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a b s t r a c t
As a severe disaster in the whole world, hail poses significant threats to the life of human and
other animals. To prevent potential damages caused by hail, it is important to clearly understand
and accurately predict the mechanical response of natural hailstones to impact, which is, however,
extremely challenging due to the randomness of the hailstone’s geometric configuration, spatial
location, spatial attitude, motion state and so on. In this work, randomness was incorporated into
these parameters based on statistical analysis of experimental data, an approach was then proposed
to generate a spatial field consisting of sparse and random hailstones by using Monte Carlo algorithm.
Based on the statistical data of falling hailstones in the literature, a random hail field was established
via the proposed approach and then used to simulate the response of stochastic hailstones impacting
on a rigid target using the finite element method. The random response of hail impact was well
captured by simulation results, and the convergence and reliability of the proposed modeling approach
was validated by a comparison between simulation results and the experimental data in the literature.
It was finally discussed the promising potential of the application of the proposed model.
© 2021 Elsevier Ltd. All rights reserved.

1. Introduction
Hail has caught attentions of researchers from various fields
such as climatology, atmosphere, and engineering, because it
often causes severe damage to crops, vehicles, infrastructure and
even life, etc. [1]. To reduce the damage caused by hail, it is
significant to thoroughly understand its response to impact and
the underlying mechanism. Aiming at this, a lot of valuable work
has been performed [2–6] to clarify the mechanism of hail impact,
in terms of conducting experimental tests, analyzing hail’s material properties, proposing constitutive theories, and performing
numerical simulation, etc. However, all these efforts mainly focus
on predicting the impact response of a single hailstone, e.g. [7,
8], while the impact response of multiple hailstones is rarely
reported due to the randomness in natural hail impact.
The impact response of hailstones is naturally random, and
essentially determined by the hail’s formation process. Studies
show that hail is usually formed in a cloud of strong convection [9,10] involving complex physical processes such as heat
flow, atmospheric flow, and hailstone collisions [11,12], which is
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almost impossible to be directly simulated to reproduce a spatial
hail field consisting of random hailstones. Therefore, in this study,
the Monte Carlo stochastic algorithm [13] is used to generate a
random hail field to avoid simulation of the complex physical
formation process of hail.
From the literature, limited methods that are able to establish a random hail field comprising multiple random hailstones
are emerged. At present, generating a field consisting of random particles relies on discrete element simulation (DEM) [14],
Voronoi cells [15], and some overlapping detection methods such
as adding particles to the spatial domain one by one [16] and
simulating growth of particles at random points in a space [17].
These methods have been successfully applied to model microscopic crystals and particles [18], mesoscopic sand particles and
powders [19] and macroscopic gravel particles [20,21], etc. However, the random particles modeling using these approaches are
usually clustered together densely, and thus may not be suitable
to represent sparse hailstones in a large space, by noting that
there is at most 1 or 2 hailstones with a diameter of 0.005 m–0.03
m in a 1 m3 space [22,23].
In this work, statistical analysis and Monte Carlo algorithm
were combined to develop an approach to establish a hail field
in which random hailstones were sparsely distributed. To mimic
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natural hailstones, randomness was incorporated into the geometrical configuration, spatial location and attitude, and motion state of hailstones. Based on the proposed model, the response of natural multiple hailstones impacting on a rigid target
was simulated using finite element method. The randomness
and convergence of the proposed random model were validated
via comparison of simulation results and experiments. The proposed model will be promising to contribute to the prediction
of hail random impact threat and the protection of engineering
structures subjected to hail impacts.

0

⎡

2. Methodology

0

1
0

Then, as shown in Fig. 1, the status of random particle i in the
spatial domain Ω can be basically characterized by g i , X i , ψ i , vi
and wi . Hence, a field S comprising N particles can be represented
by:

2.1. Modeling of random particles
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Consider a space field Ω containing N random deformable particles in a global Cartesian coordinate system (X , Y , Z ), as shown
in Fig. 1. For each particle, a local coordinate system (xi , yi , z i )
is established. These particles may represent hail, bird flock,
splashing gravels, and so on depending on the problem studied.
For ease of numerical implementation, these random particles are
assumed to share the same material properties, i.e., the properties
of hail ice in this work. To simulate the impact response of
natural hailstones, the particles in Fig. 1 must be able to capture
the randomness of some basic information, including geometric
configuration (i.e., the shape of particles), spatial location, spatial
attitude, translational velocity, and rotational velocity.
In general, the geometric configuration of a particle can be
described using k parameters, namely g1 , g2 , g3 · · · gk . The value
of k depends on the geometry (i.e., the shape) of the particle. For
example, if the particle is spherical, then k = 1, and the only
parameter g1 represents the diameter or radius of the particle. If
its shape is a cuboid, then k = 3, and the three parameters g1 ,
g2 , and g3 represent the length, width, and height of the cuboid,
respectively. If the particle is in a complicated shape, it can be
described by a two-dimensional Fourier functions [24] consisting
of k parameters.
The spatial location of particle i, (i = 1, 2, . . . , N) represents
the translational transformation from the global coordinate sys(
)
tem (X , Y , Z ) to the local coordinate system xi , yi , z i , and thus
can be expressed as X i = [Xi1 , Xi2 , Xi3 ], where Xi1 , Xi2 , and Xi3 are
three coordinates corresponding to axes X , Y , and Z , respectively.
The spatial attitude of particle i is characterized by three Euler
angles (precession angle ψi1 , nutation angle ψi2 and spin angle
ψi3 ) [25], i.e., ψi = [ψi1 , ψi2 , ψi3 ], where ψi1 , ψi2 , ψ
( i3)′respec( )′′
tively denotes the rotations with respect to axes Z , xi , z i ,
as shown in Fig. 1. The translational velocity of particle i is the
time derivative of its spatial location, i.e., vi = dX i /dt. The
rotational velocity in the global coordinate system (X , Y , Z ) is
calculated by using a rotation matrix R i to transform the Euler’s
angular velocity (dψ i /dt) to be the rotational velocity in the local
(
)
coordinate system xi , yi , z i , which is then transformed to be
in the global coordinate system (X , Y , Z ) using another rotation
matrix R. Hence, the rotational velocity can be written as:

wi = R · R i · dψi /dt

0
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To mimic the stochastic nature particles, randomness needs to
be incorporated into all the parameters g1 , g2 , g3 , · · ·, gk , X1 , X2 ,
X3 , ψ1 , ψ2 , ψ3 , v1 , v2 , v3 , w1 , w2 , and w3 in field S (as shown in
Fig. 1). In general, the distribution function (or law) of a random
parameter Υ can be expressed as
FΥ (υ) = P Υ < Υ ≤ υ =

(

)

υ

∫
Υ

fΥ (τ ) dτ , υ ∈ [Υ , Υ ]

(3)

where the random variable Υ is in range [Υ , Υ ], and fΥ (τ ) is the
probability density function of the distribution.
/ [)Υ , Υ ],
( ) When τ (∈
fΥ (τ ) = 0. Eq. (3) also indicates that FΥ Υ = 0, FΥ Υ = 1.
For each parameter
in field S, a distribution function is needed:
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If the distribution functions in Eq. (4) are known, particles with
random values of parameters giα , Xiβ , ψiγ , viζ , and wiθ , (i =
1, 2, . . . , N) can be generated. In this work, overlap between particles is not allowed when generating random particles, and this
is ensured by ⏐giving a ⏐minimum limit to the distance between
particles, i.e., ⏐X p − X q ⏐ ≥ δ where δ is the maximum diameter
among all particles, p ̸ = q, and p, q ∈ {1, 2, . . . , N }. Then, the field
S consisting of N random particles (Eq. (2)) can be expressed as:
S =
g11

g12

· · · X11 · · · ψ11 · · · v11 · · · w11 · · ·

⎢g
⎢ 21
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Fig. 1. Schematic of a space field containing multiple random particles.

Fig. 2. Monte Carlo implementation steps for modeling a random field.

It should be noted that the total number N of random particles
in the field S could also be random. Similar to Eq. (3), the distribution function of the total number N of particles can be written
as:
FN (υ) =

υ

∫

fN (τ ) dτ , υ ∈ [N , N ]

(

)

corresponding distribution functions in Eq. (4). To do this, an inverse transformation method [26,27] is used. That is, the random
samples υi obtained from the inverse function of FΥ (υ ), i.e.,

υi = FΥ −1 (yi )

(6)

N

(7)

satisfy the distribution law of Eq. (3) statistically, if the random
samples yi , (i = 1, 2, . . . , N) follows the standard uniform distribution U(0, 1). Therefore, all samples in Eq. (5) for generating
a random field S can be obtained from the inverse function of

In this work, the commonly used sampling method, the Monte
Carlo algorithm [13], is adopted to generate multiple sets of
values for parameters giα , Xiβ , ψiγ , viζ , and wiθ that satisfy the
3
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∫ +∞

a−1 −t
where Γ (a) =
∫ +∞ a−0 1 −tt e dt is the gamma function, and
Γ̂ (x, a) = x t e dt /Γ (a) is tail of incomplete gamma
function. The total number N of hailstones in Ωc is

N = NCL CW CH

The third step in Fig. 2 requires determination of distribution
functions for all parameters associated with the random hail field.
The parameter g1 (diameter of hailstones) is a gamma distribution, as reported in the literature [28]. In this study, other
parameters (Table 1) are assumed to follow the uniform distribution due to the lack of corresponding experimental statistical
data of these parameters. The geometric configuration of the hailstones usually appears as a flat ellipsoid, that is, the longest axis
and the middle axis of a triaxial ellipsoid are the same [12,30]. For
a flat ellipsoidal hailstone (see Appendix A), the geometry of the
hailstones can be determined using two parameters, i.e., g1 and g2
respectively denoting the major axis diameter and the diameter
difference between major axis and minor axis (or the longest axis
and shortest axis). The distribution function of g1 can be obtained
from Eqs. (4) and (9) as

Fig. 3. Statistical observation [22] of hailstone diameter distribution.

Eq. (4):
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1
g1 /2 − 0

0
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dτ =

2υ
g1

, υ ∈ [0, g1 /2]

(12)

When generating the spatial locations of the hailstones, overlap
between hailstones is avoided using ⏐an approach
as follows.
⏐
According to the proposed constraint (⏐X p − X q ⏐ ≥ δ before Eq.
(5)), the space domain Ωc was divided into small cubes (the side
length of each cube is the largest diameter δ of the hailstones).
When spatial locations of particles are at the center of these
cubes, there must be no overlap between hailstones. Then, similar
to Eq. (12), the distribution function of the locations is given by
the uniform distribution law (Table 1) as

Natural hail usually originates from the intensive flow of cumulonimbus clouds [9], and then undergoes complex physical
processes including heat flow, atmospheric flow, and collisions,
etc. [12], and finally appears as solid hailstones that are stochastically distributed over space. Based on statistical observations
of natural hail [22,28,29], random hailstones in a spatial field
can be generated following the proposed random model and the
modeling steps shown in Fig. 2.
As stated in step 1 in Fig. 2, a cuboid spatial domain Ωc is
defined first. To simplify the numerical simulation of the random
field, a small cubic space is used, and its length, width, and height
are CL = 2 m, CW = 2 m, and CH = 20 m, respectively.
To determine the total number N of particles in Ωc in step
2 (see Fig. 2), its distribution function needs to be estimated.
Previous research work [28] has shown that the total number N is
a function of the diameter D of hailstones, i.e., N (D) = N0 Dη e−λD
(where N0 , η, and λ are parameters fitted from experimental
data, and the units of N (D) and D are m−3 mm−1 and mm,
respectively). According to the hail observations and statistical
data obtained by Ziegler et al. (see Table 1. Collection B of [22]),
the distribution function of the total number N can be fitted as
N (D) = 1 × 10−8 D9.757 e−0.897D , i.e., N0 = 1 × 10−8 , η = 9.757, λ =
0.897 (see Fig. 3). It should be noted that different statistical data
of hailstones may result in different values for these parameters.
Moreover, the minimum diameter of the hailstones is( 5 mm
) [30].
Therefore, the number of hailstones in a unit volume m−3 space
can be calculated as

5

N (D) dD/N

According to the morphological characteristics of natural hailstones (see Appendix A), the diameter difference g2 between
major axis and minor axis is assumed to be less than 50% of the
major axis diameter g1 (i.e., g2 ∈ [0, g1 /2]). Then, based on the
uniform distribution law of g2 (Table 1), the distribution function
of g2 can be derived from Eq. (4) as

2.2. Statistical modeling of hail impact

∫

υ

∫
5

where samples yi α , yi , yi , yi , and yi θ all satisfy the standard
uniform distribution U(0, 1). The modeling process of a random
field S is then summarized as six steps, as shown in Fig. 2.

N =

(10)

[(

) ]
δ ,
δ
2
(
(
)
[
]
)
1
CL
υ = k′ −
δ, k′ ∈ 0, ⟨ ⟩ , k′ ∈ Z
2
δ
[(
) ]
CW
1
FX2 (υ) = υ/ ⟨
⟩−
δ ,
δ
2
(
(
)
[
]
)
1
CW
υ = k′ −
δ, k′ ∈ 0, ⟨
⟩ , k′ ∈ Z
2
δ
[(
) ]
CH
1
δ ,
FX3 (υ) = υ/ ⟨ ⟩ −
δ
2
(
(
)
[
]
)
1
CH
υ = k′ −
δ, k′ ∈ 0, ⟨ ⟩ , k′ ∈ Z
2
δ
FX1 (υ) = υ/

⟨

CL

⟩−

1

(13)

(14)

(15)

where ⟨·⟩ is a rounding function, such as ⟨0.3⟩ = 1, ⟨5.7⟩ = 6.
Since the longest axis of the flat ellipsoidal hailstones is same
with the middle axis, only two parameters are needed to determine the spatial attitude, i.e., the precession angle ψ1 and nutation angle ψ2 in the Euler angle system (shown in Fig. 1). Therefore, the distribution function of the variables can be expressed

(9)
4
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Table 1
Random variables and distribution laws in a random field of hailstones.
Random variables

Significance

Distribution law

g1

Major axis diameter of ellipsoidal hailstone

Gamma distribution

g2

Difference between major axis diameter and
minor axis diameter of ellipsoidal hailstone

Uniform distribution

X1

X -coordinates of the spatial location

Uniform distribution

X2

Y -coordinates of the spatial location

Uniform distribution

X3

Z -coordinates of the spatial location

Uniform distribution

ψ1

Precession angle of spatial attitude

Uniform distribution

ψ2

Nutation angle of spatial attitude

Uniform distribution

Fig. 4. Numerical simulation of random hailstones impacting on a rigid target.
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by the uniform distribution law (Table 1) as
Fψ1 (υ) = υ/2π , υ ∈ [0, 2π ]

(16)

Fψ2 (υ) = υ/π , υ ∈ [0, π ]

(17)

A numerical model of random hailstones impacting on a rigid
target in field S 0 was established using commercial FE software
ABAQUS 6.14. As shown in Fig. 4, the field S 0 consists of six
hailstones (i.e., particles A∼F), and they are randomly distributed
in the space domain Ωc (CL = 2 m, CW = 2 m, and CH = 20 m).
A rigid target was placed at the bottom of the space domain Ωc
to represent the engineering structures impacted by hailstones. It
should be noted that direct numerical simulation of the random
hail field is challenging, because the diameter of hailstones (≤
1.55×101 mm) is extremely small compared to the size of domain
Ωc (2×104 mm). Moreover, the impact process of one hailstone
lasts for only about 3×10−4 s [31], while the impact time of the
entire hail field of Ωc is 2×10−1 s (= 20 m/100 ms−1 ). The scale
differences in space and time show that simulation of the random
hail field is exactly a multiscale problem, while direct numerical
simulation of a multiscale problem is generally challenging and
may lead to unmanageable computational cost. Therefore, in this
study, the ABAQUS 6.14 Python script was used to establish individual simulation models for each hailstone, and then ABAQUS
6.14 Explicit dynamic solver was used to perform the numerical
simulation of each hailstone impacting the rigid target. Finally,
according to the spatial location and motion of each hailstone, the
simulation results (such as impact force) of each hailstone were
combined to form the results for hailstone impact in the whole
field S 0 . For example, the response of each hailstone impacting on
the target at different times can be obtained as shown in Fig. 4.
For each hailstone in the simulation model, its material properties (see Appendix B) were assumed to be the same as the work
of Tippmann et al. [31]. To well reproduce the fragmentation
of hailstone under the high-speed impact (100 ms−1 in current
study), SPH (Smoothed-particle hydrodynamic) was used in the
numerical simulation of hailstones. Hailstones were discretized
with the C3D8R element in ABAQUS, and then each grid was filled
with 8 SPH particles. As with the authors’ previous research [8],
the grid size of C3D8R is 1/20 of diameter of the hailstones. The
type of contact between the hailstones and the rigid target is
‘Hard contact’ of ABAQUS. The rigid target was fixed.
As shown in Figs. 4 and 5, the results are in reasonable agreement with the experimental studies [31] in terms of the impact
force, the deformation and surface crack (the low stress area on
surface). Then, the impact force–time results extracted from the
target were further used to analyze the random hail impact.

In nature, different hailstones have different velocities, and
may collide between one another, leading to super-high computational cost. In the modeling, it is assumed that all hailstones
have the same translational velocity and do not rotate. This very
simple case can be used to approximately simulate the situation
of hailstones falling vertically onto the ground. Therefore, a speed
of amplitude v0 is given to all hailstones, e.g.,

vi = [vi1 , vi2 , vi3 ] = [0, 0, v0 ]

(18)

wi = [wi1 , wi2 , wi3 ] = [0, 0, 0]

(19)
g

According to step 4 in Fig. 2, pseudo-random numbers (i.e., yi α ,

Xβ
yi ,

vζ

ψγ

wθ

yi , yi , and yi in Eq. (8)) need to be generated. It can be
R
implemented by using the
function
in MATLAB R2018a⃝
[ g‘‘rand()’’
g1
g1 ]
1
software. For example, ‘‘ y1 , y2 , . . . , yN = rand(1, N)’’.
For the step 5 in Fig. 2, all the samples in Eq. (5) can be
obtained by
( gthe
) inverse transform method (Eq. (8)). For example,
gi1 = Fg−1 1 yi 1 , (i = 1, 2, . . . , N). The inverse transformation formulas of the distribution functions Eq. (11)∼Eq. (17) are derived
as follows
−1

gi1 = Fg1

)

g

)

= Γ̂

gi2 = Fg−2 1 yi 2 =

(

(

X

1 − yi 1 N λη+1

((

g
yi 1

(

)

−1

g1
2(

g

)

N0 Γ (η + 1)
g

yi 2
CL

,η + 1

(20)
(21)

X

1

)

= ⟨⟨ ⟩yi 1 ⟩ −
δ
δ
2
(
)
( )
CW X2
1
X
Xi2 = FX−1 yi 2 = ⟨⟨
⟩y ⟩ −
δ
2
δ i
2
)
( ) ( C
1
H
X
X
Xi3 = FX−1 yi 3 = ⟨⟨ ⟩yi 3 ⟩ −
δ
3
δ
2
( )
ψ
ψ
ψi1 = Fψ−11 yi 1 = 2π yi 1
( )
ψ
ψ
ψi2 = Fψ−21 yi 2 = π yi 2
Xi1 = FX−1 yi 1

)

1

(22)
(23)
(24)
(25)
(26)

Finally, using all the samples giα , Xiβ , ψiγ , viζ , and wiθ generated from Eq. (18)∼Eq. (26), a random hail field S can be
established in accordance with the step 6 in Fig. 2.

3. Results and discussions
3.1. Convergence of the random model

2.3. Simulation of hail impact

To validate the reliability of the proposed modeling approach,
the simulation results were compared to statistical expectations
and experiments in the literature [22], as shown in Fig. 6. Ten
random hail fields (S 0 , S 1 , S 2 , . . . , S 9 ) were generated based on
the proposed random model elaborated in Section 2.2. The corresponding simulation of each field was conducted by using the
finite element model in Section 2.3. All impact force–time results
obtained from simulations are shown in Appendix C.
As shown in Fig. 6(a), the impact force of hailstones in field
S 0 appears stochastic, and the maximum, minimum, and average
peak forces are Fmax = 3.26 kN, Fmin = 0.6 kN, and F = 1.52
kN, respectively. The time intervals between two adjacent peak
forces are 29 ms, 44.4 ms, 47.7 ms, 11.7 ms, and 33.1 ms. The
average time
( )interval is ∆t 0 = 33.18 ms. The average time
intervals ∆t i , (i = 0, 1, 2, . . . , 9) for all the ten random hail
fields are depicted in Fig. 6(b). Since the hailstones are uniformly
distributed in the space domain Ωc (see Table 1), and have the
same translational velocity (v0 = 100 ms−1 ), the expectation of

Using the proposed approach to modeling a random field in
R
Section 2.2, a hail field S 0 was generated via MATLAB R2018a⃝
,
as listed in Eq. (27). Compared with Eq. (5), Eq. (27) omits the
variables with a value of 0, including vi1 , vi2 , wi1 , wi2 , wi3 .
gi2
Xi1
Xi2
Xi3
ψi1
ψi2
vi3
− − − − − − − − − − − − − − − − − − − − − − − − −−
⎧
12.8 7.8 678.1 1208.2 1675.9 358.6 278.9 −100.0
⎪
⎪
⎪
⎪
⎪
⎪
9.5 5.0 319.5 522.2 4575.6 28.1 294.2 −100.0
⎪
⎪
⎪
⎪
⎪
S 0 = ⎨12.8 9.4
23.3
335.1 9018.7 193.8 1.6 −100.0
gi1

⎪
15.5 14.9 1145.8 631.3 13789.2 54.8 38.3 −100.0
⎪
⎪
⎪
⎪
⎪
⎪
⎪
8.8 8.5 943.1 1067.9 14958.4 297.2 346.2 −100.0
⎪
⎪
⎪
⎩
11.0 10.3 1597.9 1317.3 18263.5 159.3 312.7 −100.0
(27)
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Fig. 5. Comparison between results from simulation and experiments [31] of a single spherical ice impacting on the target, (the diameter of the ice ball is 50.8 mm,
and the impact speed is 60.6 ms−1 ).

Fig. 6. (a) Impact force–time result in the random field S 0 , (b) Comparison of expectations and the statistical average of time interval ∆t, (c) Comparison of
expectations and the statistical average of parameter g1 , (d) Comparison of simulated and experimental [22] distribution of hailstones’ number.

(i.e., 5.36%) between the expectation (28.57 ms) and the average ∆t(= 27.04 ms). In addition, according to Eq. (11), the
expectation of the diameter g1 of hailstones can be calculated as:

the time interval ∆t can be easily obtained as
E (∆t ) = Ch /[(N + 1) v0 ] = 28.57 (ms)

(28)

Fig. 6(b) shows that the average time interval ∆t i of each hail
field differs significantly from the expectation E (∆t ), because one
random hail field is not big enough, and it consists of only a
limited number of (i.e., six) hailstones. When all the ten random
fields are taken into consideration, the number of hailstones is
much larger, i.e., 60, and this results in a negligible difference

(

)

E (g1 ) =

+∞

∫

D · N (D) dD/N
5

=
7

N0
N λη+2

Γ (η + 2) Γ̂ (5, η + 2) = 12.12 (mm)

(29)
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Fig. 7. (a) Distribution of impact forces of hailstones impacting a steel target (at 100 ms−1 ), (b) Schematic diagram of flexural wave interference in a plate, (c) The
probability of bending wave interference in a plate impacted random hailstones (Bending wave speed c0 = 2000 ms−1 and the characteristic length l = 1 m).

in simulations will also be much larger, and this leads to a better
agreement between simulations and experimental observations
(Fig. 6(d)). This also validates the reliability of the proposed
modeling on random hailstones.
3.2. Discussion on application
In practice, the random impact force of hailstones on engineering structures is of more interest than other results, while
there appears to be no associating reference. From the simulations results, a distribution law of random impact force can
be obtained, as shown in Fig. 7(a). The distribution of the impact force derived from the numerical simulations of the 10 hail
fields (S i , (i = 0, 1, 2, . . . , 9)) can be fitted using a lognormal
distribution [36]:

Fig. 8. Comparison of the modeling efficiency between the conventional method
and the proposed approach to modeling sparse hail fields.

fF (υ) = √
Similarly, the simulated average diameter (g1 )i , (i = 0, 1, 2,
. . . , 9) of each hail field fluctuates greatly from the expectation
E (g1 ) (see Fig. 6(c)), while the average diameter g1 of 60 hail-

A
2π Bυ

(

−[ln υ/FC

e

2B2

)]2

, υ ∈ (0, +∞)

(30)

where fF (υ) is the distribution density function, and A = 1.0222,
B = 0.53548, FC = 1.03507 are three parameters fitted from
simulation data. It should be noted that Eq. (30) represents the
distribution of impact force for random hailstones impacting on
a rigid body at a speed of 100 ms−1 . The distribution law and
the associating parameters in Eq. (30) may vary depending on
the characteristics of the hail field, such as the distribution law
of hailstones, impact speed and so on. Users may adopt other
distribution functions to fit the distribution of the impact force
derived from their own numerical simulations of hail fields using
the proposed model. Eq. (30) is valuable for practical use, such
as prediction of the probability of damage caused by hailstones.
For instance, if the structure under impact of hailstones can bear
a maximum load of F0 = 3kN, the probability of damage of the
structure under impact of hailstones can be evaluated as:

stones in the ten hail fields differs slightly from the expectation.
Therefore, it is predictable that when the number of random
fields (or samples) increases, the averages of variables in simulated hail fields, such as diameter of hailstone, time interval of
impact, will converge to their corresponding expectations.
The distribution of diameter g1 obtained from simulation results was also compared with the experimental observation [22]
to further validate the random model, as shown in Fig. 6(d). The
maximum diameter of all simulated hailstones in the ten random
fields S i , (i = 0, 1, 2, . . . , 9) (where the total volume of space is
V = 800 m3 ) were measured to draw the distribution density
curve, which agrees well with the experimental results [22] is
obtained. If a much larger random field is considered, for instance
V = 104 m3 or V = 105 m3 , the number of hailstones generated

P (F > F0 ) = 1 − P (F ≤ F0 ) = 1 −

F0

∫
0

8

fF (υ) dυ = 0.0018

(31)
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Fig. A.1. The morphological characteristics of natural hail [32–35] and its modeling assumption.

Table B.1
Ice material properties.
Material property Young’s modulus Poisson’s ratio Density
value

9.38 Gpa

900 kg m−3

0.33

Tensile strength Quasi-static yield strength
0.517 Mpa

5.2 Mpa

Ratio

1.01

1.27

1.38

1.65

1.76

Strain rate (s−1 )

1 × 10−1

5 × 10−1

1 × 100

5 × 100

1 × 101

Ratio

2.03

2.15

2.41

2.53

2.80

Strain rate (s

−1

)

Ratio
Strain rate (s

5 × 10

1

2.91
−1

)

1 × 10

1 × 10

2

3.18
4

5 × 10

5 × 10

2

3.29
4

1 × 10

This probability prediction can be used to guide the design of
economical and safe engineering structures.
In addition, the proposed random model can be further used
to study the dynamic stress wave effect of hail impact. The stress
wave propagation in engineering structures is an important factor
that causes damage [37,38], because the internal micro-defects
(like cracks, holes, etc.) of the structural component materials
may be further expanded by the stress wave. The proposed random field model may be applied to estimate the probability of
interaction of stress waves formed by random hail impact. As
shown in Fig. 7(b), if the characteristic length of a plate and

5

3

1 × 10

5 × 103

3.56

3.67
5

5 × 10

1 × 106

the flexural wave propagation velocity in it are denoted as l
and c0 , respectively, the flexural stress waves caused by impacts
of different hailstones interferes with one another if the time
interval ∆t between them is less than l/c0 . Hence, the probability
of stress wave interference in a plate with a characteristic length
of 1 m can be calculated by P (∆t ≤ l/c0 ) = N∆t /(N − 1),
where N∆t is the number of impact time intervals less than
l/c0 . To study the influence of the hail impact velocity on the
probability of wave interference, the simulations were conducted
using different impact velocities, i.e., 100, 300, 500, 700 and
900 ms−1 , while each simulation includes all the ten hail fields
9
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Fig. C.1. Impact response (impact force–time) of random hailstones in different hail fields (S 0 ∼ S 9 ).

(S i , (i = 0, 1, 2, . . . , 9)). The results derived from the simulation
data are shown in Fig. 7(c), where the flexural wave velocity
c0 = 2000 ms−1 in this work. Fig. 7(c) shows that the probability
of wave interference increases almost linearly with the impact
velocity of hailstones, i.e.,
P = a + bv 0

under impact of hailstones. For instance, the probability of stress
wave interference should be smaller than a safety threshold (such
as 5%) to ensure the safety of engineering structures, then the
maximum hail impact velocity that the structure can bear can be
derived from Eq. (32), i.e., 185.69 ms−1 . It should be noted that
the probability of stress wave interference is also affected by the
impact velocity v0 , flexural wave velocity c0 , the characteristic
length l of the plate, and the parameters (see Eq. (2)) of the hail

(32)

where a = 0.02833, b = 1.167 · 10−4 m−1 s. This equation can
be used to estimate the performance of engineering structures
10
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Appendix
hailstones

field. For each engineering application, Eq. (32) should be derived
separately using the proposed hail field model.

A. Morphological

characteristics

of

natural

The assumption of the hail configuration (i.e., g2 ∈ [0, g1 /2])
was based on the observation of the natural hailstone morphology, as shown in Fig. A.1 (all images taken from free online resources [32–35]). Determination of more accurate hailstone configuration may require further quantitative experimental measurement and statistical analysis in the future.

3.3. Efficiency of modeling
To avoid overlapping between particles during
of
⏐ modeling
⏐
the sparse particle field, a distance limitation ⏐X p − X q ⏐ ≥ δ
between particles was used instead of the conventional overlapping detection process. This greatly improves the modeling
efficiency, because the conventional method adds particles into
the spatial domain one by one, and overlapping detection and
adjustment of overlapped particles are required for each newly
added particle [16]. To clearly show the efficiency improvement,
the proposed modeling approach (as detailed in Sections 2.1
and 2.2) was compared with the conventional modeling method,
i.e., adding particles to the spatial domain one by one [16]. In
this work, the time consumptions (TC ) of the two methods for
modeling random hail fields were obtained by using the same
high-performance computer (Processor: Inter(R) Xeon(R) Gold
6132 CPU @2.60 GHz; Total number of processors: 56; Installed
memory (RAM): 128 GB). Fig. 8 shows that, as the volume of the
random field (or the number of random particles in the field)
increases, the time consumption of the conventional method
increases significantly, while that of the proposed method keeps
a small value (TC = 1 s). This indicates that the proposed method
is able to greatly improve the modeling efficiency of random hail
field.

Appendix B. Ice material properties
The rate-dependent von-Mises constitutive model [8,31] was
used to reproduce the dynamic deformation of ice. The tensile
failure pressure criterion [31] was used to capture ice failure. The
corresponding material properties are listed in Table B.1. The ratio
in the table is relative to the quasi-static yield stress, i.e., the yield
stress is equal to the ratio multiplied by the quasi-static yield
stress.
Appendix C. The simulated impact force–time results of random hailstones
See Fig. C.1.
References
[1] H.J. Punge, M. Kunz, Hail observations and hailstorm characteristics in
Europe: A review, Atmos. Res. (2016) http://dx.doi.org/10.1016/j.atmosres.
2016.02.012.
[2] K.S. Carney, D.J. Benson, P. DuBois, R. Lee, A phenomenological high strain
rate model with failure for ice, Int. J. Solids Struct. 43 (2006) 7820–7839,
http://dx.doi.org/10.1016/j.ijsolstr.2006.04.005.
[3] H. Kim, J.N. Keune, Compressive strength of ice at impact strain rates,
J. Mater. Sci. 42 (2007) 2802–2806, http://dx.doi.org/10.1007/s10853-0061376-x.
[4] A. Combescure, Y. Chuzel-Marmot, J. Fabis, Experimental study of highvelocity impact and fracture of ice, Int. J. Solids Struct. 48 (2011)
2779–2790, http://dx.doi.org/10.1016/j.ijsolstr.2011.05.028.
[5] X. Wu, V. Prakash, Dynamic strength of distill water and lake water ice at
high strain rates, Int. J. Impact Eng. 76 (2015) 155–165, http://dx.doi.org/
10.1016/j.ijimpeng.2014.09.013.
[6] J.D. Tippmann, H. Kim, J.D. Rhymer, Experimentally validated strain rate
dependent material model for spherical ice impact simulation, Int. J. Impact
Eng. 57 (2013) http://dx.doi.org/10.1016/j.ijimpeng.2013.01.013.
[7] J. Pernas-Sánchez, J.A. Artero-Guerrero, J. López-Puente, D. Varas, Numerical methodology to analyze the ice impact threat: Application to composite
structures, Mater. Des. (2018) http://dx.doi.org/10.1016/j.matdes.2017.12.
044.
[8] K. Liu, J.L. Liu, Z. Wang, A damage threshold prediction model of CFRP
panel by hail impact based on delamination mechanism, Eng. Fract. Mech.
239 (2020) http://dx.doi.org/10.1016/j.engfracmech.2020.107282.
[9] J.A. Rees, A short course in cloud physics, Phys. Bull. (1976) http://dx.doi.
org/10.1088/0031-9112/27/8/028.
[10] R. Houze, Clouds Dynamics, 2008.
[11] F. Garcia-Garcia, R. List, Laboratory measurements and parameterizations
of supercooled water skin temperatures and bulk properties of gyrating hailstones, J. Atmos. Sci. 49 (1992) http://dx.doi.org/10.1175/15200469(1992)049<2058:LMAPOS>2.0.CO;2.
[12] R. List, New hailstone physics. Part I: Heat and mass transfer (HMT) and
growth, J. Atmos. Sci. 71 (2014) http://dx.doi.org/10.1175/JAS-D-12-0164.1.
[13] D.E. Raeside, Monte Carlo principles and applications, Phys. Med. Biol.
(1976) http://dx.doi.org/10.1088/0031-9155/21/2/001.
[14] X. Luo, L. Zhao, S. Zhang, H. Dong, J. Feng, Experimental and DEM studies
on the distribution of voidage in the random filling bed of ellipsoidal
particles, Powder Technol. 340 (2018) 400–410, http://dx.doi.org/10.1016/
j.powtec.2018.09.042.
[15] X. Wang, J. Gong, A. An, K. Zhang, Z. Nie, Random generation of
convex granule packing based on weighted voronoi tessellation and cubicpolynomial-curve fitting, Comput. Geotech. (2019) http://dx.doi.org/10.
1016/j.compgeo.2019.05.003.
[16] C. Recarey, I. Pérez, R. Roselló, M. Muniz, E. Hernández, R. Giraldo, E. Oñate,
Advances in particle packing algorithms for generating the medium in the
Discrete Element Method, Comput. Methods Appl. Mech. Engrg. 345 (2019)
336–362, http://dx.doi.org/10.1016/j.cma.2018.11.011.

4. Conclusions
A random spatial field model was proposed in this study
to describe the random particles such as hail, birds, splashing
gravels, etc. By using the Monte Carlo algorithm, particles that
are randomly distributed in the spatial field can be generated. A
hail field containing hailstones with random geometric configuration, spatial location, spatial attitude, was then established using
the proposed random model and experimental statistical data.
This model was then incorporated into finite element software
ABAQUS to simulate of the impact of random hailstones on a rigid
target.
The simulation results show that the proposed random model
can be used to simulate the random impact of hailstones on
engineering structures, and reproduce the randomness of natural
hail impact. The comparison between the simulation results and
the statistical expectation, as well as that between the simulated hailstone distribution law and the experimental observation
validate the reliability of the proposed modeling approach. The
proposed random model is valuable for the studies of stress wave
interference effects caused by hail impact, or the evaluation of
random impact force formed by hailstones, and so on.
Declaration of competing interest
The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.
Acknowledgments
This work was financially supported by The National Natural
Science Foundation of China [51875581], the Science and Technology Planning Project of Hunan Province [2019RS2004], Training Program for Excellent Young Innovators of Changsha, China
[kq2009034]. The authors would like to express their thanks.
11

K. Liu, P. Li and Z. Wang

Extreme Mechanics Letters 48 (2021) 101374
[27] C. Lemieux, Monte Carlo and Quasi-Monte Carlo Sampling, 2009.
[28] N. Snook, Y. Jung, J. Brotzge, B. Putnam, M. Xue, Prediction and ensemble
forecast verification of hail in the supercell storms of 20 May 2013,
Weather Forecast. 31 (2016) http://dx.doi.org/10.1175/WAF-D-15-0152.1.
[29] H. Morrison, J.A. Milbrandt, Parameterization of cloud microphysics based
on the prediction of bulk ice particle properties. Part I: Scheme description
and idealized tests, J. Atmos. Sci. 72 (2015) http://dx.doi.org/10.1175/JASD-14-0065.1.
[30] J. Hubbert, V.N. Bringi, L.D. Carey, S. Bolen, CSU-CHILL polarimetric radar measurements from a severe hail storm in eastern Colorado, J. Appl. Meteorol. (1998) http://dx.doi.org/10.1175/1520-0450(1998)
037<0749:CCPRMF>2.0.CO;2.
[31] J.D. Tippmann, H. Kim, J.D. Rhymer, Experimentally validated strain rate
dependent material model for spherical ice impact simulation, Int. J. Impact
Eng. 57 (2013) 43–54, http://dx.doi.org/10.1016/j.ijimpeng.2013.01.013.
[32] Hail weather reports, 2018, Available at: https://www.sohu.com/a/
228661431_740484. (Accessed 23 May 2021).
[33] Hail weather reports, 2017, Available at: https://www.sohu.com/a/
193785338_349297. (Accessed 23 May 2021).
[34] D. Ma, Hail weather reports, 2018, Available at: http://www.ddcpc.cn/szx/
201804/t20180402_90620.shtml?from=timeline. (Accessed 23 May 2021).
[35] Hail weather reports, 2017, Available at: https://www.sohu.com/a/
146624338_160585. (Accessed 23 May 2021).
[36] M. Mitzenmacher, A brief history of generative models for power law and
lognormal distributions, Internet Math. 1 (2004) http://dx.doi.org/10.1080/
15427951.2004.10129088.
[37] Q. Gomez, J. Li, I.R. Ionescu, Damage and wave propagation in brittle, in:
Dyn. Damage Fragm., 2019, http://dx.doi.org/10.1002/9781119579311.ch8.
[38] N. Razali, M.T.H. Sultan, F. Mustapha, N. Yidris, M.R. Ishak, Impact damage
on composite structures – A review, Internat. J. Engrg. Sci. 3 (2014).

[17] K. Han, Y.T. Feng, D.R.J. Owen, Sphere packing with a geometric based
compression algorithm, Powder Technol. (2005) http://dx.doi.org/10.1016/
j.powtec.2005.04.055.
[18] M. Wang, A. Al-Tabbaa, W. Wang, Improving discrete particle packing
models for the microstructural formation simulation of Portland cement, Constr. Build. Mater. 229 (2019) 116841, http://dx.doi.org/10.1016/
j.conbuildmat.2019.116841.
[19] R.D. Groot, S.D. Stoyanov, Mesoscopic model for colloidal particles, powders, and granular solids, Phys. Rev. E (3) 78 (2008) http://dx.doi.org/10.
1103/PhysRevE.78.051403.
[20] Y. Lu, Y. Tan, X. Li, C. Liu, Methodology for simulation of irregularly shaped
gravel grains and its application to DEM modeling, J. Comput. Civ. Eng. 31
(2017) 1–11, http://dx.doi.org/10.1061/(ASCE)CP.1943-5487.0000676.
[21] W. Xu, Z. Han, L. Tao, Q. Ding, H. Ma, Random non-convex particle
model for the fraction of interfacial transition zones (ITZs) in fully-graded
concrete, Powder Technol. 323 (2018) 301–309, http://dx.doi.org/10.1016/
j.powtec.2017.10.009.
[22] C.L. Ziegler, P.S. Ray, N.C. Knight, Hail growth in an Oklahoma multicell
storm, J. Atmos. Sci. (1983) http://dx.doi.org/10.1175/1520-0469(1983)
040<1768:HGIAOM>2.0.CO;2.
[23] J. Hubbert, V.N. Bringi, L.D. Carey, S. Bolen, CSU-CHILL polarimetric radar
measurements from a severe hail storm in eastern Colorado, J. Appl.
Meteorol. 37 (1998) 749–775, http://dx.doi.org/10.1175/1520-0450(1998)
037<0749:CCPRMF>2.0.CO;2.
[24] G. Mollon, J. Zhao, 3D generation of realistic granular samples based on
random fields theory and fourier shape descriptors, Comput. Methods Appl.
Mech. Engrg. (2014) http://dx.doi.org/10.1016/j.cma.2014.06.022.
[25] C.L. Rao, V. Narayanamurthy, K.R.Y. Simha, Applied Impact Mechanics,
2016, http://dx.doi.org/10.1002/9781119241829.
[26] H. Zhang, H. Dai, M. Beer, W. Wang, Structural reliability analysis on the
basis of small samples: An interval quasi-Monte Carlo method, Mech. Syst.
Signal Process. 37 (2013) http://dx.doi.org/10.1016/j.ymssp.2012.03.001.

12

