Chapter 3

Model of the Robotic Elements

3.1 Tethering Link
In this book we address the control problem of tethered aerial vehicles from the
most generic point of view, deriving general and fundamental theoretical results that
can be then easily applied to several practical cases. For this reason, in Sect. 4.3 we
consider the aerial vehicle tethered to a moving platform by a generic link, either a
cable, a chain, a rope, a bar or a strut. All the considered links can be divided into
three major categories, schematically represented in Fig. 3.1:
(a) Links that can be only stretched, i.e., that can support only tensions. To this
category fall all the types of cable-like link, e.g., a chain, a rope, etc.
(b) Links that can be only compressed, i.e., that can support only compressions. To
this category fall all the types of strut-like link, such as a pneumatic suspension.
(c) Links that can be both stretched and compressed, i.e., that can support both
tensions and compressions. To this category fall all the types of bar-like link,
such as a beam, a pole, etc.
The main variables that describe a generic link are: the position of the edges given
by the vectors p1 ∈ R3 and p2 ∈ R3 , the unstressed length l0 ∈ R>0 and the intensity
of the internal force f L ∈ R. Other equivalent but still meaningful variables can be
defined: the length of the link l = p1 − p2  ∈ R and the normalized axis of the link
d = (p1 − p2 )/l ∈ R3 . Figure 3.2 shows the main variables describing a link.
When the link is pulled the internal force is called tension and f L > 0, whereas
when it is compressed the internal force is called compression and f L < 0. When
f L = 0 the link is slack. The easiest way to model the link is as a hybrid system
with two states: slack or non-slack, i.e., taut/compressed. When the link is slack and
f L = 0, the length of the link can be: (a) l ≤ l0 for a cable-like link; (b) l ≥ l0 for
a strut-like link; and (c) l = l0 for a bar-like link. In this condition the two ends of
the cable are treated as two independent systems, as done in [1, 2]. However, we are
not interested in this case since we shall design a controller that will keep away the
system from the slack state for the cable and strut-like link cases.
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Fig. 3.1 Three type of considered link. The red arrows indicate the external forces (or reaction
forces) that stretch or compress the link, according to the category
Fig. 3.2 Schematic
representation of a general
link and its main variables
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On the other hand, when the cable is taut or compressed, i.e., f L = 0, we assume
that the length of the link remain constant independently from the internal force,
l = l0 . This is equivalent to assume that, in the domain of interest, a non-slack link
is a rigid element whose elasticity and deformations are negligible. This assumption
is very common in the related literature review [3, 4], and is valid as soon as the
maximum internal force of interest is much smaller than the stiffness coefficient of
the link. Under this assumption we have that the internal force at the two ends are
opposite, and always along the link axis, f L2 = −f L1 = − f L d.
As also commonly done in the related state of the art, we assume negligible mass
and inertia of the link with respect to the one of the aerial vehicle. Also this assumption
is easily met using very lightweight links like kite cables or link structures based on
carbon fiber.
Nevertheless, one could use more complex models to describes all the previously
neglected effects. For example a spring-damper system can be used to better describe
the deformations of the link subjected to external forces. According to the particular type of link, even more complex and accurate models could be employed. For
example, in the case of a cable-like link, one can use a Standard Linear Solid model
(SLS) [5–7] consisting of a series of a spring and a parallel of spring-damper. This
model better describes the response delay due to the relatively slow microscopic
deformation process acting in the rope when some external forces are stretching it.
Furthermore, in order to also model flexibility of cables and the bending due to grav-
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ity, one could model it by a finite element approximation [7]. It consists on modeling
the link as a chain of elements, i.e., as a finite number of smaller links connected in
series, as done in [8, 9].
Although the previously mentioned models better describe the real behaviors of
the considered links, actually, the effects that they additionally describe with respect
to the simple mass-less rigid body model, are negligible in the domain of interest.
Furthermore, they are specific only for certain type of links. On the other hand, the
mass-less rigid body model is a general model that can be applied to the several
classes of link previously presented. Thus it is more suitable for the aimed control
objectives. This is why, for the sake of designing control and observer methods, we
choose this model to derive the equations of motion of the considered tethered aerial
vehicle (see Sect. 4.3). Nevertheless, in Sect. 5.4.2 we shall show that the proposed
methods based on the mass-less rigid body model are robust enough also considering
more accurate non-ideal models.

3.2 Unidirectional Thrust Vehicles
As usual, we start by defining an inertial world frame FW = {OW , xW , yW , zW }
where OW is its origin, placed arbitrarily, and (xW , yW , zW ) are the orthogonal unit
vectors. We consider zW parallel and opposite to the gravity vector. Then we define
the body frame F R = {O R , x R , y R , z R } rigidly attached to the vehicle and centered
in O R , the vehicle CoM. We consider z R parallel and opposite to the total thrust
vector. The position of O R and orientation of F R w.r.t. FW are described by the
vector p R ∈ R3 and the rotation matrix R R ∈ SO(3), respectively. Then we denote
by the vector ω R ∈ R3 the angular velocity of F R w.r.t. FW and expressed in F R .
The variables describing the vehicle are depicted in Fig. 3.3.
As already announced in Sect. 2.1.3, the vehicle is modeled as a rigid body with
mass m R ∈ R>0 and moment of inertia about O R , defined w.r.t. F R , described by the
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Fig. 3.3 Schematic representation of a collinear multirotor and its main quantitites. Although the
vehicle is represented as a quadrotor, actually it can be any collinear multirotor, such as an hexarotor,
octorotor, etc.
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positive definite matrix J R ∈ R3×3
>0 [10, 11]. The motion of the vehicle is controlled
by the coordinated action of four control inputs: (i) f R ∈ R≥0 is the intensity of
the total thrust applied in O R such that f R = − f R z R , which generates translational
motion, and (i) τ R = [τ Rx τ Ry τ Rz ] ∈ R3 is the total moment applied to F R and
expressed in F R , which generates rotational motion.
Similarly to Sect. 2.1.3, the dynamics of the system is computed applying the
Newton-Euler equations, thus obtaining Ṙ R = R R  R , and
m R p̈ R = −m R ge3 − f R R R e3
J R ω̇ R = −ω R × J R ω R + τ R .

(3.1a)
(3.1b)

This model is general and well describes the dynamics of the majority of unidirectional thrust aerial vehicles as ducted fan and multirotors vehicles with four or
more rotors. Indeed, (3.1) encapsulates all the nonlinearities and the underactuation
of unidirectional-thrust aerial vehicles. One can notice how, in order to apply a certain acceleration, the vehicle has to be oriented such that the total thrust vector is
oriented such to ensure an acceleration that is equal to the given acceleration plus the
gravity compensation. This shows the coupling between translational and rotational
dynamics.
Thanks to its generality, we will use this model to describe the dynamics of the
aerial vehicles considered in the following. However, how to practically generate the
total thrust and the torque will be treated in the following section.

3.3 Actuators
3.3.1 Thrusters
In this thesis we consider a particular class of unidirectional-thrust aerial vehicles. We
consider aerial vehicles that generate the total thrust and torque by the aerodynamic
forces and moments in turn generated by multiple collinear propellers. In practice, a
model for those systems is needed to map total thrust and torque into the real control
inputs.
Let us assume that the vehicle is endowed with n ∈ N≥4 thrusters. The generic
i-th thruster is rigidly attached to the main frame oriented as −z R , and its position is
given by the vector bi ∈ R3 with respect to F R . It is composed by a pair of brushlessmotor plus propeller. Making the propeller spin at a certain velocity wi ∈ R≥0 , it can
produce a force f i z R , whose intensity is equal to f i = c f wi2 , where c f ∈ R>0 is called
lift factor and depends on the aerodynamic properties of the propeller blades [10, 12–
15]. When a propeller is spinning, the resistance of the air generates some horizontal
forces on the blade, as well. Those drag forces, multiplied by the momentum arm
and integrated over the rotor, generate a moment about the rotor shaft, that in the
aerial robotics community is normally called drag moment. A reaction torque acts
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on the rotor in the opposite direction of rotation of the propeller. The latter in turn
generates a torque on the main frame of the vehicle that results to be proportional
to the square of the propeller angular velocity, i.e., τ i = ci cτ wi2 e3 , where (i) ci = 1
(ci = −1) if the i-th propeller angular velocity vector has the same direction of z R
(−z R ), i.e., the propeller spins CCW (CW) when watched from its top; (ii) cτ ∈ R>0
also depends on the aerodynamic properties of the propeller.
Finally the total thrust and torque applied to the vehicle frame are given by:
fR =
τR =

n


c f wi2

(3.2a)

(c f bi × e3 + ci cτ e3 )wi2 .

(3.2b)

i=1
n

i=1

In particular, for a quadrotor-like vehicle where, n = 4, bi = b[cαi sαi 0] with
b ∈ R>0 and α = (i − 1)π/2, ci = (−1)i and i = 1, . . . , 4, we have that


fR
τR



⎤ ⎡ 2⎤
cf cf
w1
cf cf
⎢ 0 −c f b 0 c f b⎥ ⎢w2 ⎥
⎥ ⎢ 2⎥
=⎢
⎣ c f b 0 −c f b 0 ⎦ ⎣w32 ⎦ .
w42
−cτ cτ −cτ cτ

F
⎡

(3.3)

Notice that the allocation matrix F is square and full rank, thus always invertible.
Once the desired total thrust and torque are computed, we can compute the spinning
velocity of each propeller that should be actuated to generate the desired control
action just by inverting (3.3).
In particular conditions such as strong wind or at a very high speed, other gyroscopic and aerodynamic effects such as drag and blade flapping should be considered [10, 12, 16]. Additional aerodynamic effects are the ground and ceiling effects
that arise whenever the vehicle flies close to a surface. However, as normally done
in the related literature, we do not consider those effects since they are negligible in
the domain of interest.
Furthermore, notice that the actuation model presented in (3.2) assumes that
the motors can actuate the desired spinning velocity instantaneously. Nevertheless,
changing the spinning velocity instantaneously would require an infinite torque that
is obviously practically unfeasible. One should instead add to (3.2) the dynamics of
the motor, both from a mechanic and electronic point of view [17], together with
the dynamics of the electronic speed controller (ESC). A system identification of
the overall closed loop system can be done to estimate the model parameters. Nevertheless, for control design purposes, we can assume that the spinning velocity
variations are limited in the domain of interest. Under this assumption and thanks
to the employed brushless controller [18] that guarantees minimal response times,
model (3.2) results a good approximation of the real behavior. On the other hand,
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more complex and realistic models, such as the ones mentioned before, can be used
for the validation of the theoretical results in a more realistic condition (see Chap. 5).

3.3.2 Link Actuator
In this thesis the link actuator is modeled as a cylinder that transform the rotational
motion of a motor to a translational motion, namely the variation of the link length.
In particular, in the case of a cable-like link, the cable is rolled on the cylinder, while
in the case of a bar-like link, the cylinder is a gear mechanism that moves back and
forward the link changing its length. The cylinder is moved by a motor that exerts an
input torque τW ∈ R about the longitudinal axis of the cylinder. We assume that the
rotational inertia and radius of the link actuator, denoted by JW ∈ R >0 and r W ∈ R >0 ,
respectively, are constant in the domain of interest. The dynamic of the link actuator
is
JW ϑ̈W = τW + f L r W ,

(3.4)

where ϑ̈W is the angular acceleration of the actuator. Since we are more interested
in the dynamics of the link length, we can easily describe it from (3.4). Assuming
no backlash we can write l = r W ϑW , thus
J¯W l¨ = τ̄W + f L ,

(3.5)

2
and τ̄W = τW /r W .
where J¯W = JW /r W
According to the real implementation some assumptions, like the constant inertia and radius might not hold anymore. However the model can be easily changed
accordingly.

3.4 Sensory Setup
To control the previous modeled aerial vehicles the knowledge of the state is needed
in most of the cases. In other words, the position, the linear velocity, the attitude and
the angular velocity of the vehicle have to be estimated from the available sensors,
in order to then compute the control action.
The most basic sensor available on practically all vehicles is the inertial measurement unit (IMU) [10, 19, 20]. It normally consists of an 3-axes accelerometer and a
3-axes gyroscope. The first measures the so call “specific acceleration”, namely the
acceleration of the vehicle with respect to the body frame minus the gravity vector.
Defining wacc ∈ R3 the measure coming from the accelerometer, and assuming that
the IMU is calibrated, centered at O R and its axes are aligned with the ones of F R ,
we have that:
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wacc = R
R (p̈ R + ge3 ).

(3.6)

On the other hand, the gyroscope, whose measurements are defined by the vector
wgyr ∈ R3 , directly measures, under the same assumptions, the angular velocity of
F R with respect to FW expressed in F R :
wgyr = ω R .

(3.7)

These two quantities are not enough to estimate the full time-varying attitude, because
the rotation along z R , is not observable in hovering conditions [10, 21]. This is why the
IMU is often equipped with a magnetomer that measures the ambient magnetic field
with respect to the body frame. In the absence of disturbances, the latter corresponds
to the known Earth’s magnetic field defined by the vector hW ∈ R3 . Under this
assumption, the magnetometer measurement, wmag ∈ R3 , is equal to:
W
wmag = R
Rh .

(3.8)

The combination of the previous three sensors is in principle sufficient to estimate
the rotational part of the state [22–25], i.e., the attitude and the angular velocity.
For estimating the rest of the state, i.e., the position and the translational velocity,
some other exteroceptive sensors are usually needed. Some examples are motion capture system (MoCap) for precise indoor localization, GPS and differential GPS for
outdoor environments, and various type of cameras for outdoor GPS-denied environments. Since the design of new localization methods using those kind of exteroceptive
sensors is not the focus of this thesis, we will model them as a direct measurement
of the configuration of the robot. Thus, defining wext the output measurement, we
have that:
wext = (p R , R R ).

(3.9)

The authors of [10] present the most popular methods to fuse all the mentioned
sensors in order to finally obtain a precise estimation of the full state.
However, in Chap. 4 (see Sects. 4.7 and 4.8) we shall show that for a tethered
aerial vehicle, those exteroceptive sensors are not needed to estimate the full state of
the system. Indeed, we found that, thanks to the link constraint, in a 2D environment
only an IMU is enough to retrieve an estimation of the fulls state (see Sect. 4.8).
On the other hand, in the 3D environment, we found that the minimal sensory setup
consists of a standard IMU and magnetometer, plus only some encoders to measure
the attitude of the link and its length (if not constant).
In order to model the measurement of an encoder let us define two frames F1 =
{O1 , x1 , y1 , z1 } and F2 = {O2 , x2 , y2 , z2 } such that O1 = O2 and x1 = x2 . Then we
have that:
wenc = θ,

(3.10)
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where θ ∈ R is the angle to make F2 coincide with F1 rotating it about y1 .
The models presented so far are the ideal ones and they will be used in the following
to design deterministic and almost globally convergent nonlinear observers. However,
in practice every sensor is affected by noise and biases. We will then rely on the proven
robustness of the designed observer to deal with those non-idealities (see Chap. 5).
Another approach would be to design a stochastic estimators that deals with noisy
measurements. However they are normally based on linear approximation of the
models and therefore they are not globally convergent.
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