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Aや simpleや routeや toや determineや theや boundaryや tensionや ofや Isingや modelsや isや

proposed.や Asや pointedや outや byや Onsager,や theや boundaryや tensionや isや anや importantや

quantityや sinceや itや vanishesや atや theや criticalや temperatureや andや canや thusや beや usedや toや

determineやtheやcriticalやtemperature.やHereやweやderiveやexpressionsやforやtheやboundaryや

tensionや alongや variousやhighや symmetryやdirectionsや ofや theや anisotropicや squareや andや

triangularやlattices.やTheやexactやresultsやbyやrespectivelyやOnsagerや(Phys.やRev.や65,や117や

(1944))や forや theや anisotropicや squareや latticeや andや byや Houtappelや (Physicaや 16,や 435や

(1950))や forや theや anisotropicや triangularや latticeや areや reproduced.や Subsequently,やweや

willや applyや ourやmethodや toや Isingやmodelsや thatやhaveやnotや beenや exactlyや solvedやyet.や

Valuableや resultsや areや obtainedや forや theや 2Dや squareや Isingや latticeやwithや nearestや andや

weakやnextまnearestやneighbourや interactionsやasやwellやasやforやtheやstronglyやanisotropicや

3DやIsingやlattice.や

や

や や
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や

や

Theや squareや Isingや latticeや withや nearestまneighbourや interactionsや hasや beenや

exactlyや solvedやbyやOnsagerや inや1944や [1].やAや fewやyearsや laterやHoutappelや solvedや theや

anisotropicや triangularや latticeや [2].や Theseや twoまdimensionalや Isingや modelsや haveや

servedやasやaやcornerstoneや forやcriticalまpointや theoryやandやasやaやplaygroundや forやmanyや

approximateや theoreticalやmodels.やHowever,や ifやanやappliedやmagneticやfieldやorやnextま

nearestやneighbourや interactionや isや includedや theseやmodelsやcanやnoや longerやbeやsolvedや

exactlyやwithやpresentlyやavailableやtheoreticalやtechniques.やや

SinceやOnsager’sや contributionや thereやhasやbeenや aや substantialや activityや inや theや

fieldやofやtwoまdimensionalやIsingやmodelsやhavingやinteractionsやthatやgoやbeyondやnearestや

neighboursや orや involveやdifferentや symmetries,や sinceや itや isやpredictedや thatや allや theseや

planarや modelsや fallや inや theや sameや universalityや class.や や Despiteや theや factや thatや theseや

modelsやareやdefinedやsimply,やmostやofやthemやexhibitやratherやrichやphaseやdiagrams.やや

Theや squareや Isingや modelや withや nearestまや andや nextまnearestや neighbourや

interactionsや hasや beenや investigatedや byや variousや techniques:や seriesや expansionや [3],や

MonteやCarloや [4,5],や renormalizationやgroupや [6],やMonteやCarloや renormalizationや [7]や

andや finiteまsizeや scalingや [8,9].や Theや availableや theoreticalや dataや haveや resultedや inや aや

globalや phaseや diagramや ofや thisや Isingや modelや [10,11].や Inや ref.や [10]や closedまformや

empiricalやexpressionsやareやgivenやthatやrepresentやtheやphaseやboundariesやbetweenやtheや

variousや phasesや (ferromagnetic,や antiferromagnetic,や superantiferromagneticや andや

paramagnetic)やratherやwell.やや

Hereやweやputやforwardやaやsimpleやmethodやtoやdetermineやtheやphaseやboundariesや

betweenや theやdifferentやphasesや inや theやphaseやdiagram.や やTheやmethodや reliesやonや theや

derivationや ofや anや expressionや forや theや domainや wallや freeや energyや alsoや referredや asや

boundaryや tensionや thatや separatesや regionsや withや theや “right”や spinや orderingや fromや

regionsやwithやtheや“wrong”やspinやorderingや[12ま17].やInやcaseやofやtheやanisotropicやsquareや
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andや triangularや latticesやwithやnearestやneighbourや interactionsや thisやmethodや leadsや toや

theやwellまknownや exactや resultsや obtainedや byやOnsagerや [1]や andやHoutappelや [2].やTheや

obtainedや phaseや diagramや ofや theや squareや latticeや withや nearestや andや nextまnearestや

neighbourや interactionsや isや notや exact,や butや itや isや astonishinglyや accurateや inや theや

parameterや regionや whereや theや nearestや neighbourや couplingや isや strongerや thanや theや

nextまnearestや neighbourや coupling.や Forや aや vanishingや nextまnearestや neighbourや

interactionやtheやobtainedやresultやisやevenやasymptoticallyやexact.やや

Theや boundaryや tensionや methodや isや alsoや applicableや toや theや cubicや 3Dや Isingや

lattice.や Althoughや thisや approachや onlyや leadsや toや aや lowerや boundや forや theや criticalや

temperatureや ofや theや isotropicや 3Dや Isingや model,や itや givesや anや asymptoticallyや exactや

resultやforやtheやanisotropicやlattice,やwhereやtheやcouplingやconstantやinやoneやdirectionやisや

muchやstrongerやthanやtheやcouplingやconstantsやinやtheやotherやtwoやdirections.やや

や

や

1.やTheやboundaryやtensionやmethodやandやsomeやexactやresults.や

や

Weや startやwithや theやderivationやofや theやboundaryや tensionや (orやboundaryや freeや

energy)やalongやtheやhighやsymmetryや[10]やdirection,や )10(F ,やofやaやsquareや2DやIsingやmodelや

withやcrossingやbonds.やForやtheやsakeやofやsimplicityやweやwillやrestrictやourselvesやhereやtoやaや

simpleや squareや 2Dや latticeや withや isotropicや ferromagneticや nearestや neighbourや

interactionsや (J>0).や Theや nextまnearestまneighbourや interactionや ( dJ )や canや eitherや beや

ferromagneticやorやantiferromagnetic.やWeやconsiderやaやboundaryやrunningやalongや theや

[10]や や directionや thatや separatesや twoや regionsや withや oppositeや spins.や Atや zeroや

temperatureやtheやboundaryやisやkinklessやandやtheやformationやenergyやperやunitやspinやorや

unitや lengthや isや givenや by,や dJJE 42)10( -? .や Withや increasingや temperatureや theや

formationやofやkinksやinやtheやboundaryやallowsやtheやboundaryやtoやwanderや(seeやFig.や1).や
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Thisや wanderingや increasesや theや entropyや andや thusや lowersや theや freeや energyや ofや theや

boundary.やHowever,やtheやcreationやofやkinksやinやtheやboundaryやcostsやenergyやandやthusや

increasesやtheやenergyやofやtheやboundary.やTheやformationやenergyやofやaやkinkやwithやlengthや

nや (measuredや inや spins)や inや aや [10]や boundaryや isや givenや by,や dn JnnJE )1(42)10(, /-? や

[18].やInやFig.1やtheやvariousやpathwaysやthatやweやhaveやtakenやintoやaccountやareやdepicted.や

Theやpartitionやfunctionやofやtheや[10]やboundaryやperやspinやisやthen,やや

や
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whereや weや haveや summedや overや allや possibleや configurationsや ofや anや elementaryや

boundaryやsegment.やTheやboundaryやfreeやenergyやperやspinやorやboundaryやtensionやcanや

beやderivedやfromやtheやexpression,や ] _)10()10( ln ZTkF B/? .やWeやfindや
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Forやtheやsquareや2DやIsingや latticeやwithやanisotropicやnearestやneighbourやandや isotropicや

nextまnearestやneighbourやcouplingsやweやfind,や

や
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forや theや [10]や andや [01]や directions,や respectively.や や Theや criticalや temperatureや canや beや

foundやbyやsettingやEq.や3(a)やorや3(b)やequalやtoやzero.やや

や

* + * + cTBkdJcTBkdJcTBkyJxJcTBkyJcTBkxJ eeeee /4/4/2/2/2 2 ?/-- /-/// .や (4)や

やや

ForやaやvanishingやnextまnearestまneighborやinteractionやtheやoriginalやresultやofやOnsager,や

i.e.や
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ln2 や,やisやrecovered.やThisやisやintriguingやsinceや

weやhaveやignoredやoverhangsやandやinclusionsやinやtheやpartitionやfunctionや(seeやFig.や1).や

Despiteや thisや severeや limitationや theや boundaryや tensionや isや correctや forや anyや

temperature,や suggestingや thatや ourや partitionや functionや containsや theや correctや setや ofや

Boltzmannやfactors.やTheやonlyやwayや toやunderstandや thisや isやthatや theやcontributionsやofや

overhangsやandやinclusionsやnicelyやcancelやeachやotherやatやanyやtemperature.やByやsettingや

theやboundaryやtensionやequalやtoやzeroやweやfindやOnsager’sやcriticalityやcondition,やi.e.,や

や

1
2

sinh
2

sinh ?Õ
Õ
Ö

Ô
Ä
Ä
Å

Ã
ÕÕ
Ö

Ô
ÄÄ
Å

Ã

cB

y

cB

x

Tk

J

Tk

J
や や や や や や や や (5)や

や

Inや aや similarや mannerや theや freeや energyや ofや aや boundaryや runningや alongや theや [11]や

directionや canやbeやderived.や Ifやoverhangsやandや inclusionsやareや ignoredやweや findや (seeや

Fig.や2).や

や
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Theやpartitionやsumや )11(Z canやbeやrewrittenやinやformや
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Theやboundaryや tensionやperや spinやorやperやunitや length,や aや (aや isや theやnearestまneighborや

distanceやbetweenやtheやspins)やalongやtheや[11]やdirectionやisやthen,や

や

* +)11()11( ln2 ZTkF B/? や や や や や や や や (8)や

や

Theやcriticalやtemperatureやisやfoundやbyやsettingや 0)11( ?F やorや 1)11( ?Z .やWeやfind,や

や
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Recently,や Schumannや andや Kobeや [16]や appliedや theや aboveや mentionedや methodや toや

determineやtheやpartitionやfunctionやofやaや[10]や やboundaryやofや theやfullyやanisotropicや2Dや

squareや Isingや modelや withや bothや nearestや * +yx JJ , や andや nextまnearestや neighbourや

interactionsや * +21, dd JJ .やTheyやfoundやbyやusingやourやapproach,や
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Forや 01 ?dJ や (orや 02 ?dJ )や theや fullyや anisotropicや 2Dや squareやmodelや reducesや toや theや

anisotropicや triangularや latticeや withや couplingや constantsや xJ ,や yJ や andや zJ .や Theや

equationや givingや theや criticalや temperatureや isや identicalや toや theや criticalityや conditionや

derivedやbyやHoutappelや[2],やi.e.,や
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Theやlatterやexpressionやisやequivalentやto,や
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Inや Tableや Iや anや overviewや ofや theや exactや solutionsや ofや squareや andや triangularや Isingや

latticesやasやwellやasや theやcriticalityやconditionやobtainedやfromやtheやexpressionsやforやtheや

boundaryやtensionやalongやtheや[10]やandや[11]やdirectionsやareやgiven.や
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や
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2.やTheや phaseや diagramや ofや theや 2Dや squareや Isingや latticeやwithや nearestや andや nextま

nearestやneighbourやinteractionsや

や

Soや farや weや haveや onlyや determinedや theや phaseや boundaryや thatや separatesや theや

ferromagneticやfromやtheやparamagneticやphase.やTheやotherやtwoやphaseやboundaries,やi.e.や

theや phaseや boundariesや betweenや theや antiferromagneticや andや paramagneticや andや

betweenや theや superantiferromagneticやandやparamagneticやphasesやcanやbeやextractedや

asやwell.やForや theやsakeやofやsimplicityやweやrestrictやourselvesや toや theや2Dやsquareや latticeや

withや isotropicや nearestや ( NNJ )や andや isotropicや nextまnearestや neighbourや ( NNNJ )や

interactions.や Theや phaseや boundaryや betweenや theや antiferromagneticや phaseや andや

paramagneticやphaseやcanやsimplyやbeやfoundやbyやreplacingや NNJ やbyや NNJ .やOneやfinds,や

や

や

* + cTBkNNNJcTBkNNNJcTBkNNJcTBkNNJ eeee /4/4/4/2 22 ?/- ///
や .や (14)や

や

Nextやweやconsiderやtheやsuperantiferromagneticやphase.やWeやconsiderやaやdomainやwallや

runningやalongや theやxまdirectionや (theや [10]やdirection)やofや theやsuperantiferromagneticや

phase.や Asや weや willや seeや laterや on,や itや doesや notや matterや whetherや theや stripedや spinや

domainsやofやtheやsuperantiferromagneticやphaseやrunやalongやorやareやperpendicularやtoや

theや directionや ofや theや domainや wallや (hereや weや assumeや thatや inや theや xまdirectionや theや

nearestやneighbourや couplingや isや ferromagneticや andや inや theや yまdirectionや theやnearestや

neighbourやcouplingやisやantiferromagnetic).や

Theやdomainやwallやformationやenergyやperやunitやlengthやalongやtheやxまdirectionやis,や

や

NNNNNdy JJJJE 4242)10( /?//? や .や や や や や や (15)や

や
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Theや superantiferromagneticや stateや willや beや theや groundや stateや ifや theや domainや wallや

energyや isや positive,や i.e.や NNNNN JJ
2

1
/~ や ( 0>/? NNy JJ や andや

0>? NNNd JJ ).やAtやzeroやtemperature,やtheやdomainやwallやisやalwaysやasやstraightやasや

possible.や However,や withや increasingや temperatureや theや formationや ofや thermallyや

excitedやkinksやallowsやtheやdomainやwallやtoやwander,やincreasingやtheやentropyやandやthusや

decreasingやtheやfreeやenergyやforやdomainやwallやformationや[15].やTheやformationやenergyや

ofやaやkinkやwithやlengthやnや(measuredやinやunitsやa)やinやaや[10]やboundaryやisやgivenやbyや

や

* + NNNNNdxn JnnJJnnJE 142)1(42)10,( //?//? や や withやn‡1.や や (16)や

や

Theやpartitionやfunctionやofやtheやsuperantiferromagneticやdomainやwallやisや
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Hereや weや haveや summedや overや allや possibleや configurationsや ofや anや elementaryや

boundaryや segment.や Inや thisや approachや overhangsや andや inclusionsや areや againや

explicitlyやexcluded.やや

Theやsuperantiferromagneticやtoやparamagneticやphaseやboundaryやcanやbeやdeterminedや

byやsettingやtheやdomainやwallやfreeやenergy, * +)10()10( ln ZTkF B/? ,やequalやtoやzero.やThisや

resultsやinやtheやfollowingやequation,や

や

や
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や

Theや superantiferromagneticや toや paramagneticや phaseや boundaryや canや thenや beや

rewrittenやasや
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Exactlyやtheやsameやresultやisやfoundやifやweやconsiderやaやdomainやwallやrunningやinやtheや[01]やや

direction,やi.e.やperpendicularやtoやtheやstripedやspinやupやorやspinやdownやregions.やEq.や(19)や

isやexactlyやtheやsameやasやtheやexpressionやderivedやearlierやbyやFanやandやWuや[19]やwithinや

theや frameworkやofや theや freeまfermionやmodel.やEqs.や (14)やandや (19)やgiveや theや fullやphaseや

diagramやofや theやsquareや2DやIsingやmodelやwithや isotropicやnearestまやandやnextまnearestま

neighborやinteractions.やや

InやFig.や3やaやplotやofやtheやphaseやdiagramやisやshown.やAllやtheやphaseやboundariesやofや

thisや Isingや modelや exhibitや asymptoticや behaviorや inや theや strongや couplingや limitや

( NNNNN JJ
2

1
/› ).や Theや latterや isや inや agreementや withや predictionsや fromや aや

renormalizationや analysisや [5].や Theや dataや pointsや areや seriesや expansionsや resultsや

(triangles,や Oitmaaや [3]),や finiteや scalingや ofや transferや matrixや resultsや (squares,や

Nightingaleや [20,21]),やOnsager’sや exactや resultや (filledや circles,や Onsagerや [1]),や Monteや

Carloやsimulationsや(openやcircles,やBlöte,やCompagnerやandやHooglandや[12]やandやopenや

stars,や Landauや [4])や andや freeまfermionや approximationや (closedや stars,や Fanや andや Wuや

[19]).やTheやagreementやbetweenや theやavailableやnumericalやandや theoreticalやdataやandや

ourやdomainや resultやwallや isやveryやgoodや inや theや strongや couplingや limit.やHowever,や itや
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mustや beや notedや thatや inや theや weakや nearestや neighbourや couplingや limitや ourや resultや

deviatesやfromやtheやtheoreticalやdata.やForやaやvanishingやnearestやneighbourやinteractionや

(i.e. 0›NNJ ),や ourや approachや givesや ÕÕ
Ö

Ô
ÄÄ
Å

Ã

/
/?

13

2
ln2

1
cb

NNN
Tk

J
や (…ま0.3293)や

whileや theや exactや numberや shouldや beや * +12ln2
1 -/ や (…ま0.4407).や Despiteや thisや

discrepancy,やtheやresultやforやtheやphaseやboundaryやcorrectlyやdisplaysやaやmaximumやatや

TkJ BNN / =0,や whichや isや consistentや withや theや proposedや phaseや diagramや ofや thisや

system.ややや

InやtheやOnsagerやpointや * +0?NNNJ やweやfindやthatやtheやderivativeや
0?
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determinedや fromや eitherや theや [10]やorや theや [11]やboundaryや tensionや isや 2
2

1
/ ,やwhichや

shouldやbeやaやpropertyやofやtheやexactやsolutionや[13].や

や

や

3.やTheやferromagneticやanisotropicや3DやIsingやlatticeや

や

Inやcontrastや toや theや1Dやandや theや2Dや Isingやmodels,や theや3Dや Isingやmodelやhas,やdespiteや

hughやefforts,やnotやbeenやsolvedやexactly.やItやisやevidentやthatやanやexactやsolutionやofやtheや3Dや

Isingやmodelやwouldやbeや aやgreatや stepや forward,や sinceや itや canやbeやusedや toやdescribeや aや

broadやclassやofやphaseやtransitions,やrangingやfromやbinaryやalloys,やsimpleや liquidsやandや

theirやmixtures,やpolymerやsolutionsやtoやeasyまaxisやmagnetsや[22,23].やTheやfirstやrigorousや

proofやthatやtheやIsingやmodelやinやthreeやdimensionsやexhibitsやaやphaseやtransitionやinやtheや

senseや ofや havingや aや nonzeroや spontaneousや magnetizationや belowや someや criticalや

temperatureや cT やwasやprovidedやbyやGriffithsや[24].ややGriffithsやmadeやuseやofやaやheuristicや

argumentやthatやhasやbeenやputやforwardやandやappliedやearlierやbyやPeierlsやtoやtheや2Dやcaseや
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[25].やAやlowerやboundやonやtheやcriticalやtemperatureやofやtheやanisotropicや3DやIsingやmodelや

whereやoneやcouplingやconstantや * +zJ やisやmuchやlargerやthanやtheやcouplingやconstantsやinや

theやotherや2やdirectionsや * +yx JJ , やwasやderivedやbyやWeng,やGriffithsやandやFisherや [26].や

Withや increasingや exchangeや energyや anisotropyや theや lowerや boundや onや theや criticalや

temperatureやdecreasesやlogarithmically,やや

や

* +
1

1lnlnln2
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Õ
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Å

Ã

-
/

Õ
Õ

Ö

Ô

Ä
Ä

Å

Ã

-
? O

JJ

J

JJ

J

J

Tk

yx

z

yx

z

z

cB や .や や (20)や

や

Weng,や Griffithsや andや Fisherや [26]や surmisedや thatや Eq.や (20)や isや evenや asymptoticallyや

exact.や Theや latterや wasや indeedや confirmedや inや aや subsequentや paperや byや Fisherや [27],や

whereや heや derivedや anや upperや boundや onや theや criticalや temperature,やwhichや hasや theや

exactやformやofやEq.や(20).やや

Weや considerや theや anisotropicや simpleまcubicや Isingや lattice.や Theや nearestま

neighbourやexchangeやenergiesやbetweenやtheやspinsやinやtheやxま,やyまやandやzまやdirectionやareや

representedや byや xJ ,や yJ や andや zJ ,や respectively.や Forや convenienceや weや useや theや

followingやnotation,や

や

TBk
xJ

xH ? やや,ややややや
TBk

yJ
yH ? やややandやや

TBk
zJ

zH ? や や .や や や (21)や

や

Forやtheやsakeやofやsimplicityやweやassumeやthatやallやtheやnearestやneighborやinteractionsやareや

ferromagnetic,や i.e.や 0,, @zyxJ .や Inや orderや toや deriveや anや expressionや forや theや orderま

disorderや phaseや transitionや temperatureや weや considerや toや domainsや withや oppositeや

spinやordering.やWeやassumeやthatやatやzeroやtemperatureやtheやdomainやwallやisやlocatedやinや
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theやxyまplane.や Itや shouldやbeやpointedやoutやhereや thatや thisや choiceやdoesやnotやhaveやanyや

influenceやonやourやmainやconclusion.やEachやcellや(i,j)やofやtheやdomainやwallやisやrepresentedや

byや aや columnや inや theや zまdirectionや withや heightや ),( jih や andや isや surroundedや byや fourや

neighboursやwithやindicesや(iま1,j),や(i+1,j),や(i,jま1)やandや(i,j+1)やrespectivelyや(seeやFig.や4).やAsや

isや evident,や theや heightや differencesや betweenや theseや columnsや directlyや affectや theや

formationやenergyやofやtheやdomainやwall.やTheやtotalやpartitionやsumやofやtheやdomainやwall,や

totZ ,やcanやbeやwrittenやas,や

や

,
),(

),(
/Â ß?? /

m ji
ji

TBkmE
tot ZeZ や や や や や や (22)や

や

whereやtheやsummationやmやrunsやoverやallやpossibleやconfigurationsやofやtheやdomainやwallや

andや ),( jiZ isや theやpartitionやsumやofや theや (i,j)まthやcell.やWeやstartやwithや theやassumptionや

thatや yxHzH ,@@ .や Ifやoverhangsやandや inclusionsや (i.e.やdropletsやandやbubblesやofや theや

oppositeやspinやordering)やareやignoredやtheやfollowingやpartitionやfunctionやofや(i,j)まthやcell,や

),( jiZ ,ややcanやbeやderivedや[28];や

や

* +
Â
¢

/¢?

//-//-/
?

),(

)1,(),(2),1(),(22
),(

jih

jihjihyHjihjihxHzH
ji eZ や.や (23)や

や

TheやsummationやinやEq.や(4)やcanやbeやseparatedやintoやthreeやtermsや

や

Â
/

/¢?

/-/ -?
1

),(

2))(,(22
),(

jih

yHhyHxHjihzH
ji eeZ や
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Â Â
?

¢

-?

/-/////// -

h

jih hjih

xHhyHxHhjihzHyHjihhxHjihzH eeee
0),( 1),(

2))(),((22)),((2),(22

や

や

や や や や や や や や や や や (24)や

whereや )1,(),1( ///? jihjihh や(seeやFig.や4).や

Itやisやconvenientやtoやreplaceや ),( jih やbyや n andやrearrangeやEq.や(24)やtoや

や

や

Ù
Ù
Ù

Ú

×

È
È
È

É

Ç

ÕÕ
Ö

Ô
ÄÄ
Å

Ã
--? ÂÂ

¢

?

-///

?

////

1

)(222

0

)(222
),(

n

yHxHnyHhxHh
h

n

yHnhxnHzH
ji eeeeeZ

や や や

(25)や

や

Allや threeやtermsやdealやwithや theやenergyや thatや isやrequiredや toやformや theやsideやplanesやofや

theや columnや ),( jih .や Theや probabilitiesや ofや findingや anや upwardや orや downwardや

excitationや areや equalや andや thereforeや theやmeanや overallや orientationや ofや theやdomainや

wallやisやmaintainedやparallelやtoやtheやxyまplane.やEq.や(25)やcanやbeやrewrittenやto,や

や

や
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Ù
Ù

Ú

×

È
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É

Ç
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Õ
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Å
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Ö

Ô

Ä
Ä
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Ã
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-/

-///
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-/-/
/

)(2

)(222

22

)1(2)1(2
2

),(
1

)(
yHxH

yHxHyHhxHh

yHxH

yHhxHh
zH

ji
e

eee

ee

ee
eZ

や や や

(26)や

Itやisやconvenientやtoやintroduceやtheやfollowingやvariables;や
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や

xHeu 2/? ,や yH
ev

2/
? やandや zHew 2/? やや や .や や や (27)や

や

Usingやtheseやvariablesやforやu,やvやandやwやEq.や(27)やreducesやto,や

や

* + * +
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Å
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uv

uvvu

vu
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hhhh

ji 1
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),( や や や や (28)や

や

Ignoringや overhangsや andや inclusionsや isや appropriateや onlyや inや theや caseや whenや

yxHzH ,@@ や (theseやconfigurationsやwillや leadや toやadditionalや termsや inや theやpartitionや

functionやwhichやareやproportionalやtoや zsHe/ ,やwithや 6‡s ).やや

Theやpartitionやfunction,や ),( jiZ ,やexhibitsやaやmaximumやforや 0?h ,やthusやleadingやtoやanや

upperや boundや onや cH や ( cBc TkJH /? )や andや aや lowerや boundや onや theや criticalや

temperature.やForやthisやspecificやcaseやEq.や(28)やreducesやtoや

や

ÙÚ

×
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uv

uv
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e

e
eZ

yHxH

yHxH
zH

ji 1

1

1

1
)(2

)(2
2

),( や .や や や (29)や

や

Theやcriticalやtemperatureやcanやbeやfoundやbyやsettingや 1),( ?jiZ .やOneやfindsや[28],や

や

1))(2sinh()2sinh( ?- yxz HHH や や や .や や や (30)や

や
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Byやcyclicやpermutationやtwoやsimilarやexpressionsやareやfound.やTheやdifferenceやinやtheseや

expressionsやcomesやfromやtheやchoiceやofやtheやwallやwhichやhasやitsやnormalやinやeitherやtheや

x,や yや orや zや direction.や Inや theや anisotropicや caseや itや isやmostや convenientや toや defineや theや

domainやwallや inや suchや aやwayや thatや theやnormalや ofや theやwallや isや alongや theや strongestや

couplingや direction.や Asや isや evidentや fromや Eq.や (26)や thisや willや leadや toや aや maximumや

suppressionや ofや theや contributionや ofや overhangsや andや inclusionsや toや theや partitionや

function.やInやtheやasymptoticやlimitやtheや3DやIsingやmodelやgraduallyやconvertsやtoやtheや1Dや

Isingやmodelやandやtheやphaseやtransitionやtemperatureやapproachesやzero,やandやthusやtheや

expectationやvalueやofや h やgraduallyやapproachesやzeroやtoo.やHowever,やevenやforやaやnonま

zeroや valueや ofや h や Eq.や (30)や isや recoveredや inや theや asymptoticや limitや providedや thatや

1, >>yxHh .や Forや sufficientlyや smallや valuesや ofや yxH , や allや factorsや yxHh
e ,2/

や

( hvhu ,? )やinやEq.や(28)やapproachや1やandやEq.や(29)やwillやbeやrecaptured.や

Theやcriticalやtemperatureやofやtheやanisotropicや2DやIsingやferromagnetや isやknownやfromや

Onsager’sや exactや solutionや [1],や i.e.や * + * + 12sinh2sinh ?xHzH ,や toや vanishや

asymptoticallyやasや

や

* +
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Ã
? 1lnlnln2 O

xH
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xH
zH

zH や ,や や や や や (31)や

や

whereやtheやratioやofや theやexchangeやenergiesやforやbondsやparallelや toやtheやxやandやzまaxes,や

i.e.や ÕÕ
Ö

Ô
ÄÄ
Å

Ã

z

x
H

H
,やapproachesやzeroや [26,27].やWeng,やGriffithsやandやFisherや [26]やandやFisherや

[27]や haveや shownや thatや forや theや simpleや cubicや latticeや anや asymptoticallyや exactや

expressionやofやtheやsameやformやasやEq.や(31)やisやfoundやwithやtheやonlyやmodificationやthatや

xH や isや replacedや by yx HH - .や Theや latterや providesや strongや evidenceや thatや theや
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asymptoticallyや exactや formulaや thatや describesや theや criticalや line,や betweenや theや

ferromagneticやandやparamagneticやphaseやinやtheやanisotropicやlimit,やcanやbeやwrittenやasや

や

1))(2sinh()2sinh( ?- yHxHzH
や や や や .や や や

や

や

Butやthisやisやpreciselyやtheやresultやweやfoundやinやtheやdomainやwallやanalysis.ややFinally,やtheや

valueやofやO(1)やinやEq.や(20)やcanやdeやdeterminedやbyやcomparingやEqs.や(20)やandや(30).やWeや

foundや aや valueや forや O(1)や aや valueや thatや graduallyや decreasesや fromや \0.84や や atや

Õ
Õ

Ö

Ô

Ä
Ä

Å

Ã -

zH

yHxH
=10ま2ややtoや\0.76ややatや

Õ
Õ

Ö

Ô

Ä
Ä

Å

Ã -

zH

yHxH
=10ま20.やや

や

Conclusionsや

や

Weやhaveやshownや thatや theやboundaryや tensionやmethodや leadsや toや theやexactやcriticalityや

conditionsやofやtheや2DやplanarやIsingやmodelsやwithやnearestやneighbourやinteractions.やForや

theやsquareやIsingやlatticeやwithやnearestやandやnextまnearestやneighbourやinteractionsやandや

theや anisotropicや 3Dや Isingや latticeや expressionsや forや theや criticalや temperatureや areや

determined.や
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Figureやcaptionsや

や

や

や

Figureや1や

Schematicやdiagramやofやaやdomainやwallやrunningやalongやtheや[10]やdirectionやofやaやsquareや

lattice.やInやtheやcalculationやofやtheやboundaryやtensionやallやpossibleやupやandやdownやstepsや

inやtheやdomainやwallやareやtakenやintoやaccount.やOverhangsやandやinclusionsやareやomittedや

inやtheやanalysis.や

や

や
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や

や

や

や

Figureや2や

Schematicやdiagramやofやaやdomainやwallやrunningやalongやtheや[11]やdirectionやofやaやsquareや

lattice.やInやtheやcalculationやofやtheやboundaryやtensionやallやpossibleやupやandやdownやstepsや

inやtheやdomainやwallやareやtakenやintoやaccount.やOverhangsやandやinclusionsやareやomittedや

inやtheやanalysis.や
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や

Figureや3や

TheやphaseやdiagramやofやtheやisotropicやsquareやlatticeやIsingやmodelやwithやnearestまやandや

nextまnearestまneighborやinteractions.やTheやsolidやlinesやreferやtoやtheやphaseやboundariesや

betweenや theや ferromagneticや (F),や antiferromagneticや (AF),や superantiferromagneticや

(SAF)やandやparamagneticや(P)やphasesやasやderivedやinやthisやpaper.やTheやdataやpointsやareや

seriesやexpansionsやresultsや (triangles,やOitmaaや [3]),やfiniteやscalingやofや transferやmatrixや

resultsや (squares,や Nightingaleや [20,21]),や Onsager’sや exactや resultや (filledや circle,や

Onsagerや [1]),や Monteや Carloや simulationsや (openや circles,や Blöte,や Compagnerや andや

Hooglandや [11]や andや openや stars,や Landauや [4])や andや freeまfermionや approximationや

(closedや stars,や Fanや andや Wuや [19]).や Theや dottedや lineや givesや theや asymptoticや strongま

couplingやslopeや( NNNNN JJ
2

1
/› ).や

や
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や

や

や

Figureや4や

Schematicや modelや ofや aや 2Dや domainや wallや ofや aや cubicや lattice.や や Theや normalや ofや theや

domainやwallやisやorientedやinやtheやzまdirection.やEachやcolumn,やh(i,j),やisやsurroundedやbyや

fourやnearestやneighborsやlabeledやh(iま1,j),やh(i,jま1),やh(i+1,j)やandやh(i,j+1),やrespectively.やや h や

isやtheやheightやdifferenceやbetweenやtheやh(iま1,j)やandやh(i,jま1)やcolumns.や ] _¢¢/Œ ,),( jih や

( 0),( ?jih やcorrespondsやtoやtheやheightやofやtheや(iま1,j)まthやcolumn). 

や

や


