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Abstract

We study the generalization capabilities of Group Convolutional Neural Networks (GCNNs) with
ReLU activation function by deriving upper and lower bounds for their Vapnik-Chervonenkis (VC) di-
mension. Specifically, we analyze how factors such as the number of layers, weights, and input dimension
affect the VC dimension. We further compare the derived bounds to those known for other types of neu-
ral networks. Our findings extend previous results on the VC dimension of continuous GCNNs with two
layers, thereby providing new insights into the generalization properties of GCNNs, particularly regarding

the dependence on the input resolution of the data.

1 Introduction

Convolutional Neural Networks (CNNs) have revolutionized the field of computer vision, achieving remark-
able success in tasks such as image classification (Krizhevsky et al., 2012), object detection (Ren et al., 2016),
and segmentation (Long et al., 2015). Their effectiveness can be partly attributed to their translation invari-
ant architecture, enabling CNNs to recognize objects regardless of their position in an image. However, while
CNNs are effective at capturing translation symmetries, there has been a growing interest in incorporating
additional structure into neural networks to handle a wider range of transformations. These architectures
aim to combine the flexibility of learning with the robustness of structure-preserving features (see, e.g.,

(Hinton and Wang, 2011; Lee et al., 2015)).

GCNNs were first introduced by Cohen and Welling (2016a) to improve statistical efficiency and enhance
geometric reasoning. Since then equivariant network structures have evolved to support equivariance on Eu-
clidean groups (Bekkers et al., 2018; Bekkers, 2019; Weiler et al., 2018), compact groups (Kondor and Trivedi,
2018) and Riemannian manifolds (Weiler et al., 2021). More recent architectures have even been general-

ized beyond other types of symmetry groups (Zhdanov et al., 2024; Dehmamy et al., 2021; Smets et al., 2023)
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These advancements have significantly broadened the applicability of CNNs to more complex tasks includ-
ing fluid dynamics (Wang et al., 2020; Vinuesa and Brunton, 2022), electrodynamics (Zhdanov et al., 2024),
medical image segmentation (Bekkers et al., 2018), partial differential equation (PDE) solvers (Brandstetter et al.,
2022), and video tracking (Sosnovik et al., 2021). A notable example of the success of equivariant neu-
ral networks is the AlphaFold algorithm, which achieves high accuracy in protein structure prediction
through a novel roto-translation equivariant attention architecture of the neural network (Jumper et al.,
2021; Fuchs et al., 2020).

Equivariant neural networks are expected to have smaller sample complexity if compared to neural net-
works without built-in symmetries (Bietti et al., 2021; Sannai et al., 2021; Elesedy, 2022; Shao et al., 2022).
Given the symmetries are present in the data, equivariant networks should therefore achieve comparable
performance with fewer examples.

To investigate this hypothesis, we study the generalization capabilities of a GCNN class that is invariant
to group actions. We compute upper and lower bounds for the Vapnik-Chervonenkis (VC) dimension of this
class and compare them with the VC dimension of deep feedforward neural networks (DNNs).

Previously, the VC dimension has been used to analyze the generalization properties of various net-
work architectures, including vanilla DNNs (Bartlett et al., 2019; Anthony and Bartlett, 1999) and CNNs
(Kohler and Walter, 2023). However, to the best of our knowledge, the only result on the VC dimension
of GCNNs pertains to two-layer GCNNs with continuous groups, which were shown to have an infinite VC
dimension (Petersen and Sepliarskaia, 2024). Our work differs from earlier research by analyzing the VC di-
mension of GCNNs in relation to the number of layers, weights, and input dimensions of the neural network,
without restricting the architecture to just two layers (as in (Petersen and Sepliarskaia, 2024)) or DNNs (as

in (Bartlett et al., 2019)).

2 GCNNs

2.1 Group theoretic concepts

GCNNs capture symmetries in data via group theory. A group G is a set equipped with an operation o such

that h,g € G implies h o g € G; there exists an identity element e € G such that eog = goe = g for all
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g € G; there exists an inverse element ¢! € G such that g='og = gog~! = e; and for any g, h,i € G, we
have (goh)oi=go (hoi).
A group action describes how a group interacts with another set. More specifically, an action of G on

aset X is amap o: G X X — X such that for all g1,¢9> € G and for all z € X

(9192) ox = g10(g201).



On the functions {f : G — R}, the left reqular representation of a group G is the action

(g0 /)g)=flg7'g), foranyg,.g €G. (1)

For a so-called kernel function K : G — R and a function f : G — R, the group convolution of K with f

at an element g € G is defined as

(K * f)(g) = /G K(g™'g) - £(g') dulg). 2)

with g being the Haar measure (Procesi, 2007, Theorem 8.1.2). Note that, the Haar measure is a unique
left-invariant measure that exists for all locally compact groups (see (Stroppel, 2006, Definition 1.18)). For
the integral in (2) to be well-defined, we assume that both, the signal f and the kernel K, are measurable
and bounded.

The group convolution computes a weighted average over the group elements. It is equivariant with
respect to the left regular representation of G defined in (1), that is, go (K * f) = (K (go f)) for any group
element g.

In the case where G is a finite group, the group convolution becomes the sum

(5 1)0) = 7 X Kla™'s/)- 1)), 3)

g'eG
In practice, continuous groups such as rotations or translations are often discretized, and computations
are performed on finite grids. This discretization process involves approximating the group G by a finite

subset
G"={91,92,---,9r}

We refer to the cardinality r as the resolution of the discretization.

For example, for the group formed by all continuous rotations, the discretization selects a finite number
of rotation angles. For the translation group, discretization consists of a finite number of shifts.

After discretization, the group convolution operates on this finite set. Ignoring the reweighting it is then
given by

T

(K f)(g)=>_ K(g'g;) - f(g))- (4)

j=1

This operation is called G-correlation (Cohen and Welling, 2016b). Note that (K % g) = r - (K % g). If
K = 1(- = e) with e the identity element of the group, then, on G", K % f = f. The G-correlation heavily
depends on the discretization of the group and can differ significantly from the integral version (2). However,
both definitions become approximately the same (up to rescaling) if the elements g; are drawn from the Haar

measure. In the case of GCNNs, the discretization is determined by the structure of the data.



2.2 GOCNN architecture

To parametrize the kernel function, let
Ki:G—R, s=1,....k (5)

be a set of basis functions. The kernel functions Ky, are then expressed as linear combinations of these basis

functions, that is,

k
Kw = Z weKs, (6)
s=1
where w = (wq,...,wg) is the vector of trainable parameters.

Given an activation function o : R — R, a group convolutional unit (GCNN unit) or G-convolution takes
an input function on the discretized group f = (f1,..., fm,)L : G" — R™ as input and outputs another

function on the discretized group h : G" — R. The output A is

h_a(ini*ﬁ—b), (7)
i=1

with the group convolution operation * defined in (4). The weight vectors wy,...,w,, and the bias b are
parameters that are learned from the data. In line with the common terminology, we refer to the output as
feature map.

A GCNN layer (also called G-convolutional layer or G-conv layer) computes several GCNN units in
parallel, using the same input functions but applying different kernel functions (also known as filters), each
with potentially different parameters. Specifically, a GCNN layer with M units and input function f =

(fi,-- s fmg)T : G" — R™0, computes the following M functions

mo
hj—U<Z’CWij*fi_bj)a jzlv'-'aMa (8)
1=1

where Ky,; connects the i-th input with the j-th output. The trainable parameters in the GCNN layer are
the weight vectors w;; and the biases b;. As other network architectures, GCNNs are typically structured
hierarchically, with several GCNN layers followed by fully connected layers. We assume that the input of the
first GCNN layer are already functions on the discretized group.

Let L be the number of GCNN layers and assume that the respective numbers of GCNN units in the
layers 1, ..., L is denoted by mq,...,my. To derive a recursive formula for the GCNN, we denote the inputs
of the GCNN by hq1,...,hom,. Note that they are also assumed to be functions G" — R. If for a given
£=0,...,L—1, he1,...,hem, are the outputs (also known as feature maps) of the ¢-th GCNN layer, then,
the myy1 outputs of the (£ + 1)-st GCNN layer are given by

my
ey, = U(Z ICWE? *he i — bél)) 9)
i=1



for =1,...,myq1. The final output of the GCNN is given by

mr

Z Z hr.i(9), (10)

i=1 geGr
which equals up to reweighting a global average pooling operation. As we take the sum over all group
elements g, this operation makes the network invariant instead of equivariant to geometric transformation
(see, e.g., (Kondor and Trivedi, 2018; Keriven and Peyré, 2019; Bekkers et al., 2018)).

In our work, we consider the ReLU activation function o(x) = max{z,0}. We denote the class of ReLU
GCNNs with L layers, m; units in layer i = 0, ..., L, k dimensional weight vectors in (6), and r the cardinality
of the discretized group by

H(k,mo,...,mp,T). (11)

The learnable parameters are the vectors wg) and the biases by) forj =1,...,my, £ =0,...,L —
1. During the training phase, they are updated through gradient-based optimization techniques, such as
stochastic gradient descent (SGD). The updates aim to minimize an objective function, typically a loss
function measuring the difference between the network predictions and the true labels. While in practice,

GCNN architectures also include feedforward layers, we only focus in this work on the GCNN layers.

2.3 CNNs as a specific case of GCNNs

The convolutional layer in CNNs can be obtained as a specific case of the GCNN layer for the translation
group T. An element t of the translation group corresponds to a vector (t1,t2) € R?, and the group operation
is defined as t ot’ = (¢; + 1}, t2 + t,), meaning that one vector is shifted by the components of another. The
inverse of a translation t is t =1 = (—t1, —t3), reversing the direction of the shift.

A square image can be interpreted as a function on the unit square [0,1] x [0,1]. Setting the function
values to zero outside the unit square, it can then be extended to a function on R2. Since R? is isomorphic
to the translation group, a square image can thus be viewed as a function on the translation group 7.

To illustrate the discretization step, consider the MNIST dataset (LeCun et al., 1998), which consists of
grayscale images of handwritten digits ranging from 0 to 9. Each MNIST image is represented by grayscale
values. This means that my is equal to 1, as the image is characterized solely by pixel brightness. In contrast,
for an RGB image, mg = 3, corresponding to the red, green, and blue components of each pixel.

Furthermore, since the values are only on a 28 x 28 pixel grid, the translation group 7T is discretized by

T = {<%2j—8) li,j € [28]}.

In turn, we can view an MNIST image as a function f on T78%. Note that the function value f (218, 23—8) is the
(i, 7)-th pixel value.
In CNNs, the coefficients of the convolutional filters are typically represented by s x s weight matrices,

with s a prechosen integer. For simplicity, we consider s = 3 in the following. The convolutional filter



computes
i+{¢ j+k o
Z we+1k+1f( ,] ), i,j=1,...,28.
£k=—1
For the kernel
t k
Bt = 3 w10 = (1. 5)),
£k=—1
and s; j := (i/28,7/28), this can also be rewritten in the form (4) via

(Kw * f)(sij) = > Kuwls; )} ot)- f(t)

teT™84

1 ) )
7
E E Wet1,k+1 - 1( (tl - _28’t2 - _238>

teT784 L k=—1

(&8

Z We+1, k+1f(l+€7j +k)

lk=—1

Thus, in this equivalence the kernel is a linear combination of indicator functions.

2.4 Comparison of GCNNs and deep feedforward neural networks

GCNNs and deep feedforward neural networks (DNNs) differ in how their computational units are defined.
In a DNN, each unit computes an affine transformations applied to the output of the previous layer, followed
by an activation function o. If z is the output of the previous layer, w is a weight vector, and b a bias, then

a unit in a DNN computes
U(WTZ—b). (12)

The class of ReLU DNNs with L layers (that is, L — 1 hidden layers and one output layer), m; units (or

neurons) in layer ¢ = 0,..., L, and a single unit in the output layer (i.e., my = 1) is denoted by
F(mg,...,mp). (13)

While both the DNN class F(my,...,my) and the GCNN class H(k, mg, ..., myp,r) share the same archi-
tectural structure and apply the ReLU activation function, they differ in their unit definition, meaning that

F(mo,...,mg) uses DNN units (12) and H(k,mo,...,mg,r), employs GCNN units (7).

3 VC dimension of GCNNs

We now derive upper bounds for the VC dimension of the GCNN class H(k, mo,...,mp,r). We begin by

formally introducing the VC dimension.



Definition 3.1 (Growth function, VC dimension, shattering). Let H denote a class of functions from F to
{=1,1} (often referred to as the hypotheses class). For any non-negative integer m, we define the growth
function of H as the maximum number of distinct classifications of m samples that can be achieved by
classifiers from H. Specifically, it is defined as:

Mog(m) o= max__ {(h(f2).- h(fm)) :h € HY.

If H can generate all possible 2™ classifications for a set of m inputs, we say that H shatters that set.

Formally, if
{(h(f1), - h(fm)) : hoe HY| = 2™,

we say M shatters the set {f1,..., fm}-

The Vapnik-Chervonenkis dimension of H, denoted as VC(H), is the size of the largest shattered set, specif-
ically the largest m such that Ty (m) = 2™. If no such largest m exists, we define VC(H) = oc.

The VC dimension cannot be directly applied to a class of real-valued functions, such as neural networks.
To address this, we follow the approach in (Bartlett et al., 2019) and use the pseudodimension as a measure
of complexity. The pseudodimension is a natural extension of the VC dimension and retains similar uniform

convergence properties (see (Pollard, 1990) and Theorem 19.2 in (Anthony and Bartlett, 1999)).

Definition 3.2 (pseudodimension). For a class H of real-valued functions, we define its pseudodimension

as VC(H) := VC(sign(H)), where
sign(#H) := {sign(H — b) | H € H, b € R},
where sign(z) is 1 for x > 0 and —1 otherwise. We write Il; to denote a growth function of sign(H).

For common parametrized function classes, the VC dimension relates to the number of parameters. For
DNNs, the VC dimension further depends on the network depth, as discussed in (Bartlett et al., 2019).

The following result provides an upper bound on the VC dimension of the GCNN class H(k, mg, ..., mp, 7).
Recall that L is the number of layers, m; is the number of units in layer ¢« = 0,..., L, weight vectors are k

dimensional, and r is the cardinality of the discretized group.

Theorem 3.3 (Upper Bound). The VC dimension of the GCNN class H = H(k,mg,...,mp,r) is upper
bounded by
L L
UB(H):=L+1 +4(ZW4> log, (SeTng), (14)
=1 =1
with Wy the number of parameters up to the £-th layer, that is,

4
Wy = ij(kmj_l + 1) (15)

j=1



To verify (15), observe that each unit in layer i, has km,;_;1 weight parameters and one bias. A proof
sketch of this theorem is provided in Section 4, with a detailed proof in the supplement.
The VC bound generalizes those known for vanilla CNNs, as shown in Lemma 12 in the supplement of
(Kohler and Walter, 2023), where similar dependencies between VC dimension and number of parameters
and hidden layers were derived. We further compare the sample complexity of GCNNs with DNNs. For that
we rely on the VC dimension bound for DNNs with piecewise-polynomial activation functions that has been
derived in Theorem 7 of (Bartlett et al., 2019). Specifically, we focus on the class of DNNs with L layers and
m; units in layer ¢, as defined in (13). This network class corresponds to the case where d =1 and p =1 in
Theorem 6 of (Bartlett et al., 2019). By applying the inequality log,(log,(z)) < log,(z) that holds for any

x > 2, the VC dimension bound for this class becomes

UB(F):=L+2 < ZL: WZ(]-')> log, <4e ZL: émz) :

=1 =1
where F is used as shorthand notation for F(mo, ..., my). Here W;(F) represents the number of parameters
of the class F up to the i-th layer, that is,
¢
Wo(F) = mj(m;_1+1). (16)
j=1

By comparing (15) and (16), and assuming an equal number of computational units per layer for both, GC-
NNs and DNNs, we observe that the number of parameters in GCNNs satisfies the inequality W; < kW;(F),

with & the dimension of the weight vector w in (6).

This together with the bound in Theorem 3.3 then yields
L
UB(H) < 2kUB(F) + 4 ( > Wg(%)) logy (2r). (17)
r=1

An alternative to bounding the VC dimension based on the number of layers and neurons per layer is to
express the bound in terms of the total number of trainable parameters. The main advantage of this approach
is that it applies to a wider range of architectures including sparsely connected GCNNs. In this context,

Bartlett et al. (2019) establishes a bound on the VC dimension for the class
]:W,L = {]::]:(mo,,mg)|£§L,WL(]:)§W}, (18)

consisting of DNNs with at most L hidden layers and an overall number W of weights. In particular, they

show that there exist universal constants ¢ and C such that
w
c-WLlog (f) < VC(Fw,r)
< max UB(F) (19)

< C-WLlogW.



Similarly, we consider the GCNN class
Hw,pr = {H(k,mo,...,me,r) | L < LW, <W}, (20)

consisting of all GCNN architectures with a total number of parameters bounded by W, depth at most L,
and r the cardinality of the discretized group.
Inequality (17), along with the lower and upper bounds on the VC dimension of DNNs in (19) leads to

the following result.

Corollary 3.4. Let W be the total number of parameters and L the depth of the network, with L < W%,

There exists a universal constant C such that
VC(’HW)L,T) <C (VC(]:WJ,) + LW IOgQ(T‘)) .
This bound obtains the nearly optimal rate as shown in the next theorem.

Theorem 3.5 (Lower bound). If W, L > 3, then there exists a universal constant ¢ such that
VC(Hw,L,r) > cmax{VC(Fw,r), Wlog,(r)}.

By combining Corollary 3.4 and Theorem 3.5, we conclude that there exist universal constants ¢ and C

such that

c(VC(fW,L) + WlOgQ(T))
S VC(HW,L,T‘)
< C(VC(Fw,p) + LW logy(r) ).

In practice, the depth in GCNNs is rather small, e.g., L = 7 in the initial article of Cohen and Welling
(2016Db) for the rotated MNIST dataset. In this regime, the obtained rates in the upper and lower bound of

the VC dimension nearly match.

4 Proof sketch of Theorem 3.3

To derive an upper bound for the VC dimension of the GCNN class H = H(k, mo, ..., mp,r), recall that the
parameter r is the cardinality of the discretized group G" := {¢1,92,...,9r}. The parameters k, mg, ..., my,
define the network architecture. The class H consists therefore of all functions w +— hy, that can be repre-
sented by a GCNN with this architecture but different network parameter w € RW .

The proof of Theorem 3.3 closely follows the proof of Theorem 7 of (Bartlett et al., 2019), with adjustments
to account for the structure of GCNN-units. To find an upper bound of a fixed number m on the VC
dimension, we need to show that neural networks in H cannot shatter any set of m functions.

Specifically, consider an input set of m functions from G” to R™° denoted as

Fooi=1{f1..\ ., fm). (21)



We aim to bound the number of distinct sign patterns that networks in H can generate when applied to

functions in F;, i.e.,

[{sign(hw(f1)),...,sign(hw(fm)) : w € RW}|.

By bounding the number of distinct sign patterns, we obtain an upper bound on the growth function Iy of
sign(H). If T3 < 2™, then m is an upper bound for the VC dimension of H.

For fixed network architecture and fixed input, the output of the GCNN-units depends only on the network
parameters. Therefore, to understand the possible sign patterns that the network can generate on F),, we
need to analyze the dependence of the GCNN-units on the network parameters.

Since the ReLU activation is piecewise linear, and the sum of piecewise linear functions remains piecewise
linear, each GCNN unit in any layer ¢, as defined in (9), can be viewed as a composition of ¢ piecewise
linear functions. This results in a piecewise polynomial function of degree < £ with respect to the network
parameters up to layer £. Consequently, for each layer ¢, the parameter space R"¢ can be partitioned into
regions { Py, ..., Ps(y }, where within each region, the GCNN units in the (£ + 1)-st layer behave like a fixed
polynomial function in W, variables of w, of degree at most £.

As a first step to prove Theorem 3.3, we recursively find a bound for S(¢) and then determine how many
different sign patterns the classifiers in sign(#) can generate within each of these regions. The following lemma
establishes how the upper bound for S(¢) evolves from S(¢ —1). The proof is provided in the supplementary

material.

Lemma 4.1. Let H be the class of GCNNs defined in (20) with < W, network parameters up to layer
¢ e {l,...,L}. If F,, is the class of functions defined in (21) and S(£) is as defined above, then, for { =
0,1,...,L—1,

%mumWM+D)MHSw. (22)

Weia
Moreover, the GCNN units {hes1.(9) | 7 < mes1, f € Finyg € G"} with heyq ; defined for different functions

SM+U§2(

f € Fy, in (8) and (9) are piecewise polynomials of degree < ¢+ 1 in the network parameters.

Next, by applying Lemma 1 in (Bartlett et al., 1998), which provides an upper bound on the number of
distinct sign patterns that can be generated by polynomials of finite degree, we obtain a bound on the growth
function II4.

The proof is provided in the supplementary material.

Lemma 4.2. Let H be the class of GCNNs defined in (11) with at most Wy of parameters up to layer £ < L
and my GCNN wunits in layer £. Let m > 0 be an integer, then

L W, (Wr+1)
2emrmel\ " < 2emL )
11 < ok _— 2 .
w(m) < 1£< W, ) Wi+ 1

The relationship between VC-dimension and growth functions yields Theorem 3.3. A complete proof can

be found in supplementary material.
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5 Proof Sketch of Theorem 3.5

To establish a lower bound for the VC dimension of the GCNN class, we recall that Hyy, 1, as defined in (20)
represents the class of GCNNs with resolution r, k& the dimension of the kernel space, at most L layers, and
no more than W parameters. Additionally, let G" = {g1,92,...,9-} be a discretized group containing the
identity element e.

To derive a lower bound, we aim to prove that the VC dimension of Hyy, 1, exceeds a given integer m.
For this, it is sufficient to find networks in Hy,r, that can shatter a set of m input functions.

In particular, to prove Theorem 3.5, one needs to show the existence of a universal constant ¢ > 0 such
that

VC(Hw,L,r) = ¢ VC(Fw,L), (23)

and

VC(Hw,r,r) = c-Wllogy7]. (24)

Here, Fw,1, is the class of DNNs with at most L hidden layers and at most W weights, as defined in (18).

To prove (23), the first step is to establish a connection between DNNs and GCNNs. The next lemma
demonstrates how a DNN can be associated with a GCNN with the same number of parameters and layers.
Specifically, it states that when a DNN is evaluated on inputs f(g), where f € F,, and g € G" (with F,,
defined as in (21)), the sum of its outputs, taken over different elements of G, matches the output of the
corresponding GCNN for the same function f.

Before stating the lemma, recall that F(my,...,mr), as defined in (13), denotes the class of fully con-
nected feedforward ReLU networks with L layers, where m; denotes the number of units in the i-th layer
for « = 1,..., L. The outputs of the last hidden layer of any neural network hw € F(mg,...,my) with

parameters w can be represented as a vector of size my, this is, (ﬁ‘(,&), cee fz‘(,vm“).

Lemma 5.1. Consider GCNNs where the G-correlation in (4) uses kernels from a one-dimensional vec-

tor space with a fized basis given by the indicator function of the identity element e. For every hew €

F(mg,...,mp) there exists a GCNN hy,, with the same number of channels in each layer, i.e., hy €
H(1,mg,...,mp,7) and parameters w, such that for any input function f: G" — R™o

mr T

DD G (f(95)) = hw(f)-

i=1 j=1

The proof of this lemma is provided in the supplementary material. The lemma implies that instead of
finding GCNNs that shatter F,, we can also find DNNs in the class F(my,...,my) shattering F,,. For
the construction of this DNN architecture we define sums of so-called ’indicator’ neural networks, i.e., DNNs
with ReLU activation functions that approximate indicator functions over a specified interval. The endpoints
of this interval act as parameters of the neural networks, allowing to adjust the interval by modifying these

parameters.

11



For a < b and € > 0, the shallow ReLLU network

l(a)b76)(x) = %((:17 —(a— e))+ — (:17 — a)+

+(x—b)+_(x_<b+e))+), (25)

with four neurons in the hidden layer and (z)4 := max(x,0) the ReLU activation function, approximates the
indicator function on [a, ] in the sense that 1, ¢ (x) is 1if 2 € [a,b] and 0 if z < a —e or x> b+e.

To show (23), we construct a DNN architecture from mg + 1 smaller DNN classes. One of these DNN
classes is capable of shattering a set of VC(Fw, 1) vectors in R™°, while the remaining mo DNN classes produce
‘indicator’ networks, ensuring that the combined DNNs vanish outside a certain mg-dimensional hypercube.
We show, that this class of networks shatters a set of VC(Fw,1) input functions from the set {f : G" — R"™0}.
By applying Lemma 5.1, we further show that a class of GCNNs with at most 5W weights and L layers can
shatter the same set of VC(Fy, ) input functions. Finally, we use that VC(Fuw,r) > ¢, - VC(Fw,) for a

constant ¢ with ¢; < 1.

Lemma 5.2. For L > 3 let Hsw,r+1,» be the class of GCNNs defined as in (20) and Fyw,r be the class of
DNNs defined as in (18). Then
VC(Hsw,L41,r) > VC(Fw,L)-

Corollary 5.3. In the setting of Lemma 5.2, if the number of layers L > 3 and L < W99 then there exists
a constant ¢ such that

VC(’HW’L_’T) >c- VC(}—W’L).

To prove the lower bound in (24), we first show that an ’indicator’ neural network class can shatter input
functions F,,, C {f : G" — R} with m = |log, ], by adjusting its parameters, i.e., the interval endpoints to
the values of the input functions from F),,. By using Lemma 5.1 again, we then find a corresponding GCNN,
which also shatters F,,. This shows, that for any two numbers A < B, the GCNN can serve as an indicator
function, outputting zero for any input function that maps outside the interval [A, B]. This ensures that the
GCNN only shatters functions within the specified range. The next lemma provides a formal statement. The

proof is provided in the supplementary material.

Lemma 5.4. Let Hay,1,, be the class of GCNNs defined as in (20). Then

VC(H4,L,T) > \_].Og2 TJ.

Moreover, for any two numbers A < B, there exists a finite subclass of GCNNs H C Ha 1 that shatters a
set of logy r input functions

{fi :G" = [A,B]|i=1,...,1ogy7},

and outputs zero for any input function f: G" — R\ [A, B].

12



By using that each class H4 1, can shatter a set of functions

{fl G — [AJ,BJ”’L = 1,. cy UOgQ’I”J}

with disjoint intervals [4;, B;], j =1,..., W, we can find a class of GCNNs that shatters a set of functions
with W |log, | elements. By choosing W = 4W, this shows that

1
VC(Hw,L,r) > ZVVUog2 .

The following corollary is a formal statement of the previous inequality. It is proved in the supplementary

material.

Corollary 5.5. The VC dimension of the class Haw,r.r, consisting of GCNNs with AW weights, L layers,

and resolution r satisfies the inequality
vC ('H4W_,L_,T) > Wllogy r|.
By combining Corollaries 5.3 and 5.5, we obtain the lower bound
VC(Hw,,r) > max {CVC(]:WJ,), iWUogg 7] },

thereby proving Theorem 3.5.

6 Conclusion

In this work, we established nearly-tight VC dimension bounds for a class of GCNNs. The bounds reveal
that the complexity of GCNNs depends on the number of layers, the number of weights, and the resolution
of the group acting on the input data.

While the VC dimensions of GCNNs and deep neural networks (DNNs) are similar, for GCNNs an extra
term W |log, r| occurs that increases logarithmically in the resolution r of the input data. This finding
aligns with previous work (Petersen and Sepliarskaia, 2024) showing that, when the resolution of the group
approaches infinity, the VC dimension of the GCNN becomes infinite as well. The logarithmic scaling with
respect to the resolution highlights the sensitivity of GCNNs to the discretization of the group, providing

deeper insight into how data impacts the model complexity and generalization capabilities.
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A Supplementary material

A.1 Proof of Theorem 3.3

Recall that
H:H(k,mo,...,mL,T'), (26)

where r is the cardinality of the discretized group G” := {¢1,92,...,9-}. The parameter k determines the
number of basis functions

Ke :G" >R, s=1,...,k, (27)

in the parametrization of the kernel function

k
Kw = Z weKs.
s=1

The other parameters my, ..., mr define the network architecture, and Wy represents the number of param-
eters in the GCNN up to layer . The class H consists of all functions that can be represented by a neural
network with this architecture.

We restate Theorem 3.3 for convenience:

Theorem A.1 (Theorem 3.3). The VC dimension of the GCNN class H = H(k,mo,...,mp,r) withr > 1,

1s bounded from above by

L L
UB(H):=L+1+4 (Z Wg) log, <86r > mg) : (28)

=1 =1

For the proof, we consider an input consisting of m functions from G" to R™°, denoted by

Foo={f1,--, fm}. (29)
To prove Lemma 4.1, we use the following known result:

Lemma A.2. [Lemma 1, Bartlett et al. (1998)] Let p1, ..., pm be polynomials of degree at most t depending

on n < m variables. Then

II .= |{(Sign(p1(w)), R ,Sign(pm(;[;))) = RnH <2 (2€mt> '

Recall that S(¢) is the number of regions in the parameter space R"¢, such that in each region, the GCNN
units in the ¢-th layer (denoted by {he;(g) | j < me, f € F,,g9 € G"}) behave like a fixed polynomial of

degree at most £ in the W, network parameters that occur up to layer /.

Lemma A.3. [Lemma 4.1] Let H be the class of GCNNs defined in (26), with at most Wy parameters up to
layer £ € {1,...,L}. If F,, is the class of functions defined in (29), and S({) is as defined above, then for
(=0,1,....[—1,

2emyp1mr(f+ 1))WH1 S(0). (30)

Sl+1)<2
( )< ( Weta
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Moreover, the GCNN units {het1,;(9) | 7 < mey1, f € Fin,g € G™} with heyq ; defined for different functions

f € F,,, are piecewise polynomials of degree < {4 1 in the network parameters.

Proof. As a first step of the proof, we show that any GCNN unit hy; of any layer ¢ € {0,...,L} and
je{l,...,mg} forms a piecewise polynomial of degree at most ¢. We proceed by induction on the layers ¢.
For the base case £ = 0, the GCNN units hg ; for j < mg correspond to the input of the network, which
is independent of the network parameters. Therefore, hg ; are polynomials of degree 0.
Assume the statement holds for all layers up to £. We now prove it for layer £ + 1. The GCNN unit in

layer £ + 1 is defined by a convolution with the feature maps from the previous layer, that is,

my
hevr,j =0 (Z ICWZ(;%) * hp iy — b§-£)> ,

i=1
where the convolutional filter is expanded in terms of the fixed basis functions Ky via Ky = 25:1 weKs.
For fixed network parameters, g — he j(g) is a function of the group, with Ay ;(g) € R for any g € G". By
the induction hypothesis, h¢ ;j(g) are piecewise polynomials of degree at most ¢ with respect to the network
parameters, with the polynomial pieces depending on the network input and the group element g.

Next, observe that for any input and any group element g, the term (Ks * hy ;)(g) can be written as
(K hej)(9) = Y Ki(g7" 0g') - hujlg).

g'eGT
Since he ;(g’) is a piecewise polynomial of degree at most ¢, it follows that (Ks * he ;)(g) is also a piecewise
polynomial of degree at most £. Thus, the convolution

k

(Kw * he j)(g) = ZMS(KS * he i) (9)

s=1
is a weighted sum of piecewise polynomials, which remains a piecewise polynomial. However, multiplying by
the weights w; increases the degree of the polynomial, making it at most ¢ + 1. Subtracting the bias term
b;g) and applying the ReLLU activation function may increase the number of pieces, but does not increase
the degree of the polynomials. Therefore, for any input and any group element g, the GCNN unit hgi1,;(9)
remains a piecewise polynomial with degree < £ + 1. This completes the proof by induction.

Next, we show (30). Each GCNN unit in layer £+ 1 is computed by

mye
g ZICWE? * h[_’i s
i=1

with o being the ReLU activation function o(z) = max{z,0}. As mentioned above, applying the ReLU
function can increases the number of regions in the parameter space where the GCNN units behave as
polynomials. This occurs, as the ReLU function either outputs the input itself (for positive values) or zero
(otherwise). As a result its application decomposes each of the S(¢) regions of the parameter space in layer
¢ in multiple subregions. To bound this number of subregions, we need to count the number of possible sign

pattern that can arise after applying the ReL U activation.

15



Fixing one of the S(¢) regions of layer ¢, by definition, all functions he ;(g) are polynomials in the
parameters of degree at most ¢. Each of the my11 GCNN unit in layer ¢ 4+ 1, are then also a polynomial of
degree at most £+ 1, leading to an overall amount of polynomials of my1mr, where m is the number of input
function defined in the (29) and r is the resolution. Applying Lemma A.2 to the m = my1mr polynomials
of degree t = £ 4+ 1 depending on n = Wy parameters leads to an overall number of different sign patterns

of each region of S(¢) of

5 (26m5+1mr(£ +1) ) Wen
Wit '

This shows (30) and concludes the proof.
O

Lemma A.4. [Lemma 4.2] Let H be the class of GCNNs defined in (26), with at most Wy parameters up to
layer ¢ < L, and my GCNN wunits in layer €. For any integer m > 0, the growth function of this class can be

bounded by
) <ot 2emrmg€ 2 2emL \ VET
H W +1 '

Proof. Lemma A.3 shows that after L layers there are at most

oL H (26mrmz€>

regions in the parameter space R" | on which the GCNN units in the last layer {hy (g) | i < my, f € Fin,g €

G"} behave like a fixed polynomial function of degree < L in W variables.

Recall that the final output of the neural network, is obtained by applying average pooling to the outputs
of the GCNN units in the last layer. This implies that, for a fixed network architecture and input, the output
of the neural network is a piecewise polynomial of degree at most L, depending on all W, network parameters.
Since there are m possible inputs f1, ..., i, we get m piecewise polynomials, each corresponding to one of
these inputs. Bounding the growth function Il (m) now means we need to count the number of different sign

patterns that arises for classifiers in sign(#). For that, we recall that by Definition 3.2 in the main article,
sign(H) := {sign(hw — b)|hw € H,w € R"= b € R}.
Applying Lemma A.2 to m polynomials of the form hy — b of degree at most L and Wy + 1 variables leads

Wr+1
9 2emL (31)
Wr+1

to no more than

distinct sign patterns that the classifiers in sign(#) can produce.

Thus, the growth function within each region, where the GCNN units in the last layer {hr i(g) | i <
mr, [ € F,,g € G"} behave like a fixed polynomial function in W variables, is bounded by (31). As a result,
we conclude that the overall growth function ITy(m) is bounded by

S(1) -2 2emL WL+1_2L1£[ 2emrmel\ """ ) 2emL \ "
Wr+1 N e Wy Wr+1 '

16



This completes the proof. O

For the proof of the Theorem A.1 we also use the following technical lemma

Lemma A.5. [Lemma 16, Bartlett et al. (1998)] Suppose 2™ < 2% (m—) for some 7 > 16 and m > w

| \/

k> 0. Then m < Kk + wlog, (27 log, 7).

Proof of Theorem A.1. Let m := VC(H). For convenience, define the sum

L

where W; denotes the number of parameters of a GCNN in H up to layer .

We consider two complementary cases and prove the theorem for each of them separately.

Case 1: m < W + W + 1. In this case, we have W 4+ Wy, + 1 < 3W < UB(H), where UB(H) is defined
n (28). For the latter inequality we use that log, (867‘ Zle mg) > 1. Therefore, Theorem A.1 holds.

Case 2: m > W + Wy +1. Since m represents the VC dimension of H, it follows from the definition of the

VC dimension (see Definition 3.1 in the main article) that ITy(m) = 2™. Applying Lemma A.4 gives us

M(m) = 2L+1H<26m’”m4€) (V?/i”ﬁ)m“. (33)

Next, we apply the weighted arithmetic-geometric mean (AM-GM) inequality to the right side of (33),
using weights W, /(W + Wy +1) for £ = 1,2, ..., L, and W /(W + W + 1), where W is defined in (32). This

yields

L WA+Wr+1
2m < 2L+1 2€m(7: Zl:l gml + L)
- W4+Wp+1

The last step of the proof involves applying Lemma A.5 in Bartlett et al. (1998) to this inequality, which
provides an upper bound for m. Before doing so, we must verify that all conditions of the lemma are
satisfied. In our case, m corresponds to m, k to L+ 1, @ to W 4+ Wy + 1, and 7 to 2e(r Zngl Img + L).
Since r Zle Imy + L > 2, we have 7 > 16. Moreover, we are considering the case where m > W+ Wy + 1,
and it is straightforward to verify that W + Wy +1 > L+ 1 > 0. Therefore all conditions of Lemma A.5
in Bartlett et al. (1998) are indeed satisfied and we obtain

m < (L +1) + 2W log, (46(7‘2&%[ —l—L) -log, (2e(réﬂmg —I—L))).

To simplify this inequality, we use that for all a > 1, logy(2alog, a) = log,(2a) +log,(log, a) < 2log,(2a).
Substituting a = 2e (r Zle Imy + L), we note that a < 4er ZeL:1 ¢my and obtain

L
m < (L+1)+4W log, (Ser mee),
=1

completing the proof of the theorem. O

17



A.2 Proof of Theorem 3.5

In this section, we provide the detailed proof of Theorem 3.5, along with the proofs for Lemmas 5.1, 5.2, 5.4,
and their corresponding Corollaries 5.3 and 5.5.

The class
HW,L,’I" = {H(kvm()a B ,mz,T) | 14 < L7 WL < W}a (34)

includes all GCNN architectures with a total number of parameters bounded by W, a maximum depth of
L, and r representing the cardinality of the discretized group G" := {g1,g2,...,g,} containing the identity
element e.

Next, we recall that F(mo, ..., mr) represents the class of fully connected feedforward ReL U networks

with L layers, where m; denotes the number of units in the i-th layer for ¢ = 1,..., L. The output of the last

hidden layer of any neural network hy € F (mg,...,myz), with parameters w, can be written as a vector of
size mp, that is, (ﬁ‘(,&), e ﬁgme)).

Finally, we define the class
]:W,L = {]::]:(mo,...,mg)|€§L, WL(]:)SW}, (35)
consisting of DNNs with at most L hidden layers and a total number of weights not exceeding W.

Lemma A.6. (Lemma 5.1) Consider GCNNs where the G-correlation uses kernels from a one-dimensional

vector space with a fixed basis given by the indicator function of the identity element e. For every he €

F(mag,...,myp), there exists a GONN hy with the same number of channels in each layer, i.e., hy €
H(1,mg,...,mp,7), and parameters w, such that for any input function f:G" — R™,

myp, ks o

DD G (f95)) = hw(f)-

i=1 j=1

Proof. Write H := H(1,mq,...,mg,r). Consider a fixed input function f : G" — R™° and a weight vector

w € RW. Recall that the number of parameters in a GCNN is given by

L
WL = ij(kmj,1 + 1), (36)

j=1
where k is the dimension of the kernel space. In our case kK = 1 and the number of parameters for a GCNN

with architecture H is

L
W= mj(mj_1+1). (37)
j=1
This coincides with the number of parameters in a DNN with architecture F(mo,...,myz). Consequently,

the same weight vector w € R" defines both, a DNN function hew and a GONN function hy € H when the

input is fixed to f.

18



We now show that the outputs of the computational units in hyw and hy are equal when applied to f (9)

and g, respectively. Specifically, we aim to prove that

hei(£(g7)) = he.i(g;),

where ill,i denotes a DNN computational unit in layer ¢ of ﬁw, with parameters fixed to w, and hy ; represents
a GCNN computational unit in layer ¢, with parameters fixed to w and input set to f. We prove this by
induction on the layer £.

The statement holds trivially for the input layer, as hoi(f(g;)) = ho.i(g;) for any g; € G". Assuming it
holds for all layers up to ¢ — 1, we now prove it for layer /.

Let K denote the indicator of the identity element e € G". By calculating the G-correlation between K and
f, we obtain K % f = f. Combining this with the definition of the GCNN unit (see (9) in the main article)

and the induction hypothesis, we have

me_1

heal9s) =0 (Z wii Vheori() - bf’)
t=1
me_1

=0 < Z wgﬁfl)hg_l)t(gj) — bgl)> (induction assumption)

me_1
- 0( Z (Wgé VR % by t) (95) — b( )> (property of K)

(IC (e=1) * hy_q t) (g5) — b(e)) (definition of learned kernel)

~+

=1

= hei(g;) (definition of GCNN unit).

This shows that the outputs of the computational units in hw and hy are equal when applied to f(g) and g,

respectively.
Finally, the outputs of hy = (il\(,&), A iL‘(NmL)) can be rewritten into the form
mrp T T r
=1 j=1 =1 j=1 i=1 j=1
concluding the proof of the lemma. O

Next, we prove Lemma 5.2. The key ideas and steps of the proof have already been outlined in the main
article, so here we will focus on the formal statements that still needs to be established.
Recall that the indicator neural network

l(a,b,e) (38)

is a shallow ReLLU network with four neurons in the hidden layer (see (25) in the main article). It approximates
the indicator function on the interval [a,b] in the sense that 1, ) (x) = 1 if x € [a,b], and 1,4, (x) = 0 if

r<a—ecorxz>b+te.

19



Lemma A.7. [Lemma 5.2] For L > 3 let Hew,L+1.» be the class of GCNNs defined as in (34) and Fw.1, be
the class of DNNs defined as in (35). Then

VC(Hew,L+1,r) > VC(Fw,L)-

Proof. Let m be the VC dimension of the class of DNNs Fyy 1. There are 2™ possible binary classifications
for a set of m elements, subsequently denoted by d = 2™.

By definition, there exists a natural number mg and a set of m vectors

YV={y1,.-.,ym} CR", (39)

that can be shattered by a subset of networks H C JFy 1. Since there are no more than d distinct classifiers
for ), the class H consists of at most d DNN functions.

Next, we construct a DNN architecture using mo + 1 smaller DNN classes. One of these classes is
H, while the remaining mq classes consist of ”indicator” networks, as described in (38). These indicator
networks ensure that the combined DNN vanishes outside a certain mg-dimensional hypercube. To define
this hypercube, we use the set ) from above.

Specifically, we choose numbers A > maxyey ||y|lco + 1 and B > A, and define the mg-dimensional
hypercube

I:={y = (Y1, ¥m,) | A<y < B}.

To construct a DNN that vanishes on II, we define an approximate indicator function for II, using a DNN

with mo-dimensional input y = (y1, ..., Ymy):
1
I:R™ =R, I(y):= P, Z 1(4,B,0.5)(¥i);
i=1

where 14 p,0.5)(%:) is an indicator network that approximates the indicator function for values within (A, B).

The final DNN is formed by combining functions from # with the indicator function I. Since DNNs
can be summed if they have the same depth, we adjust the depth of I to match the depth of the functions
from #H while ensuring that I remains constant on ) and II. Specifically, we use the fact that for I (y) > 0,
o(I(y)) = I(y) for the ReLU activation function o(z) = max{z,0} (for any y from IT or ). This means
that by composing I with the required number of ReLLU functions, we can construct a DNN that satisfies the
desired properties. This construction requires at most L < W additional weights.

To complete the proof, we need to show that there are m input functions F,, = {f1,...,fm} C {f :
G" — R™0} that can be shattered by GCNNs from Hew, 41, As the set F,,,, we choose functions defined
by fi(e) =y; and fi(g) € Il for g € G" and g # e.

By the definition of shattering (see Definition 3.1 in the main article), to prove that F,, is shattered, it
is sufficient to show that for any binary classifier C : F,, — {0, 1}, there exists a corresponding function in
sign(Hew,L+1.-) whose values coincide with those of C on F,.

Choose h € H such that for some b € R, sign(h(y;) —b) = C(f;) fori=1,...,m.
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Since II is compact, we define

T := max |h(y)|.

yell

The final DNN h¢ adjusts A such that it vanishes on IT but coincides with sign(h — b) on Y,
he =o(h— (T = b)I —b),
with o(z) = max{xz,0}

Thus, for any f; € F,,,

sign | > he(fi(g;)) | = sign(h(y:) — b) = C(f:).
j=1

By Lemma A.6, we can define a GCNN h¢ such that he(f) = >0, he (f(gs)) for any f € F,,. This implies
that sign(he(fi — b)) = C(f;) for any f; € F,.
As the number of weights in he is W+ L+4mg < 61, this shows that our GCNN is in the class Hew, r,+1,r,

completing the proof of the lemma. O

Corollary A.8. [Corollary 5.3] In the setting of Lemma 5.2, if the number of layers L > 3 and L < W99,

then there exists a constant ¢ such that
VC('HW,L)T) >c- VC(}—W,L).

Proof. From Equation (2) in Bartlett et al. (2019) , we know that for the class of fully connected neural

networks Fyy 1, with L layers and at most W overall parameters, there exist constants ¢y and Cp such that
co - WiLlog (%) <VC(Fw,r) < Co-WLlogW. (40)
Moreover, by Lemma A.7, we have
VC(Hew',r41,r) = VC(Fwr 1).
By choosing W = 6W' and L = L’ + 1, this shows that
VC(Hw, ) > VC(}—LéWJ,L—l)'

To obtain the statement in the lemma, we combine this bound with the left inequality in (40), leading to

1 W —1
VC(HWﬁLﬁT) Z VC(‘FLle L—l) Z Co - -W -1 (L — 1) log .
CRAEN 6 L—-1
For some constant ¢; > 0, the right-hand side of this inequality is bounded from below by
c1-WLlogW.
By using the right inequality in (40), this can be further bounded,

c1-WLlogW > c¢-VC(Fw.L),

showing the assertion. O
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Next, we provide the proof for the second part of Theorem 3.5, which states that for some universal
constant ¢ > 0, the VC dimension VC(Hw, ) is bounded by ¢- W logy(r). As mentioned in the main article,
the first step of the proof is Lemma 5.4.

Lemma A.9. [Lemma 5.4] Let Hy 1, be the class of GCNNs defined in (34). Then
VC(MarL,r) = [logyr].

Moreover, for any two numbers A < B, there exists a finite subclass of GCNNs H C Ha,rr that shatters a

set of |logar| input functions
Fm ::{fl:GT%[A7B]|i:17"'7|_10g2rj}7
and outputs zero for any input function f: G" — R\ [A, B].

Proof. To simplify the notation, let m = [log,r|. It will be enough to show that a subclass of GCNNs

H C Ha,r» shatters the set of m input functions as this immediately implies that
VCO(Ha,r,r) = [logyr].

The proof involves selecting d := 2™ distinct points in the interval [A, B] and defining ”indicator” neural
networks of the form (38) that output 1 at exactly one of these points. By adjusting the parameters of these
networks, we can control the intervals of our indicator networks and ensure that each network outputs 1 at
the desired point.

—A

Specifically, define ¢ := % and select the d points

YV={y;=A+id|i=1,...,d}.

The input functions F,, are now chosen from {f : G" — YU{B — d}}.
There are d = 2™ different binary classifiers for the set of m elements. Each binary classifier is defined
by the elements for which it outputs 1, and we can index these classifiers by the subsets of {1,2,...,m},
denoted by Si,...,Sg¢. In our construction, each y; € Y corresponds to the binary classifier determined by
S;. More formally, the set of m input functions F,, == {f1,..., fm} is defined by
Vi, if j € 55,

filgi) =
B — 0, otherwise.

Next, we define the finite subclass in Hy 1, that shatters F;,, and outputs zero for any function f: G" —
R\ [4, B].
By the definition of shattering (Definition 3.1 in the main article), for any binary classifier C : F,,, —

{—1,1}, we need to find a function in sign(#a,r ) matching C on F,,.
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For any classifier C : F;,, — {—1,1} we can find a subset S C {1,...,m} such that C(f;) =11if j € S and
C(f;) = —1if j € S° There exists an index ¢* such that S = S;-. Using Lemma A.6, one can construct a

GCNN h;- € Hy,p» that matches C on Fy,. Indeed, for any f; € Fy,,

1, ifje S,
Zl pessn(BHe) =1 (41)

0, otherwise.

Thus, sign(h«(f) —0.5) = C(f) for all f € Fy,. As an 'indicator’ neural network 1., +4,2) has only 4

S
—5,Yi*
parameters and 2 layers, it is in Hq4, 7.,

Moreover, for any ¢ = 1,...,d and any « € R\ [4,B], 1

hi«(f) =0 for any f: G" — R\ [4, B].

(yi_%)yi+%7%)(x) = 0. Arguing as for (41),
That means that the class H := {hq,...,hq} shatters input functions F, and outputs 0 on the subset
{f:G" = R\ [A, B]}. This completes the proof. O

Corollary A.10. [Corollary 5.5] The VC dimension of the class Haw,rL.r, consisting of GCNNs with 4W

weights, L layers, and resolution r satisfies the inequality
C (H4W,L,r) > WUog2 TJ.

Proof. To simplify notation, let m := |log, r].

We prove this corollary by defining W disjoint intervals [A1, Bi], ..., [Aw, Bw], where A; := (m+3)i and
B; == (m + 2)i. For different i € {1,..., W} the set of input functions F; := {f : G" — [A;, B;]} is disjoint
since the values of the intervals do not overlap.

By Lemma A.9, for each i = 1,..., W, we can find a class of GCNNs H; C Ha4, 1, that shatters a set of
m input functions F, ; C F; and outputs 0 on any other set £, ;, where j # i.

Next we show that the class of GOCNNs H = H; ® Ha @ --- @ Hw C Haw,r,» shatters the set Fyy,, =
Uzl F,,,;. This will prove the corollary.

By the definition of shattering, we need to find for any binary classifier C : Fy,, — {0,1}, a function in
sign(H) that matches C on Fyyy,.

Fori=1,...,W,let C; = C |F,,, be the restriction of C to F,,, ;. As H; shatters F,, ;, we can choose a
GCNN he¢, € H; such that its values match those of C; on F}, ;.

Next, we show that the values of the GCNN h¢ = ZZVL he, match C on Fy.,,. Let f be any input
function from Fyy,,, say f € F,. For any i # ¢, it holds that hc,(f) = 0 since he, € H;. Thus,

th ) = he,(f).

Since he, (f) = C(f) by the choice of he,, it follows that hc(f) = C(f) for any f € Fyn.
This shows that the class H of GCNNs shatters Fyy,, proving the corollary. O
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