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1. Introduction

This paper is dedicated to Saks spaces of vector-valued functions and their properties. A Saks space is a
triple (X, || - ||, 7) consisting of a normed space (X, | - ||) and a coarser locally convex Hausdorff topology 7
on X such that the norm || - || is the supremum taken over some directed system of continuous seminorms
that generates the 7-topology, see [13]. Associated to a Saks space is the mized topology v = ~v(|| - ||, 7),
which was introduced in [60] and is the finest locally convex Hausdorff, even linear, topology between the
I - |l-topology and 7. Sequentially complete Saks spaces, i.e. (X,~) is sequentially complete, are needed in
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the theory of bi-continuous semigroups, which were introduced in [47,48], to treat semigroups on Banach
spaces (X, || - ||) which are usually not strongly continuous w.r.t. the norm || - || but only strongly continuous
w.r.t. the coarser topology 7, e.g. dual semigroups, implemented semigroups or transition semigroups like
the Ornstein—Uhlenbeck semigroup on the space of bounded continuous functions on a Polish space.

Besides sequential completeness there are several other properties of Saks spaces that are of impor-
tance in applications. The Lumer—Phillips generation theorems for bi-continuous semigroups from [45] need
knowledge of explicit systems of seminorms that generate the mixed topology - because the concept of
dissipativity depends on the choice of the system of seminorms. There is another locally convex Hausdorff
topology associated to a Saks space, namely the submized topology vs = (|| - ||, 7), which is defined by
an explicit system of seminorms and is in general coarser than - but has the same convergent sequences
as 7, see Definition 2.1. Therefore one is interested in the question when v and ~; coincide. Moreover, the
generation theorems like [45, Theorems 3.10, 3.17, Corollary 3.15] need the completeness of the Saks space,
i.e. that (X,7) is complete. A sufficient condition for v = s is that (X,+) is a semi-Montel space, which
also implies that (X,) is a complete semi-reflexive space and semi-reflexivity is needed for [45, Theorems
3.17] as well. On the other hand, the Lumer—Phillips generation theorem [11, Theorem 3.15, p. 75] for
bi-continuous semigroups needs that (X,~s) is complete (see [45, Theorem 3.11, Remark 3.12 (b)]).

The question whether v and 4 coincide is also important for perturbation results of bi-continuous semi-
groups. If v = 5 and the Saks space is sequentially complete and C-sequential, i.e. every convex sequentially
open subset of (X, ) is already open, then a bi-continuous semigroup on the corresponding Saks space is
already locally, even quasi-, equitight by [42, Theorem 3.17 (b), p. 13]. Locally equitight bi-continuous
semigroups are sometimes just called “tight” or “local” (see [19,21]) and local equitightness is needed for
perturbation theorems like [19, Theorem 1.2, p. 669], [22, Theorems 2.4, 3.2, p. 92, 94-95], [22, Remark 4.1,
p. 101], [9, Theorem 5, p. 8] and [10, Theorem 3.3, p. 582]. Equitightness is relevant in ergodic theory for
bi-continuous semigroups, see [2, Remark 3.5 (ii), p. 147, Proposition 3.8, p. 150].

Apart from its relation to local equitightness its is also known that every bi-continuous semigroup on a
sequentially complete C-sequential Saks space is locally, even quasi-, y-equicontinuous by [35, Theorem 7.4,
p. 180] and [42, Theorem 3.17 (a), p. 13]. Equicontinuity and local equicontinuity are needed for perturba-
tion results like dissipative perturbations or Desch—Schappacher perturbations [1,26] and the infinitesimal
description of Markov processes [25]. Sequentially complete C-sequential Saks spaces also play a role in the
duality between cost-uniform approximate null-controllability and final state observability, see [44, Theorem
5.18, p. 441]. A sufficient condition for (X,v) being C-sequential is that (X,v) is a Mackey—Mazur space
by [58, Corollary 7.6, p. 52]. Here, (X,~) being a Mackey space means that v is the Mackey topology of
a dual pairing (X,Y’) where Y is a Banach space topologically isomorphic to the strong dual (X,~);, and
being a Mazur space means that all sequentially y-continuous linear functionals are already ~y-continuous.
The question whether (X,+) is a Mackey space or even a strong Mackey space, i.e. a Mackey space such
that o(Y, X)-compact subsets of Y are y-equicontinuous, is interesting in itself, see e.g. [49, p. 553] and
[35, Propositions 3.4, 4.9, p. 161, 166]. The condition that (X, ) is a sequentially complete Mackey—Mazur
space is also sufficient for the existence of a dual bi-continuous semigroup of a bi-continuous semigroup in
the sun dual theory for bi-continuous semigroups, see [43, 3.8 Theorem (b), p. 9-10].

We are interested in all of the properties listed above in the case of Saks spaces of vector-valued functions.
Let us give an outline of our paper. In Section 2 we briefly recall some notions and results from the theory
of Saks spaces and give a characterisation of the approximation property of (X,~) in the case that (X,~)
is a semi-Montel space in Proposition 2.6.

In Section 3 we start with a Saks space (F(Q),]| - ||,7) of real- or complex-valued functions on a non-
empty set  such that (F(Q),| -||) is a Banach space and v = ~5. We construct a weak FE-valued version
(F(Q, E)y, || - |IE,7F) of this space in a canonical way, where E is a normed space (or more general a
locally convex Hausdorff space), and show in Theorem 3.3 that this triple is a complete Saks space and
even complete when equipped with the submixed topology if (F(Q),] - ||,7) is semi-Montel w.r.t. v, 7 finer
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than the topology of pointwise convergence and F a Banach space. The proof of this result is based on
linearisation via Schwartz’ e-product and as a byproduct we also get a characterisation of (F(2),~) having
the approximation property in Corollary 3.4. We apply this result to weak FE-valued versions of the Hardy
space, the weighted Bergman space and the Dirichlet space, whose properties we collect in Corollary 3.5

In Section 4 we consider a different way of defining an E-valued version of (F(2), ||- ||, 7) in Definition 4.2
which is available for some spaces and often stronger in the sense that is a subspace of F(£2, F), and
sometimes even a strict subspace, see Proposition 4.4. In Theorem 4.3 we collect some of the properties
we are interested in of such strong FE-valued Saks function spaces. Then we turn to specific examples.
Among them are weighted spaces of continuous functions in Corollary 4.5, weighted space of holomorphic
functions in Corollary 4.6, weighted kernels of hypoelliptic linear partial differential operators in spaces
of smooth functions in Corollary 4.8, in particular weighted spaces of harmonic functions, weighted Bloch
spaces in Corollary 4.10, spaces of Lipschitz continuous functions in Corollary 4.11 and spaces of k-times
continuously partially differentiable functions on some open bounded set Q C R? whose partial derivatives
extend continuously to the boundary of 2 and whose partial derivatives of order k are a-Hélder continuous
for some 0 < a < 1 in Corollary 4.12.

We close our paper with Section 5 where we characterise the dual of the spaces from the preceding
section with respect to a certain submixed topology which sometimes coincides with the mixed topology,
see Theorem 5.1. The interest in such a characterisation may also be motivated by the Lumer—Phillips
generation theorem [45, Corollary 3.15] which involves the dual w.r.t. the mixed topology.

2. Notions and preliminaries

In this short section we recall some basic notions from the theory of locally convex spaces, Saks spaces
and mixed topologies. For a locally convex Hausdorff space X over the field K := R or C we denote by X’ the
topological linear dual space of X. If we want to emphasize the dependency on the locally convex Hausdorff
topology 7 of X, we write (X,7) and (X, 7)’ instead of just X and X', respectively. We write (X, 7)}
for the space (X,7)" equipped with the locally convex topology of uniform convergence on the bounded
subsets of (X, 7) if t = b, and on the absolutely convex compact subsets of (X, 7) if ¢ = k. For two locally
convex Hausdorff spaces (X, 7) and (E,7g) we denote by L((X,7), (E,7g)) the space of continuous linear
maps from (X, 7) to (E, 7g). By [54, Chap. I, §1, Définition, p. 18] the e-product of Schwartz of (X, 7) and
(E,7g) is defined by XeFE = L.((X, 7)., (E,7g)) where L ((X, 7)., (E, 7g)) is the space L((X, 7)., (E,Tg))
equipped with the topology of uniform convergence on the equicontinuous subsets of (X, 7)’. We identify the
tensor product X ® F with the linear finite rank operators in XeFE and recap that X has the approximation
property of Schwartz if and only if X ® F is dense in XeF for all Banach spaces E (see e.g. [30, Satz 10.17,
p. 250]). Moreover, for two locally convex Hausdorff topologies 79 and 71 on X we write 79 < 7y if 79 is
coarser than 71. We write 7.2 for the compact-open topology, i.e. the topology of uniform convergence on
compact subsets of 2, on the space C(Q, E) of continuous functions on a topological Hausdorff space Q with
values in a locally convex Hausdorff space E. If £ = K, we just write 7., := T(IE. In addition, we write 7, for
the topology of pointwise convergence on the space K of K-valued functions on a set . By a slight abuse of
notation we also use the symbols 7Z and 7, for the relative compact-open topology and the relative topology
of pointwise convergence on topological subspaces of C(Q2, E) and K2, respectively (cf. [40,41, Section 2]).

Let us recall the definition of the mixed topology, [60, Section 2.1], and the notion of a Saks space, [13,
1.3.2 Definition, p. 27-28], which will be important for the rest of the paper.

2.1 Definition (//2, Definition 2.2, p. 3]). Let (X, ||-||) be a normed space and 7 a locally convex Hausdorff
topology on X such that 7 < 7. where 7| denotes the topology induced by | - ||. Then
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(a) the mized topology v = (|||, 7) is the finest linear topology on X that coincides with 7 on || -||-bounded
sets and such that 7 <~ < |- 11>

(b) the triple (X, || - ||, 7) is called a Saks space if there exists a directed system of continuous seminorms
T'; that generates the topology 7 such that

=] = sup q(z), veX. (1)
qgel +

In comparison to [42, Definition 2.2, p. 3] we dropped the assumption that the space (X, || - |) should
be complete. The mixed topology ~ is actually Hausdorff locally convex and the definition given above is
equivalent to the one introduced by Wiweger [60, Section 2.1] due to [60, Lemmas 2.2.1, 2.2.2, p. 51].

It is often useful to have a characterisation of the mixed topology by generating systems of continuous
seminorms, e.g. the definition of dissipativity in Lumer—Phillips generation theorems for bi-continuous semi-
groups from [45] mentioned in the introduction depends on the choice of the generating system of seminorms
of the mixed topology. For that purpose we introduce the following auxiliary topology.

2.2 Definition (/42, Definition 3.9, p. 9]). Let (X, || - ||,7) be a Saks space and I'; a directed system of
continuous seminorms that generates the topology 7 and fulfils (1). We set

N = {(@n,@n)nen | (@n)nen CTr, (@n)nen € CBL}

where cg is the family of all real non-negative null-sequences. For (¢, an)nen € N we define the seminorm
2l (g an)en = SUP @n(@)an, =€ X.
neN

We denote by v = (|| - ||,7) the locally convex Hausdorff topology that is generated by the system of
seminorms (| [l a0y, cn ) (@nsam)nenen and call it the submized topology.

We note that the submixed topology 75 does not depend on the choice of I'; that fulfils (1). By [13,
1.1.10 Proposition, p. 9], [13, I.4.5 Proposition, p. 41-42] and [21, Lemma A.1.2, p. 72] we have the following
relation between the mixed and the submixed topology.

2.3 Remark ([/2, Remark 3.10, p. 9]). Let (X, || - ||,7) be a Saks space, I'; a directed system of continuous
seminorms that generates the topology 7 and fulfils (1), v :=~(]| - ||, 7) the mixed and ~s :== (|| - ||, 7) the
submixed topology.

(a) We have 7 < 75 <« and 5 has the same convergent sequences as 7.

(b) If
(i) foreveryx € X, e > 0and g € T'; there are y, z € X such that x = y+2z, ¢(z) = 0 and ||y|| < q(x)+e,
or
(ii) the || - [|-closed unit ball By == {z € X | ||z|| < 1} is T-compact,

then it holds v = ~s.
The submixed topology - was originally introduced in [60, Theorem 3.1.1, p. 62] where a proof of
Remark 2.3 (b) can be found, too. The following notions will also be needed, which were introduced in [13,

1.3.2 Definition, p. 27-28], [41, 3.3 Definition, p. 7] and [45, Definition 2.2].

2.4 Definition. Let (X, || - ||, 7) be a Saks space.
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(a) We call (X, -]|,7) complete if (X,~) is complete.
(b) We call (X, || - ||,7) semi-Montel if (X,~) is a semi-Montel space.
(c) We call (X,] -||,7) C-sequential if (X,~) is a C-sequential space, i.e. every convex sequentially open

subset of (X,~) is already open (see [56, p. 273]).

2.5 Remark. Let (X, || - ||) be a normed space and 7 a locally convex Hausdorff topology on X. Set X* =
(X,] - |)! and denote by || - ||x» the dual norm on X*.

(a) (X,|I-|l,7) is a semi-Montel Saks space if and only if By is 7-compact by [13, I.1.13 Proposition, p. 11]
and [41, 3.6 Remark (c), p. §].

(b) If (X, |||, 7) is a semi-Montel Saks space, then (X, ||-||,7) and (X, ||-||) are complete by [41, 3.6 Remark
(a), (b), p. 8.

(¢) If (X, -|lI,7) is a semi-Montel Saks space and 7y a locally convex Hausdorff topology on X such that
7o < 7, then (X, || ||, 70) is a semi-Montel Saks space and vs(||- ||, 7) = (|-, 7) =~ I, 70) = v (|- ||, 70)
by part (a), condition (ii) of Remark 2.3 (b) and [41, 3.6 Remark (c), p. 8].

(d) Let (X,[|-|l,7) be a Saks space, set X’ := (X,~)" and denote by || -[[x; the restriction of |- [|x~ to X7.
Then (X,7), = (X], [ - Ix;) and (X, || - [[x7) is a Banach space by [13, 1.1.18 Proposition, p. 15].

We close this section with the following observation concerning the approximation property of (X, )
in the semi-Montel case, whose proof is an adaptation of [29, Theorem 4.6 (i)<(ii), p. 651-652] where
X = Lipy(©?) is the space of K-valued Lipschitz continuous functions on a metric space 2 that vanish at
the origin (see Corollary 4.11).

2.6 Proposition. Let (X, || - ||, 7) be a semi-Montel Saks space. Then the following assertions are equivalent.

(a) (X,7) has the approximation property.
(b) (X2, 1l llx;) has the approzimation property.
Proof. (a)=(b): Due to Remark 2.5 (a) and [13, 1.4.1 Proposition, p. 38| (or [13, I.4.2 Corollary (d), p. 38]
in combination with [51, Theorem 4.1, p. 43]) we have (X,v) = (X}, [ - [[x; ). Hence £ = (X], [ - [Ix;)
has the approximation property by [16, Corollary 1.3, p. 144] because (X,~) = E/, has the approximation
property.

(b)=-(a): We note that (XI,[-|x;) = (X,7), = (X,7), by Remark 2.5 (d) and the semi-Montel
property of (X, 7). Thus E := (X, ) has the approximation property by [16, Corollary 1.3, p. 144] because
(X2, [l - lIx;) = E}; has the approximation property. O

In particular, the preceding proof shows that (X,v) = (X1, [ - [|x; )i = (X,7)}), i.e. (X,7) is a DFC-
space by [51, Theorem 4.1, p. 43], if (X, - ||, 7) is a semi-Montel Saks space. Sufficient conditions that
guarantee that (X,) has the approximation property may be found in [13, 1.4.20 Proposition, p. 53] and
[13, 1.4.21, 1.4.22 Corollaries, p. 54].

3. Saks spaces of weak vector-valued functions

In this section we introduce Saks spaces of weak vector-valued functions. We use a linearisation based
on the e-product to show that they are complete w.r.t. the mixed and the submixed topology if their
scalar-valued version is semi-Montel, 7, < 7 and they have values in a Banach space.

Let (F(£2),] - [|) be a Banach space of K-valued functions on a non-empty set Q such that 7, < 7. We
recall from [40, p. 31] a canonical construction of a weak vector-valued version of such a space. For a locally
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convex Hausdorff space F over K with directed system of seminorms I'p generating its topology we define
the space of weak E-valued F-functions by

FLE),={f Q= E|Ve€eE " ofeFQ)}

For p € Tg we set U, == {z € E | p(xr) < 1} and denote by U, the polar of U,. Since (F(Q2), ]| - ) is
a Banach space, thus webbed, the supremum || f||sp == SUDerere lle’ o f]] is finite for every f € F(Q, E),
and p € T'g by [40, 5.1 Remark, p. 31]. Hence the space F(Q, FE), equipped with the system of seminorms

(I - llo.p)pery is a locally convex Hausdorff space. If (E, | - ||g) is a normed space with I'g := {|| - || g}, then
(F(Q E)o, | - |E) is a normed space where || - [|E == || |5, -
Now, let 7 be an additional locally convex Hausdorff topology on F() such that (F(Q),]| - ||,7) is a

Saks space and v :== ¥(|| - ||,7) = ¥(|| - ||, 7). Then, by Definition 2.2, a directed system of seminorms that
generates -y is given by

H|f|||(q,,“an)neN = Sug an(flan, f€F(Q),
ne

for (gn)nen C 'y, where T'; is a directed system of continuous seminorms that generates the topology 7
and fulfils (1), and (a,).en € cf . We set

— / _ /
H|f|||a,(qn,an)neN,p '_ e’SélLI/');’ |H€ o f|||((In»an)neN - e’SélLI/'); 7S11€1§ qn(e o f)an7 f € ]:(97 E)o’u (2)

for p € Tg, (¢n)nen C Iy and (ap)nen € car. Then for p € T'g, (¢n)nen C 'y and (apn)neN € car it holds

AWl 0y mere o < sup |anll[fllo.p <00, f € F(Q E).

So the system of seminorms (||| f| induces a locally convex Hausdorff topol-

0’1(qn7an)nEN 7P)(qnvan)n€N€N7p€FE
ogy on F(Q, E), which we denote by 'Yf,s'

3.1 Remark. Let (F(Q2),]| - ||,7) be a Saks space of K-valued functions on a non-empty set {2 such that
(F (), |- ) is a Banach space, 7, < 7. and ¥(||- ||, 7) = 7s(|| - ||, 7), and E a locally convex Hausdorff space
over K with directed system of seminorms I'r generating its topology. Then the topology 75,5 does not
depend on the choice of the system of seminorms that generates v := (|| - ||, 7). Indeed, let ', be another
system of seminorms that generates . Then for every (¢n)nen C I'r, I'; as above, and (a,)neN € car there
are Cp > 0 and ro € I'y such that ([ fll, . a.), . < Coro(f) for all f € F(€2). On the other hand, for every
and 71 € I, there are C; > 0, (¢n)nen C Iy and (@,)nen € cf such that ri(f) < Cill Flllo, (G ) e for all
f € F(Q). This implies that

1 (o 0y, p < Co sUD To(e 0 f)
e’'ely

and

. ri(e" o f) S Cullf oG, n)men
e o

for all f € F(Q2, E), and p € I'g. Thus the system of seminorms given by

| florp = sup re’o f), feF(LE),,
e’'e 5

for r € Iy and p € T’ also generates vZ,. Similarly, 77, does not depend on the choice of I'g.
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3.2 Remark. Let (F(2),] - ||,7) be a Saks space of K-valued functions on a non-empty set €2 such that
(F(S2), 1)) is a Banach space, 7, < 7. and (| - |, 7') Y|l |l,7), and (E,|| - ||g) a normed space over K.
Then (F(Q, E)o, || - |Z,7F) is a Saks space where 7F is the locally convex Hausdorff topology on F(€, E),

generated by the system of seminorms given by

g O'

4y (f) = sup q(¢'of)= sup q(e"of), feEF(Q E),,
e GU‘| I & C*EBH-HE*

for ¢ € I'; and I'; as above. Indeed, this follows from Definition 2.1 and the observation

sup ¢, (f) = sup  sup q(e*of)= sup supg(eof)= sup |[le"of]|
q€el, g€l e* €8y | ou e*EB|. | 5. a€T7 e*EB|.|| gx
= I fII5-

Further, 72, = (|| - |17, 7Z) by Definition 2.2 and the definitions of 77 and 7.

For a linear space F(Q2) of K-valued functions on a non-empty set 2 and z € Q we define the linear
functional A(x): F(Q) — K, A(z)(f) = f(z).

3.3 Theorem. Let (F(Q), || - ||,7) be a semi-Montel Saks space of K-valued functions on a non-empty set
such that 7, < 7, E a complete locally convex Hausdorff space over K and set F(2), = (F(Q),~). Then
the map

X: F(Q)yeE — (f(Q,E)U,Wfa), x(u) =uoA =[xz u(Ax))],

is a topological isomorphism. In particular, (f(Q,E)J,'yES) is complete. If E is a Banach space, then
(FILE)o, || - |E,7F) is a complete Saks space.

Proof. First, we show that x is well-defined and linear. Since 7, < 7 < v, it holds A(z) € F(Q)/, for all
xz € Q (cf. [41, 4.2 Remark, p. 12]). We note that (F(Q),);, = (F()4); because F(12), is a semi-Montel
space. Hence F(Q) eE = L.((F(2)4);,, (E, 7)) where 75 denotes the locally convex Hausdorff topology of
E.Let u € F(Q),eE and €’ € E'. Using that e’ ou € ((F(£2),);) and the semi-reflexivity of the semi-Montel
space F(Q),, we note that there is fero, € F(Q) such that (e’ o u)(f') = f'(ferou) for all f € F(Q).. This
implies with f' = A(z) that (¢’ ou) 0 A = foro,. Thus the map x is well-defined and it is easily seen to be
linear as well.

Second, we show that x is injective and continuous. Let I' be a directed system of continuous seminorms
that generates the topology 7 and fulfils (1). For (¢ )neny C Iy and (an)nen € ¢ we define U, ., = {f €
F(Q) | ¢n(f)an < 1} and note that the sets

(q”;an JneN T m U nQn

neN

form a base of y-neighbourhoods of zero by Definition 2.2 since v = 75 by condition (ii) of Remark 2.3 (b)
and Remark 2.5. By the bipolar theorem we have

‘/(?]nvan)neN = m( U U(Ionan) = m(I/‘/(Q7L7€L7L)7LGI\I)
neN

where acX(W(y,, a,.),.cy) denotes the closure in (F(£2),7);; of the absolutely convex hull acx(W (g, a,),cn) Of
Wign.amymen = Unen Ugya, (see [28, 8.2.4 Corollary, p. 149]). Due to [28, 8.4, p. 152, 8.5, p. 156-157] the
topology of F(Q),eF is generated by the seminorms
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|u|(qn,an)neN,p = sup p(u(y)) = sup p(u(y)>7 (NS ‘/—-(Q)’Y‘gE

YEV man)nen y€aX(Wi(g,, ,an)

nen)
for (gn)nen C I'7, (an)nen € car and p € I'g where I'g denotes a system of seminorms that generates 7p.
By the continuity of v € F(Q2),eE we have

[l (g ram)menp = sup p(u(y)) > sup  p(u(y)).

yEacx(W(qn,an) yeW(Qnﬂln)

nEN) neN

On the other hand, for y € acx(W(,, a,),cny) there are m € N, Ay € K, f; € U,

1 <k < m, with
qrak’ — — ?
> vy |Ak| =1 such that y = Y7, A\ fi.. It follows that for all u € F(Q),cE

m
Z Aklp(u(fy)) < sup p(u(fy)) < sup  p(u(2))
Pt 1<k<m 2€W(gp,an)nen
and we deduce
|u‘(Qn7an)n€N7p = sup p(u(y)) = sup Sup p(u(‘f’)) (3)
YEW(an an)nen neN f'elg .,

By the first part of the proof there is fero,, € F(2) such that (¢' ou)(f') = f/'(ferou) and (€' ou) 0 A = feroy
for all u € F(Q),eE, f' € F(Q),, and ¢’ € E’. We conclude that

X o (ga)perip = SUP_SUD gn(€ 0 (wo A))an = sup sup sup | f'(ferou)l
' e’€Ug neN e'€Ug neN f/euyg

dnan

= sup sup sup |[(e'ou)(f")| =sup sup p(u(f))
e’eUp neN f/ely neN freu?

dnan dnan

(?) |u‘(‘1n7an)n€N7p (4)
for all u € F(2),eE. Hence x is injective and continuous.

Third, we show that x is surjective and note that (4) implies that the inverse of y is continuous. Due to
Remark 2.5 (d) we have

F(Q)yeE = L(F(Q)4 )1, (B, 78)) = L(F(Q)5, || - | 702 ), (B, 78)).

Hence the surjectivity of x is a consequence of [40, 5.5 Theorem, p. 33|, and [41, 4.1 Corollary, p. 12].
Fourth, since F (), and E are complete, F(2),eE is also complete by [30, Satz 10.3, p. 234], implying
the completeness of (F(Q, E),,7Z,). Let E be a Banach space. Due to Remark 3.2 and Remark 2.3 (a)
(F(Q ), |- |, 1
of the Saks space. O

) is a Saks space and fya <= NE,7E) <~(I-|Z, 7F), which implies the completeness

The proof of the continuity of x and its inverse in Theorem 3.3 is similar to the proof of [37, Lemma 7,
p. 1517]. Moreover, Theorem 3.3 in combination with Remark 3.2, Proposition 4.4 (b) and Corollary 4.11
(a) and (d) generalises [20 Theorem 4.4, p. 648] where F(Q2, E) = Lip,(Q2, E), E is a Banach space and
YE, = %l - Lipy (. 52)> TA,, d) = 7. Due to Proposition 4.4 (d) in combination with Corollary 4.5 (b),
Corollary 4.6 (d) and (e), Corollary 4.8 (b) and (c), the result of Theorem 3.3 is already contained in
[5, 3.1 Bemerkung, p. 141] (cf. [39, 5.2.10 Proposition, p. 77], [39, 5.2.17 Corollary, p. 80] and [52, 4.8
Theorem, p. 878]) for the weighted space F(Q2, E) = Cv(§2, E) of continuous functions from Corollary 4.5 if
Q is discrete, the weighted space F(Q, E) = Hv(Q, E) of holomorphic functions from Corollary 4.6 and the
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weighted kernel F(Q), E) = Cpv(€2, E) of a hypoelliptic linear partial differential operator from Corollary 4.8
even for quasi-complete locally convex Hausdorff spaces E. However, the proof is different. Theorem 3.3 also
allows us to characterise (F(€2),~) having the approximation property by approximation in (F(2, E),, fygs).

3.4 Corollary. Let (F(Q2), || - |I.,7) be a semi-Montel Saks space of K-valued functions on a non-empty set Q
such that 7, < 7. Then the following assertions are equivalent.

(a) (.F(Q) ) has the approximation property.
b) (F(92)., Fq) ) has the approximation property.
'y (22),,
(c) FQ®E is dense in (F(, E)s,~E,) for every Banach space E over K.
(d) F(Q) ® E is dense in (F(Q, E)g,7E,) for every complete locally convexr Hausdorff space E over K.

Proof. The equivalence (a)<(b) follows from Proposition 2.6. The remaining equivalences are a consequence
of Theorem 3.3 and [30, Satz 10.17, p. 250]. O

[29, Theorem 4.6, p. 651-652] is a special case of Corollary 3.4 for F(2) = Lip, (). For the space F(Q2) =
H>(Q) = Ho(2), v(z) =1 for z € Q, of bounded holomorphic C-valued functions on a balanced bounded
open subset 2 of a complex Banach space from Corollary 4.6 the statement of Corollary 3.4 is contained
n [52, 5.4 Theorem, p. 883]. Further, it is known that the spaces (H*(€2),7) and (H*(Q)}, | - |r=(0),)
with v = (|| - ||, 7co) have the approximation property by [5, Satz 3.9, p. 145] for simply connected open
2 C C (cf. [13, V.2.4 Proposition, p. 233] for @ =D := {z € C | |z| < 1}). The same is true for (Cv(Q2),~)
and (Cv()), [ - llco(e),) by [4, 5.5 Theorem (3), (4), p. 205] if €2 is discrete.

We close this section with an application of Theorem 3.3 to some spaces of integrable holomorphic
functions. We denote by H(ID) the space of C-valued holomorphic functions on . For 1 < p < oo the Hardy
space is defined by

2m
p._ 1 i0y|p
—{renm| sl = s 5 / £ a0 < oo}

and the weighted Bergman space for a > —1 by

1
A= {7 € HD) | 1718, = " [17PQ - [2P)dz < oo},
D
The Dirichlet space is defined by
D= {feHD) |1} = 1f0) /\f )2dz < oo}

3.5 Corollary. Let (E, || - ||g) be a normed space over C and (F(D),|| - ||) be one of the spaces (HP,|| - ||p),
(A2 || - |lap) for 1 <p < oo and a > —1, or (D,| - ||p).

a) (F(D,E),, || -|IE, f)a) is a C-sequential Saks space where TE | = (1¢0)E

COO'

(a)

(b) If E is a Banach space, then (F(D,E)o, || - ||17,7% ;) is complete.

(c) If E=C, then (F(D),| - ||, Teo) s semi-Montel and (|| - ||, Teo) = Ys(I| * || Teo)-

(d) If F(D) = HP, then 1o, on HP is generated by the directed system of continuous seminorms (|- |p s)o<s<1

given by
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2
1 .
= sup oo [I5retras, e 7,
’ O<r<s 2T J

for 0 < s <1, which fulfils || ||, = supgcseq |flp,s for all f € HP.
(e) If F(D) = AP, then Tco on AL, is generated by the directed system of continuous seminorms (|-|a,p.r)o<r<1
given by

a+1 o
e = S [IHGPQ - 2Prds £ e,

for 0 <r < 1, which fulfils || f|la,p = sUPg<p<t | flap,r for all f € AP where D, :={z € C | |z] <r}.

(f) If F(D) = D, then 1, on D is generated by the directed system of continuous seminorms (|- |p.r)o<r<1
given by

o = FOP + 3 [17G)Pdz FeD,
D,

for 0 <r < 1, which fulfils || f||p = supgcp<1 | flp,r for all f € D.

Proof. (c) In all the cases we note that the 7.,-compactness of By, is obtained from [17, p. 4-5] (which
uses that B is compact in the Montel space (H(DD),7,) since By is relatively compact there and its
closedness is a consequence of Fatou’s lemma). It follows that (F(D), | - ||, 7o) is & semi-Montel Saks space
by Remark 2.5 (a). Further, condition (ii) of Remark 2.3 (b) yields that v(|| - ||, 7eo) = ¥s(|| - [ Teo)-
(a)+(b) Due to part (c) and 7, < 7¢o we have that (F(D,E),, | - |5,75 ) is a Saks space, which is

complete if F is a Banach space, by Remark 3.2 and Theorem 3.3. Since the countable system of seminorms

|f|7EL = sup sup |6*(f(2))|, f € -F(DvE)aa
€ EB| g« 2€D1_(1/m)

for n € N, n > 2, generates 75 , on F(D,E),, we get that 7% , is metrisable on F(D, E),. Hence
(F(D,E)g, || - 1I17,7E ) is C-sequential by [46, Proposition 5.7, p. 2681-2682].

(d) For 0 < s < 1 we have

27
1 i
[flpe= sup o [|f(re")Pd0 < sup sup |f(re)[” = (sup |f(2)])"
0<r<s 2T . 0<r<s 0€[0,27] z€D,

as well as || f|lp = supgcg<i | flp,s for all f € HP. Furthermore, for 0 < s < r < 1 we remark that

27
1@ = ()] < 5= [ 1reetprar—
) E
27
< [P < sl
27r(17j—2)0 T2 (1- %)

for all z € Dy and f € H? by the proof of [61, Theorem 9.1, p. 253]. It follows that 7., on H? is generated
by the directed system of continuous seminorms (] -

p,s)0<8<1-
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(e) We have || f|la,p = supoc;ci [ fla,p,r and

a—+1

fl6,pr < max (1 — |2[*)* (bup 1F)N)"

zeD, zeD,.

for all f € A2 and 0 < r < 1. Now, for 0 < r < 1 we choose 0 < s < 1 —r. We deduce from the mean value
equality for holomorphic functions and Hélder’s inequality that

1) = ] / swian] < ([ Jrwpran)’

D.(z) Ds(2)
1—|w\> !
/ HP T )
r+.5

11

-m|>—\

| A

m(ms?)a oo
S S 1—
<=3 wi%is( [w[*) 7 [ flap,r+s

for all z € D, and f € A2 with Ds(2) == {w € C | |w — 2| < s} and 1 < ¢ < oo such that %—&-%:1. Thus
Teo 00 AP is generated by the directed system of continuous seminorms (| « | p.r)o<r<1-

(f) We observe that || f||p = supg., 1 |f|p, for all f € D. Moreover, we obtain by Holder’s inequality
that

S < O]+ | [ )] <1501+ [ 1 @)de
0 D,

<1501+ 2 ([ 17 @) < 24 (1700 + o [ 1))’

D,

§ 2%7rr|f|'D,r

for all z € D, and f € D. Now, for 0 < r < 1 we choose 0 < s < 1 —r. From Cauchy’s inequality we deduce
the estimate

I < 1(0) / P < FOF + (s |7/G))

zeD,.

s|f<o>|2+;”—§(sup max_ (7))’ < (1+5) (sw 1))

zeD, weC, lw—z|=s z€D, 4

for all f € D, which implies that 7., on D is generated by the directed system of continuous seminorms

(| lpr)ocr<1- O
4. Saks spaces of vector-valued functions

This section is dedicated to Saks spaces F(£2, F) of vector-valued functions which are often stronger than
the spaces F(Q), F), of weak vector-valued functions from the preceding section (see Proposition 4.4). In
order to derive certain systems of seminorms on such spaces which generate the mixed topology we need to
recall some results for completely reqular Hausdorff spaces § (see [27, Definition 11.1, p. 180]). Examples
of completely regular Hausdorff spaces are metrisable spaces by [27, Proposition 11.5, p. 181] and locally
convex Hausdorff spaces by [20, Proposition 3.27, p. 95]. Further, every subspace of a completely regular
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Hausdorff space is completely regular and Hausdorff as well. For a completely regular Hausdorff space 2
we denote by W,j: 0(€2) the family of all bounded functions w: Q@ — [0,00) that vanish at infinity, i.e. for
every € > 0 the set {x € Q | w(x) > €} is compact. Further, we denote by stc,o(Q) resp. Cj (Q) the
family of all upper semicontinuous resp. continuous functions w:  — [0,00) that vanish at infinity. We
note that Cj (Q) C W:’sc,o(Q) C W; 0(£2) because upper semicontinuous functions are bounded on compact

sets. By the proofs of [13, I1.1.11 Proposition, p. 82-83] and [12, Proposition 3, p. 590] we have the following
proposition.

4.1 Proposition. Let Q be a completely regular Hausdorff space, (K, )neN a strictly increasing sequence of
compact subsets of Q and (an)neN a strictly decreasing positive null-sequence. Then there is w € W‘LC’O(Q)

such that suppw C U, ey Kn and w(z) = a1 for x € K1 and any1 < w(z) < ap for x € Ky \ Ky, and
n € N. If Q is locally compact and K, C Io(nﬂ for every n € N, then we may choose w € Cj ().

Here, supp w denotes the support of w and [o(nﬂ the set of inner points of K, 1.

4.2 Definition. Let 2 and A be non-empty sets, v: A — (0,00), (E, | - ||g) a normed space over K, G(2, E)
a linear subspace of E, ¢%: G(Q, E) — [0,00) a seminorm and T#: G(Q, E) — E* a linear map where E*
denotes the space of functions from A to E. We define the space

Fu(Q, B) = {f € G E) | |IfII” = ¢"(f) + sup IT*(£)(@)]| pv(z) < 0o}

If B =K, we write G(Q) := G(Q,K), Fv(Q) = Fv(Q,K), ¢ == ¢&, T:=T¥ and || - || == || - ||¥. If we want
to emphasize dependencies, we write || f|| r,(q,z) instead of IFIIE.

For a non-empty set A we denote by N the family of finite subsets of A. If A is a topological space, we
denote by K the family of compact subsets of A.

4.3 Theorem. Let 2 and A be non-empty sets, v: A — (0,00), (E, |- ||g) @ normed space over K, G(Q, E)
a linear subspace of B, ¢¥: G(Q, E) — [0,00) a seminorm, T*: G(Q, E) — E® a linear map and suppose
that (Fv(Q, E), ||-|F) is normed. Let S be a family of subsets of A such that S is closed under finite unions,
A = Uges S and denote by & the locally convexr Hausdorff topology generated by the directed system of
seminorms

a5 (f) = q"(f) + sup IT®(F) (@)l pv(z), feFo(Q,B),

for S € §. Then the following assertions hold.
(a) (Fv(Q,E), | - ||F,7%) is a Saks space.
(b) If there is a sequence (Sp)nen in S such that for every S € S there is N € N with S C Sy, then

(Fu(Q, E), || - |F,75) is C-sequential.
(c) The submized topology (|| - ||Z,7E) is generated by the system of seminorms

SN, 0y, = sup sup (¢“(f) + | TE(F) (@) pv(x))an, [ € Fu(QE),

neN zeS,

where (Sp)nen is a sequence in S and (an)neN € cg -
(d) If 8§ = Na, then vs(|| - |7, 747, ) is generated by the system of seminorms

[P —— Slelg(qE(f) +HITE () @n)lpv(an))an, f € Fu(Q,E),
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where (z,)neN s a sequence in A and (a,)neN € g -

(e) Let A be a completely reqular Hausdorff space and set Wy = WbO(A) or WuscO( ). If § = Kp and
Y- 17,78 ) = %l - 117, 7€), then the mized topology ~(|| - ||¥, 7))
seminorms

is generated by the system of

fle = SUR(QE(f) +ITE(f)(@) | po(@)w(z), [ € Fo(Q E),
€
for w € Wy. If A is locally compact, we may replace Wy by Ci (A).

Proof. (a) First, we note that the system of seminorms (¢%)ses is directed and Hausdorff since S is closed

under finite unions, || - ||¥ a norm by assumption and

IFI17 = ¢"(f )+Supqs(f)

for all f € Fv(Q, E) because A = (Jgc s S. Hence 7& is a locally convex Hausdorff topology with 75 < g
and (Fuv(L E), || - |7, 7&) a Saks space.

(b) The countable system of seminorms (gs, )nen generates 7 by our assumption on S. Hence 7¥ is
metrisable and so (Fo($2, E),v(|| - [|¥,7&)) C-sequential by [46, Proposition 5.7, p. 2681-2682].

(c) This follows from part (a) and the definition of (|| - |¥, 7&).

(d) Let (an)nen € ¢ and (S,)nen be a sequence of finite subsets of A with cardinality m,, = |S,|
for n € N. Then every S,, n € N, is of the form S,, = {s7,...,s;, } with distinct elements s} € A for
1 <i<m,. Weset x; = s} for 1 <i < mjy. Further, for n € N we set j,, = Zz ,my and xj, 4 = s”+1 for

1 < ¢ < mypy1. Moreover, we set b; :==aq for 1 <i < m1 For n € N we set bj, 44 = ap41 for 1 <i <myyqq.
Then we have (b,)nen € ¢f and |||f|||(ESnyan)nEN |HfH| (onbr)nen for all f € Fu(Q, E). On the other hand,
|||f|||£{zn},an)new = |||f|||£man)neN for all f € Fu(Q, E) and every sequence (zp)nen in A. Thus statement
(d) follows from part (c )

(e) We denote by wf and wf

a‘nd (| ‘E)wGW:rSC
(Fu(Q, E),wf) is continuous. Due to [13, 1.1.7 Corollary, p. 8] and [13, 1.1.8 Lemma, p. 8] we only need to
prove that its restriction to B). = is T,?A—continuous at zero. Let € > 0, w € WJO(A) and set V = {f €
Fu(QL E) | |f|5 < e}. Then there is a compact set K C A such that w(z) < § for z € A\ K. We define
U={feFuLE)|d&(f) < m} where [|w||o = sup,ex w(z) and note that for all f € UN By =

it holds that

n€

usc

the locally convex Hausdorff topologies generated by (| - |Z )wewb (M)
,(n)» Tespectively. First, we prove that the identity map id: (Fv(Q, E), (| - 17, 7€,)) =

[flo < sup (¢7(F) + |T5(F)(@)] pv(2))w(z)

zeA\K
+ Sulg(qE(f) +TP(f) (@) po(@))w(z)

€

3 E 3

yielding (U N By jz) C V and so the continuity of id.

Second, we prove that id: (Fv(Q, E), (Fo(Q, E) (- 17, 7€ )) is continuous. Let (K,)nen be
a sequence of compact subsets of A and (ap),en € Co Wlog K, C K,y1 and 0 < apq1 < a, for
all n € N. Then there is w € WuscO(A) with suppw C (J,,cn Kn such that w(z) = a; for x € K; and
an+1 < w(z) < ay, for € K41 \ K, by Proposition 4.1. Tt follows that

HBC)

[V Ssup( PO +ITE () @) lsv(a))wlz) = |l



14 K. Kruse / Topology and its Applications 345 (2024) 108843

for all f € Fv(Q, E), which yields the continuity of id by part (c) and the assumption (|| - [|#, 7€ ) =
Y- 17, 7€ ). Due to CH(A) C W‘EC’O(A) C WJO(A) and Proposition 4.1 this proves statement (e). O

The proof of Theorem 4.3 (e) is just an adaptation of the proofs of [12, Proposition 3, p. 590] and [13,
I1.1.11 Proposition, p. 82]. In the next proposition we show that the space Fv({2, F) from Definition 4.2
is a linear subspace of Fv({2, E), under some mild assumptions and we use the topology 7& defined in
Theorem 4.3.

4.4 Proposition. Let Q and A be non-empty sets, v: A — (0,00), (E,|| - ||[g) a normed space over K, G(Q)
a linear subspace of K¢, G(, E) a linear subspace of E, q: G(Q) — [0,00) and ¢¥: G(Q, E) — [0, 00)
seminorms, T: G(Q) — K and TF: G(Q, E) — E® linear maps and (Fv(Q), || - ||) a normed space such
that

(i) e* o f € Fo(Q) and (e* o TE)(f) =T(e* o f) for all e* € E* and f € Fv(Q, E),
(i) 4P (F) = supe-cs, . ale” o f) for all f € Fo(, E).

Then the following assertions hold.

(a) Fu(Q, E) is a linear subspace of Fv(, E)y and || - ||Z < |- |F < 2| - |Z on Fv(Q, E). In particular,
|- |1Z is @ norm on Fv(Q,E). If g=0, then || - |E = - ||F on Fu(Q, E).

Suppose for (b)—(d) that S is a family of subsets of A such that S is closed under finite unions and A =
Uses S and (Fo(Q), | - ||, 7s) is semi-Montel where Ts == T%.

(b) Then ’YS(H ! ||EaT£) = s || . ‘|GE,T£U) on f’U(Q,E) where T‘SE,U = (TS)E'

() If p < 715, Fu(E) = Fu(Q, E), (as linear spaces) and E is a Banach space, then the spaces
(Fo(Q, E), %[ - 17, 78)) and (Fu(Q, E), || - |7, 7§) are complete.

(d) If A is a completely reqular Hausdorff space, S = K and Wy = WQ:O(A) or WJ;C’O(A), then the topology

Yl - I1F, 7€) is generated by the system of seminorms (| - |5)wew, . If A is locally compact, we may
replace Wy by Ci (A).

Proof. (a) Due to the first part of condition (i) we obtain that Fv(Q, E) is a linear subspace of Fv(Q, E),.
The second part of condition (i) implies that

sup [T*(f)(@)|pv(@) = sup _ sup |(e” o TH)(f)(x)lv(x)

= sup sup|T(e" o f)(z)|v(x)
e €8 5. z€A

for all f € Fv(2, E). Together with condition (ii) this yields that |- ||Z < |- ||¥ < 2| ||Z on Fv(Q, E), and
- 11Z = -[|¥ on Fv(Q, E) if additionally ¢ = 0. Since || - ||Z is a norm on Fv({2, E),, we get that || - [|¥ is
a norm on Fou (S, E).

(b) Let (Sy)nen be a sequence in S and (ay,)nen € ¢f . We have by part (a)

K K *
f Je = sup  [le" o f]] =sup sup qg (e"o fla
l ‘||U,(Sn7an)n€N7” Ile (2) ereBy.y . If | (Sn»@n)neN neN eeBy . Sn )an,

for all f € Fv(Q, E). Using the second part of condition (i) we get as in part (a) that
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sup [T7(f)(x)|[pv(z) = sup  sup [T(e” o f)(x)[v(x)

€S, €*EBH,\|E* TESy

for all f € Fv(Q, E). In combination with condition (ii) we obtain the estimates || - ([, 5. o). s <
E C

- Misamnen < 200 Mo smamymer e O® Fo(2, E), which imply (]| - 1Z,78) = %l - |E,7&,) on

Fu(Q, E) by Remark 3.2 and Theorem 4.3 (b).

(c) The completeness of (Fv(Q, E),vs(|| - |¥,7F)) follows from part (b), Remark 3.2 and Theorem 3.3.
The completeness of (Fv(Q, E), | - ||¥, 7€) then follows from vs(|| - [|1Z, 7€) < (|| - I|¥, 7€) by Remark 2.3
(a).

(d) As (Fo(2), || - I, 7, ) is semi-Montel, we know that (|| - ||, 7c,) = Ys(|l - |, 7, ) by Remark 2.5 (a)
and condition (ii) of Remark 2.3 (b). Due to Theorem 4.3 (d) v(|| - ||, 7, ) is generated by the system of
seminorms

If1% = Sug(q(f) +[T() (@) o(@)w(z), feFo(),
e
for w € Wy. We deduce that the system of seminorms given by

[flow, e = sup  sup(g(e” o f) +[T(e" o f)(@)[v(@))w(z), [feFo(Q E),
e*EB). | g« TEA

for w € W, generates the topology 7s(|| - ||Z, T,CA ») on Fu(Q, E), by Remark 3.1 and Remark 3.2. Similar
to the proofs of parts (a) and (b) we obtain that | - 5w s < |- |5 < 2|+ |gw,|s o0 Fo(Q, E) for every
w € Wy, yielding that (|| - |, 7%, ) is generated by the system of seminorms (| - |%)wew, by part (b). O

Condition (i) of Proposition 4.4 means that the tuple (T'®,T) is strong for (Fv,E) in the sense of
[38, Definition 2.2 (b), p. 4]. In our first example of this section we consider weighted Saks spaces of
continuous vector-valued functions on a completely regular Hausdorff space and a sufficient condition for
their completeness involves the notion of a kr-space. A completely regular space (2 is called a kg-space if
for any completely regular space Y and any map f: 2 — Y, whose restriction to each compact K C Q is
continuous, the map is already continuous on § (see [8, (2.3.7) Proposition, p. 22]). Moreover, a topological
space §2 is called a k-space if it fulfils the following condition: A C € is closed if and only if AN K is
closed in K for every compact K C ). Examples of Hausdorff kg-spaces are completely regular Hausdorff
k-spaces by [18, 3.3.21 Theorem, p. 152]. In particular, metrisable spaces and DFM-spaces, i.e. strong duals
of Fréchet—-Montel spaces, are completely regular Hausdorff k-spaces by [18, 3.3.20 Theorem, p. 152] and [36,
4.11 Theorem (5), p. 39], respectively. For a non-empty completely regular Hausdorff space {2, a continuous
function v: Q — (0,00) and a normed space (F, || - ||g) over K we set

Co(Q, ) = {f € C(Q, E) | IfI” = sup [|f(2)|| mv(z) < oo}
FAS
where C(Q, E) is the space of E-valued continuous functions on 2. Further, we define Cv(f2) = Cv(Q,K)
and || - || == || - [|¥. Setting A == Q, G(Q, E) :=C(Q, E), ¢ =0 and TE(f) = f for f € C(Q, E), we note

that Fo(Q, E) = Cv(, E), 7€, = 7& on Cu(€2, E) and conditions (i) and (i) of Proposition 4.4 are fulfilled.

4.5 Corollary. Let Q) be a non-empty completely regular Hausdorff space, v: Q@ — (0,00) continuous and

(E,|| - |g) a normed space over K. Then the following assertions hold.
(a) (Cv(Q,E), |17, 72) is a Saks space, y(I|- |7, 75) = (Il - |”,75) and the mized topology (| - |, 75)

is generated by the system of seminorms
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My = Sup sup. [f(@)|gv(@)an, feCo(Q,E),

where (Kp)nenN 18 a sequence of compact subsets of Q and (ap)neN € ca'.
(b) If Q0 is discrete, then Co(Q, E) = Co(Q, E)s, v(|| - II7,78) = %l - 17, 74%,) and ~(|| - |F,7E) is also
generated by the system of seminorms

AN Gy = 5P [ F(@n)llBv(n)an,  f € Cu(, E),
( Jne neN

where (Tp)nen s a sequence in @ and (an)neN € c(')"
(c) If Q is a kr-space and E a Banach space, then (Cv(Q, E), || - [|F,7E) is complete.
(d) If Q is hemicompact, i.e. there is a sequence (Kp)nen in Ko such that for every K € Kq there is

N € N with K C Ky, then (Co(, E), || - ||, 7E) is C-sequential.

(e) If Q is a hemicompact kr-space, or a completely metrisable space, then (Cv(Q, E),¥(| - |¥,7E)) is a
Mackey space. If E is in addition a Banach space, then (Cv(Q, E),~(| - |¥ CO)) is a strong Mackey
space.

(f) Let Wy = W{:O( ) or Wi o(Q). Then (|| - |7, 75) is also generated by the system of seminorms

’ "co

fl = sup If (@) lev(@)w(z), fe€Co(Q E),

for w € Wy. If Q is locally compact, we may replace Wy by Cg (Q).

Proof. Due Theorem 4.3 and our observations above we only need to prove that v(||-[|Z, 7Z) = v (|| - ||F, 7.E)
from part (a), and parts (b), (c) and (e).

(a) We show that condition (i) of Remark 2.3 (b) is fulfilled. We only need to adjust the proof of [60,
Example D), p. 65-66] to the weighted vector-valued case, which we do for the sake of the reader. Let
feCv(QE), e>0and K C Q be compact. Since || f(-)||gv is continuous on {2, there is an open set G C 2
with K C G such that

sup || f(2)llpv(z) < sup || f(2)llpv(z) +e = qg (f) +=. (5)
zeG reK

The set Q\ G is closed and disjoint with the compact set K C Q. By [8, (2.1.5) Proposition, p. 17] the
complete regularity of 2 implies that there is a continuous function u: £ — [0, 1] such that ux = 0 and
ujo\¢ = 1. Now, we set g := (1 —u)f and h = uf and note that f = g+ h and g,h € Cv(£2, F). Due to the
properties of u we have ¢Z(h) = 0 and

Ilgll® = sup(1 — u(@))|| f ()| pv(z) = sup(1 — u(@))|| f(z)| pv(w)
zeQ z€G

< sup || f(x) || pv(2) < g (f) +e.
z€G

5

—
=

Thus condition (i) of Remark 2.3 (b) is fulfilled, yielding v(|| - [|Z,7Z) = 7s(|| - |¥, 7E).
(b) Since € is discrete, every subset of €2 is open, and a subset of € is compact if and only if it is finite.
Thus 75 = 7€ = 7, and statement (b) follows from part (a), Theorem 4.3 (d) and Mackey’s theorem.
(c) Let Co(Q% E) = Co(Q,E) for v(z) =1, v € Q, and set || - [|Z = | - |lcs,m)- By part (f) the
multiplication operator

ME: Co(Q, E) = C(Q, E), ME(f) = fu,
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The space (Co(Q, E), v(|| - 1%, 75)) is
complete by [13, I1.4.2 Proposition 2 . 113 because () is a kgr-space (see [13, p. 112] and note that
p Yy ) 1Y , P R-SP y P

is a topological isomorphism w.r.t. (| - |¥,7E) and ~(|| - ||E, 7E).

kr-spaces are exactly the K-complete spaces by [13, p. 80]) and (&, | - ||, 7). ») a complete Saks space as
YU Il&, 7)) = 7)) This implies that (Cv(Q, E),y(||-|¥, 7)) is also complete since MF is a topological
isomorphism.

(e) Let Q be a hemicompact kr-space. Then § is a k-space by [50, Lemma 5.1, p. 884] and we have that
(Co(, E),¥(]| - |1E£,7E)) is a Mackey space, which is strong if E is a Banach space, by part (f) and [33,
Theorem 3.4, p. 165]. Let Q be a completely metrisable space. Then (Cy(Q2, E), (|| - [|£,7E)) is a Mackey
space, which is strong if F is a Banach space, by part (f), [32, Theorem 2, p. 35] and [31, Theorem 3.7,
p. 202]. Using the topological isomorphism MFE from part (c), we note that both statements remain valid if
we replace Cy(Q2, E) by Cv(, E) and || - | by || - [|F. O

We remark that (Cv(2), || ||, 7co) is semi-Montel by [41, 3.9 Example (i), p. 10] if €2 is discrete. In the case
Cy(Q, E) the statement from Corollary 4.5 (a) that (Cy(Q, E), || - ||E, 7E) is a Saks space and Corollary 4.5
(f) for Wo = Wie () (see [13, p. 81-82]) are contained in [13, II.4.1 Definition, p. 113] and [13, 11.4.2
Proposition 2), 6), p. 113] (see also [23, 1.1 Remark, p. 844]).! In the case C;(2) Corollary 4.5 (f) is contained
in [12, Proposition 3, p. 590] for locally compact Q and Wy = Cg (). In the case Cv(2) the statement from
Corollary 4.5 (a) that (|| ||, 7eo) = Ys(||-||; Teo), the inverse of the topological isomorphism MX from the proof
of part (c¢) and Corollary 4.5 (¢) are contained in [25, Lemmas A.1, A.4, p. 44] and [25, Theorem A.5, p. 44].
Moreover, we note that Corollary 4.5 (b) does not hold for general 2 by [30, Beispiel, p. 232]. Furthermore,
we remark that (Cv(Q2, E),¥(|| - |¥,7E)) is C-sequential by [42, Remark 3.19 (a), p. 14] combined with the
topological isomorphism MF if E =K and Q a Polish space, i.e. separably completely metrisable. It is an
open question whether this remains valid if E is a Banach space. Due to Corollary 4.5 (e) and [58, Corollary

7.6, p. 52] it would be sufficient to prove that (Cv(2, E),v(|| - [|¥,7E)) is a Mazur space if Q is Polish and E

a Banach space, i.e. that every sequentially v(|| - [|Z, 7.2)- contmuous linear functional on Cv(Q2, F) is already
(|| - I, 7E)-continuous.

Next7 we consider subspaces of Cv(§2, E). Let (E, ||-||g) be a normed space over C. For a non-empty open

subset Q of a complex locally convex Hausdorff space let H(f2, E') be the space of holomorphic functions
f: Q — E, ie. the space of Gateaux-holomorphic and continuous functions f: Q@ — FE (see [15, Definition
3.6, p. 152]), and for a continuous function v: Q — (0, c0) we set

Hu(Q, B) = {f e H(Q, B) | | f]I" = sup 1 (2l zv(z) < oo}

Further, we define Ho(Q) :== Hv(Q,C) and || - || := || - ||€. Setting A :=Q, G(Q, E) := H(, E), ¢¥ =0 and
TE(f) = f for f € H(Q, E), we observe that Fv(Q, E) = Hv(Q, E), 7&, = 75 on Hv(Q, E) and conditions
(i) and (ii) of Proposition 4.4 are fulfilled.

4.6 Corollary. Let Q) be a non-empty open subset of a locally convex Hausdorff space X over C, v: @ — (0, 00)
continuous and (E, || - ||g) a normed space over C. Then the following assertions hold.

(a) (Ho(QL E), |- ||1F,7E) is a Saks space.
(b) If X is a kr-space and E a Banach space, then (Hv(Q, E), || - ||Z,7E) is complete.
(c) If Q is hemicompact, then (Hv(Q, E), || - ||F,7E) is C-sequential.

(

d) If X is a k-space and E = C, then (Hv(Q), || - ||, 7o) s semi-Montel and (|| - ||, 7co) = vs(|| - ||, 7s) for
Se {./\/Q,/CQ}.

1 The condition of upper semicontinuity or boundedness for the weights w is missing in [23] (and [31-33]) even though it is
contained in its reference [55, Theorem 2.4, p. 316] for the proof.
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(e) If X is metrisable or a DFM-space, and E a Banach space, then it holds Hv(Q, E) = Hv(Q, E),.

Proof. (a) and (c) follow from Theorem 4.3 and our observations above.

(b) We set veu(,) = V(I lcv.B)> 7o co(e.z)) A0d DOt Yeu(@,E) 130,y < VI |20@.B)s Tedp00(2,5)) DY
[13, p. 39]. The space (Cv(2, E), Ycu(a,r)) is complete by Corollary 4.5 (c) and Hv (2, E) a closed subspace.
This implies statement (b).

(d) By [41, 3.9 Example (iii), p. 10-11] (Hv(2),]| - ||, 7co) is semi-Montel. Furthermore, the observations
T = Teo and Taf, < Teo on Hou(Q) imply that v(]| - ||, 7o) = V(|| - ||, 7s) for S € {Ng, Kq} by Remark 2.5
().

(e) This follows from [15, Example 3.8 (g), p. 159]. O

Regarding Corollary 4.6 (c), we remark that Q is hemicompact by [14, Example 2.47, p. 79-81] if X
is a DFM-space. Theorem 4.3 (e) and Corollary 4.6 (d) imply [6, Proposition 3.1, p. 77] where X = C<.
Theorem 4.3 (d) and Corollary 4.6 (d) imply [52, 4.5 Theorem, p. 875] where X is a Banach space and
v(z) =1 for all z € Q. Further, we remark that (H*(D),y(|| - ||co; Tco)) is not a Mackey space by [13, V.2.7
Corollary, p. 235].

4.7 Remark. Let (E, || - ||) be a Banach space over C and 1 < p < co. We may also define a strong E-valued
version of the Hardy H? from Corollary 3.5. Let

27
H(E) = {f € H(D.E) | (IfI)" = sup, o / £ (re") 6 < oo }.
0

However, in contrast to the case p = co, we only have the strict inclusion H?(E) C HP(E), for 1 <p < oo
by [24, Corollary 12, p. 359] if E is infinite-dimensional.

Let us turn to another subspace of Cv(Q2, E). For a non-empty open set 2 C R? and a normed space
(E,|| - ||g) over K we denote by C>(£2, E) the space of infinitely continuously partially differentiable E-
valued functions on © and by (9°)¥ f the 3-th partial derivative of f € C>(, E) for a multi-index 8 € N¢.
If £ =K, weset C*(Q) :==C®(Q,K) and 9°f = (0°)Xf for f € C=(Q) and B € N¢. For K = C and
a polynomial P on R?¢ with constant complex coefficients we define the linear partial differential operator
P(0)F := P((0)F) on C>(Q, E) in the usual way and its kernel

Cp(LE) = {f cC®(Q,E)| f € ker P(O)F}.
For a continuous function v: Q — (0, 00) we define the weighted kernel

Cru(QE) = {f € Cp(Q E) | | f]" = sup 1/ (@)l pv(z) < oo}

Further, we define Cpv(Q) := Cpv(Q,C) and || - || := || - ||€. Setting A == Q, G(Q, E) = Cp(Q, E), ¢¥ =0
and TP(f) = f for f € Cp(Q, E), we observe that Fu(, E) = Cpv(Q, E), 7& = 7L on Cpu(Q2, E) and

co

conditions (i) and (ii) of Proposition 4.4 are fulfilled.

4.8 Corollary. Let Q2 C R be non-empty and open, v: Q — (0,00) continuous, (E,| - ||g) a normed space
over C and P(0)¥ a linear partial differential operator such that P(9)€ is hypoelliptic. Then the following
assertions hold.

(a) (Cpv(YE), | -7, 7E) is a C-sequential Saks space.
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(b) If E=C, then (Cpv(Q), | - ||, Tco) s semi-Montel and y(|| - ||, Tco) = Ys(|| - ||, 7s) for S € {Nq, Ka}.
(c) If E is a Banach space, then Cpv(Q, E) = Cpv(), E), and the Saks space (Cpv(%, E),| - ||¥,7E) is
complete.

Proof. (a) This follows from Theorem 4.3, our observations above and the fact that open subsets of R? are
hemicompact.

(b) By [41, 3.9 Example (ii), p. 10] (Cpv(2), | - ||, Teo) is semi-Montel. The rest of the proof is analogous
to the proof of Corollary 4.6 (d).

(c) It holds Cpv(Q), E) = Cpv(R2, E), by the weak-strong principle [7, Theorem 9, p. 232] and Mack-
ey’s theorem. Due to part (b), 7, < 7, T, = 7& and Proposition 4.4 (c¢) we get that the Saks space
(Cpv(Q,E), || - |F,7E) is complete. O
4.9 Remark. Let (X, ||- ||, 7) be a Saks space, Y a linear subspace of X. Then the subtriple (Y, || - |||y, 7jy) is
also a Saks space and (|-, T)\Y < ’Y(H'HIYa T\Y) by [13, p. 39]. In general, v(]|-||, T)\Y = 7(”'”\3’7 7—IY) does not
hold by [3, p. 133]. However, suppose that (Y, |- |||y, 7)y) fulfils condition (i) or (ii) of Remark 2.3 (b) so that
Y-y 7v) = sl ljy» 7y )- Then it follows from [13, 1.4.6 Lemma, p. 44] that v(||-[|,7);y = (|- I}y 7)v)-
This observation is an alternative way to derive (|| - ||, 7co) = s(|| - ||, 7c,) in Corollary 4.6 (d) and
Corollary 4.8 (b) since condition (ii) of Remark 2.3 (b) is fulfilled for the subtriple.”

For a normed space (E, ||-||g) over C and a continuous function v: D — (0,00) withD = {z € C | |z| < 1}
we define the Bloch type space

Bu(D, E) = {f e H(D, B) | | fI” = I£(0)ll e + sup 8¢ f(2) ]| () < oo}

zeD
where
OEf(z) = lim w’ zeD,
h—0 h
heC,h#0
Further, we define Bu(D) = Bv(D,C) and || - || == || - ||€. Setting A == D, G(D, E) := H(D, E), ¢°(f) =

1 £(0)]|£ and T#(f) == OE f(2) for f € H(D, E), we observe that Fv(Q, E) = Bv(D, E) and conditions (i)
and (ii) of Proposition 4.4 are fulfilled.

4.10 Corollary. Let v: D — (0,00) be continuous and (E, || - ||g) a normed space over C. Then the following
assertions hold.

(a) (Bu(D, E),| - ||¥,7E) is a C-sequential Saks space and TE = T,?D on Bu(D, E).

(b) If E=C, then (Bu(D),| ||, Teo) s semi-Montel and Y(|| - ||, 7co) = ¥s(|| - |, 7s) for S € {Mp,Kp}-

(¢) IfE is a Banach space, then Bu(D, E) = Bv(D, E), and the Saks space (Bv(D, E), ||-||¥, TE) is complete.

2 Since [13, 1.4.6 Lemma, p. 44] needs that condition (i) or (ii) of Remark 2.3 (b) is fulfilled for the subtriple (Y, || - Iy, 7y)
and not for the triple (X, || - ||, 7), the proof of [53, 5. Proposition, p. 291] seems to be doubtful where X = C,(U), U an open
connected subset of a complex Banach space, || - || = || - ||oo, T = 75 is the topology of uniform convergence on U-bounded subsets

of U and Y = H®°(U). With the definition of the strict topology 8 on Cp(U) in [53, p.290] it is shown that 8 = v(|| - || oo, 7») in [53,
3. Theorem, p. 291]. Then [53, 5. Proposition, p. 291] says that 8| g w) = v(|| - [l|z=(v), 7| g~ (v)). However, in its proof it is only
shown that the triple (Cp(U), || - ||, 7o) fulfils condition (i) of Remark 2.3 (b), not the subtriple (H>(U), || - ll|z>~ (), To |z (U))-
At least if U is a subset of a finite-dimensional complex Banach space, then one can use 7, = 7., which gives that condition (ii)
of Remark 2.3 (b) is fulfilled for the subtriple in this case.
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Proof. (a) For every 0 < r < 1 we have

|z|<r

e | (2) ] < 1£0) |+ max | / O F(O)AC

< (1 e ) (IOl + sup 98 (Q)]1£v(¢)
ICl<r

minj¢|< v(C)

for all f € Bu(D, E) where the integral in the estimate above is a Bochner integral (cf. [38, Corollary 3.8,
p. 9-10] for the case E = C), and for every 0 < s <r < 1

170}l + max 108 £(2)l0(=) < 1£(0) 1 + = ; maxv(z) max | £(Q)lls

1
= (1 +o glg;v(/Z)) max | £(C)lle
for all f € Bu(D, E) by Cauchy’s inequality, which proves 7% = 7€ on Bv(D, E). The rest of part (a)
follows from Theorem 4.3, our observations above and the fact that D is hemicompact.

(b) By [41, 3.9 Example (iv), p. 11] (Bu(D), || - ||, Teo) is semi-Montel. The rest of the proof is analogous
to the proof of Corollary 4.6 (d).

(¢) Tt holds Bv(D, E) = Bv(D, E), by the Weak—strong principle [7, Theorem 9, p. 232] and Mackey’s
theorem. Due to part (b), 7, < 7k, TED = 7E and Proposition 4.4 (c) we get that the Saks space
(Bu(D, E), || - ||¥,7E) is complete. O

CO

For a normed space (E,| - ||g) over K and a metric space (€2,d) with a base point denoted by 0, i.e. a
pointed metric space in the sense of [57, p. 1], we define the space of E-valued Lipschitz continuous on (£, d)
that vanish at 0 by

Lipy(Q, F) = {f: Q— E| f(0)=0and | f||F = Is;gﬂ% < oo}.
TFY

Further, we define Lip,(2) = Lipy(Q2,K) and || - || := || - |¥. Setting A := Qua = {(x,y) € Q? | z # y},
v: A = (0,00), v(z,y) = m, G(QE)={f:Q— E| f(0)=0}, ¢¥ =0and TE(f)(z,y) = f(x)— f(y)
for (z,y) € A and f € G(Q, E), we observe that Fv(Q2, E) = Lipy(2, E) and conditions (i) and (ii) of
Proposition 4.4 are fulfilled.

4.11 Corollary. Let (2,d) be a pointed metric space and (E,||-||g) a normed space over K. Then the following
assertions hold.

(a) (Lipy(Q, E), |17, 720 is a Saks space, 755 = ¢, on |[-|[¥-bounded sets, y(||-[|¥, 7e3) = v(II-I%, 7ic,, )
and Lipy (2, E') = Lipg(Q, E),.
(b) If E is a Banach space, then (Lipg(%, E), || - ||Z,7E) is complete.

(c) If Q is hemicompact, then (Lipy(Q, E), || - |¥,7E) is C-sequential.
(d) If E =K, then (Lipy(Q), | - ||, Teo) is semi-Montel and (|| - ||, Tco) = Ys(|| - |, 7s) for S € {Nay,, Kanat-

Proof. (a) First, we note that for compact K C $yq the projections 71 (K) and mo(K) on the first and
second component, respectively, are compact in €2 and

E 1f(z) = fW)le
qx(f) = sup <2 max sup 1f ()l e
K (z,y)eK d(myy) (zy)eK d(x>y) ze(m1 (K)Ume (K))
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for all f € Lipy(€2, E), which implies 72, < 7 on Lipy(€, E). On the other hand, for every e > 0 and
compact K C Q we have with B, :== {x € ko) | d(z, O) < e} that

1) = FO) s,

sup I @lle = sup Sy A@0)
) | f(x)— f(O)|E ] | f(x)— f(O)|E
Smxd@0) s T LA d@o)

< max d(z, O)Q&\BE)X{O}(JC) +ell fI1P

for all f € Lipy(€2, E). Thus the topologies 7, » and 7Z coincide on || - ||F-bounded sets. Due to [13, 1.3.1
Lemma, p. 27] and Theorem 4.3 (a) this yields that (Lip(€2, E), || - [|¥,7E) is a Saks space. In addition, we
deduce that v(|| - [|E,7E) = v(| - |7, T’Cde) by the definition of the mixed topology. Moreover, it holds that
Lipy(Q, E) = Llpo(Q7 E), by Mackey’s theorem.

(b) This follows from parts (a) and (d), 7, < 7x,_, and Proposition 4.4 (c).

(c) If © is hemicompact, then 7.2 is metrisable and so (Lipy (%, B), || -||¥, 7E) C-sequential by [46, Propo-
sition 5.7, p. 2681-2682).
(d) By [41, 3.9 Example (v), p. 11] (Lipy(2), || - ||, Teo) is semi-Montel. Furthermore, the observations

TNa,, < TKa,, < Teo on Lipy(2) imply that y(|| - ||, 7eo) = 5[l - ||, 7s) for S € {Na,.,,Ka,.} by Remark 2.5
(¢). DO

Regarding Corollary 4.11 (c), we remark that a metric space is hemicompact if and only if it is separable
and locally compact by [18, Exercises 3.4.E (a), (c), p. 165], [18, Exercises 3.8.C (b), p. 194-195] and [59,
16.11 Theorem, p. 112]. The statement that (Lipy(£2), || - ||, 7co) is a complete semi-Montel Saks space from
Corollary 4.11 (b) and (d) for E = K is already contained in [29, Theorem 2.1 (7), p. 642]. Corollary 4.11
(c) and Theorem 4.3 (d) imply [29, Theorem 3.4, p. 647]. Further, Corollary 4.11 (¢) and Theorem 4.3 (e)
imply [29, Theorem 3.3, p. 645] where Q is compact and Wy = Cq (Qwa)-

For a normed space (E, ||-||g) over K and k € Ny we denote by Ck (Q, E) the space of k-times continuously
partially differentiable E-valued functions on a non-empty open bounded set Q C R?. We define the space of
k-times continuously partially differentiable E-valued functions on 2 whose partial derivatives up to order
k are continuously extendable to the boundary of 2 by

CHQ, E) == {f € C*(, E) | (9°)F f cont. extendable on Q for all 3 € N¢, |8 < k}

which we equip with the norm given by

|f|gk(§) = 5161})z 1(OHE f(2)||p = sup 1)V f(x)|m, fe€CH@,E),
T zeN
BENG,|BI<k ﬂeNSe,lmgk

where we use the same symbol for the unique continuous extension of (9°)¥ f to Q. The space of functions
in C¥(Q, E) such that all its k-th partial derivatives are a-Hélder continuous with 0 < a < 1 is given by

CH (@ E) = {f e C"(QE) | If]® < o0}

where

OE f(x) — (0°)F
||f||E — |f|CEk(§) + sup sup ||( ) f( )_( a) f(y)HE
ﬂeNg,\m:km,.vfﬂ lz -yl
THy
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Further, we define C*(Q2) := C*(Q, K), C*%(Q) = C**(Q,K) and |- ler@y = | |ck(Q aswell as || - || = || - ||¥.
Let E be a Banach space. Then for every 8 € N§ with |3| = k and f € C¥*(Q, E) the unique continuous

extension of the partial derivative (9°)Ff to Q is a-Hélder continuous and the extension has the same
Holder constant by [57, Proposition 1.6, p. 5] and [57, Proposition 2.50, p. 66], i.e

sup 1(0°)F f () — @) P fW)lle _ sup 1(0°)E f(z) — (") Ef(y)lle
ryso lz —ylo nye |z —yl|* '

Setting Qya = {(x,y) € 52 |z # y}, A= {8 € N§ | 8] = k} x Qua, v: A = (0,00), v(B,2,y) = -,
G(QE) = C(QE), ¢° = |- |t g and TE(f)(B,2,y) = (0")F f(x) — (9°)" f(y) for (B,2,y) € A and
f € G(Q, E), we remark that Fo(), E) = C**(Q, E) and conditions (i) and (ii) of Proposition 4.4 are
fulfilled. Furthermore, we denote by N g | the family of subsets of A of the form {5 € N§ | |3] = k} x N
for N € Ng,_,. Similarly, we denote by K, g __ the family of subsets of A of the form {3 € N§ | |3] = k} x K
for K € Kg_,. Since {8 € N§ | [8| = k} is a finite set, we have 7%, = T/{”}kﬁw and 7 = T,gk‘ﬁw

4.12 Corollary. Let Q C R be a non-empty open bounded set, k € Ng, 0 < a <1 and (E, || - ||g) a Banach
space over K. Then the following assertions hold.

k.o Q) |IE : 3 : __E IIE.
(a) (C™*(LE)| -l ,T‘,@@) is a C-sequential Saks space, T = a7 | - ||¥-bounded sets and

'y(“ . ||E’T|‘|fk<§)) = fY(” ' ||E’Tlg‘kyﬁwd)'

Suppose for (b)—(c) that Q has Lipschitz boundary if k > 1.

(b) If E = K, then (CH*(Q), ] - H,7'|,‘Ck(ﬁ)) is semi-Montel and ~(| - H,T‘.‘Ck@) =% - l,7s) for S €

{Nk de7 k de : _ _
(¢) CH(Q, E) = C(Q, E)y and (C-*(Q, E), | - HE,T‘_@@) is complete.

Proof. (a) We set M := {3 € N¢ | || = k} and note that for compact K C Qq the projections 7 (K) and
72(K) on the first and second component, respectively, are compact in © and

1(0%)Ff(x) — (") Ff W)=

E E
axx ()= suwp  |flohg + a
R (z,y)eK ch ) |z — yle

BENY,|B|=k

1
<|fl% = +2 max ——— sup MNEf(2)|e
| |Ck(m (@)eK [T — Y% pe(m (K)ums (K)) 1075 @)
BENG,|B8|=k

1
1+2 7) B
( T ek Ty Flek @

for all f € Ck*(Q), which implies T,?k o STE . On the other hand, fix some yg € Q. For every € > 0
© S wd

ek

we have with B, := {x € Q| |z — yo|* < €} that

e <1l =g, @) 5@) = (09 Fwo)lle
x sTZFYo
BEN,|B|=k

B\E B\E
< fEgy+ s WOST@ = @) o)l

z€Q,x#Yo "r - y0|a
BENG,|8l=k

| «

2 — o
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(9’8 Erir) — 85 E
< |f|gk(§)+mal(|x—y0‘o‘ sup 1(0°)" f(x) = ( (3 f(yo)lle
wEQ ZEQ\BE |x - 90|
BENG,|8I=k
oE — (9P)E
te sy NODTI@ = @) )l
z€B.,x#yo |.§C — yo‘ v
BENG, 8=k

a) E E
< (1 + I;leag |z — yol )qu((ﬁ\]BE)X{yo})(f) +ellfll

for all f € C**(Q, E). Thus the topologies T’%Ekﬁwd and T2 coincide on || - [|¥-bounded sets. Due to
[13, [.3.1 Lemma, p. 27] and Theorem 4.3 (a) this yields that (C*(Q, E), || - HEvTI'\fk@) is a Saks space.
Furthermore, we deduce that v(|| - || VTE, Q)) =~(-|I®, Tgkvﬁwd) by the definition of the mixed topology.
Since T 1B, is metrisable, (C**(€, E), ||-[|%, 7. F. ) is C-sequential by [46, Proposition 5.7, p. 2681-2682].

(b) By [41, 3.9 Example (vi), p. 11] (C**(Q), || H 7. \ckm)) is semi-Montel. Moreover, the observations

Nea,, STK, < Tk OB CF<(Q) imply that (| - H,THC,C@) (-, 7s) for S € {Nyq.... Kra,.

LTy,
by Remark 2.5 ( ).

(c) We have Ck(Q, E) = C*(Q, E), by [39, 5.3.3 Corollary, p. 106]. From parts (a) and (b), 7, < Ko,
and Proposition 4.4 (c) we deduce that the Saks space (C**(Q, E),| - ||7, T‘_‘cEk@) is complete. O

4.13 Remark. Let the assumptions of Corollary 4.12 (b) be fulfilled. Since the set {3 € N¢ | |8] = k} is
finite and 7x;, = 7y, , , We obtain analogously to the proof of Theorem 4.3 (d) that (]| - ||,T|A|Ck@) =

YU 1L v o d) is generated by the system of seminorms
1Mo = 590 (Iflesy + 50 T Jaw, € (@),
BENG,|BI=k

where (7, Yn)nen is a sequence in Qyq and (ap)nen € ca -
Let W, = W;O(Q a) or Wi o(Qwa) or Cf (Qwa). Since {8 € N¢ | || = k} is a finite set, 7c, = 7x

and Q4 locally compact, we may also modify the system of seminorms in Theorem 4.3 (e) and obtain that

k,Qywa

Y- 157 |Ck(m) YU, 7, ) is generated by the system of seminorms

OB f(x) — 0°
= s s (Iflog + D=0 IW)
( ) |Z‘— |a
I*yGQBEN(ﬁ",|B|=k y
TFy

Jul@.y), fecte@,

for w € Wy (without the modification the weights w depend on S as well).
5. The dual space of (Fv(£2, E),vs(|| - 1%, 7x7,))

In our closing section we give a characterisation of the dual space of the space Fv (2, E) from Definition 4.2
w.r.t. the submixed topology ~s(||- ||, 7%, ). We know from the preceding section that this submixed topology
often coincides with the mixed topology, at least if 2 is discrete or £ = K. Our proof is an adaptation of
the proof of the corresponding result [29, Theorem 5.1, p. 652] for the case Fv(Q2, E) = Lipy(Q2, E). For a
normed space (E, || - ||g) we denote by E @ E the space E x E equipped with the norm || - || gg, g given by
(@, )| Ea e = ||z||lg + ||yl for z,y € E. By (*(N, (E @ E)*) we denote the space of (E ®; E)*-valued

sequences y = (ya)nen such that [lylly = Y50, yall o, < 0.
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5.1 Theorem. Let Q2 and A be non-empty sets, v: A — (0,00), (E,|| - ||g) a normed space over K, G(Q, E) a
linear subspace of E%, ¢¥: G(Q, E) — [0,00) a seminorm, T¥: G(Q, E) — E® a linear map. Suppose that
(Fo(Q, E),||-|®) is normed, ¢¥ = | TE(-)||g for some linear map TE : G(Q, E) — E and f': Fv(Q, E) — K.
Then f" € (Fo(Q, E), (Il - 1%, 757,)) if and only if there are (\n)nen € £*(N, (E @1 E)*) and (2p)nen in
A such that

P =D M(@E ), TP () @a)v(wn)), | € Fo(@,E).
n=1
Proof. < Let there be sequences (A, )nen € (2(N, (E @1 E)*) and (7,),en in A such that
F1O) =D 2T (), TP (f) (@) o))
n=1

for all Fu(Q, E). So f’ is linear. Since Y -, [Anll(Be, By < 00, there is a positive sequence (i )nen such
that lim,, o pn, = 00 and C' == | pnllAnll(B@, )+ < o0 by [34, Chap. IX, §39, Theorem of Dini, p. 293].
It follows that

IO D Il mem- (1T (Nlle + 177 () (@) 5o(2n))

n=1
< Csup(|IT5°(H)lle + IT7(F) (@a) | pv(@a))int = CIFIE, 1y
neN ) ne

for all f € Fv(Q, E), implying f' € (Fv(Q, E),vs(|| - ||E,TJ€/A))/ by Theorem 4.3 (d).
= Let f' € (Fo(QL E),%(|| - II”,74,))’- Then there are a sequence (y)pen in A, (an)nen € ¢f and
C > 0 such that

NS CIFIG anyen = Sgg(lle(f)llE HITE(f) (@) | po(2n))an (6)

for all f € Fou(Q, E) by Theorem 4.3 (d) where @, = Ca, for all n € N. Let ¢y(N, E @; E) denote the
space of (E @1 F)-valued null-sequences on N. We define the linear subspace

X = {(T§ (N)an, TE () (@n)o(@n)an)nen | f € Fo(Q, E)}
of co(N, E &1 E) and the functional g*: X — K given by
9" (T (fYan, TE(F)(@n)o(xn)an)nen) = f'(f)-

The functional g* is well-defined and linear by (6) combined with the linearity of T and T¥. The estimate

|g* ((T()E(f)anv TE(f)(xn)v(zn)an)neN”
= 1)l (%) S‘ég(HTdE(f)HE + TP (f) (@n) | 5v(zn))an

sup (T (f)n, TF () (@n)v(zn)an) | 2o, e
= ||(T0E(f)amTE(f)(xn)U(xn)an)neN”oo

for all f € Fv(Q, E) implies that g is continuous on (X, || - [|scx) where ||| denotes the supremum norm
on ¢g(N, E@; E). Due to the Hahn—Banach theorem there exists an extension g* € (co(N, E®1 E), || - ||oo)’
of g*. Since the map



K. Kruse / Topology and its Applications 345 (2024) 108843 25

O: (("(N,(E @1 B)), |- 1h) = (co(N,E®1 B, || - oo)'s OW)(2) = D ynl2n).
n=1

is an isometric isomorphism, there is (k,)nen € ¢1(N, (E &1 E)*) such that §*(2) = Y07 kn(z,) for all
z € co(N,E® E). We set A\, == kpay, for all n € N and note that

L)
Y Mallses) < I(En)nenlli(sup [an]) < oo,
meN

n=1

implying (An)nen € ¢1(N, (E @1 E)*). Finally, we conclude that

f/(f) * ((T(F(fﬁim TE(f)(mn)U<xn)an)neN)

I
Q)

M

M (T3 (f), T2 (f) (@n)v(@n))

1

3
Il

for all f € Fu(, E). O
5.2 Remark. If ¢¥ = 0, then we may take (A,)nen € (1(N, ({0} &1 E)*) = ¢}(N, E*) in Theorem 5.1.

We observe that Theorem 5.1 is applicable to the spaces Fu(2, E) = Cv(Q2, E), Hv(Q, E), Cpv(£2, E) and
Lipy(Q, E) with TF(f) == 0 for f € Fv(Q, E), implying ¢¥ = 0, and to the space Fv(Q2, E) = Bv(D, E)
with TE(f) :== £(0) for f € Bv(D, E).
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