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ABSTRACT
Thin-film flows of viscoelastic fluids are encountered in various industrial and biological settings. The
understanding of thin viscous film flows in Newtonian fluids is very well developed, which for a large part is
due to the so-called thin-film equation. This equation, a single partial differential equation describing the height
of the film, is a significant simplification of the Stokes equation effected by the lubrication approximation
which exploits the thinness of the film. There is no such established equation for viscoelastic fluid flows. Here
we derive the thin-film equation for a second-order fluid, and use it to study the classical Landau–Levich
dip-coating problem. We show how viscoelasticity of the fluid affects the thickness of the deposited film, and
address the discrepancy on the topic in literature.

1. Introduction
Many flows of industrial and biological importance can be characterised as thin-film flows [1,2]. The fluid in a typical free-surface thin
film (see Fig. 1) is bounded on one side by a no-slip rigid surface while
the opposite surface is free of shear stress; the characteristic length
scale in the direction perpendicular to the rigid surface is significantly
smaller than along it. Often inertia is also negligible compared to
viscous forces, for the magnitude of velocity is often small due to the
presence of no-slip surface and the thinness of the film. The disparity
in length scales allows for a slender analysis and thereby the Stokes
equations are greatly simplified [3,4].
The thin-film analysis, or the lubrication approximation, dates back
to the work of Reynolds [5] on fluid layers confined between solid
boundaries. A similar analysis for films with a free surface [3] has
led to a detailed understanding for a variety of free-surface flows of
Newtonian fluids [3,6–9]. One, on which we focus here, is the classical
Landau–Levich dip-coating problem [10] where a plate pulled out of
a liquid bath is coated by a thin film of the liquid. Many fluids of
importance, however, are non-Newtonian and demonstrate properties
such as shear-thinning rheology and viscoelasticity. It is therefore of
interest to predict thin-film dynamics in fluids with these properties.
In this work, we restrict our attention to viscoelasticity. We add here
that viscoelastic effects have also been studied for flows confined
between solid boundaries in narrow geometries (see, for e.g., [11–14]);
however, we do not explore this problem type here, and focus only on
two-dimensional films with a free surface.

There have been a few previous attempts to understand the effects
of viscoelastic fluid properties in flows in thin-films with a free surface.
A thin-film equation for a linear viscoelastic fluid of Jeffreys type was
derived in [15] where it was used to study the shape of rim in a
dewetting film. The model was also used to study viscoelastic effects
in thin-film phenomena such as instability, film rupture, film levelling,
and drop spreading [16–19]. The linear Jeffreys model does not have
geometric non-linear terms of models like upper-convected Maxwell
which ensure frame invariance of the constitutive equation [20]. This
simplicity makes analyses with this model appealing. The lack of frameinvariance in the model, however, can give rise to unphysical results.
For instance, when evaluating a problem in a frame of reference
where it is steady — say the Landau–Levich problem in the reference
frame of the stationary bath — all viscoelastic terms drop out of
the linear constitutive equation. This does not happen in models like
the upper-convected Maxwell or the second-order fluid model which
are frame-invariant, where the presence and absence of viscoelastic
effects is not contingent on the chosen frame of reference. The classical Landau–Levich dip-coating problem [10] as well as the related
Bretherton problem [21] were therefore studied for an Oldroyd-B fluid
in [22], using the method of matched asymptotics. The central result
of [22] is that weak viscoelasticity reduces the film thickness compared
to that in a Newtonian fluid with the same shear viscosity. In contrast,
a theoretical and experimental analysis using the Criminale–Ericksen–
Filbey (CEF) fluid—a model fluid valid for weakly viscoelastic flows,
found viscoelasticity to increase the film thickness in the coating problem [23]. Previous experiments had also found that the film thickness
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We consider a two-dimensional thin film with a free surface at
𝑧 = ℎ(𝑥, 𝑡), flowing over a solid with a no-slip boundary condition at
𝑧 = 0. We then have [4]
𝐮 ≡ 𝑢 𝐞𝑥 + 𝑤 𝐞𝑧 = 𝟎, at 𝑧 = 0,

(5)

𝝈 ⋅ 𝐧 = 𝛾𝜅𝐧, at 𝑧 = ℎ(𝑥, 𝑡).

(6)
√
(
)
( )2
𝜕ℎ
𝜕ℎ
Here, 𝛾 is the surface tension, 𝐧 = − 𝐞𝑥 + 𝐞𝑧 ∕ 1 +
is the
𝜕𝑥
𝜕𝑥
surface normal pointing outwards,
(
( )2 )3∕2
𝜕2 ℎ
𝜕ℎ
𝜅=
∕ 1+
(7)
2
𝜕𝑥
𝜕𝑥

Fig. 1. Schematic of a two-dimensional thin film with a free surface at 𝑧 = ℎ(𝑥, 𝑡) and
solid boundary at 𝑧 = 0 .

is the interface curvature, and the vector 𝐭 is tangential to the free
surface. Finally, the kinematic equation for the motion of the free
surface reads [4],

increases compared to the Newtonian case for fluids showing both
shear-thinning viscosity and viscoelasticity [24]. Numerical simulations
using Oldroyd-B and FENE-CR fluids, however, show that weak viscoelasticity in the absence of shear-thinning decreases film thickness
whereas strong viscoelasticity can increase it [25].
In this work, we derive the thin-film equation for a second-order
fluid model [20,26], a common model to study viscoelastic fluids
analytically [27–29]. Using no approximations besides the slenderness
assumption, we perform the long-wave analysis for the second order
fluid. This gives a frame-invariant thin-film equation that contains viscoelasticity. We then use the equation to study the Landau–Levich problem and resolve the film thinning vs. thickening discrepancy present in
the literature.

ℎ

𝜕ℎ
𝜕
+
𝑢 d𝑧 = 0,
𝜕𝑡
𝜕𝑥 ∫0
which is here written in integral form.
2.2. Long-wave analysis

We now perform a long-wave analysis to derive the thin-film equation in two dimensions for an incompressible second-order fluid. To
do so, we non-dimensionalise quantities using the familiar Newtonian
scalings, namely, heights along the vertical (z-axis) and horizontal (xaxis) directions are scaled by some respective characteristic scales 𝐻
and 𝐿 (see Fig. 1). The flow velocity in the horizontal direction is scaled
with 𝑈 , while the vertical velocity is scaled with 𝜀𝑈 , where 𝜀 = 𝐻∕𝐿
is assumed to be small due to the thinness of the film [3,4]. Time is
scaled by 𝐿∕𝑈 , and pressure, using dominant balance, is scaled by
𝜂𝑈 𝐿∕𝐻 2 . Typical scales for components of the extra stress 𝝉 may be
used: 𝜂𝑈 𝐿∕𝐻 2 for 𝜏𝑥𝑥 , 𝜂𝑈 ∕𝐻 for 𝜏𝑥𝑧 , and 𝜂𝑈 ∕𝐿 for 𝜏𝑧𝑧 [14,38]. All
scaled variables are marked with an overhead bar. We have neglected
the role of gravity (or any conservative body force) in the following but
it can be included in a straight-forward manner [3,15]. Next, all flow
quantities are expanded as a regular perturbation expansion in 𝜀:

2. Theoretical formulation
We first present the incompressible second-order fluid model that
we use to model the viscoelastic fluid, then the long-wave analysis for
thin-film flows and finally give the resulting thin-film equations for a
second-order fluid.
2.1. The second-order fluid
The equations for mass and momentum conservation in the absence
of inertia read [30]
𝛁⋅𝐮 = 0

(1)

𝛁 ⋅ 𝝈 = 𝟎,

(2)

(8)

𝑢(
̄ 𝑥,
̄ 𝑧,
̄ 𝑡̄) = 𝑢̄ 0 + 𝜀𝑢̄ 1 + (𝜀2 )
̄ 𝑥,
𝑤(
̄ 𝑧,
̄ 𝑡̄) = 𝑤̄ 0 + 𝜀𝑤̄ 1 + (𝜀2 )
𝑝(
̄ 𝑥,
̄ 𝑧,
̄ 𝑡̄) = 𝑝̄0 + 𝜀𝑝̄1 + (𝜀2 ).

(9)

Substituting (9) in the continuity equation 𝛁 ⋅ 𝐮 = 0 gives, at leading
order,

where 𝐮 is the fluid velocity and the stress tensor 𝝈 = −𝑝𝐈+𝝉, where 𝑝 is
the pressure, 𝐈 the identity tensor. The extra stress 𝝉 for a second-order
fluid is given by [20,26,31]

𝜕 𝑢̄ 0 𝜕 𝑤̄ 0
+
= 0,
(10)
𝜕 𝑥̄
𝜕 𝑧̄
while the momentum conservation 𝛁𝑝 = 𝛁 ⋅ 𝝉 at leading order becomes:
[
[(
]
) ]
𝜕 2 𝑢̄ 0
𝜕 𝑢̄ 0 2
𝜕 𝑝̄0
𝜕
=
+ 𝜀 𝑊 𝑖 2𝑏
− [𝑢̄ 0 , 𝑤̄ 0 ]
(11)
𝜕 𝑥̄
𝜕 𝑥̄
𝜕 𝑧̄
𝜕 𝑧̄ 2
[(
) ]
𝜕 𝑝̄0
𝜕 𝑢̄ 0 2
𝜕
= 2𝜀 𝑏 𝑊 𝑖
,
(12)
𝜕 𝑧̄
𝜕 𝑧̄
𝜕 𝑧̄

𝛹1 ∇
̇
𝜸̇ + 𝛹2 𝜸̇ ⋅ 𝜸,
(3)
2
where 𝜂 is the fluid viscosity, 𝛹1 and 𝛹2 are the first and second normal
stress coefficients, and 𝜸̇ = 𝛁𝒖 + (𝛁𝒖)𝑇 . The upper-convected derivative
is defined as [20]
𝝉 = 𝜂 𝜸̇ −

∇

𝜕 𝜸̇
+ 𝐮 ⋅ 𝛁𝜸̇ − (𝛁𝐮)𝑇 ⋅ 𝜸̇ − 𝜸̇ ⋅ 𝛁𝐮.
(4)
𝜕𝑡
While thermodynamics requires 𝛹1 < 0 and 𝛹1 + 2𝛹2 = 0 when the
second-order fluid is considered a fluid in its own right [32], these
constraints are often not found to be obeyed in flows of many common
polymeric fluids [33] (see also [34]). The second-order fluid, however,
can be seen as an approximation (at the second-order of a retarded
flow) to a more general class of fluids: 𝜂, 𝛹1 and 𝛹2 can then uniquely
be determined experimentally from viscometric flows of fluids [35]. It
is in this latter light that we use the model —to capture the first effects
of viscoelasticity, and note that in this realm, where often 𝛹1 > 0,
the model should not, in general, be used to study time-dependent
flows [20]; for a recent discussion on the second-order fluid and its
parameters, see [33,36]. The second-order fluid model has provided
insights into many canonical problems in fluid mechanics [27,28,37].
𝜸̇ ≡

where we have introduced the nonlinear operator
(
)
( 3 )
[ 2
( ) ]
𝜕 𝜕 2 𝑢̄
𝜕 𝑢̄
𝜕
𝜕 𝑢̄ 1 𝜕 𝑢̄ 2
̄ =
 [𝑢,
̄ 𝑤]
+ 𝑤̄
+
𝑢̄
−
.
𝜕 𝑥̄
𝜕 𝑡̄ 𝜕 𝑧̄ 2
𝜕 𝑧̄ 3
𝜕 𝑧̄ 2 2 𝜕 𝑧̄

(13)

Some related details are presented in Appendix. The equations contain
two dimensionless parameters, the Weissenberg number
𝑊𝑖=

𝑈 𝛹1
,
2𝜂𝐻

(14)

and the ratio of the two normal-stress-difference coefficients 𝑏 = 𝛹2 ∕𝛹1 .
The factor of 1∕2 in the Weissenberg number defined above ensures
equivalence with its definition in other common models such as upperconvected Maxwell and Giesekus where instead of the first-normal
stress coefficient the relaxation time 𝜆 of the fluid is used [20,29,33].
2
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Terms in 𝑊 𝑖 are retained at the leading order to incorporate the effect
of viscoelasticity. In fact, the product 𝜀 𝑊 𝑖 is equivalent to the Deborah
number, which is the ratio of the characteristic time scale of the fluid
𝛹1 ∕2𝜂 to the characteristic residence time 𝐿∕𝑈 of a fluid element
along the flow direction [11,12,22,38]. Weak viscoelastic effects captured by the second-order model correspond to small Deborah number
values [39], and since 𝜀 is small, 𝑊 𝑖 may be (1) [11].
We now turn to the boundary conditions. At the solid wall, we
simply have 𝑢̄ 0 = 𝑤̄ 0 = 0. At leading order, the normal component
̄ 𝑥,
of the stress boundary condition (6) at the free-surface 𝑧̄ = ℎ(
̄ 𝑡̄) takes
the form
)
(
𝜕 𝑢̄ 0 2
𝜖 3 𝜕 2 ℎ̄
=
,
(15)
−𝑝̄0 + 2𝜀 𝑏 𝑊 𝑖
𝜕 𝑧̄
𝐶𝑎 𝜕 𝑥̄ 2

fluid. To see this, we first note that the velocity (19) still satisfies
the tangential shear-stress condition at the free-surface (17) (once the
kinematic condition at the free-surface is taken into account). Then we
note that the vertical momentum Eq. (23) for the parabolic velocity
gives the modified pressure a constant value across the film thickness,
i.e. 𝜕 𝑝̄mod ∕𝜕 𝑧̄ = 0. The pressure gradient, consistently, follows from the
horizontal momentum Eq. (22)
(
)
𝜕 𝑝̄mod
𝜕 ̄ ( ̄)
= − 1 − 𝜀𝑊 𝑖
𝐴 𝑥,
̄ 𝑡 ,
(24)
̄
𝜕 𝑥̄
𝜕𝑡
as independent of 𝑧. Finally, the normal stress boundary condition (15)
gives another expression for the pressure 𝑝̄mod = 𝑝̄mod (𝑥,
̄ 𝑡̄) (independent
of 𝑧),
̄
𝜖 3 𝜕 2 ℎ̄
𝜀 𝑊 𝑖 ̄2 ̄ 2
𝐴 ℎ −
.
(25)
2
𝐶𝑎 𝜕 𝑥̄ 2
Together with (24), this gives the sought-after relation, with viscoelastic effects, between the flow strength 𝐴̄ and the gradient of capillary
pressure that drives the flow:
(
)
𝜕 ̄ 𝜀 𝑊 𝑖 𝜕 ( ̄2 ̄ 2)
𝜖 3 𝜕 3 ℎ̄
𝐴 ℎ = 0.
(26)
− 1 − 𝜀𝑊 𝑖
𝐴+
𝐶𝑎 𝜕 𝑥̄ 3
2 𝜕 𝑥̄
𝜕 𝑡̄
Eqs. (26) and (20) form a closed set of equations for the height ℎ̄ of the
film and the flow strength 𝐴̄ in the film. Note that of the two normal
𝑝̄mod = −

where we have defined the capillary number
𝐶𝑎 =

𝜂𝑈
.
𝛾

(16)

As in the standard Newtonian lubrication theory, this boundary con(
)
dition reveals that 𝜀 =  𝐶𝑎1∕3 for a leading-order dependence of
pressure on the curvature of the film, and therefore the expansion
parameter 𝜀 may be chosen equal to 𝐶𝑎1∕3 disregarding the proportionality constant [4]. The tangential component of the stress boundary
condition (6) at the free-surface 𝑧 = ℎ(𝑥, 𝑡), at leading order, is
[
]
𝜕 𝑢̄ 0
− 𝜀 𝑊 𝑖  𝑢̄ 0 , 𝑤̄ 0 = 0,
𝜕 𝑧̄
where
𝜂

stress difference coefficients, it is only the first that enters the equations
through 𝑊 𝑖.
In the aforementioned, we have seen the parabolic velocity profile
satisfy the equations for a second-order fluid. It has not escaped our
attention that this is reminiscent of Tanner’s theorem [40,41] which
states that a two-dimensional flow of a second-order fluid admits a
Newtonian velocity field with given velocity boundary conditions. In
fact, the velocity field in a lubrication flow of a second-order fluid
between two solid walls is what would be in a Newtonian fluid of equal
viscosity [42]. Importantly, however, free surface flows involve stress
boundary conditions at the free-surface and hence the applicability of
Tanner’s theorem is uncertain a priori. Indeed, the velocity field (19)
for the second order fluid is not identical to the Newtonian case, for
̄ 𝑥,
𝐴(
̄ 𝑡̄) in the two fluids will be different although the 𝑧-dependence is
preserved.

(17)

( )
𝜕 𝜕 𝑢̄
𝜕 𝑢̄ 𝜕 𝑢̄
𝜕 2 𝑢̄
𝜕 2 𝑢̄
𝜕 ℎ̄ 𝜕 𝑢̄ 2
+2
+ 𝑢̄
+ 𝑤̄
+2
.
(18)
2
̄
𝜕
𝑧
̄
𝜕
𝑥
̄
𝜕
𝑧
̄
𝜕
𝑧
̄
𝜕
𝑥
̄
𝜕
𝑥
̄
𝜕 𝑧̄
𝜕𝑡
𝜕 𝑧̄
We remark that all equations and boundary conditions only involve
the leading order quantities 𝑢̄ 0 , 𝑤̄ 0 , 𝑝̄0 . Similar equations for a CEF fluid
have been obtained in [23].
̄ =
 [𝑢,
̄ 𝑤]

2.3. Viscoelastic thin-film equation
We briefly recall the usual Newtonian lubrication limit (i.e. 𝑊 𝑖 = 0).
The vertical momentum (12) famously gives 𝜕 𝑝∕𝜕
̄ 𝑧̄ = 0, so that the
pressure is homogeneous across the thickness of the flowing layer. This
combined with the horizontal momentum Eq. (11) gives the velocity its
parabolic (Poiseuille) structure,
( )
𝐴̄ 𝑥,
̄ 𝑡̄ ( 2
)
̄
𝑢̄ 0 (𝑥,
̄ 𝑧,
̄ 𝑡) = −
𝑧̄ − 2ℎ̄ 𝑧̄ ,
(19)
2
for which the no-slip (at 𝑧 = 0) and no-shear (at 𝑧 = ℎ) boundary
conditions have been used. The kinematic condition of the interface
(8) then becomes
𝜕 ℎ̄
1 𝜕 ( ̄ ̄ 3)
+
𝐴ℎ = 0.
(20)
3 𝜕 𝑥̄
𝜕 𝑡̄
̄ 𝑥,
The function 𝐴(
̄ 𝑡̄) reflects the strength of the flow and in the Newtonian case is simply proportional to the pressure gradient.
Our aim is to study the viscoelastic effects originating from 𝛹1,2 in
(3). The momentum Eqs. (11), (12) are now more intricate compared
to the Newtonian case, but can still be solved upon recognising that
the viscoelastic terms are nearly in the form of a gradient. Indeed, a
redefinition of pressure
(
(
) )
(
)
𝜕 2 𝑢̄ 0 1 𝜕 𝑢̄ 0 2
𝜕 𝑢̄ 0 2
−
− 2𝑏 𝜀 𝑊 𝑖
,
(21)
𝑝̄mod = 𝑝̄0 + 𝜀 𝑊 𝑖 𝑢̄ 0
2 𝜕 𝑧̄
𝜕 𝑧̄
𝜕 𝑧̄ 2
turns the momentum Eqs. (11) and (12) into
(
) ( 𝜕 2 𝑢̄ )
𝜕 𝑝̄mod
𝜕 3 𝑢̄ 0
𝜕
0
= 1 − 𝜀𝑊 𝑖
− 𝜀 𝑊 𝑖 𝑤̄ 0
,
𝜕 𝑥̄
𝜕 𝑡̄
𝜕 𝑧̄ 2
𝜕 𝑧̄ 3
3
𝜕 𝑝̄mod
𝜕 𝑢̄ 0
= 𝜀 𝑊 𝑖 𝑢̄ 0
.
𝜕 𝑧̄
𝜕 𝑧̄ 3

2.4. Summary
2.4.1. Dimensional equations
We now summarise the result of the long-wave expansion and
discuss various forms of the thin film equations. To facilitate a physical
interpretation, the results will be presented in dimensional form. A key
observation is that, like in the Newtonian lubrication approximation,
the leading order velocity in the second order fluid is still parabolic:
)
𝐴 (𝑥, 𝑡) ( 2
𝑧 − 2𝑧ℎ(𝑥, 𝑡) .
(27)
2
The thin film description then consists of two coupled equations for the
interface shape ℎ(𝑥, 𝑡) and the flow strength 𝐴(𝑥, 𝑡):
1 ( 3 )′
ℎ̇ +
𝐴ℎ
= 0,
(28)
3
[
]
𝛹
1 ( 2 2 )′
𝛾ℎ′′′ − 𝜂𝐴 + 1 𝐴̇ +
𝐴 ℎ
= 0,
(29)
2
2
where dots and primes denote derivatives with respect to 𝑡 and 𝑥.
The former of these equations represents mass conservation. The latter
equation represents a momentum balance that relates the flow strength
𝐴 to driving by surface tension (𝛾) in the presence of viscosity (𝜂)
and first normal stress difference coefficient (𝛹1 ). Interestingly, the
second normal stress difference coefficient completely drops out of
the expansion at leading order and does not appear in the thin film
equations.
The thin-film equations above can easily be extended to include the
presence of a conservative body force with potential 𝜙 (𝑥, 𝑧) as well as
when the Navier slip boundary condition apply at the solid wall i.e. at
𝑢(𝑥, 𝑧, 𝑡) = −

(22)
(23)

The key observation is that the parabolic form of the velocity profile
given in (19) is a solution to the set of equations for the viscoelastic
3
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𝑧 = 0, 𝑢 = 𝓁𝑠 𝜕𝑢∕𝜕𝑧, where 𝓁𝑠 is the slip-length [3]. With the extension,
they become
))′
1 ( 2(
ℎ̇ +
𝐴ℎ ℎ + 3𝓁𝑠
= 0,
(30)
3
[
]
(
(
))
𝛹
′
1
𝛾ℎ′′′ − 𝜙′ (𝑥, ℎ (𝑥, 𝑡)) − 𝜂𝐴 + 1 𝐴̇ +
𝐴2 ℎ ℎ + 2𝓁𝑠
= 0.
(31)
2
2
Note that in the absence of viscoelasticity, i.e. without 𝛹1 in the
equations, one recovers the thin-film equation in Newtonian fluids by
substituting the expression of 𝐴 from (31) in (30) [3].
2.4.2. Steady flows
The thin-film equations simplify when one is looking for travelling wave solutions for which profiles propagate steadily with some
constant velocity, say 𝑈 , with respect to the solid boundary. It is
worth re-emphasising here that a second-order fluid model, seen as
a retarded-flow approximation, is inappropriate for strongly unsteady
problems [20,26,35]. From this perspective, the steady travelling wave
solutions perhaps form the most important applications of our study.
When imposing the form ℎ(𝑥 − 𝑈 𝑡) and 𝐴(𝑥 − 𝑈 𝑡) in (28), the flow
strength 𝐴 now expressed in a comoving coordinate 𝑥̃ ≡ 𝑥 − 𝑈 𝑡 is
3𝑈 (ℎ − ℎ∗ )
,
(32)
ℎ3
∗
where ℎ is an integration constant that controls the flux in the flowing
layer [4]. Substituting this for 𝐴 in (29), the ordinary differential
equation for the profile in the co-moving frame becomes
) 3𝛹1 𝑈 2 ℎ′ ( ℎ )
3𝜂𝑈 (
𝛾ℎ′′′ −
ℎ − ℎ∗ −
𝐹
= 0,
(33)
3
ℎ∗
ℎ
2ℎ3
𝐴=

Fig. 2. Schematic of the Landau–Levich dip-coating problem.

with
𝐹 (𝑥) = 1 − 6𝑥−1 + 6𝑥−2 .

√
where 𝓁 = 𝛾∕𝜌𝑔 is the capillary length, 𝜌 being the density of the
fluid and 𝑔 the acceleration due to gravity [44]. The Landau–Levich
scaling for the entrained thickness in Newtonian fluids is ℎ∗ ∼ 𝓁𝐶𝑎2∕3
at leading order [10,44]. The scaling also appears in other entrainment
problems [45] like pulling of a soap film [1,46] or motion of a long
bubble in a tube —the Bretherton problem [21]. The ensuing analysis
in these problems is similar and details particular to the problem
often present themselves mainly through the length scale 𝓁 appearing
in the scaling relation, or at higher orders [47]. Here the goal is
to determine how ℎ∗ relates to the plate velocity in the presence of
viscoelasticity. Note that in this work we do not consider the thin-film
dynamics near the wetting transition, where film thicknesses other than
the Landau–Levich thickness have been known to exist in Newtonian
fluids [48–50].
A natural dimensionless parameter to quantify viscoelastic effects
would be 𝛹1 𝑈 ∕(2𝜂ℎ∗ ) —a local Weissenberg number, comparing the
timescale 𝛹1 ∕2𝜂 to the local shear-rate 𝑈 ∕ℎ∗ . However, ℎ∗ is not known
a priori and we therefore define the Weissenberg number

(34)

Eq. (33) will be discussed in detail below but it is immediately clear
that for 𝛹1 = 0 one obtains the equation used for the classical Landau–
Levich problem [10]. In Section 3 we address how viscoelasticity
affects the thickness of a liquid film that is entrained in a dip-coating
experiment, and we will compare our results to previous approaches in
the literature. A special case of (33) case is when ℎ∗ = 0, for which the
depth-integrated flux across the layer vanishes in the co-moving frame.
This form of the thin-film equation has been extensively studied in the
context of moving contact lines [4]. The equation for a moving contact
line with viscoelasticity thus reads
3𝛹1 𝑈 2 ℎ′
3𝜂𝑈
−
= 0.
(35)
2
ℎ
2ℎ3
The equation is similar to the viscoelastic contact line equation proposed in [43] based on scaling estimates for components of the stress
tensor. While [43] correctly captures the scaling 𝛹1 𝑈 2 ℎ′ ∕ℎ3 of the
viscoelastic term its estimation of the prefactor to be 18 is different
from the value 3∕2 obtained through the long-wave expansion here.
𝛾ℎ′′′ −

𝑊 𝑖𝓁 =

3. The viscoelastic Landau–Levich problem

𝛹1 𝑈
,
2𝜂𝓁

(37)

based on the capillary length 𝓁 which appears in the curvature boundary condition (36).
We now proceed by introducing scales from the Newtonian Landau–
Levich problem so that

We now use the thin-film equation derived in the aforementioned
to compute the effect of viscoelasticity on the Landau–Levich problem
where a film is entrained by pulling a solid plate from a quiescent
liquid bath as shown in the schematic of Fig. 2. We assume the film
to be steady in the lab frame (frame of bath), which in the frame of
reference attached to the plate corresponds to travelling wave solutions.
These are described by (33), where 𝑈 now is the imposed plate velocity.
The negative 𝑥 direction is up along the plate and as 𝑥 → −∞ a
homogeneous thickness ℎ → ℎ∗ coats the plate. The coated film merges
into the stationary bath where ℎ → ∞. This latter boundary condition is
established through the technique of matched asymptotics by matching
the film curvature to that of the stationary bath [44]
√
2
ℎ′′ →
as ℎ → ∞,
(36)
𝓁

ℎ(𝑥) = 𝓁𝐶𝑎2∕3 𝐻(𝑋),

𝑋=

𝑥
,
𝓁𝐶𝑎1∕3

(38)

which transform (33) to
𝐻 ′′′ −

3(𝐻 − 𝐻 ∗ )
𝐻′
− 3𝑊 𝑖𝓁 𝐶𝑎−1∕3
𝐹 (𝐻∕𝐻 ∗ ) = 0.
𝐻3
𝐻3

(39)

The film-thickness 𝐻 ∗ that is to be determined is selected by the unique
solution that satisfies the boundary conditions at the two ends of the
plate, namely, at the region of a flat film, and where the film meets the
bath:
√
𝐻(−∞) → 𝐻 ∗ ,
𝐻 ′′ (∞) → 2.
(40)
4
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[25] for Oldroyd-B and FENE-CR fluids. They found that the film thickness at low 𝑊 𝑖 and 𝐶𝑎 initially decreases compared to the Newtonian
values, consistent with [22] and the present study. However, the film
thickness in the numerical simulations of Lee et al. [25] was found to
increase compared to the Newtonian case at larger values of 𝑊 𝑖 and 𝐶𝑎.
Clearly, this increase is not captured by our thin-film equation using the
second order fluid (see Fig. 3). We remind the reader that the secondorder fluid model is not an appropriate model at relatively large 𝑊 𝑖
because it is a model formally derived for ‘‘slow’’ flows [26,35]. It is
not surprising, therefore, that our results do not capture this increase
in film thickness.
The increase in film thickness was, however, found in the experiments and analysis of De Ryck and Quéré [24] for a shear-thinning
viscoelastic fluid. The work devised a thin-film equation not from a
specific constitutive relation but prompted by estimates for the components of the stress tensor [24]. The proposed lubrication equation (for
the case without shear-thinning) has the same structures as (33), but,
importantly, the function 𝐹 is different:

Fig. 3. Thickness of the Landau–Levich film ℎ∗ , compensated by the Newtonian scaling,
in the presence of viscoelasticity. We plot the results by solving numerically our Eq. (39)
and those from other thin-film equations [23,24]. See text for a detailed discussion of
the literature.

(𝑥 − 1)(2𝑥 − 3)
.
(42)
𝑥2
This change in 𝐹 , compared to our (34), has a significant consequence
for the Landau–Levich film thickness, as can be seen in Fig. 3. While
the model of [24] captures the increase in film thickness observed
experimentally and in numerical simulations, it misses the decrease in
film thickness for weak viscoelasticity found in [22,25] and the present
work.
More recently, Ashmore et al. [23] studied the coating problem for a
Criminale–Ericksen–Filbey (CEF) fluid. This fluid model, without shearthinning i.e. setting power-law index 𝑛 = 1, is strictly identical to the
second-order fluid. The thin-film equation (for 𝑛 = 1) in [23] again has
the same structure as (33), but with
𝐹 (𝑥) = 4

For the Newtonian case it is known that 𝐻 ∗ = 0.946 [10,44], but now
with viscoelasticity the entrained film thickness will be function of
the parameter 𝑊 𝑖𝓁 𝐶𝑎−1∕3 , the parameter, equivalent to the Deborah
number, representing the ratio of the characteristic viscoelastic time
scale of the fluid to the characteristic residence time of a fluid element
in the transition region 𝓁𝐶𝑎1∕3 [22].
The boundary value problem defined by (39), (40) is solved numerically, and the result is shown as the solid line in Fig. 3. At small
values of 𝑊 𝑖𝓁 𝐶𝑎−1∕3 , one recovers the Newtonian value 𝐻 ∗ = 0.946.
The effect of viscoelasticity in the second order fluid is to decrease the
film thickness with respect to the Newtonian value. In fact at values of
𝑊 𝑖𝓁 𝐶𝑎−1∕3 ≪ 1, we find [details in Appendix]
ℎ∗
= 0.946 − 0.138 𝑊 𝑖𝓁 𝐶𝑎−1∕3 + ⋯ .
𝓁𝐶𝑎2∕3

(3𝑥 − 4)(𝑥 − 2)
.
(43)
𝑥2
Similar to the work by De Ryck and Quéré [24], this equation also
predicts an increase of the Landau–Levich film thickness (see Fig. 3).
We remark, however, that the equivalence between the CEF fluid at
𝑛 = 1 and the second-order fluid warrants that the thin-film equation from [23] be identical to that of the present work. It turns out
that in [23], the closure of the analytical problem involved a depthaveraging under an approximation. However, the depth-averaging can
be carried out without any approximation, and in that case one recovers
(34) rather than (43).
We thus conclude that the lubrication theory for the second-order
fluid/CEF fluid at 𝑛 = 1 gives a Landau–Levich film thickness that is
always thinner than in a Newtonian fluid with same shear viscosity.
This establishes the thinning of the Landau–Levich film in the weakly
viscoelastic limit, which is the range where the second-order fluid is
expected to be valid. However, the increase in the film thickness at
larger values of 𝑊 𝑖 observed experimentally and numerically remains
to be explained analytically.
𝐹 (𝑥) =

(41)

Even in the limit where 𝑊 𝑖𝓁 𝐶𝑎−1∕3 ≫ 1, the thickness continues to
decrease (Fig. 3). The numerical solution suggests a scaling 𝐻 ∗ ∼
(𝑊 𝑖𝓁 𝐶𝑎−1∕3 )−1 . This decrease at large 𝑊 𝑖𝓁 𝐶𝑎−1∕3 contradicts 𝐻 ∗ ∼
(𝑊 𝑖𝓁 𝐶𝑎−1∕3 )1∕2 — in dimensional terms ℎ ∼ 𝑈 — found in previous
Landau–Levich analyses that include viscoelasticity [23,24] (see comparison in Fig. 3 and details in Appendix). The reason for this difference
and a summary of results in the literature is discussed next.
3.1. Note on previous literature
The seminal analytical work on the effect of viscoelasticity on the
Landau–Levich film thickness came from Ro and Homsy [22] who
studied the problem using matched asymptotics in an Oldroyd-B fluid.
In brief, they performed a double expansion of flow quantities in
𝐶𝑎1∕3 and 𝑊 𝑖𝓁 𝐶𝑎−1∕3 , and found that when these quantities are small
the film thickness decreases compared to the Newtonian value. Their
result is similar to our (41) but differs in the numerical coefficient of
correction (𝑊 𝑖𝓁 𝐶𝑎−1∕3 ) term. We suspect the difference to be a typo or
a numerical error, since an expansion of (33) in the small 𝑊 𝑖𝓁 𝐶𝑎−1∕3
limit gives the exact same equations as in [22] (see Appendix for
details). This equivalence at low 𝑊 𝑖 is a direct consequence of the
second-order fluid being a low 𝑊 𝑖 limit of upper-convected Maxwell
(with 𝛹2 = 0) and Giesekus models; a recent demonstration of this was
shown by De Corato et al. [33].
A decrease in film-thickness with viscoelasticity was also observed
for the closely related Bretherton problem [21] (the Landau–Levich and
Bretherton problems scale similarly with 𝐶𝑎 at the leading order in
Newtonian fluids [44,47]) by the numerical simulations of Lee et al.

4. Conclusion
We have obtained a closed set of thin-film Eqs. (30) and (31) for
a viscoelastic fluid using the second-order fluid model. This work is
a major step forward in obtaining the equation with normal stress
differences and offers a gateway to understand their role in free-surface
problems. Previous studies that proposed similar equations were based
on a linear viscoelastic fluid [15], which is not frame-invariant and
lacks normal-stress feature of viscoelastic fluids; used scaling arguments
to derive them [24,43] or included additional assumptions including
steadiness of flow [22,23]. The derived Eqs. (30) and (31) may be
used to study various free-surface flow problems including contact
line dynamics of viscoelastic fluids — phenomena such as spreading
of drops and dewetting. Here, we have used the equations to study
5
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A.2. The Landau–levich film thickness when 𝐶𝑎−1∕3 𝑊 𝑖𝓁 ≫ 1

the classical Landau–Levich problem, and shown that, in fact, weak
viscoelasticity decreases the thickness of the deposited film compared
to its Newtonian value. With this result, we have addressed the discrepancy in literature on the effect of viscoelasticity on the film thickness
in the Landau–Levich problem.
We note that the second-order fluid model studied as a retardedflow approximation should be used only for weakly viscoelastic fluids.
The numerical simulations of Lee et al. [25] show that at higher
values of Weissenberg and capillary numbers viscoelasticity, in fact,
increases the film thickness compared to a Newtonian fluid with same
shear viscosity. It would be interesting to have a thin-film equation
corresponding to the strongly elastic limit. We aim to work towards
it in the future.

When 𝛿 = 𝐶𝑎−1∕3 𝑊 𝑖𝓁 in (39) is large (≫ 1), the dominant terms of
the equation are expected to be the capillary pressure gradient term
and the viscoelastic term. This means (39) at leading order is
(
)
𝐻
𝐻′
𝐹
= 0,
(A.10)
𝐻 ′′′ − 3𝛿
∗
𝐻
𝐻3
where the viscous term has been dropped. Eq. (A.10) can be readily
integrated once to give
(
)
3𝛿
𝐻
𝐻 ′′ +
𝐺
+𝐾 =0
(A.11)
∗
2
𝐻
𝐻
where 𝐾 is the integration constant, and for 𝐹 given by (A.3)
𝐺 (𝑥) =

Declaration of competing interest

(A.12)

The different expressions of 𝐹 (𝑥) in (42) and (43) from the work of [24]
and [23] result in different 𝐺 (𝑥). To find the constant 𝐾, we note that
3𝛿
𝐺 (1). Towards the
as 𝐻 → 𝐻 ∗ , 𝐻 ′′ → 0, and this gives 𝐾 = −
𝐻 ∗2
stationary bath, as 𝐻 → ∞, we find
√
𝐻 ′′ (∞) = −𝐾 = 2,
(A.13)
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where in the first equality we have used the fact that 𝐺 (∞) remains
finite, and the second equality uses (40). Using the value of 𝐾 in the
second equality of (A.13) we get
(
)1∕2
3𝛿
𝐻 ∗ = √ 𝐺 (1)
.
(A.14)
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Appendix A. Asymptotics

The scaling in this relation is identical to that obtained in [23] and [24].
Importantly, however, for our expression of 𝐹 , 𝐺 (1) = 0 (using (A.12))
so that (A.14) predicts a zero film-thickness. Note that 𝐺 (1) = 0 results
in 𝐾 = 0 which implies that the curvature boundary condition in (A.13)
cannot be satisfied by just considering the viscoelastic and the capillary
term; the viscous term dropped in (A.10) is therefore important here
and must be included to prevent the breakdown of (A.14).
In contrast, the approximate expressions for 𝐹 in the works of [23,
24] give a non-zero 𝐺 (1). This explains the differences in scaling laws
for large 𝛿 ≡ 𝐶𝑎−1∕3 𝑊 𝑖𝓁 as observed in Fig. 3.

A.1. The Landau–Levich film thickness when 𝐶𝑎−1∕3 𝑊 𝑖𝓁 ≪ 1
The thin-film equation for the Landau–Levich problem in scaled
variables (39) is
(
)
3(𝐻 − 𝐻 ∗ )
𝐻′
𝐻
− 3𝑊 𝑖𝓁 𝐶𝑎−1∕3
𝐹
= 0,
(A.1)
𝐻 ′′′ −
∗
3
3
𝐻
𝐻
𝐻
with the following boundary conditions
√
𝐻(−∞) → 𝐻 ∗ ,
𝐻 ′′ (∞) → 2.

1
3
− 2𝑥−1 + 𝑥−2 .
2
2

(A.2)

Here
𝐹 (𝑥) = 1 − 6𝑥−1 + 6𝑥−2 .

Appendix B. Additional details on long-wave analysis

(A.3)

When 𝛿 = 𝐶𝑎−1∕3 𝑊 𝑖𝓁 ≪ 1, one may write 𝐻 and 𝐻 ∗ as a regular
perturbation expansion in the small variable 𝛿 i.e.
{
} {
}
{
}
{
}
𝐻, 𝐻 ∗ = 𝐻0 , 𝐻0∗ + 𝛿 𝐻1 , 𝐻1∗ + 𝛿 2 𝐻2 , 𝐻2∗ …
(A.4)

The momentum equation

for a second-order fluid becomes

With this, at  (1), the equation and boundary conditions become
𝐻0′′′

−

3(𝐻0 − 𝐻0∗ )
𝐻03

𝐻0 (−∞) →

𝐻0∗ ,

∇𝑝 = 𝜂𝛁2 𝐮 −
(A.5)

= 0,
𝐻0′′ (∞)

√
→ 2,

0

(A.6)

=

0

𝐻1′′ (∞) → 0.

𝐻1∗ = 0.138,

2
𝜕 3 𝑢𝑗
𝜕𝑢 𝜕 𝛾̇ 𝑖𝑗
𝜕 𝜕 𝑢𝑗
+ 𝑘
+ 𝑢𝑘
𝜕𝑡 𝜕𝑥𝑖 𝑥𝑖
𝜕𝑥𝑖 𝜕𝑥𝑘
𝜕𝑥𝑘 𝜕𝑥2

(B.3)

𝑖

(A.8)
and

Eq. (A.7) written above and equation 85 in [22] are identical and admit
same boundary conditions (A.8). On solving these equations we find
𝐻0∗ = 0.946;

(B.2)

𝜕 2 𝑢𝑗
𝜕𝑢𝑗 𝜕 2 𝑢𝑘
𝜕𝑢 𝜕 𝛾̇ 𝑘𝑗
− 𝑖
− 𝛾̇ 𝑖𝑘
−
,
𝜕𝑥𝑘 𝜕𝑥𝑖
𝜕𝑥𝑘 𝜕𝑥𝑖 𝜕𝑥𝑘 𝜕𝑥2
𝑖

and
𝐻1 (−∞) → 𝐻1∗ ,

∇
𝛹1
̇ = 0.
𝛁 ⋅ 𝜸̇ + 𝛹2 𝛁 ⋅ (𝜸̇ ⋅ 𝜸)
2

Here
( ∇)
(
(
)
)
𝜕 𝛾̇ 𝑖𝑗
𝜕 𝛾̇ 𝑖𝑗
𝜕
𝜕
=
𝛁 ⋅ 𝜸̇
+
𝑢𝑘
𝜕𝑥𝑖
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑘
𝑗
(
)
(
)
𝜕𝑢𝑗
𝜕𝑢
𝜕
𝜕
−
𝛾̇ 𝑘𝑗 𝑖 −
𝛾̇ 𝑖𝑘
,
𝜕𝑥𝑖
𝜕𝑥𝑘
𝜕𝑥𝑖
𝜕𝑥𝑘

which correspond to the Newtonian Landau–Levich problem [10]. At
 (𝛿), we have
(
)
𝐻0′
3𝐻1∗ 3𝐻1∗ (2𝐻0 − 3𝐻0∗ )
𝐻0
′′′
𝐻1 +
+
−3
𝐹
= 0,
(A.7)
𝐻0∗
𝐻4
𝐻4
𝐻3
0

(B.1)

∇𝑝 = 𝛁 ⋅ 𝝉,

̇ 𝑗=
(𝛁 ⋅ (𝜸̇ ⋅ 𝜸))

(
)
𝜕 𝛾̇ 𝑖𝑘 𝛾̇ 𝑘𝑗

(A.9)
= 𝛾̇ 𝑘𝑗

which gives the result (41) presented in the main text.
6

𝜕𝑥𝑖
𝜕 2 𝑢𝑘
𝜕𝑥2𝑖

,

+ 𝛾̇ 𝑖𝑘

𝜕 𝛾̇ 𝑘𝑗
𝜕𝑥𝑖

(B.4)
,
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where the continuity equation
of 𝜸̇ are

𝜕𝑢𝑖
= 0 has been used. The components
𝜕𝑥𝑖
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𝜕𝑢
𝑈 𝜕 𝑢̄
=2
,
𝜕𝑥
𝐿 𝜕 𝑥̄
𝜕𝑢 𝜕𝑤
𝑈 𝜕 𝑢̄ 𝜀𝑈 𝜕 𝑤̄
(B.5)
𝛾̇ 12 = 𝛾̇ 21 =
+
=
+
,
𝜕𝑧
𝜕𝑥
𝜀𝐿 𝜕 𝑧̄
𝐿 𝜕 𝑥̄
𝑈 𝜕 𝑤̄
𝜕𝑤
=2
,
𝛾̇ 22 = 2
𝜕𝑧
𝐿 𝜕 𝑧̄
{
}
{
}
where 𝑥1 , 𝑥2 = {𝑥, 𝑧} and 𝑢1 , 𝑢2 = {𝑢, 𝑤}. Velocity components and
coordinates with an overhead bar are dimensionless, made so using
scales introduced in the main text —𝑈 for velocity and 𝐿 for length
along 𝑥, 𝜀𝑈 and 𝜀𝐿, respectively, along 𝑧. The continuity equation in
scaled variables becomes
𝜕 𝑢̄
𝜕 𝑤̄
+
=0
(B.6)
𝜕 𝑥̄
𝜕 𝑧̄
retaining its original form. Using the scales for velocity and length,
and expressions for components of 𝜸̇ in (B.5), one can evaluate the
order of terms in (B.3) and (B.4). The 𝑥-component of (B.3) at leading
( )
order is  𝜀−2 , so is that of (B.4), and also of the first term on the
right hand side of (B.2), 𝜂𝛁𝟐 𝐮. Therefore, we retain these terms in
the 𝑥-momentum equation at leading order along with pressure, which
(
)
fixes the scale of pressure to be (𝜀−2 ) 𝜂𝑈 𝐿∕𝐻 2 and gives (11).
The pressure gradient in the 𝑧−momentum equation then scales as
( )
 𝜀−3 ; no term from (B.3) contributes at this order along 𝑧, but terms
from (B.4) do. We retain these terms and obtain (12). The boundary
conditions at leading order similarly follow.

𝛾̇ 11 = 2
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