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transfer becomes relevant in the final phase [see s = 10
Fig. 11(c), Afin & 10]. Then, in approaching the liquid limit at
larger s, the translation mode loses all its impact and the
volume mode again dominates coarsening. In contrast to the
rigid limit, now no drop migration occurs [s = 10, Fig. 11(d)],
and Ag, approaches Ap,,x. The described intricate change from
volume transfer to translation mode and back can best be
appreciated in Fig. 12(b). Independently, of the non-
monotonic change in mode dominance, Fig. 12(a) clearly
indicates coarsening slows down with increasing softness.

To gain a deeper understanding of the transition between
modes, we perform a linear stability analysis for the alternative
constellation of a periodic drop array. Namely, two identical
drops of volume V are placed in a domain of finite size D = 200
at respective positions x = £D/4. The corresponding unstable
periodic steady two-drop state and its linear stability are
continued (using PDE2path). Starting at s = 10> in the rigid
limit, the softness is increased up to s = 10° in the liquid limit.
The resulting real eigenvalues corresponding to volume trans-
fer mode (the changes in film height profile are antisymmetric
w.r.t. the center line between drops) and translation mode
(symmetric changes in film height profile) of coarsening are
presented in Fig. 13 for three selected V. The blue curves
indicate the volume transfer mode, while red curves correspond
to the translation mode. The volume mode is strongest in the
rigid limit and decreases nearly monotonically with increasing
softness (up to the small dip after the strong step-like decrease
at intermediate softness s = 10'...10%). It further slightly
decreases overall with increasing drop volume, a change which
is more pronounced in the rigid limit.

By contrast, the translation mode is nearly absent apart from
intermediate softness where it develops a peak that becomes
more pronounced with increasing volume. In consequence,
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the translation mode eventually dominates the volume transfer
mode for sufficiently large drops at intermediate s in accor-
dance with our time simulations in Fig. 12(b). The dominance
of the translation mode in the range of intermediate softness
approximately coincides with the intermediate regime for the
“double transition” of static drops discussed in Section 3,
compare in particular, Fig. 6 at V = 100 to 1000 with
Fig. 12(b) and 13. It is in this regime that a prominent wetting
ridge occurs (cf Fig. 4(c)), through which the droplets interact
via substrate deformations. Hence, we indeed conclude that the
dominant translation mode is a direct consequence of the
Cheerios effect.

This is further confirmed by stability calculations as in
Fig. 13 for other domain sizes D (not shown). We find that
the critical drop volume V. where the translation mode first
becomes dominant at some critical softness s. increases with
increasing D. The corresponding s. always nearly coincides with
the left edge of the s-range where the second transition occurs
in Section 3. This agrees with the observed proportionalities

VVe ~ /¢ ~ T ~ D, where D, is the critical distance of the
contact lines of the two drops.

5.2 Case of drop arrays

Finally, we show that the developed model is also capable of
describing the coarsening dynamics of large drop ensembles.
Starting with a flat film of height #, = 3 on a rather large
domain (D = 5000), a small added noise initiates the early
spinodal dewetting process.®”'% It produces a large ensemble
of about 100-200 droplets which then undergo coarsening.
Fig. 14 gives an exemplary space-time plot showing part of
the domain and process for an ensemble of initially ~200
drops on a substrate of intermediate softness (s = 10%). The
subsequent Fig. 15 shows space-time plots of the positions of
all drop maxima for the same case of intermediate softness
and, additionally, for the rigid and the liquid limit at s = 10"
and s = 10%, respectively. The corresponding dependencies of
drop number on time are presented in Fig. 16.

Inspecting Fig. 15(b) (also ¢f the magnification in Fig. 14)
shows that at intermediate softness nearly all coarsening events
at early times occur by drop translation, i.e., two lines meet and

Soft Matter, 2021, 17, 10359-10375 | 10369


https://doi.org/10.1039/d1sm01032h

View Article Online

"INV 9€:7€:8 TZ0Z/9T/CT U0 SlLeM L 1R}SIBAIUN AQ papeo|umoq "TZ0Z 40100 6¢ U0 paus!iand


https://doi.org/10.1039/d1sm01032h

Published on 29 October 2021. Downloaded by Universiteit Twente on 12/16/2021 8:34:36 AM.

Soft Matter

softness s: —_ 107! ——— 102 e 104

0.00

yD

-0.05

A wet

-0.10

AY
-0.15
-0.20

-0.25

interfacial energy  (Feap +

~0.30 L L L n . L

0.020

Fa/D
\
1
1
J
1
)

0.015

0.010

elastic energy

0.005/ S
!

0.000

10? 103 10* 10° 100 107 108 10° 1010
time ¢t

energy that reflects capillarity, wettability and compressional
elasticity. The model has first been employed to investigate the
double transition that occurs in the equilibrium contact angles
when increasing the softness from an ideally rigid substrate
towards a very soft, i.e., liquid substrate.”” Both, the dependency
on softness and the scaling of the two transitions with drop
volume given by our model, closely resemble the behaviour
observed in ref. 22 with a full elasticity model for drops of contact
angle p/2 on thick incompressible elastic layers. In particular, the
scaling of the typical softnesses where the two transitions occur
with drop volume and the scalings of the wetting ridge height
with softness in the different regimes agree very well. This very
promising qualitative agreement should in the future be quanti-
fied by numerical models based on fully nonlinear elastic theory,
in the limit of small contact angles; this would enable to deter-
mine effective parameters for the present long-wave model in
terms of experimental parameters. Alternatively, one can attempt
to include a more realistic elastic energy into the long-wave model
by adopting the more intricate Green’s functions described in the
Appendix. Of specific interest would be to consider how the
incompressible limit is approached.”® This limit is relevant for
experiments, as elastomeric substrates are essentially incompres-
sible, but is precisely where the Winkler model breaks down. Still,
the identification of the softness parameter in Section 2 appears
to correctly capture the phenomenology of the static contact
angles.

Second, we have investigated the spreading of a single drop
of partially wetting liquid on elastic substrates. Dependencies
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of the dynamic contact angle on contact line velocity have been
studied for different softness. Depending on the time scale
ratio between elastic and liquid dynamics different scales could
be introduced that allow to collapse sub-sets of curves. These
rescalings are directly rooted in the considerations in ref. 6 and
31 and indicates, that the dissipation in the substrate is
dominant and increases with softness, ie. that viscoelastic
braking is present.'>"* Beyond that, the simplicity of our model
allowed us to also investigate the case of completely wetting
liquids. We find that viscoelastic braking is present in the
completely wetting case as well, in contradiction to ref. 30.
However, this effect is rather small and such is the shift
between the curves for dynamic contact angles (Fig. 10) due
to the less distinctive wetting ridge.

Third, we have considered the coarsening dynamics of a pair
of drops and of large ensembles of drops. In the case of two
drops we have found that the dominant coarsening mode
nonmonotonically changes when increasing the substrate softness.
In both, the rigid and the soft limits, the volume transfer mode
of coarsening (mass transfer mode, collapse mode, diffusion-
controlled ripening, or Ostwald ripening) dominates while
at intermediate softness the translation mode of coarsening
(collision, coalescence, migration mode) dominates for suffi-
ciently large drops. As such, the model recovers the “inverted
Cheerios effect”, describing interaction of liquid drops mediated
by elastic deformation of the solid substrate*® (in contrast to the
Cheerios effect describing interaction of solid particles on a liquid
substrate). In the rigid limit the volume transfer mode is accom-
panied by migration of both drops into the direction of the
smaller one in accordance with literature.®®** Although, the
nonmonotonic change in mode dominance has mainly been
investigated by time simulations, it has furthermore be confirmed
through a linear stability analysis for a closely related unstable
steady two-drop constellation.

Based on the results on two-drop coarsening, finally, we
have considered large drop ensembles and found that the
change in dominance of the coarsening mechanisms can be
found there as well. However, the strength of the translation
mode decreases faster with increasing separation of the drops
than the strength of the volume mode does. Hence, the
translation dominated regime ends at a critical value as the
drop number decreases and the mean distance between the
drops becomes too large. As the initial drop contribution
emerges from a dewetting film the number of drops at the
beginning of the coarsening process is not controlled. Indeed
the initial drop number was found to increase with increasing
softness, which might be reasoned by the reduced width of
drops that (partially) sink into the substrate. It will be interesting
to apply the model in the future to investigate the coarsening of
large ensembles of drops on a two-dimensional substrate.

Beside of direct extensions of the presently studied examples,
the presented model can be directly applied to a number of
different situations, e.g., to study the sliding of individual drops
under lateral driving, e.g., on an incline. Further, the model lends
itself easily to the investigation of moving contact lines on elastic
substrates, e.g, in a Landau-Levich geometry.'*>'* This allows
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one to investigate the appearance of stick-slip cycles as experi-
mentally observed in ref. 9, 36 and 103. In its present form the
model can be employed as an element of more complex models to
study the interaction of complex fluids with soft substrates. For
instance, it may be combined with thin-film models of active
media®>'** or biofilms'® to investigate the motion of active
drops on soft substrates'®® and the growth of biofilms and cell
aggregates on such substrates.'*”'%%

Finally, we point out that the presented qualitative model
may be expanded in a number of ways. One can explicitly
introduce the effect of finite thickness on sliding,** which also
enables one to study phenomena such as durotaxis.*®'*
Furthermore, it will be interesting to see how the approach
can be expanded to incorporate a description of the Shuttle-
worth effect, to account for substrate stretching,>** bending
elasticity,”® or to systematically account for other rheologies
and incompressibility of the elastic layer.® The latter should
then allow one to capture drop-drop repulsion and attraction
via the inverted Cheerios effect®® not only the attractive case as
the present model.

The data that support the findings of this study are openly
available."°
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Appendix A: elastic energy per area
in the framework of linear elasticity

In this Appendix we discuss how elastic energy functionals can
in principle be derived from the theory of linear elasticity. The
central objects in elasticity theory are the displacement vectors
u. When varying the displacement at the free surface, one
performs a mechanical work that is equal to the stored elastic
energy. Hence, the energy can in principle be expressed as a
functional of u at the free surface. In the case of linear
elasticity, this energy must be of quadratic form,

Fo = %Gszdezx’u(x) SK(x = X) - u(x). (21)

In this expression G is the elastic (shear) modulus while K is a
Green’s function for an elastic layer that we assume to be
homogeneous.

We will now restrict ourselves to the case where the interface
is shear free, and use that for small displacements u,(x) ~ A(x).
Then, the elastic energy can be inferred from the interface
shape

Fy = %GJ'&deZx’K(x — X)), (22)

where now K is a scalar Green’s function, relating normal
displacement to normal stress. Explicit calculation of the
Green’s function requires solving the bulk-elastic problem
inside the layer. In case the problem is invariant along y, the
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Green’s function is known analytically in the form of a Fourier
transform:"'"""?

(1-v) (3 — 4v) sinh(2¢d) — 2qd
q | (3—4v)cosh(2¢qd) +2(qd)? + 5 — 12v + 82
(23)

Here it is given as an inverse of the Green’s function, which
maps the traction to the displacement (while K (g) maps the
displacement to the traction). It is of interest to consider some
limits. In the short-wave limit (gd c 1), we find

K(q)' =

R(q) ' =

Fi (1)
In real-space this inverse Green’s function is a logarithm
(i.e. the surface displacement A(x) due to a point force is
logarithmic on a half-space). In the long-wave limit (gd € 1),
the limiting behavior depends on the Poisson ratio. For v # 1/2,
we find

d(1—2v)

R(q)™ =0

(25)
which is independent of g. This implies that the real-space
Green’s function is a d function, Ze.

K(x) = Hd(x). 26)

We notice from this expression that there is a problem at v = 1/2,
so that an incompressible layer cannot deform under long-wave
tractions. This property is a consequence of K (g = 0)™' = 0.
Therefore, the long-wave expansion for incompressible media
needs to go to the next order, to yield

d3

K(g)™' = ?‘127 (27)
which in real space implies
d* 0%p
) = g2 (28)

Note the resemblance with the viscous thin-film response
1*/(32)q.p: the Green’s function in elasticity plays the role of
the mobility in viscous fluids.

We thus conclude that the assumption of a Green’s function
that is a d function is rigorous in a specific limit: the long-wave
limit gd € 1 for compressible layers (v # 1/2). In that case, the
elastic energy reads

12G(1 —v)

Fa=5 mjdth(x)z, (29)

which is identical to eqn (6) in the main text. In this specific
limit, we recover the connection
2G(1 —v)

ky =——"—=. 30

Y d(1 - 2v) (30)
Notice once again that the formulation does not apply for
incompressible layers (v = 1/2). Another implicit assumption
here is that we ignored any horizontal displacements that
can be caused by shear stress induced by the fluid. In the
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considered long-wave limit, however, one can argue that shear
stress is asymptotically small compared to the pressure.
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