ⇤ values is not equally as pronounced as for
0.90 < < 0.97. It hence appears that the ’flutter’ type motion occurs at
different values of ⇤ at different .
A related way of analysis, that allows to more readily compare different combinations of ⇤ and , is to evaluate the autocorrelation ⇠ l of an arbitrary
horizontal component of 8 as was done previously in [22]. Such results are
shown for 3 different ranges of the density ratio in figure 2.9 (b–d), where the
correlation coefficient is plotted against the dimensionless time lags C/gE B , with
gE B ⇠ ⇡/hE I i= . The influence of the MoI seen in figure 2.9 (a) is reflected also
in the corresponding results in figure 2.9 (d). In this case it manifests by a
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Figure 2.9: (a) The effect of particle MoI on the alignment of 8, the particle
rotation vector, in the TNB coordinate frame as defined in figure 2.8 (b, c).
The results shown here are for the density ratio range 0.90 < < 0.97 and are
representative of the other density ratios in the high regime. Autocorrelation
functions of an (arbitrary) horizontal component of the rotation rate 8 for
different density ratios. he time axis is normalized using a vortex-shedding
time-scale: gE B ⇠ ⇡/hE I i = . Each line represents results for a single particle
averaged across multiple experiments; line colour indicates the value of ⇤ .
gradual transition from a periodic behaviour of ⇠ l (low ⇤ , blue line) to a
slow decorrelation without significant oscillation at large ⇤ (red lines). Note,
however, that the drop to 0 at the largest C/gE B shown is an artefact of the
finite observation time in all cases. A similar influence of the MoI as seen at
⇡ 0.9 is also found at the lowest in the 3D chaotic regime in figure 2.9 (c).
Here, the correlation timescale outgrows the vortex shedding time scale gE B
at larger ⇤ , while at the same time the correlation also drops in magnitude.
For the lowest values of (figure 2.9 (b)), for which spiralling trajectories are
observed, the periodicity in ⇠ l is most pronounced of all the cases shown with
periods of about 0.5 C/gEB and no obvious dependence on ⇤ .
Non-periodic rotations, as observed most prominently at high and MoI appear consistent with the seemingly random orientation of the 8 vector in the
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Frenet-Serret coordinate system shown in figure 2.9 (a). Such behaviour was
previously only reported in turbulent flow [22] and we will study this aspect
in more detail in the next section.

2.4 On the effect of turbulence
Previously [22] investigated the effect of MoI on spheres rising in a downward
turbulent flow. They showed that depending on their MoI the trajectories of
spheres with ⌧0 ⇡ 6000 and ⇡ 0.88 differed significantly: For ⇤ = 0.6 a
‘zig-zag’ (or ‘flutter’) motion was observed without significant horizontal drift,
whereas for ⇤ = 1, the behaviour changed to a tumbling motion featuring a
strong mean drift.
To test if such a transition can also be observed for the present set of particles,
we conducted measurements in turbulent flow. The turbulence properties
'4 _ ⇡ 300 and ⌅ = ⇡/[ ⇡ 100, with [ the Kolmogorov length scale, were
chosen to match those of [22]. Further, we restricted measurements to two
particles, both with ⇡ 0.9, with ⇤ = 0.52 and ⇤ = 1.18, respectively,
again matching the literature conditions as closely as possible.
Clearly and consistently with [22], in the turbulent flow the two particles behave differently as evidenced by the results for ⇠ l in figure 2.10 (a). However,
discounting the differences caused by limited observation times in the still
fluid, there appears to be little difference for the same particle in either quiescent or turbulent surroundings. This holds for ⇠ l , but also for the fact that
the tumbling behaviour reported for the turbulence measurements in [22] was
not observed here. Consequently, we also see no difference in the mean drift
rate of the two particles (29.07 mm/s and 26.67 mm/s for low and high MoI,
respectively). It therefore appears that whether or not a sphere tumbles in
turbulence might depend quite sensitively on the flow or particle parameters.
Other MoI related effects, such as the decorrelation of the rotation rate and
arguably the overall rise pattern, appear largely independent of the flow state.
Naturally, small differences between the turbulent and the quiescent case arise
for specific parameters and some of these are documented in figures 2.10 (b–
e). The drag coefficient ⇠3 (figure 2.10 (b)) is approximately 20% higher in
turbulence for both particles. Similarly, also the typical oscillation amplitude
is higher in turbulent surroundings (figure 2.10 (c)). Interestingly, the mean
rotation rate, see figure 2.10 (d) is barely affected by the ambient flow, which
may indicate that these dynamics remain wake driven even in turbulence.
For all these quantities the trend that higher values are observed at lower
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Figure 2.10: (a) Autocorrelation functions of the horizontal component of
the rotation rate (8) along an arbitrary axis for ⇤ = 0.52 (blue) and 1.18
(red) in a turbulent flow. In (b–e) The results for these two turbulent flow
cases are compared to their counterparts in a quiescent flow in terms of drag
coefficient (b), amplitude of the path oscillations (c), dimensionless rotation
rate (d) and Strouhal number (e). Here, the circles are the data from the
experiments performed in quiescent flow and the crosses for the turbulent flow
experiments.
is also preserved in turbulence. The only exception to this might be the
Strouhal number in figure 2.10 (e). There appears to be no MoI dependence for
the turbulence results. However, with a standard deviation of 0.1 the spread
in (CA is much larger for these data than for the data from the quiescent
experiments. The difference at a given ⇤ is therefore only of the order of the
typical fluctuations of (CA in turbulence.
⇤

2.5 The effect of fluid disturbances
Apart from the effect from artificially introduced (turbulent) velocity fluctuations, another point of interest is the effect of residual background disturbances
in the otherwise quiescent fluid. This point was stressed in the work by [20].
They found that the emergence of the rectilinear regime was very sensitive
to the flow conditions. Any remaining disturbances in the tank caused by
the insertion of the release mechanism, or caused by previous experiments,
was sufficient to result in path oscillations. Since this rectilinear regime was
not observed here at the parameter range predicted by [20], it is therefore
imperative to check if this might be related to flow disturbances.
To this purpose, we performed a series of experiments varying the waiting time
between the evacuation of the bubbles from the release mechanism (figure
2.2 (b)) and the particle release. All measurements were performed with a
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single particle with properties ( = 0.907, ⌧0 = 4800 and ⇤ = 0.822) well
within the rectilinear regime of [20]. The waiting times considered were 2, 4,
8, 16, 32, 64, 128 and > 360 minutes with 5 repeats performed for each of
these cases. None of these experiments displayed a rectilinear rise behaviour,
and the influence of the settling time on the outcomes of the experiments
was generally very limited. This is exemplified in figure 2.11 (a, b), presenting
two representative trajectories, taken after waiting for 8 minutes and for more
than 6 hours, respectively. Visually, there is no discernible difference between
the two. For a more quantitative analysis, in figure 2.11 (c, d, e) we present
results for the oscillation frequency 5 and amplitude 0̂, as well as for the
(a)

Waiting time:
8 minutes

(b) Waiting time: (c)
> 6 hours

(d)

(e)

Waiting time (min)

> 6h

Figure 2.11: Experiments performed to investigate the effect of residual fluid
motion in the tank on the dynamics and kinematics of rising spheres. All
results in this figure are obtained using one and the same sphere with the
following properties:
= 0.907, ⌧0 = 4799 and ⇤ = 0.822. Trajectories of
the same sphere as seen from the side after waiting 8 minutes (a) and more
than 6 hours (b). (c) Average oscillation frequency as a function of the settling
time. (d) Average oscillation amplitude as a function of the settling time. (e)
Average drag coefficient as a function of the settling time.
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particle drag coefficient as a function of the waiting time. Both 5 and 0̂
appear insensitive to the waiting time with differences within the range of the
error bars, which primarily reflect the period-to-period variations that occur
in these experiments. There is a slight initial decrease for ⇠3 with longer
waiting times. However, around a waiting time of 10 minutes the curve levels
off and ⇠3 stays constant for longer waiting times. In summary, we therefore
conclude that with waiting times > 8 minutes our results presented in § 2.3
are not affected by residual disturbances in any significant manner.
An interesting observation in our experiments was that close to particle release,
there was very little rotation of the particle and it appeared to rise more
vertically compared to higher up in the measurement section of the water
tank. The puzzling differences between the present results and those of [20]
might therefore be related to a relatively long transient period, in which the
spheres build up rotational kinetic energy. This is in line with that we allow
a transient over 60–80⇡, while the particles only travelled for ⇡ 10⇡ in [20]
before entering the measurement section.

2.6 Conclusion
The systematic study performed here showed mixed results regarding the relevance of MoI variations for free rising spheres. On the one side, we identified
a dependence of the drag coefficient on the MoI in the 3D chaotic regime.
Namely, we found that ⇠3 increases with decreasing ⇤ . This is accompanied by a trend of stronger rotations at lower ⇤ and therefore in line with
findings of [81], who suggested a correlation between rotation rate and drag.
Furthermore, our results indicate an increasing amplitude of horizontal path
oscillations at lower ⇤ , which confirms similar qualitative observations in [22].
Finally, at lower values of the MoI there is a stronger alignment between the
rotation vector and the acceleration normal to the path. This indicates a more
dominant rotational-translational coupling in this case and leads to flutteringtype trajectories.
On the other hand, the effect of MoI variations was limited to altering parameters within the 3D chaotic rise mode. But it did not lead to regime changes
in the overall behaviour, not even in case of turbulent flow, for which a transition from flutter to tumble has been reported previously [22]. The variation,
e.g in ⇠3 , induced by variations of ⇤ is hence limited and is not adequate
to explain the scatter in the literature data. It appears that the rotational
dynamics induced by centre of mass offsets, which can lead to drastic changes
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in the drag [81], play a more important role in this context.
Apart from the effect of the MoI, our results are also useful in revisiting the
broader studied -dependence, which together with '4 is the dominant parameter in governing the rise mode. Our analysis revealed the existence of
a spiralling mode for
/ 0.42 for which the drag is significantly elevated
(⇠3 ⇡ 0.69) similar to that found by [33] at lower ⌧0. Since neither the lateral amplitude nor the rotation rate excel similarly in this regime, it appears
likely that the higher drag originates from a change in the wake structure.
3D chaotic motion was found for > 0.52 with ⇠3 ⇡ 0.47 (and the ⇤ dependence outlined above). This drag value is close to that of a fixed sphere
at comparable '4 and matches also the results of [17] in the same range of
density ratios ( ) and the cases in [20] for
0.61. [20] also identified a
density ratio triggered regime transition consistent with our observations, albeit with a different critical density ratio 2A 8C ⇡ 0.61 in the same ⌧0 regime.
Other relevant differences between the present results and those of [20] relate
to the existence of a rectilinear regime at larger , which — potentially due
to a longer initial transient (see § 2.5)— is not observed in the present study.
Based on varying the waiting time between experiments, we could rule out
residual disturbances as a cause for this discrepancy. In this regard our results appear consistent with [17], who report a gradually decreasing but finite
amplitude as ! 1, in good agreement with the ⇤ dependence established
here. Finally, even though the spiralling trajectories found at / 0.42 are
in line with [41] and [33] at lower ⌧0, they are at odds with the 2D zigzag
reported in [20] in this same parameter range.

68

CHAPTER 2. MOMENT OF INERTIA

2.7 Appendix
⇤

⌧0

⇡(mm)

5014
5056
4978
4960
4958
4956

0.393
0.377
0.402
0.406
0.406
0.412

0.844
0.819
1.140
1.147
1.226
1.460

16.20
16.15
16.20
16.20
16.20
16.25

4922
4890
4852
4884
4872
4851
4716
4788
4774
4699
4759
4794

0.524
0.530
0.537
0.531
0.541
0.541
0.559
0.553
0.556
0.562
0.566
0.556

0.619
0.620
0.635
0.794
0.823
0.946
1.151
1.149
1.263
1.259
1.379
1.379

17.35
17.35
17.35
17.35
17.45
17.40
17.30
17.40
17.40
17.30
17.50
17.45

4801
4814
4873
4834
4830
4739
4713
4763
4635
4704

0.666
0.669
0.661
0.666
0.667
0.682
0.685
0.681
0.696
0.686

0.537
0.698
0.693
0.827
0.827
1.027
1.191
1.197
1.246
1.247

19.20
19.30
19.30
19.30
19.30
19.35
19.35
19.40
19.35
19.35

4720
4735
4556
4609
4572
4584
4558
4380
4440
4314
4395
4300
4308
4248
4138

0.794
0.792
0.808
0.806
0.808
0.808
0.810
0.825
0.820
0.830
0.825
0.832
0.832
0.835
0.843

0.607
0.605
0.733
0.738
0.830
0.911
0.913
1.035
1.034
1.141
1.142
1.205
1.205
1.220
1.220

22.30
22.30
22.30
22.40
22.35
22.40
22.40
22.40
22.40
22.40
22.45
22.45
22.45
22.40
22.35

4474

0.918

0.519

29.25

m
h0 I iA <B
s
|1
|6
0.37 < < 0.42
0.427
0.104
0.434
0.127
0.435
0.095
0.449
0.091
0.432
0.113
0.419
0.090
0.52 < < 0.57
0.453
0.062
0.454
0.066
0.468
0.041
0.439
0.079
0.468
0.043
0.451
0.053
0.446
0.053
0.453
0.039
0.475
0.026
0.469
0.025
0.452
0.037
0.465
0.034
0.66 < < 0.70
0.411
0.061
0.415
0.039
0.432
0.015
0.426
0.031
0.421
0.030
0.414
0.030
0.416
0.030
0.416
0.021
0.416
0.024
0.412
0.028
0.79 < < 0.85
0.362
0.034
0.361
0.025
0.356
0.022
0.353
0.022
0.348
0.021
0.352
0.020
0.347
0.025
0.343
0.017
0.337
0.020
0.333
0.020
0.329
0.022
0.325
0.023
0.329
0.020
0.325
0.022
0.332
0.025
0.90 < < 0.97
0.239
0.056

hEI i

'4

⇠3

Str

0̂/⇡

l⇤

6898
6983
7018
7245
6970
6786

0.708
0.705
0.679
0.633
0.683
0.717

0.092
0.092
0.092
0.088
0.091
0.095

0.735
0.730
0.676
0.639
0.705
0.670

0.179
0.179
0.137
0.158
0.208
0.155

7826
7842
8090
7595
8131
7814
7690
7860
8237
8088
7880
8081

0.529
0.521
0.480
0.555
0.480
0.517
0.506
0.497
0.448
0.451
0.487
0.470

0.077
0.061
0.058
0.064
0.050
0.060
0.067
0.064
0.057
0.063
0.060
0.045

0.575
0.752
0.698
0.771
0.716
0.658
0.503
0.516
0.440
0.380
0.474
0.659

0.158
0.240
0.194
0.309
0.204
0.243
0.210
0.194
0.136
0.137
0.208
0.198

7865
7987
8306
8191
8088
7991
8017
8048
8030
7941

0.498
0.487
0.459
0.465
0.476
0.471
0.462
0.468
0.445
0.468

0.062
0.049
0.058
0.045
0.043
0.045
0.047
0.043
0.046
0.039

0.621
0.626
0.304
0.587
0.762
0.542
0.439
0.502
0.439
0.611

0.234
0.193
0.071
0.156
0.177
0.154
0.145
0.149
0.116
0.179

8043
8013
7904
7889
7755
7846
7745
7655
7520
7433
7370
7280
7359
7253
7391

0.460
0.466
0.443
0.456
0.465
0.456
0.462
0.437
0.465
0.450
0.475
0.466
0.458
0.458
0.418

0.047
0.042
0.037
0.042
0.047
0.043
0.042
0.042
0.045
0.041
0.037
0.042
0.035
0.044
0.037

0.810
0.610
0.649
0.554
0.446
0.452
0.520
0.431
0.467
0.515
0.709
0.540
0.391
0.466
0.667

0.172
0.156
0.159
0.109
0.125
0.121
0.177
0.118
0.134
0.136
0.187
0.149
0.126
0.128
0.157

6953

0.558

0.059

0.915

0.287
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4777
4705
4062
4269
4799
4688
4559
4701
4678
4493
4608
4474
3286
3453
4361
4528
4540
3055
3320
4298
4504
4416
4114
4290
4090

m
h0 I iA <B
'4
⇠3
Str
s
|1
|6
0.680
29.25
0.274
0.024
7976
0.479
0.047
0.682
29.25
0.276
0.020
8038
0.457 0.043
0.831
29.35
0.217
0.021
6340
0.549
0.046
0.829
29.40
0.227
0.019
6636
0.553 0.044
0.822
29.40
0.263
0.027
7707
0.518
0.042
0.822
29.35
0.266
0.018
7784
0.484 0.051
0.923
29.30
0.266
0.017
7780
0.458
0.055
0.923
29.35
0.265
0.015
7765
0.489 0.043
0.923
29.35
0.267
0.014
7806
0.480
0.042
1.000
29.30
0.266
0.016
7775
0.445 0.049
0.999
29.30
0.276
0.019
8059
0.436
0.046
1.000
29.30
0.269
0.017
7852
0.433 0.047
1.002
29.30
0.202
0.013
5902
0.413
0.047
1.001
29.35
0.200
0.010
5849
0.465 0.042
1.058
29.35
0.253
0.017
7394
0.464
0.042
1.058
29.40
0.258
0.015
7553
0.479 0.045
1.058
29.40
0.255
0.013
7478
0.492
0.045
1.050
29.35
0.175
0.011
5108
0.478 0.042
1.051
29.40
0.180
0.015
5260
0.532
0.040
1.113
29.35
0.255
0.013
7469
0.442 0.054
1.113
29.40
0.249
0.017
7282
0.510
0.046
1.115
29.45
0.252
0.019
7381
0.477 0.042
1.178
29.40
0.250
0.016
7319
0.422
0.051
1.178
29.40
0.245
0.018
7183
0.476 0.053
1.177
29.35
0.250
0.014
7301
0.419
0.051
Table 2.1: Tabulated particle parameters and results.
⇤

⌧0
0.906
0.909
0.933
0.926
0.907
0.911
0.915
0.910
0.911
0.918
0.913
0.918
0.956
0.952
0.923
0.917
0.917
0.962
0.955
0.925
0.918
0.922
0.932
0.926
0.932
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⇡(mm)

hEI i

0̂/⇡

l⇤

0.583
0.533
0.550
0.504
0.770
0.340
0.317
0.464
0.629
0.334
0.453
0.403
0.279
0.266
0.622
0.410
0.406
0.408
0.521
0.251
0.458
0.577
0.311
0.290
0.256

0.180
0.116
0.161
0.127
0.155
0.068
0.094
0.118
0.119
0.098
0.117
0.081
0.101
0.095
0.141
0.117
0.093
0.108
0.138
0.117
0.155
0.136
0.114
0.113
0.094
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Chapter 3
Kinematics and dynamics of freely rising
spheroids at high Reynolds numbers
We experimentally investigate the effect of geometrical anisotropy for buoyant
spheroids rising in a fluid at rest. The particle Galileo number Ga ⇡ 6000,
the ratio of buoyancy and viscous forces, and density ratio ⇡ 0.53 are kept
constant. The aspect ratio of the spheroids (j), defined as the ratio of the body
length along the symmetry axis (pointing vector direction) over the diameter,
is varied from 0.2 (oblate) to 5 (prolate). The observed behaviour is classified
into 6 regimes based on the drag coefficient, particle alignment, and periodic
dynamics. For particles close to spherical, 0.83  j  1.20, the particle is
found to tumble semi-regularly. For 0.29  j  0.75 a planar zigzag motion is
observed, but when for j  0.25 this turns into a fluttering motion with large
vertical accelerations. On the other side of the spectrum, for prolate particles
with 1.33  j < 2.5 large longitudinal oscillations of the pointing vector are
observed and path oscillations are comprised of two timescales, resulting from
the two transverse length scales. For 2.5 < j < 3.5 the longitudinal oscillations
cease and only the broadside oscillations persist, surprisingly reducing the
drag with respect to the longitudinal regime. Finally, for j 4 longitudinal
oscillations return however at j = 5 the inclination of the pointing vector with
respect to the horizontal plane becomes so large that it transitions towards a
stable helical trajectory with a fixed pointing vector inclination.

f lutter

zigzag

0.25 0.29

tumbling

0.75 0.83

longitudinal broadside

1.20 1.33

2.50

helical
4

5
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Kinematics and dynamics of freely rising spheroids at high Reynolds numbers, J. Fluid.
Mech. 912, A16 (2021).

71

72

CHAPTER 3. GEOMETRICAL ANISOTROPY

3.1 Introduction
A single particle rising or falling in a still fluid is an experiment of striking simplicity. Yet, the complexity arising from the interaction between the particle
and fluid is astounding and has captivated a number of prominent scientists
and engineers over the last centuries such as Leonardo da Vinci, see the review
by [8], and Isaac Newton [9]. Besides the fundamental scientific appeal, the
problem is also relevant in numerous practical applications. This holds both
in natural and in industrial settings, for which understanding and modelling
of particle dynamics and wake structures can be of critical importance. One
example is the use of particles in the chemical industry to mix a flow more
efficiently enhancing reaction rates or heat transfer [88]. Furthermore, the
problem is of relevance to the sedimentation of granular naturally shaped particles in rivers and oceans [50,89], as well as to the precipitation of snow, hail,
and rain in the atmosphere [90–92].
Most practical applications involve some interaction with strong background
turbulence or particle-particle interactions (either directly through collisions
or indirectly via the particle wakes). Overviews on these aspects of dispersed
flows are provided by [93], [94], and [28]. [95] reviewed results related to particle
geometrical anisotropy for light, neutrally buoyant and heavy particles in turbulent flows, specifically for small particles in turbulence. However, besides all
these more complicated scenarios, the study of isolated particles in quiescent
fluid is still very relevant (especially for buoyant particles), since the motion
is often unaffected by the presence of turbulence or adjacent bodies [29, 88].
Directly motivated by practical problems, much of the previous work on the
topic has dealt with particles of a higher density than that of the carrier fluid.
In contrast, in the current work we will focus on light, rising, particles and on
the influence of shape anisotropy on their rise behaviour. This expands the
explored parameter space significantly and provides valuable insight on the role
of the most important parameters governing the particle behaviour. These
follow from the Newton-Euler equations applied to a submerged body, for
which the dimensionless control parameters are the density ratio ⌘ d ? /d 5 ,
the dimensionless moment of inertia tensor I⇤ ⌘ I ? /I 5 , the particle Galileo
p
number (Ga ⌘ |1
|6; 3 /a), and indirectly also the particle geometry. Here,
d 5 and d ? are the densities of the fluid and of the particle, respectively, 6 is the
acceleration due to gravity, ; is a characteristic length-scale of the geometry, a
is the kinematic viscosity of the fluid and I 5 and I ? are the rotational moment
of inertia tensor of the displaced fluid and of the particle, respectively. Note
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that the Galileo number is used rather than the particle Reynolds number,
Re ⌘ +;/a, because the relevant velocity scale, +, is not known a priori but
is in fact
p an output parameter. In the definition of Ga the buoyancy velocity,
+1 = |1
|6;, is used instead. The main focus of the current work will be
the on the dependence on particle geometry.

The simplest case of a freely rising body is that of a spherical (isotropic)
particle, which has been studied widely, see [17, 19, 20, 33, 41, 96]. For freely
rising and falling spheres, the onset of path instabilities was characterized
numerically by [36] and was found to occur between Ga = 150 and Ga = 225.
It should be noted that the onset of path instabilities is only weakly dependent
on and I⇤ . However, the influence of these parameters is significant for the
complex dynamics and rise-patterns at even higher Ga. This complexity arises
from the separation of the laminar boundary layers on the blunt body, which
leads to significant unsteadiness in the wake due to vortex formation and
vortex shedding [97]. As a consequence, the variety of particle behaviours
observed when varying Ga or is rich, even for the simplest (i.e. isotropic)
geometry [20, 38].
Path oscillations of rising or settling isotropic bodies are induced by asymmetries in the pressure field in the horizontal direction and are unaffected by
particle orientation. Furthermore, it should be kept in mind that the rotation of the particle is coupled to translation, which can be modelled using the
Kelvin-Kirchhoff equations [27,28]. Particle rotation can induce a Magnus lift
force on the body causing additional pressure forcing which can even affect
regime transitions [22]. Thus, in this manner, skin friction affects the horizontal oscillations indirectly. Therefore, the rotational moment of inertia of the
body needs to be controlled when performing these types of experiments. This
effect, combined with a potential dependence on , could be one of the factors
responsible for the large spread in drag coefficient data observed for spherical
geometries at high Re [20] (see figure 2 in the introduction), as previously
suggested by [22].
In practical situations, the particle’s shape is almost never perfectly spherical.
Therefore, studying the effect of anisotropic geometries is of significant relevance [98–101]. [102] showed that the onset of path instabilities is very similar
for anisotropic bodies to that for to spheres, albeit the critical Reynolds numbers are slightly altered. Beyond the transition point, however, the dynamics
are fundamentally different since for non-spherical particles the centre of pressure, in general, does not coincide with the geometric centre of the particle.
This creates an additional coupling between the fluctuating pressure due to
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the effect of the wake and the rotational dynamics of the particle. Furthermore, the particle alignment relative to the incoming flow induces additional
circulation around the body, which results in a lift force contribution that
is non-existent for spheres. The recent work by [103] underlines the importance of fluid inertia for the alignment of particles settling in turbulence. To
date, related studies have focused on the transitional dynamics at low Ga. A
classifications into regimes is reported for spheroids in the numerical work by
and [104]. Similarly, experimental investigations have been performed for both
cylinders [105] and disks [102, 106–111]. For disks, a classification of the behaviour into regimes was first presented by [112] and later extended by others,
e.g. [108, 113].
It is the goal of this chapter to elucidate how varying degrees of geometric
anisotropy affect the rise behaviour of light (rising) particles. Such an undertaking requires a precise definition and control of the “anisotropy” in the
particle shape - and evidently also a restriction of the infinitely many possible particle shapes. To achieve both, we investigate spheroids, ellipsoids of
revolution, ranging from oblate (disks) to prolate (needles). Naturally, these
shapes are well defined mathematically. Compared to, for instance, disks or
cylinders, an additional benefit is that spheroids allow for a gradual transition
from the isotropic sphere towards either, prolate or oblate particles all the way
to their extremes.
Among the specific aspects we want to address is the dependence of particle
geometry on the drag coefficient. Both for spheres and anisotropic particles, it
is known that the drag coefficient is dependent on Re. For low Re the drag force
is dominated by viscous effect, and thus skin-friction, this is called “Stokes
drag regime”. For Re > 1000, the dominant contribution to the particle drag
is from asymmetry of the vertical pressure distribution on the body’s surface
resulting from flow separation and the formation of the wake. Here, the overall
drag becomes independent of Re (Newton’s drag regime). This has extensively
been documented in studies on natural, settling, particles [100, 101, 114–116].
In these papers the drag coefficient in Newton’s regime is also shown to depend
on parameters that characterize geometrical anisotropy. In Newton’s regime,
a potential dependence of the drag coefficient on and on I⇤ has not been
investigated yet. This is one of the main aspects the present study aims to
contribute.
Another point to consider is under what circumstances a particle can tumble,
i.e. “flip over”. Related studies have characterised this transition in terms
of Re and a nondimensionalised moment of inertia. Thus far, these works
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have predominantly focused on the dynamics of flat plates and strips [24, 60,
117–121] or disks [108–110, 112, 113]. [60] identified a critical Froude number
(defined as the ratio of characteristic times scale for downward motion and
pendular oscillations) of Fr ⇡ 0.67, which governs the transition from flutterto-tumble for quasi 2-dimensional plat plates. Here, we will explore how the
transition from flutter-to-tumble changes for non-slender geometries. Recently,
[122] investigated the importance of the effect of added mass on the dynamics
of ellipsoids with a set initial rotational and translational kinetic energy in
both inviscid and viscous fluids.
Finally, we would like to point out that most of the work on anisotropic bodies
has thus far focused on either heavy or close to neutrally buoyant particles
i.e.
1. The value of in the present work is significantly lower. Our
results can therefore shed light on the importance of the effects of density
ratio and ratio of moment of inertia for anisotropic bodies. For the same
pressure distribution around the geometry a lower particle mass will result
in larger amplitude translations and rotations, which could cause different
regimes for the same geometry and Re. Thus, a stronger coupling between fluid
forcing and particle motion is expected. No experimental data (or otherwise)
is available, especially for Newton’s drag regime. Therefore, the study of
light particles is of fundamental and of general interest in understanding the
mechanisms resulting in specific regimes.

3.2 Experimental method
3.2.1

Particle characteristics

All particles used in this study are spheroids. Their shape is defined by
4(- 2 /⌘2 + . 2 /3 2 + / 2 /3 2 ) = 1, with ⌘ and 3 the full lengths of the major
and minor axes and capital letters indicate the particle coordinate system,
which is aligned with the three perpendicular planes of symmetry (see figure
3.1 (a, b)). Thus, the geometry can be defined by the aspect ratio j ⌘ ⌘/3.
For j < 1, the geometry is called oblate (disk shaped), j = 1 corresponds to a
sphere, and for j > 1 the spheroids are prolate (needle shaped). The particle
orientation can be expressed in terms of a pointing vector p̂, which by definition aligns with the axis of rotational symmetry (ˆ throughout this work will
be used to denote unit vectors). Frequently, it is useful to consider the alignment of the particle with respect to the direction of gravity or with respect
to the direction of motion of the body. These angles, which are schematically
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Figure 3.1: Schematic of (a) prolate (j >1) and (b) oblate (j < 1) particles
along with the relevant length scales (3 and ⌘) and the pointing vectors ( p̂).
In both cases the grey shaded areas indicate the maximum cross-sectional area
of the geometry. (c) The lab reference frame in which an arbitrary particle
pointing vector ( p̂) and unit velocity vector (v̂) are shown. The angles \ 6̂ and
\ Ê denote the angle between the pointing vector ( p̂) and the vertical ĝ and
the unit velocity vector v̂, respectively. (d) A picture of a selection of particles
with varying aspect ratio (j = ⌘/3). The particles have a pattern painted on
their surface to aid in the orientation tracking.
depicted in figure 3.1 (c), are denoted by \ 6̂ and \ Ê , respectively. The rotation
around p̂ is denoted by the rotation angle k.
Throughout all experiments presented here, the aspect ratio (j) was varied in
23 steps from 0.2 to 5. All other particle characteristics, namely the volume,
+, and the particle mass, < ? , were
p3 kept constant. Introducing the volumeequivalent sphere diameter, ⇡ ⌘ 6+/c,
as the relevant length scale (; = ⇡)
p
we obtain a buoyancy velocity +1 = |1
|6⇡ and the Galileo number
p
|1
| 6⇡ 3
Ga ⌘
.
(3.1)
a
The average value of Ga is nominally constant across all particles and aspect
ratios at approximately 6000 with a standard deviation of 122. The mean density ratio of the particles was kept as close to constant as possible with a mean
h i0;; = 0.53 and a standard deviation of 0.015. Here, h·i0;; is the average over
all particles used in the experiments. The average volume-equivalent diameter
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was ⇡ = 19.90 ± 0.3 mm. Finally, the internal structure of the particles is
designed to mimic a particle produced from a uniform, homogeneous, material with density d ? . This implies that the dimensionless moment of inertia
tensor in the particle coordinate system in all cases equal is equal to 8⇤9 = X8 9 ,
where X8 9 is the Kronecker delta. A full list of particle properties is provided
in Appendix 3.8.2.
The rigid spheroidal particles were created using 3D printing on a RapidShape
S30 SLA printer with a vertical resolution of 25 `m and a horizontal resolution
of 21 `m. A non-porous resin was used with a density of approximately 1130
kg m 3 . The particles shells were printed in two parts and glued together
forming a watertight seal. The particles were smoothened by hand to remove
any edges at the adhesive joint and layers due to the printing process. A base
coat of white paint was applied. Next, the particle was masked and black
paint was applied producing the patterns (see figure 3.1 (d)) which facilitates
the tracking of the orientation. Two types of patterns were used: a complex
one identical to that employed by [61] for 0.83  j  1.20 and a simpler
one (as shown in figure 3.1 (d)) for the others. The mass of the paint was
found to be negligible. The primary dimensions of each particle and its mass
were measured to obtain accurate values for the control parameters. No effect
of surface roughness was found when testing different painting methods or
unpainted particles. Surface roughness is often an important parameter when
dealing with transitioning boundary layers. However, in the present work
we suspect that the effect of roughness is limited as the Reynolds numbers
encountered are too low to trigger a transition to turbulent boundary layers,
which, for a stationary sphere in a steady flow with low turbulence intensity
occur at substantially higher values of Re⇡ ⇡ 3 · 105 [83].

3.2.2

Setup and measurement procedure

The experiments were performed in the approximately 3 m high test section
of the Twente Water Tunnel (TWT) depicted in figure 3.2. The temperature
in the laboratory was kept constant at 20 C and the water had ample time to
equilibrate, therefore density and kinematic viscosity of water are assumed to
be constant at 998 kg m 3 and 1.00⇥10 6 m2 s 1 , respectively. Particles were
released using a release mechanism 1.8 meters (90⇡) below the measurement
domain in order to obtain a statistically steady state, as verified by means of
the vertical acceleration statistics. The release mechanism consists of a water
lock that allows the particle to be inserted without draining the tank. The
particle is pushed to the release position inside a “basket”. The end of the
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Figure 3.2: Left: Schematic representation of the experimental setup showing
side and top view of the measurement section as well as the camera positions.
Right: three-dimensional graphic showing the full setup including the release
mechanism at the bottom of the TWT.
pipe in which the basket rests is open at the top, such that the particle can
be released by rotating the basket slowly. Between subsequent experiments
the fluid was given 10 minutes to settle. No notable changes in particle behaviour were observed when extending the waiting period for up to an hour.
Furthermore, we excluded any runs that were contaminated by bubbles on the
surface of the particle or around the particle. The weight of the particles was
checked after every experiment in order to make sure no water had leaked into
the particle shell.
During the experiments, we tracked the position and orientation of the particles as they rose through the quiescent fluid. The lab coordinate frame is
defined as shown in figure 3.2. The origin is located at the base of the measurement volume, 1.8 m above the point of release. The I-direction is defined
upwards in the vertical direction. The translational and rotational tracking
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was performed by image analysis of recordings made using two stationary
Photron AX200 cameras with 1024⇥1024 pixel2 resolution at 256 grey levels
and a recording rate of 250 fps. This recording rate was found to be sufficient
to resolve the particle dynamics. The two cameras were positioned perpendicular to one another, as shown in the top view in figure 3.2, to track the
3-dimensional motion of the particles. The cameras were aligned with the
axes of the global coordinate system along the G- and H-axes, perpendicular
to the glass walls of the setup in order to minimize optical distortion. In
order to obtain longer particle tracks a second set of cameras with the same
specifications was positioned above the first set. The two pairs of cameras
were arranged such that their fields of view slightly overlapped in the vertical direction. The “overlap region”, where the particle could be seen by all
four cameras simultaneously, was approximately 60 mm in height. All four
cameras were positioned almost 3 meters away from the centre of the tunnel
and outfitted with objectives with a 100 mm focal length. Each camera had
approximately a 580⇥580 mm2 field of view in the central plane of the tunnel
resulting in a spatial resolution of around 0.560 mm per pixel. The difference
in magnification between the individual cameras was less than 0.0025 mm per
pixel. The particle tracks obtained using this setup extend approximately 1
m in the vertical direction.
The tank was illuminated by eight continuous LED light sources. The lights
were positioned such that the illumination is as homogeneous as possible while
avoiding shadows in the particle images, which would render the tracking
inaccurate. As a backdrop two grey PVC plates were used. The camera
apertures are adjusted such that the background corresponds to a grey value
of approximately 128 out of the 256 to maximize the contrast with the black
and white patterns on the particles. We further ensured that the depth of
focus was sufficiently large to cover the full test section.
The tracking algorithm is based on the work of [61] with only moderate modifications. In this process both the position and orientation of a particle is
extracted from two subsequent image frames. This procedure and the validation will be detailed in the following sections.

3.2.3

Tracking of particle translation

We obtained the position of the particle’s centre of mass in the lab coordinate
frame. spheroids, i.e. ellipsoids of revolution, are orthotropic and spherically
isotropic, which implies that they have three perpendicular symmetry planes
and, further, a point symmetry about their geometric centres. Therefore,
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tracking the centre of mass is identical to tracking the centre of an arbitrary
two-dimensional projection of the particle shape. Here we neglect the effect
of perspective since the cameras are far enough away to get an almost perfect
isometric projection of the geometry.
Background subtraction is applied to the recordings and the images are processed using thresholds to obtain the white and black parts of the geometry.
The union of the two is dilated and eroded to determine the particle’s geometric centre in the image with sub-pixel accuracy. The black and white part
are stored separately as well as the particle outline, which will be used later
for determining the orientation of the particle.
We use our calibration data to determine the particle position in real space.
Because the particles do not always rise exactly in the center of the tunnel,
a correction based on the two camera angles was applied to correct for the
parallax of the camera angles. The mean value of the two cameras was used
to determine the vertical position of the particle. The maximum error was ±0.5
mm, i.e. around a single pixel. This is also approximately the noise observed
in the unprocessed signals.
In order to verify whether the terminal velocity has been reached the timeaveraged vertical acceleration was considered. We note that this quantity does
not necessarily average out for individual runs because a non-integer number
of periods may have been observed in the recording range. However, the mean
across all runs was found to be very close to zero for all aspect ratios, as to be
expected after the start-up transient. Thus, we are confident that the particles
have reached their terminal rise velocity and hence a statistically stationary
state.

3.2.4

Tracking of particle rotation

In addition to tracking particle translation, the instantaneous orientation of
the body was also obtained. The method used for this purpose is similar to the
one pioneered by [123] and subsequently improved by [61] for tracking rotating
spheres. Both these techniques rely on matching the video recording of the
particle with a (computer generated) representation of the particle for which
the orientation is known. However, some modifications to the method used
by [61] are necessary, since the method of [61] relies on the projection being
a circle and the pattern having a concise mathematical description, both of
which are inapplicable to the current set of particles. To extend the capabilities
of the method to particles of arbitrary shape and surface pattern, the method
developed here employs the stereolithography (.stl) file used for 3D-printing to
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also render the particles. These rendered images were then compared to the
recordings and the particle orientation followed from minimizing the difference
between the two.
Processing of the video recordings
For the tracking of the orientation, we started from the video recordings. As a
first step, the particle image was interpolated onto an # ⇥ # frame, such that
the centre of the particle projection (obtained previously from the translation
tracking) coincides with the centre of the frame. The size # of the frame was
chosen according to the maximum dimension of the particle in pixels in the
video recordings. This ensures that the complete particle image lies within
the # ⇥ # frame and the rest of the recording can be discarded. The particle
position is sub-pixel accurate and a linear interpolation was used to determine
the new grey-scale value of each pixel. Then, a threshold was applied to
identify pixels as either background, or white and black portions of the surface
of the particle and their greyvalues were set to 128, 255 or 0, respectively. The
comparison between the rendered and the actual particle image required a fixed
size of the particle image. Therefore, as a final step in the pre-processing,
the particle image was enlarged (via a bicubic interpolation) such that it fits
exactly within the # ⇥ # frame with a margin on the closest side of 2 pixels.
These processing steps were applied to the images from both cameras. We
will designate the resulting particle images by the array V8 , with the index 8
the camera direction, either along the G- or along the H-axis.
Generating the computer rendered images
To generate the rendered image the 3D model of the particle was rotated to
the desired orientation. The particle orientation with respect to the reference
orientation, shown in figure 3.1 (a, b), was defined using the three Euler-angles,
q, \ and k. These angles relate to sequential rotations around the -, the / 0,
and the - 00 axes, respectively. Here, the upper case font denotes the particle
coordinate system and the 0 indicates the rotated frame of reference due to
the previous rotations. We note that the particle coordinate system -, . , /,
as shown in figure 3.1 (a, b), is chosen such that for both oblate and prolate
spheroids the final rotation with angle k is around the axis of symmetry of
the particle.
Apart from the particle orientation in space, also the angle at which the camera views the particle will affect the pattern observed in the recording. The
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orientation of the 3D model was corrected accordingly based on the position
information obtained in the translational tracking.
Finally, the rotated model was rasterised onto a 2D image with a # ⇥ # resolution taking into account the same margins we imposed on the video image.
Thus, the rendered images, R8 , were obtained for both viewing directions.
Minimization algorithm
The determination of the particle orientation was achieved by varying the orientation such that the difference between the rendered and the actual particle
images becomes minimal. In order to quantify the mismatch between the two,
we define the error as
⇢8 =

# ’
#
’

==1 <=1

|R8 (=, <) 2

V8 (=, <) 2 |.

(3.2)

Note that the difference of the squares of R8 and V8 was used to put more
emphasis on the difference between the pattern on the particle itself compared
to the background. Doing so was found to improve the orientation detection
slightly. This error value was calculated for both of the camera angles, thus
we obtain the metric, ⇢, used for the optimization algorithm
⇢ = 2G ⇢G + 2H ⇢H,

(3.3)

here 2 8 is a scaling factor based on the number of pixels that the particle contour contains in the non-enlarged video frame V8 . The minimization problem
to be solved is then to adjust the input Euler angles, q, \ and k, such that
error ⇢ becomes minimal. Identical to [61], this was achieved iteratively using
the Nelder-Mead, gradient descent, algorithm. For the first frame of a particle
track, a range of pre-rendered images covering a wide range across all angles
was used to determine an initial guess. Subsequently, the angle of the previous frame was used as the starting point for the minimization routine for the
current frame.
Validation and accuracy of the orientation tracking
The algorithm for the orientation tracking of anisotropic particles was validated using computer generated images at known orientations. The 3D models
of the particles of various aspect ratios (j = ⌘/3) were rendered and rasterised
at the appropriate resolution (# ⇥ # minus two times the margin of 2 pixels) to
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Figure 3.3: Probability density functions showing the accuracy of the orientation tracking algorithm. The error plotted on the horizontal axis is the error
between the orientation of the rendered particle and the detected orientation
by the algorithm. The solid lines show the accuracy in the detection of the
orientation of the pointing vector(left H-axis). The dashed line the tracking
of the rotation around this vector (right H-axis). Here, f gives the standard
deviation of the distribution.
simulate video recordings. These artificial particle images were then processed
in the same manner as previously outlined to obtain the particle orientations.
Statistics of the resulting errors, as measured by the differences between the
actual and the extracted orientation angles, are shown in figure 3.3. In this
figure the distributions of the errors for a representative set of 7 out of a total
of 23 aspect ratios tested are shown. Errors in detecting the direction of the
pointing vector ( p̂) and those related to the rotation around the pointing vector (k) are treated separately. This is done because the latter only relies on
information regarding the painted pattern while the former additionally relies
on the body outline. Therefore, p̂ can be more accurately determined, this
becomes increasingly more relevant as j moves further away from unity, for
which orientation tracking gets more reliable as the projected shape is more
and more affected by the orientation of the particle. Furthermore, we see that
the accuracy increases for increasing #, which is the number of pixels used for
the largest dimension of the particle. Finally we see that the angle k is more
accurate for particles with the complex painted pattern (0.83  j  1.20,
the pattern is shown for the sphere in figure 3.1 (d)) as is expected, but the

84

CHAPTER 3. GEOMETRICAL ANISOTROPY

others still perform well. For both types of patterns and all aspect ratios, the
accuracy will also depend on the particle orientation. Overall the accuracy of
the alignment of p̂ appears to be accurate to within 1 and of the rotation k
within 2 from the actual orientation.
The test with artificial images presents a best case scenario. Unavoidably, the
error levels in the actual experiment will be larger, e.g. due to inaccuracies in
the patterns, noise in the images, or errors in the calibration. We can estimate
the actual orientation errors in our experiments based on the results in the
region of overlap between the images from the two camera pairs. In this region,
the particle is recorded by all four cameras which yields two independent
measurements. The raw, unsmoothed, data is compared for all measurements
in this region and an error is defined as the mean absolute difference between
the two measurements. The error in the pointing vector direction is 2.35 and
2.06 in the angle k, the rotation around the pointing vector. These errors are
partly due to the noise in the raw signal. When smoothing the data the mean
errors reduce to 1.63 and 1.58 , respectively, which is hence a more reliable
estimate of the error in the orientation tracking. As an additional check, the
mean pointing vector for all non-tumbling, particles was considered. The mean
orientation of this vector should be exactly vertical for oblate particles and
horizontal for prolate particles (except for the helical trajectory). It was found
that for all cameras the detected mean angle deviated less than 0.5 from the
vertical, thus giving an approximate error of the misalignment of the cameras
with respect to the lab coordinate system.

3.2.5

Data processing

The position of the centre of mass was extracted from the recorded frames.
Consequently, the position data was smoothed in time using a convolution with
a Gaussian kernel. Similarly, derivatives of the Gaussian kernel were used to
obtain the first and second derivatives with respect to time [85]. For the position, a kernel with standard deviation of 4 and window size of 13 frames was
used. These values were increased to (6, 21) for the velocity and (12, 33) for the
acceleration. These values were determined following the approach proposed
by [61] to filter out the high frequency noise but not the much lower frequency
characteristics of the position, velocity and accelerations of the centre of the
particle. This was possible thanks to temporal oversampling such that the filtering leaves the particle dynamics and its statistics unaffected. Additionally,
the orientation was extracted in terms of the three Euler angles q, \, and k.
For the remainder of this work, we will express the orientation in terms of the
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pointing vector p̂, i.e., the direction of the axis of rotational symmetry of the
particle (see figure 3.1), and a rotation around p̂, which we call k. The orientation data was smoothed using the same parameters as used for smoothing
the position data.

ỹ

Further processing of the trajectories is required in order to extract properties
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Figure 3.4: (a, b, c) show data of the same particle trajectory, for j = 0.25
(Ga ⇡ 6263 and ⇡ 0.53), in various states of processing. (a) the raw data in
blue, and the period-averaged trajectory in red. Points of maximum and minimum amplitude are also shown (small black symbols). (b) and (c) the driftcorrected trajectory (dashed line), and the precession-corrected path (solid
line) from the side and the top, respectively. The schematic in (d) illustrates the precession-correction based on the points of maximum amplitude,
the symbols match those in (a). The points G̃ = for the precession corrected
trajectory are identical to the maxima in amplitude of the position vector in
the horizontal plane.
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such as the frequency and amplitude of oscillation. The simplest methods,
such as fitting periodic functions to the data, as employed in [102], are not
suited for the more chaotic trajectories encountered at higher Ga (see figure
3.10 and the videos in the available online with the published version of this
work). It was therefore necessary to develop an alternate approach in order
to determine properties consistently across the full range of aspect ratios (j)
considered. This will be described based on a sample trajectory as shown in
figure 3.4 (a, b, c) in the following.
As a starting point, the smoothed trajectories (blue line in figure 3.4 (a)) and
its derivatives were used. The autocorrelation functions of the horizontal particle velocity components in the lab coordinate frame were computed. By
determining the interval between subsequent peaks of this function, a first
estimate of the particle oscillation period was obtained. This procedure, however, does not yield the correct frequency in cases for which the trajectory is
also precessing, as in illustrated in figure 3.4 (d).
To overcome this issue, we defined a period-averaged trajectory (shown in red
in figure 3.4 (a)). The window size of this moving average was based on the
frequency obtained from the velocity autocorrelation. Subtracting the phaseaveraged trajectory from the original one yields a drift-corrected trajectory
(dashed line in figure 3.4 (b, c). We defined new coordinates G̃, H̃, for which
the origin coincides with the position of the phase-averaged trajectory. Then
we searched for local maxima in the distance between the phase-averaged and
the original trajectory (i.e. the norm of the position vector in the G̃, H̃-frame).
The magnitude of the distance at these points corresponds to the maximum
amplitudes 0 = , where = is an index (see black lines in figure 3.4 (a)). Based
on the locations of the maxima, the trajectory was corrected for precession
as shown by the solid lines in figure 3.4 (b, c). This was done by point-wise
rotating segments of the trajectory around the origin (corresponding to the
period-averaged trajectory), such that the points of maximum amplitude lie
on the G̃-axis i.e. G̃ = = 0 = , as schematically shown in figure 3.4 (d). In this
subfigure, the designated half period is rotated by Z/2 to end up across from
the previous point of maximum amplitude, here Z is the precession angle over
a complete particle oscillation cycle.
Finally, the precession corrected velocity data in the G̃-direction was used to
obtain a new estimate of the oscillation frequency and the mean was taken
over all runs. This whole process is then repeated using this new frequency
as the smoothing timescale for the phase-averaging until the results converge
(typically within 3–4 iterations).
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Data set

In total the data set consists of 269 runs. For each run the particle rises
through the approximately 1 m high measurement domain. A minimum of 9
runs have been obtained per aspect ratio (j). For each aspect ratio a minimum of two particles were produced in order to detect potential flaws in the
production process. No aberrant behaviour was found that correlated to a
single particle. Generally, the experiments show repeatable behaviour, however, in some cases it appears that multiple states of particle motion occur;
transitioning from one to the other and then back, akin to the situation in
non-linear dynamical systems. This appears to be a property of the particle
dynamics and not a flaw of the experiments.

3.3 Vertical motion of the particles
In this section, we focus on the particle vertical motion, most importantly
their rise velocities. We will show that the emergent behaviour of the particles
is strongly dependent on j. We classify this dependence into six distinct
regimes of particle motion. Their definitions, characteristics, and crossovers
will be further elaborated and supported as we study various properties of the
rise patterns in more detail.

3.3.1

Reynolds number

Following the work by [102] on rising disks, we define the particle Reynolds
number
EI 3
Re =
.
(3.4)
a
Here, E I is the vertical velocity and the length scale 3 denotes the area
equivalent disk diameter, which is based on
p the maximum cross-sectional area
of the geometry ( + ( j)) such that 3 = 4 + /c and consequently
8
>
3
>
<
>
3 = ⇡
>
p
>
> 3⌘
:

for
for
for

j<1
j=1
j > 1.

(3.5)

Assuming a constant and a balance of buoyancy (⇠ 3 2p
⌘) and pressure drag
2
2
(⇠ E I 3 ) forces, Re( j) = const. implies the scalings E I ⇠ ⌘ for oblate (j < 1)
p
and E I ⇠ 3 for prolate (j > 1) geometries, respectively. Note that +
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corresponds to the grey shaded areas shown in figures 3.1 (a, b). The choice of
the length scale 3 is motivated by pressure drag dominating for blunt bodies
and, according to potential flow theory, spheroids orient with the largest area
perpendicular to the incoming flow [23], article 124.
In figure 3.6, we show hRei= (black symbols), with h·i= denoting an ensemble
average averaging over all data points obtained for a specific particle aspect
ratio (j), i.e. an average over time and across runs. To complement the results
for the average, we also consider two types of fluctuations in Re. The first kind
relates to using the instantaneous value of E I , as presented in equation (3.4).
The corresponding results are indicative of the overall fluctuations in E I and
thus in Re and they are represented by the grey-shaded regions in figure 3.6.
The different shadings relate to the quantiles of the distribution of data that
lie within a certain region, e.g., for the 90% region 5% of the instantaneous
data had a higher and 5% a lower Re value than the bounds of this region.
This method of visualizing the result will be used throughout this chapter.
Note that fluctuations in Re are largely due to velocity fluctuations during an
oscillation cycle. Additionally, we quantify how much the mean Re varies over
individual oscillations cycles of the particles. To this end, the error-bars in
the figure show the standard deviation of hRei ? where h·i ? indicates a moving
averaged Re over one oscillation period.
The variation of Re across different aspect ratios, evident from figure 3.6,
unveils the signature of distinct regimes of particle motion, which will be
introduced in the following. These regimes are indicated by colours in the
background of the figure.
Particles close to isotropic (0.83  j  1.2) are observed to be in the “tumbling”regime (green). Here, hRei= as a function of j attains a global maximum for
j = 1. On both, the oblate and the prolate sides, hRei= drops significantly
once the particle becomes increasingly anisotropic. The characteristic feature
of the tumbling regime is that the pointing vector can have any orientation
and the particles flip over as will be shown in §3.5.1 and §3.6.1. For even more
oblate particles (lower j), we encounter the “zigzag”-regime (blue) for 0.29
 j  0.75. In this regime, the motion of the particles is spiraling with varying degrees of eccentricity, ranging from nearly circular to almost planar orbits
(see figure 3.13 (b)) and Appendix 3.4.4). The motion is very regular, as evidenced by the small error-bars denoting the variation in the period-averaged
Reynolds number. The most important property of p
the zigzag regime is the
near constant value of hRei= , indicating that E I ⇠ ⌘. The most extreme
oblate particles investigated in the present study (j  0.25) display a different
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behaviour, which we refer to as the “flutter”-regime (purple). Particle motion in this regime resembles inverted falling leaves [124]. Horizontal motions
become dominant and the vertical velocity varies more strongly during an oscillation cycle. The latter is evident from the wide spread in the instantaneous
values of Re while the period-to-period variation, hRei ? , remains small. As
a consequence, within the flutter regime hRei= decreases strongly for lower
values of j.
The rise patterns of prolate particles with aspect ratios between approximately
1.25  j  2.5 are characterized by strong oscillations of the pointing vector
(the “long” direction of these particles). However, unlike the tumbling prolate particles, spheroids in this regime do not “flip over”. Therefore, we call
this the “longitudinal”-regime (yellow). Trajectories in this regime are more
chaotic when compared to their oblate counterparts in the zigzag regime. This
is related to the fact that, with the symmetry axis oriented perpendicular to
the velocity vector on average, in the longitudinal regime there are two competing cross-flow length scales as will be discussed
p in detail in §3.4.2. In this
regime h'4i= also appears constant, thus E I ⇠ 3. At more extreme prolate
aspect ratios ranging from 2.5 < j  4.5, we encounter the “broadside”-regime
(orange). Here, the oscillations of the pointing vector have vanished almost
completely. The dynamics appear consistent with the forcing by vortex shedding akin to an fixed 2D cylinder. The resulting horizontal translation of
the particle is almost exclusively in the broadside direction of the particle,
giving the regime its name. Remarkably, the value of hRei= in this regime
p
is consistently higher than in the longitudinal regime, even though E I ⇠ 3
continues to hold. Finally, we observed a further transition to what we call
the “helical”-regime (red) for the most extreme prolate aspect ratio. Here, we
find two rise-patterns that coexist, the first being similar to the longitudinal
mode indicated in the figure by the circular markers and the second, a nearperfect helix indicated by the crosses. The helical rise-pattern was also found
to exist for the particle with j = 4 and is in this case dependent on the release
conditions. Not surprisingly, the values of Re differ significantly between the
two modes. We will revisit this regime in § 3.6.2. It should also be noted that
the onset of the helical pattern appears to be sudden, while all other regime
transitions (as a function of j) are gradual.
It is instructive to also consider an alternate definition of the particle Reynolds
number, i.e. based on the volume-equivalent diameter ⇡,
hRe⇡ i= =

hE I i= ⇡
.
a

(3.6)
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Figure 3.6: Reynolds number as a function of aspect ratio (log scale) for Ga ⇡ 6000 and ⇡ 0.53. Grey symbols
show hRe⇡ i= , Black symbols the alternative definition hRei= , using the length scale based on the maximum
cross-flow area. Re⇡ is a scalar multiple of the mean rise-velocity hE I i= , the scale for which is given on the
right side of the figure. The error bars represent the standard deviation of the phase-averaged fluctuations
in Re. The grey shaded areas show the fraction of instantaneous data points in these respective regions. For
j = 4 and 5 two values are shown; these correspond to the two modes occurring simultaneously as described
in § 3.6.2. The data points marked with crosses mark the helical regime. The coloured regions indicate the
different regimes defined based on the analysis of the particle kinematics.
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The resulting Reynolds numbers are also included in figure 3.6. Note that
h'4 ⇡ i= only varies due to changes in hE I i= , the mean rise-velocity (also provided for these data points in the same figure). By comparing results for Re
and Re⇡ two interesting observations can be made. First, the rise velocity continuously decreases with increasing anisotropy everywhere but in the broadside
regime, in which a secondary local maximum, i.e. a peak in the mean risevelocity, is observed. Secondly, it becomes obvious, that the approximately
constant values of Re in the zigzag, longitudinal and broadside regimes critically rely on re-scaling with the appropriate cross-flow length-scale.
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Figure 3.5: (Ga ⇡ 6000, ⇡ 0.53) Particle Reynolds number versus Galileo
number. The black markers show the data by [102]. The current results are
indicated by the star shaped markers with the colour indicating the regimes as
defined in figure 3.6. The inset shows a more detailed overview of the current
data set along with lines of constant drag coefficient.
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Drag coefficient

A key finding from figure 3.6 is that neither Re⇡ nor Re are uniquely determined by Ga but vary significantly with j. It is interesting to compare this
result to the work by [102], see figure 3.5. This figure clearly shows that at
lower Re (80 < Re < 330) there is no discernible j dependence for flat disks
for 0.1  j  0.5, while the spread due to variations in j is significant in
the data at large Re. This indicates that the effect of aspect ratio variations
is dependent on Ga or Re. Nevertheless when interpreting these results, the
difference in geometry (disks vs. spheroids) should be kept in mind.
The ratio of Ga to Re, i.e. the slope in figure 3.5 is related to the commonly
used drag coefficient ⇠3 . To demonstrate this, we assume that the particles
have reached their terminal velocity (as is the case for all results considered
in this study). This implies that the sum of time-averaged forces applied to
Õ
the body in vertical direction is equal to zero: h
I iC = 0. Here, the net
driving force L ⌫ = (d 5
d ? )+6 ẑ is balanced by the sum of all fluid forces.
The fluid forces can be decomposed into two perpendicular components; the
drag (L 3 ) acting parallel to the direction of motion, and lift perpendicular to
it. A convenient definition for rising or settling particles defines drag as the
force balancing the net buoyancy force, such that the force balance reads:
⌧’
1
1
= (1
) d 5 c⇡ 3 6
cd 5 hE I i=2 ⇠3 3 2 = 0.
(3.7)
I
6
8
C
|
{z
} |
{z
}
L⌫

L3

Note that similar to (3.4) we use 3 2 / + ( j) as the cross flow area in the
definition of ⇠3 in (3.7). Additionally, it is worth mentioning that adhering to
common practice we use hE I i=2 in the definition of ⇠3 , instead of hE 2I i= . While
the latter appears more appropriate conceptually, it cannot simply be deduced
from the terminal velocity and is therefore not readily available in practice.
From (3.7) it follows that ⇠3 relates Re and Ga according to
4(1
)⇡ 3 6 4 Ga2
⇠3 =
=
,
3 hRei=2
3hE I iC2 3 2

or

Re =

s

4
Ga.
3⇠3

(3.8)

We include lines of constant ⇠3 in figure 3.5. [102] noted that for their range
of Ga, ⇠3 was approximately constant at 1.2 for 0.1  j  0.5. In contrast, we
find that the particle drag coefficient varies from close to 0.59 for a sphere to
around 2.08 for the most oblate disk. In the following sections we investigate
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the behaviour of the drag coefficient in further detail, looking for physical
mechanisms explaining these observations.
The inset of figure 3.5 shows that ⇠3 ⇡ 1.2 is also encountered for the present
data in the zigzag-regime (blue). And indeed also other features of the data
in [102, 106] appear consistent with this regime. This suggests that for higher
Ga, regime transitions occur for lower levels of anisotropy. This hypothesis
will be further explored in §3.5.2.
Specifically for the sphere, for which there is plenty of reference data in the
literature, we observe ⇠3 = 0.59. This result lies in between the values reported
in [20] for what they call the “vertical” (⇠3 ⇡ 0.45) and “zigzag” (⇠3 ⇡ 0.75)
regimes. However, our sphere exhibits oscillations similar to the “zigzag” (see
§ 3.4.3) and the drag coefficient is very similar to the results by [17] (⇠3 ⇡ 0.54)
for a very similar density ratio ( ⇡ 0.6). Both these experimental results are
contrary to the idea by [20] that low drag is associated with the “vertical” and
high drag for the “zigzag” regime. Similar observations regarding the more
subtle effects of and the importance of path oscillations on the drag of a
sphere were made in the numerical work by [33].
As a side note, we mention that the inset in figure 3.5 shows a spread in Ga
of about 500 for the particles used in the present experiments. Additionally,
note that the variations in Ga for different particles at the same j are small
(typically less than 2%) (Appendix 3.8.2, table 3.2), therefore the results are
consolidated to one nominal Ga of 6000.
In figure 3.7, we plot ⇠3 , as defined in (3.8), explicitly as a function of j. Note
that according to (3.8) and with Ga being constant, ⇠3 is directly related
to Re. Hence, the regions of approximately constant Re in figure 3.6 show
up as near constant ⇠3 in figure 3.7 and also other aspects of the discussion
surrounding figure 3.6 apply. It is nevertheless useful to consider the drag
coefficient separately. Firstly, because it is an important and widely used
quantity in applications. Moreover, adopting the definition of ⇠3 has the added
benefit of accounting for the slight variation in Ga for different particles. But
most importantly, studying the drag coefficient allows for direct comparison
to related results in the literature and provides the opportunity to elucidate
the cause of variations in the drag as a function of j.

3.3.3

Instantaneous drag coefficient

The first quantity we consider that will affect the behaviour of ⇠3 with j is
the relevant cross-sectional area, which we expect to be close to + ( j) as was
already argued in the context of Re in §3.3.1. We check this assumption in the
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Figure 3.7: (Ga ⇡ 6000,
⇡ 0.53) Particle drag coefficient as a function
of j (log scale) using two different definitions; ⇠3 (black circles) and h⇠3⇤ i=
(blue circles) with the grey shaded area indicating the range of fluctuations
in this quantity. The inset (blue circles) shows the mean projected area perpendicular to the direction of the instantaneous particle velocity divided by
2
j=1 = 1/4c⇡ . The black dotted and dashed lines indicate the minimum and
maximum cross-flow area that is possible for a given aspect ratio, respectively.
inset of figure 3.7 by showing the mean of ? Ê , which denotes the area that is
perpendicular to v̂, the instantaneous direction of motion of the particle and
its probability distribution. In this figure we also show the maximum ( + ) and
minimum ( ) cross-sectional area as function of j. All results are normalized
by the cross-section of the sphere j=1 . It becomes apparent that for almost
all j the ? Ê follows + very closely, with the notable exceptions of the flutter
(purple), the helical (red), and the tumbling (green) regimes. For the latter,
however, the effect of this change is very small since the difference between
+ and
is small at j ⇠ 1. In general, these results confirm that even for
very complex trajectories, + is an appropriate choice for the cross-flow area
in almost all cases.
One may further suspect that changes in the drag coefficient (⇠3 ), which is
defined using the vertical component of the velocity only, are related to vari-
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ations in the rise patterns. The drag might then be fairly uniform across j
when the velocity is considered “along the path” instead. To test this hypothesis, we define an instantaneous drag coefficient ⇠3⇤ , which is based on the
instantaneous force balance of the particle along its trajectory
<?

dv
· v̂ = L ⌫ · v̂
dC

1
d 5 v2
2

⇤
? Ê ⇠3 .

(3.9)

Note that we retain the acceleration term, which only vanishes in the mean
(when there is no horizontal drift) and we use the instantaneous cross-sectional
area ? Ê for consistency. Rewriting (3.9) to obtain an explicit expression for
⇠3⇤ yields
✓
◆
dv
3
c⇡ (1
)g
· v̂
dC
⇤
⇠3 =
.
(3.10)
3v 2 ? Ê
In this definition, ⇠3⇤ accounts for all components of the fluid forces, including
added mass, in the direction of the instantaneous motion. The ensembleaverage h⇠3⇤ i= is calculated for all aspect ratios and included in figure 3.7
(blue circles). We observe that in the “flutter”-regime using ⇠3⇤ indeed eliminates the strong increase in the mean drag coefficient that was observed for
⇠3 (black symbols) and we find h⇠3⇤ i= ⇡ 1.2, which agrees with the ⇠3 in the
neighbouring zigzag regime. This suggests that, when correcting for the reduced cross-flow area and increased path oscillations, the behaviour is similar
between these two regimes. Note, however, that instantaneous values of ⇠3⇤
fluctuate significantly in the “flutter”-regime as indicated by the grey shaded
regions. Furthermore, we find that the instantaneous drag coefficient, ⇠3⇤ , is
approximately single-valued in the alignment p̂(C) ·v̂ (C) (not shown), suggesting that the balance in (3.9) captures the essential dynamics. Besides in the
purple regime, we do not observe a significant difference between ⇠3⇤ and ⇠3 .
This implies that differences between the path velocity and hE I i are effectively
compensated by changes in the alignment and the changes in the relevant cross
section associated with the latter. This observation indicates that using the
maximum cross-flow area and the vertical velocity in fact are good approximations for spheroidal geometries, which is convenient as both quantities are
easily obtained. We also conclude that for all but the most oblate particles
variations in drag are not simply caused by the geometry of the trajectories
but must have different origins, e.g. the structure of the wake.
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A comparison to results for settling particles

The current study focuses on particles with a density ratio ( ) significantly
smaller than one. Most other studies dealing with anisotropic particles have
been performed with particles close to neurally buoyant (at low Re) or with
heavy particles
1 (at high Re). In this section, we will compare the
present results to those reported in the literature for heavy particles in order
to highlight differences in the particle behaviour that are related to inertia
through and I⇤ . To enable this comparison, we revert to a definition of the
drag coefficient in the most basic form using the volume-equivalent diameter
⇡ as the relevant length scale, resulting in:
⇠30 =

4 6|
1|⇡
.
3 hE I i=2

(3.11)

The results for ⇠30 are shown as a function of j in figure 3.8 as red filled circles.
It is immediately apparent that the spread in the data increases drastically
when using the definition in (3.11), with values of ⇠30 now covering a full order
of magnitude ranging from 0.6 to 6.0.
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Figure 3.8: (Ga ⇡ 6000,
⇡ 0.53) Drag coefficient for the current set of
experiments using various definitions. The definition of ⇠30 (red symbols) is
identical to the ones in the cited studies on heavy particles and can thus be
directly compared showing the effects of particle (rotation) inertia through .
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In the literature on heavy particles, there have been numerous attempts to
capture the effects of particle geometry in terms of so-called shape factors, such
as the ‘Corey shape factor’ and ‘sphericity’. We employ three such empirical
relations, namely the ones by [114], [115], and [116], (based on experimental
studies similar to [100] which deserve a lot of credit) for the geometries of
our particles and plot the results in figure 3.8. Where needed, we employ
the Reynolds numbers measured here to evaluate the models. It should be
noted that these models were not developed for any specific geometry and
are based on data sets that contain a large degree of variability in the shape
of the particles. Therefore, the predictions based on these models contain
quite a large uncertainty. The comparison with the current data, however, is
still interesting and the uncertainty does not affect the conclusions we draw
regarding the fundamental differences between heavy ( > 1) and light ( < 1)
anisotropic particles.
Figure 3.8 shows that for all oblate particles (j < 1) in the zigzag (blue) and
flutter (purple) regimes the drag coefficient of the rising particles is significantly higher compared to that of their settling counterparts of comparable
geometry and Re. This difference becomes increasingly pronounced as j deviates from 1. Also in the tumbling (green) regime lighter particles experience a
larger drag but the difference is less prominent. The result for prolate (j > 1)
geometries is interesting since we find that for the broadside (orange) regime
the light particle drag is in fact lower than that observed for heavy particles
at the same Re and with the same shape-parameter. This inversion is very
specific for this regime and sets it apart from all the others. Generally, the
difference in ⇠30 between heavy and light particles is smaller for prolate bodies
compared to that for oblate ones.
An important general conclusion that can be drawn from the comparison in
this section is that, similar to what has been observed for spheres already, the
density ratio ( ) plays a very important but complex role in governing the
dynamics of anisotropic bodies. This has a large impact on relevant high level
parameters such as the settling/rising velocity (drag) and, as we will see in
section §3.4.1, on the oscillation frequency.

3.3.5

The contribution of added mass on particle dynamics

Using the present data, we can also single out the effect the added mass
force [7, 125, 126] has on the particle motion. To this end, we consider the
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classical Kelvin-Kirchhoff equation for the translation of rigid body in a fluid
< ?I + A ·

dv 0
+ ⌦0 ⇥
dC

< ? I + A ·v 0 = L 0l + L 0⌫ .

(3.12)

Here, I is the identity tensor and A is the added mass tensor. Furthermore,
(3.12) is defined in a coordinate frame (indicated by superscript 0) with the
origin fixed in space but whose axis are parallel to the particle coordinate
frame and rotate with the particle rotation rate ⌦. This choice ensures that
the components of the added mass tensor A, which can be obtained analytically
from potential flow solutions as derived in the work by [23] (see the Appendix
in § 3.8.1 for details), remain constant in time. The transformation from the
lab coordinate frame to the instantaneous particle orientation is given by the
rotation matrix R(C). On the right hand side of (3.12), the term L 0l represents
all fluid forces on the particle (besides the added mass force) and can be
decomposed into drag (acting along v̂ = v/|v|) and lift (perpendicular to it):
L 0l = L 30 + L;0. For completeness, results for the lift component are included
in terms of a lift coefficient h⇠;⇤ i= = h2||L; ||/d 5 v 2 ? Ê i= in table 3.3 in the
Appendix, § 3.8.2.
Typically, added mass contributions are lumped in with lift and drag, but here
we aim to specifically consider their contributions to the particle dynamics.
Remarkably, we find that the net contribution of the added mass terms cancels
when taken along the path for all j, i.e.
⌧⇣
⌘
dv 0
A·
+ ⌦0 ⇥ [A·v 0] ·v̂ 0 ⇡ 0.
(3.13)
dC | {z }
=
| {z }
0
L 001

L 02

This implies that, on average, the added mass does not contribute to the⇥ mo- ⇤
tion along the path under steady-state conditions. Noting that also ⌦0 ⇥ < ? v 0 ·v̂ 0 ⌘
0, we thus find that the drag coefficient along the path, h⇠3⇤ i= as defined in
(3.10), is in fact largely unaffected by added mass and inertial effects. Thus
h⇠3⇤ i= ⇡ h2||L 3 ||/d 5 v 2 ? Ê i= .
Finally, we evaluate if there is a net contribution of the added mass terms to
the vertical motion of the particle. In doing so, we consider a decomposition of
the added mass force L 0 = L 01 + L 02 , with the components defined in (3.13).
In figure 3.9 (a) we show the mean contribution of these terms in the vertical
direction (ẑ) normalized by the magnitude of the net driving force ||L ⌫ || as
a function of j. For L 0 , we observe that for almost all spheroids, besides
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the most oblate ones, the net contribution remains small, accounting for less
than 10% of the net gravitational force. For the flutter regime, however, the
contribution is much larger, reaching a value as high as 0.65 for j = 0.2.
This effect is almost entirely due to L 01 as can be seen from the blue line
in figure 3.9 (a). Furthermore, there is a small but noticeable net vertical
contribution of L 02 in the tumbling (green) regime, while this term remains
insignificant for more anisotropic particles. For completeness, we also show
L <2 · ẑ /||L ⌫ ||, where L <2 = R) · ⌦0 ⇥ < ? v 0 , in figure 3.9 (a). This quantity
is seen to be almost identical to L 02 for j ⇡ 1. This result is consistent with
the added mass tensor for these particles being almost a scalar multiple of the
identity tensor and the translational added mass being approximately 0.5d 5 +,
which is close to d ? + used in our experiments. However, towards the fluttering
regime we notice that the contribution of L <2 outgrows the added mass terms.
This implies that the particle rotation plays a noticeable role in the vertical
force balance of tumbling and fluttering particles.
In figures 3.9 (b, c), we examine the combined vertical added mass contribution
more closely to explain the asymmetry that causes a net vertical force. To
this end, we present scatter plots of the normalized vertical component of the
added mass force, L 0 · ẑ /||L ⌫ ||, vs. â· ẑ, i.e. the alignment between the particle
acceleration vector and the vertical.
Initially focusing on the results for j = 0.75 in figure 3.9 (b), we observe that
negative and positive excursions of the added mass force are more or less
symmetrical, i.e. when the particle accelerates downwards â· ẑ < 0 the added
mass force is positive and when â· ẑ > 0 it is negative and of comparable
magnitude. As expected, this symmetry results in a zero net contribution of
the added mass to the vertical component of the added mass force, as is shown
in 3.9 (a). The same applies to the results for prolate ( > 1)particles in figure
3.9 (c).
Now we consider the oblate particles for j = 0.20, 0.25 and 0.29, i.e. particles with more extreme anisotropy, shown in figure 3.9 (b). For increasing
anisotropy the symmetry in L 0 completely vanishes. Remarkably, even when
â· ẑ < 0 for a large portion of the data points the direction of the added mass
force is in the positive I-direction. There are two effects at play that cause
this asymmetry. First, an asymmetric distribution is produced if the particle orientation (relative to â· ẑ) is different when the particle is accelerating
vs. decelerating. Second, it is important to note that R) · (A · R) · dv/dC is
not parallel to dv/dC. Combined with the fact that the particle acceleration
in the horizontal direction becomes more and more dominant for increasing

Figure 3.9: (a) Ensemble-averaged added mass contributions as function of j. (b, c) Scatter plots showing the
instantaneous components of the added mass force (L 01 + L 02 ) along the I-direction and alignment between
the direction of particle acceleration and the I-direction. In (b) results for four oblate and in (c) four prolate
aspect ratios are shown.
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anisotropy, this can result in an upward added mass force even when the particle decelerates in the vertical direction. Both these effects can be observed
in the videos provided online with the published version of this work showing the particle instantaneous accelerations and alignment along the path, for
instance when comparing the video for j = 0.57 to that for j = 0.25.
The correlation between â· ẑ and L 0 · ẑ/||L ⌫ || translates into the net force
in the vertical direction shown in figure 3.9 (a). For the most oblate particle,
hL 0 · ẑi= amounts to more than half of the buoyancy force, but the effect quickly
decreases with increasing j. Entirely consistent with the observations made in
figure 3.9 (b); hL 0 · ẑi= is essentially zero for j > 0.5 or all non-tumbling cases.
We observe that when added mass contributes significantly hL 0 · ẑi= > 0, which
implies that the added-mass acts along the rise-direction, thus leading to an
increased hE I i= , compared to a hypothetical case without effects of added mass.

3.4 Horizontal periodic motion of the particles
In this section, we will focus on the motion in the horizontal plane, which
is induced by unsteady motions in the wake of the rising particles. We plot
horizontal projections of representative particle trajectories for 18 different
aspect ratios (j) in figure 3.10, in order to illustrate the richness of the patterns
of motion. The data is smoothed and corrected for drift.
In general, the patterns for the oblate particles (figure 3.10 (a–i)) are regular
and periodic, but even there the differences with varying j, e.g., in amplitude
or eccentricity of the trajectory, are significant. For prolate particles (figure
3.10 (k–t)), the trajectories are a lot more irregular compared to those of their
oblate counterparts. The shape of the trajectories appears similar for the
longitudinal (yellow) and the broadside (orange) regimes, but the amplitude
of the excursions varies significantly between these two. What clearly stands
out against the seemingly chaotic tracks observed otherwise in this regime
is how stable and close to circular the helical modes for j = 4 and j = 5
(figure 3.10 (r, t)) are, this in addition to the near constant particle alignment.
It should be noted, that the existence of two rather distinct rise patterns is
not limited to the most prolate particles. Albeit less pronounced, another
example for which two different rise patterns are encountered can be seen
in figure 3.10 (d) for j = 0.33. Here, an almost planar, ‘zig-zag’, oscillation
switches to a close to circular one as the particle rises. However, in this
case the transition is reversible. The distinct patterns therefore appear to
be transient states of the particle dynamics in this instance. Such behaviour
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Figure 3.10: (Ga ⇡ 6000,

0.4

|p̂ · v̂|
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1

⇡ 0.53) Each subfigure shows a representative trajectory
for a specific j as seen from the top with the particle moving from the black circle to
the cross. Particle position is indicated by the dots, the colour indicates the degree
of alignment between the pointing vector p̂ and the velocity vector v̂. The solid grey
lines are shown every 0.02 seconds (5 frames) and indicate the horizontal projection
of the pointing vector, with the dot at the end indicating the upward direction. The
coloured dot at the bottom right of each subfigure indicates the assigned regime.
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is similar to that observed for rising bubbles that transition from planar to
helical motion [87,127]. We will revisit the interesting case of the most prolate
spheroids in §3.6.2. First, we proceed to describe and classify the horizontal
motions in terms of frequency ( 5 ) in the next section. Subsequently we will
discuss both the amplitude (0), and eccentricity ([), of the oscillations.

3.4.1

Frequency analysis

We present results for the oscillation frequency of the particles (see figure 3.11)
in terms of the dimensionless Strouhal number given by
St ⌘

5⇡
.
+1

(3.14)

This definition makes use of the buoyancy velocity scale +1 and the volumeequivalent sphere diameter ⇡, which are both independent of the aspect ratio
(j). The frequency 5 is the one obtained using the approach detailed in §3.2.5.
Figure 3.11 shows that St ⇡ 0.12 and this value is almost constant for the
full range of aspect ratios investigated here. Data from [20] for rising spheres
show St ⇡ 0.1, which is within the scatter of the results of our experiments,
albeit slightly lower than the mean observed here. The mean over all values
of j is St = 0.117 , corresponding to an oscillation frequency of 1.77 Hz with a
standard deviation of 0.1 Hz. This result is very surprising and indicates that
the frequency itself, in addition to the St, is neither dependent on j nor on
Re in the present case. The constant frequency for varying j is different from
related findings in literature. [102] found that for oblate disks the relevant
length scale at low Ga is (3⌘) 1/2 with a weak dependence on Re. This scaling
is derived from work on tumbling cards by [119] and later by [128], giving an
empirical dependence of the Strouhal number pon Re (or equivalently on ⇠3 )
and j according to St⇤ = St(2/⇠3 ) 1/2 j1/2 = 5 3/ (
1)63. The latter is found
to collapse all their data in the range 80 < Re < 330 and 0.1 < j < 0.5. In
the work by [105] similar results are found for St for heavy p
prolate
p cylinders
⇤⇤
(which behave similar to our longitudinal regime): St = 5 ⌘3/ (
1)63.
Both definitions, St⇤ (for oblate) and St⇤⇤ (for prolate particles), clearly indicate
a dependence on j. For comparison, we show both definitions of the Strouhal
number in figure 3.11 as grey lines with triangular markers. For both oblate
and prolate particles, the use of St⇤ and St⇤⇤ does not collapse the results
obtained here. It should be mentioned, however, that for prolate particles,
both expressions lie within the spread in the observed Strouhal nimbers (as
evidenced by the error bars). Therefore no definitive conclusions can be drawn
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Figure 3.11: (Ga ⇡ 6000, ⇡ 0.53) Oscillation frequency as a function of particle aspect ratio (j) presented in terms of the Strouhal number (St ⌘ 5 ⇡/+1 )
using the volume-equivalent sphere diameter and the buoyancy velocity scale.
The black filled circles show the Strouhal number using the frequency of the
precession corrected trajectory. For prolate particles, St is also shown using
the frequencies 5? (blue) and 5 k (red) of the two different oscillation modes
identified in §3.4.2. The grey lines at the top shows the current results using
the j dependence as proposed in the literature. The inset of the figure depicts
(for prolate particles) a measure of the kinetic energy in the two respective
oscillation modes normalized by the vertical kinetic energy. Showing that,
except for j = 5, the oscillation associated with E ? is dominant.
regarding the scaling even though ⇡ appears to be the more appropriate choice
based on the present results. However, the fact that the scaling observed
in [102] does not apply here is not surprising, since the results by [119, 128]
are valid for heavy particles = O (103 ) while the current results are for low
. Nevertheless, the results agree for ⇡ 1 [102].
In interpreting the apparently different frequency scalings, it is important to
note that for both [102] and [105], the density ratios ( ⇡ 1 and ⇡ 1.16,
respectively) are significantly higher than the one considered here ( ⇡ 0.53).
It therefore appears that the stronger coupling to the fluid motions are a
likely explanation for the different behaviour observed in the present case.
This is in line with conclusions drawn for spherical bodies by [41], [20], [22]
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and, [33] who found regime changes related to changes in the density ratio
( ), and the rotational moment of inertias. Details, especially on how the
apparent insensitivity to geometry variations at low density ratios emerges,
remain nevertheless unclear at this point.

3.4.2

Prolate spheroids; two interacting modes

Next, we disentangle the complexity of the motion of the prolate particles,
which leads to the rather irregular patterns in the trajectories displayed in
figure 3.10 (k–q, s). The general tendency of particles to rise with their largest
cross-section perpendicular to gravity exposes an ellipsoidal cross-section to
the flow in the case of prolate spheroids. This is in contrast to oblate particles,
for which this cross-section is circular. Hence, instead of only one length scale
for oblate particles (the diameter), two unique length scales, i.e. the long
(⌘) and the short axis (3) of the ellipsoidal cross-section, are relevant for the
periodic motions of prolate spheroids. In this section we will show that this
gives rise to two distinct oscillation modes that coexist and interact with each
other producing the observed dynamics. Each of these modes will be shown
to have a distinct frequency.
For the analysis, we consider projections of the velocity v and of the pointing
z

ĝ

z ✓ĝ
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x
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Figure 3.12: (a) Decomposition of the projection of the velocity vector onto
the horizontal plane into a component along (E k ) and one perpendicular (E ? )
to the pointing vector. (b) Graphic showing the oscillation modes associated
with the decomposition of the velocity; the top sketch shows the longitudinal
and the bottom one the broadside oscillations for the same particle. (c) PDF
of the frequencies obtained for aspect ratio j = 2. Two distinct frequency
peaks are visible which are associated with the two modes of the motion of
the particle.
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vector p̂ onto the horizontal plane, as indicated in figure 3.12 (a). We decompose the horizontal velocity into a component along the pointing vector
(E k ) and a component perpendicular to it (E ? ). Without loss of generality we
define the perpendicular direction as n̂ = ẑ ⇥ p̂/|| ẑ ⇥ p̂||, so that the velocity E ?
attains both positive and negative values. This decomposition results in two
periodic velocity signals that individually describe the motion of the particle
in a plane spanned by p̂ and ẑ (E k ) and perpendicular to it (E ? ) as illustrated
in figure 3.12 (a, b). On this basis, it is now possible to discern the frequencies
5? and 5 k of these different motions by considering the primary peak of the
autocorrelation of E ? and E k , respectively. Note that no evidence for significant interactions of the two modes at frequencies corresponding to 5? + 5 k
was observed. Results for j = 2 are displayed in figure 3.12 (c) in terms of a
probability density function (PDF) of frequencies corresponding to individual
periods.
It is clearly evident that the periodic motion for 5? and 5 k are distinctly
different for this particle. Furthermore, we included the PDF of frequencies
corresponding to oscillations of \ 6̂ , i.e. the angle between the pointing vector
( p̂) and the I-axis (see figure 3.12 (b)) as yellow symbols in figure 3.12 (c).
We see that the frequency of particle alignment is identical to that of E k .
This is similar to oblate bodies for which these frequencies also match and
are related to the same flow mechanism of vortex shedding inducing both
horizontal translation and a periodic oscillation in the particle orientation.
The oscillation in the E ? direction, on the other hand, more resembles the
pattern induced by vortex shedding behind a 2D circular cylinder. The latter
might also induce a rotation around the p̂ (k), which remains inconsequential
to the particle alignment, however.
The mean of 5? and 5 k is non-dimensionalised using equation (3.14) and plotted in figure 3.11 for all prolate non-tumbling particles. This figure confirms
that the frequencies corresponding to motions in different planes are indeed
different for all j considered. When rescaled according to (3.14), both 5? and
5 k individually also exhibit a significant dependence on j, making it even more
surprising that this normalization works well without the decomposition (the
black datapoints).
For E ? we see the Strouhal number increasing with j. This is consistent with
the notion that 3 is the relevant length-scale in this case, since 3 decreases
with j, while ⇡, as employed in (3.14), is constant. In the case of E k , we
observe a general decrease of the Strouhal number for increasing anisotropy
in the longitudinal regime, which is consistent with the increase of the length-
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scale ⌘. This suggests that for the oscillation perpendicular to the pointing
vector the length scale 3 is appropriate and similarly ⌘ is characteristic for
the oscillation parallel to ?.
ˆ This yields a more constant value of (C ? and (C k
in the longitudinal regime, however, the behaviour in the broadside regime
(orange) is not consistent for 5 k , this could be explained by the fact that the
oscillations in this direction are almost non-existent in this regime.
Apart form their frequencies, it is also relevant to consider how the two modes
differ in energy. To this end, we show a measure for the kinetic energy in the
respective oscillation modes in the inset of figure 3.11. Here, the values are
normalized by the mean kinetic energy in the vertical according to hẼ 2 iC /hE 2I iC ,
Ẽ denoting either E ? or E k . In general, the energy in the oscillation along n̂ is
larger than the one in the plane containing p̂, such that the vortex-shedding
mechanism that induces oscillations normal to p̂ is the dominant one for most
particles. It is also important to note that for both, E ? or E k , the energy of the
horizontal motions decreases to very low values towards the broadside regime.
Additionally, the pointing vector oscillations are minute in this regime, yet
measurable. Finally, the situation changes for j = 5, for which the energy
in the horizontal motion picks up significantly and E k becomes the stronger
mode, in §3.6.2 this will be associated to the transition to the helical rising
pattern.
Finally, we consider whether the oscillations associated with E ? are connected
to rotations around the pointing vector, k, as found in numerical work by [21]
on rising and falling cylinders at particle Reynolds numbers ranging from 66 –
185. They showed that translations of the particle in the n̂-direction are indeed
related to body rotations around its symmetry axis inducing a lifting force on
the body, i.e. a Magnus lift force. In our experiments, we do not observe this
direct connection as the rotation dk/dC remains weak and is non-periodic as
well as only weakly correlated to E ? . A similar observation was made by [105],
but was hampered by their limited accuracy in resolving rotations around p̂.
In the present study, this accuracy is ±0.5 , which puts this finding on stronger
footing. We therefore conclude that strong path oscillations in the perpendicular direction are not always induced by a rotation induced Magnus lift force
and thus are not necessarily coupled to the particle’s rotational dynamics.

3.4.3

Oscillation amplitude

The mean amplitude of the horizontal periodic motion h0i= and its distribution
are shown as a function of the particle geometric aspect ratio j in figure
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Figure 3.13: (Ga ⇡ 6000, ⇡ 0.53) (a) Amplitude of particle path oscillations
normalized by the equivalent volumetric diameter (⇡) as a function of the
aspect ratio (j). The solid symbols show the mean and the grey shaded areas
give the spread in the data. (b) Eccentricity of the particle trajectory in
the horizontal plane, the markers and the grey areas show the mean and the
distribution, respectively. Along with the current data we show the results for
lower Ga numbers from [102], suggesting a shift towards lower anisotropy for
increasing Ga.
3.13 (a). The amplitude in this figure is non-dimensionalised by the volumeequivalent-sphere diameter (⇡). In contrast to the results for St, which show
a close to constant value, the results for h0i= /⇡ depend strongly on j. The
variation of h0i= /⇡ with j is also non-monotonic towards both the oblate and
prolate geometries.
For non-tumbling oblate particles, we observe a decrease in amplitude for increasing anisotropy towards a minimum amplitude in the zigzag (blue) regime
around j = 0.4. Then, towards the flutter (purple) regime, we see a strong
increase of the amplitude. These results are inline with findings by [102], who
observe a similar trend for the amplitude. However, their minimum appears
to be shifted to lower values of j ⇡ 0.17. One may thus speculate that for increased Ga, the different regimes appear at lower anisotropy (higher j for the
oblate spheroids). And, indeed, we find trends consistent with this hypothesis
also for the eccentricity (§ 3.4.4) and the phase-lag of the oscillations (§ 3.5.2).
The general trend in the oscillation amplitude for prolate particles mirrors the
one observed for their oblate counterparts. Initially, in the longitudinal regime,
there is a sharp decrease in h0i= /⇡, towards a minimum in the broadside
regime, for which the amplitude remains constant. It should be noted that
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the amplitude of the pointing vector oscillation for the broadside regime also
decreases significantly, which is not the case for the minimum of the oblate
particles (shown in figure 3.14). In the longitudinal regime, we see also that
there is a significant amount of spread in the distribution of the observed
amplitudes, as can be seen from the extent of the grey shaded regions. This
appears to be caused by the two modes of the oscillations in this regime as
was described in §3.4.2. At j = 5, data for the non-helical case is shown for
which the amplitude is significantly higher than in the neighbouring broadside
regime. In §3.5.2, we will show that the similarity of the trends for h0i= /⇡
between j < 1 and j > 1 is not coincidental but are associated with a distinct
phase delay in the alignments between the particle’s velocity and its pointing
vector.
When focussing on the tumbling regime, it appears that a small deviations
from j = 1 enhance the amplitude of the oscillations slightly compared to a
sphere, but this effect drops off quite rapidly for higher levels of the anisotropy.
The value of h0i= /⇡ for j = 1 obtained from our measurements is 0.683, which
agrees well with data by [20], from which we extract h0i= /⇡ ⇡ 0.675 in terms
of the present parameters.

3.4.4

Eccentricity

Beside their amplitude, another property that characterises the horizontal
motions is the eccentricity of the oscillations. We quantify this by defining the
eccentricity
H̃ =
[= ⌘
,
(3.15)
G̃ =
with H̃ = and G̃ = the axis intercepts in the precession-corrected reference frame
(see figure 3.4 (c, d) and the corresponding discussion in §3.2.5; note also that
G̃ = = 0 = ) similarly = is an index over individual oscillation periods. Due to
the complex motion and the presence of the two competing modes, it is not
meaningful to compute values of [ = for both prolate and tumbling particles.
Therefore, the discussion is restricted to oblate non-tumbling particles in this
section.
We present our results for the eccentricity in figure 3.13 (b), where the mean
h[i= is plotted and shadings represent the spread in the data. We observe that
for increasing anisotropy h[i= tends to decrease in general, which implies that
the particle paths become more planar. Only the case at j = 0.57 does not
follow this trend.
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For comparison, we also show two fits determined by [102] for their low Ga
datasets in figure 3.13 (b). The peak values are similar to our results and the
trends are consistent with a shift of the curves ‘to the right’, i.e., towards
lower anisotropy, with increasing Ga. Towards larger values of j (closer to
j = 1), the geometry of the disks employed in [102] differs significantly from
the spheroids used here. This might explain that we observe an increase in
h[ = i= beyond j = 0.67 while the data of [102] appears to flatten out for larger
values of j.

3.5 Statistics of the particle orientation
In this section we will consider particle orientations and alignment. For
anisotropic bodies, the interaction between the particle orientation and its
direction of translation is a crucial aspect that determines the particle kinematics and dynamics. We will show that this effect is strongly related to the
onset of regime changes.

3.5.1

Preferential orientation and alignment

To capture the mean orientation of the particles around which the pointing
vector oscillates, we consider the angle \¯6̂ with respect to the vertical direction,
as defined in figure 3.1 (c), using the definition
⇢
\¯hor = sin 1 (||{h ?ˆ G i= , h ?ˆ H i= }||),
( j < 1)
¯\ 6̂ =
(3.16)
\¯Î = cos 1 (|h ?ˆ I i= |),
( j > 1)

for oblate and prolate particles, respectively (with overlap in the tumbling
regime). Our results in figure 3.14 confirm that the expected mean orientation
of p̂ is pointing along Î, \¯hor = 0 for oblate, and perpendicular to it (\¯Î = 90 )
for prolate spheroids.
It is important to note, however, that the mean orientation might never actually be encountered during the rise of the particles. This applies in particular
for oblate objects, for which the pointing vector tends to orbit around the vertical direction without ever perfectly aligning with it. It is therefore insightful
to consider additional orientation statistics including the mean alignment of
the pointing vector with the particle motion (v̂), but also the mean offset from
the reference angle \¯6̂ . To this end, we introduce the angles
\ 6̂ = cos

1

\ Ê = cos

1

(| p̂(C) · ĝ|),

(| p̂(C) · v̂(C)|),

(3.17)
(3.18)
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Figure 3.14: (Ga ⇡ 6000, ⇡ 0.53) Statistics of particle pointing vector alignment, on the left H-axis in degrees and on the right in terms of the dot products.
The black and grey markers show the ensemble-averaged absolute alignments
of the pointing vectors with respectively the direction of gravity and that of
the instantaneous particle motion. The shaded regions show the distribution
of \ 6̂ . Additionally, the statistics of the alignment of the reference orientation
are shown indicated by the triangular marker. To observe the convergence of
these quantities towards 0 and 90 , respectively, would require more statistics
for the tumbling regime.
as a measure of the instantaneous alignments. For convenience, we also use
| p̂(C) · ĝ| and | p̂(C) · v̂(C)| without conversion to an angle and therefore these
quantities are also included in figure 3.14. The absolute values are taken
because of symmetry in the particle geometry, which renders the positive direction of p̂ arbitrary. The angles \ 6̂ and \ Ê are schematically shown in figure
3.1 (c). Slight differences arise in the interpretation of the statistics of \ 6̂ for
j < 1 and j > 1 since p̂ · ĝ always changes sign along the trajectory for prolate particles. In essence, however, \ 6̂ remains a measure of the actual mean
particle orientation encountered in both cases.
In figure 3.14, the ensemble-averaged alignments h| p̂(C) · ĝ|i= and h| p̂(C) · v̂(C)|i=
are shown as black circles and grey crosses, respectively. For | p̂ · ĝ|, we also
show the probability density distribution contours indicating the range of angles covered during an oscillation cycle. The error bars for | p̂ · v̂| provide
similar information.
The synopsis of the results in figure 3.14 substantiates the previously defined
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regimes. Firstly, the tumbling (green) regime is evident from the fact that
| p̂ · ĝ| spans the full range from 0 to 1, which is the case for 0.83  j  1.20.
It is surprising to observe that the statistical distribution of | p̂ · ĝ| is almost
the same throughout this regime even though the dynamics are very different
for j < 1. In particular, the non-spherical tumbling particles show a much
more dynamic rotational behaviour. A stronger dependence on j is seen in
the statistics of h| p̂ · v̂|i= in the tumbling regime, for which a more gradual
transition between oblate and prolate is evident.
For the special case of the sphere one expects random orientation for the
pointing vector direction. This corresponds to h| p̂ · ĝ|i= = 0.5 or \ 6̂ = 60 . Our
result slightly deviates from this value, namely we observe h| p̂ · ĝ|i= = 0.55.
The difference is, however, within one standard deviation of the statistical
convergence of the data, as determined from considering random pointing
vector orientations.
The mean alignment of p̂ with gravity is very strong and consistent throughout
both non-tumbling oblate regimes (j  0.75). In the zigzag (blue) regime, we
observe a gradual decrease in h\ 6̂ i= with decreasing j. At the same time, also
the distribution of \ 6̂ becomes narrower, indicating lower fluctuation levels,
which is most likely associated with an increase in (added) rotational inertia.
For the same range of aspect ratios, h\ Ê i= is seen to steadily increase with
decreasing j. The main reason for this trend is the increased phase delay
between the oscillations of p̂ and v̂ as we will discuss in more detail in §3.5.2.
In the flutter (purple) regime, h\ 6̂ i= rises only slightly compared to the zigzag
regime. However, h\ Ê i= , increases considerably below j = 0.29, which clearly
distinguishes the two regimes. The angle h\ Ê i= reaches a mean value as high
as 60 at j = 0.20. This implies that the particle is predominantly moving
‘sideways’ in the direction of its smallest cross section (consistent with the
statistics of ?E reported in the inset of figure 3.7). Note also that the particles
never get close to \ Ê ⇡ 0 in the flutter regime.

On the prolate side, the different regimes are distinctly noticeable in both
the behaviour of h\ 6̂ i= and of h\ Ê i= . In the longitudinal (yellow) regime, we
observe large oscillations in the orientation of p̂ relative to ĝ as well as to
v̂. The amplitude of this pointing vector oscillation decreases with increasing
j, as can be seen from the angle h\ 6̂ i= , which increases and the spread in the
data which decreases, drawing closer to the reference orientation of 90 . When
transitioning to the broadside (orange) regime, the averages h\ 6̂ i= and h\ Ê i=
increase, while the fluctuations decrease considerably, such that the maximum
deviation of the pointing vector from the horizontal becomes less than 10 .
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At j = 5, data is shown for the rise patterns corresponding to the longitudinal
(yellow) state. In this state the inclination h p̂ · ĝi= is identical to that in the
yellow regime, however, the value of h p̂ · v̂i= is significantly higher (i.e., h\ Ê i=
is lower). This implies that the particle is more aligned with the v̂-direction,
which in section §3.6.2 will be shown to play an important role in triggering
the transition to the helical mode. The particle alignment is also visualized
in the videos provided online with the published version of this work, showing
the coupling between orientation and the particle motion.

3.5.2

Particle reorientation

Within the Newton drag regime, for which pressure-induced drag and lift are
due to a deflection of the flow, it is immediately obvious that an inclination of
the particle’s symmetry axis will lead to a lift force. The statistics of particle
alignment provide some insight into this facet, but lack details on the temporal
sequence. The latter is important since it is the temporal dependence that
leads, for example, to the net contribution of the added mass force observed in
§3.3.5. To complete the analysis, we will therefore examine the phase difference
q between the periodic motion of the p̂ and the v̂-directions in this section.
The phase difference is defined such that a positive value of q corresponds
to a lagging pointing vector.
To illustrate this, we show examples of trajectories and alignments for five
different oblate particles in figure 3.15. Let us first consider j = 0.75. In this
case the rotation of the particle and the direction of motion are in phase. This
means that when the particle’s horizontal velocity is maximal the pointing
vector is also at a maximum deflection from its reference orientation. And
when the velocity is minimal the pointing vector direction is also close to the
vertical. Note that this does not necessarily mean that | p̂ · v̂| remains close
to 1 at all times. This can be seen close to the zero-crossings, where the
horizontal particle position G̃ = 0, here the particle orientation “overshoots”
resulting in a slight dip in | p̂ · v̂|. This overshooting is related to the tumbling motion, which is described in §3.6.1. With increasing anisotropy, the
orientation starts lagging behind the direction of motion more and more (see
figure 3.15: j  0.29 ), which corresponds to a positive phase lag q. This
causes stronger fluctuations and a general decrease in the alignment between
particle orientation and path velocity as j decreases in figure 3.15.
To extract quantitative information about the phase delay, we have to employ
slightly different approaches for oblate and prolate particles to account for the
different pointing vector alignments. In the oblate particle case, we consider
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Figure 3.15: Representative precession corrected trajectories. Trajectories are colour-coded with the instantaneous alignment | p̂ · v̂|. The grey lines are shown every 5 frames (0.02 seconds) and indicate the major axis of
the projected geometry, which is always perpendicular p̂.
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Figure 3.16: Phase angle between velocity and pointing vector oscillations as
a function of the geometric aspect ratio (j). The results for the current data
set (⌧0 ⇡ 6000, ⇡ 0.53) are represented by the black symbols, while the grey
dashed lines are fits from the work by [106] for disks at lower Ga.
the cross-correlation of the periodic signals p̂ G̃ and v̂ G̃ , i.e. the horizontal components of the pointing and of the velocity vectors in the precession corrected
frame of reference. For prolate particles, for which the pointing vector is oscillating around the horizontal plane, we use a cross-correlation of Ê k (as defined
in figure 3.12 (b)) and p̂ I . Note that here we focus exclusively on the mode
associated with Ê k , since only this one occurs at the same frequency as the
pointing vector oscillations (see §3.4.2 and in particular figure 3.12 (c)).
Based on the peak of the cross-correlations defined in this way, we determine
the phase lag. The corresponding results are shown in figure 3.16 in terms of
the phase angle q. In this figure, we observe an interesting similarity between
oblate and prolate geometries. Close to spherical (j = 1), the phase lag is
essentially zero for both cases. Towards more extreme anisotropy, however, p̂
increasingly lags behind v̂. For oblate (j < 1) particles we observe that the
regime change from zigzag (blue) to flutter (purple) coincides with a levellingoff of the phase lag at around q ⇡ 100 . The levelling off of the q-trend
also coincides with the onset of a strong precession at j = 0.2. For prolate
(j > 1) particles, the regime transition from longitudinal (yellow) to broadside
(orange) oscillations is marked by the onset of a phase lag. The transition to
the helical regime occurs at a value of q similar to the one at which the trend
in q( j) levels off for oblate particles. Yet, for prolate particles, q appears
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to keep increasing towards more extreme anisotropy, which might be one of
the factors that promote the transition to the helical pattern as described in
§ 3.6.2.
It is further noteworthy that for both prolate and oblate geometries the intermediate phase lags, for which the behaviour transitions from 0 lag to 100 ,
are associated with minima in the amplitude of the particle oscillations (see
§ 3.4.3 and 3.4.4). For prolate particles oscillations of the pointing vector also
almost vanish in this regime. It remains unclear, however, to what extent
these trends are connected.
The observed trend in the phase lag as a function of j for oblate particles
is in line with results by [106] for oblate disks at low Galileo number. Their
fitted results are included in figure 3.16. We observe that for increasing Ga
the curve for q( j) shifts towards smaller particle anisotropy. Intuitively this
makes sense: for larger Ga the pressure forcing on the particle surface becomes
larger in magnitude. Neglecting changes in the rotational inertia, thus, the
time-scale of the particle response becomes shorter with increasing Ga, causing
the observed Ga trend in figure 3.16.
In §3.3.1 it was noted that the drag coefficient in the “zigzag” (blue) regime
collapsed to the data from [102]. It appears from figure 3.16 that the experiments performed in the cited paper all would fall in the blue regime, thus
potentially explaining the collapse of ⇠3 for their experiments, even though
their particle anisotropy is much larger, going as low as j = 0.1.

3.6 Tumbling and helical rise – a closer look
In this last section, we will have a closer look at the two most outstanding
regimes: tumbling particles with shapes close to spherical (§3.6.1) and the
helical pattern observed for the most prolate spheroids (§3.6.2).

3.6.1

Tumbling regime: Froude number dependence

In the current data, there is a gradual transition from a fluttering to a tumbling state. This regime change has been extensively studied, mostly for thin
bodies, for which the particle length scale in the flow direction is much smaller
than the one perpendicular to it. It is common, see e.g. [24, 99, 112, 117], to
characterize the phase-space and transition between regimes in terms of a dimensionless moment of inertia ˜ = / A 4 5 with A 4 5 the moment of inertia of
the cross-section of a reference geometry, often chosen to be a cylinder. This
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Figure 3.17: Particle Froude number as calculated using the scaling approach
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the estimated critical Fr value above which tumbling occurs. The j dependencies of Fr indicated by the black lines follow from [60] (see text for details).
Note also the log-scaling on the j-axis.
approach works for particles that are quasi two-dimensional, i.e., whose cross
section does not vary along the axis around which they tumble. More recently
the flutter-to-tumble transition received additional attention in experiments
by [60], [108] and [129], in numerical work [121,130] or through a combination
of both in [120]. Nevertheless, in all these works, the influence of the geometry,
especially of a finite and varying thickness in the flow direction, has not been
considered systematically yet. Therefore, the current experiments can provide additional insight by applying this analysis to particles with a significant
thickness in the direction of the flow.
The approach using a dimensionless moment of inertia is not well suited for
the present particles, since there is no universal logical choice for A 4 5 due
to the variations of the cross section along the axis of rotation. Therefore,
we follow the approach followed by [60], and define a dimensionless Froude
number
r
g?
3⇤
Fr ⌘
=
,
(3.19)
gA
!
as the ratio of two intrinsic particle time-scales g? , which is the time-scale for
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a buoyant pendulum, and gA , the settling time-scale. These are defined by
s
!
!
g? =
and
gA = ,
(3.20)
(1
)6
E0
respectively. Here, E 0 is a velocity scale based p
on the balance between the
particle drag force and buoyancy given by E 0 ⇠ (1
)63 ⇤ as derived from
⇤
(3.8) and 3 is the particle length scale in the direction parallel to the flow,
i.e. 3 ⇤ = ⌘ for j < 1 and 3 ⇤ = 3 for j 1. In (3.19, 3.20) we additionally
introduce the length scale !, which is defined as ! = 3 for j  1 and ! = ⌘
for j > 1 and characterises the largest length scale perpendicular to the mean
p
flow direction. With
j for oblate
p these definitions (3.19) simplifies to Fr =
particles and Fr =
j 1 for prolate ones.
The Froude number as function of aspect ratio is shown in figure 3.17 (a) for the
tumbling regime as well as for the two neighbouring regimes. In this figure,
we mark particles that tumble with open and those that do not with filled
symbols. We find that at least sporadic tumbling is observed for all particles
with Fr > 0.64, whereas particles with lower values of Fr never tumble. Hence,
the critical Fr appears to be the same regardless of whether the shape is oblate
or prolate. Moreover, the critical value of Fr is also similar to that obtained
by [60] for settling quasi-2D strips at similar Re (3 · 103 < '4 < 4 · 104 ), who
observed the flutter-to-tumble transition to occur at Fr = 0.67 ± 0.05. This is
somewhat surprising and may be coincidental since the mechanism of flipping
is actually different for strips and spheroids, as we will discuss later in this
section.
To analyse the transition to tumbling in more detail, we consider the temporal
evolution of the particle inclination in terms of p̂ · ĝ for which an example is
shown in figure 3.18 (a). From this result it becomes clear that the tumbling
of the particle, indicated by the change in sign of p̂ · ĝ, does not occur for
every single oscillation, which is unlike the behaviour of flat quasi-2D strips
observed in [60]. A similar intermittent fluttering and tumbling behaviour was
encountered in the “apparently chaotic” regime reported by [120,121]. For the
present data, a gradual increase in amplitude in the particle inclination, p̂ · ĝ,
leading up to flipping events can be observed in figure 3.18 (a). It appears
that the particle has to build up enough rotational momentum before it can
eventually flip over. Only once the amplitude is large enough, after a couple
of oscillations, a flip happens and p̂ · ĝ changes sign. The direction of the flip
(clockwise or counterclockwise) appeared to be random and both appeared
equally probable.
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However, differences between the tumbling motion of 2D strips and 3D spheroids
are not restricted to the frequency of the tumble. Also the way in which the
spheroids tumble differs significantly from the mechanism that is observed for
thin bodies, which also renders the tumbling trajectories fundamentally different. For thin plates, the tumbling motion is associated with oblique trajectories that exhibit a very strong mean drift [60,121,124], whereas we find that
for spheroids the trajectory remains vertical. The two distinct mechanisms
of tumbling are exemplified by the two particles trajectories in figure 3.18 (b);
the left one corresponds to a spheroid in the present work and the one on the
right shows the trajectory of a thin plate close to tumbling as reported in [60].
The key difference is the point of the trajectory at which the flip happens. For
spheroids, the flip occurs when the path oscillation is at a minimum, whereas
for flat plates the tumbling occurs at the maximum amplitude of the path.
The difference is related to the phase difference q. For a flat plate q is
close to 90 , thus the pointing vector is horizontal at points of maximum am-

I.

0

I.

-0.5

(a)

-1

0

0.5

1
1.5
time (s)

2

2.5

(b)

Belmonte et al. (1998)

Figure 3.18: (a) Particle alignment p̂ · ĝ over time for a single experiment
for Ga ⇡ 6000, ⇡ 0.53 and j = 0.83. (b) Schematic representation of the
tumbling mechanisms for spheroids and flat plates. On the left a section of one
of the trajectories for j = 0.83 is shown and on the right the rise pattern of
a strip taken from [60] is displayed very close to the tumbling transition (but
not actually tumbling). The orientation of the particles largest cross-section is
indicated by the black lines. The points of the trajectory at which the particle
(would) flip are indicated by the large horizontal arrows and the label I. marks
the same instances in (a) and (b).
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plitude, whereas q = 0 in our case, resulting in a flip at the centre. The
difference is likely related to the mechanism that causes the particle to rotate.
For flat plates, the particle rotates primarily due to a torque induced by pressure forces. However, such torque is minimal for spheroids close to spherical
(j ⇠ 1). In this case, the main mechanism is therefore the asymmetry in the
skin friction caused by vortex shedding. Additionally, rotational added mass
plays an important role for flat plates, while its effect is negligible for particles
close to spherical.
As mentioned, this results in trajectories markedly distinct from those of
flat plates. The oscillation frequencies and amplitudes observed for tumbling
spheroids are very close to those of the perfect sphere. However, the trajectories of spheres differ from tumbling spheroids, as can be seen in 3.10 (h–l).
The former show more sudden changes in direction, which can be related to
the strong rotations and changing alignment experienced by these particles.
The rise-velocity and drag are also clearly affected by this.

3.6.2

The odd one out: The helical regime

All cases discussed so far have in common that the pointing vector performs an
oscillatory motion around the reference orientation for which the largest area
of the geometry is perpendicular to gravity. Remarkably, however, we found
that for j 4 also a distinctly different rise pattern is possible. We refer to
this pattern as “helical” rise. It was found that the particles enter an orbit in
which both angles \ 6̂ and \ Ê remain approximately constant in time. In the
following we provide details on the helical orbit and on how the particles at
j = 4 and j = 5 transition to this pattern. All properties of this regime are
tabulated along with the other results from this chapter in table 3.3 located in
Appendix § 3.8.2.
The difference between the non-helical (figure 3.10 (q, s)) and helical patterns
(figure 3.10 (r, t)) is stunningly clear from the particle trajectories alone. With
h[i= = 0.99 for both j = 4 and j = 5, the eccentricity (as defined in §3.4.4)
of the helical trajectories is very close to that of a perfect circle for which
[ = 1. Furthermore, the helical path is almost perfectly periodic, which is in
complete contrast to all other observed prolate modes that generally display
very chaotic and complex motions.
The 3D representation in figure 3.19 (a–c) shows all the different rise modes
possible for the particles with j 4 in the form of a rendered image. For j = 4
(figure 3.19 (a)) the broadside (orange) and helical (red) regimes coexist. In
this case, the regime appears to be determined exclusively by the particle’s
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Figure 3.19: Particle trajectories obtained from the experimental with superimposed renderings of the particles at their instantaneous orientation plotted
every 0.1 seconds. (a) The two coexisting rise-patterns for j = 4 are shown.
These correspond to the broadside (orange) regime on the left where the particle rises almost vertically with minimal oscillations of the pointing vector and
the helical (red) regime on the right. (b) The two regimes for j = 5: On the
left is the longitudinal (yellow) regime showing large amplitude oscillations
in the pointing vector oscillations, on the right its helical (red) regime state.
(c) Two cases for j = 5 showing a transition from the longitudinal regime
to the helical one (marked by arrows). (d) For these two transition cases in
(c) we show the alignment p̂ · v̂ as a function of time, clearly illustrating the
transition as well as the distinct behaviour in the two regimes. The coloured
arrows correspond to the marked points in (c).
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initial release since in all experiments performed we have never observed a
regime transition during the rise. In case the particle is released with minimal
disturbance and p̂ · ĝ is close to zero, the particle tends to enter and persist in
the broadside regime. However, if the release is less controlled or the particle is
inclined at release, it was found to gain significant velocity along the direction
of the pointing vector and enter the helical pattern.
The dependence on the release conditions is similar at j = 5. However, when
not in the helical mode the particle displays a pattern that is reminiscent of the
longitudinal regime rather than the broadside one, with large oscillations of
the pointing vector inclination (see figure3.19 (b)). Contrary to the case with
j = 4, we identified transitions from the longitudinal to the helical regime
in two experiments at j = 5 (but never the reverse transition). The transitional trajectories are shown in figure 3.19 (c) with the approximate point of
transition indicated by the arrows.
The gradual transition is also visible in the corresponding plot of p̂ · v̂ as a
function of time in figure 3.19 (d). Here, we initially see the large changes in
particle inclination characterizing the longitudinal regime. As time advances
these fluctuations slowly decrease and the particle inclination subsequently
remains largely constant at a value close to | p̂· v̂| = 1. This reduction in angular
fluctuations is accompanied by a gradual growth of the particle horizontal
velocity E k (not shown), which may help to stabilize the particle at a non-zero
inclination.
It should also be recalled that the fact that p̂ comes close to aligning with
v̂ is related to the increase of the phase lag q with increasing j. Unlike
for oblate particles, q was seen to increase beyond q ⇡ 100 for prolate
spheroids (see § 3.5.2). Based on the above observations, we suspect that the
longitudinal regime is not stable for j = 5 and that all particles with j = 5
may eventually transition to the helical regime. Due to the small oscillations
of the pointing vector alignment in the helical regime, without outside forcing
a reverse transition back to the longitudinal regime is unlikely.
To characterize the helical regime in more detail, we plot the amplitude
(h0/⇡iA ), the oscillation frequency (h 5 iA ), and the rise velocity (hE I iA ) as
function of h\ Ê iA in figure 3.20 for both j = 4 and j = 5. Note that the
averaging here, h·iA , is performed over individual runs to highlight run-to-run
variations. Also included in the plot are the standard deviations around this
mean in the form of error bars. Furthermore, for some runs a rotation around
p̂ was observed, while in other cases it was absent. Somewhat surprisingly,
such rotations appeared to have no significant effect on the particle motion.
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The first thing to note about h0/⇡iC in figure 3.20 (a) is that the amplitude
of all helical trajectories is much larger than for any other regime which feature h0/⇡i= < 1 consistently (see figure 3.13 (a)). Moreover, the standard
deviations for h0/⇡iA , but also for h\ Ê iA , are minute (average of the per run
standard deviation: 0.0210 0/⇡ for j = 4 and 0.0195 0/⇡ for j = 5), demonstrating how invariant the trajectories are. Another interesting observation is
that there is quite some spread in the data from different runs, and that the
amplitude appears to be inversely correlated to to the angle h\ Ê iA . This trend
is consistent for the two aspect ratios considered.
Also the frequency (see figure 3.20 (b)) varies very little over the course of a
single run. However, we do note a spread in the data from subsequent runs.
The frequencies of the helical patterns, ranging from below 1 Hz to barely
above 1.3 Hz, are substantially lower than for all other regimes for which the
average frequency is 1.77 Hz. Also h 5 iA is seen to decrease with increasing
h\ Ê iA . However, there is an offset and a different constant between the data
from j = 4 and the data from j = 5.
Finally, the mean rise-velocity is shown in figure 3.20 (c). Similar to the amplitude and frequency, we observe nearly constant velocities for individual runs
with small standard deviations. Again with significant run-to-run variation
that is inversely correlated with h\ Ê iA . The mean rise-velocity for j = 4 is lower
in the helical regime (0.265 m s 1 ) compared to the velocity in the broadsideregime (0.334 m s 1 ). On the other hand, for j = 5, the mean vertical velocity
is higher in the helical regime (0.297 m s 1 ) than in the longitudinal-regime of
motion (0.255 m s 1 ).

(b)

(c)

vz

r

(a)

✓v̂

r

( )

✓v̂

r

( )

✓v̂

r

( )

Figure 3.20: Properties of the helical trajectories for j = 4 (blue) and j =
5 (yellow–red) as a function of the angle h\ Ê iA : (a) Amplitude h0/⇡iA , (b)
oscillation frequency h 5 iA , and (c) rise velocity hE I iA . All averages are per
run and error bars correspond to ± one standard deviation. Three different
particles were used with j = 5 and data corresponding to the same particle
are marked by different shades of red.
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The observation that the particle inclination is so constant suggests that for
this regime there is no periodic vortex shedding which would cause variations
in rise-velocity or particle orientation. We would therefore expect a continuous
wake behind the particle with minimal discrete vortex shedding events similar
to that for slender “hydrodynamic” objects. It will be interesting to study this
further in the future.
To rule out that the helical pattern was caused by some imbalance of the
particle caused by inaccuracies in the manufacturing, we tested three different
particles with j = 5. Upon release all three of them entered similar helical
patterns. Results corresponding to each individual particle are marked in
figure 3.20, as indicated by the different shades of red, and reveal that the
parameters of the helical orbit do vary somewhat per particle. However, also
for j = 4, using only a single particle was used in this regime, there are
still significant differences between the runs. It appears therefore that the
inclination angle is \ Ê is very sensitive to the particle geometry and mass
distribution, but potentially also to the release conditions. The sensitivity to
particle properties is interesting since it opens up possibilities to design for
a specific desired behaviour. It should be noted that in the non-helical rise
pattern the dynamics and kinematics of the different particles with j = 5 were
indistinguishable from one-another.

3.7 Conclusion and discussion
The main outcome of this study is a classification of the rich behaviour of
freely rising spheroidal particles considering a wide range of particle aspect
ratios, at high Galileo number Ga ⇡ 6000.
The spheroidal geometry allows for a gradual transition from spherical to
(slightly) anisotropic particles. Our data reveals, that even small levels of
geometric anisotropy have a profound impact on the particle dynamics. This
is reflected in significantly reduced particle rise velocities and substantially
increased rotational dynamics once j deviates from 1. The latter can cause
the particles to flip over, resulting in a tumbling motion for 0.83  j  1.20.
Interestingly, the bounds of the tumbling regime appear at the same timescales ratio, captured by the Froude number Fr, as the “flutter-to-tumble”
transition for flat plates. However, the precise nature of the tumbling motion
of spheroids differs in several aspects from that of flat plates. For spheroids (i)
the tumbling does not result in oblique trajectories, (ii) the torque inducing
rotation is primarily due to skin friction and is not pressure induced and (iii)
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the tumble occurs at a different moment in the oscillation cycle.
For non-tumbling oblate spheroids (j  0.75), period-to-period variations in
the oscillation cycle are smaller. In particular, the erratic tumbling motion
gives way to regular oscillations of the pointing and the velocity vectors with
a phase shift q( j). This more regular motion is due to the presence of only
a single transverse length scale, namely the diameter 3, that is exposed to the
incoming flow. We found that for the “zigzag” regime (blue), ranging from
0.29 / j / 0.75, the average cross-flow area is almost exactly the maximum
cross-sectional area of the particle. This results in a constantpdrag coefficient
within this regime, for Ga ⇡ 6000, ⇡ 0.53, of ⇠3 ⇡ 1.2 (E I ⇠ ⌘), identical to
that found for disks at Ga = 100 300 by [102], but unlike these authors we
do not observe a constant velocity along the path.
At the most extreme oblate aspect ratios considered here (0.2  j / 0.29),
the direction of particle motion is no longer primarily perpendicular to the
largest cross-section of the geometry. Instead, the particles perform periodic
leaf-like oscillations that lead to significant horizontal excursions but also significant fluctuations in the vertical velocity. As a consequence, in this “flutter”
regime ⇠3 is seen to increase. Remarkably, the added mass force is found to
significantly contribute to the vertical particle motion, even when the terminal velocity has been reached. This effect amounts to more than 0.6||L ⌫ || for
j = 0.2. In contrast, we found that along the path the added mass force does
not result in a net drag contribution for any j considered.
We further observe a trend within the flutter regime from planar (at j = 0.25)
to strongly precessing oscillations (j = 0.2), which is very similar to findings
by [108] for thin flat disks (from “planar-zigzag” to “transitional” in their
wording). Our transition occurs around the same Re and for a similar dimensionless moment of inertia as in their data when plotted in the phase-space
according to [113]. This analogy invites some speculation regarding a potential “spiral” or “helical” regime for even more oblate particles [108] (figure 5).
The existence of such a helical regime would give a rather pleasing symmetry
between the behaviours of the extremely prolate and oblate spheroids.
Generally, the trajectories for prolate particles appear more chaotic than those
for their oblate counterparts. We were able to relate this to the mean crossflow area of the geometry no longer being circular (as is the case for oblate
particles) but ellipsoidal. This results in two transverse length scales that grow
increasingly more distinct with increasing anisotropy. Our analysis revealed
that these two length scales give rise to two different modes of oscillation, one
in the plane containing the pointing vector and one perpendicular to it. These
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oscillations occur at distinctively different frequencies and their interaction
gives rise to the quite complex and seemingly chaotic trajectories.
For 1.2 / j / 2.5, we define the “longitudinal” regime which is characterised
by large amplitude oscillations of the pointing vector. These oscillations disappear almost completely for 2.5 / j / 4.5 , we refer to this range as the
“broadside” regime. Both of these regimes have a near constant
p drag coefficient of ⇠3 = 0.86 and ⇠3 = 0.67, respectively, i.e. E I ⇠ 3. That the
drag actually decreases for increasing anisotropy is a remarkable result that
is unique for the “broadside” regime. This gives rise to a secondary local
maximum in the particle rise velocity at j < 1.
Arguably, the most surprising observation was made for the most extreme
prolate aspect ratio, j = 5. For this case we found that two completely
different rise patterns coexists: one is an oscillation similar to that in the
“longitudinal” regime but with a larger phase difference q ⇡ 110, the other
an almost perfectly helical trajectory. The helical rise-pattern is triggered by
an alignment between the velocity vector and the pointing vector and this
transition occurs naturally at j = 5. The same helical pattern can also be
triggered for j = 4, but it has to be forced via a large inclination at the particle
release. The helical pattern truly stands out among all other trajectories
observed since it is the only case for which the particle inclination is fixed and
not oscillating around the orientation with the maximum cross-flow area.
It is tempting to draw a parallel between the present observations and the
helical trajectories reported for bubbles [13,131]. [87] showed numerically that
the motion of ellipsoidal bubbles transitions from planar type oscillations to a
helical path. This was confirmed by [127] in a simplified model based on the
Kelvin-Kirchhoff equations. Obviously there are differences between to the
present work and the work on bubbles. This concerns not only the boundary
conditions at the particle/bubble surface, but also the alignment. For uncontaminated rising bubbles the major axis is aligned with the radial direction,
i.e. normal to the path [132] (ch.⇠7), whereas in our case of rigid particles the
pointing vector is directed tangentially to the spiralling motion.
For oblate particles, it is possible to get insight into the variation with Ga
of the regime boundaries by comparing the present results to those of [102,
106]. Across a wide range of different properties (Reynolds number, amplitude,
eccentricity, phase difference), it appears consistently that transitions appear
at lower levels of anisotropy (i.e. larger j for oblate particles), the higher Ga.
This is also in agreement with the trend for the phase lag over the (small)
range of Ga considered in [106].
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We find that results for ⇠3 , can be divided into three approximately constant
values: ⇠3 ⇡ 1.22 for the “zigzag” regime, ⇠3 ⇡ 0.83 for the “longitudinal”
and “tumbling” regimes and ⇠3 ⇡ 0.67 for the “broadside” regime. These
values appear to be related to the relevant particle dimension setting the size
of the vortex shedding system. For the “zigzag” regime, this is the major axis
3 (oblate), which results in a large vortex system and thus the highest drag
coefficient. For the “broadside” motions, the vortex shedding is associated
with the minor axis 3 (prolate) resulting in a narrower wake and a lower
drag. Finally, for the intermediate “tumbling” and “longitudinal” regimes, we
observe oscillations associated with both particle dimensions 3 and ⌘ (major
and minor axes). Correspondingly, the resulting drag is intermediate between
the values obtained for the other regimes.
Another important aspect of the current work is that it sheds light on the
effect of particle (rotational) inertia. In the present case, ⇡ 0.53 and thus
also the relative (rotational) inertia is smaller. This implies that these particles
reacts more swiftly and stronger to the fluid forcing. We observe these effects
indirectly by comparing our results to those of settling particles ( > 1).
From this we find that the drag coefficient of particles with similar geometry
is much lower for heavy particles compared to the current data set for lighter
particles. However, with the notable exception of the “broadside” regime, for
this it should be kept in mind that the settling data is compiled across a wide
range of geometries. Therefore this does not necessarily imply that prolate
particles rise faster than they settle.
Furthermore, we observe that the particle frequency of oscillation is largely
independent of j. This is contrary to findings by [102] who at lower Ga
identified a dependence on the cross flow length scale 3. This difference is
most likely related to the lower density ratio ( ) and rotational moment of
inertia (I⇤ ) in our case. Further research will be required to shed light on how
the oscillation frequency depends on these parameters.
As a final remark, we would like to point out that no significant rotations
around the particle symmetry axis were observed for any aspect ratio in the
present work.
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3.8 Appendix
3.8.1

Added mass tensor

Here we will briefly show how the added mass tensor in the particle coordinate
system is calculated from the particle dimensions and the fluid density. These
equations are taken from the works of [23] and [133]. The directions of this
tensor are identical to the particle coordinate system defined for oblate and
prolate particles in figure 3.1 (a, b). First we start by defining the eccentricity
n according to:
✓
◆ 0.5
⌘2
n= 1
,
for j < 1,
(3.21)
32
✓
◆ 0.5
32
n= 1
,
for j > 1,
(3.22)
⌘2
for oblate and prolate spheroids, respectively, with j = ⌘/3. Using these
definitions we calculate the coefficients U, V and W, first for oblate particles:
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for j < 1

for j > 1.

(3.23)

(3.24)

For oblate and prolate particles the coefficient V is for accelerations along
the . -direction of the particle frame, which is in the direction of the particle
pointing vector. The coefficients U and W deal with accelerations perpendicular
to it and are therefore identical due to the symmetry in the particle geometry.
Using these coefficients we calculate the added mass tensor as:
1
A = c3 2 ⌘d 5
6

2U/(2 U)
6
6
0
6
6
0
4

3
0
0
7
7.
V/(2 V)
0
7
0
W/(2 W) 75

(3.25)
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The values of the coefficients are checked using the tables provided in the
work of [133]. For a sphere, j = 1, the coefficients are all equal U = V = W =
2/3, giving us the well known added mass equal to that of half the mass of
the displaced fluid. Both (3.23) and (3.24) converge to this result where n
approaches zero from above:
lim U(n) = lim V(n) = lim W(n) =
n #0

3.8.2

n #0

n #0

2
.
3

(3.26)

Tabulated properties and results

In this appendix we provide the information presented in this work in tabulated
form for the readers convenience. In this work results have been presented in
terms of j, results for a specific j are composed of multiple experiments with
multiple particles. Therefore, the input parameters (j, and Ga) have some
spread in them and also a certain uncertainty is associated with the results. To
clarify this we document in table 3.2 the statistics of the measured properties
per j. The averaging h·i j is introduced, this is the average over all particles
with a specific j. Similarly fj is the standard deviation. At the bottom of
the table we provide the statistics over all used particles, denoted as h·i0;; .
In addition to this, we also provide in table 3.3 the compiled results that are
presented throughout this chapter in one convenient table with all value as a
function of j. The results for the helical rise-pattern from §3.6.2 are marked in
red in the table for j = 4 and 5. In table 3.1 we further append the frequency
results based on the decomposition presented in § 3.4.2.

j
5? [Hz]
5 k [Hz]

1.33
1.86
1.48

1.50
1.99
1.37

1.75
1.77
1.36

2.00
1.90
1.26

2.50
1.99
1.26

3.00
2.20
1.50

3.50
2.09
1.45

4.00
2.17
1.62

5.00
2.23
1.42

Table 3.1: Tabulated results for the decomposed frequency oscillations of all
non-tumbling prolate particles in the non-helical rising state.
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j
hj 0i j
0.200 0.210
0.250 0.256
0.286 0.293
0.333 0.344
0.400 0.414
0.500 0.502
0.571 0.568
0.667 0.667
0.750 0.753
0.833 0.840
0.909 0.913
1.000 1.000
1.100 1.092
1.200 1.195
1.333 1.326
1.500 1.503
1.750 1.741
2.000 2.003
2.500 2.474
3.000 2.987
3.500 3.495
4.000 3.997
5.000 5.014
h·i0;; :
f0;; (·):
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h⇡i j [<<]
20.229
19.965
20.011
20.132
19.993
19.832
19.767
19.947
19.807
19.895
19.815
19.972
19.872
19.886
19.885
19.796
19.868
19.823
19.883
19.911
19.816
19.887
19.782
19.903
0.111

h3i j [<<]
34.025
31.442
30.113
28.733
26.833
24.956
23.875
22.825
21.767
21.083
20.425
19.972
19.300
18.738
18.100
17.281
16.517
15.725
14.700
13.825
13.058
12.531
11.558

h⌘i j [<<]
7.150
8.050
8.838
9.883
11.100
12.525
13.550
15.233
16.400
17.717
18.650
19.972
21.067
22.400
24.000
25.975
28.750
31.500
36.375
41.300
45.633
50.088
57.950

h ij
0.513
0.514
0.516
0.529
0.511
0.541
0.531
0.548
0.544
0.552
0.540
0.539
0.540
0.548
0.544
0.519
0.543
0.540
0.534
0.541
0.531
0.545
0.542
0.534
0.015

hGai j
6263
6135
6143
6120
6171
5904
5943
5909
5875
5864
5901
5982
5928
5884
5910
6027
5911
5909
5976
5937
5960
5904
5878
5979
122

fj (Ga)
46
76
34
24
93
43
6
70
23
41
75
97
44
36
5
34
39
60
1
6
116
51
49

Table 3.2: Average particle properties per aspect ratio group h·i j , we provide
the measured particle aspect ratio j 0, density ratio, and the Galileo number
(Ga) along with the standard deviation per aspect ratio grouping fj (⌧0).
The bottom two rows show the average and the standard deviation over all
particles, i.e. not grouped by aspect ratio (j).

hj 0i j
0.210
0.256
0.293
0.344
0.414
0.502
0.568
0.667
0.753
0.840
0.913
1.000
1.092
1.195
1.326
1.503
1.741
2.003
2.474
2.987
3.495
3.997
5.014
3.997
5.014
hRei=
4963
5939
6309
6208
6373
6165
6262
6356
6662
7442
7697
8924
7831
7637
7523
7501
7512
7369
7935
8576
8343
8385
6653
6645
7752
⇠3
2.08
1.40
1.28
1.26
1.26
1.26
1.24
1.16
1.06
0.84
0.79
0.59
0.78
0.81
0.83
0.89
0.84
0.87
0.77
0.65
0.68
0.68
1.07
1.07
0.80

h⇠3⇤ i=
1.27
1.34
1.29
1.30
1.30
1.24
1.17
1.05
0.95
0.79
0.70
0.53
0.69
0.75
0.74
0.78
0.77
0.80
0.75
0.64
0.67
0.67
0.96
0.70
0.54

h⇠;⇤ i=
3.02
1.55
0.99
0.81
0.70
0.73
0.65
0.72
0.72
1.03
0.86
0.37
0.74
0.86
0.53
0.45
0.39
0.42
0.27
0.11
0.12
0.12
0.67
1.20
1.09

5 [Hz]
1.83
1.99
1.93
1.69
1.75
1.66
1.59
1.66
1.86
1.83
1.66
1.70
1.71
1.83
1.74
1.85
1.72
1.79
1.75
1.84
1.83
1.81
1.63
1.29
1.14
(C
.120
.131
.125
.113
.112
.109
.103
.111
.123
.122
.110
.115
.113
.122
.116
.118
.114
.118
.114
.121
.121
.119
.110
.087
.075

h\ 6̂ i= [ ]
30.49
28.79
24.91
25.22
25.26
29.05
28.36
30.66
31.67
52.09
55.05
56.81
54.97
54.71
74.17
78.31
78.32
79.15
81.07
86.83
87.51
86.86
78.45
69.02
67.29

q[ ]
98.30
93.50
88.21
78.10
53.64
13.97
0.46
-2.47
-3.84
–
–
–
–
–
-0.64
-6.32
-3.92
0.12
14.15
40.03
61.28
83.69
106.61
–
–

h0i= /⇡
0.959
0.494
0.327
0.283
0.250
0.300
0.464
0.495
0.529
0.666
0.776
0.684
0.752
0.622
0.742
0.655
0.553
0.629
0.434
0.181
0.135
0.161
0.694
1.632
2.274

h[i=
0.095
0.093
0.170
0.194
0.247
0.467
0.261
0.424
0.441
0.227
0.291
0.540
0.290
0.282
0.389
0.287
0.318
0.228
0.281
0.430
0.276
0.418
0.511
0.990
0.992
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Table 3.3: A tabulated version of the results presented throughout this work
for different properties as a function of the aspect ratio. The two red highlighted lines at the bottom show the results for the helical rise rise-pattern for
the particles of aspect ratios j = 4 and 5.
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Chapter 4
Strong alignment of prolate ellipsoids in
Taylor-Couette flow
We report on the mobility and orientation of finite-size, neutrally-buoyant,
prolate ellipsoids (of aspect ratio j = 4) in Taylor-Couette flow, using interface resolved numerical simulations. The setup consists of a particle-laden flow
in between a rotating inner and a stationary outer cylinder. The flow regimes
explored are the well known Taylor vortex, wavy vortex, and turbulent Taylor
vortex flow regimes. We simulate two particle sizes ✓/3 = 0.1 and ✓/3 = 0.2,
✓ denoting the particle major axis and 3 the gap between the cylinders. The
volume fractions are 0.01% and 0.07%, respectively. The initially randomly
positioned particles, display characteristic particle distributions which are categorised into four modes. Mode (8) to (888) are observed in the Taylor vortex
flow regime. Here, mode (8) corresponds to stable orbits away from the vortex
core. In mode (88) particles get trapped in the Taylor vortex cores. Mode (888)
is the transition when both mode (8) and (88) are observed. For mode (8E), flow
instabilities randomly distribute particles. All four modes show characteristic
orientational statistics, although the focus of this study is mode (88). Particle
agglomeration at the core is much higher for ✓/3 = 0.2 compared to ✓/3 = 0.1.
The Ta range for which clustering is observed depends on the particle size.
For mode (88) we observe particles to align strongly with the cylinder tangent.
The most pronounced particle alignment is observed for ✓/3 = 0.2 around
Ta = 4.2 ⇥ 105 . This observation is found to closely correspond to a minimum
of axial vorticity at the vortex core (Ta = 6 ⇥ 105 ).
Based on : M. P. A. Assen, C. -S. Ng, J. B. Will, R. J. A. M. Stevens, D. Lohse, and R.
Verzicco, Strong alignment of prolate ellipsoids in Taylor-Couette flow (to be submitted). J.
B. Will: Analysis and interpretation of the results and writing.
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4.1 Introduction
Particle-laden flows are ubiquitous both in nature and many industrial applications. For example, in rivers, where the deposition of large grains can
influence the solutal and nutrient exchange processes [134]. Or, in the oceans,
where predictions for the accumulation of large plastic debris remains a topic
on ongoing research [135]. In industrial applications the accumulation of particles in turbo-machinery can reduce the efficiency and even damage rotor or
stator blades [136]. Another example is in the paper-making industry, where
the orientation of the fibres in the pulp suspension determines the mechanical
strength of the final product [137]. Given the importance of particle-laden
flows, understanding phenomena such as transport and clustering is key to
optimise engineering applications.
Studies of particle-laden flows, in general, have shown a rich phenomenology
and can be broadly grouped into two categories. The category focuses on the
flow response due to the presence of the particles. Examples of these studies
include investigations into the influence of particles on turbulent structures
[138–141], drag [142–144], and the turbulent energy budget [145, 146]. The
second category focuses on explaining the dynamics of particles in these flows
themselves. For instance, on how shape influences particle rotation [90, 147]
or how particles cluster and preferentially align [148–153].
A review of the existing literature reveals that particle dynamics in wallbounded shear flows are reasonably well-understood. However, apart from the
recent work [153], little is yet known about the interactions of non-spherical
particles in turbulent flow with curvature effects. For instance, how do nonspherical particles respond to shear flow with large-scale flow structures (due
to different lift/drag forces), and do they exhibit preferential clustering or
alignment? Another unresolved question regards the relation between the particle size compared to that of the flow features in the fluid phase. Therefore
our study aims at investigating the two-way interaction between the TaylorCouette flow (TC) and finite-size inertial anisotropic particles. TC is a wellcontrolled shear flow and is convenient for the following reasons: first, the flow
regimes of TC flow are well understood and documented [154]. Second, it is a
closed system with exact balances that is very accessible both numerically and
experimentally, due to its relatively simple geometry and high symmetries.
To fully resolve the motion of the ellipsoidal particles and their two-way interaction with the surrounding fluid, we employ the Immersed Boundary Method
(IBM) using the moving-least squares algorithm [155–157]. IBM is computa-
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Figure 4.1: (0) Top view of the TC configuration and geometrical definitions
of the particle. Note that here the particle size with respect to the setup is
grossly exaggerated. (1) The standard deviation of the normalised vertical
velocity averaged over the domain and time versus Ta.
tionally advantageous for this application since the underlying grid is fixed
and no computationally expensive remeshing is needed [158]. Secondly, it is
straightforward in IBM to vary the size of the particles. The disadvantage
of IBM is that inter-particle and particle-wall collisions need to be modelled.
Here, we adopt the collision model of [159], which has been widely tested and
employed in studies for particle-laden flows e.g. [142, 160].
the present work is structured as follows. In § 4.2, we describe the TC setup
and give an overview of the investigated flow regimes. In § 4.3, we present
the details of the numerical method for the fluid and particles. In § 4.4.1,
we show the spatial distributions of particles and categorise these in modes
(8) to (8E). In § 4.4.2, we investigate the joint probability density function
(PDF) of the particle radial position versus the driving in terms of the Taylornumber of the TC system. The range for which clustering is observed is found
to be size-dependent. In § 4.5.1, we present the definitions for the particle
orientation. Then, in § 4.5.2 the particle orientations corresponding to the
different identified spatial modes are discussed. In § 4.5.3 the strongest particle
alignment with respect to the cylinder tangent is identified. Then, in § 4.6,
we explain the orientational dynamics of the particles by relating them to the
axial vorticity inherent to the TC flow. Here, a minimum of vorticity is found
in the single phase flow, which closely corresponds to the strongest observed
alignment. Finally, in § 4.7, we summarise our results.
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4.2 Taylor–Couette setup in the Taylor vortex flow regime
The TC setup, as employed here, comprises a confined fluid layer between
a coaxially rotating inner and a fixed outer cylinder (see figure 4.1 a for a
schematic overview). The dimensionless parameters characterising this system are the ratio of the inner radius A 8 and outer radius A > of the cylinders,
i.e., [ ⌘ A 8 /A > , the aspect ratio of the domain ⌘ !/3, and the Reynolds number of the inner cylinder, '4 8 ⌘ A 8 l8 3/a. Here, ! denotes the height of the
cylinders, 3 ⌘ A > A 8 the gap width, l8 the angular velocity of the inner cylinder, and a the kinematic viscosity of the fluid. We set = 2c/3 to allow one
pair of Taylor vortices to fit within the domain [161] and [ = 5/7 to match the
experimental T3 C setup [153]. No-slip and impermeability boundary conditions are imposed on both cylinder walls. In the azimuthal and axial directions,
periodic boundary conditions are used. We employ a rotational symmetry of
order 6 to reduce computational cost such that the streamwise aspect ratio of
our simulations ! i /3 = (2cA 8 /6)/3 = 2.62. The resulting streamwise domain
length is sufficient to capture the mean flow statistics [161].
The control parameter for TC flow is '4 8 which is varied here between '4 8 =
[1.6 ⇥ 102 , 8.0 ⇥ 103 ]. The outer cylinder is fixed. For ease of comparison with
existing numerical studies, we also define the Taylor number,
Ta ⌘

(1 + [) 4 (A >
64[2

A 8 ) 2 (A 8 + A > ) 2 l28
a2

,

(4.1)

with the corresponding values to the '4 8 range being Ta = [3.9⇥104 , 9.8⇥107 ].
The relationship between '4 and Ta is given by Ta 1/2 = '4 5 ([) where [ is
the so-called ‘geometric Prandtl’ number defined as 5 ([) = (1 + [) 3 /8[2 . An
overview of the cases is presented in Table 4.1. This range of Ta covers the
regimes known as Taylor vortex, wavy vortex, and turbulent Taylor vortex flow
[154]. Within the chosen Ta range, the flow undergoes a series of transitions.
The lowest simulated Ta is chosen to lie slightly above the regime of circular
Couette flow. The onset from circular Couette flow to Taylor vortex flow is
estimated to occur at Ta ⇡ 1.5 ⇥ 104 , determined from the critical Reynolds
number '4 8,2A ([) = (1+[2 )/{2[U2 [(1 [) (3+[)] 1/2 }, with U = 0.1556 [162]. The
transition point from Taylor vortex to wavy vortex flow has been investigated
by numerous authors [163–165]. The transition from Taylor vortex to wavy
vortex flow for the conditions presented here is empirically found to lie around
Ta = 3 ⇥ 106 , by tracking the time and volume-averaged standard deviation of
the vertical velocity D I as a function of Ta (see figure 4.1 b). The visualisations
of the aforementioned regimes are shown in figure 4.2.

Figure 4.2: (a)-(e) Instantaneous snapshots of the azimuthal flow field for various Ta. (f)-(j) Corresponding
time-averaged velocity fields. The shown flow fields correspond to the flow regime of (a)-(c) and (f)-(h) Taylor
vortex flow, (d, i) wavy vortex flow, and (e, j) turbulent Taylor vortex flow..
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Ta

# i ⇥ #A ⇥ # I
3/[ :
✓/3 = 0.1
3.90 ⇥ 104 1.60 ⇥ 102 640 ⇥ 256 ⇥ 480
1.3
1.00 ⇥ 105 2.56 ⇥ 102 640 ⇥ 256 ⇥ 480
1.9
1.78 ⇥ 105 3.42 ⇥ 102 640 ⇥ 256 ⇥ 480
2.3
3.16 ⇥ 105 4.56 ⇥ 102 640 ⇥ 256 ⇥ 480
2.8
3.51 ⇥ 105 4.80 ⇥ 102 640 ⇥ 256 ⇥ 480
2.9
5.62 ⇥ 105 6.08 ⇥ 102 640 ⇥ 256 ⇥ 480
3.4
1.00 ⇥ 106 8.10 ⇥ 102 640 ⇥ 256 ⇥ 480
4.1
1.91 ⇥ 106 1.12 ⇥ 103 640 ⇥ 256 ⇥ 480
5.0
2.68 ⇥ 106 1.33 ⇥ 103 640 ⇥ 256 ⇥ 480
5.6
3.80 ⇥ 106 1.37 ⇥ 103 640 ⇥ 256 ⇥ 480
6.7
6.00 ⇥ 106 2.08 ⇥ 103 640 ⇥ 256 ⇥ 480
7.2
9.52 ⇥ 106 2.50 ⇥ 103 640 ⇥ 256 ⇥ 480 13.5
✓/3 = 0.2
3.90 ⇥ 104 1.60 ⇥ 102 320 ⇥ 128 ⇥ 240
2.6
1.00 ⇥ 105 2.56 ⇥ 102 320 ⇥ 128 ⇥ 240
3.8
1.78 ⇥ 105 3.42 ⇥ 102 320 ⇥ 128 ⇥ 240
4.5
3.16 ⇥ 105 4.56 ⇥ 102 320 ⇥ 128 ⇥ 240
5.5
3.51 ⇥ 105 4.80 ⇥ 102 320 ⇥ 128 ⇥ 240
5.7
4.23 ⇥ 105 5.27 ⇥ 102 320 ⇥ 128 ⇥ 240
6.1
5.62 ⇥ 105 6.08 ⇥ 102 320 ⇥ 128 ⇥ 240
6.7
5
2
7.99 ⇥ 10
7.24 ⇥ 10
320 ⇥ 128 ⇥ 240
7.5
1.00 ⇥ 106 8.10 ⇥ 102 320 ⇥ 128 ⇥ 240
8.1
1.39 ⇥ 106 9.55 ⇥ 102 320 ⇥ 128 ⇥ 240
9.0
1.91 ⇥ 106 1.12 ⇥ 103 320 ⇥ 128 ⇥ 240
9.9
2.68 ⇥ 106 1.33 ⇥ 103 320 ⇥ 128 ⇥ 240 11.1
3.80 ⇥ 106 1.37 ⇥ 103 360 ⇥ 144 ⇥ 280 12.4
6.00 ⇥ 106 2.08 ⇥ 103 360 ⇥ 144 ⇥ 280 14.3
9.52 ⇥ 106 2.50 ⇥ 103 480 ⇥ 192 ⇥ 320 27.0
9.75 ⇥ 107 8.00 ⇥ 103 768 ⇥ 256 ⇥ 480 33.9
Table 4.1: Summary of simulation parameters with radius ratio
[ = 5/7 and aspect ratio of the domain = 2c/3. The first two
columns denote the driving, expressed as either Ta or '4 8 . The
third column presents the grid resolution. The final column provided the ratio of the particle volumetric lengthscale 3 and the
Kolmogorov lengthscale.
'4 8
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4.3 Governing equations and numerical methods
4.3.1

Carrier phase

The velocity field is obtained by solving incompressible Navier–Stokes equations in cylindrical coordinates. The continuity and momentum equations read
(see e.g. [166] 1987)
1
1
mA (ADA ) + mi D i + mI D I = 0,
A
A
and
DA D i
mC D i + (u · r)D i +
=
A
mC DA + (u · r)DA

D 2i
A

1
mi ? + a
A
= mA ? + a

✓

✓

2
D i + 2 mi D A
A
DA

2
mi D i
A2

mC D I + (u · r)D I = mI ? + a D I + 5 I ,

(4.2)
◆
Di
+ 5i,
A2
◆
DA
+ 5A ,
A2

(4.3)

(4.4)
(4.5)

where (u · r) = DA mA +A 1 D i mi +D I mI , and = A 1 mA (AmA ) +A 2 mi 2 + mI 2 . The last
terms ( 5 i , 5A , 5 I ) on the right-hand side of (4.3–4.5) denote the IBM forcing.
We employ a fractional time step method to numerically solve (4.2) and (4.3–
4.5). The velocity field is discretised using a conservative spatial, secondorder, central finite-difference scheme and a temporal third-order Runge–
Kutta scheme, except for the viscous terms that are treated implicitly with
a Crank–Nicolson scheme. In the wall-normal direction, the grid is stretched
with a clipped Chebyshev type of stretching. The grid is uniform in the azimuthal and axial directions. For more details, we refer the reader to [167].
The grid resolution for the fluid phase is based on [168], with the note that
the grid aspect ratio here is 1.0 at mid-gap. This criterion is used to ensure
sufficient nodes for the IBM, which is discussed in § 4.3.2. The timestep is
variable and satisfies the condition CFL = 0.3. This restrictive limit is used
owing to the fully explicit coupling of the particles to the fluid phase.

4.3.2

Particles

We use prolate ellipsoids as the dispersed phase. The control parameter for
the particle is the ratio of particle size to the gap width, ✓/3, with ✓ the major
axis of the ellipsoid (figure 4.1 0). For our study ✓/3 = 0.1 or 0.2. The aspect
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ratio of the ellipsoid is j ⌘ ✓/1 = 4, with 1 the minor axis of the particle.
16 particles are used in each simulation, yielding volume fractions of 0.01%
and 0.07%, for ✓/3 = 0.1 and 0.2, respectively. The reported Stokes number is
obtained via [151]

p
1 1 2 j ln( j + j2 1)
a
with g? =
and gE = 2 .
(4.6)
p
18 a
Dg
j2 1
p
Here, the friction velocity is D g = amA hD i i ,C | A8 .
The rigid particle dynamics are obtained by integrating the Newton–Euler
equations.
The ratio of the particle size to the Kolmogorov scale is estimated based on
the global exact balance for TC flow [169]
g?
(C ⌘ ,
gE

⇣
[ /3 = f 2 Ta [Nu l

1]

⌘

1/4

,

with

f = (1 + [) 4 /(16[2 ),

(4.7)

l , the Nusselt number. Here, l = A 3 (hD li
and Nu l = l / lam
amA hli ,C )
A
,C
l
2
and lam = 2al8 A 8 A >2 /3 2 . For all Ta, we estimate ✓/[ : based on (4.7), see Table
4.1.
To initialise the simulations, the single-phase flow is first advanced in time until
a statistically stationary state is attained. Once this state has been achieved,
the particles are inserted at random positions, with zero velocity within the domain, whilst ensuring that their initial distribution is spatially homogeneous.
The initial orientations of the particles are also randomised. After inserting
the particles, the simulations are ran for at least 50 flow-through times before
collecting statistics. A number between 15 to 25 grid points per ✓ are used
to ensure the boundary layers over the particles are sufficiently resolved. The
particle Reynolds number, estimated as '4 ? ⌘ W✓
§ 2 /a, ranges from O(0.1) to
O(60), with W§ the shear gradient in the bulk.

4.4 Spatial distributions of particles
4.4.1

Observed spatial modes

We examine the statistics of the particle positions. In particular, we select
the cases Ta = 3.9 ⇥ 104 , 3.2 ⇥ 105 , 1.9 ⇥ 106 , 9.5 ⇥ 106 and 9.8 ⇥ 107 (see also
the single phase flow fields in figure 4.2). In figure 4.3 we show the particle
distribution, following the decay of the initial transient, projected onto the
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A I plane for both particle sizes; ✓/3 = 0.1 and ✓/3 = 0.2. Figure 4.3 reveals
four distinctive spatial patterns as a function of Ta:
(i) Steady large orbits (figure 4.3 a, b, f ).
(ii) Steady orbits, with particles spiralling closely around the vortex cores
(figure 4.3 d, h).
(iii) A combination of modes (8) and (88) (figure 4.3 c, g).
(iv) Unsteady orbits, with particles distributed quite homogeneously throughout the domain (figure 4.3 e, i, j).
For mode (8), the rotational particle dynamics show no stable alignment, but
instead, a tumbling type of motion is observed. At this Ta, the base flow is
slightly above the transition point from the circular Couette flow to a Taylor
vortex flow regime. It is stressed that the particles were released at random
locations after the flow was fully developed, therefore, on release, each particle
undergoes an inertial migration process before reaching its stable orbit.
For mode (88), particle orbits are observed to agglomerate at the vortex cores.
The most pronounced example is at Ta = 1.9 ⇥ 106 for ✓/3 = 0.2 (figure
4.3 h). Remarkably, the particle concentration at the core is much higher for
the larger particles thus indicating that this is definitely a finite-particle-size
effect. Mode (88) is also marked by a stable particle alignment, which will be
addressed in detail in § 4.5.
Mode (888) consists of a combination of modes (8) and (88). This regime is the
transition between stable (limit cycle-type) orbits and preferential clustering
at the core. This mode is observed at Ta = 1.0⇥106 for ✓/3 = 0.1. Interestingly,
for ✓/3 = 0.2, mode (888) is observed at a lower value of Ta = 3.2 ⇥ 105 . Hence,
it appears that both particle clustering as well as the transitions to various
particle orbit regimes are functions of ✓/3. In § 4.4.2, we will study the regime
transitions as a function of ✓/3.
One key feature of modes (8) up to (888) is the steadiness of the orbits as the
particles trace their path through the domain. This steadiness occurs at a
unique set of conditions and can be linked to two fundamental features of the
Taylor vortices. Firstly, the background flow is completely steady and timeinvariant. Secondly, the Taylor vortices are axisymmetric about the cylindrical
axis (see § 4.2).
For mode (8E), we now observe unsteady dynamics caused by unsteady Taylor
vortices. For instance, as shown in figure 4.2 (e), the flow corresponds to the

/d = 0.1

Figure 4.3: Probability density function of the particle distribution. The average is taken over time and
azimuthal direction. (0) (4) correspond to particles of size ✓/3 = 0.1 and ( 5 ) ( 9) to particles of ✓/3 = 0.2.
The coloured circles on top of the contour plots denote distinguishable regimes of particle dynamics which
correspond to those in figure 4.4 and 4.6.

/d = 0.2
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wavy Taylor vortex regime. Due to the unsteadiness of the wavy Taylor vortices, particles experience spatial and temporal variations of the hydrodynamic
loads. These variations ultimately break their stable orbits as previously observed at lower Ta. For Ta = 9.5 ⇥ 106 and ✓/3 = 0.2, particle trajectories
tend to maintain some coherence (see figure 4.3 i) and appear to trace out the
complete vortex. However, for the same Ta and ✓/3 = 0.1 (figure 4.3 e), as
well as at larger Ta for ✓/3 = 0.2 (figure 4.3 i), all coherence is lost and the
particles are more or less homogeneously distributed throughout the domain.
The distributions for the latter combinations of Ta and ✓/3 are reminiscent of
those for spheres and fibres in TC [152, 153].

4.4.2

The transition from stable orbits to clustering at the core is
size-dependent

In § 4.4.1, in some cases particles are observed to preferentially cluster at the
vortex core. Now, we will examine the clustering behaviour in more detail.
The Ta range for which clustering occurs is investigated via the PDF of the
particle radial distributions %(A ? ), with A ? being the particle radial position.
%(A ? ), is plotted versus Ta in figure 4.4. Two main observations can be made
based on this figure: (1) we observe that the modes, indicated by the colours
at the top of the figures, do not occur exactly at the same Ta when comparing
✓/3 = 0.1 and ✓/3 = 0.2. (2) the magnitude of the peak is much more intense
for ✓/3 = 0.2, suggesting that clustering is enhanced for the larger particles.
These two effects are discussed below.
In § 4.4.1 we defined four modes characterised by the particle distributions in
the flow field. We highlighted these regimes in figure 4.3 with four colours at
the top; the colours correspond to those used in figure 4.4. Mode (8) corresponds to the stable particle orbits, resulting in helical particle trajectories.
For this regime, we observe a preferential particle concentration away from
the vortex centre, as is evident by the light blue regions at (A ? A 8 )/3 around
0.2 and 0.8 in figure 4.4. In this regime, particles in the Taylor-vortex are
found to move further outwards. Beyond this regime for even greater Ta, we
observe mode (888), in which is the mixed regime where both modes (8) and (88)
are observed simultaneously. Beyond this, mode (88) is encountered; particles
cluster in the central region of the Taylor vortices as evidenced by the peak
in the PDF at (A ? A 8 )/3 ⇡ 0.5. Finally, beyond this regime particles move
outwards again and distribute more homogeneously when the Taylor-vortex
starts to destabilise in the wavy regime. When comparing figures 4.4 (a) and
(b), the transition between the regimes shifts to lower Ta for larger particles.

144

CHAPTER 4. ELLIPSOIDS IN TC TURBULENCE

Figure 4.4: Joint PDFs of the particle normalised radial position versus Ta.
Particles with size ratio (a) ✓/3 = 0.1. (b) ✓/3 = 0.2. For reference, the modes
addressed in § 4.4.1 are indicated with (8)-(8E). The coloured top bar uses
colour codes corresponding to those in figures 4.3 and 4.6.
Since there is this clear size dependence, it is, therefore, instructive to compare
the corresponding particle time scale g? , which is set by the particle size, with
the fluid shear time scales, ga : effectively, we compute the Stokes number (St)
for the particles as defined earlier in (4.6). When considering St as the governing parameter, we observe that mode (888) (transition to clustering) occurs
at St ⇡ 0.7 for ✓/3 = 0.1 and St ⇡ 1.0 for ✓/3 = 0.2. Suggesting that St is of a
similar order of magnitude for mode (888). However, the reason why we urge
caution is that, aside from the small numerical parameter space, TC flows are
inherently three-dimensional because of curvature effects. Therefore, particle
dynamics become sensitive to spatially varying hydrodynamic forces [170].
Comparing clustering for the two different particle sizes, we observe a much
higher magnitude of %(A ? ) in figure 4.4 for ✓/3 = 0.2 than for to ✓/3 = 0.1.
This effect is weaker for smaller ✓/3 for the following reason: the clustering
regime of ✓/3 = 0.1 falls together with the onset of the wavy Taylor vortex
regime, while particles of ✓/3 = 0.2 start to cluster around Ta ⇡ 4⇥105 (Taylor
vortex regime).
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Figure 4.5: (a) Definition of the angle \ I between the pointing vector ? 8 and
the tangent along the cylinder. By symmetry of the particle \ I 2 [ c/2, c/2].
(b) Angular time signal of a particle (✓/3 = 0.2) within a stable orbit (blue line,
Ta = 3.9 ⇥ 104 figure 4.3 f) and one for mode (88) (yellow line, Ta = 1.9 ⇥ 106
(figure 4.3 h). (c) Definition of the width of the PDF %(\ I ). The width is
measured for the highest peak of %(\ I ) at half-height.

4.5 Particle orientational statistics
4.5.1

Angular dynamics

Up to this point, the spatial statistics of particles have been examined. A number of regimes was found, one of which is of specific interest since particles
were found to preferentially concentrate at the Taylor vortex cores. Additionally, clustering is observed to enhance when the particle size is increased
from ✓/3 = 0.1 to ✓/3 = 0.2. As a follow-up, we examine the statistics of
the particle orientation corresponding to the identified modes. We examine
the angle \ I (see figure 4.5 a) between the particle pointing vector ? 8 and the
tangent along the cylinder, similarly to the experimental work of [153]. Here,
\ I 2 [ c/2, c/2] due to the symmetry of the particle.
Two typical time signals of \ I are given in figure 4.5 (b) for particles of size
✓/3 = 0.2. The signal for Ta = 3.9 ⇥ 104 belongs to a particle travelling along
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a stable orbit. The orientational dynamics of particles in the steady Taylor
vortex regime, interestingly, still show a Jeffery-like characteristics. These
Jeffery like features have been observed in a number of cases that also do
not strictly meet the conditions of Jeffery’s equations [138, 171]. In contrast,
the time signal of \ I for Ta = 1.9 ⇥ 106 shows an interesting nearly constant
angle \ I . This may be visualised as if the axis of revolution always aligns with
the cylinder tangent. The particle does not flip but oscillates only relatively
mildly. This case corresponds to preferential particle concentration at the
vortex core (yellow regime), see figure 4.3 h).
The statistics of \ I are discussed in the following and linked to the spatial
distribution regimes of § 4.4.1.

4.5.2

Angular statistics corresponding to the observed spatial distributions

An overview of %(\ I ) for various Ta, is given in figure 4.6 (a, b) for ✓/3 = 0.1
and ✓/3 = 0.2, respectively. Note that the cases shown correspond to the spatial distributions in figure 4.3. Several interesting features can be observed in
the distribution of %(\ I ). In particular, we find that these features correlate to
the different spatial particle distributions described earlier in § 4.4.1, namely:
(i) Stationary large orbits. - A positive preferred orientation (maximum
of %(\ I ) occurs at \ I > 0).

(ii) Orbits spiralling closely around the core. - A sharp peak for %(\ I )
located at \ I ⇡ 0.

(iii) A combination of modes (8) and (88). - Angular dynamics show modes
(8) and (88) on the border between clustering and stationary orbits.
(iv) Unsteady dynamics, particles distribute throughout the whole domain. - A shallow but non-homogeneous distribution of \ I with the
maximum of %(\ I ) occurring at negative \ I .

For mode (8), the flow is in the steady Taylor vortex flow regime (Ta = 3.9 ⇥
104 ). From figure 4.6, the angular statistics display for both ✓/3 = 0.1 and
✓/3 = 0.2, a non-homogeneous distribution, with a positive preferred angle. It
is observed that the maximum of %(\ I ) shifts towards higher \ I for the larger
✓/3 case.
For mode (88), particles agglomerate at the vortex cores, remarkably they show
a strong preferential alignment at Ta = 1.9 ⇥ 106 as confirmed by the sharp
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Bakhuis et al. (2019)

(T a = 9.5 ⇥ 1010 )

orbit
core

Figure 4.6: The PDF of \ I for various Ta. (a) Particles with size ✓/3 = 0.1, (b)
Particles with size ✓/3 = 0.2, (c) Decomposition of the orientational statistics
for mode (888), showing the origin of the two peaks. A fraction of the particles
is close to the vortex core, whereas other particles are within a stable orbit.
For reference, the experimental observations from [153] are added (c.f. Ta =
9.5⇥1010 ). The colour coding of the plots is in correspondence with figures 4.3
and 4.4.
peaks of the alignment probability density function in figure 4.6 . The more
defined peak of %(\ I ) observed for ✓/3 = 0.2, as compared to ✓/3 = 0.1, is
related to the enhanced clustering (see § 4.4.2) and correlates with the result
of stronger preferential alignment, thus indicating that the particle size plays
a predominant role in the phenomenon. Tails of %(\ I ) can also be observed,
for example at Ta = 1.9 ⇥ 106 in figures 4.6 (a, b). These tails are the result
of particles precessing in a stable orbit visible in the particle distribution in
figures 4.3 (d, h). We contribute these low probability alignments to particleparticle collisions, forcing the particles out of alignment. Observations from
such events indicate that collisions cause the particles to end up further away
from the vortex core in a meta-stable orbit, which eventually decays to the
stable preferential alignment at the vortex core.
For mode (888), two peaks are observed for %(\ I ), as shown by the green curves
in figures 4.6 (a, b). These two peaks originate from the two spatial modes (8)
and (88), shown in figure 4.3 (g). The contribution from the two modes can be
explained by disentangling the two angular statistics, which we illustrate in
figure 4.6 (c): First, we separate the two spatial modes by taking a sub-sample
of particles close to and far from the vortex cores. Next, the angular statistics
of these sub-samples are computed, resulting in two PDFs of \ I (black dashed
lines in figure 4.6 c). These separate PDFs illustrate that particles close to the
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vortex core show preferential alignment at \ I ⇡ 0, whereas those in a stable
orbit far from the core peaks at \ I ⇡ 0.09c (16.2 ). It is highlighted that
this behaviour forms the transition point between stable orbits and clustering
(mode (888) in figure 4.4), and occurs within a very narrow Ta range.
For mode (8E), particles distribute close to homogeneously throughout the
domain due to the instabilities and unsteadiness of the flow. The preferential
alignment observed inside the core of the Taylor vortices (mode 88) cannot
persist when the flow transitions to wavy Taylor vortices. For %(\ I ) this
results in a distribution that is relatively flatter. However, some statistical
preferential alignment persists. [153] reported a difference of 40% between the
lowest and highest values of %(\ I ) at Ta = 1.0 ⇥ 1012 for cylinders of j = 5.
Within this work, at Ta = 9.8⇥108 , the difference is about 67% which suggests
that the tendencies for particles to preferentially align are much stronger at
lower Ta. We also highlight that, whilst the Ta values are much lower in our
setup than in [153], there is a general tendency for the peaks to shift towards
negative \ I and lower %(\ I ) for increasing Ta. Indeed, the incipient trend is
consistent with the distributions in [153] and further studies at much larger
Ta in the simulations will be necessary to study this trend.

4.5.3

The most pronounced alignment of particles

In § 4.5.2, preferential alignment of the particle’s angle \ I is observed for the
case when particles agglomerate near the vortex core. Here, the objective is to
determine the conditions for which alignment is strongest. For all %(\ I ), the
width, F, of the PDF of the highest peak is calculated and taken at half-height
(see figure 4.5 (c)). The plot of F versus Ta is given in figure 4.7. Remarkably,
F has a minimum with respect to Ta, occurring between Ta = 6 ⇥ 105 and
Ta = 8 ⇥ 105 for ✓/3 = 0.1 and at Ta = 4 ⇥ 105 for ✓/3 = 0.2. Note that this
minimum corresponds to a particle that oscillates the least with respect to
the tangent with the cylinder. Intriguingly, the minimum is more pronounced
when the particle size (✓/3) is doubled. Thus, in the remainder of this work,
we will discuss the origin of this minimum in F and offer an explanation for
why this is observed in the investigated configuration.
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4.6 The role of axial vorticity at the vortex core
4.6.1

The link between alignment and a minimum axial vorticity

From our analysis in the preceding sections, we observed that at specific Ta
values particles tend to get trapped within the vortex core and have a preferred
orientation. Now, we aim to answer the question: Why do the particles align
at this Ta value? In the following, we will show that the preferential alignment
is linked to the TC flow state exhibiting a minimum in the shear gradient at
the Taylor vortex core. In particular, we will base our analysis on the axial
component of the vorticity of the flow, which is shown to be the key metric
determining the preferential alignment.
In the spirit of Jeffery’s equation for the rotation of an ellipsoid, we investigate
the fluid vorticity at the locations of the particles, i.e. the vortex core. Therefore, we define an area average of the axial vorticity, l I = A 1 mA AD i A 1 mi DA
evaluated in the A, I plane. This component is used since the particle tumbling
is primarily found to occur around the I-direction and it is this absence of flipping, in regime (88), that we aim to explain. To compute the axial vorticity,
the average of l I is taken at the area around the vortex core in the A, I plane.
For this area we select a circular patch with a radius which is a multiple of

Figure 4.7: Width, F, of the PDF %(\ I ) versus Ta. The definition of F is
sketched in figure 4.5
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the particle minor axis (8 · 1). The average vorticity is then evaluated as
π c/3 π 2 c π 8 ·1
1
1
h|l I |i ⌘
mÂ (ÂD i )
mi DÂ Â 3 Â 3\3i,
(4.8)
Â
Â
0
0
0

where Â = 0 is positioned at the vortex core. For the regime of interest Ta <
2 ⇥ 106 the location of the vortex core is time independent, as can be seen
in figure 4.1 b. Therefore, we can be determined from the local minimum of
the squared modulus of the meridional velocity, DA2 + D 2I . Furthermore, the
flow is also independent of i simplifying equation (4.8) to the A-I plane. The
resulting value is normalised by the rotational velocity of the inner cylinder
l8 and plotted in figure 4.8 versus Ta.
Figure 4.8 illustrates that a minimum of h|l I |i can be clearly observed at
Ta ⇡ 6 ⇥ 105 . This minimum implies that, close to this Ta value, the fluid
torque applied to the body (following Jeffery’s equations) will be the smallest.
Indeed, comparing this minimum to the previously acquired most pronounced
alignment in figure 4.7, a good agreement is found. The preferential alignment

Figure 4.8: The average vorticity, h|l I |i/l8 , is computed for the single-phase
flow situation. The area covered for the average vorticity, l I , is a circle centred
at the vortex core with radius 1 and 21, where 1 denotes the particles minor
axis with ✓/3 = 0.2. The analysis for a patch with radius 31 is performed with
the presence of particles of size ✓/3 = 0.2. The inset shows an instantaneous
i-A slice of the axial vorticity (l I ) for the single-phase flow and two-phase
flow cases, highlighting the perturbed vorticity fields due to the presence of
particles.
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of the particle at Ta = 4.2 ⇥ 105 and the minimum of average vorticity for the
single-phase flow occurs at Ta = 6 ⇥ 105 . Additional calculations with a larger
nominal diameter equal to 21 (red circles in figure 4.8) also find the minimum
to occur around this Ta, which shows that this metric is quite robust.
For completeness, we further analyse the effect on h|l I |i with particles for
✓/3 = 0.2. In contrast to the single-phase flow, the presence of particles introduces velocity gradients in their vicinity because of the formation of boundary
layers at the particle surface. Therefore, h|l I |i is determined for a slightly
larger patch with radius 31 in order to filter out spurious, particle induced,
vorticity fluctuations as shown in the inset of figure 4.8. Here, the volume
occupied by the particle is excluded from the calculation. Patches smaller
than 31 are possible although they result in larger variances due to the closer
proximity to the wakes shed by the particles. This trend of h|l I |i including
the particles is shown in figure 4.8 with black symbols. As can be seen from
the figure, the single-phase trend is closely followed, however when particles
agglomerate near the vortex core, the metric becomes very sensitive to particle
induced gradients and muddles the water increasing the error bars. We find
the lower values of h|l I |i to occur in parts of the domain in which the particle
is absent. The pronounced results of h|l I |i for the single-phase flow served as
a good guideline in our understanding of strong alignment. However, distilling
similar results with particles is challenging.

4.6.2

Lagrangian statistics of a particle rotational energy

In this final discussion we investigate the effect of axial vorticity on the particle
dynamics in relation to the particle position. Here, we select a single representative particle (✓/3 = 0.2) from cases Ta = 1.0 ⇥ 105 and Ta = 5.6 ⇥ 105 . For the
purposes of our discussion we refer to these as case 1 and case 2, respectively.
Note that both cases are highlighted with a circle at the top of figure 4.8.
Case 1 corresponds to a particle exhibiting a final spatial distribution with
a stable orbit far from the vortex core, whereas case 2 converges to a strong
alignment mode in the vicinity of the vortex core. For both cases the rotational kinetic energy of the particle is tracked over time. Here, because of the
tumbling motion of the particle, it is assumed that its rotational energy provides a reasonable metric of the particle Lagrangian dynamics. The particle
selected for case 1 initially started out close to the vortex core, subsequently
spiralling outwards, whereas case 2 initially started at the edge of the vortex
and subsequently spiralled inwards.

152

CHAPTER 4. ELLIPSOIDS IN TC TURBULENCE
(0)

Ta = 1.0 ⇥

105

(1)

Ta = 5.6 ⇥ 105

I/3

⇢A

Figure 4.9: The dimensionless space-time evolution of the rotational energy,
⇢A , of a particle for (0) Ta = 1.0 ⇥ 105 and (1) Ta = 5.6 ⇥ 105 . In (0), the
particle eventually spirals outwards and does not display mode (88). In (1), the
particle spirals inwards towards the core. The starting and ending positions of
the particle are denoted by the cross and dot, respectively. Large magnitudes
of ⇢A correspond to tumbling events of the particle. The arrows denote the
(DA , D I ) velocity field.
The particle rotational energy, ⇢A , is given by
⇢A = 8̂) O ? 8̂,

(4.9)

with 8̂ = 8 ? /l8 the normalised rotational velocity of the particle and O ? its
moment of inertia tensor. The two cases are illustrated in figure 4.9. We
observe local regions where the rotational kinetic energy is highest, which
correspond to particle tumbling events. The distinct difference between the
results of case 1 and case 2 is clearly visible when ⇢A is examined at the vortex
core. In fact, for case 2, the value of ⇢A at the core is negligibly small and is
well-correlated with the low h|l I |i value shown in figure 4.8. This local minimum, interestingly, only holds for a specific region close to the core, whereas
outside the core, the rotational kinetic energy is finite. This picture, therefore,
illustrates that strong alignment occurs only when particles are within the local vorticity minima of the core. In contrast, case 1 clearly shows tumbling
events that can still be found at the vortex core. This phenomenon, therefore,
illustrates the importance of axial vorticity in determining the preferential
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alignment of ellipsoids in TC flow.
Based on our findings on the vorticity statistics, this secondary mechanism
also appears to be a crucial factor that determines preferential alignment, in
addition to the Stokes number effect discussed in § 4.4.2. Simply put, while
clustering can be controlled by varying St (or ✓/3), the unique non-linear axial
vorticity field at different Ta establishes a nominal limit for which preferential
alignment can occur for a given ✓/3. Finally, we emphasise that this mechanism is present only in the regime of steady Taylor vortices in TC flows.

4.7 Conclusions
In this study, we investigated finite-size, neutrally buoyant, prolate ellipsoids
(aspect ratio j = 4) in Taylor–Couette flow. The explored flow regimes are
governed by pure inner-cylinder driving and comprise the Taylor vortex, wavy
vortex, and turbulent Taylor vortex flow regimes. The fluid phase is simulated
using DNS, whereas the particles are represented through an IBM approach.
Two particle size ratios were considered; ✓/3 = 0.1 and ✓/3 = 0.2, with respective volume fractions of 0.01% and 0.07%. Here, ✓ denotes the particle major
axis and 3 the gap-width.
Upon releasing the particles at initially random locations and orientations,
we observe, after a transient, various distinctive particle distributions (figure
4.3). These distributions are categorised in modes (8) to (8E) according to the
structure of the distributions and particle orientation statistics (see § 4.4.1).
Mode (8) to (888) are observed in the Taylor vortex flow regime. Here, mode
(8) corresponds to stationary large orbits away from the core. Remarkably, for
higher Ta in the Taylor vortex flow regime, particles get trapped in the vortex
core. This particle distribution is denoted as mode (88) and it is the focus of
the present work. Interestingly, the Ta range corresponding to mode (88) is
different for ✓/3 = 0.1 and ✓/3 = 0.2. Moreover, the particle concentration for
mode (88) was observed to be much higher for ✓/3 = 0.2 than for ✓/3 = 0.1
(figure 4.4). Mode (888) is a transition in which mode (8) as well as mode (88)
are observed simultaneously. Mode (8E) corresponds to particle distributions
in the wavy vortex regime and turbulent Taylor vortex regime. Here, particles
distribute throughout the domain due to the instabilities in the flow.
Furthermore, we find distinctive particle orientations for each mode. Let \ I
denote the angle between the particle axis of revolution and the local cylinder
tangent, parallel to e i . We find for mode (88) a sharp peak around \ I = 0 in the
PDF %(\ I ) (figure 4.7). The ability of particles to align is found to depend on
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three factors. Firstly, the gradient in the flow. We find the most pronounced
alignment for particles with ✓/3 = 0.2 to occur at Ta = 4.2 ⇥ 105 . This was
observed to closely match the azimuthal vorticity minimum at the vortex core
(Ta = 6 ⇥ 105 ). In comparison, the axial gradient at Ta = 1 ⇥ 105 (mode (8)) is
observed to be two orders of magnitude higher. From the particle Lagrangian
dynamics a stable alignment was not observed (figure 4.9 a). Secondly, the
ability of particles to cluster. Figure 4.9 (b) indicates that a stable particle
alignment (absence of rotational energy) only occurs once a particle is in the
near vicinity of the vortex core. Finally, the onset of instabilities in the flow.
We observed in the transition from steady to wavy vortex flow that particles
spread throughout the domain (figure 4.3 e,i,j). The corresponding spatial
distributions (mode 8E) become significantly flatter than the ones of mode (88)
(figure 4.6).
Our results indicate that shear, large-scale structures induced by the curvature
of the domain, particle shape, and particle size play an important interlinked
role on the dynamics of the particles themselves. TC flow is known for its rich
variety of flow structures. By adding particles we observed that the particle
dynamics alter significantly when the driving parameter Ta is varied.

Conclusions and outlook
In chapters 1 and 2 we investigated rigid buoyancy-driven spherical particles
rising and settling in a quiescent fluid. We focused on the regime in which
vortex shedding is the dominant mechanism in the wake ('4 ' 275). This
regime has experimentally been investigated for more than a century, however
the results are often contradictory and few points of general consensus have
been found. Classically, the parameter space of buoyancy driven particles
consists of the Reynolds number Re, or equivalently the Galileo number Ga,
and the ratio of particle to fluid density = d ? /d 5 . In this thesis we endeavour
to explain the contradictions and discrepancies by investigating the rotational
dynamics of the particles, which thus far have not been adequately considered
[22].
In chapter 1, the importance of the rotational dynamics is conclusively proven
by introducing a carefully controlled offset of the centre of mass (CoM) to
spherical particles. The CoM offset introduces an intrinsic rotational, ‘pendulum’, timescale to the dynamics of the sphere, without affecting the external
geometry exposed to the flow. We find that the frequency of the vortexshedding in the wake and the intrinsic rotational frequency due to the offset
interact, and even a resonance between the two is found to exist, resulting in
modified particle behaviour. The amplitude and frequency of oscillation are
all found to be affected by CoM offset and by the rotational dynamics, both
for settling and for rising particles. However, only for rising particles the drag
was found to be significantly affected. This was explained by considering the
asymmetry between direction of the offset, always below the centre of volume,
and the direction of motion (rising or settling). For the case of rising particles
the Magnus force (acting through the geometric centre) enhanced the particle
rotation, whereas for settling particles it was found to impede the particle rotation. The range of drag values encountered for rising particles in this work
matches the bounds of the literature data quite well, suggesting CoM offset is
capable of explaining the discrepancies encountered in previous studies. Furthermore, we find that the dynamics of spheres are extremely sensitive to CoM
155
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offsets, making this a relevant parameter by itself and important for industrial
and natural particle-laden flows.
In chapter 2, with the importance of rotational dynamics established, we examined the effect of the moment of inertia (MoI) on the dynamics and kinematics of rising spheres. This has been achieved by experimentally varying
both the MoI and the ratio of particle density and fluid density ( ) systematically, all within Newton’s regime of drag. In this regime, a lot of discordant
results are available in literature, reporting wildly varying kinematics, trajectory amplitudes, and drag coefficients (e.g. [17, 18, 33, 35]). We expected,
with the importance of rotational dynamics in mind, that MoI would be key
to unravelling these discrepancies as was suggested by [22]. However, it was
discovered that this parameter did not trigger any definite regime-to-regime
transitions. It was, however, observed that for increasing MoI the mean rotation rate of the particles decreased slightly, as expected, resulting in slightly
lower trajectory amplitudes and drag coefficient at higher MoI, but not nearly
enough to explain the spread in literature data. We find that for lower MoI
the rotation is more strongly linked to the particle acceleration through the
Magnus lift force. Thus we concluded that the MoI, while it has a marginal
effect for spherical particles, does not affect regime transitions and thus the
classical picture of a parameter space of Re and is still very useful. We do
find a regime transition related to , similar to that found by [33] at lower
Galileo numbers, between ‘spiralling’ for < 0.42 and ‘3D chaotic’ motion for
> 0.52. The drag coefficient is approximately 0.7 in the ‘spiralling’ and 0.5
in the ‘3D chaotic’ regime. These values are similar to those found by [20],
however, their regimes are respectively ‘zigzag’ and ‘vertical’, which we do not
encounter. In this work we also briefly examine the MoI-induced transition
from flutter to tumble as reported by [22]. Surprisingly, we did not encounter
the same tumbling dynamics that they found for similar parameters. Finally,
we checked the dependence of particle dynamics on the background flow by
varying the waiting time between subsequent experiments. Contrary to [20],
for the particles used in the current experiment, we found this effect to be
very small and the absence of vertical rise could not be attributed to the state
of the background fluid.
In chapter 3, we investigated the effects of geometrical anisotropy on freelyrising spheroids by varying the shape incrementally from oblate (disks) to
prolate (needles). For anisotropic geometries the location of the centre of
pressure is no longer fixed as it is for a sphere, therefore the pressure distribution will strongly affect particle rotation. However, unlike in chapter 1,
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a fixed pendulum frequency cannot be defined a priori. The aspect ratio j,
defined as the ratio of the length of symmetry axis (pointing vector direction)
and the diameter of the circular cross-section of the spheroid is varied from
0.2 (oblate) to 5 (prolate), while keeping ⌧0 ⇡ 6000 and ⇡ 0.53 constant.
We managed to classify the motion of these particles into 6 distinct regimes
based on kinematics and dynamics that are unique per regime. For close to
spherical, i.e. 0.83  j  1.2, particles are found to exhibit intermittent tumbling behaviour. While for slightly more oblate spheroids, with aspect ratios
0.29  j  0.75, we find zigzag trajectories. For even lower aspect ratios
j < 0.25 the motion becomes fluttering, characterised by strong misalignment
of the pointing vector and the velocity vector. Furthermore, precession of
the trajectory starts appearing similar to the transition to a spiralling gliding
regime found for disks by [108]. For prolate spheroids for which 1.33  j  2.5
and j = 4 we find strong longitudinal oscillations of the pointing vector. However, for 2.5 < j  3.5 we find almost no pointing vector oscillations and the
amplitude of the path oscillations is much smaller and in the broadside direction. Finally, for j = 5 we encounter the same pointing vector oscillations
as for j = 4, however the amplitude is so large that the particle naturally
pitches nose up into a stable helical, or spiralling, motion. In each of these
regimes the drag characteristics were different, however, when calculating the
drag coefficient using the maximum cross sectional area of the geometry, in the
zigzag, longitudinal, and broadside regimes the drag coefficient is independent
of j. Surprisingly, we also find that the frequency of the path oscillations is
approximately constant for all cases. These results are closely related to the
the motion of disks and cylinders [102, 105], but we find distinct differences
when the aspect ratio gets close to 1.
Finally in chapter 4, numerical simulations have been performed on neutrally
buoyant ( = 1) prolate ellipsoids with aspect ratio j = 4, in Taylor-Couette
flow with pure inner-cylinder driving. Two particle sizes are used ✓/3 = 0.1
and 0.2, with 3 the dimension of the gap between the two cylinders. We investigated the distribution and alignment of the initially randomly positioned
and oriented particles for three flow regimes: Taylor vortex flow, wavy vortex,
and turbulent Taylor vortex flow. In the regime of Taylor vortex flow, particles initially preferentially concentrate in large-diameter orbits away from the
vortex cores. However, with increasing driving a secondary stable location
forms at the centre of the vortices. For a small range of ) 0 these two particle
dynamical regimes coexist. But with increasing ) 0 there is a particle size
dependent, narrow range of ) 0 where particles are only preferentially located
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in the centre of the vortices. This position in the flow is marked by a surprisingly robust alignment of the particles parallel to the local cylinder wall
(perpendicular to the eA direction), which is explained to be due to a minimum
in axial vorticity (l I ) in this region at this ) 0. Finally, for even higher ) 0
the flow becomes turbulent, disrupting this alignment and positioning, resulting in tumbling particle trajectories with no strong preferential distribution of
orientation. Finally, we found that particles migrate even vertically from one
Taylor roll to another. We find that these dynamics are affected by particle
size, but do we not have enough data to ascribe a clear trend.

Outlook
In this thesis the ambition has been to explain the behaviour of buoyancydriven particles. While we managed to explain some aspects of their behaviour,
many questions still remain open. In addition, some of the results raised pressing questions on details of the behaviour that are worth investigating in the
future. Here we provide a list of questions and topics that warrant additional
study.
In chapter 1 we investigated the effect of CoM offset for particles at high Ga.
In practice, however, many of the interesting applications in industrial and
natural flows occur at low Ga, for which there is barely vortex shedding nor
horizontal asymmetry in the flow field. Unfortunately this regime is experimentally very hard to access with sufficient accuracy. The reason for this is
that, using current production methods, we cannot produce particles with such
low Ga while maintaining reliable offsets. Therefore a numerical approach is
preferred since any offset is exact, and a low Ga is, in fact, accessible for numerical simulations. Low Galileo numbers are particularly interesting because
the rotational forcing of particles with CoM offset is due to both skin friction (as for an isotropic sphere), but also surface pressure forcing. We might
expect that, at lower Ga, the skin friction could become important in the
driving. Furthermore, it would allow us to compute the contributions of the
pendulum and acceleration of CoM term on the torques separately, elucidating the importance of the two terms and how they work together to produce
the observed dynamics. Currently, we are working on this in a 2D setup for
cylinders with CoM offset.
Furthermore, we found that, using CoM offset, we can fine-tune the frequency
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of oscillation of the particles and thus the vortex shedding in the wake in a
quiescent fluid. It would now be interesting whether this persists in a turbulent
flow environment. The turbulence, at the scale of the particle, will induce
an additional net forcing on the body, resulting in an additional driving of
the rotational dynamics. Investigating how these interact would be highly
relevant and useful. Furthermore, we might investigate whether we can shape
turbulence by using many of these particles with offset, injecting energy at a
specific frequency.
In chapter 2, we encounter regimes different than those found by [20]. Furthermore, the density ratio at which this transition occurs is different. We
offer some potential explanations for this, however, we do not know the precise cause. Therefore, we suggest performing carefully controlled experiments
scanning the Re- parameter space at ⇤ = 1 in order to resolve all the confusing results.
The effect of particle anisotropy was examined in chapter 3. One of the surprising results here was that the Strouhal number, quantifying the vortex shedding
induced periodic particle motion, remained constant for all examined j. We
suspect that this is an effect of the density ratio which in the present study
was quite low, namely ( ⇡ 0.53). We suspect that for low the frequency
‘set by the flow’ is dominant and particle inertia (translation or rotational) is
weak and the particle oscillations are dictated by those of the wake. It would
be interesting to test this hypothesis.
Another question related to anisotropy is: “how spherical a particle need to be
in order to behave like a sphere”. In experimental studies, those here included,
people state: “less than 1% deviation from spherical” or something alike, but
is this good enough? The impact of not being spherical is very important,
since this effectively “turns on or off” pressure induced rotation, while for a
perfect sphere, all rotation should be caused by skin friction since the surface
pressure distribution does not contribute to the torque. To answer this we
need exact control over the geometry, which is hard to achieve but feasible.
In the future it would also be interesting to use PIV or other flow visualization techniques to image the flow structures behind some of the more unique
regimes, e.g. the spiralling or tumbling regimes. This would provide some qualitative understanding of how the flow induces the observed particle behaviour.
A quantitative measurement of the forcing (friction and pressure) is unfortunately still impossible in 3D. Thus, flow visualisation , although interesting,
is not expected to result in crucial discoveries.
To further investigate anisotropy, it is beneficial to investigate this problem
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in 2D, either numerically or experimentally. A significant amount of work
has been performed studying fluttering and tumbling plates in 2D (e.g. [60]),
however, the effect of the geometry of the particles has not been considered.
There are two reasons why this is appealing. Firstly, the amount of pressure
induced torque should reduce as the geometry changes from effectively a flat
plate towards a cylinder, the effective moment arm between the centre of
pressure and CoM being reduced. This is not the only effect however, because
as the geometry becomes more cylindrical, the effect of rotational added mass
reduces rapidly. These two competing effects will govern the dynamics and
kinematics of the particles and can lead to an interesting optimum. Secondly,
in 2D the flow is much simpler, allowing us to determine fluid torques and
added mass, thus making it possible to aim at finding a complete explanation
for the dynamics of these particles.
Another interesting type of complex particles are chiral particles (particles
with rotational asymmetries). These will inherently rotate while rising or settling. Preliminary experiments were performed on rising and settling chiral
particles for Re ⇡ 1000. We found hints that particles of opposed chiralities
rising or sinking in each other’s wake impede the second particle, whereas
when they have the same chirality they do not. This result could have interesting implications for groups of settling chiral particles, perhaps promoting
separation based on chirality.
In chapter 4, we performed numerical simulations for ellipsoids in TC flow. It
would be beneficial to study effects of anisotropy on the preferential concentration. Spherical particles should be used as a reference case to investigate
whether these show the same type of clustering as was observed for prolate
ellipsoids.

As a final homage to the humble leaves we started out with in the introduction, we will end this discussion on buoyancy-driven motion where we started.
The first leaf depicted in figure 1 showed horizontal gliding. In this thesis we
observed similar behaviour for anisotropic particles with large aspect ratios;
prolate particles with j 4 were found to glide in spiralling motion with a
fixed inclination. This behaviour is also expected to occur for discs or other
flat objects when the centre of mass is shifted perpendicular to the pointing
vector, inducing a fixed particle alignment with gravity. We further uncovered
that the fluttering behaviour of the second leaf in the introduction could be
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induced by either resonance due to centre of mass offset or when the particle
geometry is oblate. This is further suspected that this fluttering behaviour
can also occur when the moment of inertia is very low. The third leaf fell
straight down, which actually does not happen too often for rising particles
(for one because they go up), but we did manage to get them to rise straight
by inducing strong CoM offsets. The final leaf was very adventurous and was
tumbling and flipping to its heart’s content. Surprisingly, we observed this for
particles with a low level of anisotropy, where this is related to a low rotational
inertia and added mass, however there still is strong coupling between surface
pressure and rotation. Thus we have managed to identify several important
parameters that govern this leaves and particles in general. With that, I am
well-contented and I will leaf it at that for now.
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Summary
Particle-laden flows are omnipresent in both industrial applications and nature. Here, we are primarily interested in two aspects; the first aspect pertains
to the transport, deposition, and preferential clustering of the particles themselves, the second aspect deals with how the presence of particulates affects
the fluid flow. These systems are very complex, therefore in this work we strive
to provide fundamental insight in the dynamics and kinematics of (buoyancydriven) particles at intermediate to high Reynolds numbers. We do this by
systematically investigating the relevant parameters: separating geometrical
and mass distribution related effects for rising (and to a lesser extend settling)
particles.
In the experiments we use 3D printed particles with varying geometries and
internal mass distribution in order to systematically scan the parameter space.
These particles are released in a quiescent or turbulent tank of water and
recorded using multiple cameras. These recordings are used to reconstruct 3D
translation and rotation, obtaining all 6 degrees of motion of the geometry as
it moves through the fluid. Using these data we obtain particle (rotational)
velocity and acceleration, and the associated fluid forces and torques acting
on the body.
First of all, it is revealed that the dynamics of spheres are extremely sensitive
to offsets of the centre of mass (CoM), which can be caused by any number of
small inhomogeneities or defects in the sphere material. This novel parameter
is found to introduce a rotational “pendulum” timescale into the equations of
motion that interacts with natural particle rotation due to vortex shedding.
The effect on both rotational, and remarkably translational parameters such
as drag and amplitude and frequency of the path oscillation, is dramatic and
can explain the discrepancies in literature data. Furthermore, this principle
explains one of the reasons why settling and rising particles with CoM offset
behave differently.
Secondly, it was found that the particle rotational moment of inertia (MoI),
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surprisingly, only plays a very minor role in dictating the kinematics and dynamics. A higher MoI was found to be associated with slightly lower drag,
particle rotation rate, and amplitude of the path oscillations, but it did not
affect the frequency which remained governed by the vortex shedding time
scale. We uncovered two regimes of motion for spheres at high Reynolds numbers dependent on the particle-to-fluid density ratio; at low particle-to-fluid
density ratios we found a spiralling motion, at high particle-to-fluid density ratios 3D chaotic motion was found. Furthermore, MoI did not alter the regime
transition as was suspected previously.
Thirdly, the effect of geometrical anisotropy was investigated by varying the
aspect ratio of spheroids from prolate (needle shaped) to oblate (disk shaped).
All particles used had the same volume and density, thus the same buoyancy
force, only the geometry was varied. As a function of particle shape a rich
menagerie of distinct behaviours was observed and documented. Among these,
the tumbling of particles close to spherical and the spiralling of extremely
prolate shapes, stood out as unique. Additionally, we found that the drag of
more anisotropic particles can surprisingly decrease for prolate particles.
Finally, neutrally buoyant prolate ellipsoids in Taylor-Couette turbulence were
numerically studied in the Taylor-, wavy-, and turbulent vortex flow regimes.
We found different particle preferential concentration based on these regimes,
as well as based on the particle-size. The alignment of these particles was
found to be of particular interest and depends very sensitively on the flow
state and structure.
Concluding, we systematically investigated several dominant degrees of freedom pertaining to particle mass distribution and particle geometry for buoyancydriven particles. Our findings regarding particle behaviour and dynamics,
along with the documented global properties, can be used for modelling these
types of particles in particle-laden flow simulations. It also provides new fundamental insight in the dynamics and kinematics of buoyancy-driven particles
in general, that hopefully will prove useful in unravelling the complexities inherent in this field. We uncovered a new important parameter that can affect
the motion of buoyancy driven particles in the centre of mass offset. This
parameter can be used as a design parameter to obtain the desired particle
behaviour. Large quantities of these particles can then be used to generate
a turbulent flow or modify its properties, hopefully resulting in the ability to
shape the turbulent flow in order to optimize mixing of passive or active scalar
fields in the flow.

Samenvatting
Vloeistofstromingen die deeltjes bevatten zijn zowel in de natuur als in industriële
applicaties alomtegenwoordig. In dit proefschrift zijn we met name geïnteresseerd
in twee aspecten: het eerste aspect betreft het transport, de sedimentatie, en het
clusteren van de deeltjes zelf, het tweede aspect gaat over de wijze waarop de deeltjes
de stroming beïnvloeden. Dit type systeem is zeer complex. Daarom streven we
ernaar om fundamenteel inzicht te verschaffen in de dynamica en kinematica van
zwaartekracht-geïnduceerde deeltjes voor gemiddeld tot hoge Reynolds-getallen. We
doen dit door de relevante parameters systematisch te onderzoeken.
Tijdens de experimenten gebruiken we 3D geprinte deeltjes met verschillende vormen
en interne massaverdelingen, teneinde systematisch de parameterruimte te kunnen
verkennen. Deze deeltjes worden losgelaten in een watertank met stilstaand water in
het ene geval, en een turbulente stroming in het andere geval. Tijdens het stijgen
of zinken van de deeltjes worden ze gefilmd door meerdere cameras. Deze videoopnamen worden gebruikt om de translatie en rotatie van het deeltje te reconstrueren,
waardoor informatie over alle zes vrijheidsgraden wordt verkregen. Gebruikmakend
van deze gegevens kunnen we de (rotatie-)snelheid en acceleratie meten alsmede de
bijbehorende krachten en momenten die werken op het deeltje.
Ten eerste blijkt, dat de dynamica van bollen extreem gevoelig is voor een excentrisch massamiddelpunt (CoM). Dit wordt veroorzaakt door kleine afwijkingen in het
materiaal waaruit de bol vervaardigd is. Deze nieuwe parameter introduceert een
rotatie gerelateerde “slinger”-tijdschaal in de bewegingsvergelijkingen. Deze slingertijdsschaal interacteert met de frequentie van het loslaten van wervels achter de bol.
Deze interactie leidt tot gemodificeerde rotaties, maar verrassend genoeg ook tot
translaties van de bol, en resulteert daarmee in een sterke modificatie van de weerstand en de frequentie en amplitude van de zwenkingen van het pad van de bol. Deze
modificaties van weerstand en het pad kunnen mogelijk een verklaring bieden voor
de verwarrende resultaten in de vakliteratuur. Verder is het mogelijk om met CoM
offset de verschillen tussen stijgen en zinken te verklaren.
Ten tweede hebben we ontdekt, dat het traagheidsmoment (MoI), verrassend genoeg,
slechts een bescheiden rol speelt in het dicteren van het gedrag van stijgende bollen.
Een hoger MoI is wel geassocieerd met lagere weerstand, rotatie, en amplitude van
het pad, maar de frequentie van de oscillaties is niet gewijzigd en is nog steeds gelinkt
aan het loslaten van wervels in het zog achter het deeltje. We vinden twee regimes in

181

182

SAMENVATTING

de beweging van de bollen afhankelijk van de ratio van dichtheid van de bol en die
van de vloeistof. Voor lage dichtheden van de bol vinden we een spiraalvormige baan
en voor hoge dichtheden beschrijft het deeltje een chaotische 3D baan. Deze transitie
tussen de regimes lijkt niet beïnvloed te worden door het MoI van het deeltje.
Ten derde is er onderzoek gedaan naar het effect van geometrische anisotropie door
de vorm van sferoïden te variëren van prolate (naaldvormig) tot oblate (schijfvormig).
Alle deeltjes hebben echter hetzelfde volume en dezelfde dichtheid, waardoor de opwaartse kracht voor alle deeltjes gelijk is en alleen de geometrie wordt veranderd.
We zien en documenteren een grote verscheidenheid in het gedrag van deze deeltjes
veroorzaakt door de geometrie. Twee unieke regimes waren het tuimelen van deeltjes
die bijna, maar niet helemaal, bolvormig waren en de spiraalvormige banen van sterk
naaldvormige deeltjes. Ook vonden we dat voor naaldvormige deeltjes de weerstand
verrassend genoeg ook omlaag kan gaan bij toenemende anisotropie.
Uiteindelijk zijn er numerieke simulaties uitgevoerd van prolate sferoïden in TaylorCouette-stroming. De deeltjes hebben dezelfde dichtheid als de vloeistof. De onderzochte Taylor-Couette regimes zijn de Taylor-, wavy-, and turbulente vortex stromingen. Afhankelijk van de stromingsregimes verspreiden de deeltjes zich over verschillende locaties in de stroming. De grootte van de deeltjes ten opzichte van de wervels
heeft speelt hierin ook een belangrijke rol. De oriëntatie van de deeltjes hangt sterk
af van de structuur en het regime van de stroming.
Samenvattend: we hebben systematisch onderzoek gedaan naar een aantal vrijheidsgraden betreffende de geometrie en massadistributie van zwaartekracht gedreven deeltjes. De bevindingen betreffende het gedrag en de dynamica van deze deeltjes, samen
met alle gedocumenteerde parameters, kunnen worden gebruikt voor het modelleren
van dit soort deeltjes. De resultaten verschaffen ook nieuwe fundamentele inzichten in
de dynamica en kinematica van zwaartekracht-gedreven deeltjes die hope-lijk kunnen
bijdragen aan verklaren van het complexe gedrag. In het begrip excentrisch massamiddelpunt hebben we een nieuwe parameter gevonden die van cruciaal belang is
in het dicteren van het gedrag van stijgende of zinkende bollen. Deze para-meter kan
gebruikt worden als een ontwerpparameter om gewenst gedrag van bollen te genereren. Grote aantallen van deze deeltjes kunnen dan worden gebruikt om turbulentie
te genereren of te modificeren. Dit kan hopelijk leiden tot de mogelijkheid om turbulentie te “ontwerpen” en te optimaliseren voor specifieke taken zoals het mengen van
actieve of passieve scalaire velden in de stroming.
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Jessica, our trip to India under supervision of our guide Srinidhi was absolutely stunning. Watching Bahubali with Sri, in the proper order of course, inside ICTS Bengaluru made it feel extra special. I cannot watch that movie without thinking back to
those moments. I would also like to thank you for the many walks we enjoyed talking
about everything and nothing. I have never met anyone who was as enthusiastic about
Splatoon as you (I do not know if that is a compliment or not). Another favourite
was of course the Yu-Gi-Oh card game. I just want to say I only lost because Kaiba’s
deck was a lot better than Yugi’s, no matter how hard you believe in the heart of
the cards. On a serious note, you are a very nice person and very social, connecting
many people in the group. Thank you for being you.
Dennis2 + Chong Shen, our intermittent but frequent nightly games were absolutely
amazing. Molag Ba’al will not forget the fun we had together, the stories, the laughs,
and many a fine ale we shared while trying to save Gloomhaven. Even though after
many years we did not succeed in finishing the campaign, the time was well worth
it. DvG: you a great a great researcher, tinkerer and engineer as well as a very good
friend. DB: You have impressed me so much. You have so many talents, skills and
interests and have made me strive to be more like that. I will never dive into a
cramped cave, no thanks! CS: My friend! You have left for England some time ago
and started a completely new chapter of your life. I wish you and your young family
all the happiness in the world. We here in the Netherlands miss you, you are a good
friend. Also my thanks for introducing me to bouldering, if you do not watch out I
will soon out-climb you!
Over the course of my years at PoF I also spend a lot of time helping to make PhD
movies, as Dominik always kindly reminds me. The process was so much fun and it
was well worth the time-investment. Carola, if you were not such a great researcher
you would have made a fierce director. It was always a lot of fun to work on a movie
with you.Anja, shortly after you joined PoF we had you act in a movie right away.
I apologise for this strange first impression of our group. Also thank Lukas: he was
the best extra we ever had. Pim B, you made a great Myrthe to my Pieter, you will
always hold a special place in my heart. Myrthe, you also got to play Pim during his
movie. During this you really blew my mind with your saxophone skills; truly out of
this world. During the making of these movies I really got to know a lot people at
PoF, it was fun to work with all of you!
Pierre, man, where to begin. I think we are quite a bit alike, at least when we are a
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couple of glasses of beer (or wine) in. I enjoyed our random conversations a lot and
I think we made a lot of very good philosophical discoveries that we then promptly
forgot again. Also thanks to you and Charu my bouldering skills got better, at least
before the pandemic. As I write this my hands are torn open from my first two
sessions after the lockdown, thank you for getting me addicted. I will keep going and
maybe one day in the future we can do some proper climbing. Maaike, you started
your masters assignment in the PoF group on the same day I started in the group;
April first. When you got your diploma, obviously well deserved, I was relieved since
we were not hired as a joke. You went on to do a PhD and our frequent chats were
always very enjoyable! We laughed a lot together. I was also happy to work with you
teaching and organising the fluid physics lab course. It was a lot of work but very
rewarding. The best of luck in the final year of your PhD. Anaïs, I really enjoyed
you enthusiastically explaining your experiments and results. However, the thing I
appreciated most was your passion for loose leaf tea which most likely even exceeded
my own. On that note, Yanshen, thank you for bringing me some of the nicest tea
back from China. That was a gift I was not worthy of, I am glad we got to enjoy it
together. Biljana and Vamsi, thank you for taking me karting on several occasions.
It was a lot of fun. Also Oktoberfest, enough said. Saeed, you are a fun person to
be around. I would appreciate it if you stopped trying to make me drink al the weird
chemical concoctions you brew up. You-an, Çayan and Simon, I am saddened that
we did not get to hang out more due to the pandemic. Hopefully we will get the
chance to a bit more of that in the future. Best of luck to you on your projects, I’m
looking forward to seeing the results! Ricardo, we had a good time at the PIV course
in Göttingen. If you ever organize the Super Smash tournament invite me! Vatsal,
you have to teach me your epic javelin-throwing style of playing pool. I have never
seen anything quite like it. Also, a guy who has a supply of good whiskey cannot be
a bad person. Diana, we always used to meet in the biolab, sorry for scaring you on
several occasions when you were listening to music. Pim W, you will be taking over
the all important task of providing the group with coffee beans. This you should take
very seriously. There are some people in the group, who I will not name and shame,
who will go bananas if there are no beans, so be careful. As a fellow water tunnel lab
person I wish you all the best on your project. May the dice role in your favour, nat.
20s only.
Of course the importance of PoF United cannot be overstated, our lunch futsal
matches formed a welcome distraction during the hours of data analysis and writing
of papers. Robert, Youssef, Alvaro, Yaxing, Pallav, Pim W, Anja, Ambre, Mathijs,
Çayan, Marvin, Walter, Steven, Yibo, Maaike, Charu, Farzan, Uddalok, Alexander,
Nakul, Misha, Mazi, UJ, Ruben, Raymond, Myrthe and our captain Pieter; thank
you for all the good times and the nice goals.

Students

I was lucky enough to work with a number of students during my time at PoF. We
tried a lot of interesting things; some of them worked, some of them did not, but it
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was a lot of fun to work with you all! Rui, Kim, Jelle, Emiel, Jim, Aron, Luuk and
Timothy thank you for your hard work and dedication. Three of you are now pursuing
a PhD in our group, I am glad I did not scare you off! Rui, you were an intern when I
just started. I am of course very disappointed that you switched to numerics but you
are already doing amazing things, all the best of luck in the future. Luuk, we had a
lot of fun during your masters assignment together with Pim B and Sander. I do not
think I have seen a more complex setup than that, but you handled it extremely well.
You are a great person to work with and am happy you are continuing in PoF. You
will do very well if the TC does not give you too much trouble. Timothy, it still makes
me a bit sad that, due to the pandemic, we could not finish your master’s assignment.
I would have been really proud of that piece of work. Hopefully, we can continue on
that in the future. You are exceedingly clever and driven and I am certain you will
make a great researcher. Do not go too easy on Dominik, he needs someone to keep
him on his toes.

Woods Hole
During my PhD I was fortunate enough to spend a summer in Woods Hole, Massachusetts, as a Geophysical Fluid Dynamics research fellow. These were some of the
craziest and most intense weeks of my life and an absolute blast. I learned so much
and met so many interesting people from different backgrounds. During this I got to
work on a project with Pascale and Colm whom were ever so patient with me when
I was struggling working on a numerics project way over my head. I learned a lot
however and finally got to experience what it is like to work with a proper DNS code,
something that will no doubt be useful in the future.
The most I learned, however, from my fellow fellows; Alessia, Anuj, Samuel, Jeremy,
Kelsey, Lois, Channing, Andre, Wenjing, Wanying, Houssam, and honorary fellow
Salvador, you are all the best. I had a blast with each and everyone of you. The night
on the beach with the fire we somehow found and kickstarted was something out of
this world. Alessia and Anuj, we had so much fun together cooking and drinking
till the late hours of the night. These are moments that will stay with me forever.
Chris, we had a blast the first two weeks at Woods Hole, going as far as being told
by the director of WHOI to keep it quiet and get of his lawn. I think that is quite the
accomplishment. Now you have joined the PoF group as a postdoc which I was very
happy about. However, due to the pandemic we got to see each other very rarely.
A missed opportunity for more shenanigans, which we ought to make up for in the
future. Finally, I would like to thank the late Charlie Doering for teaching me about
softball, one of life’s most useful useless skills.

Friends and family

Marijn, zonder jou zou ik waarschijnlijk dit allemaal nooit hebben kunnen afmaken.
Onze lunch-wandelingen en gesprekken hebben er regelmatig voor gezorgd dat ik niet
helemaal gek werd. Als jij het komend jaar nog iemand nodig hebt tijdens jou laatste
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jaar dan ben ik er voor je.
Ik heb ook het geluk gehad om een aantal geweldige “echte” vrienden te mogen hebben,
zoals we vaak voor de grap zeggen. Yannick, we kennen elkaar al sinds groep 5, ik
geloof dat dat 23 jaar is. Dit toeval moet jij kunnen waarderen. In die jaren hebben
we zoveel dingen meegemaakt dat ik ze hier niet allemaal op kan noemen zonder nog
100 paginas extra te vullen. Ik zie jullie (Robin en Roy) ook echt nog steeds als
familie. Robin, jij was een bonus van mijn vriendschap met Yannick, maar zelf ben
je ook fantastisch. Als iemand nog naar chille muziek op zoek is: check Robin Yerah!
Mike, eeh ik bedoel Voss natuurlijk, we kennen elkaar sinds we aan IO begonnen en
zijn steeds betere vrienden geworden. Ik kan nog steeds niet geloven dat we door onze
IO bachelor heen zijn gekomen met hoeveel wij hebben lopen aankloten. Ondanks
je accent ben je een prima kerel. Ik hoop alleen dat als ik naar het buitenland ga,
dat je dan wel een keer langskomt, ook al is Amsterdam al een enorme reis voor jou.
Daphne, mijn zusje. Ik ben zo ongelofelijk trots op je. Nog steeds als ik over wiskunde
of natuurkunde met je praat voel ik me nerveus omdat je zoveel meer weet dan ik. Je
bent een geweldig persoon, super sterk en dapper. Alles komt helemaal goed, maak je
geen zorgen. Dank jullie allemaal voor onze online gaming avonden, de 8 uur durende
DnD sessies, en alle keren dat we gewoon gezellig bij elkaar kwamen. Jullie zijn stuk
voor stuk geweldig!
Verder wil ik ook mijn Oma bedanken. Je bent enorm sterk en eigenwijs en ik houd
zoveel van je. Ik vind het heel jammer dat je niet bij mijn verdediging kan zijn,
maar als je wilt kan ik het voor je naspelen! Verder had ik je een speciaal exemplaar
van mijn proefschrift beloofd, zodat je die kan laten zien aan alle medewerkers van
Lommerlust en aan al je collega-bejaarden. Als jullie dit lezen: deze oma is de beste!
Natuurlijk wil ik ook mijn lieve ouders Henny en Peter bedanken. Zonder jullie steun
gedurende al die jaren was ik nooit hier terechtgekomen. Jullie hebben me van jongs af
aan altijd proberen te inspireren en te motiveren en daar ben ik jullie enorm dankbaar
voor. Jullie zijn echt geweldig.
Mijn lieve Nathalie, ik ben zo blij dat wij elkaar uiteindelijk hebben leren kennen, en
dat terwijl we al een aantal jaar in hetzelfde gebouw wonen. Je maakt me echt zo
gelukkig en ik voel me enorm op m’n plek bij jou. Dank je voor al je steun tijdens de
laatste fase en ik zal proberen er net zo voor jou te zijn terwijl jij je project af maakt.
Ik houd van je en kijk uit naar ons volgende avontuur, wat het gaat worden.

