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Analysis of pultrusion process for thick glass/
polyester composites: transverse shear
stress formations
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Abstract In the present work process-induced residual stress development is described for a 100 × 100 mm pultruded
square profile made of glass/polyester. A thermo-chemical model developed in MATLAB is coupled with a mechanical
model developed in ABAQUS. The temperature and degree of cure distributions are calculated for three different preheating
temperatures. In the mechanical model, a parameter study is examined to investigate the effect of total volumetric
shrinkage (Vsh) and the coefficient of thermal expansion (CTE) in rubbery state on the residual stresses. The non-uniform
internal constraints in the part yield in an internal shear deformation during the process. The transverse shear stress and
compressive normal stress levels decrease significantly as compared with the tensile normal stresses with an increase in
preheating temperature. The change in Vsh and CTE in rubbery state affects the shear stresses and compressive stresses
significantly, whereas the tensile stresses are less affected.
Keywords Pultrusion, Transverse shear stress, Cure behavior, Thermo-mechanical, Finite difference method, Finite-element
method
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Introduction
Pultruded products have increasingly been used in electrical, construction, transportation, and wind energy industries
as load carrying pre-fabricated components as well as thermal and electrical insulation elements. One example is the
wind turbine blade root reinforcement which is a relatively
thick fiber-reinforced polymer composite manufactured by
pultrusion1. Another one is the thick pultruded rods used in
transformers and electric motors as an electrical insulator. In
order to have a better product reliability of the pultruded parts
during the service life, the product property development during the process needs to be understood and described well.
Therefore, it is necessary to characterize the pultrusion process
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to manufacture high quality pultruded profiles with minimum
defects or improved product performance (mechanical, thermal, or electrical). Although pultrusion process is a continuous
and automated process, the involved multi-physics make the
process difficult to control. A schematic view of the thermosetting pultrusion process is depicted in Fig. 1. The thermosetting
resin is gradually cured in the heated die in which the status
of the resin changes from liquid (viscous) to rubbery (gel) and
finally to solid (glassy). The cured profile is pulled by a pulling
mechanism and cut into desired length by a saw.
One of the main challenges in pultrusion process is the
process-induced residual stresses since they may cause manufacturing-induced defects in the product such as premature
cracking, delamination, and shape distortions3,3,5 which has a
negative effect on the product performance. The degree of
cure gradients through the thickness due to temperature lags

© 2017 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.
Received 30 October 2016; accepted 1 December 2016
Doi: 10.1080/20550340.2016.1269037

Advanced Manufacturing: Polymer & Composites Science  2016  VOL. 2  

NOS.

3–4

Baran Analysis of pultrusion process

Figure 1 Schematic view of a thermosetting pultrusion process with a resin bath impregnation system.

and chemical exotherms can be important in thick composite
parts, and may cause additional residual stresses5. The residual
stresses in the transverse to the fiber direction even might
be more critical for unidirectional (UD) composites since their
transverse strength is dominated by the matrix. The transverse
shear strength is very important since it has relatively a low
value, e.g. the transverse shear strength of a UD glass/epoxy
composite was found to be around 7 MPa using short-beam
shear tests in6.
Keeping the multi-physics and large amount of variables
involved in the pultrusion process in mind, a satisfactory
experimental analysis for the production requires considerable time which is obviously not a cost-efficient approach.
Therefore, a numerical process simulation tool is essential
to address the main challenges in pultrusion such that the
pultrusion industry can use the developed models to avoid
expensive trial-and-error approaches for designing new products and process conditions.
The residual stress formation in fiber-reinforced composites
has been investigated extensively in literature7–11 by considering the cool-down stage of the curing process in which the
stresses evolving during the curing were neglected. Transient
heat transfer causes thermal gradients which results in differential polymerization, shrinkage, and modulus development
of the matrix material in the through-thickness direction and
generate residual stresses12. The evolution of macroscopic
in-plane residual stresses was investigated for thick thermoset laminates resulting from temperature and degree of cure
gradients in5,13. These studies mainly concentrated on the normal stress development, whereas shear stress evolution has
not been considered.
Apart from the studies mentioned above, the residual
stresses for pultrusion processes have been studied in literature. A square UD glass epoxy profile (25.4 × 25.4 mm) was analyzed in14. A UD graphite/epoxy rod was studied in15 in which
the diameter of the rod was 9.5 mm. A process simulation
was performed in16 for an industrially pultruded rectangular
hollow profile (64 × 27 mm) with a thickness of 3 mm containing both UD roving and continuous filament mat layers.
The predicted residual shape distortions were found to agree
well with the actual warpage formations. An industrially pultruded L-shaped profile was studied in17. The cross-sectional
dimensions of the part were 50 × 50 mm with a thickness of
5 mm and the predicted spring-in angle was validated with the
measured one. In18, process simulations for the pultrusion of
a C-section profile (400 × 120 mm) with a thickness of 18 mm
were carried out. The wall thickness of the pultruded profiles



studied in14–18 varied approximately between 3–25 mm and
this resulted in relatively low transverse normal stresses due
to relatively uniform through thickness cure and temperature
gradients. However, the process-induced shape deformations
such as spring-in and warpage might be more critical depending on the geometry and hence the boundary conditions, e.g.
hollow profile in16.
As compared with the aforementioned literature on
pultrusion process, a much thicker UD-reinforced profile
(100 × 100 mm) is studied in this work. The focus is given
not only on the transverse normal stresses but also on the
transverse shear stress formation which has not been investigated quantitatively up to now. The state-of-the-art process
model developed specifically for pultrusion process2,14 is
being implemented in the present work. This model predicts
the temperature and degree of cure distributions at steady
state in a three-dimensional (3D) domain and the stresses are
calculated in a 2D domain. The proposed modeling approach
is therefore computationally fast and accurate for the estimation of transverse stresses and deformations together with
thermal and cure history. The effect of preheating temperature
as well as the coefficient of thermal expansion (CTE) of the
resin in rubbery state on the stresses is studied. Moreover,
in order to understand the effect of low profile additives on
the residual stresses, a parameter analysis is carried out by
changing the total volumetric shrinkage value of the polyester matrix.

Thermal model
The 3D steady state heat transfer equation for the composite
and die is solved using the control volume-based finite difference (CV/FD) method19,20 in MATLAB. The advective term due
to the pulling speed of the composite part and the source
term due to exothermic reaction (internal heat generation)
are included in the heat transfer model (Eq. (1)). These terms
are discarded for the heat transfer equation solved for the die.

(
)
𝜕T
𝜕2 T
𝜕2 T
𝜕2 T
(𝜌Cp ) u
= kx1 2 + kx2 2 + kx3 2 + q
𝜕x1
𝜕x1
𝜕x2
𝜕x3

(1)

where T is the temperature, u is the pulling speed, 𝜌 is the
density, Cp is the specific heat and kx , kx and kx are the ther1
2
3
mal conductivities along x1-, x2-, and x3-directions, respectively.
Here, x1 is the pulling or longitudinal direction; x2 and x3 are the
transverse directions for the UD pultruded part. The internal
heat generation is expressed as14,21:

q = (1 − Vf )𝜌r Htr Rr (𝛼, T )
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Figure 2 Quarter pultrusion domain for a UD glass/polyester profile (100 × 100 mm) and mesh details of the cross section. All
dimensions are in mm and fiber orientation is in the x1-direction.

where Htr is the total heat of reaction for the resin, 𝜌r is the
resin density, Vf is the fiber volume fraction, 𝛼 is the degree
of cure, and Rr (𝛼, T ) is the reaction of cure which can also be
defined as the rate of 𝛼, i.e. d𝛼∕dt. The expression for the cure
kinetics is given as:

Rr (𝛼, T ) =

−E
d𝛼
= A0 exp( a )𝛼 m (1 − 𝛼)n
dt
RT

(3)

where A0 is the pre-exponential constant, Ea is the activation
energy, R is the universal gas constant, m and n are the order
of reaction (kinetic exponents).
The computational domain of the thermal model is depicted
in Fig. 2 for the pultrusion process of a 100 × 100 mm glass/
polyester profile. Only a quarter of the pultrusion domain is
considered due to symmetry. The cross-sectional mesh of the
composite part consists of 400 control volumes (20 × 20) and
0.01 m is used for the control volume size in the pulling direction
(x1-direction). This results in total of 640000 control volumes
(20 × 20 × 1600). A steel die is used for the die block. The pulling
speed is set to 100 mm/min. Material models for the composite are taken from17. Two heating zones having prescribed set
temperatures 110 ◦C and 140 ◦C are defined. At the inlet of the
pultrusion die, the temperature of all the nodes attached to
the composite is set to a preheating temperature (Tpreheat) as
a prescribed temperature boundary condition. Tpreheat mimics
the inlet temperature of the resin and fiber before entering the
pultrusion die. Due to the initial liquid pressure at the die inlet
and thermal expansion of the part inside the die, the part exerts
a pressure toward the inner die surface. This promotes the perfect thermal contact at the die–part interface and prevents the
potential separation of part from the die surface. Based on these
assumptions, a perfect thermal contact is used at the die–part
interface for the sake of simplicity as in2,14. At the symmetry surfaces adiabatic boundaries are defined in which no heat flow is
allowed across the boundaries. The remaining exterior surfaces
of the die are exposed to ambient temperature (20 ◦C) with a
convective heat transfer coefficient of 10 W/(m2 K) except for the
surfaces located at the heating regions. The thermal properties
used in the thermal model are listed in Table 1. Table 2 summarizes the cure kinetics parameters used in Eq. (3).
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Table 1

Thermal properties used in the thermo-chemical
model29,30.

Material
Polyester
Glass fiber
Steel die

Table 2

𝜌 [kg/m 3 ]
1100
2560
7833

Cp [J/kg
K]
1830
670
460

kx [W/m
1
K]
0.17
11.4
40

kx , kx
2
3
[W/m K]
0.17
1.04
40

Cure kinetics parameters used in Eq. (3) and the
total heat of reaction used in Eq. (2)22.

A0 [1/s]
7.5581×10 9

Ea [kJ/mol]
82.727

m
0.63

n
1.847

Htr [kJ/kg]
175

Mechanical model
In the 2D mechanical analysis of the pultrusion process, the
cross section of the composite is moved along the pulling
direction during the process (Lagrangian frame) meanwhile
tracking the corresponding temperature and degree of cure
profiles already calculated in the 3D thermo-chemical analysis
(Eulerian frame) as described in Fig. 3. A general purpose finite
element package ABAQUS is employed for the mechanical
model. Since the cross sectional dimensions are much smaller
than the total length of the pultrusion line in the pulling direction ( x1-direction), a plane strain assumption is made for the
residual stress analysis in which no strain component is taken
into account in the pulling direction (the out of plane strain
is assumed to be zero in Eq. (11)). An eight-node biquadratic
generalized plane strain quadrilateral elements (CPEG8R) with
reduced integration are used. The temperature and degree of
cure distributions calculated using the CV/FD in MATLAB are
mapped to the nodal points of the 2D cross section defined
in the mechanical model in ABAQUS (20 × 20 elements at the
cross section). Symmetry boundary conditions are used at the
symmetry surfaces and 2D rigid body surfaces are employed
at the die–part interface. A mechanical contact condition is
defined which allows separation at the interface while restricting any expansion of the composite beyond the tool interface.
The friction force at the contact condition is assumed to be
zero (sliding condition).
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Figure 3 Representation of the sequentially coupled 3D thermo-chemical model with a 2D quasi-static mechanical model for
pultrusion processes14.

User-defined subroutines are developed in ABAQUS for the
constitutive material models. The elastic modulus of the resin
is modeled using the modified cure hardening instantaneous
linear elastic (CHILE) approach proposed by Johnston12 and
the corresponding expression is seen in Eq. (4).

⎧
⎪
⎪
Er = ⎨
⎪
⎪
⎩

E0
Ae exp(Ke T ∗ )
T ∗ − TC2
(E − E1 )
E1 +
TC3 − TC2 ∞
E∞

;
;

T ∗ ≤ TC1
TC1 < T ∗ < TC2

;

TC2 < T < TC3

;

TC3 ≤ T ∗

∗

TC1
[ ◦C]
-60

(5)

where T is the glass transition temperature at 𝛼 = 0 and aT
g
is a fitting constant. The parameters used in Eq. (4) are taken
from22 and listed in Table 3. For Eq. (5), Tg0 = 0 and aT = 135◦C
g
are used22.
The effective mechanical properties as well as thermal and
chemical shrinkage strains of the UD pultruded profile are calculated using the self consistent field micromechanics (SCFM)
approach which is a well known and documented technique
in the literature5,14. The details of the SCFM are presented in
Appendix 1. The mechanical properties of the glass fiber and
polyester resin are given in Table 4. An incremental linear elastic approach is implemented utilizing the user-defined subroutines in ABAQUS to calculate the displacements and stresses.
The total incremental strain (𝜀̇ tot), which is composed of the
incremental mechanical strain (𝜀̇ mech), thermal strain (𝜀̇ th), and
chemical strain (𝜀̇ ch), is given in Eq. (6). Here, the incremental

Parameters used in the modified CHILE model in
Eq. (4).22

TC2 TC3 [ ◦
E1
C] E0 [GPa] [GPa]
[ ◦C]
30 110 0.0195
0.73

Table 4

(4)

where T ∗ represents the difference between the instantaneous glass transition temperature (Tg) and the resin temperature T, i.e. T ∗ = Tg − T . Ae and Ke are the constants for the
exponential term. TC1, TC2, and TC3 are defined as the critical
temperatures and E0, E1 and E∞ are the corresponding elastic
modulus values, respectively,22. More specifically, E0 and E∞
can be considered as the elastic modulus in the viscous and
glassy state, respectively. The glass transition temperature Tg
can be defined as a function of cure degree23 and expressed as:

Tg = Tg0 + aTg ⋅ 𝛼

Table 3

Ae
[GPa]
0.20

Ke
[1/ ◦C]
0.043

Mechanical properties of the glass fiber and the
polyester resin. 17. 5

Glass fiber
Polyester
(glassy state)

Young’s
modulus [GPa]
73
3.76

Poisson’s
ratio
0.22
0.4

CTE
[ppm/ ◦C]
5.04
72

process-induced strain (𝜀̇ pr) is defined as the summation of 𝜀̇ th
and 𝜀̇ ch as also done in5,12.

𝜀̇ tot
= 𝜀̇ mech
+ 𝜀̇ thij + 𝜀̇ ch
ij
ij
ij
pr
th
𝜀̇ ij = 𝜀̇ ij + 𝜀̇ ch
ij
− 𝜀̇ pr
= 𝜀̇ tot
𝜀̇ mech
ij
ij
ij

(6)

The thermal strains are calculated as:

0
g



E∞
[GPa]
3.76

𝜀̇ thij = 𝛼CTE ⋅ ΔT
with

𝛼CTE =

{

glassy
𝛽 ⋅ 𝛼CTE
glassy
𝛼CTE

;
;

(7)

T∗ ≤ 0
T∗ > 0

(8)

glassy

where 𝛽 is the rubbery state multiplier and 𝛼CTE is the CTE in
glassy state and ΔT is the temperature increment. It should be
noted that the resin CTE in rubbery state is known to be much
larger than the CTE in glassy state24–26, i.e. 𝛽 ≥ 1.
The chemical shrinkage strain increments for the resin (𝜀̇ r)
are calculated as a function of the total volumetric shrinkage
(Vsh) and degree of cure increment (Δ𝛼) using a uniform contraction for a unit cell in the resin and as expressed as5:

𝜀̇ r =

√
3

1 + Δ𝛼 ⋅ Vsh − 1
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The incremental stress tensor (𝜎̇ ij) is then calculated using
the material Jacobian matrix (𝐉) based on the incremental
mechanical strain tensor (𝜀̇ mech) (Eq. (10)) in ABAQUS. The
linear elastic model is actually a convenient approach for the
pultrusion process since the curing takes place in a relatively
short time (in the order of minutes) where the viscoelastic
effects are less pronounced.

𝜎̇ ij = 𝐉𝜀̇ mech
ij

(10)

The stress and strain tensors are updated at the end of the
each time increment (n) as in Eqs. (11) and (12), respectively.

𝜎ijn+1 = 𝜎ijn + 𝜎̇ ijn

(11)

𝜀n+1
= 𝜀nij + 𝜀̇ nij
ij

(12)

Results and discussions
Effect of Tpreheat
The temperature and degree of cure distributions are calculated from the point at which part enters the pultrusion die
( x1 = 0 m) till x1 = 16 m. A parametric study is carried out
using different preheating temperature (Tpreheat). The temperature and degree of cure distributions are shown in Figs. 4–7
for different Tpreheat values namely 20 ◦C, 40 ◦C and 60 ◦C. It is
seen from Fig. 6 that larger portion of the cross section is cured
with a degree of cure value above 0.85 with higher Tpreheat. The
inner region is not cured at the die exit ( x1 = 1 m). However,
the curing of the inner portion takes place at post die since
the temperature of the outer region is still high to initiate the
exothermic reaction of the inner region. At x1 = 16 m, it is seen

Figure 4 Temperature distribution at pultrusion die exit (x1 = 1 m) for different Tpreheat values.

Figure 5 Temperature distribution at x1 = 16 m for different Tpreheat values.

Figure 6 Degree of cure distribution at pultrusion die exit (x1 = 1 m) for different Tpreheat values.
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Figure 7

Degree of cure distribution at x1 = 16 m for different Tpreheat values.

from Fig. 7 that the degree of cure is almost 1 (fully cured) for

Tpreheat values 40 ◦C and 60 ◦C, whereas some portion of the
cross section is not fully cured for the case with Tpreheat = 20 ◦C

having a degree of cure value around 0.85.
The corresponding temperature, degree of cure, and transverse modulus evolution at the center (Point A) and top (Point
B) of the part are depicted in Fig. 8. It is seen that relatively
faster curing takes place at Point A (center) for Tpreheat = 40 ◦C (at
x1 = 2 m) and Tpreheat = 60◦C (at x1 = 3 m) than Tpreheat = 20 ◦C
(from x1 = 4 m to x1 = 7 m). The temperature at the post die is
not sufficient for the exothermic reaction with Tpreheat = 20 ◦C.
This yields in lower peak temperature and hence a slower curing rate of Point A as seen in Fig. 8 (middle). The effect of temperature and degree of cure on the elastic modulus are seen
in Fig. 8 (bottom). It is seen that the elastic modulus of a fully
cured region (Point B) can have a decrease during the process
due to the temperature increase in the inner regions (Point A).
The predicted transverse normal stress (𝜎22) and transverse shear stress (𝜏23) distributions at x1 = 16 m are shown
in Figs. 9 and 10, respectively. Note that 𝛽 = 2.5 for Eq. (8) and
Vsh = 0.06 for Eq. (9) are used in the mechanical model. It is
seen that higher stress values are obtained for the case with
Tpreheat = 20 ◦C where 𝜏23 is found to be more critical than 𝜎22.
The reason behind that is the larger cure and temperature
gradients yielding in larger elastic modulus gradients through
the thickness for lower Tpreheat values (see Fig. 8). A value of
approximately 8.76 MPa is found for 𝜏23 which is larger than
the highest value for 𝜎22 = 6.92 MPa with Tpreheat = 20◦C.
The curing lag between Point A and Point B seen in
Fig. 8 causes internal mechanical constraints to the inner
region which cures later as compared with the outer region
of the pultruded part. During curing, the outer region
shrinks toward symmetry surfaces and the elastic modulus increases while no deformation takes place at the inner
region. The degree of mechanical constraint exerted by the
cured and solidified outer region is hence influenced by the
temperature of the outer surface since higher temperatures
yield in lower elastic modulus at the glass state. In other
words, harder mechanical constraint takes place for lower
temperature of the cured region and softer constraint is
the case for higher temperature at glass state. As a result,
higher stresses prevail for Tpreheat = 20 ◦C since the temperature of the outer region is approximately 60 ◦C when the
inner region (Point A) starts curing (see Fig. 8). The predicted
stress levels decrease with an increase in Tpreheat since more
uniform curing is accommodated in the part.



Figure 8 Evolution of temperature (top), degree of cure
(middle), and elastic modulus (bottom) for Point A and Point
B.

Effect of CTE in rubbery state
The characterization of CTE in rubbery state is a difficult
task which needs a careful investigation of the dimensional
change during curing. Although 𝛽 = 2.5 was proposed in24
and used also in the present work in Section 4.1 by utilizing
the 2D mechanical model in ABAQUS, a parameter study is
carried out by employing different values for 𝛽 in Eq. (8) to
simulate the effect of CTE in rubbery state on residual stress
evolution during the process. The evolution of normal and
shear stresses at locations, where they are the maximum, are
depicted in Figs. 11 and 12, respectively together with corresponding T and Tg for Tpreheat = 20◦C. Note that Vsh = 0.06 is
used in the simulations. It is seen that an increase in 𝛽 results
in an increase in the residual stress magnitude. This can be
explained by the competition between the thermal expansion and chemical shrinkage during curing (see Eq. (6)) such
that lower CTE provides smaller thermal strains and hence
the chemical shrinkage strain increments become larger. The
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Figure 9 Transverse normal stress distribution (𝜎22) at x1 = 16 m for different Tpreheat values.

Figure 10 Transverse shear stress distribution (𝜏23) at x1 = 16 m for different Tpreheat values.

Figure 11 Evolution of temperature (top) and 𝜎22 (bottom) at
center (Point A) for different 𝛽 values used in Eq. (8) as the
CTE in rubbery state. Note that Tpreheat = 20◦C.

stresses at the specified locations, i.e. Point A in Fig. 11 and
Point D in Fig. 12, increase significantly after when Tg exceeds
T at the center of the part.

Effect of Vsh
For polyester resins, the Vsh value can vary between 0.06 to
0.127. This value can be further decreased to 0 by mixing the
unsaturated polyester with low profile or “shrink-reducing”
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Figure 12 Evolution of temperature (top) and 𝜏23 (bottom) at
the maximum shear stress location (Point D) for different 𝛽
values used in Eq. (8) as the CTE in rubbery state. Note that
Tpreheat = 20◦C.

additives28. In order to simulate the effect of low profile additive content, the Vsh used in Eq. (9) are varied from 0 to 0.1 in
the mechanical model. Note that the value for 𝛽 is taken as 2.5.
The through thickness distribution of 𝜎22 and 𝜏23 at x1 = 16 m
are shown in Fig. 13. As expected, the stress levels gradually
decrease with a decrease in Vsh. As compared to the base case,
i.e. Vsh = 0.06, 𝜏23 as well as 𝜎22 (compressive) are almost doubled for Vsh = 0.1. The change in tensile stresses (𝜎22) at the
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Figure 13 Transverse normal stress 𝜎22 distribution along the path AB on the symmetry line (left) and transverse shear stress
𝜏23 distribution along the path AC on the diagonal line (right) for Tpreheat = 60 ◦C with different Vsh values.

center (Point A) can be considered negligible as compared
with the 𝜎22 in compression. When Vsh = 0, only the thermal
expansion and contraction are present with non-uniform
effective mechanical properties. This results in 𝜎22 ≈ 0 MPa
at Point A and 𝜎22 ≈ 15 MPa at Point B as well as 𝜏23 ≈ 2 MPa
along the path AC (see Fig. 13).
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Conclusion
In this paper, the process-induced residual stresses were
predicted for the pultrusion of a UD glass/polyester square
profile (100×100 mm). A thermo-chemical model was developed using the CV/FD method in MATLAB and subsequently
coupled with a 2D quasi-static mechanical model developed
in ABAQUS. The temperature and degree of cure distributions
were calculated for three different Tpreheat values: 20 ◦C, 40 ◦C
and 60 ◦C. Relatively large cure gradients were found to exist in
all cases which yielded in internal mechanical constraint in the
part during processing. The degree of constraint is dependent on the stiffness of the cured region. Higher preheating
temperature provides a less stiff constraint at the glassy state.
Therefore, higher residual stress level was found for the case
without heating the resin/fiber before entering the die (i.e.
Tpreheat = 20 ◦C). The transverse shear stresses (𝜏23) were more
critical than the transverse normal stresses (𝜎22) considering
the corresponding strength values.
The effect of CTE in rubbery state was investigated and
larger CTE resulted in lower residual stress levels. It is postulated that this is caused by the increased contribution of
thermal expansion to the process-induced strain increment
(Eq. (6)) for larger CTE in rubbery state. As a consequence,
the chemical shrinkage strain increment was compensated.
In addition, the effect of Vsh was also examined and 𝜏23 and
compressive 𝜎22 changed significantly as a function of Vsh,
whereas there was a relatively negligible change in tensile
𝜎22 at the center of the part.
It is therefore concluded that taking relatively low transverse
shear strength of UD composites (3–7 MPa6) into account, the
residual shear stresses in the transverse directions need to be
carefully analyzed for thick UD pultruded profiles since they
may initiate matrix cracking in the manufactured part.
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Appendix 1
The mechanical properties of the UD fibers are assumed to
be transversely isotropic and described by five independent
elastic constants: Young’s modulus and the Poisson’s ratio in
the transverse direction (E2f and 𝜈23f , respectively) and in the
longitudinal direction (E1f and 𝜈12f , respectively) and the shear
modulus in the longitudinal direction (G12f ). The resin has an
isotropic Young’s modulus (Er), Poisson’s ratio (𝜈r) and a shear
modulus (Gr). Based on the fiber volume fraction (Vf ), the
effective mechanical properties of the UD laminate are calculated in the following using the SCFM approach proposed in5.
Longitudinal Young’s Modulus:
E1 = E1f Vf + Er (1 − Vf ) +

[

2
)kf kr Gr (1 − Vf )Vf
4(𝜈r − 𝜈12f

(kf + Gr )kr + (kf − kr )Gr Vf

]

kf =

(A3)

2(1 − 𝜈r − 2𝜈r2 )

Shear Modulus:
G12 = G13 = Gr

G23 =

[

(G12f + Gr ) + (G12f − Gr )Vf
(G12f + Gr ) − (G12f − Gr )Vf

]

(A4)

[
]
Gr kr (Gr + G23f ) + 2G23f Gr + kr (G23f − Gr )Vf

(A5)

kr (Gr + G23f ) + 2G23f Gr − (kr + 2Gr )(G23f − Gr )Vf

where
G23f =

E3f

(A6)

2(1 + 𝜈23f )

Transverse Young’s Modulus:
E2 = E3 =

1
2
(4kT )−1 + (4G23 )−1 + (𝜈12
∕E1 )

(A7)

where kT is the effective plain strain bulk modulus and calculated as5:
kT =

(kf + Gr )kr + (kf − kr )Gr Vf

(A8)

(kf + Gr ) − (kf − kr )Vf

Poisson’s Ratios:
𝜈12 = 𝜈13 = 𝜈12f Vf + 𝜈r (1 − Vf ) +

𝜈23 =

[

(𝜈r − 𝜈12f )(kr − kf )Gr (1 − Vf )Vf
(kf + Gr )kr + (kf − kr )Gr Vf

2
2E1 kT − E1 E2 − 4𝜈12
kT E2
2E1 kT

]

(A9)

(A10)

The effective CTEs of a UD laminate in the longitudinal
direction (𝛼1) and in the transverse directions (𝛼2 = 𝛼3) are
obtained as5:
𝛼1 =

𝛼1f E1f Vf + 𝛼r Er (1 − Vf )
E1f Vf + Er (1 − Vf )

(A11)

𝛼2 = 𝛼3 = (𝛼2f + 𝜈12f 𝛼1f )Vf + (𝛼r + 𝜈r 𝛼r )(1 − Vf ) − (𝜈12f Vf + 𝜈r (1 − Vf ))𝛼1

(A12)
where 𝛼1f and 𝛼2f = 𝛼3f are the CTE of the fiber in the longitudinal and transverse directions, respectively, and 𝛼r is the CTE
of the resin.

The effective incremental chemical shrinkage strains of
a UD laminate in the longitudinal direction (𝜀̇ ch1 ) and in the
transverse directions (𝜀̇ ch2 = 𝜀̇ ch3 ) are written as5:
𝜀̇ ch
=
1

(A1)
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(A2)

Er

kr =

𝜀̇ r Er (1 − Vf )
E1f Vf + Er (1 − Vf )

𝜀̇ ch
= 𝜀̇ ch
= (𝜀̇ r + 𝜈r 𝜀̇ r )(1 − Vf ) − (𝜈12f Vf + 𝜈r (1 − Vf ))𝜀̇ ch
2
3
1

where kf and kr are the isotropic plane strain bulk modulus for
fiber and resin, respectively and expressed as:
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E1f
2
2(1 − 𝜈12f − 2𝜈12f
)

NOS.

3–4

(A13)

(A14)

