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Abstract

Two conjectures on admissible control operators by George Weiss are
disproved in this paper. One conjecture says that an operator B defined
on an infinite-dimensional Hilbert space U is an admissible control opera-
tor if for every element u € U the vector Bu defines an admissible control
operator. The other conjecture says that B is an admissible control op-
erator if a certain resolvent condition is satisfied. The examples given in
this paper show that even for analytic semigroups the conjectures do not
hold. In the last section we show that this example leads to a semigroup
example showing that the first estimate in the Hille-Yosida Theorem is not
sufficient to conclude boundedness of the semigroup.

Keywords: Infinite-dimensional system, admissible control operator, conditional
basis, Cyp-semigroup.
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1 Introduction

For abstract differential equations the Cauchy problem is an important problem,
i.e., given the abstract differential equation

t(t) = Az(t) + Bu(t), x(0) = xg t>0. (1)



does for any input u(t) and any initial condition z( there exists a unique solution
x(t) satisfying (weakly) the equation (1)? If A generates a Cy-semigroup on the
Hilbert space H, and B is a bounded operator from the Hilbert space U to H,
i.e., B € L(U, H), then for any input u € L?*(0,00;U) and xy € H, there exists a
unique solution of (1). This solution is given by

2(t) = T(t)wo + / T(t - p)Bulp)dp, 2)

where T'(t) is the Cp-semigroup generated by A. An interesting question is
whether this result still holds if B is not an element of L(U, H). As is clear
from the linearity of the system, we only have to study the second part of the
solution (2). Weiss [12] showed that if the solution of (1) must take values in H
for any u € L*(0,00;U), then B € L(U, D(A*)’), where D(A*) is the domain of
the adjoint of A, and ' denotes the dual space. Note that this implies that B is
bounded if A is bounded on H.

One would like to characterize those B’s for which (1) has a unique solution.
These B’s are called admissible.

Definition 1.1 B € L(U, D(A*)") is called an admissible control operator for
T(t), if for some (and hence any) t > 0 there exists a constant M > 0 such that

S M||u||L2(0,oo;U)7 u € L2(0, (& ON U)
H

/OtT(t — p)Bu(p) dp

For u = 0 the Hille-Yosida Theorem gives necessary and sufficient conditions such
that (1) has a strongly continuous solution. For non-zero inputs one would like
to obtain simple conditions as well. Weiss [13] conjectured the following.

Conjecture 1.2 Let B € L(U,D(A*)'). Then the following statements are
equivalent.

1. B is an admissible control operator for T(t).

2. For every u € U, Bu is an admissible control operator for T(t).

Clearly, Part 1 implies Part 2. Hansen and Weiss [6] showed that Part 2 implies
Part 1 if T'(¢) is a normal and analytic Cy-semigroup and in Weiss [13] it is shown
that this implication also holds for left-invertible Cy-semigroups.

In Weiss [13] the following stronger conjecture appeared.

Conjecture 1.3 Let B € L(U,D(A*)). Then the following statements are
equivalent.



1. B is an admissible control operator for T(t).

2. There exist constants K, p > 0 such that
K

v/Re(s)’

Weiss [13] showed that Part 1 implies Part 2, and that the converse implication
holds for left-invertible semigroups, and for normal semigroups with a finite-
dimensional input space (see also Weiss [14]). Moreover, Partington and Weiss
[9] proved that Part 2 implies Part 1 if U is finite-dimensional and T'(¢) is the
right shift semigroup, and Jacob and Partington [7] used the techniques of [9]
to show the implication for contraction semigroups and finite-dimensional input
spaces.

I(sT = A)~'B| < s € C,Re(s) > p.

We give an example which shows that the Conjecture 1.2 does not hold in general,
not even if we restrict the conjecture to analytic Cp-semigroups. As a consequence
we get that the Conjecture 1.3 is wrong as well, since Weiss [13] showed that
Conjecture 1.3 implies Conjecture 1.2. Hence it seems that in general there are
no simple necessary and sufficient conditions for admissibility. We remark that in
Grabowski and Callier [5] a (more involved) necessary and sufficient condition is
given. Furthermore, in Zwart [15] the following sufficient condition is presented.
If there exist M > 0, p € R, and o > % such that for all s with real part bigger
than p we have that Re(s)®||(s] — A)™'B|| < M, then B is admissible.

If one studies the limit behavior of solutions of (1), a stronger concept than
admissibility is needed, called infinite-time admaissibility.

Definition 1.4 B € L(U, D(A*)') is called an infinite-time admissible control
operator for T'(t), if there exists a constant M > 0 such that

< M||U||L2(o,oo;U), U € LQ(O, oo; U).
H

| ToBut

Of course, every infinite-time admissible control operator for 7'(¢) is an admissible
control operator for T'(t), and if T'(t) is exponentially stable, then admissibility
and infinite-time admissibility are equivalent notions. We give an example show-
ing that, even for compact operators A and B, that is, T'(¢) is an uniformly
continuous semigroup with a compact generator and B € L(H) is compact, the
infinite-time admissibility of Bu for every u € H, does in general not imply the
infinite-time admissibility of B. Note that the continuous semigroup 7'(¢) in this
example is bounded and strongly stable. Moreover, this example shows that in
general the condition

K
H(S] - A)ilBH S T = s € C,RQ(S) > 07
Re(s)
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for some K > 0, does not imply the infinite-time admissibility of B.

In the last section we show that our counterexamples leads to a semigroup exam-
ple showing that the first estimate in the Hille-Yosida Theorem is not sufficient
to conclude boundedness of the semigroup.

2 Construction of the counterexamples

Let H be a separable Hilbert space with orthonormal basis {¢, }nen. We define
the conditional basis {e, }nen of H as follows:

€on = ¢2n7
€1 = Pan—1 +Zoﬂcfn+l¢2ka
k=n
where «,, = m. In Singer [10, page 429] it is shown that {e,}, is a

conditional basis, but not a Riesz basis. Since {e, }, is a basis we have that for
every x there exists a unique sequence of coefficients {x,},, x, € C, such that

o] N
T = E Tp€yn = lim g Ty, C,-
N—oo
n=1 n=1

Note that the sequence {«, }, satisfies

[e.e] o0

_ 2
E a, =00 and g neo, < 00.
n=1

n=1

The following lemma is useful and can be found in Singer [10, pp. 429-430].

Lemma 2.1 There exists a constant k > 0 such that for all n € N and all
{Br}2™, we have

DBl + )
P =1

2

n
E 52k—1aj—k+1

k=1

2
>

Jj=n+1

J
Baj + Z Bok—10j— k41
k=1

2

2n
> Bie;
=1
n n
< KZ |Boj1]* + Z
=1 =1

2

J
Ba; + Z Bok—10j_ k41
k=1




Note, that Lemma 2.1 immediately implies the following result. For an element

o
v = Zvnen cH
n=1

we have
o

D vy < Jofl® (3)

j=1

For diagonal operators on a basis of H there is the following nice result, which
can be found in Benamara and Nikolski [1, Lemma 3.2.5].

Lemma 2.2 Let {p,}, be a basis of H. If Q is defined as

Qen = Gnipn

with {qu }nen C C, and the total variation of the sequence {q,} is finite, i.e.,

Var(‘]n) = Z |Qn+1 - Qn| < 00,
n=1

then () can be extended to a linear bounded operator on H, and
QI < K(Var(gn) + limsup [g,|),

where K is a constant independent of the sequence {gy}.

In order to calculate the total variation, the following observation is useful. If f
is a continuous function which is non-decreasing or non-increasing on the interval
(a,b), and if the sequence {¢,}, C (a,b) is non-decreasing or non-increasing, then

Var(f(g)) < |f(a) — f(b)].

A sequence {7v,}, C C,, here C, denotes the open right half plane, is an in-
terpolating sequence if for every bounded sequence {7,}, C C there exists a
holomorphic and bounded function f on C, such that

f(’}/n):am n € N.

More information on interpolating sequences can be found in Garnett [4]. Con-
cerning interpolating sequences in the right half plane we need the following result
(see Garnett [4, page 316]).

Lemma 2.3 Let {v,}, be an interpolating sequence in the right half plane C, .
Then there exists a subspace Uy C L*(0,00) such that

b}



1. {/Re(7n)t(yn) }n € €2 for every u € L*(0,00), and for some My > 0
I{VRe(va)i(yn)bnllee < Mollulli20ec),  w € L*(0,00).
2. For some constant My, > 0 we have
Milullr20.00) < I{VRe() () nllez,  u € Tho.
3. For every {a,}, € (* there exists an u € Uy such that
Re(yn)i(yn) = an.

We are now in a position to present the example showing that infinite-time ad-
missibility of Bu for T'(t) for every u € U in general not imply the infinite-time
admissibility of B for T'(¢). Note, that in the presented example the operators
A and B are compact elements of £(H) and that 7(¢) is bounded and strongly
stable.

Example 2.4 Let {u,}, C (—1,0) be a monotonically increasing sequence with
lim,, oo ft, = 0 such that {—u,}, is an interpolating sequence of the right half
plane C; and )7, v/—f, < 0o. We could for example choose p,, := —27", see
Garnett [4, page 288]. We now define A by

Ae, = tinen, n € N,

where {e,} is the conditional basis as defined at the beginning of this section.

Since the sequence {,}, is monotonically increasing it is easy to see that {iu,},
is of bounded variation. Now by Lemma 2.2, we get that A has a linear bounded
extension to H, that is A € L(H). Let T(t) be the Cy-semigroup generated by
A, that is

T(t)e, = e’ e, t>0,neN.

We define the operator B by

{ V—lnen , n=2k—1keN,
Be,, = 0

, otherwise.

It is easy to see that the sequence (v/—pu1,0, /=3, 0,1/—ps5,0,...) is of bounded
variation. Lemma 2.2 shows that B has a linear bounded extension to H, that is
B € L(H). We now get

1. T(t) is bounded and strongly stable.
Proof: By Lemma 2.2 we have for ¢t > 0

IT(®)] < 2K,

6



and thus the Cy-semigroup 7'(¢) is bounded.

Next we show that T'(t) is strongly stable. Let x = Y~ f,e, € H and
€ > 0. Then there exists an N € N such that xy := ij:l fnen satisfies

|z —zn|lu < e.
Thus for sufficiently large t > 0 we have

[Tzl < [Tz = TEanll + I1TE)zN]
N
> e fuen

N
< 2Ke+ Zeuntlfn| lenll
n=1

< 2Ke+e¢,

IN

1T lz = 2nll +

and so T'(t) is strongly stable. |

. The operator A is compact.
Proof: Define A,, n € N, by

] er, E<n
Anek_{O , k>n’

Using Lemma 2.2 we see that A,, € L(H). Moreover, the operator A,, has
rank n. Again using Lemma 2.2 we get the estimate

|A— A, || < 2K|pins1] — 0 as n — oo,

which shows that A is compact. [

. Similarly to Part 2 it can be shown that B is compact.

. B is not an infinite-time admissible control operator for T'(¢).

Proof: Assume that B is an infinite-time admissible control operator for
T'(t). Then there exists a constant L > 0 such that

< L\l £2(0,00:1) u € L*0,00; H). (4)
H

/0 T () Bu(r) dr

We now choose scalar functions us,_1 € Uy, k € N, such that

\/_,Ujf@kfl(_:u’j) = 05,2k—1, k,jeN.



Using Lemma 2.3, Part 2 and 3, this is possible with
Jusillzzoo < 770 KEN )
U2k —1||L2(0,00) > M17 .

Moreover, we define 1, € L*(0,00; H) by
) = Zu%fl(t)e%fl’ t € [0, 00).

Next we calculate the norm of ,,.

" 2
Z Ugg—1(t)e2k—1

AR i
0
2
< [ szgk O+ 3|5t aran| b at
0 j=1 | k=1
(usmg Lemma 2.1)
< L SR t dt (using (5
< KZW +Z i ~1(t) -kt (using (5))
= 7=1 k=1
i 2
< M2 ZZ Z\/ — o —1(— 1) O —k41
j=1 1=1 |k=1
(using Part 2 of Lemma 2.3)
, 2
j
= MQ ZZ 251,21@710@'7%1
j=1 1=1 |k=1
- LS S 6 6 ?
= /{Wn + Mf ]z; lzl: | 110G + 01301 + ... + 01925101
. N
7j=1 [1=1
< /{Ln +— Z || = En,
- M} M? —

where & > 0 is independent of n € N. Thus (4) implies

2
< LRn. (6)
H

/OOO T(7)Buy,(7) dr




However,

QKMIWﬂBﬁMTﬁh

and so

2

/OOO T(7)Buy,(7) dr

H

which contradicts (6).
operator for T'(t).

v

>

>/

B€2k 1U2k— 1( )dT

Z/ v —phop—1€"*Tug 1 (T) dTegs 1
k=10

n
Z V —Mqu’&qu (_M2k71)€2k71
k=1

n

§ €2k—1,

k=1

n

k=1

E €2k—1

2

H

J
Z Oj—k+1
k=1

J 2 n
PITEEDD
k=1

j=1

2

(using Lemma 2.1)

2 q
dk
é klog k

> llog(logj +2)[*,

j=1

Thus B is not an infinite-time admissible control

5. For every v € H we have that Bv is an infinite-time admissible control

operator for T'(t).

Proof: Let v € H. Then there exist scalars { f,,},, such that

oo
U= Z fnen-
n=1

Let vy = YN fuen. For u € L*(0, 00) we get

[e.e]

T(1)Buyu(T) dr

H

H/ Ze”" 7 fon—1v/—pan—1€2n—1u(T) dT

9
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N

- Zf?n—l\/_,UZn—l/ e Tu(T) dreg, 1
n=1 0

H
N
= Z f2n—1\/ —MQn—lﬂ(—,uQn—l)egn—l
n=1 H
N

< Z | fon—1vV/—Han—10(—pi2n—1)]
n=1

N 12 , N 1/2
< (Z |f2n1|2> (Z v/ —Mznlﬁ(—ﬂzn1)|2>
n=1 n=1
< Msllon]| [Ju]l22(0,00) (using Lemma 2.1 and Lemma 2.3).

Thus Buy is an infinite-time admissible control operator for 7°(¢). Similarly,
we can show that for N > M we have

/0 () Buwu(r) dr — /0 () Buarul) dr

2N—-1

> fuen

n=2M+1

H

< [l £2(0,00)

H
and so using the fact that the space of admissible control operators with
input space C is complete, see Weiss [12, Remark 4.6], we get that Bv is
an admissible control operator for T'(t). |

6. There exists a constant K > 0 such that

I(s] —A)7'B| < , s € C,Re(s) > 0.

Re(s)

Proof: In the previous part we proved that for every v € H Bv is an
infinite-time admissible control operator for 7'(¢). Thus Weiss [14] showed
that for every v € H, ||v|]| = 1, there exists a constant M, > 0 such that

|(sI — A)"*Buv|| < M,/+/Re(s) for all s € C,.

Using the uniform boundedness theorem this implies the existence of a
constant M > 0 such that

|(sI — A)~"'B|| < M/+/Re(s) for all s € C,.

Next we give an example showing that Conjecture 1.2 and 1.3 do not hold in
general. Note that the Cy-semigroup 7'(t) used in this example is analytic.

10



Example 2.5 Let {y,}, C (—o00,—1) be a monotonically decreasing sequence
with lim,, . g, = —00 such that {—pu, }, is an interpolating sequence of C,. We
could for example choose p, := —2", see Garnett [4, page 288].

For t > 0 we define T'(t) by
T(t)e, := e te,, n € N.

Since the sequence {i,}, is monotonically decreasing and since lim,, ... p, =
—00, we get by Lemma 2.2 that 7T'(¢) has a linear bounded extension to H. Thus
T(t) e L(H), and

I < Ket,  t>0 (7)

Clearly, T(0) = I and T'(¢t)T(s) = T(t + s) for t,s > 0. We will show that T'(¢)
is strongly continuous. For 2 € H, there exists a sequence {f,}, of scalars such

that
o0
T = Z fnén.
n=1

Choose € > 0 and choose N such that ||z — zx||y < &, where zy :== SN foen
Next choose t > 0 such that S |etnt — 1] |f,||len]| < e. Then we have for
t € (0,tp) that

1Tz — 2| < [Tz — T®ay| + [T(E)zy — 2x + oy — 2]
N
< Ke e+ 3" [ — 1] |f] el + 2
n=1
< [Ke'+2le.

Thus 7'(t) is a Cy-semigroup on H. From (7) we see that T(t) is exponentially
stable. Let A be the generator of T'(t). It is easy to see that A is given by

Ae, = lipen, n € N.
We define the operator B by

Ben:{ V—pnen, , n=2k—-1keN,

0 , otherwise.
Noting that D(A*)" is the completion of H with respect to the norm
[l peasy = A 2|z,

it is easy to see that B € L(H, D(A*)"). We now get

11



1. The Cy-semigroup 7T'(t) is analytic.

Proof: Since the semigroup is uniformly bounded, it is sufficient, [8, The-
orem 2.5.2], to show that

M
I-A)1< Cs.
(sl =AY < s e
Let s = s, +is; € C,. Clearly,
1 1
(s — A) e, = €n, n € N.
S — ln

In order to show the above estimate, we first prove that

1
Tn = s TLEN,
S — ln
is of bounded variation. We get
1 5 I
Tn = - - ’
S — Hn s — pal®> |5 — pal?
and we define
bR SR, hi(z) !
R_— )= ——
1 + 1 |S—.’,U|2’
he :R.—R_,  ho(z) °
RO —-R_ x) = —7s.

Clearly, h; is monotonically increasing on (—o00,0), and h;(—o0) = 0 and

hy(0) = @ Moreover, we have

|s — z|? + 22(s, — x)

s —a|*

() =

Thus
Ry(r) =0 |s—z]* +20(s, —2) =0 —2* + s> =0 & v = —]s|.

Thus hs is monotonically decreasing on (—oo, —|s|) and monotonically in-
creasing on (—|s|,0). Moreover, hy(—00) = ha(0) = 0, and thus |hs| has its
maximum in —|s|. Note that

1

al-lsl = 4 <

s+ sl

12



Using Lemma 2.1 we get the following estimate for ||(sI — A)7!||.

I(sT = A)7
n=1
< K (ISI D (i) = ha(pa)| + D ha(pinsa) — hz(un)|>
n=1 n=1
3K 3K
< — <
~ |s|] 7 |Ims|
where K > 0 is independent of s. Thus the statement is proved. [

2. B is not an admissible control operator for T'(t).

Since T'(t) is exponentially stable it is enough to show that B is not an
infinite-time admissible control operator for T'(t). The proof of this state-
ment is the same as the proof of Part 4 of Example 2.4. [

3. For every v € H we have that Bv is an admissible control operator for T'(¢).

Since T'(t) is exponentially stable it is enough to show that for every v € H
we have that Bv is an infinite-time admissible control operator for 7'(t).
Again the proof is the same as the proof of Part 5 of Example 2.4. [

3 A semigroup example

A direct consequence of the Hille-Yosida Theorem is that a Cp-semigroup T¢(t) is
uniformly bounded if and only if there exists a constant M such that its generator
A, satisfies

M

(7 = 4071 < o

for all n € N and s € C,.

An interesting question is whether the first inequality is sufficient to conclude the
boundedness of the C)-semigroup. Using the example of the previous section we
will show that this is in general not true. Hence we construct a Cy-semigroup for
which the infinitesimal generator A, satisfies

I(sI — A) 7Y < for all s € C,, (8)

Re(s)

but the semigroup satisfies
lim [|7.(1)| = oo. 9)

13



Consider the operators A and B of Example 2.4, and let T'(¢) denote the bounded
semigroup generated by A. With these operators we define the semigroup 7,(t)
on H & L*(0,00; H) as

Te(t) ( ; ) = ( r (t)$+fgf7(j§t+—‘)7)3f(7)dr ) |

Using that B is a bounded operator, and hence B is an admissible control operator
for T'(t), Engel [3] showed that T.(t) is a Cy-semigroup on H @ L?*(0,00; H).
Since B is not infinite-time admissible we know that 7,(¢) cannot be a bounded
semigroup, we will show that it satisfies (9). By taking the Laplace transform of
the semigroup, we see that the resolvent is given by

(@ [ I=A)T e (sI - A)TBf(s)
sf= A (f)‘( FE+)(s) )

Since the left shift is a contraction semigroup we know that L?(0, co; H)-norm

—

of f(t+-)(s) is bounded by || f|| times 1/Re(s). Furthermore, since T'(t) is a
bounded semigroup, a similar estimate holds for (s/ — A)~!. Thus we have that
for s € C,

(M—AJ*(ﬁ)

Since f € L*(0,00; H) we have that

If ()l < 1If1I/v/2Re(s)  for all s € Cy. (11)

In Example 2.4 we proved the existence of a constant K > 0 such that

|(sI — A)™'B|| < K/v/Re(s) for all s € C;. (12)

Combining (10)—(12) gives that A, satisfies the estimate (8). Since the corre-
sponding semigroup does not satisfy (9), we have shown that the first estimate
in the Hille-Yosida Theorem is not sufficient to conclude the boundedness of the
semigroup.

2 2 1

M .
< Rop 14 1T = AT BIFIF I+ gz 11

(10)

4 Underlying ideas

Although it is extremely hard to tell why the counterexample is constructed in
the way as it is, we would like to give some indications. For definitions and
background information on the system theoretic concepts we refer to Curtain
and Zwart [2].

14



If a strongly stable system is infinite-time admissible and exactly controllable,
then there exists a coercive solution of the Lyapunov equation

AL+ LA* = —BB".

In particular, this implies that A is similar to a contraction. Now it is well-
know that not every infinitesimal generator on a Hilbert space is similar to a
contraction. Last year A. Simard [11] showed that the operator e, with A given
as in Example 2.4 is not similar to a contraction. Hence this could work as
A operator. Since for diagonal generators A = diag(u,) on a Riesz basis, the
input operator diag(y/—pu,) is admissible, it seemed logically to try this on a
conditional basis. During the process of writing we found out that it was better
to use a variation of this candidate.
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