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Abstract. This paper analyses the problem of modelling joint friction in robotic manipulators with gear transmissions at joint velocities varying from close to zero until their maximum
appearing values. It is shown that commonly used friction models that incorporate Coulomb,
(linear) viscous and Stribeck components are inadequate to describe the friction behaviour for
the full velocity range. A new friction model is proposed that relies on insights from tribological models. The basic friction model of two lubricated discs in rolling-sliding contact is
used to analyse viscous friction and friction caused by asperity contacts inside gears and roller
bearings of robot joint transmissions. The analysis shows different viscous friction behaviour
for gears and pre-stressed bearings. The sub-models describing the viscous friction and the
friction due to the asperity contacts are combined into two friction models; one for gears and
one for the pre-stressed roller bearings. In this way, a new friction model [1] is developed that
accurately describes the friction behaviour in the sliding regime with a minimal and physically
sound parametrisation. The model is linear in the parameters that are temperature dependent,
which allows to estimate these parameters during the inertia parameter identification experiments. The model, in which the Coulomb friction effect has disappeared, has the same number
of parameters as the commonly used Stribeck model [2]. The model parameters are identified
experimentally on a Stäubli RX90 industrial robot.
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Figure 1: Stäubli RX90B six-axes industrial robot.
Courtesy of Stäubli, Faverges, France.

1 INTRODUCTION
Experimental identification of the inertia parameters of robotic manipulators imposes high
demands on the accuracy of the applied friction models as friction contributes significantly to
the measured joint torques. The friction models commonly used in robot literature for this
purpose, so called classical friction models, incorporate Coulomb, (linear) viscous and Stribeck
components [1]. These models establish that the friction torque is a function of the joint velocity.
However, it will be shown in this paper that these models are inadequate to describe the nonlinear viscous friction behaviour at high velocities. The models can be improved ad hoc by
including extra (non-linear) terms with extra parameters in the friction model, but the physical
meaning of such additions is unclear.
This paper analyses the problem of modelling joint friction in industrial robots at velocities
varying from close to zero up to the maximum appearing values. In order to get an understanding of friction in the joints of industrial robots, a closer look is taken at the gear transmissions
inside the joint assemblies of the Stäubli RX90 robot, see figure 1. The first four joints of the
robot, see figure 2, are equipped with a so-called JCS (Stäubli Combined Joint), which is a sophisticated assembly that includes both a cycloidal transmission and the joint bearing support.
The cycloidal transmission is driven by a servo motor via a helical gear pair. The gears and
bearings in the cycloidal transmission are prestressed in order to eliminate any backlash or play.
Both the cycloidal transmission and the helical gear pair are lubricated by means of an oil bath
in order to reduce friction losses and to minimise wear. Naturally, all joints are equipped with
roller bearings. The remaining two joints in the robot’s wrist will not be discussed in this paper
as they have a different set-up.
A new friction model is proposed that relies on insights from tribological models. The basic
friction model of two lubricated discs in rolling-sliding contact is used to analyse viscous friction and friction caused by asperity contacts inside gears and roller bearings of the robot joints.
The sub-models that describe the viscous friction and friction due to the asperities are combined
into two friction models: one for gears and one for pre-stressed roller bearings. In this way a
new friction model is developed that accurately describes the friction behaviour observed in the
Stäubli RX90 industrial robot.
A brief description of the classical friction models and their applicability in industrial robot
identification is given in section 2. In section 3, the friction phenomena of a single lubricated
contact is discussed on the basis of two lubricated discs in a rolling-sliding contact; expressions
for the friction forces due to lubricant viscosity and asperity contacts are presented. These
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Figure 3: Classic friction models.

expressions are applied to model friction forces arising in two typical transmission components
like the helical gear pair and the pre-stressed roller bearing in section 4. In section 5 these
models are combined into a friction model that accounts for friction in a single joint. The
unknown friction parameters of the friction model are identified by means of experiments in
section 6. It will be shown that the friction model is linear in the parameters that depend on the
temperature of the robot joint, which makes it very suitable to use the friction models in inertia
parameter identification experiments.
2 FRICTION MODELLING AT SYSTEM LEVEL
2.1 Classical friction models
Most friction models in robot literature are combinations of the classical friction models, see
figure 3. For modelling of friction in robots with revolute joints, friction is usually modelled as
(f )
a joint torque Tj which is a function of its angular joint speed q̇j . The subscript j denotes the
joint number. The most elementary model is the Coulomb friction model:
T (f ) = sign(q̇) T (f,C) ,

(1)

where T (f,C) is the Coulomb friction torque and q̇ is the angular speed. The Coulomb friction
model originates to the friction between sliding dry surfaces which generally produce large
friction forces. Note that sign(q̇) is not defined for zero velocities. This means that the model
is not able to describe the friction torque for a velocity equal to zero. The application of a
lubricant between the surfaces results in the addition of a viscous term, see figure 3(a), in the
friction model:
T (f ) = sign(q̇) T (f,C) + c(v) q̇ ,
(2)
where c(v) is the viscous friction parameter. Viscous friction is, in this model, taken as a linear
function of the angular joint speed.
It was found by the Swiss scientist Euler (1707-1783) that a higher force was needed to
bring the surfaces in a sliding motion than there is needed to keep the surfaces in motion, see
figure 3(b). This so-called static friction effect is taken into account as
(
|T (f ) | ≤ T (f,s)
if q̇ = 0 ,
T (f ) =
(3)
(f,C)
(v)
sign(q̇) T
+ c q̇ if q̇ 6= 0 ,
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where T (f,s) is the static friction torque and T (f,C) < T (f,s) . Note that this model gives a nonunique solution for the coefficient of friction for zero velocities and that it shows discontinuous
behaviour in a transition from zero velocity to nonzero velocity.
Stribeck [3] discovered that the drop from static friction to Coulomb friction is not discontinuous for lubricated surfaces but that it is a continuous function of the velocity, see figure 3(c).
Therefore, the graph representing the relation between friction and velocity will hereafter be
referred to as the Stribeck curve. A well known model describing the Stribeck effect has been
developed by Bo and Pavelescu [4], which has an exponentially decrease from the static friction
to the Coulomb friction:


(s) δ
(f )
(f,C)
(f,s)
(f,C) − q̇/q̇
T
= sign(q̇) T
+ (T
−T
)e
,
(4)
where q̇ (s) is known as the Stribeck velocity, which indicates the velocity range in which the
Stribeck effect is effective. According to [4] the empirical exponent δ ranges from 0.5 to 1 for
different material combinations.
Armstrong-Helouvry [5] adopted this Stribeck model and added a viscous term c(v) q̇:


(s) δ
(f )
(f,C)
(f,s)
(f,C) − q̇/q̇
T
= sign(q̇) T
+ (T
−T
)e
+ c(v) q̇ .
(5)
This friction model has been applied by many authors, e.g. [2, 6, 7], for the modelling of sliding
friction in robotic systems. In the next section, the applicability of this model in the modelling
of joint friction in an industrial robot is investigated. The five unknown parameters, T (f,C) ,
T (f,s) , q̇ (s) , δ and c(v) , are determined experimentally.
2.2 Stribeck curve measurement
In order to determine the unknown parameters, a Stribeck curve measurement of the first
joint of the Stäubli RX90 is carried out. The joint is moved with a trapezoidal velocity profile
at different speeds. The values for the joint torques have been averaged along the constant part
of the velocity profile in order to reduce noise and position dependent friction effects.
The joint torques are plotted as a function of the joint velocities q̇, see figures 4. The joint
torque is normalised with the maximum joint torque. The Stribeck effect is clearly visible in the
detailed figure 4(b). Note that the Stribeck velocity parameter q̇ (s) does not necessarily coincide
with the joint speed where the friction torque has its minimum.
The friction model is a non-linear function of two of the unknown parameters, namely q̇ (s)
and δ. In order to estimate all five parameters at once, one has to rely on non-linear optimisation
techniques. It is commonly known that non-linear optimisation techniques may lead to local optima in which non-physical parameter values are found. Non-linear optimisation techniques can
be applied successfully in cases for which the model is consistent with the observed behaviour
combined with a proper first estimate of the parameter values.
To prevent difficulties with non-linear estimation techniques, a linear least squares optimisation technique is used to obtain the values for the parameters T (f,C) , T (f,s) and c(v) which are
linear in the model. Values for the parameters q̇ (s) and δ are selected manually and are assumed
to be constant.
In this way the parameters are identified in three steps. In the first step, the parameters for
the Stribeck effect q̇ (s) and δ have been given a reasonable value. In step two, the remaining
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Figure 4: Stribeck curve for joint 1 of the Stäubli RX90 industrial robot as function of velocity. The dots (•)
represent the measurements. Note the non-linear viscous behaviour at high velocities. Model 1 (− −) is estimated
in the full velocity range whereas model 2 ( ) is estimated in the range from 0 to 0.5 rad/s.


T
parameters p(f ) = T (f,s) T (f,C) c(v) are estimated with a linear least square optimisation,
which implies minimising the ℓ2 -norm
2

p̂(f ) = arg min T − A(f ) p(f )

2

p(f )

,

(6)

T

where T = T1 · · · Tn is the vector of measured friction torques and matrix A(f ) is defined
as


− q̇ /q̇ (s)

A(f )

δ

− q̇ /q̇ (s)

δ

1
1−e 1
q̇1 
e

.
.
..  ,
..
..
=
.


δ
δ
− q̇n /q̇ (s)
− q̇n /q̇ (s)
1−e
q̇n
e

(7)

for n measured velocity values. The least squares estimates p̂(f ) from Eq. (6) can be expressed
mathematically as

−1
T
(f )
(f ) T (f )
p̂ = A
A
A(f ) T .
(8)

The last and third step is to fine-tune the manually chosen values for δ and q̇ (s) . This is an
iterative process where the chosen values are changed slightly before the second step is repeated.
By inspection of the fit between the modelled Stribeck curve and the measured Stribeck curve
the values δ = 0.33 and q̇ (s) = 0.024 rad/s have been obtained.
In this way, two different parameter sets are estimated; one for the full velocity range from
0 to 4 rad/s and one for a low velocity range from 0 to 0.5 rad/s. As can be observed from
figure 4(a), the models 1 and 2 show different behaviour for the low velocity (below 0.5 rad/s)
and high velocity (above 0.5 rad/s) range.
Model 1 is estimated for the full velocity range and shows better performance at higher
velocities. The low velocity behaviour is clearly not modelled correctly, as a value for the
static friction torque is found which is lower than the value for the Coulomb friction. This is
caused by the fact that for higher velocities a lower viscous friction parameter shows a better fit.
The mismatch for the viscous friction behaviour at low velocity is compensated by a negative
Stribeck effect.
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Figure 5: Two lubricated discs in a rolling–sliding contact (a) and the velocity diagram (b) in which the velocity
state (•) of a lubricated contact can be indicated.

Model 2 on the other hand shows to be quite accurate for the low velocity range, the Stribeck
effect is described accurately, but then the extrapolation into the high velocity range is poor. It
appears that linear viscous behaviour of the model in Eq. (5) does not confirm with the actual
viscous behaviour of the robot joint.
From the fact that a poor fit is obtained, it can be concluded that the model is not capable to
describe the friction phenomena for the full velocity range in the sliding regime. The fit can be
improved by including extra (non-linear) terms with extra parameters in the friction model [8],
but the physical meaning of such additions in unclear.
3 FRICTION MODELLING AT CONTACT LEVEL
In this section the friction phenomena of a single lubricated contact are studied. On system
level, the friction is accounted for as a joint torque T (f ) . On contact level, it is more convenient
to consider friction as a force f (f ) . Analogously, the surface velocity u is considered in stead of
the joint speed q.
The main components in a robot joint are bearings and gears. In tribology, friction inside
gears and bearings is often represented by two lubricated discs in a rolling–sliding contact
[9, 10]. The motivation for this representation is that friction in both the roller–raceway contact
in roller bearings and the contact between two teeth in a helical or spur gear wheel pair can be
represented by the friction behaviour of two lubricated discs in a rolling–sliding contact.
3.1 Two lubricated discs in a rolling–sliding contact
In figure 5(a), an illustration is given of two lubricated discs in a rolling–sliding contact. The
friction force between both discs is defined as f (f ) . The surface velocities of both discs are
defined as u1 and u2 , respectively. The velocity state of the lubricated contact can be expressed
as a function of these surface velocities. It is, however, more convenient to express the velocity
state of the contact as a function of the sliding velocity and the sum velocity, see the velocity
diagram in figure 5(b). The sliding velocity is the difference of both velocities
u(−) = u1 − u2

(9)

u(+) = u1 + u2 .

(10)

and the sum velocity u(+) is defined as
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Another frequently used quantity to express the velocity state is the slip ratio s, which is defined
as the ratio between the sum and the sliding velocity
s=

u(−)
.
u(+)

(11)

With these definitions, three typical situations for the velocity state can be distinguished:
i. Perfect rolling. Both velocities, u1 and u2 , are equal in magnitude and direction. Then
the sliding velocity u(−) equals zero and, consequently, there is zero slip. This velocity
state is indicated by the u(+) -axis.
ii. Full sliding. Both velocities, u1 and u2 , are equal in magnitude and opposite in direction.
Then the sum velocity u(+) equals zero, resulting in infinite slip. This velocity state is
indicated by the u(−) -axis.
iii. Constant slip. The ratio s between the sum and sliding velocity stays constant. This
velocity state is indicated by e.g. the dashed line in figure 5(b). In fact, it may be any line
that crosses the origin O.
Next, the friction behaviour will be considered as a function of the velocity state. To cover all
velocity states it is convenient to consider the friction behaviour at a constant slip ratio, so along
the dashed line in figure 5(b). Furthermore, the friction behaviour is considered for varying slip
ratios, at a constant sum velocity. This case will be discussed first.
Traction
The friction behaviour as function of the slip ratio s is known as traction. Suppose that one
of the discs drives the other disc. The friction force that is needed to bring the second disc in
motion is known as the traction force. A typical traction curve is illustrated in figure 6. Note
that in a zero slip situation, i.e. in a pure rolling contact, the friction force is zero.
For small slip ratios the traction force–slip ratio has a linear relationship due to Newtonian
viscous behaviour of the lubricant. At higher slip ratios the viscous behaviour starts to become
non-Newtonian. If the slip ratio is further increased the traction force might start to drop due
to shear heating of the lubricant [10]. The traction force is to a large extent determined by the
viscous behaviour of the lubricant.
Stribeck behaviour
The friction behaviour as function of velocity at a constant slip ratio is expressed by the
Stribeck curve. As the Stribeck curve is defined for a constant slip ratio, the curve may be
plotted as a function of either the sum velocity u(+) or the sliding velocity u(−) . Schipper [11]
defines a lubrication number
η0 u(+)
L=
,
(12)
pav Ra
where η0 is the viscosity, pav is the average pressure and Ra is the combined surface roughness. Plotting the Stribeck curve as a function of this lubrication number L yields a so-called
generalised Stribeck curve.
The Stribeck curve is characterised by three lubrication regimes: Boundary Lubrication
(BL), Mixed Lubrication (ML) and Elasto-Hydrodynamic Lubrication (EHL). In figure 7, these
7
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Figure 7: A typical Stribeck curve for an arbitrary lubricated contact as function of the lubrication number L and for a constant slip ratio s.

lubrication regimes are indicated in a typical Stribeck curve for an arbitrary lubricated contact.
In the BL regime, at very low velocity, the friction force is mainly caused by the metallic contact
between the surface asperities. The height of the lubricant film between the surfaces is in the
same order as the height of the surface summits. As the velocity increases, the lubricant film
grows and less asperities are in contact, resulting in a reduction of the friction force caused by
the surface summits. On the other hand, viscous friction caused by the lubricant is increasing.
This regime is known as the ML regime. Finally, in the EHL regime, the lubricant film has
grown such that the surface summits are fully separated. The friction force is the force needed
to shear the lubricant film. In figure 7 three different Stribeck curves are plotted. The curves
range from full Newtonian behaviour to full non-Newtonian behaviour of the lubricant. Curve
(a) shows a typical Newtonian behaviour of the lubricant at high velocity. In curve (b) the lubricant is mainly Newtonian, but at high velocity the lubricant shows non-Newtonian behaviour.
Curve (c) corresponds with full non-Newtonian behaviour. It appears that the viscous properties
of the lubricant plays a central role in the friction behaviour in the EHL regime.
3.2 Friction force in the lubrication regimes
In the boundary lubrication regime, the friction force is mainly determined by the friction force due to the asperity contacts, denoted by f (a) . On the other hand, in the elastohydrodynamic lubrication regime, the friction force f (v) due to the viscosity of the lubricating
film is dominant. In the mixed lubrication regime both the asperity contacts and the lubricant
viscosity determine the total friction force. As a consequence, the total friction force f (f ) is
assumed to be the sum of the friction force due to the asperity contacts f (a) and a friction force
due to the hydrodynamic component f (v) [12]. This leads to the expression for the total friction
force
ZZ
n(a) Z Z
X
(a)
(a)
(f )
(a)
(v)
f =f +f =
τi dAi +
τ (s) dA(H) ,
(13)
i=1

(a)

A(H)

Ai

(a)

where n(a) is the number of asperities in contact, Ai denotes the area of contact of a single
(a)
asperity i, τi represents the shear stress at the asperity contact i, τ (s) is the shear stress of
the hydrodynamic component and A(H) is the effective area of contact of the hydrodynamic
component. In order to model the total friction force, both the friction force due to the asperity
contacts f (a) and the friction force due to hydrodynamic component f (v) need to be investigated.
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3.2.1 Friction force due to the hydrodynamic component
The force needed to shear a fluid film resembles the sliding friction between two lubricated
surfaces. The fact that a force is needed to shear a fluid film was first proposed by Sir Isaac
Newton (1642-1727). Newton states that the shear stress τ (s) is proportional to the shear rate γ̇
in the film
τ (s) = η γ̇ ,
(14)
where η is known as the viscosity. A lubricant behaviour is called Newtonian when the shear
stress–shear rate relation is according to Eq. (14) and consequently have a viscosity which is
shear rate independent.
Many lubricants, however, show non-Newtonian behaviour at increasing shear rates and
show limiting shear stress for high shear rates. The limiting shear stress implies that the lubricant behaves like a plastic solid for high shear rates. The limiting shear strength is a function
of temperature and pressure; it increases at higher pressures and at lower temperature. Furthermore, the value of the shear rate at which the viscous–plastic transition occurs increases
with a decrease in pressure and an increase in temperature. At high pressures, such as in roller
bearings, most lubricants behave as plastic solids at relative low shear rates.
The model presented in [10] is used to describe the shear stress as a function of the shear rate
for a full non-Newtonian fluid,
τ

(s)

=

(s)
τl

−

1−e

η0 γ̇
(s) 
τl

,

(15)
(s)

where η0 the viscosity at reference temperature and pressure and τl is the maximum shear
stress. Assuming that the sliding velocity u(−) is a continuous linear function of the height h of
the lubricating film and that there is no slip at the interface between the fluid film and the solid
surfaces, the shear rate γ̇ in the lubricating film can be approximated by
u(−)
.
h

γ̇ =

(16)

With the above relations, equations (14) and (15) and Eq. (16), the friction force f (v) due to
the hydrodynamic component can be be approximated by considering a constant average film
height h over a certain hydrodynamic area of contact A(H) , yielding
ZZ
(v)
f =
τ (s) dA(H) ≈ τ (s) A(H) .
(17)
A(H)

For the Newtonian case, substitution of equations (14) and (16) into Eq. (17), yields the
following expression for the friction force due to the hydrodynamic component:
u(−)
.
(18)
h
For non-Newtonian situations, substitution of equations (15) and (16) into Eq. (17) yields
f (v) = ηA(H)

f (v) =

(s)
A(H) τl

−

1−e

η0 u(−)
(s) 
τl h

.

(19)

Inspection of the above relations shows a dependency of the hydrodynamic friction force on the
height h of the lubricating film. It appears that h strongly depends on the sum velocity u(+) , as
will be outlined in more detail next.
9
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Height of the lubricating film
The calculation of the lubricant film height has been studied intensively in Elasto–Hydrodynamic Lubrication (EHL) research [13, 14, 9, 15, 16]. It was found that the film height depends
on six independent variables:
R
η0
α

the radius of the roller pair,
the viscosity,
the pressure exponent of the lubricant;
η = η0 eαp , with pressure p,

E
w
u(+)

the elastic modulus of a roller pair,
the load per unit width,
the sum velocity.

The film height is then expressed as a function:


h
w u(+) η0
=f
,
, αE ,
R
ER ER

(20)

where the above variables are grouped into four dimensionless parameters. These dimensionless parameters are:
H=
U=

h
R
u(+) η0
ER

w
ER

the relative film height,

W =

the velocity parameter,

G = αE

the load parameter,
the material parameter.

It has been found analytically by Dowson and Higginson [9] that the minimum film thickness
can fairly accurate be represented by
Hmin =

1.6G0.6 U 0.7
.
W 0.13

(21)

The equation shows that the influence of the material parameter G is quite large. However, G
can be considered as constant for a specific combination of materials and lubricant. Furthermore, the relations show that the load parameter W only weakly influences the film height. The
velocity parameter U is clearly the most significant parameter. From expression (21) follows a
proportionality between the film height and the sum velocity, expressed as
h ∝ (u(+) )0.7 .

(22)

However, according to experimental results by Crook [14], the film height shows a proportionality to the sum velocity u(+) given by
h ∝ (u(+) )0.5 .

(23)

This indicates that the power in which the film height relates to the sum velocity is not uniquely,
but that it varies between 0.5 and 0.7 depending on the details of the specific contact. Therefore,
it has to be determined for the specific application at hand.
With these observations, it is possible to express the film height h as a function of the sum
velocity u(+) as
 (+) δ
u
(s)
h=h
,
(24)
u(s)
where the proportionality constant h(s) represents the reference film height, which is a function
of the load parameter W , the material parameter G and the radius R. In order to keep proper
10
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dimension, a scaling velocity u(s) is introduced, which relates to the lubricant viscosity η, the
elastic modulus E and the radius R. From equations (22) and (23) it follows that the power δ
can range from 0.5 to 0.7.
In this section, a simplified expression for the height of the lubricant film is derived. With
this expression and the equations for the viscous friction forces derived in section 3.2.1, the
viscous friction force f (v) can be described as function of both the sum u(+) velocity and the
sliding velocity u(−) . The film height of the lubricant also plays a significant role in the friction
force due to the asperity contacts.
3.2.2 Friction force due to asperity contacts
In this section, a relation for the friction force due to the asperity contacts in the boundary
lubrication regime will be derived. The normal load acting on a lubricated contact is shared
between the hydrodynamic component and the interacting asperities of the surfaces. So as the
hydrodynamic action increases as function of the film height, the load carried by the asperities
decreases. Greenwood and Williamson [17] introduced an approach to the modelling of the
friction caused by the asperities which is based on the statistics of the surface roughness of
the surfaces in contact. The height distribution of the surface summits can be considered to be
Gaussian, but, according to Greenwood and Williamson [17], an exponential distribution shows
to be a fair approximation for the uppermost 25% of the asperities of most surfaces. Using the
exponential distribution gives the advantage that a fairly simple expression for the number of
asperities n(a) in contact can be used. The expression is given by [17]
(s)

n(a) = d(a) A(a) e−λ

,

(25)

where d(a) is the asperity density and A(a) the total area of contact. Exponent λ(s) is known
as the separation which is the ratio between the film height h and the standard deviation of the
height of the surface summits σ (s) , defined as
h
.
(26)
σ (s)
Using the relation for the film height of Eq. (24), the separation can be written as a function of
the sum velocity u(+)

δ
h(s) u(+)
(s)
λ = (s)
.
(27)
σ
u(s)
λ(s) =

The total friction force due to all n(a) asperities can be approximated as
(a)

f

(a)

=

ZZ
n
X
i=1

(a)

(a)

τi dAi

≈ n(a) f (a,0) ,

(28)

(a)

Ai

where f (a,0) is the average force needed to break a single asperity i.
Substitution of expression (25) and Eq. (27) into Eq. (28) yields the expression for the friction
force f (a) due to the asperity contacts as a function of the sum velocity

δ !
h(s) u(+)
(a)
(a,0) (a) (a)
f =f
d A exp − (s)
.
(29)
σ
u(s)
Note the correspondence of Eq. (29) with the model presented by Bo and Pavelescu [4], Eq. (4).
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Figure 8: Schematic representation of a gear pair.
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Figure 9: A typical Stribeck curve for a gear pair.

4 FRICTION MODELS OF ELEMENTARY TRANSMISSION COMPONENTS
In sections 3.2.1 and 3.2.2, expressions for the friction force due to lubricant viscosity and
due to the asperities for a lubricated contact between two rolling–sliding discs have been presented. In this section, these expressions are applied to model the friction forces arising in the
two elementary components; a helical gear-pair and a pre-stressed roller bearing.
4.1 Friction model of a helical gear pair
In figure 8 a schematic representation of a helical gear pair is depicted. Here, the lower gear
wheel drives the upper gear wheel. The kinematics associated with a helical gear pair is quite
complex. Furthermore, several teeth are in contact at the same instance in a gear pair. As the
gear pair is of the helical type, a single teeth is in contact over the full width of the gear wheel
along a large part of the contact line lc .
The two surface velocities u1 and u2 have been depicted in the teeth contact illustrated in the
figure 8. At the point where the contact line lc crosses the pitch circle the velocities are equal
in magnitude (and direction) which results in a pure rolling motion (u(−) = 0). However, at
all other points along the contact line, the velocities are not equal in magnitude, leading to a
nonzero sliding velocity. At the moment of interconnection of the teeth, the surface velocity
u1 associated with the driving gear is lower in magnitude compared with u2 . Towards the
pitch circle they become gradually equal in magnitude. After the moment of pure rolling, u1
gets larger in magnitude compared with u2. Consequently, there is a large part during the
interconnecting phase where there is a nonzero sliding velocity.
Due to the fact that the power is mainly transferred at the moment of rolling, the contact
pressures in a helical gear pair are sufficiently low in order to allow the assumption that the
lubricant behaviour will be Newtonian. Consequently, the expression for the viscous friction,
Eq. (18), derived in section 3.2.1, will be applied. The film height is highly dependent on the
sum velocity, as was shown in section 3.2.1. So substitution of the expression for the film
height, Eq. (24), into Eq. (18) yields the viscous friction force for Newtonian behaviour of the
lubricant

δ
ηA(H) u(−) u(s)
(v)
f =
.
(30)
h(s)
u(+)
According to Eq. (13), summation of the viscous friction force, Eq. (30) and the friction force
due to the asperities, Eq. (29), leads to the combined friction force in a single teeth contact
 (+) δ !

δ
(s)
h
u
ηA(H) u(−) u(s)
(f )
(a)
(v) (a,0) (a) (a)
f =f +f f
d A exp − (s)
+
.
(31)
σ
u(s)
h(s)
u(+)
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The next step is to derive an expression for the total joint friction torque that is caused by
the friction in a gear pair as function of the joint speed q̇. Expressing the sum velocity u(+) at a
single teeth contact as function of the angular position and velocity of the joint yields a complex
geometric function
u(+) = f (q, q̇) .
(32)
This expression can be simplified by considering a time and position averaged sum velocity u(+)
for a single teeth pair along the interconnecting phase, yielding
u(+) = r q̇ ,

(33)

where r may be considered as a kinematic constant. Analogously, a time and position averaged
(−)
slip ratio s0 = u(+) is considered, which yields
u

u(−) = s0 r q̇ .

(34)

The total friction torque T (f ) can be derived by multiplying of the averaged friction force
f with constant r and the number of teeth k in contact. Accordingly, substitution of the equations (33) and (34) for the averaged sum and sliding velocity, respectively, yields the expression
for the friction torque of a helical gear pair
(f )



(f )
Tgear

=T

(a)

+T

with the parameters
T

(a,0)

= rkf

(a,0) (a)

(a)

d A

,

q̇

(s)

(v)

=T
|

(a,0)



σ (s)
h(s)

u(s)
=
r

− q̇/q̇ (s)

e
{z

asperities

1/δ

,

δ

+ c(v) q̇ (1−δ) .
} | {z }

(35)

viscosity

c

(v)


δ
r 2 ks0 ηA(H) u(s)
=
.
h(s)
r

(36)

A typical Stribeck curve for a helical gear pair, computed by the model in Eq. (35) with an
arbitrary parameter set, is illustrated in figure 9. The contributions to the friction torque from
both the asperity contacts and the hydrodynamic component are also depicted. It shows clearly
that the asperity contacts are responsible for the friction force in the BL regime and that the
hydrodynamic component dominates the friction force in the EHL regime.
4.2 Friction model of a pre-stressed roller bearing
In figure 10, a single lubricated roller bearing is illustrated. The bearing is a assembly of
two concentric circular raceways, the inner ring and the outer ring. The difference in velocity
between the inner ring and the outer ring is covered by the rolling of the rollers in between these
raceways. Small differences between the velocities (u1 , u2 ), and also between the velocities
(u′1 , u′2 ) cause friction forces in the contact surfaces between a roller and both the inner and
outer rings. These friction forces form a torque that brings the roller in motion. This process is
known as traction, as was introduced in section 3.1. Since the bearing is highly pre-stressed the
lubricant behaviour will be non-Newtonian, even for small slip ratios [18].
The friction force can be computed as the sum of the viscous friction and the friction force
caused by the asperities. Due to the non-Newtonian behaviour of the lubricant in the bearing,
Eq. (19) is used to compute the viscous friction force. Equation (29) will account for the friction
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Figure 11: A typical Stribeck curve for a prestressed roller bearing.

force due to the asperity contact. Combining these equations yields an expression for the friction
force in a single contact between a roller and a raceway inside a bearing
f (f ) = f (a) + f (v) =

h(s)
f (a,0) d(a) A(a) e− σ(s)

u(+)
u(s)

δ

(−)

+

u
− η0(s)

τl h
1−e
.

(s)
A(H) τl

(37)

The velocities u(+) and u(−) are expressed as functions of the angular joint speed q̇ according to
u(+) ≈ r q̇ ,

u(−) ≈ rs0 q̇ ,

(38)

where a constant slip ratio s0 is assumed and r is the average raceway radius, see Fig. 10.
The total friction torque T (f ) generated by a prestressed roller bearing is considered as
the sum of all torques generated by the friction forces at all roller–raceway contacts, which
is achieved by multiplying the friction force in Eq. (37) with radius r and the number of rolling
elements k. Substitution of the velocity expressions (38) into Eq. (37) yields the expression for
the friction torque of a pre-stressed roller bearing
δ

(s)
(l)
(f )
Tbearing = T (a) + T (v) = T (a,0) e−(q̇/q̇ ) + T (l,∞) (1 − e−q̇/q̇ ) .
{z
} |
{z
}
|

asperities

(39)

viscosity

with the parameters
T

(a,0)

= rkf

(a,0) (a)

(a)

d A

,

q̇

(s)

u(s)
=
r



σ (s)
h(s)

1/δ

,

(40a)

(s)

(s)

T (l,∞) = rkτl A(H) ,

q̇ (l) =

τl hl
.
rs0 η0

(40b)

A typical Stribeck curve for an arbitrary prestressed roller bearing represented by the model
in Eq. (39) is illustrated in figure 11. The curves for the friction torque generated by the asperity
contacts and the friction torque due to lubricant viscosity are also plotted. Note that the friction
torque decreases from the static friction torque T (a,0) towards the (limiting shear stress) viscous
friction torque T (l,∞) .
The film height h is not included as a function of the rolling velocity in the expression for
the viscous friction force in Eq. (39). This simplification is introduced since the dependency
of the film height on the rolling velocity only influences the shape of the exponential function
associated with the non-Newtonian behaviour. Furthermore, in the velocity region where the
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exponential function has an effect, the friction torque is dominated by the friction torque due
to the asperity contacts. Therefore, the film height h for the viscous part can in this case be
approximated by a constant film height hl .
In the sections 4.1 and 4.2, friction models for both a gear pair and a prestressed roller bearing have been derived. The models are based on physical models from tribology literature in
which elementary variables such as lubricant viscosity, contact topology and material properties
have been taken into account. These elementary variables have been combined into a new set of
parameters, some of which are constant for a specific contact, while others may change during
operation, e.g. due to temperature variations. The number of model parameters is the minimal
number that is required to describe the Stribeck behaviour associated with the modelled transmission component. With the derived models it has been shown that it is possible to describe
Stribeck curves for both the gear pair and the pre-stressed roller bearing and that they agree well
with Stribeck curves presented in literature, e.g. Gelinck and Schipper [12]. In the next section
the two models will be used to construct joint friction models for the Stäubli RX90.
5 THE JOINT FRICTION MODEL
The next step is to combine the sub-models that have been derived in the previous section
into friction models that account for the friction that arises in a single robot joint. The joint
friction model can be considered to be a combination of the friction models associated with
the joint transmission components. However, summation of all sub-models will lead to a large
friction model which includes many parameters. Instead, only the friction characteristics of the
components will be evaluated and only the most significant effects will be taken into account.
The first four robot joints are constructed according to the schematic representation given
in figure 2. The assembly contains three main components: a helical gear pair, a cycloidal
transmission and the joint bearings. The joint bearings are highly pre-stressed and therefore it
is expected that the bearings are responsible for the main part of the asperity friction torque.
The viscous friction torque of the bearings, however, is much lower than its asperity friction
torque, as can be observed from the Stribeck curve of the roller bearing, figure 11. Taking into
account that the helical gear pair in the joint is operating at a high angular velocity due to the
high transmission ratio, it can be expected that its viscous friction torque will be dominant with
respect to the viscous friction torque of the bearing.
The cycloidal gears are operating at a low angular velocity and are prestressed as well. This
will results in a small viscous friction torque in comparison with the helical gear pair. Furthermore, the friction behaviour at low velocity will be similar to the asperity friction behaviour of
a roller bearing.
The final joint friction model will be a combination of the asperity part of the model of a
roller bearing, Eq. (39), and the viscous part of the model model of a helical gear pair, Eq. (35).
This yields then the combined friction model for joint j:


(f )
Tj

=
(a)

(s)

(a,0) − q̇ /q̇
Tj e j j



δ (a)
j

(v)

+

(v)

(v) 1−δj
cj q̇j



.

(41)

Note the different values for δj and δj as the friction torque from the asperities and the viscous friction torque are generated at different elements and may therefore show a different film
height–velocity behaviour.
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(a,0)

For each joint j, there are five unknown parameters; the static asperity friction torque Tj ,
(s)
(a)
(v)
the Stribeck velocity q̇j , the Stribeck velocity power δj , the viscous friction coefficient cj
(v)
and δj denotes the viscous friction power. The values for these unknown parameters will be
obtained by means of experimental identification.
Comparing the friction model in Eq. (41) with the “classical” friction model of [5] as presented in equation (5), two main differences can be noticed. The first difference is shown in the
viscous friction part, where the new model shows a non-linear velocity–viscous friction relation
in terms of c(v) q̇ (1−δ) , as opposed to a linear velocity relation expressed by c(v) q̇. The second
item in which the new model differs from the standard model is that the Coulomb friction term
has disappeared. This is due to the fact that the new friction model is based on lubricated
surfaces and that Coulomb friction generally is associated with dry contacts.
6 FRICTION PARAMETER ESTIMATION
The values of the parameters are estimated based on the measured values of the Stribeck
curve. The measured values are the mean friction torques at constant joint velocity. Three
measurements series will be used in which the measurements at each robot joint are carried out
after an initial warmup motion of the robot.
All friction models are nonlinear functions of the parameters δ (a) , q̇ (s) and δ (v) , and linear
functions of the temperature dependent parameters T (a,0) and c(v) . Estimating these parameters in a single optimisation requires a non-linear optimisation technique. However, non-linear
optimisation techniques may lead to local optima in which non-physical parameter values have
been found, as was already concluded in section 2.2. To prevent difficulties with non-linear
estimation techniques, the values are obtained in four steps by means of linear least squares
techniques. These four steps are concisely described below. For a more detailed description of
the identification steps, the reader is referred to [1].
The first step of the identification process is to determine the power 1 − δ (v) and the magnitude c(v) of the viscous part. Recall from section 3.2.1 that the power δ (v) depends on the
configuration of the contacts. Because the configuration is assumed to be time invariant, the
power δ (v) has to be determined only once. Taking the natural logarithms of the joint torques
and the joint velocities allows for the application of a linear least squares estimation technique
to find the viscous friction parameters. Since only the high velocity region, from 0.5 to 4.5
rad/s, is considered, the influence of the asperity friction torques can be neglected.
The second step involves the selection of a proper value for the power δ (a) . As a logical fist
estimate, it is set to the same value as δ (v) . Additionally, a value for the Stribeck velocity q̇ (s)
needs to be chosen. A good first estimate is a value close to the joint speed where the friction
torque is at its minimum.
In the third step, the magnitude of the static asperity friction torque T (a,0) is determined by
means of a linear least squares estimation analogue to the estimation technique described in
section 2.2. For best model fits, the magnitude of the viscous friction c(v) will again be included
in the estimation, which can be done because c(v) is linear in the model.
During the fourth and final step, the manually chosen values for δ (a) and q̇ (s) are manually
fine-tuned in an iterative process. The fit between the modelled Stribeck curve and the measured
Stribeck curve is inspected visually and by modifying the values for δ (a) and q̇ (s) , a set of
appropriate vales is obtained.
(f )
Figure 12 shows the measured mean Stribeck curve T
as well as the estimated Stribeck
curve. Note that the measured Stribeck is averaged over N = 3 measurements. In figure 12(a)
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the full velocity range is shown and in figure 12(b) a detail of the low (Stribeck) velocity range
is shown. In both figures also the sampled standard deviation s of the measurements is also
plotted. In figure 12(c), both the measured and modelled Stribeck curves for joint 1 are plotted
on logarithmic scales. It shows that the relative errors between the model and the measurement
are equally small across the full velocity range. Consequently, the model accurately describes
both the low and the high velocity range.
7 CONCLUSIONS
In this paper it is shown that classical friction models, commonly used in robot literature,
are inadequate to model the viscous friction behaviour for the full velocity range with sufficient
accuracy. Therefore, a new joint friction model is developed that relies on insights from sophisticated tribological models. The basic friction model of two lubricated discs in a rolling–sliding
contact is used to analyse the different contacts inside the gears and bearings of the robot joint
transmissions.
It is shown that the film height of the lubricant is a function of the rolling velocity, which
causes a non-linear relation between the joint angular speed and the viscous friction torques.
The analysis shows different behaviour for gears and pre-stressed bearings. Furthermore, it is
shown that friction torques caused by the asperity contacts depend on the ratio between lubricant
film height and the height distribution of the surface summits. Increasing the joint velocity leads
to a decrease of the asperity friction torque.
Sub-models for the viscous friction and the friction due to the asperity contacts are combined
into two friction models; one for gears and one for prestressed roller bearings. The sub-models
describing the asperity part of the roller bearings and the viscous friction part of the helical gear
pair are combined into a joint friction model. In this way, a new friction model is developed that
accurately describes the friction behaviour in the sliding regime with a minimal and physically
sound parametrisation.
The model is linear in the parameters that are temperature dependent, which allows to estimate these parameters during the inertia parameter identification. The model, in which the
Coulomb friction effect has disappeared, has exactly the same number of unknown parameters
as the commonly used Stribeck model [2].
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