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Abstract

Electron–electron interactions can be useful for realizing new nontrivial topological phases of
matter. Here, we show by means of a tight-binding model and mean field theory how
electron–electron interactions can lead to a topological phase transition. By externally adding
or removing electrons from the system a band inversion between two bands with different
parity is induced. This leads to a topological nontrivial phase if spin–orbit coupling is present.
Besides the toy-model illustrating this mechanism, we also propose SmB6 as a possible
playground for experimentally realizing a topological phase transition by external tuning.
Keywords: electron–electron interactions, topology, tight-binding model, mean field theory,
external tuning, spin–orbit coupling, SmB6
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particle picture where a band inversion leads to a non zero Z2
invariant [11].
Furthermore, since the discovery of topological quantum
chemistry [12], most topological insulators based on the noninteracting picture are predicted and understood. So, in the
search for new topological phases in materials, studying electron–electron interactions seems a promising direction.
Although some theoretical research has been done on topological phases in correlated materials [13–18] and topological
phases induced by correlations [14, 19], an interaction driven
topological phase is experimentally limited to the topological
Kondo insulator SmB6 [20, 21]. On the theory side literature
distinguishes two types of interaction driven topological phase
transition: systems with and without spin–orbit coupling.
For example, Raghu et al [22], reported a system in which
nearest and next-nearest neighbour Coulomb repulsion leads
to spontaneous symmetry breaking, resulting in a system similar to Haldane [23]. In this system spin–orbit coupling is
unnecessary for a topological nontrivial phase and can be
replaced by electron–electron interactions. However, this particular system, and other similar systems only seem to be realized experimentally on optical lattices and not in materials
[24–30]. Other theory studies also predict interaction induced

1. Introduction
Electron–electron interactions in material systems give rise to
rich phase diagrams and offer the possibility to tune between
those phases by for example doping [1–3]. These phases are
characterized by their transport properties, crystal structure
and magnetic properties. Since the discovery of topological
order of electronic band structures this also became an important phase of matter [4, 5]. A topological nontrivial phase
gives rise to dissipationless edge states and spin-momentum
locking, which are interesting properties for new types of
electronics. So far, topological insulators have been realized
experimentally in HgTe quantum wells, bismuth selenide,
bismuth telluride, antimony telluride and other related compounds [6–10]. All these materials are understood in the single
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topological phases, but spin–orbit coupling is still necessary
to open up a gap [31–33]. Interactions are then important to
renormalize different bands, resulting in a topological phase
[19, 34].
Here we show how a system with spin–orbit interaction and
a Hubbard U like electron–electron interaction can lead to a
topological phase transition. This simple toy-model shows the
basic principle behind a ‘interaction driven phase transition’,
which also applies to other systems were spin–orbit coupling is still a driving force. The model also shows how electron–electron interactions can be exploited to induce a topological phase transition by external tuning of the electron filling in a correlated band. We formulate requirements for such a
system and discuss how SmB6 could be a possible playground
for showing this mechanism experimentally.

system directly depends on the orbital energies of the s and
px ± ipy orbitals. Interactions renormalize this term and force
a topological phase transition.
Now we extend the BHZ model by including onsite electron–electron interactions in the lower lying p like band:

n̂ p,i,↑ n̂ p,i↓ ,
HU = U

2. Tuning by electron filling

where nα,σ  is the average occupation of orbital α with spin
σ and χ = ĉ†i↓ ĉi↑ , stemming from the exchange term in the
mean field approximation of the Hubbard Hamiltonian. The
constant terms in this approximation are omitted. In the case of
co-linear magnetic order χ = 0, on the other hand, for finite χ
the spin up and spin down channels mix, resulting in a spin split
band. The nα,σ  terms renormalize the onsite orbital energy,
as a consequence of electron–electron interactions.
This system is solved self-consistently under the constraint that:

nα,σ ,
(1)
n=

i

where n̂α,i,σ = ĉ†α,i,σ ĉα,i,σ is the density operator of orbital α at
site i with spin σ. In the mean field picture this term reduces
to:
⎛
⎞
0
0
0
0
⎜0 n p,↓  0
χ ⎟
⎟,
HU = U ⎜
⎝0
0
0
0 ⎠
0 n p,↑ 
0
χ†

In the presence of spin–orbit coupling, interactions can lead to
a topological phase transition in the following way: the band
populated with electrons will get an energy penalty, due to the
repulsive electron–electron interactions, this pushes the band
upwards. When the band is pushed through another band with
a different parity and hybridizes, a topological phase transition occurs, provided that spin–orbit coupling is present. On
the other hand, an attractive interaction would push the band
downwards when adding electrons, which can also result in a
topological phase transition. However, in this case the position
of the Fermi level is unfavourable. So, here, the discussion is
limited to a topological phase transition due to repulsive electron–electron interactions, which will be elaborated further on
by means of the two-dimensional Bernevig–Hughes–Zhang
(BHZ) model [35].
The BHZ model considers a two-dimensional square lattice, with the following four spin–orbit coupled orbitals: |s, ↑,
|px + ipy , ↑, |s, ↓, |px − ipy , ↓. In this basis the BHZ Hamiltonian is obtained with the tight-binding method and takes the
following form:


h(k) =

where n the average number of electrons per unit cell. Since
one unit cell consist of two orbitals with double spin degeneracy, n = 1 corresponds to quarter filling and n = 2 to half
filling. Here we use the electron filling as an extra ‘knob’ to
tune the system through a topological phase transition, this
is illustrated in figure 1. For n = 1 the system is in the trivial state with the Fermi level laying in the px ± ipy band
(blue). By adding extra electrons into the unit cell the electron onsite energy of the px ± ipy band is renormalized and
pushed through the s band (red). As a result, the two bands
invert. For n = 2 the Fermi level shifts inside the gap and the
system becomes a topological insulator.
For n = 1 the spin degeneracy of the p bands is lifted due
the exchange term. This is reflected in a finite value of the order
parameter χ. For n = 2, χ vanishes independently of the value
of U and m. This is shown in figure 2, which shows the value
of χ for m = 5 and different fillings n. In all the calculations
χ = χ† and the quantitative results are similar for different values of m. Figure 2 shows that only for large U and half filling
χ has a nonzero value.
For constructing an approximate phase diagram χ ≈ 0 is
assumed. In this way, the phase boundaries for a band inversion
are calculated using the requirement 0 = 2m − 4tss − 4t pp +
Un p,↓  as discussed above, but now with the renormalized
mass term. This equation is solved self consistently for m for
a given n.
Figure 3 shows the phase diagram of the filling parameter n versus the mass term m for different values of U. When
no electron–electron interactions are present, U = 0, the phase


h(k)
0

HBHZ =

α,σ

0
h∗ (−k)

s − 2tss (cos kx + cos ky )
2tsp(sin ky + i sin kx )

2tsp(sin ky − i sin kx )
 p + 2t pp(cos kx + cos ky )



where s and  p are the onsite orbital energies of the s and
px ± ipy orbital respectively. tss , tsp and t pp are the hopping
integrals between the s–s, s– p and p– p orbital respectively.
We set tss = t pp = 1 and tsp = 0.5. The values for the hopping parameters can be arbitrarily chosen and do not influence the qualitative findings of this work. We define  p = −m
and s = m, such that the p like band lies below the s band.
Consequently, the energy gap at the Γ point is given by Δ =
2m − 4tss − 4t pp. Band inversion between the p and s band
takes place when this gap is smaller than zero. Similar reasoning for the case when the p band lies above the s band
gives the requirement | 12 (s −  p)| < 2tss + 2t pp for a topological non trivial phase [11, 35]. So, the topological state of the
2
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Figure 1. Band structure for U = 4, m = 5.4 and different fillings n. The Fermi energy is indicated by the dashed line. The blue color

indicates a px ± ipy like band, while a red color indicates an s like band. By adding electrons the system can be tuned to a topological
nontrivial phase. For n = 1 the order parameter χ > 0, which results in a spin split band. For n = 1.4 and n = 2χ vanishes.

Figure 3. Phase diagram of n versus m. The shaded region indicates
the band inverted regime. When the bands are inverted and n = 2
the system has a nontrivial topological phase. The phase boundary is
indicated for different values of U.

band, which can results in a band inversion with a single spin
band at slightly lower fillings. However, as shown in figure 2
the region of this inaccuracy is small.
3. SmB6 as possible playground
Figure 2. Order parameter χ as function for U for different fillings

n at m = 5.

SmB6 is known as a topological Kondo insulator [20, 21]. The
d and f bands cross and hybridize such that a gap opens. Since
this systems involves correlated d and f bands, it might be an
interesting system to study the mechanisms described above.
To see the influence of the electron filling on this system the
model by Alexanderov et al [36] is used and adapted. The
model is similar, but the interactions are taken into account as
described above. The Hubbard repulsion is set to U d = 4 eV
and U f = 6 eV and the energy difference between the d and
f bands is set to 12 eV. Figure 4 shows the electronic band
structure for n = 4 and n = 5. For n = 4 the system is a topological Kondo insulator, as indicated by the parity change at
the high symmetry point X. This would be the expected filling
for SmB6 . When the filling is changed the d bands get filled
and will be lifted out the f bands, resulting in a transition to
the trivial state. So, with doping and electrostatic gating SmB6

diagram reflects the conventional requirement for a band inversion and, consequently, a topological phase at a filling of
n = 2. When interactions are turned on, the regime in which
the system has a nontrivial topology is extended. Interactions
also enables the possibility to tune the system through a topological phase transition by changing the filling at a fixed m.
This is what is shown in figure 1. Notice that only at an electron filling of n = 2 the Fermi level lays inside the gap and the
system can be considered a real topological insulator according to the Fu–Kane parity criterion. For other fillings the Fermi
level lays inside a band and is said to be metallic. For half filling and large U, the phase diagram might be slightly inaccurate
due to assumption of χ ≈ 0. A finite value of χ shift one spin
3
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materials like the perovskite materials LaCuO3 and LaAgO3 .
Electronic structure calculations without interactions of these
materials show that the almost filled eg orbitals lay close to the
La 4 f orbital band [37, 38]. However, when interactions are
taken into account, these systems become insulators and the
4 f electrons move way up in the conduction band [38]. This
example shows that the transition metal oxides might not be
the right material type, because the Hubbard U is too large,
resulting in spin split bands.
Another material class involving d and f bands are the
Kondo insulators. Here we discussed the topological Kondo
insulator SmB6 as a possible playground as a proof of principle system. Starting with the topological insulating phase in
SmB6 , adding electrons via doping could lift the d bands out
of the f bands, electrostatic doping then might act as an extra
knob to force a topological phase transition. This top-down
approach has as an advantage that the bands are already close
in energy and maybe a lot of doping can be avoided. However,
it remains an open question if the energies U d , U f and the
energy difference between the d and f bands in SmB6 have
to correct magnitude to externally tune a topological phase
transition.
In summary, the presence of electron–electron interactions
enables the electron filling to be used as an extra parameter to
control a topological phase transition. More detailed calculations on different material systems should be done in order to
see if this mechanism can be realized experimentally.

Figure 4. Band structure of SmB6 obtained with the adapted
tight-binding model of reference [36]. For a filling of n = 4 the
material is a topological Kondo insulator (a). For n = 5 the d bands
are lifted outside the f bands and no band inversion takes place (b).

might be a good starting point in exploring the possibilities of
tuning topological phase transitions due to electron–electron
interactions.
4. Discussion
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In view of the BHZ model, electron–electron interactions can
alter the onsite energy of the different orbitals independently,
such that effectively the m parameter is tuned. Consequently,
the system can be tuned externally through a topological phase
transition by adding or removing electrons from the system by
for example electrostatic gating or doping. The toy model presented here exploits this mechanism. However, the question
remains if such a system is experimentally plausible. Figure 3
shows that the energy window of m where topological phase
transitions can occur is quite small, even for larger U. Furthermore, there is a large electron doping of one electron per unit
cell needed in order to force the topological transition.
Based on these observations, an experimental realization of
this toy-model should satisfy the following conditions: a large
spin–orbit coupling, a large electron–electron interaction and
two bands with different parity close in energy. With these
requirements in mind, a system in which the Fermi level lays
close to d and f bands seems a reasonable candidate.
However, there is one more important requirement: the
bandwidth (W ) of the tuned band should be larger than the
Hubbard repulsion (U). If U > W the spin degenerate band
splits in two spin bands separated by an energy of U. In
this case, adding electrons to the lower spin band will shift
the position of the upper spin band, avoiding the topological
gap opening around the Fermi level. In contrast, if U < W,
the band stays spin degenerate and adding electrons coherently moves the band upward. Resulting in a topological gap
opening around the Fermi level. This requirement excludes
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