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Abstract
The thesis is concerned with veri cation of properties of concurrent
systems expressed in the modal -calculus. This approach is called
model-checking.
The modal -calculus contains xpoint-operators which give great expressive power. In order to treat the model-checking problem algebraically we introduce xpoint-equation systems as an extension of
expressions containing least and greatest xpoints. Fixpoint-equation
systems interpreted over the Boolean lattice or an in nite product of
Boolean lattices are called Boolean equation systems. Model checking for systems with nite state spaces is shown to be equivalent to
solving nite Boolean equation systems. We discuss existing modelchecking algorithms from the perspective of Boolean equation systems
and
present a new algorithm, similar to Gau elimination for linear equation systems.
As an application we investigate algorithms solving the problem of
mutual exclusion, construct formulae for liveness properties and verify
them with an implementation of the Gau elimination algorithm.
Model-checking in the modal -calculus has already been treated in
automata theory and game theory. We are able to show a new equivalence to an automata-theoretic problem by going via Boolean equation systems. There existed a reduction of model-checking to a game
theoretic problem. Using Boolean equation systems we can prove the
equivalence.
For the case of in nite state spaces we also show that model-checking is
equivalent to solving in nite Boolean equation systems. Additionally,
we present an algorithm, similar to the Gau elimination algorithm for
the nite case.
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Chapter 1

Introduction.
1.1 General introduction.
When it is necessary that a thing should
be, it is possible that it should be. ...
Yet, from the proposition `it may be'
it follows that it is not impossible, and
from that it follows that it is not necessary; it comes about therefore that the
thing which must necessarily be need not
be; which is absurd....
Aristotle, Hermeneia1

The beginning of modal logic dates back to Aristotle who was already
concerned with the logic of necessity and possibility. Later, the Megarian Stoics also dealt with modal logics, introducing a time based interpretation: possible is just what either is or will be; a thing is necessary
only if it is now true and always will be true.
Leibniz gave a semantic model for logics including the modalities `necessarily' and `possibly': he assumed a set of worlds and de ned a
proposition being necessarily true if it is true in all worlds, and being
possibly true if there exists some world where it is true. In addition,
1

see [Boc70]

12

Chapter 1. Introduction.

he proved that we live in the best of all possible worlds.
Formal mathematical treatment of modal logic started in this century. Nowadays philosophers, logicians, linguists and computer scientists share an interest in the subject, and various systems of modal
logic have been developed.
In further development, more structure was given to the model of
worlds. When deciding whether some proposition p is necessary in
one world only a speci ed set of worlds may be relevant, which need
not include every world in the model. This feature is represented by
an accessibility relation between worlds, and p is necessarily true in
one world means that p being true in all worlds accessible from the
current one. Temporal logic is then de ned as a modal logic, where
accessibility between worlds represents time passing by, and the worlds
are ordered linearly in time.
In computer science modal and temporal logic play a role in the veri cation of systems. Here, the task is to show that a system meets
its speci cation which may consist of set of properties expressed as
formulae of a logic.
Models for modal logic are Kripke structures, also called transition
systems. They consist of a set of states (representing the worlds) and
transitions between the states (the accessibility relation). A transition
system models the di erent states an arbitrary system can enter, and
actions leading from one state to another. A state can represent e.g.
the content of a memory, the value of a program counter, a state of a
pinball machine. Transitions may carry a label identifying an action
(write 1 to a memory cell, shoot the pinball) or modelling just the
on-going of a system as time passes. The latter case provides a model
for temporal logic.
Propositions are about states or paths of a model, e.g. for the pinball
machine initially the only possible action is to insert a coin; there exists
a run of the pinball machine, where I always get a free game, or, if I
hit the pinball machine in nitely often then the ball will eventually
roll down.

1.1. General introduction.
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In the rst period, objects of veri cation were sequential and imperative programs. Proving correctness for a program was to show that
given a speci ed input the program would terminate and produce
a speci ed output. The works of Floyd [Flo67], Manna and Pnueli
[MP69], Park [Par70] and Hoare [Hoa69] were important developments
in this context.
The rst modal logics for veri cation were dynamic logics introduced
by Pratt [Pra76], and mostly used in the propositional version. Propositional Dynamic Logic (PDL) is built up from Propositional Logic
extended by the modalities h i, where a program is a regular expression over a set of atomic programs. The formula h ip is true at a
state, where it is possible for the program to execute and result in
a state satisfying p. Various restrictions and extensions of PDL have
been investigated. The most famous ones are PDL with test progams,
and PDL- [Str81] where an in nite loop-operator is added to program expressions.
The introduction of concurrency caused change concerning the characteristics of programs: termination and results produced were not
longer necessary features, but on-going and interaction with an environment became relevant. Pnueli called them \reactive systems".
Proving correctness here required more expressive logics. Manna and
Pnueli [MP83] found that temporal logic is suitable in this context.
They applied a proof-theoretic style of veri cation: for a given program they derived a set of temporal properties and showed that the
specifying property was a consequence of this set (or was not).
Clarke, Emerson and Sistla [CES86], and others started with a new
approach, called model-checking. Here, veri cation for nite state systems is performed automatically and, in contrast to deriving a proof,
an algorithm receiving a formula and a model as input gives the result
true or false. The temporal logic they used is Computation Tree Logic
(CTL). In this logic a number of useful properties is expressible (e.g.
if the pinball is shot then it will eventually roll down again), but some
relevant properties are not (e.g. if in nitely often a player hits the
pinball machine then in nitely often it will be in the state \tilt").

14
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In subsequent development, work was centered mainly on two issues:
the tackling of the size of problems and the de nition of more expressive logics. Of course, the problems are not mutually independent of
each other; roughly, the more expressive a logic is, the more complex
is veri cation and the smaller is the size of solvable problems.
An extension of CTL that can express the \tilt"-property cited above
is called CTL*. For this temporal logic Emerson and Lei [EL86] presented a model-checking algorithm.
Meanwhile also various extensions of CTL and CTL* have been investigated which are more expressive, but still simple enough for modelchecking.
Kozen [Koz83] introduced a very powerful logic, subsuming all other
modal and temporal logics mentioned above: the modal -calculus. In
addition to Propositional Logic it contains the modalities [a] and hai
and the xpoint operators  and . The modalities allow one to express properties for one next-step, while by means of least (and dually
greatest) xpoint immediately properties over nite and in nite paths
can be modelled. The beauty of this logic lies in its expressiveness in
combination with its simplicity. The rst model-checking algorithm
for the modal -calculus was developed by Emerson and Lei [EL86].
However, the complexity of their algorithm is higher than that for less
expressive logics such as CTL: it is of exponential complexity in the size
of the formula in contrast to polynomial complexity of model-checking
algorithms for CTL. Since then a number of algorithms for the modal
-calculus have been suggested, yet there has not been any essential
improvement concerning complexity so far, and the lower bounds for
the complexity of this problem have not yet been detected.
Concerning the size of problems considerable progress has been achieved
by so-called \symbolic model-checking". For earlier algorithms the
model, a transition system, had to be represented explicitly. In a
new approach for CTL model-checking Burch, Clarke and McMillan
[BCM+ 92] chose Binary Decision Diagrams (BDDs) as data-structure,
which allowed a very compact encoding of transition systems, and the
size of problems that could be treated grew enormously.

1.1. General introduction.
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However, the size of the transition systems is still the most limiting
problem in this area. Especially for concurrent systems the so-called
\state space explosion" makes veri cation dicult or even impossible. Reduction techniques for transition systems have been investigated including e.g. abstractions and symmetries, which relativize
the purely automatic approach and reintroduce elements of proof to
model-checking.
The method of model-checking described above is \global" in the sense
that the algorithms traverse the whole state space and determine the
set of all states satisfying a property. Usually, we are interested in
whether a property holds of paths starting from the initial state of a
system. Showing its correctness may not require the whole state space,
or not even the set of reachable states, but a (hopefully small) subset
of it. Algorithms based on this idea are called \local". A local modelchecking algorithm for the modal -calculus was rst introduced by
Stirling and Walker [SW89] in form of a tableau system.
In the case of general in nite state-spaces there is no hope for fully
automatic methods. However, proving properties with computer assistance is a possibility. Brad eld and Stirling [BS90, Bra92] developed
a tableau method allowing computer-aided veri cation for formulae of
the modal -calculus. Other work has been done in this area for in nite
models de ned e.g. by some Petri-net classes [EN94], or context-free
grammars.
Also in this work, we are concerned with model-checking for the modal
-calculus. The approach is an algebraic one: model-checking is transformed to the problem of solving a class of equation systems, called
Boolean equation systems. In fact, we can show that the two problems
are equivalent, for the case of nite systems as well as for in nite ones.
Based on this equivalence we discuss model-checking algorithms and
show their relations to other techniques, in automata theory and game
theory. The following section goes on to outline this in more detail.

16
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In the beginning we give a brief collection of relevant de nitions and
facts from lattice theory and the xpoint theorems which are structures
and facts basic for the whole work.
In computer science mainly least xpoints have been considered. Propositions for expressions containing least and greatest xpoint operators
do not go beyond duality arguments so far. Chapter 3 contains the rst
contribution of this work: an introduction of xpoint-equation systems
as a generalization of nested and alternating xpoint-expressions. It
entails an extensive collection of properties of xpoint-equation systems. The di erence between more traditional equation systems and
xpoint-equation systems consists of the additional structure given to
the latter: there is an order de ned on the equations and each equation is equipped with a minimality or maximality condition. Because
of this structure known results for solutions of equation systems over
lattices do not apply for the xpoint-equation systems. In this work
xpoint-equation systems will be interpreted over the Boolean lattice
for nite state space model-checking as well as over an in nite product
of Boolean lattices for model-checking of in nite state spaces. Section
3.2 contains de nitions and properties for the nite case, extending
properties for xpoint-equation systems over arbitrary lattices. The
in nite case will be treated in chapter 9. Fixpoint-equation systems
interpreted in this way are called Boolean equation systems and in nite
Boolean equation systems.
Chapter 4 contains an introduction to the modal -calculus, including
syntax, semantics, basic notations and facts.
The main point of chapter 5 is the equivalence of the model-checking
problem for nite state spaces and the problem of solving Boolean
equation systems. Reductions to Boolean equation systems for the case
of non-alternating -calculus expressions have already been treated by
other people. The extension to the general case could be done by the
well-known xpoint theorems. Here, in section 5, we give a reduction
applying directly to the general case. The size of a Boolean equation

1.2. Synopsis.
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system derived is linear in the size of the model and linear in the size
of the formula. In order to get a representation of a Boolean equation
system linear in the size of the original model-checking problem a a
simple form for equations has to be de ned following known techniques.
Section 5.2 shows the reduction in the other direction. Given a Boolean
equation system, we construct a formula of the modal -calculus and a
model, such that the Boolean equation system has the solution true i
the the model satis es the formula. The size of the model is quadratic
in the size of the Boolean equation system, the size of the formula is
linear.
Chapter 6 deals with methods for solving Boolean equation systems,
local as well as global ones. We start with a discussion of the problem,
relating it to the \classical" version of Boolean equation systems without order on the equations and without side conditions for xpoints.
The known methods solving the model-checking problem are the approximation technique and a tableau method. We interprete them
on Boolean equation systems. In addition we present a new solving
technique for Boolean equation systems which is similar to Gau elimination for linear equation systems. It leads to both, a local and a
global algorithm. The last section contains a simple proof for solving
Boolean equation systems being in NP \ co-NP, and according to the
equivalence results also the model-checking problem is contained in
this class, which is a known result.
Examples for application are presented in chapter 7. Here, we focus
on composing and proving di erent liveness properties for Peterson's
algorithm solving the problem of mutual exclusion. These properties
provide non-trivial examples for -calculus formulae. They are veried with an implementation of Gau elimination for Boolean equation
systems.
The model-checking problem for the modal -calculus has been treated
in other frameworks: there exist reductions to problems in automataand game-theory. In the rst case all automata derived are treeautomata. In section 8.1 we show the equivalence of model-checking
and the non-emptiness-problem of alternating automata on in nite

18
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words over a single-letter alphabet with a parity acceptance condition.
The model-checking problem has also been reduced to model-checking
games. In section 8.2, we show the equivalence of deciding whether a
player has a winning strategy for a game and solving a Boolean equation system. The reduction of Boolean equation systems to modelchecking gives immediately a reduction from a model-checking game
to a model-checking problem, which has been an open question.
So far we have only been considering nite state spaces. In chapter
9, the theory of Boolean equation systems is extended to the in nite
case. Boolean equation systems as they are used here are derived from
xpoint-equation systems interpreted over a (possibly in nite) product of Boolean lattices. The equivalence of in nite Boolean equation
systems and the model-checking problem for in nite state spaces is
proved by reductions in both directions. These results are only useful
when having a nite representation of the problem which is given by
set based equation systems. We present an elimination method using
ideas from Gau elimination for the nite case and from the tableau
method of Brad eld and Stirling. It solves set based equation systems and also the model-checking problem for the in nite case. Small
examples demonstrate the technique.
The thesis ends with concluding remarks putting our results in a general framework.

Chapter 2

Basics.
2.1 Orders and lattices.
The basic structure in this work are lattices; formulae of modal logic
with implication order form a lattice, the powerset of a state space
is complete lattice. The semantic of a formula of modal logic can be
interpreted as an order preserving function between two lattices. The
xpoint operators of modal logic have to be de ned via continuous
functions. Therefore, we collect here the relevant de nitions and facts.
A detailed introduction into lattices and orders can be found [DP90].

De nition 2.1 A binary relation  on a set P is a partial order
if for all x; y; z 2 P:
(re exivity)
xx
(antisymmetry) x  y and y  x imply x = y
(transitivity)
x  y and y  z imply x  z
A set equipped with a partial order is called an ordered set.
De nition 2.2 Given an ordered set P and a subset Q of P the
greatest element of Q is a 2 Q if a  x for all x 2 Q. Dually, the
least element of Q is a 2 Q if a  x for all x 2 Q.

20
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De nition 2.3 Let P be an ordered set. The greatest element of
P, if it exists, is called the top element of P and written >. Dually,
the least element of P, if it exists, is called the bottom element of
P and written ?.

Proposition 2.4 Given an ordered set P any subset Q  P is an
ordered set.

Proposition 2.5 Let (P1 ; 1); : : :; (Pn; n) be ordered sets. Their
product P1  : : :  Pn can be equipped with a partial order by pointwise de nition: (x1; : : :; xn)  (y1 ; : : :; yn ) i xi i yi for 1  i  n.
De nition 2.6 Let P and Q be ordered sets. The set of functions
from P to Q is denoted by (P ! Q). For each function f 2 (P ! Q)
the domain is P and the codomain is Q.
A function f 2 (P ! Q) is monotone, if for all p1; p2 2 P with
p1  p2 it is the case that f(p1 )  f(p2 ).
The set of all monotone functions is denoted by hP ! Qi.
On the set of functions (P ! Q) an order is inherited from the
order on their codomain Q: Let f; g 2 (P ! Q). Then f  g if
f(a)  g(a) for all a 2 A.

De nition 2.7 Let P be an ordered set and S be a subset of P.
Then x 2 P is an upper bound of S, if s  x for all s 2 S. Dually
x 2 P is a lower bound of S, if x  s for all s 2 S.
All upper bounds of S are collected in a set " S, the lower bounds
in a set # S. The least element of "WS, if it exists, is called least
upper bound of S, and denoted by S. The greatest element of
# S if it exists, is called greatest lower bound of S, and denoted by
V

S. They are also called the supremum and in mum of S.
W
Notation:V For the supremum fx; yg we write x _ y, and x ^ y for
the
S
in mum fx;Wyg. When
speaking about powersets we will use and
T
V
instead of and , and [ and \ instead of _ and ^.

2.1. Orders and lattices.
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De nition 2.8 Let P be a non-empty ordered set. P is a lattice,
ifW x _ y and
x ^ y exist for all x; y 2 P. P is a complete lattice, if
V
S and S exist for all subsets S  P.
Proposition 2.9
W
V
(1) In a lattice S and S exist for all nite subsets S  P.

(2) Every nite lattice is complete.
(3) In a complete lattice the bottom element ? and the top element
> exist.
(4) For any set X its powerset P(X) equipped with the set inclusion
order  is a complete lattice.
(5) If P and Q are (complete) lattices then also the sets of functions
(P ! Q) and hP ! Qi are (complete) lattices. Supremum and
in mum are obtained pointwise.
In most cases we think of functions as represented by function expressions. These are built up by variables X from a set of variables X ,
the operations supremum _ and in mum ^, and a set of operators
fOp(1k ) ; : : :; Op(nkn) g for some n 2 IN, where ki denotes the arity of
the operator Op(iki) .
f ::= X j f _ f j f ^ f j Op(iki) (f; : : :; f)
1

Proposition 2.10 Let P and Q be orderedW sets, f V: P ! Q a
monotoneW function,
and S  P such that WS and WS exist in
V
P,Vand Wf(S), f(S) exist in Q. Then f( S)  f(S) and
f( S)  f(S).
Proposition 2.11 Products of complete lattices equipped with a
partial order as in proposition 2.5 are complete lattices.

De nition 2.12 A non-empty subset S of an ordered set P is

directed, if every nite subset F of S has an upper bound in S.
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De nition 2.13 Let P and Q be complete lattices.
Then f : P !
Q is continuous
if for every directed set in P it is the
W
W
case that f( D) = f(D).
A function that preserves ?, i.e. f(?) = ? is called strict.

Proposition 2.14 Let P and Q be complete lattices. Then every
monotone function f : P ! Q is also continuous.
De nition 2.15 Given a lattice P and a function f : P ! P. An
element x 2 P is a xpoint of f if f(x) = x.

2.2 Fixpoints and their properties.
This section is a collection of various properties of xpoints which can
be found in the literature. It starts with properties of simple xpoints,
both least and greatest. Then we look at the more general case where
xpoint operators of possibly di erent type are nested.

2.2.1 Simple xpoints.
The very basic theorem comes from Tarski [Tar55] (see also [LNS82]).
It guarantees the existence of a least and greatest xpoint for a monotone function over a complete lattice.

Theorem 2.16 Let (A; ) be a complete lattice, f : A ! A a

monotone function, and P the set of all xpoints of f. Then P is
not empty and the system (P; ) isVa complete lattice; in particular
the least xpoint is X:f(X) W
= fa 2 A j f(a)  ag and the
greatest xpoint is X:f(X) = fa 2 A j f(a)  ag.
We will use  when referring to either  or .
The next properties (for monotone f) can be found e.g. in [Koz83].
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Proposition 2.17
(1)
(2)
(3)
(4)
(5)
(6)

f(X:f(X)) = X:f(X)
If f(a)  a then X:f(X)  a.
If f(a)  a then X:f(X)  a.
If f(a)  g(a) for all a 2 A then X:f(X)  X:g(X).
If f(a) = f(b) for all a; b 2 A then X:f(X) = f(X).
X:f(X) = X:f(f(X))

The following property is known as the reduction lemma, see for example [Koz83], [Win89].

Lemma 2.18 a  X:f(X) i a  f(X:(f(X) _ a))
or, dually, a  X:f(X) i a  f(X:(f(X) ^ a)).
Tarski's theorem shows the existence of a least and greatest xpoint,
but no constructive method to yield it. This is the subject of the next
well-known theorem based on approximants. It is presented here in its
general version, using trans nite iteration (see [LNS82]).

De nition 2.19 Let (A; ) be a complete lattice and
f : A ! A a monotone function. Then  X:f is an approximant

term, where is an ordinal. The approximant terms are de ned by
trans nite induction:
0 X:f(X)
 0X:f(X)
 +1 X:f(X)
 X:f(X)
 X:f(X)

= ?
= >
= f( X:f(X))
_
=
 X:f(X)
def

def

def

def

=
def

<
^
<

 X:f(X)

where  is a limit ordinal.
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Proposition 2.20 For a complete lattice (A; ) and a monotone
function f : A ! A
_

X:f(X) =
X:f(X) =

2Ord

^

2Ord

 X:f(X)

 X:f(X)

where Ord is the class of all ordinals.
Moreover there exists an ordinal of cardinality less or equal to
that of A such that for  :
X:f(X) =  X:f(X)
and, dually,
X:f(X) =  X:f(X):

2.2.2 Nested xpoints.
We now want to consider nested xpoints, such as X:f(X; Y:g(X; Y ))
where X and Y are variables over lattices (A; ) and (B; ), and f
and g are monotone in both arguments. As a rst step we will de ne
the inner xpoint Y:g(X; Y ) as a function g0 from A to B. We will
abuse notation and do not introduce new names for f and g when
their domains are interpreted in di erent ways. For technical reasons
we assume from now on that there are not two di erent variables in a
nested xpoint expression having the same names.
De nition 2.21 Let (A; ) and (B; ) be complete lattices, g a
monotone function on A  B to B. Then the least xpoint with
respect to B is a function from A to B
V
Y:g(X; Y ) = fg0 2 (A ! B) j g(X; g0 (X))  g0 (X)g
and the greatest xpoint is
W
Y:g(X; Y ) = fg0 2 (A ! B) j g(X; g0 (X))  g0 (X)g.
def

def

2.2. Fixpoints and their properties.
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Proposition 2.22 The least (greatest) xpoint of g : A  B ! B
is a monotone function g0 : A ! B and it is the case that
g0 (a) = Y:g(a; Y ) (g0 (a) = Y:g(a; Y )) for every a 2 A, where
g(a; Y ) : B ! A and Y:g(b; Y ) follows de nition 2.16.
Proof: straightforward


The monotonicity of g0 implies that f(X; g0 (X)) is a monotone function
from A to A and its xpoints are well de ned according to de nition
2.16. The application to arbitrary nesting of xpoints works straightforwardly. In the remark below g0 might be a vector of functions
resulting from inner xpoints and all domains could be interpreted as
(possibly empty) products of complete lattices.
Remark 2.23 We want to point out, that there exist two basically di erent interpretations of the inner xpoints which have
consequences for algorithms calculating them. The rst one is the
more common one: g0 as a function on A to B is de ned pointwise,
g0 (a) = Y:g(a; Y ). For every argument a 2 A we get the simple
function g(a; Y ) on B to B and the application of a xpoint operator
Y is well de ned. This interpretation gives rise to the approximation based algorithms. Evaluation of g0 at a is done by a simple
approximation of Y:g(a; Y ) as in proposition 2.20.
The other interpretation focuses on the fact, that in some cases we
can explicitly calculate the function g0 , not in a pointwise manner,
but as a function expression with a free variable Y . Here the evaluation of g0 (a) consists of a simple function evaluation and not of an
approximation.
Bekic's theorem [Bek84] for elimination of simultaneous xpoints shows
how a simultaneous xpoint can be transformed to a nested xpoint
expression.
Theorem 2.24 Let (A; ) and (B; ) be complete lattices,
f : A  B ! A and g : A  B ! B monotone functions.
Then (X; Y ):(f(X; Y ); g(X; Y )) = a; b, where
a = X:f(X; Y:g(X; Y )), and b = Y:g(a; Y ):
def
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Chapter 3

Fixpoint-equation
systems.
We introduce xpoint-equation systems extending the notion of nested
xpoint expressions. The intention of this chapter is to provide the
technical basis for the rest of the work. Therefore, apart from de nitions of syntax and semantics it contains an extensive collection of
properties of xpoint-equation systems. In the rst section the general
case of xpoint-equation systems is investigated, where they are interpreted over arbitrary complete lattices. For the issue of this work the
required domains are the Boolean lattice and a possibly in nite product of Boolean lattices. The second section focuses on the xpointequation systems over the Boolean lattice, Boolean equation systems.
For this case some de nitions simplify and we get a number of further
properties. Proofs of this chapter are shifted to the appendix.
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3.1 Fixpoint - equation systems for
complete lattices.

First syntax and semantics1 are de ned, then we give a translation
from xpoint expressions to xpoint equation systems. The main part
of this section contains an extensive collection of properties of xpointequation systems.
In the following we consider sequences of functions f1 ; f2 ; : : : over a lattice (A; ). Often, free variables will be substituted by the same values
in each function. Instead of performing explicitly the substitution in
each function we collect the values of the variables in a valuation, called
environment. ; 1 ; : : : will range over environments, where each  is
a function  : X ! A.
A function f can be applied to an environment , and the result f()
is the value of the function f after substituting each free variable X of
f by (X). By [X=a] we denote the environment that coincides with
 for all variables except X, i.e. (Y ) = ( [X=a])(Y ) for Y 6 X, and
([X=a])(X) = a. In the remainder [X=a] has priority over all other
operations, and [X=a] always stands for ([X=a]).
The order on a lattice (A; ) extends naturally to an order on environments over A (see De niton 2.6). We have 1  2 i for all variables
X 2 X it is the case that 1 (X)  2 (X). Thus the set of environments (for a xed set of variables X ) forms a lattice. Obviously, the
lattice operations _ and ^ can be applied also to environments when
interpreting them pointwise.

De nition 3.1 Let (A; ) be a complete lattice.

A xpoint-equation system over A is a nite sequence of equations
of the form (X = f), where f : An ! A for some n 2 IN is a
monotone function.
The empty sequence is denoted by .
The version of notation used here was inspired from Vergauwen [Ver95] who
pointed me to it for the special case of xpoint-equation systems over the Boolean
lattice. It turned out to be more compact than earlier versions.
1

3.1. Fixpoint - equation systems for complete lattices.
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In the following E ; E 0; E1; : : : will range over xpoint-equation systems.

For technical reasons we assume that no two equations of a xpointequation system E have the same left hand side variable. Variables
which appear on the left hand side of an equation of E are collected in
the set lhs(E ), i.e. lhs((X =f) E ) = fX g [ lhs(E ). Variables on the
right side of an equation of E are collected in the set rhs(E ). Variables
of rhs(E ) which are contained in lhs(E ) are called bound. Variables
which are not bound are free, free(E ) = rhs(E ) n lhs(E ). A block in
a xpoint-equation system E is a set of consecutive equations of E all
having the same xpoint operator in front.
The order de ned below re ects the linear order of equations in a
xpoint-equation system. It will be applied to both equations and
variables.
De nition 3.2 Let (X =f) E be a xpoint-equation system and
0 Y =g an equation of E . Then X =f C 0 Y =g and also X C Y .
As usual X E Y abbreviates (X C Y or X = Y ).
A xpoint-equation system E 0 is a subsystem of a xpoint-equation
system E , if for each pair of equations with (X X =fX ) C (Y Y =fY )
in E 0 both equations are contained in E and ordered in the same way.
A subsystem E 0 of a xpoint-equation system E is called closed with
respect to E, if free(E 0 )  free(E ).
De nition 3.3 Let (A; ) be a complete lattice, (X = f) E a
xpoint-equation system over A, and  : X ! A an environment.
The solution of a xpoint-equation system relative to  is an
environment de ned by structural induction:
[]  = 
[(X =f) E ]  = [E ]  [X=X:f([E ])]
[(X =f) E ]  = [E ]  [X=X:f([E ])]
where
V
X:f([E ] ) = fa j a  f([E ]  [X=a])g
W
X:f([E ] ) = fa j a  f([E ]  [X=a])g
def

def

def

def

def
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Note, that if all variables of rhs(E ) are bound, then [E ] 1 = [E ] 2
holds for all environments 1 ; 2.

De nition 3.4 Given a xpoint-equation system E we de ne a
lexicographic order E on environments.
1  2 i 1 = 2
Let E  (X =f) E 0 .
1 E 2 i 1 (X) < 2 (X) or 1 (X) = 2 (X) and 1 E 0 2 .
Dually, if E  (X =f) E 0 , then
1 E 2 i 1 (X) > 2 (X) or 1 (X) = 2 (X) and 1 E 0 2 .
There exists an alternative characterization of the solution of a xpointequation system, which in some contexts will be more suitable.
Proposition 3.5 The solution of []  is .
The solution of [(X = f) E ]  is the lexicographically least (w.r.t
(X =f) E ) environment 1 satisfying:
(1) f(1 ) = 1 (X) and
(2) 1 is the solution of [E ]  [ X = 1 (X) ].

De nition 3.6 For E = (1 X1 =f1 )(2 X2 =f2 ) : : :(nXn =fn)
let E (i) = (i Xi =fi ) : : :(n Xn =fn ) for 1  i  n.
Corollary 3.7 If [E ]  = 0 then [E (i)]  0 = 0 for 1  i  n.
def

The characterization of the solution will be illustrated by an example
over the Boolean lattice IB = ffalse; trueg, where false < true.
Example: Let (X1 = X2 ^ X4 ) (X2 = X3 _ X1 ) (X3 = X4 ^
X2 ) (X4 =X1 _ X3 ) be a xpoint-equation system over IB.
Starting from the xpoint-equation system consisting only of the last
equation X4 = X1 _ X3 we will select stepwise all environments fullling point (2) of proposition 3.5, then those ful lling point (1), and
in the next step the remaining environments are considered for the
equation system with one equation more.

3.1. Fixpoint - equation systems for complete lattices.
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For readability we write an environment  here as a vector (b1; b2; b3; b4),
meaning an environment  where (Xi ) = bi .
For the equation system consisting of the last equation E (4)  (X4 =
X1 _ X3 ), it is the case that
[E (4)] (true ; false; false; true )
[E (4)](true ; false; true ; true )
[E (4)](true ; true ; false; true )
[E (4)](true ; true ; true ; true )
[E (4)] (false; false; true ; true )
[E (4)](false; true ; true ; true )
[E (4)] (false; true false; false)
[E (4)](false; false; false; false)

=
=
=
=
=
=
=
=

(true ; false; false; true )
(true ; false; true ; true )
(true ; true ; false; true )
(true ; true ; true ; true )
(false; false; true ; true )
(false; true ; true ; true )
(false; true false; false)
(false; false; false; false)

Now we go on with E (3)  (X3 =X4 ^ X2 ) (X4 =X1 _ X3 )
Each of the environments above ful ll point (2) of proposition 3.5, but
not all of them ful ll point (1), i.e., the equation X3 = X4 ^ X2 ; the
following do:
(true; false; false; true)
(true; true; true; true)
(false; true; true; true)
(false; false; false; false)
Note that for all these four environments it is
[E (3)]  = [(X3 =X4 ^ X2 ) (X4 =X1 _ X3 )]  = 
The next step is to select these environments  which ful ll also the
equation X2 =X3 _ X1 . These are:
(true; true; true; true)
(false; true; true; true)
(false; false; false; false)
But here it is the not the case that each of these satis es
[E (2)]  = [(X2 =X3 _ X1 ) (X3 =X4 ^ X2 ) (X4 =X1 _ X3 )]  = .
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For (true; true; true; true) we have
[E (2)] (true; true; true; true)
= [(X2 =X3 _ X1 ) (X3 =X4 ^ X2 ) (X4 =X1 _ X3 )]
(true; true; true; true)
= [(X2 =X3 _ true) (X3 =X4 ^ X2 ) (X4 = true _ X3 )]
(true; true; true; true)
= [(X2 = true) (X3 =X4 ^ X2 ) (X4 = true] (true; true; true; true)
= (true; true; true; true)
On the other hand, (false; true ; true ; true ) and (false; false; false; false) coincide in the free variable of E (2), which is X1 and equals to false.
Both ful ll point (1) and (2) of proposition 3.5. Hence solution is
only the lexicographiclly smaller one with respect to E (2), which is
(false; false; false; false) (because of the mu- xpoint in the equation of
X2 ).
Both environments (true; true; true; true) and (false; false; false; false) ful ll
equation X1 = X2 ^ X4 and the lexicographically smaller one, here
(true; true; true; true) (because of the - xpoint of X1 ) is the solution of
the equation system.
C
Unfortunately, the de nition of the solution of a Boolean equation
system is not very intuitive, and an interesting question is, whether
there exists a more illuminating characterization.
A natural idea is to determine the set of all environments that ful ll all
equations (Xi ) = fi (), and then, according to the xpoint operators,
select one environment as the solution.
Unfortunately this approach cannot work. Counterexamples can be
found in section 6.1 and also some more discussion of this point.
The question for a clearer characterization of the solution is closely
related to the methods which determine the solution. This will be
treated in chapter 6.
Fixpoint equation systems are introduced as an extended notation for
nested xpoint expressions. We now de ne a transformation from
xpoint expressions to xpoint-equation systems and show that the
semantic is preserved.
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The transformation is divided into two functions. One, E, maps the
tree-like structure of a xpoint expression to a sequence of expressions.
The other one, E0 turns expressions into xpoint equations. We start
with an example and give the formal de nition afterwards.
Example:
E( X:((Y:X _ Y ) ^ (Z:X ^ Z)) )
= (X = E0 ( (Y:X _ Y ) ^ (Z:X ^ Z) ))
E( (Y:X _ Y ) ^ (Z:X ^ Z) )
= (X = E0 (Y:X _ Y ) ^ E0 (Z:X ^ Z)) E(Y:X _ Y ) E(Z:X ^ Z)
= (X =Y ^ Z) (Y = E0 (X _ Y )) (Z = E0 (X ^ Z))
= (X =Y ^ Z) (Y =X _ Y ) (Z =X ^ Z)
De nition 3.8 Let X:f be a xpoint expression over a lattice
(A; ), where f is a monotone function on A consisting of constants,
variables, xpoint expressions, the lattice operations _ and ^ and
additionally a set of monotone ki -ary operations on A, denoted by
Op(iki) for some i 2 IN. Assume that in X:f names are unique, i.e.
each variable is bound only once by a xpoint operator. E maps
X:f to a xpoint-equation system and is de ned as follows:

E(a)
E(X)
E(f1 ^ f2 )
E(f1 _ f2 )

=
=
=
=
(
k
)
i
E(Opi (f1 ; : : :; fki )) =
E(X:f) =

E0 (a)
E0 (X)
E0 (f1 ^ f2)
E0 (f1 _ f2)

=
=
=
=
(
k
)
0
i
E (Opi (f1 ; : : :; fki )) =
E0 (X:f) =




E(f1 ) E(f2)
E(f1 ) E(f2)
E(f1 ) : : : E(fki )
(X = E0 (f)) (E(f))
a
X

E0 (f1 ) ^ E0 (f2 )
E0 (f1 ) _ E0 (f2 )
Opi(ki ) (E0 (f1 ); : : :; E0(fki ))

X
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Proposition 3.9 Let X:f be a xpoint expression over a lattice
(A; ) and  an arbitrary environment.
Then (X:f)() = ([E(X:f)] )(X).
The proof of this proposition requires the following lemma:

Lemma 3.10 Let E1 and E2 be xpoint-equation systems, such
that
 lhs(E1 ) \ lhs(E2 ) = ;,
 lhs(E1 ) \ rhs(E2) = ;,
 lhs(E2 ) \ rhs(E1) = ;.
Then [E1][E2] = [E1E2]
Note that a straightforward transformation back from a xpoint-equation
system to a (nested) xpoint expression is not always possible. For
Boolean equation systems in the context of -calculus model checking
we will show a method in section 5.2. In general, a xpoint-equation
system can be transformed back to a set of (nested) xpoint expressions. For example (X = Y )(U = V ) is a xpoint-equation system,
and X:Y and U:V are (the only sensible) xpoint expressions corresponding to it.
Another example is (X =Z)(Y =X)(Z =Y ) . It might correspond
to the expression X:Z:Y:X, but the transformation of this expression to a xpoint-equation system gives (X =Z)(Z =Y )(Y =X).
In the following we present a collection of properties of xpoint equation systems which describe equivalence and order relations on their
solutions. The rst one states that a xpoint-equation system is a
monotone operator on environments.

Lemma 3.11 If 1  2 then [E ] 1  [E ] 2.
It is easy to see that in the lemma above only for variables X that are
free in E we need the condition 1 (X)  2 (X). Hence the order of
the environments de ned pointwise on all variables can be restricted
to the variables which are free in E .
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Corollary 3.12 [E ] 1 _ [E ] 2  [E ]( 1 _ 2), and
[E ] 1 ^ [E ] 2  [E ]( 1 ^ 2 ).
We de ne an equivalence relation  and an order - on xpoint-

equation systems, relating those that have the same solution, or solutions ordered by  respectively, for all environments. It extends the
equivalence relation  de ned in [Ver95] for Boolean equation systems.

De nition 3.13
De ne E1  E2 i [E1]  = [E2]  for all environments .
De ne E1 - E2 i [E1]   [E2]  for all environments .
Equivalence and ordering of xpoint-equation systems is preserved for
pre xing of equations. For equivalence on Boolean equation systems
this result was stated in [Ver95].

Lemma 3.14 If E1  E2 then EE1  EE2.
If E1 - E2 then EE1 - EE2.
De nition 3.15 Let for some n 2 IN
 E1  (1X1 =f1 ) : : :(n Xn =fn ),
 E2  (1X1 =g1) : : :(nXn =gn).
Then E1  E2 i fi  gi.
E1 _ E2 = (1X1 = f1 _ g1) : : :(nXn = fn _ gn),
E1 ^ E2 = (1X1 = f1 ^ g1) : : :(nXn = fn ^ gn),
def

def

Lemma 3.16 If E1  E2 then also E1 - E2
Corollary 3.17 [E1]  _ [E2]   [E1 _ E2]  , and
[E1]  ^ [E2]   [E1 ^ E2]  .
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This corollary will be illustrated by an example, where even in the
case that both systems have the same solution their disjunction has a
greater one:
Example: Again the lattice is (IB; ). Consider two xpoint-equation
systems E1  (X1 = X2 ) (X2 = X2 ) (X3 = X1 ) and E2  (X1 =
X3 ) (X2 =X3 ) (X3 =X2 )
Both have the same solution (false; false; false) for any . However, the
solution of their disjunction (X1 =X2 _ X3) (X2 =X2 _ X3) (X3 =
X1 _ X2 ) is (true; true; true).
C
There are other simple, desirable properties which surprisingly do not
hold. We demonstrate here one of them.
If E1 - E2 then E _ E1 - E _ E2 and E ^ E1 - E ^ E2
Counterexample: Let E ; E1; E2 be xpoint-equation systems over the
Boolean lattice (IB; ).
E1  (X1 =X1) (X2 =X2 ) (X3 =X3 )
E2  (X1 =X2) (X2 =X3 ) (X3 =X2 )
E  (X1 =X2) (X2 =X1 ) (X3 =X3 )
E1 has the solution (false; true; true) and E2 has the solution (true; true; true).
Hence E1 - E2.
The solution of E is (false; false; true). E1 ^ E has also the solution
(false; false; true), E2 ^ E has (false; false; false) as solution. Here E ^ E2 E ^ E1 .
C
The following lemma extends a property for Boolean equation systems
in [Ver95] to xpoint-equation systems.

Lemma 3.18 If

([(X =f) E ]  )(X) = ([(X =g) E ]  )(X)
then [(X =f) E ] 
= [(X =g) E ] :

The next both lemmata deal with a quite natural property: when
knowing parts of the solution then these parts may be \removed" from
the equation system preserving the solution. This allows stepwise solving and reduction methods for xpoint-equation systems.
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Lemma 3.19 Let
 E  E1 (X =f) E2,
 ([E ]  )(X) = a, and
 E 0  E1 (X =a) E2 .
Then [E ]  = [E 0]  .
Lemma 3.20 [E1 (X = a) E2]  = [E1 E2]  [X=a].
The following lemmata describe properties of the solution of a xpointequation system when interchanging equations or switching the xpoint operator, from  to , or the other way round. From Bekic's
Theorem 2.24 it follows that interchanging subsequent equations with
the same xpoint operator does not in uence the solution. The same
holds for equations with di erent xpoint operators if the variables of
both equations are di erent. Otherwise interchanging equations implies di erent solutions which are ordered pointwise. This property is
slightly surprising having in mind the characterization of a solution
which refers to lexicographic ordering (Proposition 3.5).

Lemma 3.21 Let
 1 = [E1 (X1 =f1 ) (X2 =f2) E2 ] ,
 2 = [E1 (X2 =f2 ) (X1 =f1) E2 ] .
def

def

Then 1 = 2 .

Lemma 3.22 If
 X1 is not free in f2 ,
 X2 is not free in f1 ,
 1 = [E1 (1X1 =f1 ) (2X2 =f2 ) E2] 
 2 = [E1 (2X2 =f2 ) (1X1 =f1 ) E2] 
def

def

Then 1 = 2 .
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Lemma 3.23 Let
 1 = [E1 (X1 =f1) (X2 =f2 ) E2 ]  ,
 2 = [E1 (X2 =f2 ) (X1 =f1 ) E2 ]  .
Then it is 1  2 , and moreover, if the inequality is strict then
def

def

1 (X1 ) < 2 (X1 ) and 1 (X2 ) < 2 (X2 ).

Lemma 3.24 Let
 1 = [E1 (X =f) E2] ,
 2 = [E1 (X =f) E2 ] .
Then it is 1  2 , and moreover, if the inequality is strict then
def

def

1 (X) < 2 (X).

Often we need some standard representation of xpoint-equation systems, where each right hand side contains at most one of the operators
_ or ^. Every xpoint-equation system can be transformed into such
a form by introduction of additional \fresh" variables.

Lemma 3.25
([(X =f1 ^ f2 ) E ] )(Y ) = ([(X =f1 ^ X 0 ) (0 X 0 =f2 ) E ] )(Y ),
([(X =f1 _ f2 )E ] )(Y ) = ([(X =f1 _ X 0 )(0 X 0 =f2 )E ] )(Y ),

where X 0 is a new variable, i.e. (*) X 0 does not occur on the right
hand side of E or in f1 or f2 , and (**) Y 6= X 0 .

For reduction of xpoint-equation systems the next property is useful:
within a block duplicate equations may be removed.

Lemma 3.26 Let
 1 = [E1 (X1 =f) (X2 =f) E2 ] 
 20 = [E1[X1 =X2] (X2 =f[X1 =X2 ]) E2 [X1=X2 ]] 
 2 = 20 [X1 =20 (X2 )]
def

def

def

Then 1 = 2 .
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We now introduce Boolean equation systems as a special case of xpointequation systems, where the underlying lattice is the Boolean lattice
ftrue; falseg with false < true. Of course, syntax and semantics as dened in section 3 apply also to Boolean equation systems. However,
interpreted over the Boolean lattice dealing with xpoints gets simpler,
and we will reintroduce syntax and semantics for this special case. In
order to distinguish the Boolean case also syntactically we choose [ ]
instead of [ ] as semantic brackets.
Let X be a set of Boolean variables, and f; g; : : : range over Boolean
expressions. Analogously to de nition 3.1 we de ne:
De nition 3.27 The set of negation free Boolean expressions over
a countable set of variables X is denoted by IB + (X ).
A Boolean equation is of the form X=f, where  2 f;  g, X is a
Boolean variable X 2 X , and f 2 IB + (X ).
A Boolean equation system is a sequence of Boolean equations. The
empty sequence  is a Boolean equation system; if X=f is a Boolean
equation and E is a Boolean equation system, then (X=f) E is also
a Boolean equation system.
Dealing with xpoints gets much simpler over the Boolean lattice.
The following two lemmata show that the least and greatest xpoints
of Boolean functions can be represented as functions themselves. In
contrast to standard de nitions it is not necessary to evaluate them
pointwise. (See also de nition 2.21 and remark 2.23.)
Lemma 3.28 Suppose f(X) is a monotone Boolean function in the
single variable X. Then X:f(X) = f(false) and X:f(X) = f(true).

Lemma 3.29 Suppose f(X1 ; : : :; Xn) is a monotone Boolean func-

tion from IB n to IB. Then its least and greatest xpoints with
respect to X1 are X1 :f(X1 ; : : :; Xn) = f(false; X2 ; : : :; Xn ) and
X1:f(X1 ; : : :; Xn ) = f(true; X2; : : :; Xn ) and both are monotone
function from IB n 1 to IB.
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Proposition 3.30 Let E be a Boolean equation system, X=f a
Boolean equation,  an environment, b = false and b = true. Then
for the solution of a Boolean equation system it is the case that:
[ ]]  = 
[ (X=f) E ]  = [ E ]  [X = f( [ E ]  [X=b ] ) ]:

Example: Consider the equation system X1=X1 and arbitrary .
[ X1 =X1 ]  = [ ]] [X1=(X1 )([[]] [X1=true])]
= [X1 =(X1 )([X1 =true])]
= [X1 =true]
Hence the solution of this Boolean equation system is X1 = true. C
The size of a Boolean equation system E is de ned as the number of
its variables and the size of all its right-hand side expressions,

jj = 0
j(X =f) Ej = 1 + jf j + jEj:
def

def

The size of a negation free Boolean expression jf j is the number of
variables and constants contained in f.
A Boolean equation system E is in simple form, if each right-hand side
expression consists of conjunctions, or disjunctions, or a single variable
or a constant.
In some contexts it is useful to restrict the size of the right-hand size
expressions to 2. This gives rise to the following de nition of a standard
form for Boolean equation systems.
A Boolean equation system E is in standard form, if
 lhs(E ) = fX1 ; : : :; Xng for some n 2 IN
 if Xi C Xj then i < j
 each right-hand side expression consists of a disjunction Xi _ Xj , a
conjunction Xi ^ Xj , a single variable Xi or a constant true or false.

3.2. Boolean equation systems.
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Proposition 3.31 For each Boolean equation system E there exists
a Boolean equation system E 0 in standard form and a renaming
function , such that ([[E ] )(X) = ([[E 0] )((X)), and E 0 has size
linear in the size of E .
A Boolean equation system can be devided into blocks. A block is
de ned as a set of consecutive equations of E having the same xpoint
operator in front. Hence we can distinguish -blocks and  -blocks.
The linear orderings E and C on the equations of a Boolean equation
system extends naturally to an order E and C on the blocks of a
Boolean equation system. We now de ne active variables, nesting
depth and alternation depth for Boolean equation systems..

De nition 3.32 Let
 E be a Boolean equation system,
 X X =fX , Y Y =fY be equations of E ,
 X X =fX C Y Y =fY

Then X is active in Y Y =fY i
 there is a free occurrence of X in Y Y =fY , or
 some variable Z is free in Y Y =fY , X C Z C Y and X is active
in Z Z =fZ .
A variable X is active in a block Ej , if it is active in any equation of
Ej .
A block Ei is active in a block Ej , if some variable X in an equation
X X =fX of Ei is active in Ej .

When de ning the nesting depth and alternation depth of xpoint
operators for expressions we have to take into account that the subformula order is a partial order. In the case of Boolean equation systems
we have just a linear order on the equations. However, the partial order
is re ected by the possible applications of lemma 3.22 to interchange
equations.
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De nition 3.33 The nesting depth of a Boolean equation system
E is the minimal number of blocks of all Boolean equation systems
that can be derived from E by (repeated) interchanging of equations
according to lemma 3.22.

De nition 3.34 Let
 E be a Boolean equation system,
 1X1 = f1 C : : : C nXn = fn a chain of Boolean equations of
maximal length, such that for every 1  i < n

(1) Xi is active in i+1Xi+1 = fi+1 ,
(2) Xn is free in fn , and
(3) i 6= i+1,
Then E has alternation depth n, i.e. ad(E ) = n.
Section 3 contains a number of properties of xpoint equation systems,
which are, of course, also valid for the special case of Boolean equation
systems. In addition to these there exist more properties for Boolean
equation systems, which will be needed in later chapters.
The complementation E of a Boolean equation system is de ned inductively as follows:
 =
(X =f) E =
where  =
 =
true =
false =
X =
f1 ^ f2 =
f1 _ f2 =


(X =f) E ;


false
true

X for X 2 X
f1 _ f2
f1 ^ f2

The complement  of an environment  is de ned as (X) = (X).
The complementation lemma for Boolean equation systems is:

Lemma 3.35 ([[E ] )(X) = false i ([[E ] )(X) = true.

3.2. Boolean equation systems.
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The next is a very strong property about a reduction of Boolean equation systems preserving their solution. Having a Boolean equation
system E in standard form we can construct a new Boolean equation system E 0 in the following way: all equations having conjunctions
or constants on their right-hand side are unchanged and become equations of E 0 . In every equation of E with a disjunction on the right-hand
side one disjunct is selected as the new right-hand side for the equation
in E 0. Note that E 0 contains no proper disjunctions and we say, such
a system is in conjunctive form. The order of variables in E and E 0
is the same. From de nition 3.15 and lemma 3.16 we know already
that for every environment  the solution of E 0 is lower or equal to the
solution of E . The following proposition says even more: for every 
there exists a choice of disjuncts, such that E and E 0 have the same
solution. The dual property holds when choosing conjuncts instead of
disjuncts.

Proposition 3.36 Given a Boolean equation system E and an
environment  there exist Boolean equation systems E 0 and E 00 with

the properties:
 E 0 is in conjunctive form,
 E 0  E , and
 [ E 0]  = [ E ] .
For E 00 the dual properties hold:
 E 00 is in disjunctive form,
 E 00  E , and
 [ E 00]  = [ E ] .
Corollary 3.37 For Boolean equation system E and an environment  there exists a Boolean equation system E 0 with the following
properties:
 [ E ]  = [ E 0] , and
 E 0 is derived from E by selecting in every equation one variable
of the right hand expression.
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Proof: Apply proposition 3.36 for the disjunctive and then for the
conjunctive case.


Chapter 4

The modal -calculus.
This chapter gives an introduction to the modal -calculus according
to Kozen's propositional -calculus [Koz83]. The modal -calculus has
been widely studied and detailed introductions can be found in several
places, such as [Sti93] and [Eme91]. Here we will brie y review the
logic and its properties and we give associated de nitions relevant to
our work.

4.1 Syntax and semantics.
The syntax of the modal -calculus is de ned with respect to a set Q
of atomic propositions including true and false, a nite set L of action
labels and a denumerable set Z of propositional variables. A formula
of the modal -calculus is an expression of the form:
 ::= Z j Q j : j  ^  j [a] j Z:;
where Z 2 Z , Q 2 Q and a 2 L, and where in Z: every free
occurrence of Z in  falls under an even number of negations. The
standard conventions for the derived operators and abbreviations are:
1 _ 2 = :(:1 ^ :2)
hai = :[a]:
V
[K] = a2K [a]
W
hK i = a2K hai
def

def

def

def
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[ K] = [L n K]
[ ] = [L]
Z: = :Z::[Z=:Z];
where K  L, and [Z=:Z] means the syntactical substitution of
every occurrence of Z in  by :Z.
We denote the set of all modal -calculus formulae by L, and the
subset of xpoint free formulae by 0.
A formula is in positive normal form, if negations apply only to
atomic propositions and no variable is quanti ed twice. Every formula can be transformed syntactically into positive normal form by
using the derived operators, applying the De Morgan rules and renaming variables. Therefore, we can restrict the set of formulae to the
positive fragment assuming that for every atomic proposition Q 2 Q
the negation of Q is also an atomic proposition, i.e. an element of Q.
In this sense, an equivalent de nition of the syntax is:
def

def

def

 ::= Z j Q j  ^  j  _  j [a] j hai j Z: j Z:
In the following we will refer only to formulae of the positive fragment
and assume that they are in normal form.
Formulae of the modal -calculus with the set L of action labels are
a a2
interpreted relative to a labelled transition system T = (S ; f!j
a S S for every
Lg), where S is a possibly in nite set of states and !
a 2 L a binary
S relation on states. The union of all relations is denoted
by ! = a2L !a . A valuation function V assigns to every atomic
proposition Q in Q and propositional variable Z in Z a set of states
V (Q)  S and V (Z)  S meaning that proposition Q and variable Z
hold for every state in V (Q) and V (Z). The pair T and V is called a
model M of the modal -calculus. The semantics of each -calculus
formula  is the set of states j  j TV . A state s satis es a formula ,
written as s j=M , i s 2jjj TV , which is de ned inductively as follows:
j Qj TV = V (Q)
j Zj TV = V (Z)
def

4.1. Syntax and semantics.
j 1 _ 2j TV =
j 1 ^ 2j TV =
j [a]j TV =
j haij TV =
j Z:j TV =
j Z:j TV =
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j 1j TV [ j 2j TV
j 1j TV \ j 2j TV
[ a]]T j j TV
hhaiiT j j TV
\
fS 0  S jjjj TV [Z=S 0]  S 0 g
[ 0
fS  S j S 0 jjj TV [Z=S 0] g

where [ a]]T S 0 = fs j 8s0 2 S: if s !a s0 then s0 2 S 0g
hhaiiT S 0 = fs j 9s0 2 S 0 :s !a s0 g
def

def

Examples for -calculus formulae will be given below. First we want
to introduce some technical terms.
The size of a transition system includes the number of states and the
number of transitions, jT j = jSj + j!j.
- j is the maximal number of successors that
The branching degree j
R
- j = maxs2S jfs0 j s ! s0 gj.
any state of the transition system has, j
R
An upper bound for the branching degree is the number of states jSj.
The size of a formula jj is de ned as follows:
def

def

jZ j
j1 _ 2 j
j1 ^ 2 j
j[a]j
jhaij
jZ:j
jZ:j

=
=
=
=
=
=
=

jQj = 1
j1j + j2j
j1j + j2j
1 + j j
1 + j j
1 + j j
1 + jj

De nition 4.1 As usual, subformulae of a formula  are de ned

inductively on the structure of . If is a subformula of  we will
write  E , and  C if it is a proper subformula.
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De nition 4.2 In a formula Z: each occurrence of the variable

Z is bound. An occurrence of X in  is bound, if it is bound in any
subformula of . An occurrence of a variable which is not bound is
called free.
We now want to introduce the notions of nesting depth and alternation depth of xpoint operators for formulae of L. The latter
will be de ned via active variables as introduced by Kozen [Koz83].
Alternation depth was de ned by Emerson and Lei [EL86] and is a
relevant size for many model checking algorithms. Niwinski [Niw86]
gave a more sensible de nition for alternation depth which we will use
with a minor extension. Its de nition based on active variables follows
Kaivola [Kai96]. There a more detailed discussion of these concepts
can be found. A small example for demonstrating the di erences is:
the Emerson-Lei alternation depth of X:Y:Z:X is 3, its Niwinski
alternation depth is 2, whereas we want it to be 1.

De nition 4.3 Let
  be a formula,
  E 1X1 : 1 C : : : C nXn :

n

a chain of subformulae of maxi-

mal length.
Then  has nesting depth n, i.e. nd() = n.

De nition 4.4 Let
  be a modal -calculus formula,
 be a subformula of , i.e.  E , and
 Z a variable.

Then Z is active in i
 there is a free occurrence of Z in , or
 some variable Z 0 is free in ,  E Z 0 : 0 E , and Z is active
in Z 0 : 0.

4.2. Basic formulae.
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De nition 4.5 Let
  be a formula,
  E 1X1 : 1 C : : : C nXn :

n a chain of subformulae of maximal length, such that for every 1  i < n
(1) Xi is active in i+1Xi+1 : i+1,
(2) Xn is free in n , and
(3) i 6= i+1.
Then  has alternation depth n, i.e. ad() = n.

Note that our extension consists of point (2) in the previous de nition.
Leaving it out would give Niwinski alternation depth.

4.2 Basic formulae.
It needs some practice to read and create -calculus formulae. However, there are only a few basic structures, from which formulae are
built up, and we want to explain them here.
The rst aspect to make clear is the di erence between the modalities
[a] and hai. The formula [a] is true at a state for which necessarily
the a-successors ful ll , the formula hai is true at a state for which
possibly the a-successors ful ll .
1

s

a 


a
s2
s0
c
bc
cs

3

=
=

j

Q

j

Q

1

t

a 


a
t2
t0
c
bc
ct

=
=

j

Q

j

:Q

0

u

b

3

u

3

For the rst transition system, we have s0 j= haiQ and s0 j= [a]Q. For
the second one it is t0 j= haiQ, because t0 has an a-successor ful lling
Q, but t0 6j= [a]Q, as t0 also has an a-successor ful lling :Q. In the
third transition system we get u0 6j= haiQ, due to the absence of an asuccessor, but u0 j= [a]Q, because there is no a-successor not ful lling
Q.
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Crucial is the di erence between least and greatest xpoints. In general, least xpoints describe nite behaviour, greatest xpoints additionaly also in nite behaviour. In the transition systems below we
assume :Q at each state, where the opposite is not stated explicitly.
a
v

a

2

1

v

=

j

Q

w

1

a
w

a

2

3= Q

w j

a

a

The formula Z:haiZ _ Q stands for the property \there exists an apath on which eventually Q will hold". It holds both states v1 and
w1. The universal counterpart \on all paths eventually Q will hold",
expressed by Z:[a]Z _ Q, holds for v1 , but not for w1 , because on
the in nite path w1 w2w1 w2 : : : the atomic proposition Q never holds.
Considering the semantic de nition of a least xpoint, we have that
the subset fw3g satis es the inequality:
j [a]X _ Qj TV [Z=fw g] = [ a]]T fw3g [ fw3g = ; [ fw3g  fw3g
It follows that in the intersection of all sets satisfying the inequality
w1 is not contained, and hence is not an element of the least xpoint,
which coincides with the informal argumentation above.
With a greatest xpoint, the proposition \on all a-paths always Q
holds" can be formulated as Z:[a]Z ^ Q. In the transition systems
above it only holds at w3 .
Combining least and greatest xpoints allows us to express more complicated properties. The formula Z:X:(([a]Z ^Q)_[a]X) corresponds
to the proposition \on all in nite a-paths in nitely often Q holds". To
make the structure plausible, consider the two fragments of the formula X:(([a]Z ^ Q) _ [a]X) saying \eventually ([a]Z ^ Q) will hold"
and Z:([a]Z ^ Q) saying \always Q will hold". Combining them in
one formula gives \always, either Q holds, or, if it does not, then eventually Q will hold" which is equivalent to the rst explanation above.
In the transition systems above, this formula satis es v1 and w3. The
existential version Z:X:((haiZ ^ Q) _ haiX) holds also for w1.
As last example consider the property \eventually Q will always hold",
3

4.3. Properties of the modal -calculus.
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expressed by the formula X:Z:(([a]Z ^ Q) _ [a]X). Here, the least
xpoint is the outermost and the di erence to the previous formula
lies in the order of \always eventually" and \eventually always".
In chapter 7 we use some more sophisticated formulae, but they are
explainable with the basic examples discussed in this section.

4.3 Properties of the modal -calculus.
The modal -calculus is a branching time logic, in that at each state
all successors or some successor may be considered. In fact, this is
the only way of looking at the next state within a path. It stands in
contrast to linear time (temporal) logic. There, the models are sets
of runs and in each run there is one unique successor for each state. A
branching time property which cannot be expressed in linear time is:
it is always possible to continue in such a way that eventually Q holds.

Expressiveness

The modal -calculus subsumes many other temporal logics, such as
Propositional Dynamic Logic (PDL) [FR79], PDL- [Str82], Computation Tree Logic (CTL) [CE81], its extended versions CTL* [EH86],
and ECTL* [VW83], Hennessy-Milner logic [HM85], and linear time
-calculus.
However, translations from these logics (apart from Hennessy-Milner
logic) into modal -calculus are non-trivial, e.g. for CTL* is it doubleexponential, for ECTL* the translation is single-exponential [Dam92],
as it is also for linear time -calculus.
The fragment L1 of the modal -calculus consists of formulae which
contain only disjunctions, diaa next step operators, and, as in the general case, constants, variables and the xpoint operators. The fragment
L2 includes L1 and allows conjunctions and [a]-operators in a restricted
form: they may be applied only to closed subformulae. In [EJS93] L2
was shown to be exactly as expressive as ECTL*. In the de nition below c2 denotes a formula that is closed and generated by the grammar.
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The set of formulae of L2 is de ned as:
2 ::= Q j Z j 2 _ 2 j 2 ^ c2 j hai2 j [a]c2 j Z:2 j Z:2
For a long time it was not known, whether alternation depth of more
than 3 increases the expressiveness of the modal -calculus. Brad eld
[Bra96] showed the strictness of the alternation hierarchy by transforming it to the mu-arithmetic hierarchy. Independently, Lenzi [Len96]
proved the same result.
Comparing modal logics with propositional logic gives the following
relations: in modal logic without xpoints rst order properties can be
expressed, but modal logic lies strictly between propositional logic and
rst order logic. Adding xpoint operators to modal logic shifts the
expressive power beyond rst order: the modal -calculus lies between
rst and second order logic.
Kozen and Parikh [KP83] reduced the modal -calculus to SnS, the
monadic second order theory of n successors. In [Hut90] Huttel showed
it to be equi-expressive to SnS.

Axiomatization

Kozen [Koz83] gave an axiomatization for a fragment of the modal
-calculus (the aconjunctive fragment). For a long time the axiomatization for the full modal -calculus was an open question.
Walukiewicz [Wal95b] showed the completeness of Kozen's axiomatization for the full modal -calculus. Ambler, Kwiatkowska, Measor
and Bonsangue ([AKM95], [BK95]) proved the same result, and independently also Hartonas [Har95], by means of modal duality theory.

Decidability

The question of decidability is: given a formula of the modal -calculus,
does there exist a model for it?
From the reduction of the modal -calculus to SnS [KP83] the decidability follows giving a non-elementary decision procedure.
In [Koz88] Kozen proved a nite model theorem for the modal calculus, saying that every formula having a model has also a nite
model. He also gives a nonelementary decision procedure.

4.3. Properties of the modal -calculus.
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In [EJ88] Emerson and Jutla showed that decidability of the modal calculus has deterministic exponential time complexity. By a reduction
from alternating polynomial space Turing automata it follows that the
problem is EXPTIME complete [Eme96].

Model Checking

The model checking problem is: Given a model and a formula of the
modal -calculus does initial state of the transition system satisfy the
formula?
Many authors restrict the models to nite ones. We want to consider
models with both nite and in nite state spaces. Chapters 5 to 8 will
deal with nite state space model checking, chapter 9 with the in nite
case.
The size of the model checking problem is de ned as jj  jT j, where
 is a formula and T a transition system.
Zhang, Sokolsky and Smolka [ZSS94] showed that nite state space
model checking is P-hard, even for the alternation free fragment. It
follows from Emerson and Lei's [EL86] polynomial algorithm for fragments with restricted alternation depth that for these fragments model
checking is P-complete.
Kalorkoti [Kal96] pointed out that a monotone Boolean circuit can
trivially be expressed as a set of Boolean equations (with any xpoint
operators), and P-hardness follows from the equivalence of the model
checking problem and solving Boolean equation systems, which will be
proved in chapter 5.
The best known upper bound for model checking in the unrestricted calculus is NP \ co-NP, proved by Emerson, Jutla and Sistla [EJS93].
Section 6.5 contains a proof of this result in our framework.
In gure 4.1 below, we illustrate the model checking problem.
The set of -calculus formulae L factorized by the equivalence relation , forms a lattice, where formulae are ordered by implication,
known as the Lindenbaum algebra of L . The semantic function
[ ] : L ! P(S )
monotone and maps each formula to the set of states that satisfy the
formula. The powerset P(S ) is a complete lattice.
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Lattices of the modal -calculus and its semantics

If j j TV were continuous, we could immediately derive that (L = ,)
would also be a complete lattice. However, this is not the case, and
one example for non-continuity is [a], where j [a]j TV = [ a]]T j j TV and
[ a]]T is only continuous for transition systems with nite branching
degree (see [Sti93] p.499).
One strategy to solve the model checking problem is to determine the
set of states for which the formula given holds, and then to check
whether the initial state is an element of this set. This approach is
called global model checking. The strategy of local model checking
tries to answer the question directly for the initial state.

Chapter 5

Boolean equation
systems for model
checking.
The main interest of this chapter is to show the equivalence of the
model checking problem for the modal -calculus and the problem
of solving Boolean equation systems. Several authors have reduced
the model checking problem into Boolean equation systems: Arnold
and Crubille [AC88], Andersen [And92], Larsen [Lar92], Vergauwen
and Levi [VL94] and others. However, they mainly derive Boolean
equation systems for the case of simple xpoints. One reason is, that
the approximation scheme using backtracking, the most well known
algorithm giving a solution to (nested) xpoint expressions, requires
subsequently solving simple xpoint expressions. Therefore, there is
no need for de ning xpoint-equation systems with nested and alternating xpoint operators. In contrast to this we want to investigate the
general case of Boolean equation systems independently from any algorithm. Existing model checking algorithms can now be interpreted as
algorithms for solving Boolean equation systems and vice versa. Furthermore, we have a number of useful properties of xpoint-equation
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systems collected in chapter 3. They allow us to derive new algorithms
and help to give a clearer understanding of the basic problem. Moreover, the equivalence to other frameworks solving the model checking
problem will be shown, as they can be found in automata theory and
game theory (chapter 8).
Section 5 contains the reduction of the model checking problem. It consists of a syntactical mapping from a -calculus formula and a model
to a Boolean equation system, and the proof that the formula holds
at the initial state of the transition system, i the Boolean equation
system derived has the solution true for a corresponding variable. In
section 5.2 it will be shown that there exists a reduction which is linear
in the size of the formula as well as in the size of the transition system. A polynomial reduction from Boolean equation systems to model
checking problems is presented in section 5.2.

5.1 Reduction of the model checking
problem.
The transformation function E maps a pair (; M) consisting of a
modal -calculus formula  and a model M to a Boolean equation
system.
E refers to a set of functions fE1 ; : : : Eng, where each Ei , for 1  i  n,
is related to state si of the transition system.
Roughly the function E is responsible for the linearization of a nested
xpoint formula, whereas the function Ei maps a modal -calculus
formula to a Boolean expression at state si . We will omit the second
argument M of E when it is clear from the context. Note, that the
transformation is de ned for formulae having a xpoint as outermost
operator. A formula  not in this form can easily transformed to an
equivalent formula X: by addition of an e ectless xpoint operator,
where X is not free in  (see proposition 2.17(5)).

5.1. Reduction of the model checking problem.

E(Q)
E(X)
E(1 ^ 2 )
E(1 _ 2 )
E([a])
E(hai)
E(X:)

=
=
=
=
=
=
=
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E(1 ) E(2 )
E(1 ) E(2 )
E()
E()
(X1 = E1 ()) : : :(Xn = En ()) E()

and for 1  i  n

Ei(Q)
Ei(X)
Ei(1 ^ 2)
Ei(1 _ 2)
Ei([a])

=

(

true
false

if si 2 V (Q)
otherwise

= Xi
= Ei (1 ) ^ Ei (2 )
= Ei (1 ) _ Ei (2 )
^
Ej()
=

Ei (hai) =

a sj
si !

_

a sj
si !
Xi

Ej()

Ei(X:) =
For a valuation V the environment V is de ned as: V (Xi ) = true i
si 2 V (X).

The following reduction theorem shows that the transformation preserves the semantics, i.e. a property satis es a state in a model i the
corresponding variable in the Boolean equation system derived has the
solution true.
Theorem 5.1 Let X: be a formula of the modal -calculus,
M = (T ; V ) a model and si a state of T .
Then for all environments V it is the case that
si j=M X: i ([[ E( (X =); M ) ] V ) (Xi ) = true.
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A proof can be found in the appendix. A motivation for it will be after
the following example.
Example: Consider the transition system depicted, and let Q hold for s2 , but not for s1 ,
a
i.e. V (Q) = fs2 g. The proposition we want to
s2
s1
prove is \on some in nite a-path Q holds innitely often", X:Y:hai((Q ^ X) _ Y ). The
a
reduction to a Boolean equation system is:

E(X:Y:hai((Q ^ X) _ Y ))
= (X1 = E1 (Y )) (X2 = E2 (Y )) E(Y:hai((Q ^ X) _ Y )
= (X1 =Y1) (X2 =Y2 ) (Y1 = E1 (hai((Q ^ X) _ Y )))
(Y2 = E2 (hai((Q ^ X) _ Y ))) E(hai((Q ^ X) _ Y ))
= (X1 =Y1) (X2 =Y2 )
(Y1 = E2 ((Q ^ X) _ Y ))) (Y2 = E1 ((Q ^ X) _ Y )))
E((Q ^ X) _ Y )
= :::
= (X1 =Y1) (X2 =Y2 )
(Y1 =(true ^ X2 ) _ Y2))) (Y2 =(false ^ X1 ) _ Y1 )))
= (X1 =Y1) (X2 =Y2 ) (Y1 =X2 _ Y2 ) (Y2 =Y1)

C

The proof of theorem 5.1 will take several intermediate steps. Roughly
a -calculus formula has to be mapped to a -calculus equation system.
Then the latter is mapped to a equation system on the power set of
the state space, where modal operators are mapped to set operators
etc. The last step re ects the isomorphism between sets and Boolean
vectors. For the base case of expressions the situation can be illustrated
as follows: Recall that 0 is the set of xpoint-free expressions of
the modal -calculus, i.e., the expressions of the propositional modal
logic. The equivalence classes of 0 together with the implication
ordering form a lattice (0 = ,; )), the Lindenbaum algebra of 0 .
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The powerset of the state space S = fs1 ; : : :; sng with the inclusion
order forms a complete lattice (P(S); ). The evaluation function
k kTV : 0 ! P(S) is monotone (and continuous). The extension of
the evaluation function from 0 to expressions over 0 maps modal
operators [a]; hai to set operators [ a]]T ; hhaiiT , modal variables to set
variables and the logical operators ^; _ to the set operators \; [. Thus
we get an expression over the powerset of the state space. De ning
false  true the Boolean lattice (IB jSj ; jSj ) with pointwise ordering is
isomorphic to (P(S); ). The last step leads from a vector expression
in IB n to a Boolean equation system; a vector expression is split into
n expressions and the operators [ a]]T ; hhaiiT are evaluated.

5.2 Representation and complexity.
A straightforward application of the transformation E may lead to a
Boolean equation system of exponential size in the nesting depth of
modal operators. The problem is discussed in e.g. [And92]: an equation in L1 of the form iXi = hai[a] : : : hai[a]XWj with
l modal
operators
V
W
V
is transformed to jSj equations of the form I I : : : Il Il Xk
for some index sets I1 ; : : :; Il . Obviously the size of this expression is
 j is the branching degree of the under j l , where jbounded by jR
R
lying transition system. The upper bound for the branching degree is
1

2

1
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the size of the state space jSj.
In order to avoid such blow up Arnold and Crubille [AC88] suggested
to transform -calculus equations into simple form, i.e. each right
hand side consists of a disjunct Xi _ Xj or a conjunct Xi ^ Xj or one
modal operator in front of a variable [a]X or haiX. The transformation is done by introduction of additional variables. For the general
case of nested xpoint operators in proposition 3.25 the correctness
of introducing new variables and equations is proved for disjunctions
and conjunctions. The correctness of introducing new variables and
equations for modal operators can be shown similarly to the proof of
lemma 3.25.
Using this technique the size of a Boolean equation system resulting
from the transformation E from a modal -calculus formula  and a
model (T ; V ) is bound by O(jjjT j). A discussion of the representation
assumptions for this result can be found in Andersen [And92]. The
Boolean equation system derived from a model checking problem is
then also in simple form as de ned in section 3.2.
Example: Consider a transition system with k states and from each
state exists an a-transition to each other state (not to itself). The
-calculus formula is X:[a]haiX.
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Transition system

5.2. Representation and complexity.

61

The Boolean equation system derived from
an untransformed equation
simple form equations
X =[a]haiX
(X =[a]X 0) (X 0 = haiX)
has size of O(k2):
has size of O(k):
X1 =

:::
Xk =

k _
k
^

j =2 i=1;i6=j

k^1

_k

j =1 i=1;i6=j

Xi

X1 =

^k
j =2
_k

Xj0

Xj
X10 =
j =2
:::
Xi

Xk =
Xk0 =

C

k^1

j =1
k_1
j =1

Xj0
Xj0

It is obvious that nesting depth and alternation depth of a Boolean
equation system are not greater than nesting depth and alternation
depth of the underlying -calculus formula. In dependency of the
model these numbers can decrease as the following example will show:

Example: Consider the -calculus formula
  X:haiY:[b]X ^ [a]Y
and the transition system depicted.
Transformation to a Boolean equation system
E gives:
(X1 =Y2) (X2 =Y1 ) (Y1 =Y2 ) (Y2 =Y1 )
 has nesting depth and alternation depth 2.
E has nesting depth 2 and alternation depth 1.

a
2

1

s

s

a
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5.3 Reduction of Boolean equation
systems.

In order to show that the model checking problem and the problem of
solving a Boolean equation system are equivalent we also have to give a
transformation in the other direction. For any closed Boolean equation
system E we will construct a formula of the modal -calculus  and a
model M, such that E and E(; M) are equivalent, i.e. for all variables
of E they have the same solution. Roughly, after some reordering of
equations and introduction of new equations an equation system is
divided into blocks. We de ne a transition system that consists of as
many states as the largest block contains equations. Transitions are
de ned straightforwardly in such a way, that the transformation E
produces the required expressions.
Theorem 5.2 For a closed Boolean equation system E there exists
a proposition of the modal -calculus  and a model M = (T ; V ),
such that for a variable renaming function  on the variables of E ,
all X 2 lhs(E ) and environments 
([[E ] )(X) = ([[E(; M)]] )((X)):
It is ad(E )  ad(), T is of size O(jEj2) and  is of size O(jEj2).

Proof: The construction of  and a transition system is performed
in seven steps. We assume that the Boolean equation system E is in
standard form.
(1) Divide E into blocks, such that consecutive blocks have di erent
xpoint operators and within one block there is a unique xpoint
operator.
(2) Within each block move all disjunctions to the top and the conjunctions to the bottom according to theorem 3.21. Now divide
each block into two new blocks, such that one contains no disjunctions (called conjunctive block) and the other one contains
no conjunctions (called disjunctive block).

5.3. Reduction of Boolean equation systems.
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(3) Introduce a new variable for each block and if X is the variable
of a block rename all the left-hand side variables of this block
to X1 ; : : :; Xj for some j 2 IN. Let  be the injective renaming
function which maps an \old" variable to a \new" one.
(4) Transform the Boolean equation system into an equivalent one, E 0
in the following way. Assume there is occurrence of a variable X
on the right hand side of an equation Y =f, where Y E X and X
is not a variable of the same block as Y and not of the directly subsequent block. Then introduce a new variable X 0 , transform the
equation above to Y =f[X=X 0 ] and add the equation 0 X 0 =X
to the directly subsequent block, where 0 is the xpoint operator of this block. Continue with introduction of new variables
until there is no occurrence of a variable which belongs to a subsequent, but not directly subsequent block. Choose names of new
variables, such that within one block there is still a unique variable name and consequent variables are numbered by consequent
indices. The transformation is correct according to lemmata 3.25
and 3.22. The additional blow-up of the Boolean equation system
is not more than O(n2) for n = j E j, because in each block of E 0
cannot be added more equations than the number of right-hand
side variables in the preceding blocks of E .
(5) If n is the highest index appearing in one of the blocks then create
a transition system T consisting of n states numbered 1 to n.
De ne a set of action labels, such that for each ordered pair of
(block) variables (X; Y ) there exists a unique label xy . Transform
the equations and add labelled transitions to the transition system
as follows. Let 1  i; j; k  n.
for equations of a disjunctive block,
add to T transition(s)
xy
xz k
i Xi = Yj _ Zk
i Xi = hxy iY _ hxz iZ i !
j; i !
xy
i Xi = Yj
i Xi = hxy iY
i!j
for equations of a conjunctive block,
add to T transition(s)
xy
xz k
i Xi = Yj ^ Zk
i Xi = [xy ]Y ^ [xz ]Z i !
j; i !
xy
i Xi = Yj
i Xi = [xy ]Y
i!j
def
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The transformation does not increase the size of the equation system (apart from addition of modalities).
(6) Create a sequence of expressions, one for each block. For each
disjunctive block with variables X1 ; : : :; Xk de ne
X =
def

_k

fi jXi =i is an equationg:

i=1

Note that according to the choice of action labels each variable
appears at most once in X (assuming that hxy iY _ hxy iY is
reduced to hxy iY ). Create the expression X:X .
Dually, for each conjunctive block with variables X1 ; : : :; Xk de ne
X =
def

^k

fi jXi =i is an equationg:

i=1

Again according to the choice of action labels each variable appears at most once in X . Create the expression X:X .
The size of X:X is linear in the number of blocks of E 0.
(7) By construction the sequence of expressions has the property: in
X:X occur only left-hand side variables from preceding expressions or from the directly subsequent one. Generate an expression
 starting with the rst expression of the sequence and the iteratively substituting the variable which is left-hand side variable
of the next expression by the next expression. Show that E 0 is a
subsystem of E(; M), where M consists of the transition system T and an arbitrary valuation (this is, because the formulae
constructed do not contain atomic propositions).
The size of  is linear in the size of all X , and hence quadratic
in the number of blocks of E 0. Then, altogether, the size of  is
O(b2 ), where b is the number of blocks in E , and the transition
system T has at most n states and 2n transitions, where n is the
number of equations in E .

0
It is easy to show that E is a subsystem of E(; MT ), where MT =
(T ; V ). The valuation V can be chosen arbitrarily, because the formulae constructed do not contain constants.
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Remark 5.3 The number of action labels is quadratic in the number of blocks of E , but does not depend on the size of blocks. When

considering in nite Boolean equation systems we assume that the
number of blocks is nite, but within each block there may be an
in nite number of equations. The transformation for the in nite
case then works as the one for the nite case, only the transition
system will have an in nite number of states. The formula  has
size quadratic in the number of blocks.
Example:
step 1:
step 2: block structure
Boolean equation system
Z1
Z2
Z3
Z4
Z5
Z6

=
=
=
=
=
=

Z3
Z4
Z1
Z2
Z3
Z4

_
^
_
_
^
_

Z5
Z6
Z6
Z5
Z2
Z3

step 3: renaming
U1
V1
W1
X1
X2
Y1

=
=
=
=
=
=

W1
X1
U1
V1
X1
W1

_
^
_
_
_
^

Y1
X2
X2
Y1
W1
V1

Z1
Z2
Z3
Z4
Z6
Z5

=
=
=
=
=
=

Z3
Z4
Z1
Z2
Z4
Z3

_
^
_
_
_
^

Z5
Z6
Z6
Z5
Z3
Z2

step 4: introduction of
additional variables
U1 = V2 _ V3
V1 = W2 ^ W3
V2 = W1
V3 = W4
W1 = U1 _ X2
W2 = X1
W3 = X2
W4 = X3
X1 = V1 _ Y1
X2 = X1 _ W1
X3 = Y1
Y1 = W1 ^ V1

66

Chapter 5. Boolean equation systems for model checking.

step 5: creating equations and a transition system
U1
V1
V2
V3
W1
W2
W3
W4
X1
X2
X3
Y1

=
=
=
=
=
=
=
=
=
=
=
=

huv iV _ huv iV
[vw ]W ^ [vw ]W
[vw ]W
[vw ]W
hwuiU
hwxiX
hwxiX
hwxiX
hxv iV
hxxiX
hxy iY
[yw ]W

y1 ; y2 ;
11 x1 x2

w

21
1

x

22; v; w

;x

u; v; w

_ hwx iX

x

u;
v


4


2
w

w

_ hxy iY
_ hxw iW


2


v


3


^ [yv ]V

step 6: create one expression for each block
U:huv iV
V:[vw ]W
W:hwuiU _ hwx iX
X:hxv iV _ hxxiX _ hxw iW _ hxy iY
Y:[yw ]W ^ [yv ]V

step 7: generate one expression
U:huv i(
V:[vw ](
W:hwuiU _ hwx i(
X:hxv iV _ hxx iX _ hxw iW _ hxy i(
Y:[yw ]W ^ [yv ]V

))))
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translate formula and transition
system created back to a
Boolean equation system
U1
U2
U3
U4
V1
V2
V3
V4
W1
W2
W3
W4
X1
X2
X3
X4
Y1
Y2
Y3
Y4

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

V2

_ V3

false
false
false

W2 ^ W3
W1
W4
true

U1
X1
X2
X3
V1
X1
Y1

_ X2
_ Y1
_ W1

false

W1 ^ V1
false
false
false

C
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Chapter 6

Solving Boolean
equation systems.
In this chapter we will illuminate various methods for solving Boolean
equation systems. All of them are in fact model checking algorithms.
Usually they are presented within di erent settings. Here they are all
discussed within one framework. This allows a clearer understanding
of concepts.
We distinguish two basic classes of methods, the global ones and the
local ones. The global ones require the full Boolean equation system
and their result is a complete solution for all variables. The local
ones try to determine a subset of equations which gives sucient information to calculate the solution for the single variable which is of
interest. (Usually it is the variable which corresponds to the initial
state of the transition system and the property to prove.) The worst
case complexity of local algorithms can never be better than the one
of global algorithms: in the worst case the whole equation system is
involved in the solution for the rst variable. However, in some average
case it is likely that just a subset of the equations contains sucient
information and therefore local methods might have better average
case complexity. Traditionally, approximation techniques (see section
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6.2) belong to the global algorithms, tableau methods (see section 6.3)
to the local ones. However, borders between the approaches are not
strict. There exists an approximation based algorithm which works
locally; the Gau elimination algorithm (see section 6.4) exists in both
versions.
In chapter 8 we will consider other frameworks, in which there exist
problems equivalent to solving Boolean equation systems. Of course,
algorithms solving an equivalent problem also solve Boolean equation
systems.

6.1 Plain Boolean equation systems.
For the moment we consider closed Boolean equation systems in simple
form without any minimality and maximality conditions, i.e. we just
forget about the s. The remaining system Ep is not an ordered set
of Boolean equations of the form Xi = fi for some 1  i  n. A
solution (or xpoint) of Ep is an environment  : lhs(Ep ) ! IB, such
that for each equation Xi = fi it is fi () = (Xi ). An equation
systemW Ep can easily be transformed into a Boolean function of the
form 1in(fi ^ Xi0 ) _ (fi0 ^ Xi ) = 0. It is a well studied area what
the solutions of such a function are (see for example [Rud74]).
The condition that all fi s are monotone ensures that the set of all
solutions of the Boolean function form a complete lattice. The number
of solutions is in general exponential in the number of equations.
From a plain Boolean equation system Ep we can derive two sorts of
graphs: the order graph telling order conditions for the variables in every solution and the dependency graph showing the interdependency
of the variables in the system.
The order graph is a representation of order conditions derived from
the equations. It consists of a set of vertices f1; : : :; n; true; falseg, one
vertex for each equation of the system Ep and two for the Boolean
constants. If there is an equation Xi = Xj ^ Xk in Ep then for every
solution of Ep it is the case that Xi  Xj and Xi  Xk . Hence
there will be the edges j ! i and k ! i in the order graph. Dually, if

6.1. Plain Boolean equation systems.

71

Xi = Xj _Xk then Xi  Xj and Xi  Xk and the order graph contains
the edges i ! j and i ! k. Cycles in the order graph indicate that
all variables in the cycle have to be equal in every solution. However,
there exist environments ful lling all conditions of the order graph,
but not being solutions of the system. For example (Xi ) = false,
(Xj ) = true and (Xk ) = true ful lls the order conditions derived
from Xi = Xj ^ Xk , but is not a solution of the equation.
The dependency graph of a plain Boolean equation system Ep also
has the vertices f1; : : :; n; true; falseg. It is a representation of the
dependency relations derived form the equations. For an equation
Xi = Xj ^ Xk or Xi = Xj _ Xk the dependency graph contains the
edges j ! i and k ! i. The information we can get from the dependency graph is for example about the nesting structure of the equations. Parts of the graph which are not strongly connected indicate
that the underlying system can be decomposed in parts which can be
solved one after the other.
Our question now is what is the solution we are interested in, when
we add to our equation system minimality and maximality conditions
and order.
For Boolean equation systems with only maximal xpoints or only
minimal xpoints Andersen [And94a] investigated dependency graphs
(boolean graphs in his terminology) and derived ecient algorithms
for determining the maximal, or minimal resp. xpoint.
For the case of nested and alternating maximal and minimal xpoints
things get more complicated. Clearly, the solution of the system with
xpoint operators is one of the solutions of the related plain Boolean
equation system. Now an interesting question is, which one of the solutions of the plain Boolean equation system is the one we want? A
rst idea is that it is the lexicographically least solution of the plain
system. The lexicographic order is derived from the xpoint operators
as in de nition 3.4 and the characterization of the solution from proposition 3.5 suggests such an idea. The rst example below will show,
that this is not the case. The second example will show that it is even
worse. There we present two Boolean equation systems, both having
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the same xpoint operators in the same order, and both having the
set of solutions for their plain version. However, their solutions di er.
This indicates, that the set of xpoints of the plain system and the
xpoint operators do not provide enough information to select the solution. All algorithms we will discuss in this chapter have to determine
the solutions of the subsystems rst (in some abstract view). This is
an argument for that the traditional methods for solving plain Boolean
equation systems do not help in the case here.
Example: Let (X1 =X2 )(X2 =X2 ) be a Boolean equation system.
There exist two environments ful lling the both conditions above:
1 = [X1 =true][X2=true] and 2 = [X1 =false][X2=false]. For both,
i=1,2, it is (X1 )(i ) = i (X1 ) and (X2 )(i ) = i (X2 ).
However, the solution of [ X2:X2] [X1 =i (X1 )] is X2 = true for both
environments, i=1,2. Hence the solution of the whole system is 1 ,
i.e. X1 = true; X2 = true, whereas the lexicographic least xpoint is
X1 = false; X2 = false.
C
Example: The plain equation system X1 = X2 , X2 = X2 , has the solutions (true; true) and (false; false). The solution for the Boolean equation system is ([[(X1 =X2 )(X2 =X2 )]] )(Xi ) = false for i = 1; 2.
The plain equation system X1 = X2 , X2 = X1 also has the solutions
(true; true) and (false; false). However, here we have another solution for
the Boolean equation system, ([[(X1 = X2 )(X2 = X1 )]] )(Xi ) = true
for i = 1; 2.
C

6.2 Approximation.
The most well known method for solving xpoint equations over lattices is based on the approximation technique from proposition 2.20.
Calculating the least xpoint X:f(X) of a monotone (and continuous) function f(X) works in the well known manner: the function f
is applied rst to the bottom element of the lattice, then to the result
of the previous application etc., and the increasing chain of these applications of f will reach the xpoint after a nite number of steps, if
the lattice is nite.
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?  f(?)  f(f(?))  : : :  f i (?) = X:f(X) for some i 2 IN
Dually, when starting from the top element >, the greatest xpoint

can be determined.
The method easily extends to nested xpoints. For nested xpoints of
the same kind such as X1 :f1 (X1 ; X2 :f2(X1 ; X2 )) both functions can
be approximated simultaneously in order to reach the least xpoint.
For f1i+1 (?) = f1 (f1i (?); f2i+1 (?)) and f2i+1 (?) = f2 (f1i (?); f2i (?))
we get by monotonicity arguments the increasing chain
?  f1 (?)  f12 (?)  : : :  f1i (?) = X1 :f1 (X1 ; X2:f2 (X1 ; X2))
for some i 2 IN.
For alternating xpoints such as X1:f1(X1 ; X2:f2(X1 ; X2)) a simultaneous calculation is not possible. When approximating X1:f1 each
evaluation of f1 requires a full approximation of X2 :f2:
f1i+1 (>) = f1 (f1i (>); X2:f2 (f1i (>); X2)).
Hence the algorithms based on this technique are exponential in the
alternation depth.
The application of the approximation technique to Boolean equation
systems is straightforward. From the explanations above follows that
all variables of one block can be approximated simultaneously. Therefore the algorithm is most ecient for a Boolean equation system when
it is transformed to an equivalent one with a minimal number of blocks.
We assume that Boolean equation systems considered here are in such
a form where the number of blocks is minimal. (See also de nitions
3.33 and 3.34 for notions of nesting depth and alternation depth.) Before discussing the various approximation based algorithms we try to
illustrate the approximation scheme for an alternating depth 3 equation system
In picture 6.1 we consider an alternation depth 3 xpoint equation
system (X1 = f1 ) (X2 = f2 ) (X3 = f3 ). The picture simpli es the
actual situation in the way, that we draw lattices as lines.
Each xpoint equation determines one of the planes:
E1 : (X2 ; X3) ! X1 :f1(X1 ; X2 ; X3)
E2 : (X1 ; X3) ! X2:f2(X1 ; X2; X3)
E3 : (X1 ; X2) ! X3 :f3(X1 ; X2 ; X3)
def

def
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6.1. Visualizing an alternation depth 3 approximation
>

X

The planes E1, E2 and E3 intersect in some of the xpoints of the
equation system. One of them is the solution we are interested in. It
will be characterized by the order of equations. In the picture there is
just one intersection point, for simplicity.
The approximation algorithm works as follows: it starts at point X1 =
?, X2 = > and X3 = ? represented by a dot in the picture. From
this point it approximates in the direction of X3 the E3-plane. After
that, one step is performed in the direction of X2 corresponding to
one evaluation of f2 . The result is a lower value for X2 , closer to the
intersection point of planes E3 and E2. The next starting point is
the lower value of X2 , X1 = ? and X3 = ?. Again the E3-plane is
approximated in direction of X3 , followed by a step in direction of f2 ,
etc.. These iterative approximations are depicted each by a dotted line
with an arrow showing the direction of the approximation. When the
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intersection line of E3 and E2 is reached, one step in direction of X1 is
performed, corresponding to an evaluation of f3 . The result is a new
value for X1 which gives a new starting point for the approximation,
illustrated by a hexagon dot in the picture.
Altogether the algorithm moves along the intersection line of E3 and
E2 until it reaches the rst intersection with E1 , the rst xpoint,
which is the solution of the system.
In Emerson and Lei's algorithm [EL86] the approximation for unnested
xpoints is performed by the straightforward application of proposition 2.20, the explicit calculation of an increasing chain. The time
complexity of the algorithm for Boolean equation systems with one
xpoint operator is then O(jEj2). By extension of the approximation technique to Boolean equation systems with arbitrary alternation
depth the algorithm has time complexity O(jEjad(E )+1)). Other authors developed faster algorithms for the approximation of unnested
xpoints, e.g. Arnold and Crubille [AC88], Cleaveland and Ste en
[CS91], Andersen [And92, And93] and Vergauwen and Lewi [VL92].
Arnold and Crubille's and Vergauwen and Lewi's algorithms are based
on Boolean equation systems, Andersen argues on dependency graphs,
Cleaveland and Ste en on -calculus equation systems in simple form.
However, the basic idea of all these algorithm is the same: in a Boolean
equation system with only -operators every variable has the solution
false unless it is \forced" to have the solution true. It must be true if
the right hand side of its equation is the constant true or a disjunction where one variable has the solution true or a conjunction where
both variables must be true. The extension of these algorithms to the
general case according to the approximation schema then provides algorithms which are exponential in the alternation depth of the system
[And92, And93], [CKS92].
A great acceleration was gained by Long & al [LBC+ 94] for systems
with at least alternation depth 3. Their crucial idea is visualized in
picture 6.1: the standard approximation technique would continue the
approximation of plane E3 from the new start point, which is marked
by a hexagon in the picture. Actually, from the previous approxima-
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tion in the lower X1 -level and monotonicity of the functions we know
that the E3 plane must lie above the square point, which may be used
as the new starting point then. Their algorithm is exponential in half
of the alternation depth of the system.
All algorithms mentioned above are global ones. Andersen [And92] derived a local algorithm for alternation free xpoint expressions based
on approximation techniques, but having a slightly higher worst case
complexity than the global ones. In [VL94] Vergauwen and Lewi presented a local algorithm for Boolean equation systems of alternation
depth 2 which is also approximation based. Their algorithm has the
same complexity as comparable global algorithms, but the advantage
of local methods that it possibly needs just a small subset of equations
to determine the variable of interest. This subset of equations has the
property that the solutions of variables of the subset do not depend
upon solutions of variables outside. It seems to be the case that the
other local methods as e.g. tableaux make use of the same subsets of
equations (up to nondeterministic choice).
In the table below complexity results of the algorithms mentioned are
collected. Many of them were not intended for Boolean equation system and the complexity measures are for an adapted version. When
applied directly to the model checking problem in some cases there are
slightly better bounds. The alternation depth ad(E) is abbreviated by
ad. For the local model checking algorithm in [VL94] it is E = E1 E2.

6.3 Tableaux.
In this section we de ne a tableau method for solving Boolean equation
systems. In contrast to global methods, which solve a Boolean equation
system completely. a tableau gives a solution just for one variable. For
this purpose not all equations are required. It is therefore called a local
method. The tableau method presented here is the one of Stirling and
Walker [SW89] applied to Boolean equation systems.
Consider a Boolean equation system E being in standard form and an
environment . Assume the solution is 0 = [ E ] . The goal is to
def
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Time Complexity of Approximation Based Algorithms
algorithm from fragment complexity
[EL86]
full
O(jEjad+1)
global
[AC88]
ad 1
O(jEjjlhs(E )j)
global
[And92]
ad 1
O(jEj)
global
[CS91]
ad 1
O(jEj)
global
[VL92]
ad 1
O(jEj)
global
ad
[And92]
full
O(jEj )
global
ad
[CKS92]
full
O(jEj )
global
[VL92]
full
O(jEjad)
global
+
2
b
ad=
2
c
+1
[LBC 94]
full
O(ad jEj
)
global
[And92]
ad 1
O(jEjlog(jEj))
local
[VL94]
ad 2
O(jE1j + jlhs(E1 )jjE2j) local
[VLAP94]
full
O(jEjcad)
local
show that ([[E ] )(Xi) = true. The solution for Xi can only be true, if
for equation iXi = fi the right-hand side fi is true at the solution,
i.e. fi (0 ) = true. A subgoal is then trying to show that fi gets true
for the solution. A tableau for variable Xi is a proof tree with root
Xi . The sucessors of Xi are variables representing the subgoals. The
rules for constructing a tableau are collected below. Rules are applied
until a termination condition holds for a node. In the case that there
is no rule applicable to a node we have reached a leaf and can decide
whether it is successful or not. A tableau is successful if all its leaves
are successful.
Termination condition 1: The node n containing Xj is a leaf of the
tableau if on the path from n to the root there is another node n0
containing Xj , and between n and n0 there is no node containing a
variable Xi such that Xi is a variable of a lower block than Xj in E .
The node n0 is called the companion of n.
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Termination condition 2: The node n containing Xj is a leaf of the
tableau, if on the path from n to the root there is another node n0
containing Xj . The node n0 is called the companion of n.
Tableau rules:
iXi =Xj ^ Xk is an equation of E
[^1] X Xi X
j

k

Xi
iXi =Xj
is an equation of E
Xj
Xi
iXi =Xj _ Xk is an equation of E
[_1]
Xj
Xi
[_2]
iXi =Xj _ Xk is an equation of E
Xk
A leaf containing the constant true is successful, a leaf containing the
constant false is unsuccessful. For leaves containing a variable the
success criterion di ers for the termination conditions:
Success criterion 1: A leaf containing a -variable is successful, a leaf
containing a -variable is unsuccessful.
Success criterion 2: A leaf n is successful, if the least (w.r.t. E)
variable at a node between n and its companion is a -variable. A leaf
n is unsuccessful, if the least (w.r.t. E) variable at a node between n
and its companion is a -variable.
Proposition 6.1 ([[E ] )(X1) = true i there exists a successful
tableau with root X1 .
Example This is a demonstration of the exponential growth of a
tableau (for both termination conditions) when the underlying transition system just grows linearly.
Consider the -calculus formula X:[a]Y:hbi(Y _ X) and the following
transition system:
[^2]

a

HH
aH

m

1

m

11 H b
H

m

12

H


b

a


mH

2

HH
a

mH b

21

HH

b

m

22

a

HH
aH

m ... km

3

mH b

k1

m

HH


k2  b

m

1

6.3. Tableaux.

79

The Boolean equation system derived is
X1 =
X11 =
:::
Xk =
Xk1 =
Y1 =
Y11 =
:::
Yk =
Yk2 =

Y11 ^ Y12
true

Yk1 ^ Yk2
true
false

Y2 _ X2
false

Y1 _ X1

The tableau for the case k = 3 is:
Y11
X2

X1

Y12
X2

Y21
Y21
Y22
Y22
X3
X3
X3
X3
Y31 Y32 Y31 Y32 Y31 Y32 Y31 Y32
X1 X1 X1 X1 X1 X1 X1 X1
It is obvious that the exponential size of the tableau is due to the
fact that it contains the same subtrees several times. Another example where the subtrees are not exactly the same, but similar is the
following:

Example:
Given the -calculus formula
X:h iY:h ih iX ^ h ih iY
and the transition system

i

1

i

2

@
@
@
@

i

3

i

4

,
@
,
@
,
@
@ ,

i

5
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The Boolean equation system derived is
X1 = Y2 _ Y3 _ Y4 _ Y5
X2 = Y5
X3 = Y5
X4 = Y5
X5 = Y1 _ Y2 _ Y3 _ Y4
Y1 = X5 ^ Y5
Y2 =
Y3 =
Y4 =
Y5 =

_5

i=1

_5

i=1

_5

i=1

_5

i=1

Xi ^
Xi ^
Xi ^
Xi ^

_5

i=1

_5

i=1

_5

i=1

_5

i=1

Yi
Yi
Yi
Yi

The tableau for this Boolean equation system has an enormous size.
An implementation of the original tableau method of Stirling & Walker
was stopped after having created 22 million nodes. The sceptical reader
may try it by hand.
The version of the tableau method of Cleaveland as implemented in
the concurrency workbench can deal with redundancy of this kind.
The examples presented here can also be solved without producing
redundant information by the technique of [Mad92].
A tableau based model checking algorithm was introduced by Larsen
[Lar95] for unnested xpoint expressions. Stirling and Walker [SW89]
and Cleaveland [Cle90] developed tableau methods for the full modal
-calculus. Winskel [Win89] extracted the principles of these tableau
methods and presented them as a rewrite system. Unfortunately these
methods su er from a high worst case complexity, which was demonstrated by examples in this section. One reason for that is that in
di erent subtrees of the tableau the same (or very similar) subgoals
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may be computed repeatedly. For unnested xpoint expressions Larsen
[Lar92] presented a tableau method with polynomial worst case. There
previously discovered (failed) results are remembered. In [Mad92] the
tableau methods of [SW89] and [Cle90] are extended by additional
structure which allows to make maximal use of results gained in one
subtableau for later subtableaux during construction. However, some
amount of redundancy is inherent to top-down constructions, and it
can only be avoided by a bottom-up evaluation. This approach leads
to the Gau elimination method in section 6.4.

6.4 Gau elimination.
The method for solving Boolean equation systems presented in this
section is similar to the Gau elimination algorithm for linear equation systems. It is the only method known so far which does not
require backtracking techniques: an equation system is stepwise reduced by one variable and equation after the other until the solution
is determined. The reduction consists of two steps which are applied
iteratively. First comes an elimination step, where for a variable X
an expression is constructed containing no occurrence of X. In a subsequent substitution step each occurrence of X in the rest of the
equation system is substituted by the X-free expression. The remaining system contains no occurrence of X on the right-hand sides of its
equations. Thus the problem of solving a Boolean equation system is
reduced to the problem of solving a smaller Boolean equation system.
The Gau elimination algorithm is also related to the tableau methods.
The main idea here is that the construction of a tableau in a top-down
manner leads to trees possibly containing many copies of identical (or
similar) subtrees. A very natural way to overcome such an unnecessary
blow-up is to construct a directed acyclic graph instead of a tree (i.e.
a tableau). This can be done in a bottom-up manner.
A pure bottom-up method would again lead to a global algorithm
involving all equations of the Boolean equation system. The combination of a tableau-like top-down selection of equations and bottom-up
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evaluation gives an algorithm which makes use of the same information as a tableau, but avoids redundancy. In many examples, where
the approximation method or tableau method have an exponential behavior, Gau elimination solves the problem in linear time. However,
for the naive algorithm derived from Gau elimination there exists an
example where the expressions created have exponential size.
The algorithm was introduced in [BM93, Mad95] and in a slightly
di erent version by Kalorkoti [Kal96].

6.4.1 Global and local algorithm.
In the case of Gau elimination for Boolean equation systems an elimination step infered in lemma 6.2 is a consequence of lemma 3.29. In
an equation X =f each occurrence of X in f may be substituted by
false, or dually for  by true.
The substitution step derived from lemma 6.3 preserves the solution
just in the case when we follow the order: an occurrence of a variable
may be substituted by a right-hand side expression only in all lower
(w.r.t. E) equations. (See also proposition 2.21.)
The proofs presented here were partly suggested by Vergauwen [Ver95].
Di erent proofs can be found in [BM93, Mad95].
The elimination step is based on the following lemma.
Lemma 6.2 Let
 E1 ; E2 be Boolean equation systems,
 X=f; X=f 0 Boolean equations,
where f 0 = f[X=b ].
Then [ E1 (X=f) E2 ]  = [ E1 (X=f 0 ) E2 ] .
Proof: According to proposition 3.14 it is sucient to show that
[ (X=f) E2 ]  = [ (X=f 0 ) E2 ] :
[ (X=f) E2 ]  = [ E2] [X=f( [ E2] [X=b ] )]
= [ E2] [X=f 0 ( [ E2] [X=b ] )]
= [ (X=f 0 ) E2 ] 
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The following lemma is the basis for the substitution step:

Lemma 6.3 Let
 E1 ; E2; E3 be Boolean equation systems,
 1X1=f; 1X1=f 0 ; 2X2=g Boolean equations,
where f 0 = f[X2 =g].
 [ E1 (1X1=f) E2 (2X2=g) E3 ]  = 1
 [ E1 (1X1=f 0 ) E2 (2 X2=g) E3]  = 2 .
Then 1 = 2
def

def

Proof: Again following proposition 3.14 we just need to show that for
10 = [ (1X1=f) E2 (2X2=g) E3 ]  and
20 = [ (1 X1=f 0 ) E2 (2 X2=g) E3] 
it is the case that 10 = 20 .
We will show that 10 ful lls both conditions of proposition 3.5 for the
solution of (1 X1=f 0 ) E2 (2X2 =g) E3 . Hence 20 is lexicographically
smaller than 10 , because 20 is the solution.
Show f 0 (10 ) = 10 (X1 ) (condition (1) of proposition 3.5)
def

def

g(10 ) = 10 (X2 )
10 (X1 ) = f(10 )
= f(10 [X2=10 (X2 )])
= f(10 [X2=g(10 )])
= f 0 (10 )
Show [ E2 (2X2=g) E3 ] 10 = 10 (condition (2) of proposition 3.5 ):
follows from proposition 3.7
Analogously, the dual holds: 20 ful lls both conditions of proposition
3.5 for the solution of (1 X1 =f) E2 (2 X2 =g) E3 , and hence 10 is
lexicographically smaller than 20 .
f(20 ) = 20 (X1 ) (condition (1) of proposition 3.5):
analogously
[ E2 (2 X2=g) E3] 20 = 20 (condition (2) of proposition 3.5 )
Altogether we can conclude that 10 = 20 .
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Based on these both lemmata is the following algorithm in pseudo
code.
Input are (1X1 = f1 ) : : :(nXn = fn ) and 
i := n;
while not (f1  true or f1  false)
do
Instantiate Xi in fi to bi ;
Substitute fi for Xi in f1; : : :; fi 1;
f1 :=Eval(f1); : : : ; fi 1:=Eval(fi 1);
i := i - 1;
od
Figure 6.2.

(elimination step)
(substitution step)
(evaluation step)

Global Version of the Gau Elimination Algorithm

A crucial point in the algorithm are the evaluation rules for Boolean
expressions applied in the function Eval of the algorithm in gure
6.4.1. In an implementation binary decision diagrams were chosen as
data structure for Boolean expressions. There the evaluation rules are
performed implicitly with every substitution and elimination step. In
the examples done by hand the following set of Boolean laws was used
for evaluation.
X ^ true
X _ true
X ^ false
X _ false
X _ (X ^ Y )
X ^ (X _ Y )
(X ^ Y ) _ (X ^ Z)
(X _ Y ) ^ (X _ Z)

=
=
=
=
=
=
=
=

X
true
false

X
X
X
X ^ (Y _ Z)
X _ (Y ^ Z)

In most contexts we are only interested in the rst component of the

6.4. Gau elimination.

85

solution, i.e. whether X1 is true or false. Therefore the algorithm
in gure 6.4.1 stops, if the solution of X1 (f1 ) is determined. If we
are interested in the whole solution the Gau elimination step and
substitution step have to be applied n times giving an expression for
every Xi where the variables Xi ; : : :; Xn do not occur. A straight
backward substitution leads to the whole solution.
Example: Starting with the Boolean equation system:
X1 = X2 _ X3
X2 = X3 ^ X4
X3 = X4 _ X1
X4 = X1 ^ X2
Substitution of X1 ^ X2 for X4 and evaluation (The substituted expressions are underlined):
X1 = X2 _ X3
X2 = X3 ^ (X1 ^ X2 )
X3 = (X1 ^ X2 ) _ X1 = X1
Substitution of X1 for X3 and evaluation:
X1 = X2 _ X1
X2 = X1 ^ (X1 ^ X2 ) = X1 ^ X2
Elimination of X2 in X2 = X1 ^ X2 gives X2 = X1 ^ true = X1 .
Substitution of X1 for X2 :
X1 = X1 _ X1 = X1 = false (by an elimination step)
The complete system constructed by the algorithm is:
X1 = false
(from 4)
X2 = X1
(from 3)
X3 = X1
(from 2)
X4 = X1 ^ X2
(from 1)
Backward substitution gives X1 = X2 = X3 = X4 = false.
C
If only the rst variable is of interest, it suces to consider only the
subset of equations which is necessary to determine the solution for
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X1 . The relevant subset of equations is selected in a top-down manner.
This observation leads to the local version of Gau elimination given in
gure 6.3. The idea is as follows. We start with the equation system
E 0 consisting only of the equation (1X1 = f1 ). As long as X1 is
not evaluated to true or false we select a free variable from f1 , insert
its equation in E 0 , apply the global version of Gau elimination, and
continue in the same way with the modi ed equation system E 0 .

E 0 := (1 X1 = f1 );

Instantiate X1 in f1 ;
(elimination step)
f1 := Eval(f1);
(evaluation step)
while not (f1 = true or f1 = false)
do
Select Xj from f1 , where Xj is not in lhs(E 0 );
Create fj , insert j Xj = fj in E 0
according to the order by the transformation rules;
Apply the global version of Gau elimination to E 0
od
Figure 6.3.

Local Version of the Gau Elimination Algorithm

There exists an acceleration of the algorithm which works as follows:
an occurrence of a variable Xj may be substituted by true or false at an
earlier stage than when occurring on the right hand side of its de ning
equation j Xj = fj . This is the case, when it does not happen that (a
copy of) this occurrence of Xj is substituted into an equation i Xi = fi
where Xi E Xj during the algorithm. This property is a static one
in the sense that it can be determined in advance, whether such a
substitution into a prior equation will happen. A special case of this
possibility appears in the de nition of the semantics for Boolean equation systems (proposition 3.30): any occurrence of the rst variable,
X1 , will never be substituted into a prior equation, simply because
there does not exist a prior one. Hence, every occurrence of X1 may
be substituted by true or false right in the beginning. However, for this

6.4. Gau elimination.

87

acceleration it is the case that backward substitution does not work:
it is only guaranteed that the algorithm produces the correct solution
for the rst variable.

6.4.2 Complexity for the general case.
In this section we argue that the naive algorithm derived from Gau
elimination is of complexity exponential in the number of equations,
and give an example for it. The source of complexity here is the size
of right-hand side expressions, which in an example growths exponentially. However, it is not known, whether there exists a version of the
algorithm, where this exponential blow up is avoided by more intelligent storage of expressions.
In comparison to the approximation algorithm the behaviour cwof
Gau elimination algorithms is very di erent. We show that the complexity of Gau elimination is independent from the alternation depth
of the Boolean equation system, i.e. given an arbitrary Boolean equation system there exists a Boolean equation system with the same
number of equations, but alternation depth 1, and for both systems
the algorithm needs same time and space. An example demonstrates
a case, where the approximation based algorithms needs exponentially
many steps, but Gau elimination only polynomial time and space.
For some fragments we show that Gau elimination has complexity
polynomial in the number of equations. Especially for the fragment
corresponding to L2 Gau elimination provides an O(n2 ) algorithm.
The number of substitution steps during the Gau elimination in the
global algorithm is less than (n 1)+(n 2)+: : : +1  n2 . The local
version includes at most n applications of the global algorithm giving
alltogether less than n3 substitution steps.
The crucial point concerning complexity is the size of the Boolean expressions arising from iterative substitutions. In general substitution
of Boolean expressions into Boolean expressions leads to size exponential in the number of variables involved. Assuming that a Boolean
equation system in normal form consists of n equations (and di erent
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variables), then the size of the Boolean expressions created during the
algorithm is bound by 2n. Hence the worst case complexity of the
global and local algorithm is O(2n).
Trying a big number of examples showed that the application of evaluation rules as discussed above and the elimination rule keep the expressions created relatively small. Finding an example where the righthand side expressions are of exponential size turned out to be a dicult task. The example below was constructed with help of Brinksma
[Bri96] and Rossmanith [Ros96]. The basic idea is to nd an expression where one variable appears twice and the laws for evaluation of
Boolean expressions as xed for the algorithm are not applicable in
order to reduce it. Such an expression gives a scheme for iterative substitution with no possibility of reduction. The xpoint operators in
this example are irrelevant, because when building up expressions for
Xn up to Xn=2 there is no application of the elimination rule possible.
Therefore xpoint operators are left away. Assume n 2 10IN. The size
of expressions is then bound by O(2n=5).
X1
X2
X3
X4
Xn=2
Xn=2+1
Xn=2+2
Xn=2+3
Xn=2+4
Xn=2+5
Xn
Xn
Xn
Xn
Xn

14
13
12
11
10

=
=
=
=
:::
=
=
=
=
=
=
:::
=
=
=
=
=

X2
X3
X4
X5
Xn=2+1
Xn=2+2
Xn=2+4
Xn=2+5
Xn=2+6
Xn=2+6

_
^
^
_
_

Xn=2+3
Xn=2 1
Xn=2 2
Xn=2 3
Xn=2 4

Xn
Xn
Xn
Xn
Xn

_
^
^
_
_

Xn 12
X13
X12
X11
X10

13
11
10
9
9
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Xn
Xn
Xn
Xn
Xn
Xn
Xn
Xn
Xn
Xn

9
8
7
6
5
4
3
2
1

=
=
=
=
=
=
=
=
=
=

Xn
Xn
Xn
Xn
Xn
Xn
Xn
Xn
X1
X1

8
6
5
4
4
3
1
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_
^
^
_
_
_
^
^
_
_

Xn
X9
X8
X7
X6
Xn
X5
X4
X3
X2

7

2

In order to make the conceptual di erence to the approximation method
clear we show that Gau elimination is independent of the alternation
depth of a Boolean equation system. Least and greatest xpoints are
treated in a similar way: the corresponding variables are substituted
by a constant, true for a variable with greatest xpoint, false for a
variable with least xpoint.

Proposition 6.4 The complexity of the naive algorithm based

on Gau elimination is independent of the alternation depth of the
Boolean equation system and hence also of the underlying -calculus
formula.

Proof: The idea is that for a given Boolean equation system E of arbitrary alternation depth we construct a Boolean equation system E 0
with only - xpoints, and E 0 has the property that the size of expressions created during Gau elimination is at least the size of expressions
created for E . (Their solutions may di er.)
For this purpose we have to restrict the class of Boolean equation systems we consider to those which do not contain constants and all right
hand side variables are bound. In fact this is not a real restriction,
because constants and xed right hand side variables can be eliminated from a Boolean equation system in linear time (in the size of the
system) such that the solution of the system is preserved. Hence applying this elimination before starting any algorithm will not increase
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its complexity. Furthermore we consider Boolean equation systems
in standard form. This representation can be achieved by a linear
blow-up of the original system (in the size of the underlying -calculus
formula).
The transformation from E to E 0 works as follows:
 every conjunction containing a -variable is transformed to a disjunction (of the same variables), and
 every  is substituted by a .
Note that the solution of E 0 will be 0 , where 0 (X) = false for all
X 2 lhs(E 0 ).
We have to show that the size of expressions when applying Gau
elimination to E 0 is greater or equal to those for E . Both systems have
the same dependency graph, and therefore also the same structure of
substitutions. We just have to make sure that in E 0 \no variables get
lost" in comparison to E .
The property to show holds for the initial systems E and E 0. Furthermore corresponding equations of both systems contain the same
variables. Let i Xi=f; j Xj=g be equations of E and Xi=f 0 , Xj=g0
the corresponding equations of E 0, where i < j.
Applying a substitution step leads to an expression i Xi=f[Xj =g] and
Xi =f 0 [Xj =g0] respectively. If f and g contained at least the same
(number of) variables as f 0 and g0 then this will also hold for f[Xj =g]
and f 0 [Xj =g0 ] and the size of f 0 [Xj =g0 ] is greater or equal to the size
of f[Xj =g].
For an elimination step consider as part of an expression of E a conjunction Xi ^ Xj , where Xi is a -variable and Xj is a -variable, and
Xi is substituted by true. Then the conjunction evaluates to Xj . In
the transformed system E 0 the conjunction was transformed to a disjunction Xi _ Xj and Xi will be substituted by false. The disjunction
evaluates to Xj as in the other case. When Xj is substituted by false
then the conjunction of E will evaluate to false, whereas the disjunction of E 0 will evaluate to Xi , leading to a greater expression (with at
least one more variable) than in E . Note that the case of substituting
true for a variable in a disjunction introduced in E 0 does not happen,
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because the solution of E 0 gives false for every variable of E 0.
Any statement about size of Boolean expressions makes only sense if
we choose a sensible representation of Boolean expressions. In the case
here we evaluate expressions just with the rules for constants.

We now want to demonstrate by some examples \good" behaviour of
Gau elimination, where tableau method and approximation method
need exponential space and/or time. Two examples have already been
treated in section 6.3, illustrating the exponential blow-up of the plain
tableau method. These examples can easily be solved with the techniques from this section without any blow-up. This might not be too
surprising as already extensions of the tableau method in [Cle90] and
[Mad92] can deal with these examples.
Here we present another example. Its features are the following:
 It is scalable, i.e. it is a set of examples, which can have arbitrary
size n and alternation depth n.
 The Gau elimination method produces only expressions of a xed
constant length for any of the examples, and the complexity is
O(n2).
 Known algorithms based on the approximation technique are exponentially in n.
The last aspect is due to the fact that the example is constructed in a
way that a maximal number of backtracking steps is required.
Let n 2 2IN
X1 = X2 ^ Xn
X2 = X1 _ Xn
X3 = X2 ^ Xn
X4 = X3 _ Xn
:::
Xn 3 = Xn 4 ^ Xn
Xn 2 = Xn 3 _ Xn
Xn 1 = Xn 2 ^ Xn
Xn = Xn 1 _ Xn=2
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6.4.3 Complexity for subclasses.

In this section we consider classes of Boolean equation systems for
which Gau elimination has complexity O(n2). These are the disjunctive and the conjunctive class and a combination of them. The fragments of the modal -calculus that gives rise to these classes are L1
and L2 . In [EJS93] the fragment L2 was shown being equi-expressive
to ECT L [VW83], an extension of CTL.
A Boolean equation is called disjunctive, if its right-hand side is a
disjunction or it is a 2-ary conjunction where at least one conjunct is a
constant. A Boolean equation system in standard form is disjunctive,
if all its equations are. Expressions created during an application of
Gau elimination to disjunctive systems are always disjunctions. The
size of an disjunction is bound by the number of di erent variables
that are involved, which is at most the number of equations in the
system.
Proposition 6.5 A disjunctive Boolean equation system of size n
can be solved in time and space O(n2) with the global version of the
Gau elimination algorithm. Applying the local version of the Gau
elimination algorithm needs time O(n3) and space O(n2).
Proof: The global version of the Gau elimination algorithm takes
at most n2 elimination and substitution steps. Each right-hand side
of an equation can be represented as a set. Substitution corresponds
then to a removing one element of a set and union of two sets. These
operations can be performed in constant time. There exist always not
more than n di erent expressions, or sets resp., each of size less than
n. The local algorithm needs less than n3 elimination and substitution
steps.

The conjunctive class is de ned analogously: a Boolean equation system in standard form is conjunctive, if it contains only equations with
conjunctions on their right hand sides, or disjunctions, where one of
the disjuncts is a constant. The dual argument holds here.
Proposition 6.6 A conjunctive Boolean equation system of size n
can be solved in time and space O(n2) with the the local version of
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the Gau elimination algorithm. Applying the local version of the
Gau elimination algorithm needs time O(n3) and space O(n2).
Proof: Analogously to the previous proof of proposition 6.5
.
Disjunctive and conjunctive classes may be combined in a restricted
way. Intuitively, the requirement is, that when applying the Gau elimination algorithm never a disjunction (containing more than a constant
or a single variable) is substituted into a conjunction or vice versa. The
formal de nition of the combined class is given below. Recall that a
subsystem E 0 of E is closed with respect to E , i free(E 0 )  free(E ).
 each disjunctive system is contained in the combined class;
 each conjunctive system is contained in the combined class;
 if a Boolean equation system E of the combined class containes a
disjunctive equation d Xd =fd and a conjunctive equation c Xc =
fc , then there is a variable X in either fd or fc , such that
 X = fX is the least (w.r.t. E) equation of a subsystem E 0
closed with respect to E ,
 E 0 is contained in the combined class,
 (d Xd =fd ) C (X =fX ),
 (cXc =fc ) C (X =fX ).
Proposition 6.7 For a Boolean equation system in the combined
class the global version of the Gau elimination algorithm solves the
system in space and time O(n2 ).

Proof: The observation here is that the Gau elimination algorithm
evaluates the least variable of a closed subsystem to a constant. The
rest is analogous to the disjunctive and conjunctice case.

Note, that X =fX has not to be necessarily the least equation of the
subsystem; it may be one equation of a closed subsystem. In this case
the Gau elimination algorithm has to be modi ed in the way, that
after each evaluation step equations with a constant right-hand side are
eliminated from the equation system according to lemma 3.20, followed
by a further evaluation step, and so on. In this case each variable of a
closed subsystem is evaluated to a constant.
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Also note, that the local version of the Gau elimination algorithm
applied to Boolean equation systems of the combined class possibly
substitutes disjunctions into conjunctions and vice versa. The reason
is that a subsystem of a Boolean equation system in the combined
class is not necessarily contained in the combined class. In order to
get a local algorithm for the combined class there is a modi cation
necessary: before application of the global algorithm equations have
to be created until the actual subsystem is in the combined class.
It is easy to see that Boolean equation systems derived from -calculus
formulae of the fragment L1 are disjunctive, and Boolean equation systems derived from -calculus formulae of fragment L2 are contained
in the combined class. (See de nitions for L1 and L2 in chapter 4).
Emerson, Jutla and Sistla [EJS93] presented a model checking algorithm for L1 and L2 which is of complexity O(jj2jT j). Transformation
to Boolean equation systems gives also an O(jEj2) algorithm.
Bhat and Cleaveland [BC96] developed a model checking algorithm for
the fragment L1 . It operates on the dependency graph where nodes are
additionally labelled by _ or ^. A formula of linear time temporal logic
expresses that there exists a -cycle (or constant true) reachable from
the node representing the -calculus formula and initial state, which
implies that the formula sati es the transition system. The linear time
formula is proved by a tableau system. The time complexity of their
algorithm is O(ad()jjjT j), giving an O(ad(E )jEj) algorithm for the
case of Boolean equation systems. For the extension of the algorithm
to the fragment L2 they claim, that the resulting algorithm may be
shown also to have time complexity O(ad()  jj  jT j).

6.5 Complexity.
We give a proof that the problem of solving Boolean equation system
is contained in NP \ Co-NP.
For the model checking problem this is a known result. Most of the
proofs (e.g. [EJS93, BVW94]) reduce the model checking problem to
non-emptiness problems of tree automata, which are in NP. Then the
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model checking problem is also contained in in Co-NP, just because a
property holds for some model if its negation does not and vice versa.
We claim that the proof in the framework of Boolean equation systems
is quite simple. Roughly the argumentation works as follows.
An arbitrary Boolean equation system in standard form can be reduced to a disjunctive system by choosing one variable out of every
conjunction and throwing the other one away. In general the reduced
Boolean equation system has a solution pointwise greater than the solution of the original one. However, in proposition 3.36 it was shown
that there must be one reduction to a disjunctive system having the
same solution. According to proposition 6.5 we can solve the reduced
system in time O(jEj2).
Dually a Boolean equation system in standard form can be reduced to
a conjunctive system. In general it will have a pointwise lower solution
than the original one, but there must exist one reduction giving the
same solution. Again a disjunctive Boolean equation system can be
solved in quadratic time according to proposition 6.6.
Given a Boolean equation system in standard form we can guess two
reductions (out of exponentially many), one to a disjunctive system,
the other one to a conjunctive one. Both can be solved in quadratic
time. We know that the solution of the original system lies between
the solutions of the conjunctive and the disjunctive one. Hence, if
we guessed \correctly" and both systems have the same solution, this
must also be the solution of the original system.

Theorem 6.8 Solving a Boolean equation system E is contained
in NP \ Co-NP.
Proof: We guess a conjunctive system E 0: in each equation of E with
a disjunction on the right hand side we reduce the right hand side
to one of the disjuncts. The equations with a conjunction on the
right hand side remain unchanged. By construction and de nition
3.15 follows that E 0  E . There are exponentially many possibilities to
choose such a conjunctive system. Analogously we guess a disjunctive
system E 00  E . Again there are exponentially many possibilities to
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guess. In general the solution of E 0 is pointwise lower or equal to the

solution of E (proposition 3.16). Proposition 3.36 says that there exists
a conjunctive system E 0 having the same solution as E . The solution
of E 00 is pointwise greater or equal to the solution of E (proposition
3.16). And again there exists a disjunctive system E 00 having the same
solution as E .
E 0 and E 00 can be solved in quadratic time (propositions 6.5, 6.6). If
they have the same solution then it must be the solution of E .
In lemma 3.35 it was proved that the solving E is the complementary
problem to solving E , i.e. ([[E ] )(X) = false i ([[E ] )(X) = true. From
the argumentation above follows that solving E is also contained in NP
and hence solving E is also in Co-NP.


Chapter 7

Peterson's mutex
algorithm.
In this section we demonstrate two things: A non-trivial application of
the modal -calculus and results from veri cation with a prototype implementation of the local Gau elimination algorithm. For this purpose
the algorithms for mutual exclusion (mutex) seem to be appropriate:
on one hand they are more interesting than the co ee machine, but
they are small enough to capture concepts easily, on the other hand
the properties to be proved result in rather sophisticated -calculus
formulae.
Roughly the mutex problem is the following: two (or more) processes
share a common source which may be used by one process only at one
time. When a process has access to the common source then we say
it is in the critical section. The task of mutex algorithms is now to
organize the availability of the common source in such a way that it
never happens that both processes have access at the same time (safety
property) and that a requesting process cannot be denied access forever
(liveness property).
The basis for the examples presented here is the work of Walker [Wal91],
who encoded the best known mutex algorithms as CCS processes and
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tried to prove safety and liveness properties for them. Whereas for
safety properties he was successful, there remained open questions
concerning liveness. One reason is that he did not treat fairness in
his properties. As Kindler and Walter [Wal95a, KW97] and Vogler
[Vog96] pointed out, liveness for mutex algorithms cannot be guaranteed without fairness assumptions. A common possibility is to require
fairness for everything. In general, this is not necessary for most cases,
and our interest here is to nd out what are the precise fairness assumptions for mutex algorithms to ful ll the liveness property. The
examples presented here are contained in [KM].

7.1 Modelling the algorithm.
We investigate Peterson's mutex algorithm. Other mutex algorithms
can be treated analogously.
Peterson's algorithm works for two processes P1 and P2, each one
having a Boolean variable, b1 or b2 resp., which is set to true if a
process wishes to enter the critical section. There is a turn variable k
taking values from f1; 2g and in case of a con ict it gives a priority to
the process with the corresponding index. Process P1 writes to b1 and
reads b2 . Dually process P2 writes to b2 and reads b1. Both processes
read and write to variable k. Let i; j 2 f1; 2g and j 6= i.

while true do
begin
(noncritical section);
bi := true;
k := j;
wait until not bj or k = i;
(critical section);
bi := false
end;
The processes are modelled following Walker's [Wal91] approach. He
formulated the two processes as CCS agents [Mil89]. Each variable is
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represented by its own agent and writing to a variable or reading it
are actions where a process agent and a variable agent synchronize.
Modelling Process P1 :
P1
= req1 : b1wt : kw2 : P11 +  : P1
P11
= b2 rf : P12 + b2rt : (kr2 :P11 + kr1 : P12)
P12
= enter1 : exit1 : b1wf : P1
Modelling Process P2 :
P2
= req2 : b2wt : kw1 : P21 +  : P2
P21
= b1 rf : P22 + b1rt : (kr1 : P21 + kr2 : P22)
P22
= enter2 : exit2 : b2wf : P2
Modelling the whole process:
L
= fb1rf; b1rt; b1wf; b1wt; b2rf; b2rt; b2wf; b2wt;
kr1; kr2; kw1; kw2g
Peterson = ( P1 j P2 j K1 j B1f j B2f ) n L
Modelling the variables b1 , b2 and k by process agents:
B1f
= b1 rf:B1f + b1 wf:B1f + b1 wt:B1t
B1 t
= b1 rt:B1t + b1 wt:B1t + b1 wf:B1f
B2f
= b1 rf:B2f + b1 wf:B2f + b1 wt:B2t
B2 t
= b1 rt:B2t + b1 wt:B2t + b1 wf:B2f
K1
= kr1K1 + kw1K1 + kw2K2
K2
= kr2K2 + kw2K2 + kw1K1
However, there are small di erences: in addition to Walker's version
we also take into account that a process may never wish to enter the
critical section and model this behavior by additional -loops for process P1 and process P2. Another point concerns the semantics of the
wait-statement in the algorithm. In the process above the busy-waiting
semantics is modelled. Alternatively we also want to look at the algorithm with a (non-busy) wait-statement giving di erent process agents
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for P11 and P21:
P1
P11
P12
P2
P21
P22

=
=
=
=
=
=

req1 : b1wt : kw2 : P11 +  : P1
b2 rf : P12 + kr1 : P12
enter1 : exit1 : b1wf : P1
req2 : b2wt : kw1 : P21 +  : P2
b1 rf : P22 + kr2 : P22
enter2 : exit2 : b2wf : P2

7.2 Fairness and Liveness.
We distinguish three concepts: progress, weak fairness and strong fairness. They describe conditions for access to common sources, which
are variables in the case here, whenever more than one process is involved. Getting access to a variable is either reading the variable or
writing to it.
Progress: Whenever a process continuously wants to have access to
a variable then either it eventually can access or in nitely often some
other processes access.
Weak fairness: Whenever a process continuously wants to have access
to a variable then it eventually gets it.
Strong fairness: Whenever a process in nitely often wants to have
access to a variable then it eventually gets it.
The liveness property to prove is, that if a process wishes to enter the
critical section then it eventually may do so. We want to show the
property for process P1 and by symmetry arguments it follows also for
process P2 . A -calculus formula expressing this property is:
1  Z:[ ]Z ^ [req1](X:[ ]X _ henter1 itt)
Verifying it for process Peterson gives false for both interpretations
of the wait statement as expected. The property does not hold if we
do not include some additional assumptions. For example it is easy to
see that in an interleaving based model we also have to make progress
explicit. After requesting the critical section one process could stop doing anything, whereas the other one is reading variables continuously.
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The whole system is doing something all the time, but, of course, we
cannot prove that the one process eventually enters the critical section. What further fairness properties are required is the point which
we want to make precise.
From the technical point of view we cannot formulate any fairness
condition with -calculus expressions for process Peterson as encoded
above. Every variable access results in a -action and it is not visible
which process got access to which variable, or which process would
like to do so. Walker used additional actions, called probes, in order
to make request, entering and exiting of the critical section visible.
We will use the same technique and add various probes for variable
accesses to the processes.
A property we want to prove is the following:
Requiring progress for all variables, after requesting the critical section
a process may eventually enter.
According to the de nition of progress we have to add an individual
probe to each variable access indicating which variable and which process are involved. The additional probes are b1 1, b1 2, b2 1, b2 2, k1 and
k2. The new agents for processes P1 and P2 are for interpretation with
busy waiting are below.
P1 = req1 : b1wt:b11 : kw2:k1 : P11 + :P1
P11 = b2 rf:b21 : P12 + b2rt:b21 : (kr2:k1 : P11 + kr1:k1 : P12)
P12 = enter1:exit1:b1wf:b1 1 : P1
P2 = req2 : b2wt:b22 : kw1:k2 : P21 + :P2
P21 = b1 rf:b12 : P22 + b1rt:b12 : (kr1:k2 : P21 + kr2:k2 : P22)
P22 = enter2 :exit2 : b2 wf:b22 : P2
Peterson2 = ( P1 j P2 j K1 j B1f j B2f ) n L
The formula expressing liveness under progress conditions is quite
large, but the construction is rather uniform, and I try to give a motivation. What is actually expressed is the property: always, after a
request, each path has to ful ll the following: either it eventually leads
to the possibility of entering the critical section or it fails (one of) the
progress conditions. The possibility of failing progress conditions consists then in further disjunctions in the \pure" liveness formula 1 .
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It is supposed that a process \wishes" to read or write a variable, if
it could do it. In a CCS process the states, where a process could
have access to a variable are those where it could do a -action and
afterwards the indicating probe. For example at a state where process
P2 wants to have access to variable k the -calculus formula h ihk2itt
holds. According to this addition of probes we also have to model
that a variable access and its probe have to performed as an atomic
action. Paths where these actions are not directly subsequent should
not be considered and they also fail the assumptions. In the formula
this condition is expressed as \whenever a probe can be performed and
it is not performed immediately, then this path will not be considered"
(e.g. : : : _ (hb1 1itt ^ [b11]X) : : :). Additionally we assume that if process P2 may enter the critical section or exit then it will eventually do
it.
We will have a closer look to one of the subformulae expressing the
possibility to fail a progress condition, e.g.
X: : : :Y:h ihb11itt ^ [b11; b12]X ^ [ b11; b12](X _ Y ) : : :
According to the discussions in section 4.2 this combination of xpoint operators expresses an \eventually always" property. It is fullled on all paths, where always access to variable b11 is possible (by
h ihb11itt), but only nitely often one of the processes performs an
access (by [b11; b12]X) and eventually there will be always no access
(by [ b1 1; b12]Y ). The disjunction [ b11; b12](X _ Y ) is necessary because of the branching structure: imagine a path failing the progresscondition, but on paths branching o there is eventually an enter1
action.
2  Z:
02  X:
_ Y:
_ Y:
_ Y:
_ Y:

[ ]Z
[ ]X
h ihb1 1itt
h ihb1 2itt
h ihb2 1itt
h ihb2 2itt

^
_
^
^
^
^

[req1]02
henter1 itt
[b11; b12]X
[b11; b12]X
[b21; b22]X
[b21; b22]X

^
^
^
^

[
[
[
[

b11; b12] (X _ Y )
b11; b12] (X _ Y )
b21; b22] (X _ Y )
b21; b22] (X _ Y )
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_
_
_
_

Y:
Y:
Y:
Y:

h ihk1 itt
h ihk2 itt
henter2 itt
hexit2 itt

_
_
_
_
_
_

(hb1 1itt
(hb2 1itt
(hb1 2itt
(hb2 2itt
(hk1 itt
(hk2 itt
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^ [k1 ; k2]X ^
^ [k1 ; k2]X ^
^ [enter2]X ^
^ [exit2]X ^

[ k1 ; k2] (X _ Y )
[ k1 ; k2] (X _ Y )
[ enter2] (X _ Y )
[ exit2 ] (X _ Y )

^ [b11]X)
^ [b21]X)
^ [b12]X)
^ [b22]X)
^ [k1 ]X)
^ [k2 ]X) )

Verifying 2 for Peterson2 shows that only progress conditions are
not sucient for liveness, as expected. Having tried several fairness
assumptions, the following turned out to be the weakest one that is
sucient for proving liveness: in addition to the general progress assumptions, weak fairness is necessary for write access to b1 and b2 and
for both read and write access of variable k. The probes which have to
be added to the process agents now have also to distinguish between
read and write access for variables b1 and b2 getting the set of probes
b11w; b21r; b22w; b12r; k1; k2 (the other possibilities do not appear in
the case here). We get the following process:
P1
P11
P12
P2
P21
P22

=
=
=
=
=
=

req1 : b1wt:b11w : kw2:k1 : P11 + :P1
b2rf:b2 1r : P12 + b2rt:b21r : (kr2:k1 : P11 + kr1:k1 : P12)
enter1:exit1:b1wf:b1 1w : P1
req2 : b2wt:b22w : kw1:k2 : P21 + :P2
b1rf:b1 2r : P22 + b1rt:b12r : (kr1:k2 : P21 + kr2:k2 : P22)
enter2:exit2 : b2 wf:b22w : P2
Peterson3 = ( P1 j P2 j K1 j B1f j B2f ) n L
The -calculus formula 3 expressing the intended liveness property
is constructed analogously to 2 . Note that the progress conditions
for actions b1 2w etc. do not appear in the formula, simply because
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they do not appear in the process. Verifying 3 for Peterson3 gave the
result true.
3  Z: [ ]Z ^ [req1]03
03  X: [ ]X _ henter1 itt
_ Y: h ihb1 1witt ^
[b11w]X ^
[ b11w] (X _ Y )
_ Y: h ihb1 2ritt ^ [b11w; b12r]X ^ [ b11w; b12r] (X _ Y )
_ Y: h ihb2 1ritt ^ [b21r; b22w]X ^ [ b21r; b22w] (X _ Y )
_ Y: h ihb2 2witt ^
[b22w]X ^
[b22w] (X _ Y )
_ Y: h ihk1 itt ^
[k1]X ^
[ k1] (X _ Y )
_ Y: h ihk2 itt ^
[k2]X ^
[ k2] (X _ Y )
_ Y: henter2 itt ^
[enter2 ]X ^
[ enter2 ] (X _ Y )
_ Y: hexit2 itt ^
[exit2 ]X ^
[ exit2 ] (X _ Y )
_ (hb11witt ^ [b11w]X)
_ (hb21ritt ^ [b21r]X)
_ (hb12ritt ^ [b12r]X)
_ (hb22witt ^ [b22w]X)
_ (hk1 itt ^ [k1 ]X)
_ (hk2 itt ^ [k2 ]X)
For the case of interpreting the wait statement not with busy waiting
the necessary requirements turn out to be much weaker. In addition
to progress only fair writing for the variables b1 and b2 is sucient
for liveness. Here also the position of the request-probe makes a difference. In Walker's version of Peterson's algorithm the request-probe
was placed after writing b1 to true. In this case we can show that
only progress requirements are sucient to prove liveness. However,
one con ict is hidden in this version: process P1 wishes to get into the
critical section, but is not able to set variable b1 to true. Placing the
request probe before writing to b1 leaves the solution of this problem
to the fairness conditions.
The proof technique is the same as in the case above and we present
only processes and formulae veri ed.
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P1
P11
P12
P2
P21
P22
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= req1 : b1wt:b11 : kw2:k1 : P11 + :P1
= b2 rf:b21 : P12 + kr1:k1 : P12
= enter1 :exit1 : b1 wf:b11 : P1
= req2 : b2wt:b22 : kw1:k2 : P21 + :P2
= b1 rf:b12 : P22 + kr2:k2 : P22
= enter2 :exit2 : b2 wf:b22 : P2
Peterson4 = ( P1 j P2 j K1 j B1f j B2f ) n L
2 expresses simply liveness under progress assumptions. It was evaluated to false for Peterson4 and processes P1 and P2 as above. For the
modi cation of P1, where the request probe req1 comes after b1 wt:b11
(Peterson5 ), it is the case that 2 does hold!
For the request probe req1 in the \correct" place as above fair writing
for variables b1 and b2 has to be guaranteed. The probes indicating
write (and read) access for b1 and b2 have to be added. The formula
4 giving true Peterson4 is as follows:
4  Z: [ ]Z ^ [req1]04
04  X: [ ]X _ henter1 itt
_ Y: h ihb1 1witt ^
[b11w]X ^
[ b11w] (X _ Y )
_ Y: h ihb1 2ritt ^ [b11w; b12r]X ^ [ b11w; b12r] (X _ Y )
_ Y: h ihb2 1ritt ^ [b21r; b22w]X ^ [ b21r; b22w] (X _ Y )
_ Y: h ihb2 2witt ^
[b22w]X ^
[b22w] (X _ Y )
_ Y: h ihk1; k2itt ^
[k1; k2]X ^
[ k1; k2] (X _ Y )
_ Y: h ihk1; k2itt ^
[k1; k2]X ^
[ k1; k2] (X _ Y )
_ Y: henter2 itt ^
[enter2]X ^
[ enter2 ] (X _ Y )
_ Y: hexit2 itt
^
[exit2]X ^
[ exit2 ] (X _ Y )
_ (hb11witt ^ [b11w]X)
_ (hb21ritt ^ [b21r]X)
_ (hb12ritt ^ [b12r]X)
_ (hb22witt ^ [b22w]X)
_ (hk1 itt ^ [k1 ]X)
_ (hk2 itt ^ [k2 ]X)
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7.3 Experimental Results.

The local version of the Gau elimination algorithm presented in Section 6.4 was implemented by Wallner [Wal93] and the processes and
formulae of this chapter have been veri ed using this implementation.
The program is written in C and Binary Decision Diagrams (BDDs)
[Bry86] have been chosen as data structure for Boolean expressions.
The BBD package from Carnegie Mellon University was used. The program was run on a Sun UltraSparc 1. The transformation from CCS
agents to transition systems as input for the program was performed
with the Edinburgh Concurrency Workbench.
However, experiments showed that BDDs are probably not the most
suitable choice for our algorithm: each substitution step during the algorithm makes a composition of BBDs necessary. The size of the BDDs
grew more than expected and made frequent and time-consuming reordering necessary. Below we list the results from the veri cation
procedures. BDD sizes are included and here and we took only into
account the size of the BDD representing the right-hand side of the

Veri cation of Petersons's mutex algorithm
Version of Peterson
2
3
states
203
203
formula
2
3
xpoints
10
10
result
false
true
time
8 min 13 min
equations created
352
456
% of all equations
17 % 22 %
maximal BDD size
5689 9868
average BDD size
577
423
substitution steps 106508 202121
elimination steps
11219 11464

4
139
2
10

false

4
139
4
10

true

5
139
2
10

true

1 min 1 min 1 min
236
244
185
17 % 18 % 13 %
2123 2123
289
231
175
49
50946 51182 23313
5078 4946 4088
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variable of interest (\the rst equation"). Each formula introduced
in the previous section was veri ed for the version of Peterson's algorithm containing the relevant probes for this case. All formulae
express always-properties, which makes an evaluation of the formula
at all states necessary. It is to be expected that local model checking
is no advantage in this case. However, it turned out, that only 13-22%
of the possible equations had to be created.
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Chapter 8

Equivalent techniques.
The model checking problem for the modal -calculus has been treated
also within other frameworks, and there exist reductions to problems in
automata theory and theory of games. Chapter 5 contains reductions
of the model checking problem to Boolean equation systems and vice
versa. In this chapter we will show the equivalence of solving Boolean
equation systems on one hand, and the nonemptiness problem for alternating automata as well as the decision problem for games, i.e. which
player has a winning strategy, on the other hand. From the equivalence
it follows that algorithms solving one problem can be transformed in
order to solve the other problems. Furthermore the equivalence allows
us to apply the various properties for Boolean equation systems from
chapter 3 and Section 3.2 also to the kind of alternating automata and
games considered.

8.1 Alternating automata.
In this section we show the equivalence of alternating automata on
in nite words over a 1-letter alphabet with a parity acceptance condition and Boolean equation systems. It follows then according to the
results of section 5.2 that the nonemptiness problem for these alternating automata and the model checking problem are equivalent too.
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For an overview over automata on in nite words and trees see [Tho90],
for alternating automata also [Var95].

Words and trees.
Let  be a nite nonempty alphabet. A nite word over  is a nite
sequence a0 ; : : :; an of elements of . The set of nite words over  is
denoted by  . An in nite word over  is a in nite sequence a0; a1 ; : : :
of elements of . The set of in nite words over  is denoted by ! .
A tree  over the alphabet  is a directed, acyclic graph. Each node
n is labelled by an element of , written as (n) 2 . The set of
nodes may be either nite or in nite. There exists one node without
predecessor, the root of . Each other node has one unique predecessor, its parent, and a nite number of successors, its children. The
number of its children is the arity of a node. Nodes without children
are called leaves. A branch b of a tree  is a sequence b1b2 : : :, such
that b0 is the root of  and each bi is the parent of bi+1. It is either
nite, ending in a leaf, of in nite. Given a branch b of a tree we de ne
the set lim(b)   as all elements a of  such that in nitely many
nodes of b are labelled with a. Note that if b is nite, then lim(b) = ;.

Alternating automata.
Alternating automata are a generalization of nondeterministic automata.
For our purpose automata over an alphabet containing a single letter
are sucient.
An alternating automaton A is here de ned as a tuple (fag; S; s0; ; ),
where
 fag is a 1-letter alphabet,
 S is the set of states of A,
 s0 2 S is the initial state,
  : fag  S ! B+ (S) a transition function, which maps a state of
S (and the symbol a) to a negation free Boolean expression over S,
 is an acceptance condition which has to be speci ed.
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For a subset S 0 of S de ne an environment on states S 0 such that for
all s 2 S 0 we have that S 0 (s) = true and false for all other states in
S n S 0 . A subset S 0 of S satis es a negation free Boolean expression

f over S, if f(S 0 ) = true. For example when f is represented in
disjunctive normal form, all the states occurring in one disjunct form
a set which satis es f.
A run of an automaton A over the (in nite) word ! = a; a; a; : : : is a
tree r over S with the properties:
 the root of r is labelled by the initial state s0
 if a node n has the children n1 ; : : :; nk , and n is labelled by a state
s, where (a; s) =f, then the label set fr(n1 ); : : :r(nk )g satis es f.
A run r of A is accepting if the acceptance condition holds, which
here is a parity condition. includes a labelling of the states with
colours f1; : : :; mg for some m 2 IN, and an acceptance set F  S,
which contains for a subset of colours all states of these colours. The
acceptance condition is:
 every nite branch ends in a leaf labelled with a state s, such that
(a; s) = true
 for every in nite branch b the state with the least label in lim(b)
is contained in F.
An automaton is empty if it has no accepting run.
We may also mention now that an alternating automaton over a singleletter alphabet as de ned above can be interpreted as a non-deterministic
tree-automaton and vice versa. In this case a run of an automaton A
over the (in nite) tree  is a tree r over S with the properties:
 the root of r is labelled by the initial state s0
 if a node n of r has the children n1 ; : : :; nk, then for (a; r(n)) = f
the set of labels fr(n1); : : :r(nk )g satis es f
 de ne for s 2 S the automaton As as A, but with initial state s; for
each node n of r with children n1 ; : : :; nk there exists a node n0 in
 with children n01; : : :; n0k , such that every subtree of r rooted with
ni is a run of Ar(ni ) over the subtree of  rooted with n0i .
The acceptance condition for a run is as above.
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Proposition 8.1 An alternating automaton A over in nite strings

and a 1-letter alphabet is nonempty i the interpretation of A as
nondeterministic tree-automaton is nonempty.

From Boolean equation systems to alternating
automata.

Given a Boolean equation system E and an environment  we construct
an automaton AE ; as follows.
AE ; = (fag; SE ; Xi ; E ; ; E ; ), where
 SE is the set of all variables of E , i.e. SE = lhs(E ) [ rhs(E ).
 Some variable Xi of E is taken as initial state.
 If X = f is an equation of E , we de ne (a; X) = f, otherwise
(a; X) = (X).
 The acceptance set F contains all states X where X = f is an
equation with a greatest xpoint operator in E . The labelling of
the states follows the order of the variables in E : the rst variable
gets the label 1, the second 2 etc.. States which do not correspond
to left-hand side variables in E are only labels of leaves in all runs.
Hence their labelling is irrelevant.

Theorem 8.2 For a Boolean equation system E and an environment
 it is the case that ([[E ] )(Xi ) = true i AE ; (fag; SE ; Xi ; E ; ; E ; )
is nonempty. Moreover AE ; has size of O(jE j).
The proof is in the appendix.

From alternating automata to Boolean equation
systems.
The transformation from an alternating automaton over a 1-letter alphabet with parity condition to a Boolean equation system is simple.
Given an automaton A(fag; S; s0 ; ; ) we construct a Boolean equation system EA as follows:
 The set of states S is interpreted as set of Boolean variables.

8.1. Alternating automata.
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 For each s 2 S \ F there is an equation s = (a; s) in EA .
 For each s 2 S n F there is an equation s = (a; s) in EA .
 The acceptance condition includes a labelling of the states of S. If
for si ; sj 2 S the label of si is lower than the label of sj then si C sj
in EA , i.e. the equation isi = (a; si ) is before isj = (a; sj ) in
EA . (If si and sj carry the same label then they are in the same
block and their order is irrelevant.)

Theorem 8.3 For an alternating parity automaton over a 1-letter
alphabet A(fag; S; s0; ; ) there exists a Boolean equation system
EA of size O(j A j), such that for any environment  it is:
A(fag; S; s0; ; ) is nonempty i ([[EA] )(s0 ) = true.
Proof: Take the Boolean equation system EA as constructed above
and transform it back to an automaton AEA as in the previous section.
It is easy to see that we get the original automaton up to labelling.
The equivalence follows then from theorem 8.2.

Now the equivalence of alternating automata and model checking problems follows easily:

Theorem 8.4 For an alternating parity automaton A(fag; S; s0; ; )
over a 1-letter alphabet there exists a proposition of the modal
-calculus  and a model M with the state space S , such that for
some renaming function  : S ! S , any environment  and any
valuation V it is:
(s0 ) 2 j j TV i A(fag; S; s0 ; ; ) is nonempty. It is ad()  jF j +1
and the M is of size O(jAj2).

Proof: Apply theorems 8.2, 8.3 and 5.2.



Complexity and relation to other work.
From the equivalence proved above and the results from section 6.5 we
know that the nonemptiness problem for alternating parity automata
over a 1-letter alphabet is contained in NP \ co-NP. In this section
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we want to relate this result to other complexity results for the same
problem in the theory of automata. For that purpose we consider
more standard acceptance conditions, the Buchi and Rabin acceptance
conditions.
The Buchi acceptance condition for a run r of an (alternating) automata consists of an acceptance set F  S and the requirement, that
lim(b) \ F 6= ; for every branch b of r.
The Rabin condition includes a set of accepting pairs f(L1; U1 ); : : :;
(Ln ; Un)g and the requirement for a run r to be accepted is: for each
branch b of r there exists an i 2 f1; : : :; ng such that lim(b) \ Ui 6= ;
and lim(b) \ Li = ;.
The languages accepted by alternating automata on in nite words are
the same for all these three acceptance conditions (see e.g. Lindsay
[Lin88]); it is the class of !-regular languages.
However, concerning the emptiness problem for alternating automata
over a 1-letter alphabet the acceptance conditions make a di erence.
There exist linear translations from Buchi automata to parity automata and from parity automata to Rabin automata, which are essentially only transformations of the acceptance conditions.
For the case of Buchi automata the states have to be equipped with
labels from f1; 2g. The labels are chosen in such a way, that each
state contained in the acceptance set F gets the label 1 and each
other state not contained in F gets the label 2. The labelling together
with the acceptance set F is then the equivalent parity acceptance
condition. Thus every alternating Buchi automaton A can be mapped
to an alternating parity automaton, and further with theorem 8.3 to
a Boolean equation system EA, such that the Buchi automaton with
initial state s0 is nonempty i ([[EA] )(s0 ) = true for any environment
. From the structure of Buchi acceptance conditions and the way
of construction of EA it follows that EA has alternation depth of at
most 2; the rst equations have greatest xpoint operators, the last
equations have least xpoint operators. Applying complexity results
from chapter 6.2 we get the proposition below. It follows also from
[Var95], prop.5 and proposition 8.1.
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Proposition 8.5 The nonemptiness problem for alternating Buchi

automata on in nite words over a 1-letter alphabet is decidable in
quadratic time and space.
For the reduction of a parity automaton to a Rabin automaton we
also just the acceptance condition needs to be transformed. For each
colour i 2 f1; : : :; mg we de ne Li = fs 2 F j s is labelled with ig
and Ui = fs 2 S j s has a label lower than ig. Note that an accepting
pair (Li ; Ui ) with Li = ; can be removed from the set of accepting
pairs, because it accepts nothing. It is easy to see that this Rabin condition accepts the same runs as the original parity condition and vice
versa. However, here the nonemptiness problem follows from [EJ88]
and proposition 8.1.
def

def

Proposition 8.6 The nonemptiness problem for alternating Rabin
automata on in nite words over a 1-letter alphabet is NP-complete.
Representing -calculus formulae as automata already has a long tradition (e.g. [SE84, Niw88, EJ91, Kai96]). The modal -calculus was
shown to be expressively equivalent to automata on in nite trees.
Among known results the closest to ours is the equivalence of the
model checking problem and nonemptiness of nondeterministic treeautomata with parity acceptance condition from Emerson, Jutla and
Sistla [EJS93]. With proposition 8.1 the equivalence presented here
and their result are interderivable. Another approach (e.g. see [Var95,
BVW94]) is to represent a formula of the modal -calculus and also the
transition system as (alternating, amorphous) Rabin tree-automata. If
the product-automaton of these is nonempty, then the formula holds
at the initial state of the transition system. However, this emptiness
problem is NP-complete, and hence the problems are not equivalent.
In this approach the NP \ co-NP complexity of the model checking
problem follows from complementation arguments.
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Starting from the framework of Boolean equation systems we can derive graph games as de ned in [Sti96] and show the equivalence of both
approaches. In this section we assume Boolean equation systems being
closed and in standard form.
A game graph G consists of a set of vertices f1; : : :; ng, each of them
carrying one label from fI, IIg and another from f;  g 1 The graph
G contains one or two edges of the form i ! j for each vertex i. The
size jGj is de ned as usual as sum of the number of vertices and the
number of edges of G .
A play p on the game graph GE is an in nite sequence of vertices
chosen by two players, player I and player II. The play starts at some
initial vertex i. Whenever the current vertex is labelled with I then
player I has to move and chooses one of the successors, which then is
the current vertex. Dually, if it is labelled by II then player II has to
move and chooses a successor.
A strategy for a player is a decision function from the play done so
far to the next move.
Deciding who is the winner of a play p requires considering the set
lim(p) of all vertices which have been visited in nitely often. If the
least vertex of all vertices in lim(p) is labelled with  then player I
wins; if it is labelled with  then player II wins.
A player has a winning strategy for the game on GE with initial vertex
i if she can win every play.
A history free winning strategy is a winning strategy where the choice
of a successor does not depend on the initial sequence of the play done
In [Sti96] game graphs are de ned in such a way that each vertex carries only
one label from fI, IIg. For getting from the de nition there to ours we equip each
I-node with a  and each II-node with a  . For the other way round we have to
take care of two cases: vertices carrying a I and a  , and, dually vertices carrying a
II and a . In both cases a extra vertex has to be introduced which inherits all the
successors of the one considered, but is then the only immediate successor of the
original one. In the rst case the original vertex gets the label II, its new successor
the label I, dually in the second case. In all other cases the labels  od  may just
be removed.
1
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so far. This means that in a history free winning strategy for player
I (II) there exists a unique choice of a successor at every I-labelled
(II-labelled) vertex.

From Boolean equation systems to graph games.

Given a Boolean equation system E we will de ne a game graph GE .
Recall that for a given Boolean equation system E the dependency
graph (see section 6.1) consists of a set of vertices f1; : : :; n; true; falseg,
one for each left-hand side variable of E and two for true and false. If
there is an equation Xi = Xj _ Xk (Xj ^ Xk ) in E then there will be
edges i ! j and i ! k in the dependency graph.
Essentially the game graph GE for E is its dependency graph where
additionally each vertex carries two more labels. For every equation
Xi = f in E vertex i of GE is labelled with . Vertex false gets the
label , true gets the label . If Xi = Xj ^ Xk is an equation of E
then vertex i is labelled with I, and all other vertices are labelled with
II. Two more edges are added to GE for technical reasons: false ! false
and true ! true.

Theorem 8.7 Player II has a winning strategy for the game on GE
with initial vertex i i ([[E ] )(Xi) = true. Moreover jGE j = O(jEj).
The proof can be found in the appendix.
The existence of history-free winning strategies follows easily from
the corresponding properties for Boolean equation systems (see also
[Sti96]).

Proposition 8.8 If player I (II) has a winning strategy for the
game on GE with initial vertex i, then she has also a history free
winning strategy.

Proof: Follows immediately from lemma 3.36 and theorem 8.7.
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From graph games to Boolean equation systems.

From a game graph G we derive a Boolean equation system EG .
 If vertex i of G is labelled with  there will be an equation Xi =fi
in EG . There will be no equations for true and false.
 If vertex i has label I and i ! j and i ! k are edges in G then
Xi = Xj _ Xk is an equation of EG .
 If vertex i has label II and there are edges i ! j and i ! k in G
then Xi = Xj ^ Xk is an equation of EG . If there is just one edge
i ! j from i then Xi = Xj is an equation of EG .
 For i < j it is Xi C Xj in EG .

Theorem 8.9 Player II has a winning strategy for the game on G
with initial vertex i i ([[EG ] )(Xi ) = true. Moreover jGj = O(jEG j).
Proof: Follows immediately from the fact, that the game graph de ned
by EG is again the original game graph, i.e. G = GEG , together with
theorem 8.7

With linear reductions in both directions we have shown the equivalence of determining whether there exists a winning strategy for one
player in a game and solving Boolean equation systems. This is another proof that the decision problem for graph games is in NP \
co-NP. With the equivalence of the latter and the model checking problem in the modal -calculus we get immediately an answer to an open
question in [Sti96].

Theorem 8.10 For a game graph G there exists a proposition of
the modal -calculus  and a model M with the state space S , such
that for a renaming function  : f1; : : :; ng ! S and any valuation
V it is:
(i) 2 j j TV i player II has a winning strategy for the game on G
with initial vertex i. Moreover jMj = O(jGj2).
Proof: Follows from theorems 5.2, 8.7 and 8.9.
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In this section a play has been de ned as an in nite sequence of vertices. The analogy to the automata approach is obvious: each play
can be interpreted as a branch of a run on an alternating automation
as de ned in the previous section. The branch is accepted i player II
wins the play.
Equally a play on a game graph G can be de ned as a nite sequence
of vertices ([Sti96]). Then the termination condition for a play is, that
a vertex has been visited twice. Player II wins such a nite play, if the
vertex with the least label between the rst and second occurrence of
the one visited twice is labelled with , otherwise player I wins. With
this de nition a play is equivalent to a path in a tableau as de ned
in Section 6.3. The question whether there exists a winning strategy for player II or a successful tableau are the same. Consequently
an algorithm which solves the decision problem for nite plays has to
deal with same redundancy problem as tableaux have. One algorithm
solving this problem in a top-down manner is contained in [Mad92].
However, the criteria for possible \reuse" of prior information are involved. A more ecient and simple algorithm avoiding redundancy is
Gau elimination of section 6.4.
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Chapter 9

In nite Boolean
equation systems.
So far we have been concerned with model checking only for nite state
systems. It has been shown that there the problems of solving Boolean
equation systems and model checking are equivalent. Models with an
in nite state space easily arise when e.g. considering systems with unbounded bu ers or programs using recursive data-structures such as
natural numbers or trees. In this chapter the framework of Boolean
equation systems will be extended to the in nite case. The model
checking problem for the modal -calculus and systems with (possibly) in nite state space on one hand, and solving in nite Boolean
equation systems on the other hand will be shown to be equivalent.
However, such an equivalence is only useful, if there exists a nitely representable method for solving in nite Boolean equation systems. Here
approximation techniques are not applicable. We present an elimination method similar to Gauss elimination in section 6.4 based on a representation of in nite Boolean equation systems by set based Boolean
equation systems. This elimination method is closely related to the
tableau method of Brad eld and Stirling [BS91, Bra92]. It combines
the top-down approach of the tableau with a bottom-up evaluation.
In a tableau for an in nite state system the same e ect can occur as
in the nite case: the tableau might contain many copies of similar
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subtrees. The bottom-up evaluation avoids this kind of redundancy.
To determine whether a tableau is successful or not it is necessary to
investigate so called extended paths. It turns out that the strategy of
the elimination method simpli es the success criterion. The nondeterminism contained in the tableau method is, of course, still contained
in the elimination algorithm presented here. It is intended that an
intelligent prover makes use of her (not generally formalizable) knowledge about system and property to prove in order to deal with the
nondeterministic parts of the algorithm.
We de ne in nite Boolean equation systems and show how properties
for the case of nite Boolean equation systems can be transfered. Set
based Boolean equation systems are introduced as a nite representation for in nite Boolean equation systems. We show a substitution
step and elimination step similar to the ones in the Gau elimination
of section 6.4. With these an algorithm is formulated describing the
bottom-up version of the tableau method in [BS91, Bra92]. Small
examples demonstrate the technique.

9.1 De nitions.
In this section we de ne syntax and semantics of in nite Boolean equation systems. Furthermore, we show that for each in nite Boolean
equation system there exists a system in conjunctive form such that
both systems have the same solution. In terms of games this says that
there exist history free winning strategies.
In the case of in nite Boolean equation systems we have to deal with
two kinds of in nity: on one hand there might be an in nite number
of equations, on the other hand the right-hand sides of each equation
may consist of in nite conjunctions or disjunctions. However, what
still has to be nite is the nesting depth of in nite Boolean equation
systems. An in nite Boolean equation system therefore consists of a
nite sequence of blocks, where a block is a possibly in nite set of
Boolean equations all having the same xpoint operator. The syntax
of an in nite Boolean equation system is as follows.

9.1. De nitions.
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De nition 9.1 The set of positive in nite Boolean expressions
+ (X ). Each
over a countable set X of variables
denoted by IB1
W is V

of its elements is of the form i2I Xi , i2I Xi or Xi where I is a
countable index set and Xi 2 X [ ftrue; falseg.
An in nite Boolean equation is of the form X =f, where  2 f;  g,
+ (X ).
X 2 X and f 2 IB1
A block B is a set of in nite Boolean equations Xj = fj , all having
the same xpoint operator , j 2 J and J is a countable index set.
An in nite Boolean equation system E is a nite sequence of blocks
1B1 : : :n Bn for some n 2 IN.
Again, for technical reasons, we assume that in an in nite Boolean
equation system there are no two equations having the same variable
on the left-hand side. The de nitions of the set of left-hand side variables lhs(E ) and right-hand side variables rhs(E ) of an in nite Boolean
equation system are as in the nite case. Also environments
 : X ! IB
W
are de ned as in the nite case. We have ( i2I Xi )() = true, if
XVi = true or (Xi ) = true for some i 2 I, and false otherwise. Dually
( i2I Xi )() = false if for some i 2 I either Xi = false or (Xi ) = false.
For some index set I and bI 2 IB I we denote by [XI =bI ] the simultaneous substitution of all Xi 2 X by bi for i 2 I, such that
[XI =bI ](Xi ) = bi for i 2 I and otherwise [XI =bI ](Xi ) = (Xi ).
The semantic of an in nite Boolean equation system is de ned recursively. In contrast to the nite case in each step an in nite Boolean
equation system is not reduced to systems with one equation less, but
with one block less.

De nition 9.2 Let B E be an in nite Boolean equation system,
where lhs(B) = fXi 2 X j i 2 I g for some index set I, and b 2 IB I .
[ ]] 
[ B E ] 
XI :B([[E ] )
XI :B([[E ] )

=
=
=
=


[ E ] [XI =XI :B([[E ] )] , where
\
fb 2 IB I j8i 2 I:bi  fi ([[E ] [XI =b])g
[
fb 2 IB I j8i 2 I:bi  fi ([[E ] [XI =b])g
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With this de nition of the semantic we can make use of all the properties proved for xpoint equation systems in chapter 3. In this case we
interpret a block above as one vector valued xpoint equation. However, we often want to argue about a single Boolean equation, not
about a whole block. Therefore we need the property below about
splitting of blocks. Then it is also possible to split a single equation
from a block and consider it as one block. When arguing about innitely many Boolean equations then blocks containing in nitely many
equations should be split before applying the relevant lemmata.

Lemma 9.3 Let
 B, B1 and B2 be blocks, where B = B1 [ B2 .
 E1 , E2 be in nite Boolean equation systems,
 and  an environment.
Then [ E1 B E2 ]  = [ E1 B1 B2 E2] .
Proof: Follows from Bekic's Theorem 2.24 and the transformation
from xpoint expressions to xpoint equation systems. Details are left
to the reader.

We now show a property which is the in nite version of lemma 3.36. It
says that for every Boolean equation system E and environment  there
exists a conjunctive Boolean equation system E 0 such that E 0  E , and
[ E 0]  = [ E ] . In terms of games this means that also in the in nite
case there are history free winning strategies.

Theorem 9.4 Given an in nite Boolean equation system E =
1B1 : : :n Bn and an environment  there exists an in nite Boolean
equation system E 0 = 1B10 : : :nBn0 such that E 0 contains no dis-

junctions on the right-hand side, such that
 If j Xk = Vi2I Xi is an equation in block Bj of E then it is also
an equation in Bj0 of E 0 .
 If j Xk = Xi is an equation in block Bj of E then it is also an
equation in Bj0 of E 0.

9.2. Equivalence to the model checking problem.
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 If j Xk = Wi2I Xi is an equation in block Bj of E and I is
nonempty, then for some i 2 I the equation j Xk = Xi is in
block Bj0 of E 0. If I is empty then j Xk = false is an equation of
Bj0 of E 0.
 [ E ]  = [ E 0] 

A proof can be found in the appendix.

9.2 Equivalence to the model checking
problem.
Essentially the transformation of the model checking problem for in nite state spaces to in nite Boolean equation systems does not di er
from the nite case. However, as we allow for in nite Boolean equation
systems only one conjunct or one disjunct on the right-hand side of
each equation we have to introduce new variables.
The transformation function E1 maps a pair (; M) consisting of a
modal -calculus formula  and a model M with a possibly countable
state space S to an in nite Boolean equation system.
The function E1 performs the transformations from a nested xpoint
formula to a xpoint equation system and creates the basic block
structure of the whole system. By introduction of new variables and
constants it also reduces each right-hand side expression to a single
variable, constant, modality, disjunction or conjunction (and no combination of those). E1 refers to a set of functions fE1 ; E2 ; : : :g, which
create the Boolean equations within one block. Each Ei for i 2 IN is
related to state si of the transition system.
We omit the argument M of E1 when it is clear from the context.
E1 (Q) = 
E1 (X) = 
E1 (1 ^ 2) = E1 (1 ) E1(2)
E1 (1 _ 2) = E1 (1 ) E1 (2)
E1 ([a]) = E1 ()

126

Chapter 9. In nite Boolean equation systems.

E1(hai) = E1 ()
E1 (X:1 _ 2) = (X1 = E1(X 0 _ X 00 )) (X2 = E2 (X 0 _ X 00 )) : : :
E1 (X 0 = 1) E1 (X 00 = 2) for fresh X ,X
E1 (X:1 ^ 2) = (X1 = E1(X 0 ^ X 00 )) (X2 = E2 (X 0 ^ X 00 )) : : :
E1 (X 0 = 1) E1 (X 00 = 2) for fresh X ,X
E1 (X:) = (X1 = E1()) (X2 = E2 ()) : : : E1()
0

00

0

00

if  is not a conjunction or disjunction

and for i 2 IN

(

if si 2 V (Q)
Ei (Q) = true
false else
Ei (X) = X^
i
Ei([a]) =
Ej ()
si !a sj
_
Ej ()
Ei(hai) =

Ei (X:) =

si !a sj
Xi

The transformation function E1 also maps to a valuation V an environment V de ned as follows:
V (Xi ) = true i si 2 V (X).

Proposition 9.5 The property X: holds at state si of transition system T in the model M = (T ; V ), si j=M X:, i the

corresponding in nite Boolean equation system has the solution true
for Xi , i.e. for all environments V it is the case that
([[E1 ((X=); M)]] V ) (Xi ) = true.

Proof: The proof is analogous to the one of proposition 5.1. The
introduction of new variables and equations is correct due to lemma
3.25.

Also the backwards transformation from an in nite Boolean equation
system to a model checking problem works here. The construction of
section 5.2 is immediately applicable to the in nite case.

9.3. Set based Boolean equation systems.
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Theorem 9.6 For each in nite Boolean equation system E there
exists a proposition of the modal -calculus  and a model M, such
that for a variable renaming function  on the variables of E , all
X 2 lhs(E ) and environments  we have
([[E ] )(X) = ([[E(; M)]] )((X))
Proof: See proof of Theorem 5.2


9.3 Set based Boolean equation systems.
So far we have introduced in nite Boolean equation systems, showed
that various properties of the nite case also hold for the in nite, and
that the model checking problem for possibly in nite state spaces and
in nite Boolean equation systems are equivalent. However this results
only become useful, if we nd a nite representation of in nite Boolean
equation systems. This is the aim of this section.
The nite representation we give here deals only with in nite Boolean
equation systems which contain no proper disjunctions (i.e. if there
exist disjunctions, then they consist of not more than one disjunct).
Therefore here Theorem 9.4 is crucial. For every model checking problem we get an in nite Boolean equation system, and for every in nite Boolean equation system E there exists another in nite Boolean
equation system E 0 without proper disjunctions, but having the same
solution as E and being nitely representable.
The kind of Boolean equation systems which will be introduced here
is called \set based". Intuitively in a Boolean equation system derived
from a model checking problem there is one variable for each pair
consisting of a state and a xpoint variable. The variable will be true,
if the xpoint formula corresponding to this variable holds at the state.
Here this idea generalizes to variables for pairs consisting of a set of
states and a xpoint variable, and the variable will be true, if the
corresponding xpoint formula holds at all states contained in the set.
The sets considered here may of course contain in nitely many states
and this is the technique where nite representations can be obtained.
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Encoded in a set based Boolean equation system will be a transformation to an in nite Boolean equation system. The semantics of a
set based Boolean equation system is then de ned by the semantics of
the in nite Boolean equation system, to which it is transformed. For
that purpose we need partial mappings ; 1 ; : : :. Each right-hand side
variable in a set based Boolean equation system will be equipped with
such a mapping .
For the state space S and some M  S letSthe function  be  :
M ! P(S). Then we also de ne (N) = s2N (s) for N  S .
The concatenation 2  1 and union 1 [ 2 of 2 : M2 ! P(S) and
1 : M1 ! P(S) are de ned in the usual way:
2  1 :

(

and

M1 ! P(S )
s1 7! fs 2 S j 9s2 2 M2 :s2 2 1 (s1 ) and s 2 2 (s2 )g

(

M1 [ M2 ! P(S )
s
7! 1 (s) [ 2 (s)
Given a function  : M ! P(S) de ne
1 [ 2 :

0 = Id; the identity function
i+1 = i  
[ i
 =

def

def

def

i2IN

An order < on M  S is de ned by a function : for s1 ; s2 2 M
de ne s1 < s2 if s1 2 (s2 ). We will say  is wellfounded, if < is
wellfounded.
We now de ne the syntax of set based Boolean equation systems.

De nition 9.7 A set based Boolean equation is of the form:
V
(X; M) = j 2J (Xj ; Mj ; j ), where
  2 f;  g,
 M; Mj  S for all j 2 J,
 (X; M) 2 X is a Boolean variable,

9.3. Set based Boolean equation systems.
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 J is a nite index set,
 (Xj ; Mj ) 2 X [ ftrue; falseg,
 j : M ! Mj for all j 2 J.

A set based Boolean equation system is a nite sequence of set based
Boolean equations.

The semantics of a set based Boolean equation system E is de ned
via a transformation T of E to an in nite Boolean
equation system.
V
Informally, a set based equation (X; M) = j 2J (Xj ; Mj ; j ) will
be mapped to a set of in nite Boolean equations, each of the form
Xs = fs , where s 2 M and fs is a conjunction which will be de ned
below.
Assume M = fs01; s02 ; : : :g. Then

T() = 
T( ((X; M)= (Xj ; Mj ; j )) E ) =
J
^ ^
^ j 2^
^

(Xs0 =
1

j 2J t2j (s01)

Xj;t ) (Xs0 =
2

j 2J t2j (s02 )

Xj;t ) : : : T(E )

where
 Xs0i 2 X ,
 Xj;t 2 X [ ftrue; falseg,
 Xj;t = true if Xj = true,
 Xj;t = false if Xj = false.

De nition 9.8 The semantics of a set based Boolean equation
system E is de ned relatively to an environment  and is itself an
environment.
V
[ E ]  = 0 , where 0 ((X; M)) = ( s2M Xs )([[T(E )]] )

V

It is easy to see, that if in j 2J (Xj ; Mj ; j ) for one of the disjuncts
(Xj ; Mj ) = false
, then the in nite disjunction also gets false, i.e.,
V
([[((X; M) = j 2J (Xj ; Mj ; j )) E ] )((X; M)) = false.
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9.4 Elimination method.

In this section we present an elimination method for set based Boolean
equation systems. Similarly to the nite case it can be interpreted as
a bottom-up evaluation version of the tableau method of Brad eld
and Stirling [BS91, Bra92]. In their method the success of a tableau
requires investigation of so called extended paths. In the elimination
method this task is solved by the mappings  in a very simple way.
Analogously to the nite case (see section 6.4) we de ne a substitution
step and an elimination step in a set based Boolean equation system,
and show that they preserve the solution.
First we show the substitution step. When performing one substitution
step in a set based Boolean equation system E this stands for a possibly
in nite number of simultaneous substitution steps in the corresponding
in nite Boolean equation system T(E ).
Lemma 9.9 Let
 E1 , E2, E3 be set based Boolean equation systems,
 M; N; N 0  S , where N  N 0
 assuming that for all j 2^J it is Y 6= Xj
fM = (Y; N; Y ) ^ (Xj ; Mj ; j );
fN 0 =
fM0 =

^

k 2K

^

k 2K

j 2J

(Yk ; Nk ; k );

(Yk ; Nk ; Y  k ) ^

^
j 2J

(Xj ; Mj ; j );

  an environment.
Then [ E1 (X (X; M)=fM ) E2 (Y (Y; N 0)=fN ) E3 ] 
= [ E1 (X (X; M)=fM0 ) E2 (Y (Y; N 0 )=fN ) E3 ] .
The proof is in the appendix.
Next we show the elimination step. In case of nite Boolean equation
systems the right-hand side occurrences of the left-hand side variable
may just be substituted by true or false. Here when eliminating a variable additionally the mappings  of all other right-hand side variables
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of this equation are extended. Intuitively this corresponds to the investigation of extended paths in the tableau method.

Lemma 9.10 Let
 E1 and E2 be set based Boolean equation systems,
 (X; M) = (X; M; ) ^ Vi2I (Xi ; Mi ; i) a set based Boolean
equation,
  an environment, and
 0 = [ E1 ((X; M)=(X; M; ) ^ Vi2I (Xi ; Mi ; i)) E2 ] 
V
If  =  then 0 = [ E1((X; M) = i2I (Xi ; Mi; i   ))E2] .
If  =  and  is wellfounded then 0 is as in the case for  = ,
if  is not wellfounded then 0 ((X; M)) = false.
def

A proof can be found in the appendix.
Based on these both lemmata is the algorithm in Figure 9.1. Its task
is to show that for an in nite Boolean equation system E and environment  it is ([[E ] )(Xs) = true. Creating an equation (Z; S 0 ) = g
includes a nondeterministic choice: from each disjunction on the righthand side of an equation Zs =gs in E one disjunct is selected, whereas
all other equations Zs =gs remain unchanged. All these equations are
collected in the block T((Z; S 0 )=g). Evaluation Eval of conjunctions
is here done by the following rules:
^
^
(true; ) ^ (Xi ; Mi ; i ) =
(Xi ; Mi; i )
(false; ) ^

i2I

^

i2I

i2I

(Xi ; Mi ; i ) = (false; )

^

; = (true; ) for any 

The algorithm in pseudo code is as follows:
So far we presented an algorithm for solving set based Boolean equation
systems and proved it correct. The question is still, whether it is always
possible to nd a representation of an in nite Boolean equation system
as set based Boolean equation system such that from solving the latter
the solution of the rst can be derived.
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Create an equation X (X; M)=fX , such that s 2 M;
E 0 := X (X; M)=fX ;
Apply, if possible, an elimination step;
fX := Eval(fX );
while not fX = (true; ) or fX = (false; )
do
Select (Y; N; Y ) from fX ;
Create an equation Y (Y; N 0 )=fY , where N  N 0 ;
Insert Y (Y; N 0 )=fY in E 0 according to the transformation;
Apply all possible elimination steps and substitution steps;
Evaluate each equation Z (Z; M 0)=Eval(fZ );
od
Figure 9.1.

Elimination algorithm for in nite Boolean equation systems.

Proposition 9.11 For an in nite Boolean equation system E and
environment , where ([[E ] )(Xs) = true the algorithm in Figure 9.1
can evaluate a variable (X; M) to true, where s 2 M.
Proof: The algorithm includes two sorts of nondeterministic choices.
The one is the choice of disjuncts in the in nite Boolean equation
system E . Theorem 9.4 says that there exists a choice of disjuncts
such that the solution is preserved. The other nondeterministic choice
consists in the selection of a set of states when creating a new equation.
(Note that this choice is comparable to the thin rule in the tableau
method.) We have to make sure that there exist choices, such that the
resulting set based system contains only a nite number of equations.
The simplest choice is collecting all variables of a block, which have
the solution true, i.e. NY = fs 2 S j ([[E ] )(Ys)g = true. For each
block of E there exists one set of this kind, and therefore there is just a
nite number of these sets. When restricting the choice of sets to these
NY the resulting set based system E 0 is nite. Note that it contains all
variables of the system E which have the solution true. Hence there are
def
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enough equations in order to apply the substitution and elimination
steps, which are correct according to lemmata 9.10 and 9.9.


9.5 Examples.
We want to demonstrate the elimination method by two examples.
The problems are both contained in [Bra92].
For the transition system T below we want to show the property that
every path starting at s has only nite length. In terms of modal
-calculus this is: s 2 j Z:[ ]Z j TV .

s

X

bb
@
T bb
b
T@ P
T@
T@
T @
T
T
TB

s
s
s
s
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X
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X
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X


s
s
s
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21

X


32

X


s
s

20

31

X






s

30

 


In a rst step we derive the in nite Boolean equation system for the
model checking problem above.

V

Zs = i2IN Zsii
Zsij = Zsi j
Zsi = true
(

0

1)

for i; j 2 IN and 0 < i  j
for i 2 IN

The next step is to nd a representation as set based Boolean equation
system. In general this is the part where the knowledge about system
and property to prove comes in. On one hand in each disjunction
of the in nite system one disjunct has to be selected, which is not
necessary in the case here. On the other hand for each block of the
in nite system a suitable partition of the state space has to be found.
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As abbreviation we introduce the sets and mappings
M1 = f(i; i) j i 2 IN n f0gg
M2 = f(i; j) 2 IN  IN j 0 < j  ig
M3 = f(i; 0) 2 IN  IN g
0 : s 7! f(0; 0)g
1 : s87! M1
>
< M2 ! P(M2 )
2 : > (i; j) 7! f(i; j 1)g for j > 1
: (i; 1) 7! ;
8
>
< M2 ! P(M3 )
3 : > (i; j) 7! ;
for j > 1
: (i; 1) 7! f(i; 0)g
?
will denote an arbitrary mapping
The set based Boolean equation system is then:
def

def

def

(Z; fsg) = (Z; M1; 1 ) ^ (Z; f(0; 0)g; 0)
(9.1)
(Z; M2) = (Z; M2; 2 ) ^ (Z; M3; 3 )
(9.2)
(Z; M3) = (true; ?)
(9.3)
The procedure of solving this equation system is now done in detail.
We substitute the right-hand side of equation 9.3 into equation 9.2
getting for equation 9.2:
(Z; M2) = (Z; M2; 2 ) ^ (true; ? )
(9.4)
Next we apply an elimination step to equation 9.4. Because 2 is
wellfounded we get:
(Z; M2) = (true; ?)
(9.5)
In the last step we substitute the right-hand sides of equations 9.5 and
9.3 into equation 9.1.
(Z; fsg) = (true; ? ) ^ (true; ? )
(9.6)
= (true; ? )
(9.7)
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which gives the expected result Zs = true or s 2 j Z:[ ]Z j TV .
C
The second example is originally a Petri Net example in [Bra92]. Here
we demonstrate its version based on a transition system. The property
to prove is that on all paths a c-transition occurs only nitely often.
This will be shown for the initial state s00 of the transition system below and the corresponding expression is s00 2 j Y:Z:[c]Y ^ [ c]Z j TV .

s

00

c
s

10

s

s

01

c
s

02

s

03

c
s

11

12

:::

c
s

13

:::

We immediately present a set based system, where it is assumed that
i 2 f1; 2g, j; k 2 IN and k > 0. De ne the mappings
1 ((1; j)) =
2 ((1; j)) =
3 ((0; j)) =
4 ((0; j)) =
5 ((1; k)) =
6 ((1; 1)) =

(

f(1; j)g for j  1
;
for j = 0
(
;
for j  1
f(1; 0)g for j = 0
f(0; j + 1)g
(f(1; j)g
f(1; k 1)g ) for k > 1
;
for k = 1
f(1; 0)g

Then a set based Boolean equation system equivalent to the model
checking problem is:
 (Y; f(0; j)g) = (Z; f(0; j)g; id )
(9.8)
 (Y; f(1; j)g) = (Z; f(1; k)g; 1 ) ^ (Z; f(1; 0)g; 2 ) (9.9)
 (Z; f(0; j)g) = (Z; f(0; j)g; 3 ) ^ (Y; f(1; j)g; 4 ) (9.10)
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 (Z; f(1; k)g) = (Z; f(1; k)g; 5 ) ^ (Z; f(1; 0)g; 6 ) (9.11)
 (Z; f(1; 0)g) = (true; ? )
(9.12)
After substitution of equation 9.12 into equations 9.11 and 9.9 and
elimination steps in equations 9.10 and 9.11 we get:
 (Y; f(0; j)g)
 (Y; f(1; j)g)
 (Z; f(0; j)g)
 (Z; f(1; k)g)
 (Z; f(1; 0)g)

=
=
=
=
=

(Z; f(0; j)g; id )
(Z; f(1; k)g; 1 ) ^ (true; ? )
(Y; f(1; j)g; 4  3 )
(true; ? )
(true; ? )

(9.13)
(9.14)
(9.15)
(9.16)
(9.17)

Now we substitute the right-hand side of equation 9.15 in equation
9.13 and also 9.16 in 9.14.
 (Y; f(0; j)g) = (Y; f(1; j)g; id  4  3 )
 (Y; f(1; j)g) = (true; ? )
:::

(9.18)
(9.19)

The last substitution of 9.19 in 9.18 gives the result
 (Y; f(0; j)g) = (true; ? )
and it is proved that s00 2 j Y:Z:[c]Y ^ [ c]Z j TV .

C

9.6 Conclusion.
In this chapter we showed that the techniques for nite Boolean equation systems can be extended in order to deal also with in nite state
spaces. The model checking problem for in nite state spaces and solving Boolean equation systems were shown to be equivalent. Whilst the
theoretical approach di ers very much from the one in [BS91, Bra92],
the tableau method there and the elimination method presented here
are closely related. The main advantages of the tableau method are the
ones of local model checking and computer assisted proving in contrast
to fully automatic proving. The rst allows to consider only a relevant
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part of the state space, which is possibly a much smaller subset. The
latter gives the possibility to set up a proof following the knowledge
about the special structure and properties of a system in contrast to
traversing a whole state space and trying to prove every subformula
at every state, which makes proving properties impossible for in nite
systems. The elimination algorithm combines the top-down strategy
of the tableau with a bottom-up evaluation. With this combination
we get the advantages of the tableau method, but we are also able to
avoid the inherent redundancy of tableaux as well as exploration of
extended paths for the success criterion.
Andersen [And94b] described another method for performing model
checking on in nite state systems, presented as a set of rewriting rules
and also similar to the tableau system of [BS91, Bra92]. It improves
the tableau method in the sense that the success criterion for a leaf is
derivable from the path leading to that leaf rather than by an exploration of possibly the whole tableau.
Already Wallner [Wal94] transformed model checking for the modal
-calculus to in nite Boolean equation systems, but did not derive a
nite representation.
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Chapter 10

Conclusion.
In this thesis we attacked model checking in the modal -calculus.
The approach was an algebraic one: model checking was transformed
to solving Boolean equation systems and both problems have been
shown to be equivalent for both, models with in nite and with nite
state space.

10.1 Finite state space model checking
Equivalence to solving Boolean equation systems
Other people have reduced the model checking problem for nite state
spaces to solving Boolean equation systems. Further we have shown
the equivalence of both problems by a reduction which maps a model
checking problem to a Boolean equation system. With this result
any algorithm solving one of the problems also solves the other one.
Boolean equation systems as used here have a simpler structure than
the model checking problem: right-hand sides of equations are negation free Boolean expressions, the equations are ordered linearly, and
each equation is equipped with a minimality or maximality condition;
the logical modalities disappear, and the model is encoded in the equation system. Boolean equation systems are interpreted over complete
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lattices and results of lattice theory give support in nding new algorithms.

Algorithms and complexity
There exist several algorithms which solve the model checking problem
for nite state spaces. However, they all have exponential time complexity. The model-checking problem is known to be in NP \ co-NP,
and it is believed that there exists an algorithm soving the problem in
polynomial time. But so far, no polynomial algorithm has been found.
Existing model-checking algorithms use various settings, and interpreting all of them within one framework helped to get a clearer understanding. We introduced a new algorithm, similar to Gau elimination
for linear equation systems, in a global and a local version. It took
a long time to nd an example where this algorithm has exponential
behaviour, i.e. the expressions created have exponential size. While
looking for it many examples occurred where the tableau method and
the approximation technique have exponential time complexity (and
also space for the tableau), but Gau elimination solves them in linear time and space. The diculty in nding an exponential example
might indicate that the average complexity of the problem is much
better than exponential. Furthermore, we showed that complexity of
Gau elimination is independent of the alternation depth of a Boolean
equation system or a -calculus formula (but depends on the structure
of the expressions). Approximation algorithms are exponential in the
alternation depth. Obviously, is not inherent to the problem that algorithms solving it are exponential in the alternation depth. This gives
an argument, that there could be a polynomial algorithm combining
ideas of approximation and elimination approach.

Application
Fairness properties are quite dicult to express in the modal calculus. Usually statements are restricted to the fact that the modal
-calculus allows to express \in nitely often" and this is a necessary
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ingredient for fairness properties. We gave in section* 7 examples
which allow the derivation of a scheme for engineering \real" liveness
properties with fairness assumptions. Some fairness and liveness
properties can also be expressed in other temporal logics, such as
CTL*, but translation from these logics to modal -calculus is for
all interesting logics exponential or even worse. Therefore it is useful
to formulate properties directly in the modal -calculus and our
examples help with engineering of new formulae.

Other frameworks
Model checking in the modal -calculus has already been treated in
other frameworks. We looked at them from the perspective of Boolean
equation systems and could show equivalences for automata-theoretic
and game-theoretic problems.

Automata theory
Mapping -calculus formulae to automata already has a long tradition.
We were able to show a new result: the equivalence of solving Boolean
equation systems and the emptiness problem for alternating automata
on in nite strings over a 1-letter alphabet and parity acceptance condition. The equivalence to model checking follows immediately with
results from chapter 5. In other work there are various reductions of
model checking in the modal -calculus to automata-theoretic problems. However, all automata previously considered have been treeautomata. There is a strong claim, that modal -calculus expressions
correspond to tree-automata, and this idea has been transferred to
model checking work. Our result demonstrates that this is not a necessary feature. No new complexity results follow directly from our
equivalence, but now also results of alternating !-automata may help
to nd a solution.
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Game theory
We have shown the equivalence of solving Boolean equation systems
and graph games. In doing this we gave an answer to the open question
of whether graph games are reducible to model checking problems.
Game theory is an active area of research and there exist reductions of
graph games to e.g. simple stochastic
game, for which there exists a
pn
O
\subexponential" algorithm (2 ) (see [Sti96]). There is some hope
that answers to open complexity questions in game theory will give an
answer to the complexity of the model checking problem.

10.2 In nite state space model checking
Equivalence to solving Boolean equation systems
For the case of in nite state spaces we introduced in nite Boolean
equation systems and showed the equivalence of model checking in
the modal -calculus and solving in nite Boolean equation systems.
Translating into game-theoretic terms, we also showed the existence of
history-free winning strategies for the case of in nite state spaces.

Algorithm
Analogously to Gau elimination for the nite case we derived an
elimination algorithm for in nite Boolean equation systems. Here,
the existence of history-free winning strategies was a crucial condition for representing in nite Boolean equation systems by nite, set
based Boolean equation systems. The algorithm is closely related to
the tableau method of Brad eld and Stirling [BS91, Bra92], but, like
in the nite case, avoiding redundancy of tableaux. The bottom-up
strategy for solving set based Boolean equation systems gave another
advantage: the complicated exploration of extended paths to determine success of a leaf is replaced by iterative function compositions
which seems to be easier treatable for an implementation.
Like in the tableau system there is a high grade of nondeterminism
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inherent in the elimination algorithm. The idea of making use of
knowledge about a system and a property to direct a proof is quite
attractive. If the supposed properties about a system and the system
do not coincide then the solution of the set based system constructed
will be false. This also immediately gives diagnostic information. It
would be interesting to try this approach with real world examples.
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Appendix A

Appendix
A.1 Proofs of Chapter 3.
Proposition 3.5 The solution of []  is .
The solution of [(X =f) E ]  is the lexicographically least
(w.r.t (X =f) E ) environment 1 satisfying:
(1) f(1 ) = 1 (X) and
(2) 1 is the solution of [E ]  [ X = 1 (X) ].
Proof: Assume that  = . The case  =  is dually.
(3) 1
=
[E ]  [X=1 (X)]
from (2)
(4) 1 (X) = f([
E ]  [ X = 1 (X) ])
from (1)
T
(5) 1 (X)  fa j a  f([E ]  [X=a])g from (3) and (4)
on the other hand for
(6)
10 = [E ]  [ X = X:f([E ] ) ]
(7) f(10 ) = 10 (X)
(8) 10 (X)  1 (X)
1 is lex. least env.
def

(9) 1 (X) = X:f([E ] ) ]

ful lling (1) and (2)
from (5) and (8)
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Corollary 3.7 If [E ]  = 0 then [E (i)]  0 = 0 for 1  i  n.
Proof: Follows directly from proposition 3.5



Proposition 3.9 Let X:f be a xpoint expression over a lattice (A; )
and  an arbitrary environment.
Then (X:f)() = ([E(X:f)] )(X).
Proof: For the proof of this proposition we need a property of Boolean
equation systems concerning the independence of equations with different variables.
Lemma 3.10 Let E1 and E2 be xpoint-equation systems, such that
 lhs(E1 ) \ lhs(E2 ) = ;,
 lhs(E1 ) \ rhs(E2 ) = ;,
 lhs(E2 ) \ rhs(E1 ) = ;.
Then [E1][E2] = [E1E2 ].
The proof of proposition 3.9 is now by induction on the structure of
E.
 Assume X:f is an unnested expression, i.e. E(X:f) = X:f, and
 an environment.
([X:f]  )(X) = ([]  [X=X:f([] )])(X)
= ( [X=X:f()])(X)
= (X:f)()
The same holds for unnested X:f
 Now assume that 1X1 :f1 ; : : :; l Xl :fl are the direct xpoint subformulae of X:f (and by assumption the names of variables in
xpoint expressions are unique, such that X1 does not occur in
2X2 :f2; : : :; l Xl :fl etc.). Furthermore let for 1  i  l and S  A
[E(iXi :fi )]  [X=S] = [Ei]  [X=S] = (i Xi :fi )([X=S])
def

([X:f]  )(X) = ([(X:E0(f))E(1 X1 :f1 ) : : : E(l Xl :fl )]  )(X)
= ([(X:E0(f))E1 : : : El ]  )(X)
= ([E1 : : : El ]  [X=X:(E0(f)([E1 : : : El ] ))])(X)
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= X:(E0(f)([E1 : : : El ] )) ( lemma 3.10)
= X:(E0(f)([E1 ] : : :[El ] )
= X:(E0(f)(  [X1 =1X1 :f1 ; : : :; l Xl :fl ))
= (X:f)()
Again the same holds for nested X:f.



Lemma 3.11 If 1  2 then [E ] 1  [E ] 2.
Proof: by induction.
For all 1  2 it is the case that [] 1 = 1  2 = [] 2.
induction hypothesis: Assume that for all 1  2 it is [E ] 1  [E ] 2.
induction step:
[E ] 1  [E ] 2
X:f([E ] 1 )  X:f([E ] 2 )
(f and X:
are monotone)

1 [X=X:f([E ] 1)]  2 [X=X:f([E ] 1 )]
( de nition of )
[E ]1 [X=X:f([E ] 1)]  [E ] 2[X=X:f([E ] 1)] (ind. hyp.)
[(X =f) E ]1  [(X =f) E ] 2
(de nition of
semantics)



Lemma 3.14 If E1  E2 then EE1  EE2 .
If E1 - E2 then EE1 - EE2.
Proof: For the second part we show [(X =f) E1 ]   [(X =f) E2 ] .
The lemma as stated follows then from iterative application of the
weaker statement.
[(X =f) E1 ]  = [E1]  [X=X:f([E1 ] )]
 [E1]  [X=X:f([E2 ] )]
 [E2]  [X=X:f([E2 ] )]
= [(X =f) E2]  :
The rst part follows the immediately.
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Lemma 3.16 If E1  E2 then also E1 - E2
Proof: by structural induction
Assume f  g. Then
[X =f]  = [X=(X:f)()]
 [X=(X:g)()]
= [X =g] 
Assume f  g and E1  E2 with [E1]   [E2] .
[(X =f) E1 ]  = [E1]  [X=X:f([E1 ] )]
 [E1]  [X=X:g([E1] )]
 [E1]  [X=X:g([E2] )]
 [E2]  [X=X:g([E2] )]
= [(X =g) E2] 



Lemma 3.18 If ([(X =f) E ]  )(X) = ([(X =g) E ]  )(X)
then [(X =f) E ] 
= [(X =g) E ] :
Proof: Follows directly from proposition 3.5.

Lemma 3.19 Let
 E  E1 (X =f) E2 ,
 ([E ]  )(X) = a, and
 E 0  E1 (X =a) E2 .
Then [E ]  = [E 0]  .
Proof: Note that here we can not simply apply proposition 3.5 or
lemma 3.14, because the equivalence [(X =f) E2 ]  = [(X =a) E2] 
does not hold for all environments .
The proof is done by contradiction. We assume that for [E 0]  = 10 it
is 10 6= 1 and derive an in nite number of subsystems of E and E 0,
which must have di erent solutions.
def

A.1. Proofs of Chapter 3.
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1 and 10 coincide in all variables which are not bound in E , or E 0

respectively. Let n be the number of equations of E . For all i, 1  i  n
holds, [E (i)] 1 = 1 .
Now choose the rst variable Y of var(E ) ( rst with respect to the
order of equations in E ), for which holds 1 (Y ) 6= 10 (Y ), such that
for all previous variables 1 and 10 coincide. Fix the i such that
E (i)  (i Y = g)E (i+1) , and E 0(i)  (i Y = g)E 0(i+1) .
1 = [E (i)] 1
= [(iY =g) E (i+1) ] 1
= [E (i+1)] 1 [Y=iY:g([E (i+1)] 1 )]
10 = [E 0(i)] 1
= [(iY =g) E 0(i+1)] 1
= [E 0(i+1)] 1 [Y=iY:g([E 0(i+1)] 1 )]

Hence, because 1 (Y ) 6= 10 (Y ) also
iY:g([E (i+1)] 1 )] 6= i Y:g([E 0(i+1)] 1 )],
and therefore [E (i+1)] 1 6= [E 0(i+1)] 1 = 100
On the other hand still 1 (X) = a and also 100 (X) = a. Therefore we
can apply the same argumentation to E (i+1), 1 , E 0(i+1) and 100 , and so
on. Altogether we can derive that there must be an in nite number of
subsystems E (i) and E 0(i) having di erent solutions relative to 1 . 
def

Lemma 3.20 [E1 (X = a) E2]  = [E1 E2]  [X=a].
Proof: For all environments  we have [(X =a)E2 ]  = [E2]  [X=a].
For some E ; E 0 and all environments  let [E ]  = [E 0]  [X=a]. Then
[(Y =f) E ]  = [E ]  [Y=Y:f([E ] )]
= [E 0]  [X=a][Y=Y:f([E 0]  [X=a])]

= [(Y =f) E 0]  [X=a]:
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Lemma 3.21 Let
 1 = [E1 (X1 =f1 ) (X2 =f2 ) E2 ] , and
 2 = [E1 (X2 =f2 ) (X1 =f1 ) E2 ] .
Then 1 = 2 .
Proof: follows from Bekic's theorem and the transformation from
nested xpoints to xpoint-equation systems in proposition 3.9. 
def

def

Lemma 3.22 If
 X1 is not free in f2 ,
 X2 is not free in f1 ,
 1 = [E1 (1 X1 =f1) (2 X2 =f2) E2 ] 
 2 = [E1 (2 X2 =f2) (1 X1 =f1) E2 ] 
Then 1 = 2 .
Proof: Straightforward application of the de nition of the semantics
shows that
[(1X1 =f1 ) (2 X2 =f2 ) E2 ] = (2 X2 =f2 ) (1X1 =f1 ) E2]
for all environments . Then lemma 3.14 can be applied.

def

def

Lemma 3.23 Let
 1 = [E1 (X1 =f1 ) (X2 =f2 ) E2]  , and
 2 = [E1 (X2 =f2 ) (X1 =f1 ) E2]  .
Then it is 1  2 , and moreover, if the inequality is strict then
1 (X1 ) < 2 (X1 ) and 1 (X2 ) < 2 (X2 ).
Proof: According to lemma 3.14 it suces for the rst part of the
proposition to show that for all environments  it is
[(X1 =f1 ) (X2 =f2 ) E2 ]   [(X2 =f2 ) (X1 =f1 ) E2 ]  .
Let [(X1 =f1 ) (X2 =f2 ) E2]  = 10 . We know that
 f2 ( 10 ) = 10 (X2 ) (proposition 3.5),
 [(X1 =f1 ) E2] 10 = 10 (lemmata 3.19, 3.20)
Due to proposition 3.5 these are the two properties which the solution
20 of [(X2 = f2 ) (X1 = f1 ) E2]  must have, and furthermore the
def

def

def
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solution 20 is the lexicographic least one of those environments  0
having these properties. Hence the solution 20 is lexicographically
lower or equal to 1 , i.e. 20 (X2 )  10 (X2 ).
If 20 (X2 ) = 10 (X2 ) then applying lemmata 3.19, 3.20 shows that both

solutions must be equal.
10 = [(X1 =f1 ) (X2 =f2 ) E2] 
= [(X1 =f1 ) E2 ]  [X2= 10 (X2 )]
= [(X1 =f1 ) E2 ]  [X2= 20 (X2 )]
= [(X2 =f2 ) (X1 =f1 ) E2]  :
If 20 (X2 ) > 10 (X2 ) then 20  10 and  [X2 = 20 (X2 )] >  [X2 =10 (X2 )]
and with lemma 3.11 also
20 = [(X1 =f1 ) E2 ]  [X2= 20 (X2 )]
 [(X1 =f1 ) E2 ]  [X2= 10 (X2 )]
= 10 :



Lemma 3.24 Let
 1 = [E1 (X =f) E2] , and
 2 = [E1 (X =f) E2] .
Then it is 1  2 , and moreover, if the inequality is strict then
1 (X) < 2 (X).
Proof: In order to prove the rst part of the lemma and according to
lemma 3.14 it suces to show that [(X =f) E2]   [(X =f) E2] .
[(X =f) E2 ]  = [E2]  [X=X0 :f([E2]  [X=X0 ])]
 [E2]  [X=X0:f([E2]  [X=X0 ])]
= [(X =f) E2]  :
For the second part of the lemma assume that the solutions coincide at
X and show that then they must be identical. Substitute the solution
1 (X) = 2 (X) = a in the equation systems due to lemma 3.19 and
eliminate it with lemma 3.20:
def

def
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[E1 (X =f) E2]  =
=
=
=

[E1 (X =a) E2] 
[E1 E2 ]  [X=a]
[E1 (X =a) E2] 
[E1 (X =f) E2] :



Lemma 3.25
([(X =f1 ^ f2 ) E ] )(Y ) = ([(X =f1 ^ X 0 ) (0 X 0 =f2 ) E ] )(Y ),
([(X =f1 _ f2 ) E ] )(Y ) = ([(X =f1 _ X 0 ) (0 X 0 =f2 ) E ] )(Y ),
where X 0 is a new variable, i.e. (*) X 0 does not occur on the right
hand side of E or in f1 or f2 , and (**) Y 6= X 0 .
Proof: by straightforward application of the de nition of the semantics.
([(X =f1 ^ X 0 ) (0 X 0 =f2 ) E ] )(Y )
= ([(0 X 0 =f2 ) E ]  [X=X:(f1 ^ X 0 )([(0 X 0 =f2 ) E ] )])(Y )
= ([(0 X 0 =f2 ) E ]
 [X=X:(f1 ([(0X 0 =f2 ) E ] ) ^ X 0 ([(0 X 0 =f2 ) E ] ))])(Y )
= ([(0 X 0 =f2 ) E ]
 [X=X:(f1 ([E ]  [X 0=:: ]) ^ X 0 ([E ] [X 0 =0X 0 :f2 ([E ] )]))])(Y )
= ([(0 X 0 =f2 ) E ]  [X=X:(f1 ([E ] ) ^ 0 X 0 :f2([E ] ))])(Y )
= ([(0 X 0 =f2 ) E ]  [X=X:(f1 ([E ] ) ^ f2 ([E ] ))])(Y )
()
= ([(0 X 0 =f2 ) E ]  [X=X:(f1 ^ f2 )([E ] )])(Y )
()
0
= ([E ]  [X=X:(f1 ^ f2 )([E ] )][X = : : :])(Y )
= ([E ]  [X=X:(f1 ^ f2 )([E ] )](Y )
()()
= ([(X =f1 ^ f2 ) E ] )(Y )
The proof for _ is analogous.

Lemma 3.26 Let
 1 = [E1 (X1 =f) (X2 =f) E2] 
 20 = [E1[X1=X2 ] (X2 =f[X1 =X2]) E2[X1 =X2 ]] 
 2 = 20 [X1=20 (X2 )]
Then 1 = 2 .
def

def

def
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Proof: We will show the lemma for the case of  = . The other
case of  =  is dual. Moreover the proof is done for E1  . The
generalization to arbitrary E1 follows then by lemma 3.14 and 3.19.
For the proof here the alternative characterization of the solution of
a xpoint-equation system in proposition 3.5 turned out to be more
suitable.
Show that 2  1 :
(1)
1 (X1 ) = 1 (X2 ) proposition 3.5
(2)
1 (X2 ) = f(1 ) proposition 3.5
(3)
[E2 [X1=X2 ]] 1 = [E2] 1 (1),(2), proposition 3.5
(4)
[E2] 1 = 1
corollary 3.7
Hence, with proposition 3.5, it is 2  1 .
Show that 1  2 :
(1)
[E2[X1 =X2]] 2 = 2
proposition 3.5
(2)
2 (X1 ) = 2 (X2 ) by de nition
(3)
[E2] 2 = 2
(1),(2), lemma 3.19
(4)
f(2 ) = 2 (X2 ) proposition 3.5
(5)
[(X2 =f) E2 ] 2  2
(3), (4), proposition 3.5
(6)
f([(X2 =f) E2 ] 2)  f(2 ) (5), monotonicity of f
(7) X1 :f([(X2 =f) E2 ] 2)  2 (X1 ) (2), (4), (6), Theo. 2.16
(8)
1 (X1 )  2 (X1 ) (7)
(9)
[(X2 =f) E2 ] 1  [(X2 =f) E2] 2
(10)

1 = [(X2 =f) E2 ] 1  2

(8) & proposition 3.11
(9), (5), prop 3.5 

Proposition 3.30 Let E be a Boolean equation system, X = f a
Boolean equation,  an environment, b = false and b = true. Then
for the solution of a Boolean equation system holds:
[ ]]  = 
[ (X=f) E ]  = [ E ] [X = f( [ E ]  [X=b ] ) ].
Proof: Apply lemma 3.29 to de nition 3.3.
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Proposition 3.31 For each Boolean equation system E there exists a
Boolean equation system E 0 in standard form and a renaming function
, such that ([[E ] )(X) = ([[E 0] )((X)), and E 0 has size linear in the
size of E .
Proof: The transformation from a Boolean equation system E into
standard form is performed by introduction of additional variables
(proposition 3.25). The number of additional variables is linear in the
size of the right-hand side expressions of E . The size of the righthand side expressions of E 0 is linear in the size of the right-hand side
expressions of E . Renaming does not in uence the size.

Lemma 3.35 ([[E ] )(X) = false i ([[E ] )(X) = true.
Proof: by induction on the structure of E
([[]] )(X) =
=
=
=

(X)
(X)
([[]] )(X)
([[]] )(X)

induction hypothesis: ([[E ] )(X) = ([[E ] )(X)
Show ([[(Y =f) E ] )(X) = ([[(Y =f) E ] )(X)
([[(Y =f) E ] )(X)
=
=
=
=
=
=
=

([[E ] [Y=f([[E ] [Y=false])])(X)
([[E ] [Y=f([[E ] [Y=false])])(X)
([[E ] [Y=f([[E ] [Y=false])])(X)
([[E ] [Y=f([[E ] [Y=false])])(X)
[ E ] [Y=f([[E ] [Y=false])])(X)
[ E ] [Y=f([[E ] [Y=true])(X)
([[(Y =f) E ] )(X)

de nition of semantics
induction hypothesis
complementation of 
de Morgan
induction hypothesis
complementation of 
de nition of semantics
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Proposition 3.36 Given a Boolean equation system E and an environment  there exist Boolean equation systems E 0 and E 00 with the
properties:
 E 0 is in conjunctive form,
 E 0  E , and
 [ E 0]  = [ E ] .
For E 00 the dual properties hold:
 E 00 is in disjunctive form,
 E 00  E , and
 [ E 00]  = [ E ] .
For the proof of this proposition we need lemmata A.1 and A.2.
Lemma A.1 Given Boolean equation systems E ; E1; E2 with the
properties:
(1) E1; E2 are in conjunctive form,
(2) E1  E , E2  E ,
(3) [ E1]  [X=false] = [ E ]  [X=false],
(4) [ E2]  [X=true] = [ E ]  [X=true].
Then there exists a Boolean equation system E3 in conjunctive form,
such that E3  E and
 [ E3]  [X=false] = [ E ] [X=false],
 [ E3]  [X=true] = [ E ] [X=true].
Proof: Assume
E1 = (1 X1=f1 ) : : :(nXn=fn ) and
E2 = (1 X1=g1) : : :(n Xn=gn).
Let i Xi =fi be an equation of E3 , if ([[E1]  [X=false])(Xi ) = true and
iXi=gi , if ([[E1]  [X=false])(Xi ) = false.
By construction of E3 follows
(5) [ E1]  [X=false]  [ E3]  [X=false],
(6) E3  E , and
(7) E3 is in conjunctive form.
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From (3), (5), (6) and proposition 3.16 follows that
[ E3]  [X=false] = [ E ]  [X=false].
We also know that [ E2]  [X=true]  [ E3]  [X=true], because at the
variables where E2 and E3 di er E3 has the solution true for  [X=false]
and hence also for  [X=true].
With (4) and (6) follows that [ E3]  [X=true] = [ E ] [X=true].


Lemma A.2 Given Boolean equation systems E ; E1; E2 with the

properties:
(1) E1; E2 are in disjunctive form,
(2) E1  E , E2  E ,
(3) [ E1]  [X=false] = [ E ]  [X=false],
(4) [ E2]  [X=true] = [ E ]  [X=true].
Then there exists a Boolean equation system E3 in disjunctive form,
such that E3  E and
 [ E3]  [X=false] = [ E ] [X=false],
 [ E3]  [X=true] = [ E ] [X=true].
Proof analogous to the proof of lemma A.1

Proof of proposition 3.36: by induction
Here we assume that the Boolean equation system is in normal form,
i.e. each right hand side expression is either a conjunction or a disjunction of two variables. Then we have to investigate the equations which
have a disjunction as right hand side and show that we can select one
of the disjuncts preserving the solution.
[ X=(Xi _ Xj )]]  =  [X=(Xi _ Xj )( [X=b ])]
=  [X= [X=b ](Xi ) _  [X=b ](Xj )]
=  [X= [X=b ](Xi )]
( if (Xi _ Xj )( ) = true
0

then assume wlog Xi( ) = true)
0

= [ X=Xi ] :

A.1. Proofs of Chapter 3.
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Now assume that for E ;  there exists E1 such that [ E ]  = [ E1] . Let
1 =  [X=b ]
2 =  [X=(Xi _ Xj ) ([[E ] [X=b ])]
3 =  [X=b ];
where true = false and false = true
def

def

def

[ (X=Xi _ Xj ) E ]  = [ E ]  [X=(Xi _ Xj )([[E ]  [X=b ])]
= [ E ]  [X=(Xi _ Xj )([[E ] 1)]
= [ E ] 2
= ()
We have to consider two cases:
(i) (Xi _ Xj )([[E ] 1) = b , and hence 1 = 2 . Then there exists E1
such that [ E ] i = [ E1] i for i = 1; 2.
() = [ E1]  [X=(Xi _ Xj )([[E1]  [X=b ])]
= [ E1]  [X=(Xi )([[E1]  [X=b ])]

( as in the base case:
choose a disjunct which gives the correct result)

= [ (X=Xi )E1] 

(ii) (Xi _ Xj )([[E ] 1) 6= b , and hence 2 = 3 . Now there exists a
di erent equation system for either i , E1 with [ E ] 1 = [ E1] 1
and E3 with [ E ] 3 = [ E3] 3.
Then due to proposition A.1 there exists E4 with [ E4] 1 = [ E ] 1
and [ E4] 3 = [ E ] 3. Hence
() = [ E4]  [X=(Xi _ Xj )([[E4]  [X=b ])]
= [ E4]  [X=(Xi )([[E4]  [X=b ])]
(again choose a suitable disjunct)

= [ (X=Xi )E4] :

The proof for the dual fact, that there exists a conjunctive system
which has the same solution as E works analogously.
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Theorem 5.1 Let X: be a formula of the modal -calculus, M =
(T ; V ) a model and si a state of T .
Then for all environments V it is the case that
si j=M X: i ([[ E( (X =); M ) ] V ) (Xi ) = true.
Proof of theorem 5.1: The mapping E is divided in three steps: the
rst leads from a -calculus formula to a -calculus equation system,
the second to a equation system over the power space of the state
space, the last one to Boolean equation systems. For each domain we
give a semantics and show that in each case the problems to be solved
are reduced stepwise.
The rst transformation, E , leads from the set of -calculus formulae,
L to sequences of unnested -calculus formulae, denoted by L1  .
This transformation was already given and proved in de nition 3.8 and
proved in proposition 3.9. Here we just present the transformation for
the actual scenario.
E : L ! L1 is based on a mapping E0 and is de ned as follows:

E (Q)
E (X)
E (1 ^ 2 )
E (1 _ 2 )
E ([a])
E (hai)
E (X:)

=
=
=
=
=
=
=

E0 (Q)
E0 (X)
E0 (1 ^ 2 )
E0 (1 _ 2 )
E0 ([a])

=
=
=
=
=




E (1 ) E (2)
E (1 ) E (2)
E ()
E ()
(X:E0 ()) (E ())
Q
X

E0 (1 ) ^ E0 (2)
E0 (1 ) _ E0 (2)
[a]E0 ()

A.2. Proofs of Chapter 5.
E0 (hai) = haiE0 ()
E0 (X:) = X
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From proposition 3.9 follows: s 2 j X: j V i s 2 ([[E (X:)]] V )(X).
Note that here we interpret the valuation function V as an environment.
The second transformation, EM , maps a sequence of -calculus formulae to a xpoint-equation system over the powerset of the state space.
Formally, this is the step from the logical formulae to their semantic domain. Technically, we perform only a syntactical transformation
from logical variables to set variables, from the Boolean connectives _
and ^ to the set operations [ and \, from the modal operators [a] and
hai to set operators [ a]]T and hhaiiT .
Let X: be an unnested -calculus formula and E a sequence of
unnested -calculus formulae. The transformation EM : L1  !
P (S ) is based on a mapping E0M and de ned as follows.

EM() = 
EM((X:) E ) = (X = E0M ()) EM (E )

E0M (Q)
E0M (X)
E0M(1 ^ 2)
E0M(1 _ 2)
E0M ([a])
E0M (hai)
E0M (X:)

=
=
=
=
=
=
=

V (Q)
X

E0M (1 ) \ E0M(2)
E0M (1 ) [ E0M(2)
[ a]]T (E0M ())
hhaiiT (E0M ())
X = E0M ()

Recall that the semantics of a xpoint-equation system was given in
de nition 3.3. Here f denotes a monotone set function on P (S ).
[ ]] V = V
[
[ (X =f) E ] V = [ E ] V [X= fS  S j S  f([[E ] V [X=S])g
\
[ (X =f) E ] V = [ E ] V [X= fS  S j S  f([[E ] V [X=S])g
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Correctness of the transformation follows immediately from the de nitions of the semantics: [ (X:) E ] V = [ (X = E0M ()) EM (E )]] V
In the last step the isomorphism between the powerset of the state
space and a Boolean vector space allows to represent a set expression
as a Boolean vector expression and equivalently as a vector of Boolean
expressions. According to Bekic's theorem such a simultaneous xpoint expression can be eliminated and substituted by a sequence of
simple xpoint expressions. In addition the set operators [ a]]T and
hhaiiT can be eliminated by evaluation, because here each Boolean
expression describes a set expression at a particular state of the underlying transition system and at each single state the set operators
can be evaluated easily.
Altogether the transformation function EIB : P (S ) ! IB  maps
a xpoint-equation system over sets of states to a Boolean equation
system. It refers to a set of functions fEIB;1; : : :; EIB;n g, where n =jS j
is the size of the state space.

EIB ()
EIB ((X =f) E )
EIB;i (S)
EIB;i (X)
EIB;i (A1 [ A2)
EIB;i (A1 \ A2)
EIB;i (hhaiiT A)

= 
= (
(X1 = E1 (f)) : : :(Xn = En (f)) EIB (E )
true if si 2 S
=
false else
= Xi
= EIB;i (A1 ) _ EIB;i (A2 )
= EIB;i (A1 ) ^ EIB;i (A2 )
_
EIB;j (A)
=

EIB;i ([[a]]T A) =

a sj
si !

^

a sj
si !

EIB;j (A)

The semantic of a Boolean equation system was already given in section
3.2. The environment V derived from the valuation V is de ned as
above:
V (Xi ) = true i si 2 V (X)
In order to show the correctness of the transformation EIB we have to

A.3. Proofs of Chapter 8.
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prove for a set equation system E and a valuation V :
si 2 ([[E ] V )(X) i ([[EIB (E )]] V )(Xi ) = true.
The proof here requires Bekic's theorem 2.24 for the transformation
of an n-ary simultaneous xpoint to a nested xpoint and the transformation of a nested xpoint to a xpoint-equation system given in
de nition 3.8 and proposition 3.9.
Altogether the transformation function E from a -calculus expression and a model to a Boolean equation system can be composed by
the transformations E ; EM , and EIB as de ned above, and it holds:
E() = (EIB  EM  E )() where  is the usual composition of functions, and from the correctness of these transformation with respect
to the semantics given we can conclude that
[ E(X:)]] V (Xi ) = true i si 2jjj TV .


A.3 Proofs of Chapter 8.
Theorem 8.2 For a Boolean equation system E and an environment
 it is ([[E ] )(Xi) = true i AE ; (fag; SE ; Xi; E ; ; E ; ) is nonempty.
Moreover AE ; has size of O(jE j).
Proof: In the following we often argue with automata which di er only
in their initial state, but coincide in the set of states SE , the transition
relation E ; and the accepting condition E ; . Then we will explicitly
talk about the automaton AE ; with initial state Xi .
(*) Note, if we have an accepting run r of the automaton AE ; with
initial state Xi and a run r0 of AE ; with initial state Xj , such that
every branch b0 of r0 consists of a nite initial part bf continued by a
branch b of r, i.e. b0 = bf b, then b0 ful lls also the acceptance condition
E ; and hence r0 is an accepting run of AE ; with initial state Xj .
Now th proof is by induction on E .
i
i
i

([[]] )(Xi) = true
(Xi )
= true
; (a; Xi) = true
A; with initial state Xi has an accepting run.
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induction hypothesis: 8Xi ; E of length n,  : ([[E ] )(Xi) =

true

i

AE ; with initial state Xi has an accepting run.
Show 8Xi ; E of length n, ; ; X; f :
([[(X =f) E ] )(Xi ) = true i A(X=f ) E ; with initial state Xi is
nonempty.
(=))
case 1 ([[(X =f) E ] )(Xi ) = true = ([[E ] [X=f([[E ] [X=true])])(Xi)
1.1 ([[E ] [X=false])(Xi ) = true
Then there exists an accepting run r on AE ;[X=false] with initial
state Xi and no node of r is labelled with X, because otherwise
this node would be a leaf and this branch not accepted.
The tree r is then also an accepted run of A(X=f ) E ; with initial state Xi , because E ;[X=false] and (X=f ) E ; coincide on all
states di erent from X and no node of r is labelled with X.
Furthermore, if a run is accepted by E ;[X=false] ) then it is also
accepted by the \weaker" acceptance condition (X=f ) E ; .
1.2 ([[E ] [X=false])(Xi ) = false
(1) Then it must be the case that f([[E ] [X=true]) = true, i.e. for
a satisfying set of f fXj 1; : : :; Xjkg it is that
([[E ] [X=true])(Xjl ) = true for 1  l  k. For each Xjl there is
according to the induction hypothesis an accepting run rjl of the
automaton AE ;[X=true] with initial state Xjl .
(2) We show now that there exists an accepting run rX on
A(X=f ) E ; with initial state X.
Consider a tree rX 0 where the root is labelled with X and the successors of the root are rj 1; : : :; rjk from (1). Let rX 00 be the tree
rX 0 where all leaves labelled with X are substituted by a copy of
rX 0 . Continue substitution of X-labelled leaves by rX 0 getting
nally the tree rX . It is easy to see that rX follows the transition function (X=f ) E ; because it coincides on all rj 1; : : :; rjk
with E ;[X=true] on all states apart from X and at the nodes
labelled with X the sucessors are labelled with a satisfying set
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of f according to the transition function (X=f ) E ; (a; X) = f.
It remains to show that the run rX is also accepted. Note that
each branch bX of rX consists either of a nite initial part followed by a branch from some rjl , where 1  l  k, in which no
node is labelled with X, or bX contains in nitely many nodes
labelled with X. In the rst case bX is accepted by the fact that
each branch containing no X-labelled node which is accepted by
AE ;[X=true] with initial state Xjl is also accepted by A(X=f ) E ;
with initial state Xjl and argument (*) above. In the latter case
bX is accepted by the acceptance condition (X=f ) E ; , because
X is a -variable and gets the least index.
(3) We nally have to show that there is an accepting run r on
A(X=f ) E ; with initial state Xi . According to the assumptions
it must be the case that ([[E ] [X=true])(Xi ) = true and with the
induction hypothesis we know that there must be an accepting
run r0 of AE ;[X=true] with initial state Xi . Now take the run
r0 and substitute each leaf labelled with X by the run rX from
(2). It is easy to see that rX follows the transition function
(X=f ) E ; . Each branch of r0 containing no X and accepted bt
E ;[X=true] is also a branch of r and accepted by (X=f ) E ; .
All other branches are accepted by argument (*) above.
case 2 ([[(X =f) E ] )(Xi ) = ([[E ] [X=([[E ] [X=false])])(Xi) = true
2.1 ([[E ] [X=false])(Xi ) = true
According to the induction hypothesis there is an accepting run r
on
AE ;[X=false] with initial state Xi . No node of r is labelled
with X, since such a node would be a leaf of a not accepted
branch. Hence r is also an accepting run of A(X=f ) E ; with
initial state Xi , because (X=f ) E ; and E ;[X=false] coincide
on all states apart from X and X does not appear in r.
Then (X=f ) E ; accepts every branch that is accepted by
E ;[X=false] .
2.2 ([[E ] [X=false])(Xi ) = false
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(1) Then it must be the case that f([[E ] [X=false]) = true, i.e.
there must be a satifying set fXj 1; : : :; Xjkg for some k 2 IN of
f such that ([[E ] [X=false])(Xjl ) = true for 1  l  k. According to the induction hypothesis for each 1  l  k there is an
accepting run rjl on AE ;[X=false] with initial state Xjl . Since no
node is labelled with X each tree rjl is also an accepting run
of A(X=f ) E ; with initial state Xjl , because the transition functions E ;[X=false] and (X=f ) E ; coincide on all states apart from
X and (X=f ) E ; accepts every in nite branch that E ;[X=false]
accepts.
(2) Show now that A(X=f ) E ; with initial state X has an accepting run rX . Let rX be the tree where the root is labelled with
X and the successors of the root are the trees rj 1; : : :; rjk from
(1). Since fXj 1; : : :; Xjk g is an accepting set of f, rX follows
the transition function (X=f ) E ; (a; X) = f, which coincides
with E ;[X=false] on all states other than X. With argument (*)
follows that rX is also accepted by A(X=f ) E ; .
(3) It remains to construct an accepting run r of A(X=f ) E ; with
initial state Xi . We know that ([[E ] [X=true])(Xi ) = true and
according to the induction hypothesis there must be an accepting
run r0 of AE ;[X=true] with initial state Xi Let r be as r0 where
all leaves labelled with X are substituted by rX from (2). Note
that all branches of r0 containing no X are also accepted by
A(X=f ) E ; with initial state Xi . All other branches are accepted
by argument (*).
((=) We make use of complementation of Boolean equation systems
and alternating automata with parity condition.
Assume ([[E ] )(Xi) = false, then by lemma 3.35 ([[E ] )(Xi ) = true and
according to the rst part of the proof we know that AE ; with initial
state Xi is nonempty. The complementation of alternating automata
with parity condition is easy (see [EJ91]): the complement of AE ;
with initial state Xi is AE ; with initial state Xi , and if AE ; has an
accepting run, then AE ; is empty.
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Theorem 8.7 Player II has a winning strategy for the game on GE with
initial vertex i i ([[E ] )(Xi) = true. Moreover jGE j = O(jEj).
Proof: It follows immediately from construction that the size of GE is
linear in the size of E .
((=)
Assume ([[E ] )(Xi) = true. According to lemma 3.36 there exists a
Boolean equation system E 0 in conjunctive form, where E 0  E and
and [ E 0]  = [ E ] . All conjunctions of E are contained in E 0, but from
each disjunction of E there is only one disjunct in the corresponding
equation of E 0. Consider the game graph GE 0 . In every play on GE 0
player II never takes a move, because there are no vertices labelled
with _.
We now want to show by contradiction that for the game on GE 0 with
initial vertex labelled with i player II wins every play. Then a winning strategy for player II is to choose in every I-labelled vertex this
successor which is also contained in GE 0 .
Assume p is a play of GE 0 with initial vertex i which is won by player
I. Let j be the least vertex in lim(p). For each vertex in lim(p) it
must be the case that there is (at least) one of its successors in lim(p)
and also (at least) one of its predecessors. Moreover there must be
a subsequence p0 = v0 ; v1; : : :; vn of p, where v0 = vn = j and vk 2
lim(p) n fj g for 0 < j < n. We now want to show that in the Boolean
equation system E 0 the variable Xi has the solution false. Assume
j 6= false. Consider all equations Xk =fk in E 0 where k is a vertex in
lim(p). We know that Xj =fj , the equation corresponding to vertex
j, is the least one with respect to E among these equations. Now
p0 de nes a sequence of substitution steps (lemma 6.3) in E 0: rst the
equation corresponding to vertex v1 is substituted into fj giving Xj =
fj1 , then the equation corresponding to vertex v2 into fj1 giving Xj =
fj2 and so on. After n 1 substitution steps we have an occurrence of
the variable Xj on the right-hand side of Xj =fjn 1 and may apply
an elimination step (lemma 6.2). Because fj(n 1) can only consist of
a disjunction or a single variable the equation evaluates to Xj = false
and it is the case that ([[E 0] )(Xj ) = ([[E ] )(Xj ) = false. The initial
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part of p de nes a sequence from Xi to the rst occurrence of Xj in p
and going this initial sequence backwards applying substitution steps
for constants (lemma 3.19) we get that ([[E 0] )(Xi ) = ([[E ] )(Xi ) =
false which contradicts the assumption. For the case j = false we just
have to apply the last argument above and get the same contradiction.
(=))
The other direction follows by duality arguments. Analogously to the
rst case of the proof we can show that from ([[E ] )(Xi ) = false it
follows that player I has a winning strategy. Since only one of the
players can have a winning strategy and ([[E ] )(Xi) must be either
true or false the proof is complete.


A.4 Proofs of Chapter 9.
Theorem 9.4 Given an in nite Boolean equation system E =
1B1 : : :nBn and an environment  there exists an in nite Boolean
equation system E 0 = 1B10 : : :nBn0 such that E 0 contains no
disjunctions on the right-hand side. In particular:
 If k Xj = Vi2I Xi is an equation in block Bj of E then it is also
an equation in Bj0 of E 0.
 If k Xj = Xi is an equation in block Bj of E then it is also an
equation in Bj0 of E 0 .
 If k Xj = Wi2I Xi is an equation in block Bj of E and I is
nonempty, then for some k 2 I the equation k Xj = Xi is in block
Bj0 of E 0 . If I is empty then k Xj = false is an equation of Bj0 of E 0.
 [ E ]  = [ E 0] 
Proof: by induction on the structure of E .
The argumentation here is similar to the one in the proof for the nite
case (proposition 3.36). There in the induction step we have to construct one Boolean equation system based on two others (lemma A.1).
In contrast to the nite case here we have to construct one Boolean
equation system based on countable number of other ones. However,
the idea and technique is very much the same.
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base case: Let E =  and  be an environment. Then E 0 =  ful lls the
requirements.
induction hypothesis: for each in nite Boolean equation system E with
fewer blocks than n and environment  we can nd an in nite Boolean
equation system E 0 having no disjunctions with more than one disjunct
on its right-hand side and [ E ]  = [ E 0] .
induction step: assume that B E is an in nite Boolean equation system, that for some index set I lhs(B) = fXi j i 2 I g, and that  is an
environment. Then
[ B E ]  = [ E ] [XI =XI :B([[E ] )]
Now we proceed as follows:
De ne
b0 = falseI
b +1 = B([[E ] [XI =b
_
b =
b
def

def

def

<

for an ordinal,  a limit ordinal. By proposition 2.20, b = b for some
, and since the b form an ascending chain in the product lattice IB I ,
 is countable.
Climbing up the b we rst construct a system E 0 having the same
solution as E for all [XI =b ]. Then E 0 and E also have the same
solution for the least xpoint b, i.e. [ E ] [XI =b] = [ E 0] [XI =b]. Afterwards we construct a block B0 , also climbing up the b , such that
B([[E ] [XI =b ]) = B0 ([[E ] [XI =b ]). Then we get also B([[E ] [XI =b] =
B0 ([[E 0] [XI =b] = b The theorem follows then by application of the definition of the semantic.
We rst construct a system E 0, such that
(1) [ E ] [XI =b ] = [ E 0] [XI =b ] for all .
For this we use the fact that according to the induction hypothesis for
each there exists an E 0 having the required form and [ E ] [XI =b ] =
[ E 0 ] [XI =b ].
The construction of E 0 works as follows:
For = 0 select all X 2 lhs(E ) where ([[E ] [XI =b0])(X) = true. We
know that then also ([[E00 ] [XI =b0])(X) = true. For each of these X let
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the equation X = f 0 from E00 be an equation of E 0 in the corresponding
block. Whatever the remaining equations of E 0 will be (they might all
be false, see 3.19), we have
(*) ([[E 0] [XI =b0])(X) = true = ([[E ] [XI =b0 ])(X).
For each select all variables Xj 2 lhs(E ) such that
([[E ] [XI =b +1] )(Xj ) = true
([[E ] [XI =b ])(Xj ) = false
and for all these Xj let the equation Xj = fj0 in E 0 be an equation
of E 0 , such that Xj = fj0 is contained in the corresponding block to
the one of E containing Xj = fj .
The argument now is by induction. Assume that for all other Xk
(having lower signature)
if ([[E ] [XI =b ])(Xk ) = true
then ([[E 0] [XI =b ])(Xk ) = true:
This is, because of monotonicity, for all 
if ([[E 0] [XI =b ])(Xk ) = true
then ([[E 0] [XI =b ])(Xk ) = true;
Hence we know that for all these Xk , where
([[E 0 ] )(Xk ) = true = ([[E ] )(Xk ) that also ([[E 0] )(Xk ) = true.
With the base case (*) we can now conclude (1). (See also the argumentation for lemma A.1 in combination with lemma 9.3).
Furthermore
if
[ E ] [XI =b ] =
[ E 0] [XI =b ]
then B([[E ] [XI =b ]) = B([[E 0] [XI =b ]) = b +1
From the above we also can conclude
(2) XI :B([[E ] ) = XI :B([[E 0] )
Next we construct B0 in such a way, that for each
B([[E ] [XI =b ]) = B0 ([[E ] [XIV=b ]).
 Let each equation X = j 2J Xj for some index set J in B be
also an equation of B0 .
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 If there is an equation in B of the form X = Xi or X = W Xi ,

where the disjunction contains only a single disjunct, then let X =
Xi be an equation of B0 .
 If there is an equation in B of the form X = Wj 2J Xj for some
index set J and there is one of the disjuncts true, then let X = true
be an equation of B0 .
 For each equation X = Wj 2J Xj in WB where ([[B E ] )(X) =
false choose any of the disjuncts from j 2J Xj , say Xj , and let
X = Xj be an equation of B0 .
 In all other cases for Xi 2 lhs(B) we have ([[BWE ] )(Xi ) = true
and the equation for Xi is of the form Xi = j 2J Xj for some
index set J. For each of these Xi there exists an such that
([XI =b +1 ])(Xi ) = true and ([XI =b ])(Xi ) = false. Select from
W
j 2J Xj a variable Xj , such that ([[E ] [XI =b ])(Xj ) = true and
let X = Xj an equation in B0 . Hence (B0 ([[E ] [XI =b ]))i = true
according to the choice of Xj .
It follows from the construction that
(3) B([[E ] [XI =b +1]) = B0 ([[E ] [XI =b +1])
Altogether we have then that
[ B E ]  = [ E ] [XI =XI :B([[E ] )]
= [ E ] [XI =XI :B0 ([[E ] )] (3)
= [ E 0] [XI =XI :B0 ([[E 0] )] (1); (2)
= [ B0 E 0] 
The dual case for  B E works similarly.

Lemma 9.9 Let
 E1, E2, E3 be set based Boolean equation systems,
 M; N; N 0  S , where N  N 0
 assuming that for all j 2^J it is Y 6= Xj
fM = (Y; N; Y ) ^ (Xj ; Mj ; j );
fN 0 =

^

k 2K

j 2J

(Yk ; Nk ; k );
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^

fM0 =

k 2K

(Yk ; Nk ; Y  k ) ^

^
j 2J
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(Xj ; Mj ; j );

  an environment.
Then [ E1 (X (X; M)=fM ) E2 (Y (Y; N 0 )=fN ) E3 ] 
= [ E1 (X (X; M)=fM0 ) E2 (Y (Y; N 0)=fN ) E3] .
Proof: Transform both equation systems to in nite Boolean equation
systems E4 and E5.
For m 2 M and n 2 N E4 contains the equations
^ ^
^
Xj;t and
Yn ^
X Xm =
j 2J t2j (m)
n2Y (m)
^ ^
Y Yn =

k2K n02k (n)

Yk;n0

in E4 . According to lemmata 9.3, 6.3 we can apply in nitely many substitution steps in the in nite Boolean equation system E4 substituting
all the Yn, and getting the new equation
X Xm =
=

^

^ ^

n2Y (m) k2K n0 2k (n)

^

^

k2K n0 2(k Y )(m)

Yk;n0 ^
Yk;n0 ^

^ ^

j 2J t2j (m)

^ ^

j 2J t2j (m)

Xj;t
Xj;t

This is an equation of the in nite Boolean equation system E5.



Lemma 9.10 Let
 E1 and E2 be set based Boolean equation systems,
 (X; M) = (X; M; ) ^ Vi2I (Xi ; Mi ; i) a set based Boolean equation,
  an environment, and
 0 = [ E1 ((X; M)=(X; M; ) ^ Vi2I (Xi ; Mi; i )) E2 ] 
V
If  =  then 0 = [ E1((X; M) = i2I (Xi ; Mi ; i   ))E2 ] .
If  =  and  is wellfounded then 0 is as in the case for  = ,
if  is not wellfounded then 0 ((X; M)) = false.
def
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Proof: In a rst step the set based equation system is transformed to
an in nite Boolean equation system, where the set equation
^
(X; M) = (X; M; ) ^ (Xi ; Mi; i )
i2I

for s 2 M is mapped to a block B containing the equations
Xs =

^

s0 2(s)

^ ^

Xs0 ^

i2I s0 2i (s)

The equation
(X; M) =

^

i2I

Zi;s0 :

(Xi ; Mi ; i   )

is mapped to a block B in an in nite Boolean equation system,
containing the equations
^ ^
Zi;s0
Xs =
i2I s0 2(i  )(s)

We will abbreviate the (in nite) vector of all Xi for i 2 I by X.
Let E10 = T(E1 ) and E20 = T(E2 ). For the cases that  is wellfounded
or  =  we have to show that [ E10 B E20 ]  = [ E10 B E20 ]  and
according to lemma 3.14 we just have to show the equivalence above
only for the case E1 = , i.e. [ B E20 ]  = [ B E20 ] , and according to
the de nition of the semantics it suces to show that X:B([[E20 ] ) =
X:B ([[E20 ] )
Now we want to apply a substitution step to each Xs0 . For applying in nitely many substitutions within block B we need proposition
2.17(6) and lemma 9.3 rather than lemma 9.9.
^ ^
^ ^
^ ^
Zi;s0
Zi;s00 ) ^
Xs00 ^
(
Xs =
def

def

=
=

i2I s00 2i (s0 )

s0 2(s) s00 2(s0 )

^

s00 2((s))

i2I s00 2(i )(s)

^

^

s0 2((s))

Xs00 ^

Xs0 ^

^

^

^

Zi;s00 ^

i2I s0 2((i )[i )(s)

Zi;s0

i2I 0

^ ^s 2i (s)

i2I s0 2i (s)

: : : applying these substitution steps log2(n) times

Zi;s0
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^

Xs0 ^

^

^

Zi;s0
i2I s0 2(i (0 [1 [:::n 1 ))(s)
Let these equations be collected in a block Bn for n 2 2m ; m 2 IN
It follows from proposition 2.17(6) that [ Bn E20 ]  = [ B E20 ]  for all
Bn .
=

s0 2n (s))

De ne

b = X:B([[E20 ] 
sol = [ B E20 ] 
b = X:B ([[E20 ] 
 = [ B E 0 ] 
sol
2
and it follows that
b = X:Bn ([[E ] 20 )
def

def

def

def

With lemmata 3.19 and 3.20 it is the case that sol = [ B] sol and
 = [ B ]  and b = B ( )
b = B(sol ), and also sol
sol
sol
We abbreviate sol [X=b](Xs) by bs and sol [X=B(sol )](Xs ) by
(B(sol ))(Xs ), and analogously for b and B . Now we assume  = .
It suces to show that b = b and for that purpose we show that
 ) = b
(1) X:B (sol ) = b and (2) X:B(sol
(1) implies that B ([[E ] 20 [X=b]) = b and hence b  b ,
(2) implies that B([[E ] 20 [X=b ]) = b and hence b  b.
Show now X:B(sol ) = b
(i) Because in B there is no free Xs on the right-hand side, it is the
case that X:B (sol ) = B (sol )
V V
If for B (sol )Vand Van equation Xs = i2I s0 2(i  )(s) Zi;s0 in B
we have that ( i2I s0 2(i  )(s) Zi;s0 )(sol ) = false then there for some
Zi;s0 it must be that sol (Zi;s0 ) = false. Then we can nd a Bn , where
the equation for Xs has this Zi;s0 on its right-hand side and also
(Bn (sol ))(Xs ) = false and hence we have also (X:Bn (sol ))(Xs ) =
false and also (X:B(sol ))(Xs ) = bs = false. Therefore is b  B (sol ).
(ii) De ne b0 = trueI and b +1 = B(sol [X=b ]).
Assume that (X:B(sol ))(Xs ) = false.
def

def
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Show that then also (B (sol ))(Xs ) = false. Then there must be some
such that bs = false and bs 1 = true. ( is called the signature of
Xs .)
If = 1 then there must be a Zi;s0 for some i 2 I, s0 2 i (s), where
sol (Zi;s0 ) = false. But then it is also (B (sol ))(Xs ) = false.
If > 1 then there must be a Xs0 for some s0 2 (s) with sol (Xs0 ) =
false and Xs0 having a signature 0 < . Applying this argument repeatedly then the signature eventually reaches 0, and then we have a Zi;s0
for some i 2 I, s0 2 (i  n)(s), for some n, such that sol (Zi;s0 ) = false.
Hence it is (B (sol ))(Xs ) = false.
Altogether from (X:B(sol ))(Xs ) = false follows that (B (sol ))(Xs ) =
false and hence B (sol )  b.
From (i) and (ii) we can conclude that B (sol ) = b
 ) apply the same arguments as above
When showing that b = B(sol
 instead of sol . From (i) follows then that X:B( )  b ,
to sol
sol
 ).
from (ii) that b  X:B(sol
For the case  =  note that if  is wellfounded for each S 2 M there
exists some n 2 IN such that n (s) = ; and the equivalence of Bn and
B follows immediately.
If  is not wellfounded then de ne b0 = falseI and b +1 =
B(sol [X=b ]). Assume an Xs0 being true at the least xpoint
and let be its signature. For all s00 2 (s0 ) Xs00 must be true and
have a lower signature. Repeat this argument for Xs00 . Because  is
not wellfounded we can nd an in nite chain of decreasing signatures,
which is a contradiction.
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