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1

Josephson junctions and sine-Gordon equations: an
Introduction

Chapter 1

1.1

Josephson junctions with phase shift

Heike Kamerlingh-Onnes in 1911 discovered an unmeasurebly small value of
electrical resistance of mercury when it was cooled below 4.2 K [1]. He called this
phenomenon of no-resistance to an electrical current superconductivity. In the subsequent years many more materials were found to be superconducting when cooled
down low a certain critical temperature T c . For his discovery, Kamerlingh-Onnes was
awarded the 1913 Nobel Prize in Physics.
A microscopic explanation of superconductivity was not found for nearly half a century. An important contribution to the understanding of this new state of matter was
made by Herbert Fröhlich in 1950 [2] and Leon N. Cooper in 1956 [3]. Fröhlich realized that under the right conditions, electrons could experience an attractive interaction
mediated by phonons. Phonons are quanta of crystal lattice vibrational energy which
are analogous to the quanta of light or photons. The phonons excert forces that can
overcome the electrons’ Coulomb repulsion. Afterwards, Cooper showed that given
those right conditions, the ground state of a material is unstable with respect to pairs
of electrons. Therefore, electrons form so-called Cooper pairs that are coupled over a
range of hundreds of nanometers, i.e. three orders of magnitude larger than the lattice
spacing. The total momentum of this Cooper pair is constant, and the spins of the two
electrons forming the Cooper pair are opposite to each other.
A theory of superconductivity was built by John Bardeen, Leon N. Cooper, and Robert
J. Schrieffer [4] in 1957 which is named after them, i.e. BCS theory. The BCS theory
shows that it is possible for a number of Cooper pairs to form a homogeneous condensate at the same energy level. Below the critical temperature, this condensation is
able to move through the lattice relatively unaffected by thermal vibrations and hence
experiences no resistance. Bardeen, Cooper, and Schrieffer were then awarded the
1972 Nobel Prize in Physics.
Another discovery was made in 1962 by Brian D. Josephson who predicted that
Cooper pairs can tunnel through a nonsuperconducting barrier from one superconductor to another without any voltage across the barrier[5]. He also derived the exact
form of the current and voltage relations for the junction. Experiments confirmed his
analytical calculations, and Josephson was awarded the 1973 Nobel Prize in Physics
for his work. Since then, the Josephson effects that describes the flow of a supercurrent
through a tunnel barrier, have been a subject of considerable research studies.
In a Josephson junction, i.e. a system of superconductors separated by barrier(s), the
nonsuperconducting barrier separating the two superconductors must be very thin. If
5
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the barrier is an insulator, it has to be on the order of 30 Å thick or less. If the barrier
is another metal (nonsuperconducting), it can be as much as several microns thick.
Until a critical current is reached, a supercurrent can flow across the barrier without
a voltage difference. This is known as the DC Josephson effect. When a constant
voltage is applied across the junction, the supercurrent will oscillate in time which is
known as the AC Josephson effect. The oscillation frequency of this AC voltage is
nearly 500 GHz per mV across the junction.
Detecting and measuring the change from one state to the other is at the heart of the
many applications for Josephson junctions.
The macroscopic explanation of this process starts with the wavefunction1 that characterizes all Cooper pair that can be expressed as
Ψ = n1/2
s exp(iθ),

(1.1.1)

where n s is twice the density of Cooper pairs and θ is the internal phase of the electrons. If Ψ1 and Ψ2 are the wavefunctions of the first and second superconductors,
linearly coupled Schrödinger equations give the two basic equations which describe
the Josephson effects
dφ 2π
I s = Im sin φ,
=
V.
(1.1.2)
dt
Φ0
Here Im , V, and φ are the maximum direct supercurrent through the junction, the electrical voltage across the junction, and the phase difference of the wavefunctions, respectively, and Φ0 , which equals 2.068 × 10−15 Wb, is the magnetic flux quantum. The
first and second equation of (1.1.2) are referred to as the aforementioned DC and AC
Josephson effect, respectively.
Apart from this discussion on Josephson junctions, an important break-through in
the study of superconductivity has been made by Johannes G. Bednorz and Karl A.
Müller who received the Nobel Prize in Physics in 1987. Ceramic materials which are
expected to be insulators, were discovered in 1986 by Bednorz and Müeller to be superconductors only at a transition temperature of 35 K [6]. The material they studied
was lanthanum-barium-copper-oxide La2−x Ba x CuO4 ceramics. Before the mid 1980s,
superconductivity had only been observed in metals and metallic alloys that had been
cooled below 23 K. Soon after the discovery of Bednorz and Müller, the superconductive transition temperature was improved rapidly as is shown in Fig. 1.1. This
−together with other anomalous properties of ceramic superconductors− has lead to
the differentiation of superconductors in two classes: low- and high-critical temperature (T c ) superconductors.
In low-temperature superconductors the electrons pair together so that their total orbital angular momentum is zero −a so-called s-wave state. In high-temperature superconductors, on the other hand, the pairs are in a so-called d-wave state, a superposition
of states in which the angular momentum is non-zero. This d-wave symmetry has been
1 Rather than saying that a particle has a specified position and momentum, one instead describes it by a wavefunction which is a function of all coordinates and of time. The quantity |Ψ|2 has
an important physical interpretation: it is related to the probability that electrons can be found in a
particular region of space at a particular time instant.
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Figure 1.1: Development of the superconducting transition temperature after the discovery of
the phenomenon in 1911. This figure is taken from [7].

verified only recently by elegant experiments. Theoretically, these superconductors
have been recognized to have an unconventional symmetry of the order parameter2 .
With this unconventional symmetry of the order parameter, the superconducting phase
θ of the wave function (1.1.1) is anisotropic and exhibits π-difference at the perpendicular direction in the momentum space.
To know about momentum space, we need to notice that electrons in a crystal display
wavelike properties, and can be described using a wave vector k that has components
k x , ky , and kz . We can consider the overall distribution of electrons by representing
each electron in k- or momentum-space.
The crystal structure of the family of the high-T c superconductors has unit cells with
the same size along the x- and y-crystal direction but a different size along the z-axis.
Along this z-crystal direction, the unit cell has a larger dimension. The superconductivity is then supposed to be localized in the x − y plane, leading to the term layered
superconductor.
One commonly and widely used material of a layered structure is yttrium-barium2 An order parameter is defined to quantify how much ’order’ is present in a material (see [10]).
In superconductivity, this order parameter is proportional to the wavefunction.

7

1

Josephson junctions and sine-Gordon equations: an Introduction

copper-oxide YBa2 Cu3 O7 that is superconductive below 98 K. This material was
found by the research group of Maw-Kuen Wu and of Paul C. W. Chu [8]. In Fig.
1.2, we present a sketch of the atomic structure of this material where the unit cell is
larger in the vertical direction than in the horizontal ones.

Illustration of the crystal structure of yttrium-barium-copper-oxide ceramics materials. One can notice that the unit cell in the vertical and horizontal direction are not equal. This
is why the supercurrent flow in the vertical direction feels resistance and the materials can then
be considered to be superconducting layers separated by barriers.
Figure 1.2:

Using the above description of the momentum space and the layered structure of highT c superconductor, the s-wave and d-wave state in k-space is illustrated in the pictures
in Fig. 1.3 (see [9]).
If one replaces one of the (s-wave) superconductors in Josephson junctions with a dwave superconductor, then there can occur an intrinsic π-phase shift in the Josephson
junction, as is depicted in Fig. 1.3(b). If the negative lobe of the order parameter of
the d-wave superconductor in one side of the junction overlaps with the positive lobe
of the order parameter of the s-wave superconductor in another side of the junction,
then a π-junction is formed.
The connection of the two superconductors by such an arrangement does not, by itself,
lead to any special phase difference, because the phases of the order parameters on
both sides simply arrange themselves to minimize the Josephson energy, ∼ cos (φ + π),
by setting the phase difference φ equal to π. It merely relates to a phase change in one
of the two superconductors, e.g. φ1 → φ1 +π. Hence, whether a junction is a π-junction
or not is only a matter of convention. Therefore, to get a π-junction, the junction has
to be made in certain way such that there is no way to minimize the energy in all parts
of the junction. This condition can be achieved by several ways. One is by making
8
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(a)

(b)

(a) Illustration of the s-wave and d-wave order parameter in the momentum space.
(b) Josephson junction between s-wave and d-wave. This corresponds to a π-junction because
of the phase-shift of the phase difference by π. The negative lobe of the d-wave superconductor
meets the positive one of the s-wave.

Figure 1.3:

multiply connected superconducting systems (see [11]). In Fig. 1.4, we sketch this
configuration of three superconducting segments forming a loop with three junctions.
The arrangement is chosen so that all junctions are π-junctions by our definition. We
can now think of the above process (φ1 → φ1 + π) to one of the segments to convert
its adjacent junctions into 0-junctions and leaving one π-junction only. There is no
further transformation to remove the remaining π-junction without changing one of
the two 0-junctions again into a π-junction. Hence there is no way to minimize the
energy of all junctions. This means frustation for the loop.
Another way of making a π-junction is by constructing a junction such that the wave
function of the conventional superconductor overlaps simultaneously with a part of
the unconventional superconductor wave function with positive sign as well with a
part with negative sign. The best-known junction for this configuration is the corner
junction [9, 12, 13] (see Fig. 1.4(b)). In Fig. 1.5(a), we present an optical microscope
picture of a zigzag junction which consists of several corner junctions.
Recently, several procedures for making a π-junction have been proposed and confirmed experimentally. One can fabricate junctions which are formed at the boundary
between two crystalline films of cuprate superconductors with different orientations
[14] or Josephson junctions with a ferromagnetic barrier [15, 16]. The most recent
9
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120o
(a)

(b)

(a) Superconducting loop with three junctions and (b) a corner junction between
s-wave and d-wave superconductor.

Figure 1.4:

technology is by using a pair of current injectors which are placed close to each other
[17] as shown in Fig. 1.5(b). With this latest procedure, one can introduce an arbitrary
phase shift to Josephson junctions. For a successful operation, both ∆x and ∆w (see
Fig. 1.5(b)) must be much smaller than the Josephson penetration depth λ J .
10
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(a)

(b)

Figure 1.5: (a) An optical microscope image of a zigzag junction which consists of several
corner junctions. The junction is made by a high-T c superconductor YBa2 Cu3 O7−δ and lowT c superconductor Nb, separated by Au. Courtesy of Ariando. (b) An optical image of an
ordinary long Nb-AlOx -Nb junction with two injectors. This junction can produce a fractional
flux quantum. The figure is taken with permission from [17].

1.2

Sine-Gordon equations

The phase difference between two superconductors forming a Josephson junction
satisfies the following sine-Gordon equation (see, e.g. [18]):
φ xx − φtt = sin(φ + θ)

(1.2.1)

for an ideal long Josephson junction or
φn+1 − 2φn + φn−1
− φntt = sin(φn + θn )
a2

(1.2.2)

for an array of short Josephson junctions where a is the coupling constant between
two consecutive lattices and n numbers the sites. The parameter θ(x) or θn represents
the phase shift, which is constant for the continuous and the discrete sine-Gordon
equation.
11
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The sine-Gordon equation, Eq. (1.2.1) with θ ≡ 0, was originally considered by Enneper [19] in the differential geometry of surfaces of a constant negative Gaussian
curvature.
To name a few applications as physical models, besides the aforementioned description of superconductivity and long Josephson junctions, the sine-Gordon equation also
appears in the study of simplified dislocation models where kinks and breathers were
first noticed by Seeger and co-workers [20]. Independently, Perring and Skyrme [21]
used this equation as a simple one-dimensional model of the scalar field theory modeling a classical particle. One of the simplest macroscopic models describing the dynamics of the discrete sine-Gordon equation, i.e. Eq. (1.2.2) with θn ≡ 0, is a system
consisting of a chain of pendula with each pendulum being connected to its neighbors by elastic springs [22, 23]. For a rather complete review, the reader is referred to
[24, 25].
One of the elementary solutions of the completely integrable sine-Gordon equation
which plays a major role in the study of Josephson junctions is the topological soliton
solution
√
φ(x, t) = 4 tan−1 exp[σ(x − vt)/ 1 − v2 ], σ = ±1.
(1.2.3)
Here, we define a topological charge as a conserved quantity that is equal to the difference between the phase at x = +∞ and x = −∞. The topological charge of solution
(1.2.3) is then 2πσ. The solution (1.2.3) is called a kink and antikink in case σ = +1
and σ = −1, respectively. In Josephson junction systems, this (anti)kink represents a
vortex of supercurrent that creates a magnetic field with the flux that is equal to the
magnetic quantum ±Φ0 = 2.068 × 10−15 Wb. Therefore a sine-Gordon (anti)kink is
also called an (anti)fluxon. Several expectations on Josephson junctions to be industrially applicable and usable in the future are due to this solitonic solution.
The interesting aspect of a Josephson junction with phase shifts [θ , 0 in Eqs. (1.2.1)
and (1.2.2)] is the spontaneous appearance of fractional flux quanta. This strengthens the possibility for quantum information processing applications using fractional
vortices. This type of ground state by all means has different characteristics from the
elementary solutions of Eq. (1.2.1) with θ ≡ 0 (mod 2π). Nonetheless, only a few
theoretical studies have been devoted to an investigation of such a ground state as will
be listed below.
Bulaevskii, Kuzii, and Sobyanin [26] were the first who analyzed the Josephson system with magnetic impurities and predicted the possibility for a π-phase shift as well
as the presence of spontaneous magnetic flux. After that work, up to the end of the
year 2000, there are only few works considering specifically fractional flux quanta
from a theoretical and mathematical point of view. To our best knowledge, those articles are [27, 28, 29, 30, 31, 32, 33] for discussions on long 0-π Josephson junctions
and [34] for tricrystal grain boundaries. For list of reports on experimental results, the
reader is referred to [14] and references therein. Equations (1.2.1) and (1.2.2) then
opens a new field with open problems.
12
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1.3

Outline of the thesis

Motivated by the above description, this thesis is made as a contribution toward
the understanding of characteristics of fractional fluxons. It is presented as a collection
of scientific articles in such a way that the chapters can be read separately.
In Chapter 2, we show and discuss the existence of fractional fluxons in a Josephson
system with phase shifts. We exploit phase plane analysis to show existence of the
semifluxon states. This method is applicable to the present study because (stable)
fractional fluxons in the steady state are independent of time. Using this very basic
procedure, we already can answer some important questions addressed by previous
authors, such as the presence of a critical bias current above which there is no static
semifluxons [29] and the presence of a minimum distance between two consecutive
phase shifts needed to have fractional fluxons [31]. Using the phase portrait analysis,
it is also shown that there exists some unusual solutions representing different type of
fractional fluxons. These types of fractional vortices are predicted to be unstable.
In Chapter 3, we study a 0-π array of short Josephson junctions. We study the case of
Josephson systems with one phase shift. A possible implementation of the problem
in experiments using the present technology is also mentioned. The main issue of
this chapter is the existence and stability of lattice π-kinks. Stability of the solutions
obtained in the previous chapter, which are the strong coupling limit of lattice π-kinks,
is also discussed.
In Chapter 4, we consider the so-called tricrystal junctions. An infinite long 0-π
Josephson junction can be considered as a combination of two semi-infinite 0- and
π- junctions. A tricrystal junction is then a combination of three semi-infinite long
Josephson junctions having one common point. This type of junctions has promising
applications, e.g., as logic device based on the Josephson effect for high-performance
computers. In a tricrystal junction system, a fluxon coming toward the common point
can be trapped. We also discuss whether the common point can trap more than one
fluxon. If one of the junctions is a π-junction, it is shown that a semifluxon is stable for
any combination of the Josephson characteristics and it is analyzed whether the system supports a multi-semifluxon state. The minimum number of Josephson junctions
forming a star-like multicrystal junction that supports a multiple-semifluxons state is
also discussed.
In Chapter 5, we consider a Josephson junction system with phase shifts of κ, with
κ is not necessarily π as is the case in the foregoing chapters. This system is not
as trivial as it might look, especially because a fractional kink can have a different
topological charge from the corresponding fractional antikink. In this chapter we
consider a long Josephson junction with one single phase shift and one with periodical
phase shifts. For one phase shift, the stability of fractional kinks supported by the
system is analyzed. For a periodic structure, the band gap spectrum of fractional kinks
is studied.
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Static semifluxons of a Josephson junction with

π-discontinuity points

Chapter 2

We investigate analytically a long Josephson junction with several πdiscontinuity points characterized by a jump of π in the phase difference of
the junction. The system is described by a perturbed-combined sine-Gordon
equation. Via phase-portrait analysis, it is shown how the existence of static
semifluxons localized around the discontinuity points is influenced by the applied bias current. In junctions with more than one corner, there is a minimum
facet-length for semifluxons to be spontaneously generated. A stability analysis
is used to obtain the minimum facet-length for multi-corner junctions.

2.1

Introduction

Superconductors are characterized by the phase coherence of the Cooper pair condensate. Recent technological advances in the control of the phase near a Josephson junction have promoted research on the manipulation and phase biasing of such
junctions. Examples are the experimental realization of Superconductor-FerromagnetSuperconductor (SFS) π-junctions [1], and Superconductor-Normal metal-Superconductor
(SNS) junctions in which the charge-carrier population in the conduction channels is
controlled [2]. These junctions are characterized by an intrinsic phase-shift of π in the
current-phase relation or, in other words, an effective negative critical current.
An alternative branch of phase biasing is offered by the intrinsic anisotropy of unconventional superconductivity. A predominant d x2 −y2 pairing symmetry in high-T c
superconductors [3] enables the possibility to bias parts of the circuit with a phase of
π. Examples are the π-SQUID [4, 5], tricrystal rings [3], the corner junction [6], and
the zigzag junction [7]. The latter two inspired the analytic investigation in the present
work. These structures, of which neighboring facets in a Josephson junction can be
considered to have opposite sign of the critical current, present intriguing phenomena such as the intrinsic frustration of the Josephson phase over the junction and the
spontaneous generation of fractional magnetic flux near the corners. The fractional
fluxes are attached to the discontinuity points and are formed in antiferromagnetic ordering. This ordering has indeed been found experimentally as the ground state of
YBa2 Cu3 O7 -Nb zigzag junctions [8, 9] as shown in Fig. 2.1.
The presence of a fractional flux, or semifluxon, has been considered before by several authors [8, 10, 11, 12, 13, 14, 15]. In this work we present an analytic investigation of the existence and behavior of these semifluxons in an infinitely long Josephson junction with π-discontinuities. We will introduce the model for these junctions
and the method we use to analyze the semifluxons in a Josephson junction with πdiscontinuities in Section 2.2. In Section 2.3 the results for one π-discontinuity, the
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A scanning SQUID microscope image of fractional magnetic flux in a system of
YBa2 Cu3 O7 -Au-Nb zigzag junctions. The picture is taken from [9] with permission of the
authors.
Figure 2.1:

corner junction, is presented. Section 2.4 discusses the case for two π-discontinuities,
in which we compute the minimum facet length between the discontinuity points necessary to be able to spontaneously generate flux. In Section 2.5, it is shown how
the model is extrapolated to an increasing number of discontinuities in the infinitely
long Josephson junction. We use a stability analysis to discuss the existence of the
semifluxons for this case. We conclude the work in Section 2.6.

2.2

Mathematical model and phase-plane analysis

To describe the dynamics of a long Josephson junction with π-discontinuity points
a perturbed sine-Gordon equation is used [10]:
φ xx − φtt = sin[φ + θ(x)] − γ + αφt ,

(2.2.1)

where α is a dimensionless positive damping coefficient related to quasi-particle tunneling across the junction and γ is the applied bias current density, normalized to the
junction critical current density Jc . The function θ(x) takes the value 0 or π, representing the alternating sign of the critical current associated with the presence, or absence,
of the additional π-phase shift.
Equation (2.2.1) is written after rescaling where the spatial variable x and time variable t are normalized by the Josephson penetration length λ J and the inverse plasma
frequency ω−1
p respectively.
We consider static semifluxons, hence (2.2.1) reduces to
φ xx = −
22

∂U
,
∂φ

(2.2.2)

2.3 Junctions with a single π-discontinuity point

where U = −(1 − cos[φ + θ(x)]) + γφ. For physically meaningful solutions, φ and φ x
are required to be continuous at the discontinuity point.
The first integral of Eq. (2.2.2) is
1 2
φ = − cos[φ + θ(x)] − γφ + C,
2 x

(2.2.3)

where C is the constant of integration. If θ would not depend on x, then the integral
curves (’orbits’) of (2.2.3) form the phase portrait in the (φ, φ x ) phase plane.
Phase-plane analysis is particularly useful for the qualitative analysis of planar differential equations, see for instance [16, 17] for an example involving a perturbed sineGordon equation. For a general introduction to phase-plane analysis see for instance
[18].
In the present situation however, θ does depend on x, but in a special manner: θ takes
only two values. Therefore there are two phase portraits that come into play, one with
θ = 0 and another one with θ = π. Solutions of (2.2.2) are suitable combinations
of orbits on these two phase planes. The position where the switch is made between
the two phase planes is determined by the values of x where θ jumps. With this
convention in mind we will for simplicity speak about the phase portrait of (2.2.2). A
similar approach is used by Walker [15] to analyze a particular solution of Eq. (2.2.2)
representing semifluxons in the case of γ = 0. In his paper, Walker analyzes this
situation using a combination of the potential functions U, i.e. U = −(1 − cos φ) and
U = (1 − cos φ).
2.3

Junctions with a single π-discontinuity point

In a junction with a single π-discontinuity point, under certain conditions, a semifluxon is expected to be generated [3]. With θ(x) given by




 0, x < 0,
(2.3.1)
θ(x) = 


 π, x > 0,
the parameterization of this semifluxon for γ = 0 is [10, 12]:




 4 arctan exp (x − x0 ), x < 0,
φ(x) = 


 4 arctan exp (x + x0 ) − π, x > 0,

(2.3.2)

√
where x0 = ln ( 2 + 1). In the phase plane, the solution (2.3.2) is given by the combination of the curves with arrows in Fig. 2.2. For x < 0 we follow the solid curve
starting at the origin up to d1 , where x = 0. From d1 we switch flows and follow
the dashed curve for x > 0 up to (φ/π, φ x) = (1, 0). This defines a semifluxon with
a π-phase jump: φ(∞) − φ(−∞) = π. The intersection of the trajectories for x < 0
and for x > 0 makes an angle, i.e. is transversal, which guarantees the persistence of
23
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Figure 2.2: The phase portrait of the system (2.2.2) for γ = 0. The trajectories for x < 0 are
indicated with bold lines, the trajectories for x > 0 with dashed lines. Any orbit of Eq. (2.2.2)
switches at x = 0 from bold to dashed. The semifluxon parameterized by (2.3.2) in the phase
plane is indicated with arrows with d1 is the corresponding position of x = 0. O is the position
of (0, 0). The definition of d1 , n1 − n4 are in the text.

the semifluxon when a bias current is applied. Later on it will be shown that this will
remain the case up to γ = 2/π.
In the phase plane, equilibria are the points that correspond to the maxima and minima of the potential U, i.e. (∂U/∂φ = 0, φ x = 0). When γ = 0 two adjacent equilibria
are connected by heteroclinic connections. Once we set γ , 0, the heteroclinic connections break and form homoclinic connections, i.e. connections between an equilibrium with itself. This opens the possibility for other solutions satisfying Eq. (2.2.2)
and boundary condition φ(∞) − φ(−∞) = π than the semifluxon solution described
above. As shown in Fig. 2.3, a semifluxon can be constructed by choosing d2 or d3
as the point where x = 0. With these two discontinuity points, we obtain solutions
with an overall phase jump of π, but containing humps as shown in Fig. 2.4. For
γ = 0 these constructions are not possible since the trajectories would pass through an
equilibrium.
The semifluxons with humps can be viewed as combinations of semifluxons and 2πfluxons. The semifluxon with d2 as the position of x = 0 consists of a semifluxon and
a fluxon-antifluxon pair, while the semifluxon with d3 for the corresponding position
of x = 0 consists of a semifluxon and a fluxon with opposite polarity. Because a fluxon
and a semifluxon with opposite (like) polarity are attracting (repelling) each other, we
can expect these semifluxons to be unstable. A further study of these semifluxons with
humps will be presented elsewhere 1 .
When increasing the normalized bias current γ, the homoclinic connections of the
1 see Chapter 3 of this thesis.
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The phase portrait of the system (2.2.2) for γ = 0.1. For simplicity we only show
the stable and unstable manifolds of the fixed points. Instead of d1 , we might also take d2 or d3
for the position of x = 0.
Figure 2.3:

two equations will shrink and move apart. Therefore, for a certain value of γ, which
we will denote as γ∗ , d2 and d3 will coincide (see Fig. 2.5). When this happens, the
solution with x = 0 at d2 corresponds to a semifluxon and a fluxon-antifluxon pair at
infinity. For γ > γ∗ , there is no solution with x = 0 at d2 that satisfies Eq. (2.2.2).
Hence, only d1 and d3 can be used for the position of x = 0, in that case.
To deduce the exact expression of γ∗ , we consider the boundary conditions for the
phase difference and magnetic flux at infinity
lim x→−∞ φ(x) = φ− = arcsin(γ),
lim x→∞ φ(x) = φ+ = π + arcsin(γ),
lim x→±∞ φ x (x) = 0.
From the boundary conditions, the integral constant C of Eq. (2.2.3) is:




 cos φ− + γφ− , x < 0
C=


 − cos φ + γφ , x > 0.
+

(2.3.3)

+

Imposing that φ x (0− ) = φ x (0+ ) and φ(0) = π + arcsin γ, we obtain the value of γ which
gives the above condition
2
γ∗ = √
≈ 0.54.
(2.3.4)
4 + π2
When γ > γ∗ , the point d3 moves towards d1 . At a certain value, the points d1 and
d3 coincide. At that value of γ, the intersection of the trajectories of the system for
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Plot of the phase as a function of x (in units of λ J ) with d2 and d3 as discontinuity
points. In this picture γ = 0.1. The solution with higher hump is the phase with d2 as the
discontinuity point. Dash-dot lines are the asymptotes of the solutions.
Figure 2.4:

x < 0 and x > 0 is tangential. The heteroclinic flow of the combined phase portrait is
’smooth’ (see Fig. 2.6). We then arrive at the edge of the static solution because as the
trajectories intersect nontransversally, perturbations make them either nonintersecting
or transversally intersecting [19]. We will call the value of γ such that the intersection
is nontransversal the critical current γc . Physically, if we apply a bias current larger
than this critical current, there will be no static semifluxon anymore.
A tangential intersection is achieved when at point d1 = d3 ,
lim ∂φ x /∂φ = lim ∂φ x /∂φ.
x↑0

x↓0

Noticing that ∂φ x /∂φ is given by
dφ x (x) dx
dx dφ(x)

=
x=0

φ xx
φx

=
x=0

± sin φ − γ
φx

,
x=0

this condition is satisfied when sin φ(0) = 0, i.e. φ(0) ∈ {0, π}.

To obtain the value of φ x at x = 0, we use that
Z 0
Z 0
φ xx φ x dx =
φ x sin φ − γφ x dx,
−∞

(2.3.5)

−∞

which gives
1
φ x (0− )2 = − cos φ(0− ) +
2

q
1 − γ2 − γ(φ(0− ) − arcsin γ).

Here φ(0− ) is a shorthand for lim x↑0 φ(x) and likewise for φ x (0− ). Limits from the right
are indicated by a ’+’.
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Figure 2.5:

Junctions with two π-discontinuity points

Part of the phase portrait of (2.2.2) for γ = γ∗ . At this value of γ d2 and d3 coincide.

The same calculation for x > 0 gives
1
− φ x (0+ )2 = − cos φ(0+ ) −
2

q

1 − γ2 − γ(−φ(0+) + π + arcsin γ).

Because φ(0− ) = φ(0+ ) = φ(0) and φ x (0− ) = φ x (0+ ), the two above expressions yield
the critical current for the existence of static semifluxons:
γc =

2
≈ 0.64.
π

(2.3.6)

No static solutions exist for γ above γc . This result is in agreement with the result of
Kuklov, Boyko, and Malinsky [20] that for γ > γc the φ-fluxon changes the circulation
back and forth while releasing 2π-fluxons. Using phase-plane analysis, we derive
the maximum supercurrent from the existence of the static solution while Kuklov et
al. derive it from the stability of the solution.

2.4

Junctions with two π-discontinuity points

The analytical discussion on junctions with two π-discontinuity points has been
initiated by Kato and Imada [14]. The junctions have a positive critical current for |x| >
a and a negative critical current for |x| < a. In this system there are two semifluxons
with opposite polarity generated at the corners of the junction when a is relatively
large. They conjecture that the magnetic flux is sensitive to the ratio a = d/2λ J
where d is the distance of the two corners. We call the normalized distance of one
corner to the next neighboring corner the normalized facet length, which is 2a in our
27
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Figure 2.6: The phase portrait of the system corresponding to the π kink solution for γ the
critical current.

case. Here, we consider the case when the semifluxons generated at the corners have
opposite polarity.
Kato and Imada show numerically that the integrated magnetic flux, which is proportional to ∆φ = |φ(0) − φ(∞)|, depends on a (see Fig. 2.7). When a  1, they obtain
∆φ = π. The magnetic flux decreases when the facet length reduces. In the absence
(2)
of a bias current, for a ≤ a(2)
min = π/4, ∆φ = 0. Here 2amin is the minimum facet-length
necessary to have a spontaneous flux generation when γ = 0 (the superscript indicates
the number of corners). The minimum facet-length for γ , 0 will be shown to be zero
later on. In this section, we will show that the dependence of ∆φ on a can be expressed
explicitly when looking for the existence of the static semifluxons.
The phase portrait of the system without an applied bias current is given in Fig. 2.2.
The semifluxon-antisemifluxon and the antisemifluxon-semifluxon states are represented by the trajectory O − n1 − n2 − O and O − n3 − n4 − O, respectively. As 2a is the
length of the middle junction, it is the pathlength of n1 → n2 or n3 → n4 . If x would
be replaced by t, as in the usual pendulum equation, it would be the time needed to go
from n1,3 to n2,4 .
Let M p be the closed trajectory through points n1 and n2 . This flow represents the periodic motion of the pendulum equation. M p crosses the φ-axes at the points (±∆φ, 0).
Putting γ = 0, from Eq. (2.2.3) M p is implicitly given by the relation
1 2
φ = cos φ − cos ∆φ.
2 x
2

If n1 = (φit , φitx ), then φit = arccos(cos ∆φ + 12 φitx ).
28
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(a)

(b)

Figure 2.7: ∆φ is drawn as a function of a. The critical current fc for vortices to change their
orientation is also presented. The figure is reproduced with permission from [14].

The unstable and stable manifolds through n1 and n2 are given by
1 2
φ x = 1 − cos φ.
2

(2.4.2)

Hence, φit can be written as


φit = arccos (cos ∆φ + 1)/2 .

(2.4.3)

Now, it is straightforward to calculate the pathlength from n1 to (∆φ, 0) which is ex29
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actly a. Using (2.4.1), we get
Z ∆φ
dϑ
a=
√
φit
2(cos ϑ − cos ∆φ)1/2
Z φit
Z ∆φ
dϑ
dϑ
=
−
.
√
√
0
0
2(cos ϑ − cos ∆φ)1/2
2(cos ϑ − cos ∆φ)1/2
Now consider
I=

Z

0

2

φit

(2.4.4)

dϑ
.
√
2(cos ϑ − cos ∆φ)1/2

Using identity cos ϑ = 1 − 2 sin (ϑ/2), the integral becomes
I=

1
2

Z

φit

dϑ
.
q
2
2
sin(∆φ/2) 1 − csc (∆φ/2) sin (ϑ/2)

0

If we let sin(ϑ/2) = sin(∆φ/2) sin Φ such that the angle ϑ is transformed to Φ =
arcsin(sin(ϑ/2)/ sin(∆φ/2)), the integral then becomes
I=

Z

0

Φit

(1 −

k2

dΦ
= F(Φit , k)
sin2 Φ)1/2
it

φ
∆φ
it
with k = sin ∆φ
2 and Φ = arcsin(sin 2 /sin 2 ). The function F is the incomplete
elliptic integral of the first kind [21]. Hence, we get that

a = F(π/2, k) − F(Φit , k).

(2.4.5)

This is the explicit relation between ∆φ and a when γ = 0. The plot is shown in
Fig. 2.7. With this expression, we can see that
lim a = π/4

∆φ→0

because k → 0 and Φit → π/4. This value is the minimum pathlength from n1,3 to n2,4
at the limiting point O, which is then the minimum facet-length to have a semifluxonantisemifluxon or an antisemifluxon-semifluxon at the corners.
An approximation to Eq. (2.4.5) for the facet length a close to the minimum facet
length π/4 has been calculated by Kato and Imada [14] using Hamiltonian energy
approximation.
Kato and Imada assume that when a = π/4 +  with 0 <   1, the antisemifluxonsemifluxon state is approximately given by φ = C0 ϕ0 with
 r


4



(|x| < a),

 r π + 4 cos x
ϕ0 (x) = 
(2.4.6)


4


−(|x|−a)

cos
a
e
(|x|
>
a).

π+4
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√
The multiplication constant 4/(π + 4) is obtained from the normalization condition
such that the norm of ϕ0 is√one. Note that this expression is exact when  = 0. One
can also notice that ∆φ = 4/(π + 4)C0 .
To determine C0 , they derive an effective Hamiltonian for C0 by substituting φ(x) =
C0 ϕ0 (x) and (2.4.6) to the Hamiltonian energy
!
Z ∞
1 2
φ x + cos[θ(x)](1 − cos φ) + f φ dx.
(2.4.7)
H=
−∞ 2
By assuming that C0 is small, a simple calculation gives
r
λ20 2
32
π+2
4
H = − C0 +
C −
γC0
2
π+4
8(π + 4)2 0

(2.4.8)

to the fourth order of C0 . Here, λ20 = 4/(π + 4).
Finally, by minimizing (2.4.8) as for C0 and taking γ = 0 one obtains [14, 22]
r
64
∆φ =
(a − π/4)1/2.
π+2
When we start applying a bias current to the junction, a vortex and an antivortex are
created at the corners even though the facet length is less than the minimum facetlength for γ = 0. In other words, the minimum facet-length of the junction is 0 when
γ , 0. In the phase portrait, this can be seen from the fact that the equilibria of the
system for x < 0 do not coincide with the ones for x > 0 when γ , 0, see Fig. 2.8. In
the presence of the applied bias current, the magnetic flux ∆φ is also influenced by γ.
There are two different cases of the behavior of the semifluxons under the influence of
a bias current. In the following, we will discuss the two cases separately.

2.4.1

Antisemifluxon-semifluxon case

When we start with a pair of antisemifluxon-semifluxon which we will here call
a φ2 -solution, there is a critical value of the applied bias current to reorient the solution such that it becomes a semifluxon-antisemifluxon, here called a φ1 -solution. The
flipping-over from the φ2 -solution to the φ1 -solution has been discussed analytically
in [14, 22]. For simplicity fc is used to denote the critical bias current as in [14]. In
Fig. 2.7, fc is drawn as a function of a. It is natural to expect that one would be able
to explain the flipping-over process using phase-plane analysis. A sketch of the phase
portrait of the system for γ , 0 is drawn in Fig. 2.8.
When γ , 0, the origin O splits into O− (an equilibrium of the system for x < |a|) and
O+ (an equilibrium of the system for x > |a|). The minimum facet-length to have a
φ2 -solution for γ , 0 now is given by the pathlength of n3 -n4 . These points lie on the
unstable and stable manifolds of the system for x > |a|. The flipping process happens
31
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Figure 2.8:

The phase portrait of Eq. (2.2.2) when γ = 0.4.

because the minimum facet-length to obtain a φ2 -solution for a positive bias current
increases when γ increases.
Therefore, given the facet length, increasing γ we arrive at a level of the bias current
where the φ2 -solution ceases to exist, and the solution will switch to solution of type
φ1 . In Fig. 2.8, the φ1 -solution corresponds to the curve O+ -n1 -n2 -O+ . Hence, fc (a)
also shows the minimum facet-length to have an antisemifluxon-semifluxon state for
given positive γ.
One might guess already that the boundary of the existence of this solution is when
the circle containing n3 and n4 makes nontangential intersection with the separatrices
(see Fig. 2.8). But, this is not the case since the arc-length distance from n3 to n4 is
not a monotonous function of ∆φ for a nonzero γ. The arc-length from n3 to n4 in the
condition illustrated by Fig. 2.8 is not the minimum. Numerical result of the critical
current fc as a function of the facet length a is shown Fig. 2.9. Using Hamiltonian
energy approximation, Kato and Imada [14] has calculated an approximation to the
curve as
128
fc =
(a − π/4)3/2.
27(π + 2)
This value of fc is evaluated as the critical value where one of the minima of (2.4.8)
disappears.

2.4.2

Semifluxon-antisemifluxon case

When we start with a semifluxon-antisemifluxon state, with a positive current as
long as the bias current is less than 2/π, the static semifluxons are attached at the
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Figure 2.9:

Plot of the critical current γc as a function of half facet length a.

corners for any facet length. If γ > 2/π there is a limiting value of a, say am (γ),
such that for a > am there is no static semivortex-antisemivortex state. am depends
monotonically on γ which means that we can determine the critical current γc for
given a. With a certain value of a and γ > γc , there is no static vortex-antivortex state.
The plot of the relation between a and γc is presented in Fig. 2.9.
When the static solutions disappears, the solution becomes time dependent and starts
flipping between the two types of semifluxons (the vortex-antivortex and the antivortexvortex) while releasing 2π-fluxons.
The difference between γc and fc is that the applied bias current of γc is the minimum
value of the current to pull the two semifluxons apart while fc is the minimum current
to collide the two semifluxons. This can be seen from the Lorentz force induced by
the applied bias current. In the limit a → ∞, both γc and fc converge to 2/π.
2.5

Junctions with multiple π-discontinuity points

In [23], Goldobin et al. consider multi-corner junctions. One of the problems they
consider is to determine the minimum length such that semifluxon states do exist for
γ = 0. They have shown numerically that the minimum length varies as a function
of the number of discontinuity points. In this section, we discuss the question of
determining the minimum facet-length a(N)
min for semifluxons in a junction with N πdiscontinuity points analytically. Recall that a(N)
min denotes the minimum facet-length
in absence of a bias current. All the facet lengths are assumed to be equal.
One should be able to use existence analysis to determine the minimum facet-length
for multi-corner junctions as we did for the case of two-corner ones, but it seems rather
difficult. Therefore we use a stability analysis of the constant solution φ ≡ 0. This
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constant solution is the trivial state. The idea is mentioned in brief by Kuklov et al.
[20] and Kato and Imada [14].
Based on numerical simulations, we assume that once the trivial state is unstable indicated by a zero eigenvalue that moves into the right half-plane, it creates spontaneous
semifluxons in an antiferromagnetic order. The damping is assumed to be absent,
i.e. α = 0, as it does not influence the value of the minimum facet-length.
With the above assumptions the idea of getting the minimum facet-length is by looking
at an eigenvalue at zero. The starting equation is
φ xx − φtt = sin[φ + θ(x)],

(2.5.1)

which is Eq. (2.2.1) with γ = α = 0. Here γ is taken to be zero because we calculate
the minimum facet-length in absence of a bias current.
Equation (2.5.1) admits φ0 = kπ, k ∈ Z as the trivial solutions. We then linearize about
φ0 writing φ = φ0 + v(x, t), and retaining the terms linear in v:
v xx − vtt = cos[θ(x)]v cos kπ.

(2.5.2)

We now make the spectral ansatz v(x, t) = eλt u(x) which gives for u the equation
u xx − λ2 u = cos[θ(x)]u cos kπ.

(2.5.3)

The real part of λ determines the stability of the trivial solution.
The boundary of the essential spectrum is given by those eigenvalues λ for which
iζ x
there exists
p a solution to Eq. (2.5.3) of the form u(x) = e , with ζ real. It follows that
2
λ = ± ∓1 − ζ .
p
Note that from λ = ± 1 − ζ 2 , there is positive spectrum when |ζ| > 1. This explains
that kπ is an unstable constant solution of the system if cos[θ(±∞)] = ±1.
With the result above, we conclude that there is no stable constant solution if cos[θ(∞)] .
cos[θ(−∞)]. It means there is no minimum facet-length of a long Josephson junction
with an odd number of corners. For any facet length, we will always obtain semifluxons as the ground state that are attached at the corners with a total phase jump
|φ(∞) − φ(−∞)| = π.
Josephson junctions with an even number of π-discontinuity points could have a stable trivial solution. According to our assumption, we need to compute the discrete
spectrum. The stability of the trivial solution will depend on the facet length.
If we look at Eq. (2.5.3) (without loosing generality we can take k = 0), this equation
belongs to the classical scattering problem [24]. This problem has been well discussed
in quantum mechanics [25] where cos[θ(x)] is the potential function. A discrete eigenvalue is a value of λ2 for which the corresponding eigenfunction decays exponentially
as x → ±∞ [24].
As an example, the case of four corner junctions is considered. Notice that the facet
length is 2a. The solution of Eq. (2.5.3) with the above requirement can easily be
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Junctions with multiple π-discontinuity points

Figure 2.10: Plot of the left hand side (l.h.s.) of Eq. (2.5.6) as a function of a. The minimum
facet-length a(4)
min is the first intersection of the curve with a-axis.

constructed by considering that we have five regions based on θ(x), i.e.

√



A1,2 exp( 1 + λ2 |x|), |x| > 3a,




√
√

u=
B1,2 cos( 1 − λ2 (|x| − 2a)) + C1,2 sin( 1 − λ2 (|x| − 2a)), 3a > x > a,




√
√


 D1 cosh( 1 + λ2 x) + D2 sinh( 1 + λ2 x), |x| < a.
(2.5.4)

Next, we have to determine all the coefficients using the continuity conditions: u(c− ) =
u(c+ ) and u x (c− ) = u x (c+ ), c = ±a, ± 3a. In the matrix form, the eight linear homogeneous equations are written as

T
Λ A1 B1 C1 D1 D2 B2 C2 A2 = 0,
(2.5.5)
with Λ is the coefficient matrix. To calculate the minimum facet-length, we take λ = 0.

The above system has nontrivial solutions only if the determinant of the coefficient
matrix vanishes. This leads to the equation
cosh2 (a)(16(cos4 (a) − cos2 (a)) + 2)+
2 cosh(a) sinh(a) + 8(− cos4 (a) + cos2 (a)) − 1 = 0.

(2.5.6)

As shown in Fig. 2.10 numerically, this equation has several solutions. The minimum
facet-length to obtain an antiferromagnetically ordered semifluxons is the smallest
nonnegative root of Eq. (2.5.6). Then we conclude that a(4)
min ≈ 0.65 (normalized
to λ J ). The next roots correspond to the minimum facet lengths of other solutions
that bifurcate from zero solution to exist. But at those minimum facet lengths, the
configurations of the semi- and antisemifluxons other than the antiferromagnetic one
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are unstable. This is because the largest eigenvalue of the zero solution is already
positive.
For a six corner junction, we find in this way that a(6)
min ≈ 0.56.
These are in accordance with the results of [23] that are obtained using direct numerical simulations.
So far we have calculated some minimum facet-lengths a(N)
min which show a dependence on the number of the π-discontinuity points N. The minimum facet-length itself
approaches zero as the following arguments show.
In this limiting case, we consider the scattering problem with a periodic potential.
Mathematically, we are looking for solution of the equation
u xx − λ2 u = cos[θ(x)]u,

(2.5.7)

θ(x) = θ(x + 4a).
Let us assume that θ(x) = π for 0 < x < 2a, and θ(x) = 0 for 2a < x < 4a.
According to Bloch-Floquet theorem, the general solution of Eq. (2.5.7) is of the form
[25]
u = eiK x ϕ(x),

(2.5.8)

ϕ(x) = ϕ(x + 4a),
with K satisfying K4a = 2nπ, (n = 0, ± 1, ± 2, . . .).
Substituting Eq. (2.5.8) to Eq. (2.5.7), we are left with an ordinary differential equation
in ϕ. The solution is described by


i(κ −K)x


+ Be−i(κ+ +K)x , 0 < x < 2a,
 Ae +
ϕ=


 Cei(κ− −K)x + De−i(κ− +K)x , 2a < x < 4a,

(2.5.9)

√
where κ± = λ2 ± 1. The coefficients A, B, C and D are obtained from continuity
and periodicity conditions. With the same argument as before we get the condition
cos a cosh a = cos K4a
which gives a(∞)
min = 0.
The calculation of a(∞)
min also tells us that arrays of 0-π junctions forming a loop or annular junctions containing an even number of π-discontinuity points have zero minimum
facet-length.
Zenchuk and Goldobin [26] also consider the same problem as well as the effect of
boundary conditions on a(N)
min if one uses finitely long zigzag Josephson junction. Using
the same method
and
a
tricky
formal expansion, one of the results they obtained is that
√
a(N)
∼
1/
N
for
N
even
and
N → ∞.
min
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Conclusions

Conclusions

We have discussed the existence of static semifluxons using phase plane analysis
in one- and two-corner junctions. We have obtained the critical value of the applied
bias current γ above which static semifluxons are not present. By phase-plane analysis
we have also shown how to construct solutions with humps. We have not discussed
the stability of these solutions2 .
For two-corner junctions, the exact relation between the magnetic flux of semifluxons and the facet length has been derived. There is a minimum facet-length for a
semivortex-antisemivortex state at γ = 0.
For multi-corner junctions, the minimum facet-length of the antiferromagnetically ordered semifluxon state a(N)
min is determined by a stability analysis of the trivial state. For
a junction with infinitely many discontinuity points, we have shown that a(∞)
min → 0. A
similar argumentation shows that an annular junction with discontinuity points also
have zero minimum facet-length.

2 see Chapter 3 of this thesis.
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3

Stability analysis of solitary waves in a 0-π Josephson
junction

Chapter 3

We consider a spatially non-autonomous discrete and continuous sine-Gordon
equation describing a 0-π Josephson junction. The continuous equation is a
special case of the discrete equation in the strong coupling limit. The nonautonomous character is due to the presence of a discontinuity point, namely a
jump of π in the sine-Gordon phase. The system admits a solitary wave which is
called π-kink and is attached to the discontinuity point. There are three types of
π-kinks. We show numerically and analytically that one of the solitary waves
is stable and the others are unstable. Even though the largest eigenvalue of
a stable π-kink is on the imaginary axis, one can excite it through the origin
using a constant force. There is a critical value of the constant force at which
zero is the largest eigenvalue. This critical value coincides with the critical
current for the existence of a static semifluxon. Applying a constant force above
the critical value causes nucleation of 2π-kinks and -antikinks. Besides a πkink, the system also admits a static 3π-kink when there is no applied bias
current. This state is unstable. This 3π-kink state with a −π-kink forms one of
the unstable π-kinks for a nonzero applied bias current. In addition it is shown
that the unstable π-kinks cannot be stabilized by the discreteness, even though
a 3π-kink is stable when the interaction is sufficiently weak.

3.1

Introduction

One important application of the sine-Gordon equation is to describe the propagation of magnetic flux (fluxons) in long Josephson junctions [1, 2]. The flux quanta
or fluxons are described by the kinks of the sine-Gordon equation. When many small
Josephson junctions are connected through the inductance of the superconductors,
they form a discrete Josephson transmission line (see Fig. 3.1). The propagation of
a fluxon is then described by the discrete sine-Gordon equation. For some materials, Josephson junctions are more easily fabricated in the form of a lattice than as a
long continuous Josephson junction. In the strong coupling limit, a discrete Josephson
junction lattice becomes a long Josephson junction.
It was proposed in the late 1970’s that a phase-shift of π may occur inside a Josephson junction (in the sine-Gordon equation) due to magnetic impurities [3]. Recent
technological advances can impose a π-phase-shift in a long Josephson junction using, e.g., superconductors with unconventional pairing symmetry [4], SuperconductorFerromagnet-Superconductor (SFS) π-junctions [5], and Superconductor-Normal metalSuperconductor (SNS) junctions [6]. A junction containing a region with a phase jump
of π is then called a 0-π Josephson junction and is described by a 0-π sine-Gordon
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equation. The place where the 0-junction meets the π-junction is called a discontinuity point.
A 0-π Josephson junction admits a half magnetic flux (semifluxon), sometimes called
π-fluxon, attached to the discontinuity point [7]. A semifluxon is represented by a πkink of the 0-π sine-Gordon equation [8]. Later on, it was proposed [9] to have also
a lattice π-kink by making a discrete version of Josephson junctions, i.e. a Josephson
junction array. Such lattices can be made using the technology described in [7]. The
presence of this π-kink opens a new field where many questions, that have been discussed in details for the sine-Gordon equation, can be addressed again to this kink.
The fact that the kink does not move in space, even in the continuum case, will give a
different qualitative behavior such as the disappearance of the zero eigenvalue (Goldstone mode) as will be shown later.
In this chapter we will study the continuous and discrete 0-π sine-Gordon equation,
especially the stability of the solitary waves admitted by the equation. Knowing the
eigenvalues of a kink is of interest for experimentalists, since the corresponding eigenfunctions (localized modes) can play an important role in the behavior of the kink [10].
The present chapter is organized as follows: in Sec. 3.2 we will describe the mathematical model of the problem and its interpretation as a Josephson junction system.
We will describe the considered discrete system as well as several continuum approximations to the discreteness. In Sec. 3.3 we consider the continuous 0-π sine-Gordon
equation that describes a long Josephson junction with one corner. We will derive
analytically the expression for a π- and 3π-kink without external current and calculate
the stability of a π-kink. It is shown that there is a critical value of the external force
at which the largest eigenvalue of a π-kink is zero and above which there is no static
π-kink. In Sec. 3.3 we also show that the time-independent 0-π sine-Gordon equation
has other π-kink states. They are all unstable. One of the π-kinks can be interpreted
as the continuation of a 3π-kink without external current. In Sec. 3.4 we study the
existence and stability of the solitary waves that were discussed in the previous section in the presence of terms representing discreteness. The existence and stability of
the solitary waves in the weakly coupled limit will be discussed in Sec. 3.5. Numerical calculations connecting the regions of weakly and strongly discrete system will
be presented in Sec. 3.6. In this section we confirm our analytical results using the
original discrete system. Conclusions and plans for future research are presented in
Sec. 3.6.

3.2

Mathematical equation and its interpretation as junction model

3.2.1

Discrete 0-π sine-Gordon equation

The Lagrangian describing the phase of a 0-π array of Josephson junctions is
given by

!2
Z X 

1  φn+1 − φn 2
 1 dφn

L=
−
− 1 + cos(φn + θn ) + γφn  dt,
(3.2.1)

2 dt
2
a
n∈Z
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Figure 3.1: A schematic drawing of a possibly fabricated 0-π Josephson junction array using
ramp-type YBa2 Cu3 O7 /Au/Nb junctions.

where φn is the Josephson phase of the nth junction. The phase jump of π in the
Josephson phase is described by θn as follows:




 0, n ≤ 0,
θn = 


 −π, 0 < n.

(3.2.2)

Equation (3.2.1) is given in dimensionless form. The spatial coordinate x as well as
the discreteness parameter a are normalized to the Josephson length λ J , the time t is
normalized to the inverse plasma frequency ω−1
0 and the applied bias current density
γ > 0 is scaled to the critical current density Jc .
The equation of the phase motion generated by the Lagrangian (3.2.1) is then the
following discrete 0-π sine-Gordon equation
φn−1 − 2φn + φn+1
φ¨n −
= − sin(φn + θn ) + γ.
a2

(3.2.3)

For analytical calculations, we are interested in the case of n ∈ Z, but the fabrication
of the junction as well as the numerics is, of course, limited to a finite number of
sites, say 2N sites. One then deals with boundary conditions. A reasonable choice
is to take a boundary condition representing in which way the applied magnetic field
h = H/(λ J Jc ) enters the system:
φ−N+1 − φ−N
φN − φN−1
=
= h.
a
a

(3.2.4)

In the sequel we will always consider the absence of an applied magnetic field, i.e. we
will take h = 0.
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Various approximation to the discreteness in the continuum limit

There are various approximations of Eq. (3.2.3) in the continuum limit a  1 that
can be derived. For simplicity, first consider only the discrete sine-Gordon equation
for n ≤ 0
φn−1 − 2φn + φn+1
φ¨n −
= − sin φn + γ.
(3.2.5)
a2
Writing φn = φ(na) and expanding the difference terms using the Taylor expansion
give
∞
X
φn−1 − 2φn + φn+1
a2k
=
2
∂k φ xx (na) = La φ xx
(2k + 2)! xx
a2
k=0
and

φn+1 − φn X ak
=
∂kx φ(na) = e
La φ x .
a
(k
+
1)!
k=0
∞

Likewise, for n ≥ 1, the continuum approximation for the equation is then given by
φtt − La φ xx = − sin(φ + θ) + γ,

(3.2.6)

and the continuum approximation for the Lagrangian is
#
" ∞"
1
1 e 2
2
(φt ) −
L=
La φ x − 1 + cos(φ + θ) + γφ dx dt ,
2
−∞ 2
where θ is defined similar to Eq. (3.2.2), i.e.,




 0, x < 0,
θ=


 −π, x > 0.

There are several ways to derive approximations (for a → 0) for a continuum model
(similar ideas can be found in R [11]). The first obvious approximation is
φtt − φ xx −

a2
φ xxxx = − sin(φ + θ) + γ.
12

(3.2.7)

Another approximation can be found by using that La is invertible (in the right type of
a2
−1
function space), hence φ xx = L−1
a (φtt + sin(φ + θ) − γ) and La = 1 − 12 ∂ xx + . . ., so we
get
a2
φ xx = φtt + sin(φ + θ) − γ − ∂ xx (φtt + sin(φ + θ)), x , 0.
(3.2.8)
12
Expanding this equation and using the expression for φ xx again, we get
φ xx = φtt + sin(φ + θ) − γ
−

a2
12 (φtttt

+ [sin(φ + θ)]tt − φ2x sin(φ + θ)

+ cos(φ + θ)[φtt + sin(φ + θ) − γ]),
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x , 0.

(3.2.9)
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The steady state equation for Eq. (3.2.7) is
a2
φ xxxx = sin(φ + θ) − γ,
12
while Eq. (3.2.8) yields the equation
φ xx +

φ xx = (1 −

a2
∂ xx ) sin(φ + θ) − γ,
12

x , 0,

x , 0,

and Eq. (3.2.9) gives
o
a2 n 2
−φ x sin(φ + θ) + cos(φ + θ)[sin(φ + θ) − γ] , x , 0.
12
Unfortunately the last two equations are not Hamiltonian, so we have lost the Hamiltonian properties, while the first equation is singularly perturbed.
φ xx = sin(φ + θ) − γ −

Yet another approximation that has variational structure and is not singularly perturbed
can be obtained by combining the two equations that have lost their variational character. Indeed, taking (3.2.8) twice and substracting (3.2.9) gives
φ xx = φtt + sin(φ + θ) − γ

a2
2φ xxtt + 2φ xx cos(φ + θ) − φ2x sin(φ + θ) − φtttt − φtt cos(φ + θ)
− 12

+φ2t sin(φ + θ) − cos(φ + θ)(φtt + sin(φ + θ) − γ) , x , 0.
(3.2.10)
The Lagrangian for this system is
! 1
1 2
2
L =
2 φt − 2 φ x − 1 + cos(φ + θ) + γφ
h
i
2
+ a2 φ x ∂ x (φtt + sin(φ + θ)) + 21 (φtt + sin(φ + θ) − γ)2 dx dt .

The static equation for (3.2.10) is

φ xx = sin(φ + θ) − γ


a2
− 12
2φ xx cos(φ + θ) − φ2x sin(φ + θ) − cos(φ + θ)(sin(φ + θ) − γ) ,

x , 0.

This equation is a regularly perturbed Hamiltonian system with the Hamiltonian
!
a2
1 a2
(sin(φ + θ) − γ)2 .
H = φ2x
+
cos(φ + θ) + γφ + cos(φ + θ) −
2 12
24
The analysis of the kink solutions will be very similar to the one in the section with
a = 0. All phase portrait constructions in the next section will carry through for small
values of a.
After considering several possible approximations, we will refer Eq. (3.2.10) as the
continuum approximation to the discrete 0-π sine-Gordon equation (3.2.3), with the
boundary conditions at the discontinuity point x = 0 are given by [12, 13, 9]
lim φ = lim φ, lim φ x = lim φ x .
x↑0

x↓0

x↑0

x↓0

(3.2.11)
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π-kink and its spectra in the continuum limit

3.3

Throughout all the section here we take a = 0 in Eq. (3.2.10), corresponding to
the differential equation for a perfect continuous long 0-π Josephson junction
φtt − φ xx + sin(φ + θ) = γ.

(3.3.1)

For a Josephson junction without an applied bias current and a phase jump, i.e. γ =
0 and θ(x) ≡ 0, the basic (normalized) stationary, stable, monotonically increasing
fluxon is given by
φfl (x) = 4 arctan e x , φfl (0) = π
(3.3.2)
(see [14]).
In general when θ(x) . 0, the equation (3.3.1) will introduce a discontinuity at x = 0
for the second derivative φ xx , hence a natural space for the solutions are the functions
which are C 1 in x. The behaviour at infinity is regulated by requiring that the solution
belongs to H2 (R).
The π-kinks are static waves, connecting equilibrium states at x = ±∞ with a phasedifference of π. Therefore, we can drop the time dependency and consider only the
following static wave equation
φ xx − sin(φ + θ) = −γ.

(3.3.3)

For |γ| < 1, the fixed points of this model equation are φ+s = arcsin(γ) and φ+c =
π − arcsin(γ) when θ = 0 and φ−s = π + arcsin(γ) and φ−c = 2π − arcsin(γ) when θ = −π.
In the x-dynamics of (3.3.3), the points φ±s are saddle points and the points with φ±c
are centre points.
By taking suitable combinations of the phase portraits for θ = 0 and θ = −π, the πfluxons are constructed in [8]. The phase portraits for fixed θ = 0 or θ = −π for γ = 0
are essentially different from the ones for 0 < γ < 1 (the case −1 < γ < 0 follows
from this one by taking φ 7→ −φ and γ 7→ −γ). In case γ > 0, we have homoclinic
connections at kπ + arcsin(γ), k ∈ Z, k even (θ = 0) or k odd (θ = −π). If γ = 0, then
these homoclinic connections break to heteroclinic connections between kπ+arcsin(γ)
and (k + 2)π + arcsin(γ).
Following the notation in [8],1 in case γ = 0, there are two types of heteroclinic
connections (fluxons) in the corner junction. The first one, called type 1 and denoted
by φ1π (x; 0), connects 0 and π. The point in the phase plane where the discontinuity lies
is denoted by d1 (0). The second one, called type 2 and denoted by φ2π (x; 0), connects 0
and 3π. Now the point in the phase plane where the discontinuity lies is denoted by
d2 (0). This solution is not a semifluxon, but it will be important in the analysis of
semifluxons with a hump for γ , 0 as will be discussed below.
If 0 < γ  1, then there are three types of π-fluxons (heteroclinic connections) in the
corner junction, all connecting 0 and π [8].2 The first semifluxon, called type 1 and
1 See Fig. 2.2 in Chapter 2 of this thesis.
2 See Fig. 2.3.
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denoted by φ1π (x; γ), is a continuation of the connection at γ = 0. The point in the
phase plane where the discontinuity lies is denoted by d1 (γ). This is a monotonically
increasing π-fluxon.
The second one is called type 2 and is denoted by φ2π (x; γ). In the limit for γ → 0, it
breaks in the type 2 heteroclinic wave and the heteroclinic connection between 3π and
π. The point in the phase plane where the discontinuity lies is denoted by d2 (γ). This
π-fluxon is not monotonically increasing, but has a hump.
The third one is called type 3 and is denoted by φ3π (x; γ). In the limit for γ → 0, it
breaks in the heteroclinic connection between 0 and 2π and an anti-fluxon like the
type 1 wave which connects 2π and π. The point in the phase plane where the discontinuity lies is denoted by d3 (γ). This π-fluxon is also not monotonically increasing
and it has a hump, but lower than the hump of the type 2 wave.
If γ increases, the points d2 (γ) and d3 (γ) approach each other, until they coincide at
γ = γ∗ = √

2

(3.3.4)

4 + π2

at the point (π + arcsin(γ∗ ), 0).3 At this point, the type 2 wave φ2π (x; γ∗ ) ceases to
exist (in the limit it breaks into half the homoclinic connection for x < 0 and the
full homoclinic connection for x > 0). The type 3 wave φ2π (x; γ∗ ) consists of half the
homoclinic connection for x < 0 and the fixed point for x > 0.
If γ increases further, the points d1 (γ) and d3 (γ) approach each other until they coincide4 at
2
γ = γcr = .
(3.3.5)
π
For γ > γcr , no static wave π-fluxons can exist.
Using the homoclinic (heteroclinic) connections in the systems with θ = 0, π, we can
describe the fluxon in more detail. Let φh (x; γ) denote the even homoclinic connection
to arcsin(γ) for θ = 0 and γ > 0. For γ = 0, let φh (x; 0) denote the even heteroclinic
connection between 0 and 2π. Finally, let φ s (x; γ) denote the solution of the system
with θ = 0 and γ ≥ 0, which decays to arcsin(γ) for x → +∞ (i.e., the stable part of
the “tail of the fish” when γ > 0). Note that φ s (x; 0) = φh (x; 0) − 2π.

Then we have for 0 < γ < γ∗




φh (x + x+1 (γ); γ),

φ1π (x; γ) = 


φ s (x + x− (γ); γ) + π,
1




φh (x + x+i (γ); γ),

φiπ (x; γ) = 


φ (x + x− (γ); γ) + π,
h

i

for

x<0

for

x>0

for

x<0

for

x>0

with i = 2, 3. The coordinate shifts x±i , i = 1, 2, 3 are such that
di = (φh (x+i ), D x φh (x+i )) = (φ s,h(x−i ) + π, D x φ s,h (x−i )).
3 See Fig. 2.5.
4 See Fig. 2.6.
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Hence x±2 (γ) = −x±3 (γ). Note that both x+2 and x+3 converge to 0 for γ → γ∗ and
x−2 → −∞ for γ → γ∗ and x−3 → +∞ for γ → γ∗ .
For γ > γ∗ , we have





φh (x + x+1 (γ); γ),

= 


φ s (x + x− (γ); γ) + π,
1




φ
(x
+ x+3 (γ); γ),
h

φ3π (x; γ) = 


φ s (x + x− (γ); γ) + π,
φ1π (x; γ)

3

for

x<0

for

x>0

for

x<0

for

x>0

Hence the homoclinic orbit φh is replaced with the solution φ s in the type 3 solution.
At γ = 0, we have an explicit expression for the π-fluxons (see (3.3.2) for the expression of φfl ):

√



φfl (x − ln(1 + 2)), for

1
φπ (x; 0) = 
√


π − φfl (−x − ln(1 + 2)), for

√



φfl (x + ln(1 + 2)), for

2
φπ (x; 0) = 
√


3π − φfl (−x + ln(1 + 2)), for

x<0
x>0

(3.3.6)

x<0
x>0

Hence both functions are even and cos(φiπ (x; 0) + θ) is continuous and even, since
φiπ (0; 0) = π2 (mod 2π).
For small value of γ, we can approximate the homoclinic orbit φh (x; γ) up to order γ
by using the 2π-fluxon φfl and its linearization.
Lemma 3.1. For γ small, we have for the even homoclinic connection φh (x; γ)
φh (x; γ) = φfl (x + Lπ (γ)) + γ φ1 (x + Lπ (γ)) + γ2 R2 (x + Lπ (γ); γ),
where Lπ (γ) is such that

d
d x φh (Lπ (γ); γ)

Lπ (γ)

=

φ1 (x)

=

x < 0,

(3.3.7)

= 0. Then,

1
4
√
| ln γ| + ln √ + O( γ)
2
π
"
#
Z x
1
ξ
1
−1 + cosh x +
dξ
2
cosh x
0 cosh ξ
 x

x
− arctan e
+ sinh x .
cosh x

(3.3.8)

(3.3.9)

√
In here γ2 R2 (x + Lπ (γ); γ) = O(γ), uniform for x < 0 and γφ1 (Lπ (γ)) = O( γ).
Explicitly:
√ √
φh (Lπ ) = 2π − 2 π γ + O(γ).
(3.3.10)
Furthermore, φ1 ( x̃; γ) = O(1) and R2 ( x̃; γ) = O(1), uniform for x̃ < 0.
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Proof. We introduce the expansion
φh (x; γ) = φfl [x + Lπ (γ)] + γφ1 [x + Lπ (γ)] + γ2 R2 [x + Lπ (γ); γ].
Since it is more convenient in the following perturbation analysis to follow the normalization of φfl (x) (see (3.3.2)), we set φh (0; γ) = π and thus shift the point x = 0
of φh (x; γ) to a yet undetermined position Lπ (γ). In the new coordinates, the position
d
Lπ (γ) > 0 is determined by the condition dx
φh (Lπ ; γ) = 0. By linearizing, it follows
that the equation for φ1 is,
d2
− cos(φfl (x)).
(3.3.11)
dx2
The operator L(x) is identical to the operator associated to the stability of φfl (x). The
homogeneous problem Lψ = 0 has the following two independent solutions,
L(x) φ1 = −1,

ψb (x) =

where L(x) =

1
x
, ψu (x) =
+ sinh x,
cosh x
cosh x

(3.3.12)

d
φfl (x) is bounded and ψu (x) unbounded as x → ±∞. By the
where ψb (x) = 12 dx
variation-of-constants method, we find the general solution to (3.3.11),
"
#
Z
1
1 x ξ
1
φ1 (x; A, B) = A + cosh x +
dξ
2
2 0 cosh ξ
cosh x
 x

+[B − arctan e x ]
+ sinh x ,
cosh x

with A, B ∈ R. The solution φ1 (x) of (3.3.11) must be bounded as x → −∞ and is
normalized by φ1 (0) = 0 (since φh (0) = φfl (0) = π). Thus, we find that A = − 21 and
B = 0. Note that lim x→−∞ φ1 (x) = 1, which agrees with the fact that limx→−∞ φh (x) =
arcsin γ = γ + O(γ3 ). The solution φ1 (x) is clearly not bounded as x → ∞, the
d
unbounded parts of φ1 (x) and dx
φ1 (x) are given by
φ1 |u (x) = − arctan e x sinh x,

d
φ1 |u (x) = − arctan e x cosh x.
dx

(3.3.13)

It follows that φ1 (x) = O( γ1σ ) for some σ > 0 if e x = O( γ1σ ), i.e., if x = σ| log γ| at
leading order. Using this, it is a straightforward procedure to show that the rest term
γ2 R2 (x; γ) in (3.3.7) is of the order γ2−2σ for x = σ| log γ| + O(1) (and σ > 0). Hence,
the approximation of φh (x) by expansion (3.3.7) breaks down as x is of the order
| log γ|. On the other hand, it also follows that φ1appr (x) = φfl (x) + γφ1 (x) is a uniform
O(γ)-accurate approximation of φh (x) on an interval (−∞, L] for L = 21 | log γ| + O(1).
√
Since φfl (L) + γφ1 (L) = O( γ) for such L, we can compute Lπ = 21 | log γ| + O(1), the
value of x at which
d
d 1
d
d
0=
φh (x) =
φappr (x) + O(γ) =
φfl (x) + γ φ1 |u (x) + O(γ).
dx
dx
dx
dx
We introduce Y by e x =
√
O( γ), i.e.

√Y ,
γ

so that it follows by (3.3.2) and (3.3.13) that Y =

Lπ (γ) =

√4
π

+

1
4
√
| log γ| + log √ + O( γ).
2
π
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A straightforward calculation shows that
√ √
φh (Lπ ) = 2π − 2 π γ + O(γ).


3.3.1

Stability of the type 1 solution

We will show analytically that the type 1 wave φ1π (x; γ) is linearly stable for 0 ≤
γ ≤ γcr . To linearize about a solution φiπ (x; γ), write φ(x, t) = φiπ (x; γ) + v(x, t),
substitute it in the model equation (3.3.1) and disregard all higher order terms:
[D xx − cos(φiπ (x; γ) + θ(x))] v = Dtt v.

(3.3.14)

Using the spectral Ansatz v(x, t) = eλte
v(x), where v(x) is a continuously differentiable
function and dropping the tildes, we get the eigenvalue problem
Li (x; γ) v = λ2 v,

(3.3.15)

Li (x; γ) = D xx − cos(φiπ (x; γ) + θ(x)).

(3.3.16)

where Li is defined as

The natural domain for Li is C 1 (R) ∩ H2 (R). We call Λ an eigenvalue of Li if there
is a function v ∈ C 1 (R) ∩ H2 (R), which satisfies Li (x; γ) v = Λv. Since Li depends
smoothly on γ, the eigenvalues of Li will depend smoothly on γ too.

The operator Li is symmetric, hence all eigenvalues will be real.p A straightforward
calculation gives that the continuous spectrum of Li is in (−∞, − 1 − γ2 )

Since the eigenfunctions are continuously differentiable functions in H2 (R), Sturm’s
Theorem [15] can be applied, leading to the fact that the eigenvalues are bounded
from above. Furthermore, if v1 is an eigenfunction of Li with eigenvalue Λ1 and v2
is an eigenfunction of Li with eigenvalue Λ2 with Λ1 > Λ2 , then there is at least one
zero of v2 between any pair of zeros of v1 (including the zeros at ±∞). Hence if the
eigenfunction v1 has fixed sign, than Λ1 is the largest eigenvalue of Li .
The following lemma gives a necessary and sufficient condition for Li to have an
eigenvalue Λ = 0.
Lemma 3.2. The eigenvalue problem
Li (x; γ)v = Λv,

x ∈ R,

has an eigenvalue Λ = 0 if and only if one of the following two conditions holds
1. φiπ (0; γ) = kπ, for some k ∈ Z;
2. D x φiπ (0; γ) = 0 and there are some x± such that D x φiπ (x± ; γ) , 0.
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Proof. Since φiπ (x) converges to a saddle point |x| → ∞, this implies that D x φπ (x)
decays exponentially fast to 0 for |x| → ∞. Since φiπ (x) solves (3.3.3), differentiating
this ODE with respect to x, gives
Li (x) D x φiπ (x) = 0,

for

x , 0.

This implies that for any constant K, the function wiK (x) = K D x φiπ (x) satisfies Li (x) wiK (x) =
0 for x , 0. Hence for any K− and K+ , the solution


i


 wK− (x), x < 0;
i
w (x) = 


 wi (x), x > 0.
K+

solves Li (x) wi (x) = 0 for x , 0. The function wi (x) is continuously differentiable if
and only if the following two conditions hold

1. wiK− (0−) = wiK+ (0+), in other words, K− D x φiπ (0) = K+ D x φiπ (0), since φiπ is
continuously differentiable;
2. D x wiK− (0−) = D x wiK+ (0+), in other words, K− D xx φiπ (0−) = K+ D xx φiπ (0+).
The first condition is satisfied if K− = K+ or D x φiπ (0) = 0. If D x φiπ (0) = 0, we can
choose K± such that the second condition is satisfied and we do not end up with the
trivial solution.
If D x φiπ (0) , 0, we need D xx φiπ to be continuous at x = 0 in order to satisfy the second
condition. Since D xx φiπ (x) = sin(φiπ (x) + θ(x)) − γ, D xx φiπ is continuous at x = 0 if and
only if sin(φiπ (0)) = 0. These arguments prove that if one of the two conditions are
satisfied, then Λ = 0 is an eigenvalue of Li .

Next we assume that Λ = 0 is an eigenvalue of Li , hence there is some continuously
differentiable function vi (x) such that Li (x)vi (x) = 0 for x , 0 and vi (x) → 0 for
|x| → ∞. The only solutions decaying to zero at +∞ are the solutions on the one
dimensional stable manifold and similarly, the only solutions decaying to zero at −∞
are the solutions on the one dimensional unstable manifold. The stable and unstable
manifold are formed by multiples of D x φiπ . So we can conclude that there exist K±
such that


i


x < 0;
K− D x φπ (x) for
vi (x) = 


i
K D φ (x) for
x > 0.
+

x π

Now we are back in the same situation as above, so we can conclude that either one
of the two conditions in the lemma must be satisfied.


The second condition in the lemma does not occur. Indeed, the first part of the second
condition, i.e., D x φiπ (0; γ) = 0 happens only if di has its second coordinate zero, hence
only at γ = γ∗ for d2 = d3 . The solution φ2π (x; γ∗ ) has ceased to exist and the solution
φ3π (x; γ∗ ) consists of the fixed point for x > 0. Hence this solution does not satisfy the
second part of the second condition.
53

3

Stability analysis of solitary waves in a 0-π Josephson junction

The first condition of the lemma is satisfied at γ = γcr for i = 1, 3 (for this value of γ,
the solutions φ1π and φ3π are equal). At γ = γcr , the homoclinic orbit φ+h and the orbit
φ−s are tangential in the phase portrait, thus guaranteeing that the second derivative
D xx φiφ is continuous at x = 0. To see that this is the only value of γ for which the first
condition is satisfied, we derive the relation between φiπ (0; γ) and γ. Multiplying the
static equation (3.3.3) with D x φiπ and rewriting it gives
D x [(φiπ (x; γ))2 ] = 2D x [−γφiπ (x; γ) − θ(x) cos(φiπ (x; γ))].
Integration ±∞ to 0 and using that D x φiπ (±∞; γ) = 0, shows
(φiπ (0; γ))2 = 2[−γ(φiπ (0; γ) − φiπ (−∞; γ) − cos(φiπ (0; γ)) + cos(φiπ (−∞; γ))]
(φiπ (0; γ))2 = 2[−γ(φiπ (0; γ) − φiπ (+∞; γ) + cos(φiπ (0; γ)) − cos(φiπ (+∞; γ))]
Subtracting these two equations and using that φiπ (+∞; γ) = φiπ (−∞; γ) + π, we get
that
πγ
0 = −πγ − 2 cos(φiπ (0; γ)), hence cos(φiπ (0; γ)) =
.
(3.3.17)
2
If the first condition is satisfied, then cos(φiπ (0; γ)) = 1, hence γ = π2 = γcr .
Next we will show that the spectrum of the operator L1 is stable for 0 ≤ γ < γcr .

Lemma 3.3. For all 0 ≤ γ < γcr , all eigenvalues of L1 (x; γ) are strictly negative. For
1
γ = γcr , the operator
√ L (x; γcr ) has 0 as its largest eigenvalue. For γ = 0, the largest
1
eigenvalue is − 4 ( 5 + 1).

Proof. From Lemma 3.2, it follows that L1 has an eigenvalue Λ = 0 at γ = γcr . The
eigenfunction is D x φ1π (x; γcr ) and this function is always positive, since φ1π (x; γcr ) is
monotonically increasing. From Sturm’s Theorem, it follows that Λ = 0 is the largest
eigenvalue of L1 at γ = γcr .

We can explicitly determine all eigenvalues of L1 (x; 0). From the explicit expression
for φ1π it follows that L1 (x; 0) is a continuous even operator. For fixed Λ, the operator
L1 (x; 0) − Λ has two linearly independent solutions. Since the fixed point is a saddle
point, there is one solution that is exponentially decaying at +∞ and there is one
solution that is exponentially decaying at −∞. If we denote the exponentially decaying
function at −∞ by v− (x; Λ), then the exponentially decaying function at +∞ up to
a constant is given by v+ (x; Λ) = v− (−x; Λ) (since L1 is symmetric). Obviously,
v+ (0; Λ) = v− (0; Λ), hence Λ is an eigenvalue if D x v+ (0; Λ) = D x v− (0; Λ), i.e., when
D x v− (0; Λ) = 0 or when v− (0; Λ) = 0.
Using M [16], we can√derive explicit expression for the solutions v− (0; Λ) (see
also [14]). Using x1 = ln( 2 + 1), we get
√
v− (x; 0) = sech(x − x1 ), v− (x; Λ) = eµ(x−x1 ) [tanh(x − x1 ) − µ], µ = Λ + 1.

A straightforward calculation shows that v− (0; Λ) , 0. The condition D x v− (0; Λ) = 0
gives that
√
1√
1
1√ √
1 √
µ2 −
2µ − = 0, hence
Λ+1=
2( 5 − 1):Λ = − ( 5 + 1).
2
2
4
4
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(a) The eigenvalue of the stable semifluxon as a function of the bias current γ. The
dashed line is the boundary of the continuous spectrum. (b) A sketch of the evolution of a
π-kink in the continuum limit in the presence of a bias current above the critical value. The
release of fluxons can be seen as well. The plot is presented in terms of the magnetic field φx .

Figure 3.2:

Now assume that the operator L1 (x; γ) has a positive eigenvalue Λ1 (γ) for some 0 ≤
γ < γcr . Since Λ depends continuously on γ, there has to be some 0 < b
γ < γcr such
that Λ1 (b
γ) = 0. However, from Lemma 3.2 it follows that this is not possible.

The eigenvalues
of the linearization are solution of the equation λ2 − Λ1 (γ) = 0, hence
p
1
λ = ± Λ (γ). Since Λ1 (γ) ≤ 0, this implies that <(λ) ≤ 0, hence the waves of type 1
are stable.
55

3

Stability analysis of solitary waves in a 0-π Josephson junction

We also have used numerics using standard procedures in MATLAB to compute the
eigenvalues of this stable semifluxon as a function of the applied bias current. Further explanations of the computation procedure will be presented later in Sec. 3.6.
In Fig. 3.2(a), we show the first two largest eigenvalues of the semifluxon obtained
numerically.
One can see that the largest eigenvalue tends to zero when the bias current γ approaches the critical one γcr as is calculated analytically. The critical current γcr has
been calculated before in [12, 13, 9, 8]. It was first proposed in [12, 13] that a constant
driving force can excite the largest eigenvalue of a semifluxon towards zero. Later, it
is shown in [8] that the critical current indeed corresponds to the disappearance of a
static semifluxon.
When we apply a bias current above the critical value, the semifluxon reverses its
polarity and releases a fluxon. As long as γ is larger than γcr the process repeats
itself. The semifluxon changes its direction back and forth while releasing a fluxon
or antifluxon alternately. A sketch of the release of fluxons from a semifluxon is
presented in Fig. 3.2(b). In experiments, the polarity of a semifluxon can also be
reversed by applying a magnetic field [7].
When γ = γcr , there is at least one eigenvalue bifurcating from the edge of the continuous spectrum. This conjecture is obtained by considering also the stability of a
type 3 semifluxon which is discussed later in Subsection 3.3.3. A similar picture as
Fig. 3.2 for a type 3 semifluxon is presented in Fig. 3.4. From that figure, one can
deduce that a type 3 semifluxon for γ = γcr has at least two eigenvalues, one of which
is attached to the continuous spectrum. Because a type 1 semifluxon is the same as a
type 3 semifluxon when γ = γcr , we can conclude that at that value of bias current, a
stable semifluxon has an additional eigenvalue.
Next we will prove that the type 2 and type 3 waves are linearly unstable for all values
of γ for which they exist.

3.3.2

Instability of type 2 solutions

Lemma 3.4. For all 0 < γ < γ∗ , the largest eigenvalue of L2 (x; γ) is √
strictly positive.
In the limit γ → 0, the largest eigenvalue of L2 (x; γ) converges to 41 ( 5 − 1).
Proof. Using the approximation for the homoclinic orbit φh (x; γ) in Lemma 3.1, we
see that, for γ small,
√ an approximation for the π-fluxon of type 2 is given by (recall
that x1 = ln(1 + 2))




φfl (x + x1 ) + O(γ), x < 0






2


 π + φfl (x − x1 ) + γφ1 (x − x1 ) + γ R2 (x − x1 ; γ),
φ2π (x; γ) = 



0 < x < Lπ (γ) + x1







2
 π + φfl (−b
x) + γφ1 (−b
x) + γ R2 (−b
x; γ), x > Lπ (γ) + x1
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Figure 3.3: (a) The eigenvalues of type 2 semifluxon as a function of the external force γ. The
result that the largest eigenvalue
is always positive shows the instability of type 2 semifluxon.
√
When γ → 0, Λ → 14 ( 5 − 1) which is the largest eigenvalue of a 3π-kink. There are two
eigenvalues bifurcating from the edge of the continuous spectrum (dashed line). (b) A sketch
of the evolution of a 3π-kink (3.3.6) in the continuum limit. The separation of a fluxon from the
semifluxon can be seen as well. The plot is presented in terms of the magnetic field φx .

with b
x = x−2Lπ (γ)−x1 , since x+2 (γ) = x1 −Lπ (γ)+O(γ) and x−2 (γ) = −x1 −Lπ (γ)+O(γ).

There is no limit for γ → 0, since the fluxon breaks in two parts, one of them being the
3π-fluxon denoted by φ2π (x; 0). In a similar way as we found the largest eigenvalue for
the linearization operator L1 (x; 0) about the π-fluxon φ1π (x; 0), we can find the largest
eigenvalue for the linearization operator L2 (x; 0) about the 3π-fluxon φ2π (x; 0). The
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√
largest eigenvalue is Λ2 (0) = 14 ( 5 − 1) and the eigenfunction is

where µ =

√



µ(x+x1 )


(µ − tanh(x + x1 )),
 e
ψ2 (x; 0) = 


eµ(−x+x1 ) (µ − tanh(−x + x1 )),

Λ+1 =

1
4

√

2(1 +

x<0

,

x>0

√
5).

For γ small, we approximate the eigenfunction on the whole interval x ∈ R by

√



eµ(x+x1 ) (µ − tanh(x + x1 )) + O( γ), x < 0,






µ(−x+x1 )


(µ − tanh(−x + x1 ))+
 k2 e
2
ψ (x; γ) = 

√


k3 eµ(x−x1 ) (µ − tanh(x − x1 )) + O( γ), 0 < x < Lπ (γ) + x1






√

 k4 eµ(−bx) (µ + tanh(b
x)) + O( γ), x > Lπ (γ) + x1 .

In this approximation, we include the secular term which is growing at infinity with
the multiplication factor k3 . When γ = 0 and k3 = 0, the first two lines in the definition of ψ2 describe an eigenfunction of the linearized problem about
√ the heteroclinic
connection between 0 and 3π. The corresponding eigenvalue is 14 ( 5 − 1).

When we construct an eigenfunction of the form ψ2 (x, γ) given above for γ > 0, we
need to determine the constants k2 , k3 and k4 such that the function is continuously
differentiability at x = 0 and x = Lπ (γ) + x1 . From the continuity conditions at x = 0,
we obtain:
√
2
k2 =
,
(3.3.18)
4µ(µ − 1)(µ + 1)
√
√
√
(3 + 2 2)µ (2µ2 − µ 2 − 1)(2µ − 2)
k3 =
.
(3.3.19)
4µ(µ2 − 1)
From one of the continuity conditions at x = Lπ (γ) + x1 , we determine k4 as a function
of k2 and k3 . Now we are left with one more matching condition. Values of µ for
which this condition is satisfied correspond to the eigenvalues of the operator L2 (x; γ)
for γ small. More explicitly, the spectral parameter µ has to satisfy the equation
F (µ) = 16µ k3 (µ − 1)2 (γπ)−µ ((3µ + 4)πγ + 16µ) + O(γ−µ+2 ) = 0.

(3.3.20)

When γ = 0, it is as expected √
that there are four positive roots giving four squared
eigenvalues, namely Λ(0) = 41 ( 5 − 1), − 21 , and the double eigenvalue Λ(0) = 0. The
first two come from the zeros of k3 and the last ones are the eigenvalues of the fluxon.
One can also notice that there is no term with a multiplication factor k2 to this leading
order. This term appears at most of order O(γµ+2 ).
√
The proof that the largest
is near 41 ( 5 − 1) for γ small will be complete if
 √ eigenvalue
√ 
we can show that Fµ 2/4(1 + 5) , 0, i.e. the non-degeneracy condition that says
that the eigenvalue can be continued continuously for γ small.
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Simple algebraic calculations give that
√

√
√
√
√
√ 
 2
2
2
Fµ 
(1 + 5) = c1 γ− 4 (1+ 5) + O(γ1− 4 (1+ 5) )
4

(3.3.21)

√
5)) > 0.
√
This finally shows that the largest eigenvalue is near 14 ( 5 − 1) for γ small but positive. Since the largest eigenvalue depends continuously on γ, it can only disappear
at a bifurcation point. There are no bifurcation points and it is not possible that the
eigenvalue becomes 0 (see Lemma 3.2), hence the largest eigenvalue will be positive
as long as fluxon φ2π (x; γ) exists, i.e., for 0 < γ < γ∗ .

with c1 a positive constant. Hence, Fµ (

√

2
4 (1

+

Remark 3.1. We cannot use a comparison theorem, because φ2π < φ3π for x < 0 and
φ2π > φ3π for x > 0.
2
2
The eigenvalues
p for the linearizations are solution of the equation λ − Λ (γ) = 0,
2
2
hence λ = ± Λ (γ). Since Λ (γ) > 0, this implies that one of the two eigenvalues
has <(λ) > 0, hence the fluxons of type 2 are unstable. The numerically obtained
eigenvalues of semifluxons of this type as a function of γ are shown in Fig. 3.3(a). In
Fig. 3.3(b), we present the evolution of a 3π-kink (3.3.6) which is the limit of a type
2 semifluxon when γ → 0. The separation of a fluxon from the semifluxon is clearly
seen and indicates the instability of the state.

Remark 3.2. A type 2 semifluxon can be seen as a concatenation of a 3π- and a −2πkink which is clear in the limit γ → 0. Therefore, in that limit the other eigenvalues
of L2 (x; γ) converge to 0, −0.5, and −1. The eigenvalues 0 and −1 are contributions
of the antikink. The eigenvalue Λ2 (0) = −0.5 corresponds to the first excited state of
a 3π-kink with eigenfunction

where µ =

3.3.3

√



µ(x+x1 )


(µ − tanh(x + x1 )),
 e
ψ2 (x; 0) = 


eµ(−x+x1 ) (tanh(−x + x1 ) − µ),

Λ+1 =

x<0

,

x>0

√1 .
2

Instability of type 3 solutions

Lemma 3.5. For all 0 < γ < γcr , the largest eigenvalue of L3 (x; γ) is strictly positive.
For γ = γcr , the operator L3 (x; γcr ) has 0 as its largest eigenvalue.
Proof. The solution φ3π (x, γcr ) = φ1π (x, γcr ), hence from Lemma 3.3 it follows that the
largest eigenvalue is Λ3 = 0.
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For γ near zero, we will use the approximation in Lemma 3.1 for the homoclinic orbit
φh (x; γ) to get an approximation for the type 3 fluxon




φfl (b
x) + γφ1 (b
x) + γ2 R2 (b
x; γ), x < −Lπ (γ) + x1






2


 φfl (−x + x1 ) + γφ1 (−x + x1 ) + γ R2 (−x + x1 ; γ),
φ3π (x; γ) = 



−Lπ (γ) + x1 < x < 0







 π + φfl (−x − x1 ) + O(γ), x > 0
where b
x = x − x1 + 2Lπ (γ).

For the largest eigenvalue, we set
Λ3 (γ) = γΛ1 (γ).

To construct the first part of the approximation of the eigenfunction, we consider x <
−Lπ (γ) + x1 , i.e., b
x < Lπ (γ). In this part of the arguments, we will drop the hat in b
x.
On (−∞, Lπ ), we expand ψ1approx = ψ0 + γψ1 , this yields the following equations for
ψ0,1 (x),
Lψ0 = 0, Lψ1 = [Λ1 (0) − φ1 (x) sin φfl (x)]ψ0 .
(3.3.22)
We select ψ0 (x) uniquely by assuming that ψ(x) → 0 as x → −∞ and that ψ(0) = 1,
ψ0 (x) =

1
cosh x

(see 3.3.12). To solve the ψ1 -equation, we note that
(3.3.11) and (3.3.2))
Lψ = −φ1 sin φfl

(3.3.23)
d
dx φ1 (x)

is a solution of (see

d
φfl = −2φ1 sin φfl ψ0 ,
dx

so that we find as general solution,
ψ1 (x)

Z x
1
1
ξ
[A − Λ1 (log(cosh x) +
dξ)]
+
2
2
cosh x
0 cosh ξ
x
1 d
1
[B + Λ1 tanh x](
+ sinh x) +
φ1 .
2
cosh x
2 dx

=

By imposing limx→−∞ ψ1 (x) = 0 and ψ1 (0) = 0 we find that A = π4 , B = 21 Λ1 (0). As
in the case of φ1 (x), we are especially interested in the unbounded parts of ψ1 (x) and
d
dx ψ1 (x),
ψ1 |u (x)

d
dx ψ1 |u (x)

=

1
2 Λ1 (1

=

1
2 Λ1 (1

+ tanh x) sinh x − 21 arctan e x cosh x,
+ tanh x) cosh x − 21 arctan e x sinh x.

(3.3.24)

We note that the error term |ψ(x) − ψ1appr (x)| = γ2 |S 2 (x; γ)| is at most O(γ) on (−∞, Lπ )
(the analysis is similar to that for γ2 |R2 (x; γ)|).
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Next consider the second part of the approximation, i.e., x between −Lπ (γ) + x1 and
0. Here we define the translated coordinate x − x1 , which is on the interval (−Lπ , −x1 ).
Since we have to match ψ1appr (x) to the approximation ψ2appr (x) of ψ(x), along φ2appr (x)
and is thus defined on the interval (−Lπ , −x1 ), we need to compute ψ1appr (Lπ ) and
d 1
dx ψappr (Lπ ) which to the leading order are calculated from (3.3.24), i.e.
2Λ1 (0) √
d 1
2Λ1 (0) − π √
γ + O(γ),
ψappr (Lπ ) =
γ + O(γ). (3.3.25)
√
√
dx
π
π
√
d 1
Thus, both ψ1appr (Lπ ) and dx
ψappr (Lπ ) are O( γ). Now, we choose a special form
for the continuation of ψ(x), i.e. the part linearized along φ2appr (x). It is our aim to
determine the value of Λ1 , for which there exists a positive integrable C 1 solution ψ of
L3 (x; γ)ψ = γΛ1 (0)ψ. By general Sturm-Liouville theory [15] we know that this value
of Λ1 must be the critical (i.e. largest) eigenvalue. Our strategy is to try to continue
√
ψ(x) beyond (−∞, Lπ ) by a function that remains at most O( γ), i.e. we do not follow
the approach of the existence analysis and thus do not reflect and translate ψ1appr (x)
to construct ψ2appr (x) (since this solution becomes (in general) O(1) for x = O(1)).
Instead, we scale ψ(x) as γψ̃(x). The linearization ψ̃(x) along φ2appr (x) on the interval
(−Lπ , x1 ) must solve Lψ̃ = O(γ), thus, at leading order
ψ1appr (Lπ ) =

ψ̃(x) =

x
Ã
+ B̃(
+ sinh x).
cosh x
cosh x

The approximation ψ2appr (x) = γψ̃(x) must be matched to ψ1appr (Lπ ) and
x = −Lπ , i.e.

(3.3.26)
d 1
dx ψappr (Lπ )

at

2Λ1 (0)
2Λ1 (0) − π
2 B̃
√
2 B̃
√
= − √ + O( γ),
= √ + O( γ).
√
√
π
π
π
π
Note that Ã does not appear in these equations; as a consequence, ψ1appr (x) and ψ2appr (x)
can only be matched for a special value of Λ1 , Λ1 (0) = 41 π, with B̃ = −Λ1 (0) <
0. Thus, we have found for this special value of Λ1 and for Ã > 0 a positive C 1 continuation of the solution ψ(x) of the eigenvalue problem for L3 (x; γ) – recall that
x < 0 in the domain of ψ̃(x). At the point of discontinuity (−x1 for ψ̃(x), or at x = 0 in
the original coordinates of (3.3.1)), we have
√
ψ2appr (−x1 ) = γψ̃(−x1 ) = γ[ 21 2Ã −

√
√
√
2(log( 2 − 1) − 2)] + O(γ2 ),
√
√
d
1
π
d 2
2
dx ψappr (−x1 ) = γ dx ψ̃(−x1 ) = γ[ 2 Ã − 8 (log( 2 − 1) + 3 2)] + O(γ ).
(3.3.27)
√
Hence, we have constructed for a special choice of Λ, Λ = Λ∗ = π4 γ + O( γ) > 0, an
approximation of a family of positive solutions of the eigenvalue problem for L3 (x; γ)
on x < 0 – in the coordinates of (3.3.1) – that attain the values given by (3.3.27) at
x = 0, and that decay to 0 as x → −∞. The question is now whether we can ‘glue’
an element of this family in a C 1 -fashion to a solution of the eigenvalue problem for
L3 (x; γ) on x > 0 – with Λ = Λ∗ – that decays (exponentially) as x → ∞. If that is
possible, we have constructed a positive integrable solution to the eigenvalue problem
π
8
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for L3 (x; γ), which implies that Λ∗ > 0 is the critical eigenvalue and that φ3π (x) is
unstable.
An approximation of ψ(x) on x > 0, ψ3appr (x), is obtained by linearizing along φ3appr (x)
and by translating x so that x ∈ (x1 , ∞). Since ψ3appr (x) has to match to expressions of
O(γ) (3.3.27) at x1 , we also scale ψ3appr (x), ψ3appr (x) = γψ̂(x). We find that Lψ̂ = O(γ)
so that ψ̂(x) again has to be (at leading order) a linear combination of ψb (x) and ψu (x)
(3.3.12). However, ψ̂ must be bounded as x → ∞, which yields that ψ̂(x) = Â/ cosh x+
O(γ) for some Â ∈ R. At the point of discontinuity we thus have
ψ3appr (x1 ) =
d 3
dx ψappr (x1 )

γψ̂(x1 ) =

1
2

d
γ dx
ψ̃(x1 ) =

=

√
2Âγ + O(γ2 ),

− 21 Âγ + O(γ2 ).

(3.3.28)

A positive C 1 -solution of the eigenvalue problem for L3 (x; γ) exists (for Λ = Λ∗ ) if
there exist Ã, Â > 0 such that (see Eqs. (3.3.27) and (3.3.28))
1
2

√
2Ã −
1
2 Ã

−

π
8

√

√
√
2(log( 2 − 1) − 2) =
√
√
π
8 (log( 2 − 1) + 3 2) =

1
2

√
2Â
− 21 Â

(3.3.29)

√
√
Since the solution of this system is given by Ã = 14 π[ 2 + log( 2 − 1)] > 0 and
√
Â = 12 π 2 > 0, we conclude that the eigenvalue problem for the π-fluxon φ3π (x; γ) has
a positive largest eigenvalue
Λ∗ =

π
√
γ + O( γ).
4

(3.3.30)

Hence the eigenvalue for γ small is positive. From Lemma 3.2 it follows that there
are no zero eigenvalues between 0 and γcr , hence the largest eigenvalue of L3 (γ) is
positive for all values of γ.

√
Remark 3.3. For any λ = O( γ), or equivalently any Λ1 = O(1), there exists a
(normalized) solution to the eigenvalue problem for L3 (x; γ) on x < 0 that decays
as x → −∞, and that is approximated by ψ1appr (x) and ψ2appr (x) (matched in a C 1 √
fashion at ±Lπ ). If Λ1 is not O( γ) close to 14 π, however, ψ2appr (x) cannot be scaled
as γψ̃(x) and the solution is not O(γ) at the point of discontinuity – in general it is
O(1). Moreover, for any Λ1 = O(1), there also exists on x > 0 a 1-parameter family of
(non-normalized) eigenfunctions for the eigenvalue problem for L3 (x; γ) that decay
as x → ∞. In this family there is one unique solution that connects continuously to
the (normalized) solution at x < 0. In fact, one could define the jump in the derivative
at x = 0, J(λ; γ), as an Evans function expression (note that J(λ; γ) can be computed
explicitly). By definition, λ is an eigenfunction of L3 (x; γ) if and only if J(λ; γ) = 0.
In the above analysis we have shown that J(λ∗ ; γ) = 0.
Remark 3.4. The classical, driven, sine-Gordon equation, i.e. θ ≡ 0 in (3.3.1), has
a standing pulse solution, that can be seen, especially for 0 < γ = γ  1, as a
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0.2
0

Λ

−0.2
−0.4
−0.6
−0.8
−1
0

0.1

0.2

0.3

γ

0.4

0.5

0.6

0.7

The eigenvalues of type 3 semifluxon as a function of the external force γ. The result
that the largest eigenvalue is always positive shows the instability of type 3 semifluxon. When
γ  1, according to Eq. (3.3.30) the largest eigenvalue is approximated by Λ = π4 γ shown in
dash-dotted line. The dashed line is the boundary of the continuous spectrum.
Figure 3.4:

d
fluxon/anti-fluxon pair. This solution is approximated for dx
φ > 0 (the fluxon) by
d
1
1
φappr (x) and for dx φ < 0 (the anti-fluxon) by φappr (−x). It is (of course) unstable,
the (approximation of the) critical unstable eigenvalue can be obtained from (3.3.25).
The corresponding eigenfunction is approximated by ψ1appr (x) on (−∞, Lπ ), and we
√
d 1
conclude from (3.3.25) that dx
ψappr (Lπ ) = 0 for λ2 = γΛ1 = γ π2 + O(γ γ) (while
ψ1appr (Lπ ) > 0). Hence, for this value of Λ1 , we can match ψ1appr (x) to ψ2appr (x) =
ψ1appr (−x) in a C 1 -fashion, it gives a uniform O(γ)-approximation of the critical, positive (even,
eigenfunction of the fluxon/anti-fluxon pair at the eigenvalue
√ ‘two-hump’)
√
λ+ = 21 2π γ + O(γ) > 0.

2
3
The eigenvalues
p for the linearizations are solution of the equation λ − Λ (γ) = 0,
3
hence λ = ± Λ3 (γ). Since Λ (γ) > 0, this implies that one of the two eigenvalues
has <(λ) > 0, hence the fluxons of type 3 are unstable. In Fig. 3.4, we present
numerical calculations of the eigenvalues of type 3 semifluxon as a function of the
bias current γ.

Remark 3.5. A type 3 semifluxon can be seen as a concatenation of a 2π- and a −πkink. This can be seen clearly in the limit
√ γ → 0. Therefore, in that limit the other
eigenvalues of L3 (x; γ) converge to − 14 ( 5 + 1) and −1 which are contributions of the
−π- and 2π-kink, respectively.
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2.5
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1
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x
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−0.5
−1
−1.5
−2
−2.5
−1

−0.5

0

0.5

1

φ/π

1.5

2

2.5

3

The phase portrait of the system (3.2.10) with a = 0.5 for γ = 0. The effect of the
perturbative term is shown by comparing it with the phase portrait of the unperturbed system
a = 0 shown in dashed-lines.
Figure 3.5:

Lattice π-kinks and their spectra in the discrete case:
continuum approximation

3.4

Now we consider the continuous 0-π sine-Gordon equation with the continuum
approximation to the discreteness Eq. (3.2.10). Using the fact that the semifluxons
of all types are constructed by heteroclinic connections with transversal intersection
at x = 0 in the two-dimensional phase space, we can directly guarantee that all the
semifluxons still exist in the perturbed system Eq. (3.2.10) [17]. In Fig. 3.5, we present
the phase portraits of the perturbed and the unperturbed system.
For small value of a, we can approximate the heteroclinic orbit connecting 0 and 2π
(mod 2π) up to order a2 by using the 2π-fluxon φfl and its linearization.
Lemma 3.6. Let φafl (x) denote the heteroclinic orbit of the sine-Gordon equation with
the perturbation term representing the continuum approximation to the discreteness
(Eq. (3.2.10) with θ ≡ 0) with γ = 0. For a small, we have for the heteroclinic
connection φafl (x)
φafl (x) = φfl (x) + a2 φa (x) + O(a4 ),

(3.4.1)

where
φa (x) = −

1 −3 sinh x + x cosh x
.
12
cosh2 x

Furthermore, φa (x) = O(1), uniformly for x ∈ R.
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Proof. The spatially localized correction to the kink shape φfl (x) due to the perturbation term representing discreteness is sought in the form of the perturbation series:
φafl (x) = φfl (x) + a2 φa (x) + O(a4 ).
It is a direct consequence that φa (x) must satisfy the equation:

1
L1 (x; 0)φa (x) = f (x) = − 12
2∂ xx φ1π (x; 0) cos(φ1π (x; 0) + θ)−

(∂ x φ1π (x; 0))2 sin(φ1π (x; 0) + θ) − cos φ1π (x; 0) sin φ1π (x; 0) ,

(3.4.3)

where L1 (x; 0) is the operator given in (3.3.16).

Using the variation of constants method, we obtain the general solution of (3.4.3), i.e.
φa (x)

=

A

=

B =

A sech x + B (x sech x + sinh x),
(3.4.4)
"
!
#
Z x
cosh x − 1 − sinh x
6 sinh x 4 sinh x
ξ f (ξ)
1
2 ln
+
−
dξ ,
A0 +
+
24
cosh x − 1 + sinh x
cosh x
cosh3 x
0 cosh ξ
"
#
1
1
3
B0 −
.
2+
−
2
24
cosh x cosh4 x

The integration constants A0 and B0 are determined by the conditions for φa (x). Ap1
plying lim x→−∞ φa (x) = 0 and φa (x) = 0 yields A0 = 0, B0 = 12
. The continuity of
D x φa (x) is automatically satisfied by its symmetry with respect to x = 0.


Using the same procedure, the localized correction to the π- and 3π-kink due to the
discreteness term up to order O(a2 ) can be presented as follows.
Lemma 3.7. For a small and γ = 0, we have an explicit expression for the π- and
3π-fluxon up to order O(a2 ), respectively:

√

1


−u
(x
−
ln(1
+
2)),

π
φ1π (x; a; 0) = φ1π (x; 0) + 
√


+u1π (−x − ln(1 + 2)),

√

1


−u
(x
+
ln(1
+
2)),

3π
φ2π (x; a; 0) = φ2π (x; 0) + 
√


+u1 (−x + ln(1 + 2)),
3π

for

x<0

for

x>0

for

x<0

for

x>0

(3.4.5)

with φ1π (x; 0) and φ2π (x; 0) are given in (3.3.6) and

1
π
π
π
(−3 + 6 cos2 ( ) + ln sin( ) − ln cos( ) + 3tanh x − x)
12 cosh x
8
8
8
π
π
1
1
2 π
u3π (x) =
(3 − 6 cos ( ) − ln sin( ) + ln cos( ) + 3tanh x − x).
12 cosh x
8
8
8

u1π (x) =
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Due to the discreteness term, there is also correction to γ∗ and γcr [9], i.e.
γ∗ (a) =

γcr (a) =

√

2
4+

π2

+

2
π
a2 + O(a4 ),
4 + 8π2 + 16
3
π
|
{z
}
≈0.0109

q

1−
2
+
π |

4
π
π2

− π + 2 arcsin( π2 )
2
3π
{z

}

≈0.0223

For γ > γcr (a), there is no static semifluxon.

3.4.1

(3.4.6)

a2 + O(a4 ).

(3.4.7)

Stability of type 1 semifluxon

We will show that the type 1 wave φ1π (x; a; γ) is linearly stable for nonzero a and
0 ≤ γ ≤ γcr .
The eigenvalue problem of a solution φiπ (x; a; γ) is

Li (x; γ) v = λ2 v,

(3.4.8)

Li (x; γ) = D xx − cos(φiπ (x; a; γ) + θ(x)).

(3.4.9)

where Li (x; γ) is now defined as

The following lemma gives a necessary and sufficient condition for Li (x; γ) to have
an eigenvalue Λ = 0 for a nonzero a.
Lemma 3.8. The eigenvalue problem
Li (x; γ)v = Λv,

x ∈ R,

has an eigenvalue Λ = 0 if and only if one of the following two conditions holds
1
1. φiπ (0; a; γ) = kπ − a2 6π
+ O(a4 ), for some k ∈ Z;

2. D x φiπ (0; a; γ) = 0 and there are some x± such that D x φiπ (x± ; a; γ) , 0.
Proof. This lemma modifies Lemma 3.2 for the case of nonzero a. The proof is mutatis mutandis the same as the one of Lemma 3.2, but we have
D xx φiπ (x; a) = sin(φiπ (x; a) + θ(x)) − γ+
1
i
12 (sin(φπ (x; a)

p
+ θ(x))(−2γ arcsin γ − 2 1 − γ2 + γφiπ (x; a)+

cos(φiπ (x; a) + θ(x))) + cos(φiπ (x; a) + θ(x))γ)a2 + O(a4 ).
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The first condition of the lemma is satisfied at γ = γcr (a) for i = 1, 3.
Next we will show that the spectrum of the operator L1 (x; γ) is stable for 0 ≤ γ ≤
γcr (a).
Lemma 3.9. For the discreteness parameter a sufficiently small and 0 ≤ γ < γcr (a),
the largest eigenvalue of L1 (x; γ) is strictly negative. For γ = γcr (a), the operator
L1 (x; γcr (a)) has 0 as its largest eigenvalue. For√γ = 0, the largest eigenvalue decreases as a increases and is proportional to − 41 ( 5 + 1) − 0.0652a2 + O(a4 ).
Proof. Writing v(x) = v0 (x)+a2 v1 (x)+O(a4 ) and Λ = Λ0 +a2 Λ1 +O(a4 ) and expanding
the eigenvalue problem for the stability of φ1π (x; a; 0) in a Taylor series result in the
following equations



L1 (x; 0) − Λ0 v0 (x) = 0,




L1 (x; 0) − Λ0 v1 (x) = Λ1 − u1π (x) sin(φ1π (x; 0) + θ) v0 (x) − g(x),

(3.4.10)

with (see Lemma 3.3)


√
√

µ(x−ln(1+ 2))


[tanh(x − ln(1 + 2)) − µ], for x < 0
e

0
,
v (x) = 
√
√


 eµ(−x−ln(1+ 2)) [tanh(−x − ln(1 + 2)) − µ], for x > 0
√
√
µ = Λ0 + 1, Λ0 = − 41 ( 5 + 1),
h
1
g(x) = 12
2v0xx Λ0 + v0 + 2v0xx cos(φ1π (x; 0) + θ) − 2 cos2 (φ1π (x; 0) + θ)v0
−2∂ xx (φ1π (x; 0)) sin(φ1π (x; 0) + θ)v0 − 2∂ x φ1π (x; 0) sin(φ1π (x; 0) + θ)v0x

i
−(∂ x φ1π (x; 0))2 cos(φ1π (x; 0) + θ)v0 − v0 Λ20 − 2v0 Λ0 cos(φ1π (x; 0) + θ) .

The parameter value of Λ1 is calculated by solving (3.4.10) for a bounded and decaying solution v1 (x). The general solution can be derived by using the variation of
constant method because we have the homogeneous solutions of the equation. One
can also use the Fredholm’s theorem (see, e.g., [18]), i.e. the sufficient and necessary
condition for (3.4.10) to have v1 ∈ H2 (R) is provided that the inhomogeneity is perpendicular to the null space of the self-adjoint operator of L1 (x; 0). In our case, we need
to look for the solvability condition on half of the real line only because solution on
the other semi-infinite domain will exist automatically and satisfies v1 (x) = Kv1 (−x),
with K is a suitably chosen constant. If <, > denotes an inner product in H2 (R) over
R+ or R− , then we obtain

⇐:
⇐:

< (L1 (x; 0) − Λ0 )v1 , v0 >=< v1 , (L1 (x; 0) − Λ0 )v0 >,
< Λ1 v0 − u1π v0 sin(φ1π (x; 0) + θ) − g, v0 >= 0,
√
√
√
3584(70 2(1 + 5) − 99(1 + 5))
Λ1 =
√
√
√
24576(−70 10 − 350 2 + 495 + 99 5)
≈ −0.0652.

(3.4.11)
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Now assume that the operator L1 (x; γ) has a positive eigenvalue Λ1 (γ) for some 0 ≤
γ < γcr (a). Since Λ depends continuously on γ, there has to be some 0 < b
γ < γcr (a)
such that Λ1 (b
γ) = 0. However, from Lemma 3.8 it follows that this is not possible.


3.4.2

Instability of type 2 semifluxon

We are not going to proceed discussing the stability issue of semifluxons of this
type since the largest eigenvalue of the semifluxon is quite unstable for a → 0. Introducing discreteness will not immediately stabilize the semifluxon. Here, we will
consider only the special case when γ = 0.
Note that this semikink can be seen as a concatenation of a 3π-kink and a −2π-kink
which is clearly seen in the case of γ = 0. For this value of γ, the largest eigenvalue
of semifluxon of this type is equal to the largest eigenvalue of a 3π-kink.
Because a 2π-fluxon in the ’ordinary’ sine-Gordon equation can be pinned by the discreteness, one might expect to have a stable 3π-kink in the discrete 0-π sine-Gordon
equation. A stable state might exist when the repelling force between the semifluxon
and the fluxon is smaller than the energy to move a fluxon along lattices (the PeierlsNabarro barrier, see Remark 5.6). But for this kind of 3π-kink solution as is expressed
analytically in Eq. (3.3.6), we will show using the perturbation method that the discreteness cannot stabilize this kink for a  1. The largest eigenvalue grows even
as the discreteness parameter a increases. Later on in Section 3.6, we will show numerically that there is no minimum coupling a for this semifluxon to be stable. A
semifluxon of this type will always be unstable in its existence region.
Lemma 3.10. For the discreteness parameter a sufficiently small, the largest eigenvalue of L2 (x; 0) is
√ strictly positive. Moreover, it increases as a increases and is
proportional to 14 ( 5 − 1) + 0.0652a2 + O(a4 ).
Proof. Notice that the analytic expression of a π- and a 3π-kink differs only in the sign
of the ’kink-shift’ (see Eq. (3.4.5)). Because of this, we can directly follow the proof
2
4
of Lemma 3.9.
√ Writing the largest eigenvalue of a 3π-kink as Λ = Λ0 + a Λ1 + O(a ),
with Λ0 = ( 5 − 1)/4 as has been calculated in Lemma 3.4, then we compute Λ1 to
be:
√
√ √
3584(665857( 5 − 1) − 470832 2( 5 + 1))
Λ1 =
√
√
√
24576(3329285 − 2354160 2 − 665857 5 + 470832 10)
≈ 0.0652.
(3.4.12)

This result says that up to order O(a4 ) introducing the discreteness even destabilizes a
3π-kink compared to the corresponding solution of the continuous equation.
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3.4.3

Lattice π-kinks and their spectra in the discrete case:
continuum approximation

Instability of type 3 semifluxon

Semifluxons of type 3 have been shown in Lemma 3.5 to be weakly unstable.
Then it is natural to expect that the perturbation term representing discreteness might
stabilize the semifluxon. This is however not the case.
Lemma 3.11. For all 0 < γ < γcr (a) and a small, the largest eigenvalue of L3 (x; γ) is
strictly positive. For γ = γcr (a), the operator L3 (x; γcr ) has 0 as its largest eigenvalue.
Proof. Let φ3π (x; a; γ) represent the type 3 semifluxon for a small non-negative value
of a. The solution φ3π (x; a; γcr (a)) = φ1π (x; a; γcr (a)), hence from Lemma 3.9 it follows
that the largest eigenvalue is Λ3 = 0.
We are going to follow the proof of Lemma 3.5. For this, it is necessary to scale
√
the parameter a in Eq. (3.2.10) to γa, i.e. a2 → γa2 . For γ and a near zero, an
approximation for the type 3 fluxon now can be written as













3
φπ (x; γ) = 












φfl (b
x) + γφ1 (b
x) + γa2 φa (b
x) + γ2 R2 (b
x; γ), x < −Lπ (γ) + x1
φfl (−x + x1 ) + γφ1 (−x + x1 ) + γ2 R2 (−x + x1 ; γ) + O(γa2 ),
−Lπ (γ) + x1 < x < 0
π + φfl (−x − x1 ) + O(γ, γa2 ), x > 0

where b
x = x − x1 + 2Lπ (γ).

For the largest eigenvalue, again we set Λ3 (γ) = γΛ1 (0).
Next, we can recalculate the results of the proof of Lemma 3.5, only now with some
additional new terms.
First, we consider the first part of the approximation of the eigenfunction, i.e. the
approximation on x < −Lπ (γ) + x1 or b
x < Lπ (γ). In this part of the arguments, again
we drop the hat in b
x. On (−∞, Lπ ), the general solution of the eigenvalue problem of
the order O(γ) after expanding ψ1approx = ψ0 + γψ1 is
ψ1 (x)

=

π 1
[ − Λ1 (log(cosh x) +
4 2

Z

x

ξ

dξ)]

1
cosh x

(3.4.13)
cosh ξ
!
1
1
x
1 d
d
+[ Λ1 (0) + Λ1 tanh x](
+ sinh x) +
φ1 + φa
2
2
cosh x
2 dx
dx
h
ex
−
16 ln 2 + e2x (32 ln 2 − 295 + 60x) + 30x−
360(e2x + 1)3
i
16 ln(e2x + 1)(e2x + 1)2 + 137 + e4x (151 + 30x + 16 ln 2) + 7e6x .
0

2

We note that the error term |ψ(x) − ψ1appr (x)| = γ2 |S 2 (x; γ)| is still at most O(γ) on
(−∞, Lπ ).
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Next consider the second part of the approximation, i.e., x between −Lπ (γ) + x1 and
0. Here, as before, we define the translated coordinate x − x1 , which is on the interval (−Lπ , −x1 ), and scale ψ(x) as γψ̃(x). The linearization ψ̃(x) along φ2appr (x) on the
interval (−Lπ , −x1 ) must solve Lψ̃ = O(γ). Thus, at leading order
ψ̃(x) =

Ã
x
+ B̃(
+ sinh x).
cosh x
cosh x

(3.4.14)

The last part of the approximation of ψ(x) on x > 0, ψ3appr (x), is obtained by linearizing along φ3appr (x) and by translating x so that x ∈ (x1 , ∞). We also scale ψ3appr (x),
φ3appr (x) = γψ̂(x). However, ψ̂ must be bounded as x → ∞, which yields that ψ̂(x) =
Â/ cosh x + O(γ) for some Â ∈ R.

After defining all parts of the approximate eigenfunction on all the real line, now we
have to connect them in a C 1 -fashion. This can be done for a specific combination of
Λ1 (0), Ã, B̃, and Â, i.e.
7 2
Λ1 (0) = 41 π + 180
a , B̃ = −Λ1 (0) < 0,
√
√
√
Ã = 14 π[ 2 + log( 2 − 1)] > 0, Â = 12 π 2 > 0.

Now, we can conclude that the eigenvalue problem for the π-fluxon φ3π (x; a; γ) has a
positive largest eigenvalue
!
π
7 2
√
Λ∗ =
+
a γ + O( γ).
(3.4.15)
4 180
Hence the eigenvalue for γ small is positive. From Lemma 3.8, it follows that there
are no zero eigenvalues between 0 and γcr , hence the largest eigenvalue of L3 (γ) is
positive for all values of γ.


3.5

Semikinks in the weak-coupling limit

Now we consider the discrete 0-π sine-Gordon equation (3.2.3). The time independent equation of (3.2.3) corresponds to the so-called Standard or Taylor-GreeneChirikov map when γ = 0 [19] and Josephson map when γ , 0 [20].
In this discrete system, one would expect that the three types of semikinks discussed in
the previous sections should be present. Yet, not all of the types of the semifluxon can
be studied analytically. This is because it is not clear which semifluxons in the discrete
case that can be continued from and to the continuum limit. Most of configurations
in the discrete case will end in a saddle node bifurcation. Only the configuration that
corresponds to the type 1 semifluxon is known which in the uncoupled limit a → ∞,
is given by




 arcsin γ, n = 0, −1, −2, . . .
(3.5.1)
φ1π (n; ∞; γ) = 


 π + arcsin γ, n = 1, 2, 3, . . . .
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Therefore, in this section we will only discuss the type 1 semifluxon. Nonetheless,
let us denote the lattice semifluxon of type i with lattice spacing a that corresponds to
φiπ (x; γ) as φiπ (n; a; γ), n ∈ Z.
The existence of the continuation of (3.5.1) for sufficiently large a is guaranteed by
the following lemma.
Lemma 3.12. Let us denote  = 1/a2 . The steady state solution representing the
semifluxon of type 1 in the uncoupled limit  = 0, φ1π (n; ∞; γ), can be continued for a
small enough. For γ small γ = e
γ, the solution up to O( 2 ) is given by




e
γ + O( 3 ), n = −1, −2, −3, . . .








γ) + O( 2 ), n = 0,
 (π + e
1
(3.5.2)
φπ (n; a; γ) = 



π + (e
γ − π) + O( 2 ), n = 1,







 π + e
γ + O( 3 ), n = 2, 3, 4 . . . .

For γ close to one γ = 1 − e
γ, the solution up to O( 1 ) is given by

√ p



π/2
−
 2e
γ + O( 3/2 ), n = −1, −2, −3, . . .




p
√




γ − π) + O(), n = 0,
 π/2 −  2(e
φ1π (n; a; γ) = 
√ p



3π/2 −  2(e
γ + π) + O(), n = 1,





p
√


 3π/2 −  2e
γ + O( 3/2 ), n = 2, 3, 4 . . . .

(3.5.3)

From (3.5.3), we obtain the critical bias current for the existence of static semifluxon,
i.e.
γcr = 1 − π + O( 2 ).

(3.5.4)

Proof. The existence proof follows from the implicit function theorem as given in [21]
Theorem 2.1 or [22] Lemma 2.2.
To determine the critical bias current for the existence of a static lattice semifluxon,
note that φ1π (n; a; 1 − e
γ) must be real. Up to O(), from (3.5.3) there is a restriction
for the value of e
γ for φ1π (n; a; 1 − e
γ) to be real, i.e. for the site n = 0 where e
γ ≤ π.
Because the other sites have no such a restriction, it can be concluded that γcr =
1 − π + O( 2 ).

From the uncoupled solution (3.5.1), we can see that there is no solution for (3.2.3) that
represents a semifluxon sitting on a site, different from the case of kinks in the ordinary
sine-Gordon equation [23]. A 2π-kink sitting between two consecutive lattices means
that in the uncoupled system, the sites where φ = 0 and those where φ = 2π are
separated by a site where φ = π. For a semifluxon, there is no such a configuration as
there is no value of φ between 0 and π that satisfies the uncoupled discrete sine-Gordon
equation.
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Remark 5.6. In the ordinary discrete sine-Gordon equation, there is a barrier for a
kink to move in space, the so-called Peierls-Nabarro barrier [2]. The barrier is defined
as the energy difference between a kink sitting on a site and a kink sitting between
two consecutive sites. This barrier exists because 2π-kinks have space translational
invariance, while there is no such property for a semifluxon. Therefore for a lattice
semifluxon the barrier with the above definition unlikely exists, contrary to what was
suggested earlier in [9].
The spectral stability of φiπ (n; a; γ) is obtained by substituting φn = φiπ (n; a; γ) + vn eλt
to the model equation (3.2.3). Disregarding the higher order terms gives the following
eigenvalue problem
Li (a; γ)ν = Λν,
(3.5.5)
where ν = (. . . , v−1 , v0 , v1 , . . . )T and Li (a; γ) is a linear discrete operator

i

L (a; γ) =

1
a2


 . . .










0

..

.

1

..

.

i
J−1

1

1
J0i

1

1

J1i
..
.



Jni = −2 − a2 cos φiπ (n; a; γ) + θn ,

1
..
.



0 









. . 
.

n ∈ Z,

that corresponds to the continuous operator Li (x; γ). This is an infinite dimensional
matrix problem which is real and symmetric. Thus, the eigenvalues must be real.
In the discrete case, the continuous spectrum of semikinks is finite. The
p spectrum is
obtained by substituting vn = e−iκan to Eq. (3.5.5) with Jni = −2 − a2 1 − γ2 from
which one obtains the following dispersion relation for such linear waves
!
q
4
2 κa
2
1 − γ + 2 sin ( ) .
Λ=−
(3.5.6)
2
a
p4
Hence,
we
get
that
the
continuous
spectrum
λ
ranges
in
the
interval
±i[
1 − γ2 ,
qp
1 − γ2 + 4/a2 ].

Lemma 3.13. Let  = 1/a2 . Given γ =  γ̃, for  small enough, the largest eigenvalue
of the operator L1 (a; γ) is strictly negative up to O( 2 ).
Proof. The eigenvalue problem to calculate the stability of the monotonically increasing series representing a π-kink φ1π (n; ∞; γ), n ∈ Z is given by (see (3.5.5)):
L1 (a; γ)ν = Λν,
with ν = (. . . , v−1 , v0 , v1 , . . . ).
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The spatially decaying solution that corresponds to the largest eigenvalue of the above
eigenvalue problem, following Baesens, Kim, and MacKay [24] can be approximated
by


−n


 c` , n ≤ 0,
vn = 
(3.5.8)


 c`n−1 , n ≥ 1,

for some c and |`| < 1. Considering the type 1 semifluxon that is given by (3.5.1), this
Ansatz is a solution of the eigenvalue problem (3.5.7) up to and including O().

For small nonzero , if we can match exponentially decaying solutions (3.5.8) on both
sides from either end of the lattice to a central site, then we obtain a candidate for an
eigenfunction. For |n| → ∞, Eq. (3.5.7) will determine the decay exponent `, i.e.
q
Λ = − 1 −  2 γ̃2 + (` − 2 + 1/`).

(3.5.9)

The matching condition at the central sites n = 0, 1 is given by the relation:
Λ = − cos ((π + γ̃)) + (−1 + `).

(3.5.10)

Combining (3.5.9) and (3.5.10) leads to the eigenvalue Λ and the decay exponent ` as
a function of  and γ̃, i.e.
`

=

Λ

=

1
1 + (γ̃2 − (π + γ̃)2 ) + O( 2 ),
2
1
−1 + γ̃2  2 + O( 3 ).
2

(3.5.11)
(3.5.12)


Remark 5.7. One can show that a semikink of type 1 in the weak-coupling case
has only one eigenvalue by proving that there is no antisymmetric solution to the
eigenvalue problem. This is according to Atkinson’s theorem [25] which is the discrete
version of the Sturm-Liouville theorem. According to [24], an approximation to the
eigenfunction that corresponds to the next largest eigenvalue can be given by


−n


 c` , n ≤ 0,
vn = 


 −c`n−1 , n ≥ 1.

When the applied bias current γ is close to γcr (a), we have the following stability result
of a type 1 lattice semifluxon.
Lemma 3.14. Let  = 1/a2 . Given γ = 1 −  γ̃, for 0 < e
γ − π  1, the largest
eigenvalue of the operator L1 (a; γ) is strictly negative up to O(). For e
γ = π, the
operator L1 (a; 1 − e
γ) has 0 + O() as its largest eigenvalue.
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Proof. In the proof of Lemma 3.13, we take a symmetric approximation to the spatially decaying solution of the eigenvalue problem (3.5.7). The fact that the ansatz is
symmetric is because the type 1 lattice solution φ1π (n; ∞; γ) is symmetric up to O( 2 )
for small γ.
Since for large γ, φ1π (n; ∞; γ) is asymmetric up to O() (see (3.5.3)), it is natural to
expect that our approximate function to the solution of (3.5.7) should also be asymmetric. Therefore, as an Ansatz, we take


−n


 c1 ` , n ≤ 0,
vn = 
(3.5.13)


 c2 `n−1 , n ≥ 1,

for some c1 and c2 and
√ |`| < 1. This is a solution of the eigenvalue problem (3.5.7) up
to and including O( ).

Doing the same steps as in the proof of Lemma 3.13, the eigenvalue problem (3.5.7)
gives the following equations
p
(1/` − 2 + `) − Λ − sin( 2e
γ) = 0,
(3.5.14)
p
(cl ` − 2c1 + c2 ) − Λc1 − sin( 2(e
γ − π))c1 = 0,
(3.5.15)
p
(c1 − 2c2 + c2 `) − Λc2 − sin( 2(e
γ + π))c2 = 0.
(3.5.16)

Equation (3.5.15) gives

c1 =

c2
.
√ √
Λ + 2 γ − π − (` − 2)

Subsequently, from (3.5.14) and (3.5.16) we obtain

 √
p
√
 ( π + e
 √
√
γ − π)(3 2 − 4)
` = K1 (e
γ)  + O() ≈ 
+ O(e
γ − π) ,
√
2(−1 + 2)2 π






p
√

 √
 (4 2 − 6) e
√
γ
−
π

Λ = K2 (e
γ)  + O() ≈ −
+O(e
γ − π) ,
√


4
−
3
2
{z
}
 |

√
1.4142

with K2 (π) ≡ 0.

(3.5.17)

(3.5.18)

e
γ−π



3.6

Numerical computations of the discrete system

To accompany our analytical results, we have used numerical calculations. For
that purpose, we have made a continuation program based on Newton iteration technique to obtain the stationary kink equilibria of Eqs. (3.2.3) and (3.2.4) and an eigenvalue problem solver in MATLAB. To start the iteration, one can choose either the
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n
Figure 3.6: Two lattice semifluxons of type 1 are plotted as a function of the lattice index,
namely the kink for a very weakly discrete array a = 0.1 (− ∗ −), i.e. close to Eq. (3.3.6) and the
kink for a very strongly discrete array a = 2 (−o−).

continuum solutions discussed in the previous section or trace the equilibria from the
uncoupled limit a → ∞. We use the number of computational sites 2N = 800 for
parameter values of a = 0.05 or larger.

3.6.1

Stability of type 1 lattice soliton

The type 1 lattice semifluxon φ1π (n; a; γ), n ∈ Z admitted by the system for two
different values of discreteness parameter a is presented in Fig. 3.6. For a given value
of a, one can use as the initial guess either a solution from the continuous limit (3.3.6)
or from the uncoupled limit that has been discussed in the preceeding sections.
In Fig. 3.7 we present the numerically calculated spectra of type 1 semifluxon as a
function of the discreteness parameter. The approximate function (3.4.11) for a small
and the one for a large derived in Lemma 3.13 are in a good agreement with the
numerically obtained largest eigenvalue. Any eigenvalue below Λ = −1 belongs to
the continuous spectrum. For a close to zero we do not see dense spectra because of
the number of sites we used. By increasing the sites-number we will obtain a denser
spectrum.
There is only one eigenvalue outside the phonon bands which is in agreement with
our theoretical prediction given in Remark 5.7. This is in contrast to the case of an
ordinary lattice 2π-kink [26, 27] where there is an internal mode bifurcating from the
essential spectrum when the parameter a increases.
When a bias current is applied, it has been shown that there is a critical bias current
for the existence of a static type 1 lattice semifluxon. The numerically calculated γcr
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Figure 3.7: (upper) Numerically computed point spectrum of a lattice semifluxon againsts the
discreteness parameter with γ = 0. We used the number of sites 2N = 300. We zoom in the
plot of spectra around -1 for clarity. The bold-solid-line is the calculated approximate function
for the point spectrum using perturbation theory. (lower) The eigenfunction (localized mode)
of the point spectrum for a = 1.5.

of the real discrete system (3.2.3) as a function of a is presented in Fig. 3.8. The
approximate functions for small a (3.4.7) and large a (3.5.4) calculated in the previous
sections are presented as dashed lines.
Our numerical computation shows that the value of γ above which static lattice semifluxons disappear is also the value of γ at which the largest eigenvalue is zero.
76

3.6

Numerical computations of the discrete system
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The critical bias current of a stable π-kink as a function of the discreteness parameter
a. For γ above the critical current there is no static π-kink solution. The solid line is numerically
obtained curve. Dashed lines are calculated from the case of a  1 and from the weak-coupling
case a  1. For a clear explanation on the derivation of the curves see the text.
Figure 3.8:
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Plot of the eigenvalues of a 3π-kink as a function of the discreteness parameter
a. We zoom in the almost continuous region a  1 where it shows that discreteness even
destabilizes the kink. The dashed line depicts our analytically computed approximation to the
largest eigenvalue of the kink (3.4.12).
Figure 3.9:

3.6.2

Instability of type 2 lattice soliton

First, the stability of a 3π-kink which is the limiting solution of lattice type 2
semifluxons when γ → 0, i.e. φ2π (n; ∞; 0), will be studied numerically.
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In the previous section on weak coupling limit, type 2 lattice semifluxons were not
considered because φ2π (n; ∞; γ) was not known in that limit. Using our continuation
program, we have followed a 3π-kink solution from the continuous limit 0 < a  1
up to the uncoupled situation a = ∞. We obtain that φ2π (n; ∞; 0) is given by




0, n = −1, −2, . . .








 2π, n = 0,
φ2π (n; ∞; 0) = 
(3.6.1)



π, n = 1,







 3π, n = 2, 3, . . . .

Note that this stable configuration is not monotonically increasing.

In Fig. 3.9, we present the numerically obtained eigenvalues of a 3π-kink as a function of the discreteness. For small a, the largest eigenvalue is indeed increasing as is
predicted by the perturbation theory (3.4.12). As soon as the discreteness is of order
one, the largest eigenvalue decreases and becomes zero at approximately a = 1.7521.
Interestingly, when γ , 0 discreteness cannot stabilize a type 2 semikink, contrary to
the case of γ = 0. In Fig. 3.10, we show plot of type 2 semikinks as well as their
largest eigenvalue as a function of  = 1/a2 for two particular values of γ, namely
γ = 0.01 and γ = 0.1. The scaling in the horizontal axis is made in that way because
an eigenvalue can have a peculiar behavior when the system is weakly coupled.
It is important to notice from Fig. 3.10 that the solutions are unstable even in the
weak-coupling limit. It is interesting because this always unstable type 2 semikink is
a concatenation of a 3π-kink and a −2π-kink, while a 3π-kink has been shown to be
stable in the uncoupled limit. A −2π-kink itself can also be stable in that limit.
This instability issue can be explained by looking at the final expression of a type 2
semikink when it is uncoupled. For the two particular choices of γ above, it is given
by




0, n = −1, −2, . . .








π, n = 0, 1,





2
(3.6.2)
φπ (n; ∞; 0.01) = 
3π, n = 2, . . . , 8,







2π, n = 9,







 π, n = 10, 11, . . . ,

and
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2
φπ (n; ∞; 0.1) = 
















0,

n = −1, −2, . . .

π,

n = 0, 1,

3π,

n = 2, . . . , 6,

2π,

n = 7,

π,

n = 8, 9, . . . .

(3.6.3)
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((a) Plot of a type 2 semikink with γ = 0.01 for two different values of  , i.e.  = 100
(− ∗ −) and  = 40 (−o−). (b) Plot of the largest eigenvalue of a latticeptype 2 semikink as a
function of discreteness parameter  . When  = 0, the eigenvalue is Λ = 1 − γ2 .

Figure 3.10:

We see that there are two sites, i.e. n = 0 and n = 9 for γ = 0.01 and n = 0 and n = 7
for γ = 0.1, where φ takes the ’wrong’ value, that is of an unstable fixed point of the
mapping φ → − sin φ. Looking only at sites numbered n = 2 to n → ∞, φ2π (n; ∞; γ)
can be viewed as a −2π lattice kink sitting on a site which is known to be unstable.
If we look only at sites numbered n = 1 to n → −∞, φ2π (n; ∞; γ) can be seen as a
deformed 3π lattice kink. Hence, it can be concluded that coupling between the two
kinks due to the presence of a nonzero γ is responsible for the instability.
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Concerning the applied bias current, it has been discussed in the previous sections that
there is a critical current γ∗ for the existence of a type 2 lattice semikink. Nevertheless, we did not calculate γ∗ (a) of the real discrete system (3.2.3) because it has less
physical interest as φ2π (n; ∞; γ) is always unstable.
3.6.3

Instability of type 3 lattice solution

In this subsection, we will consider lattice semikinks of type 3, φ3π (n; a; γ), that
has been shown in Lemma 3.5 to be unstable in the continuous version.
The largest eigenvalue of a lattice type 3 semifluxon for three particular values of γ, i.e.
γ = 0.01, 0.1, 0.55, is presented in Fig. 3.11. Even though a semifluxon of this type
is a concatenation of a 2π-kink and a −π-kink that can be stable in the discrete case, it
is unstable as a whole from the continuous limit all the way to the very discrete case.
The explanation is similar to the case of a lattice type 2 semikink discussed above.
For the three particular choices of γ above, φ3π (n; ∞; γ) is given by




0, n = −1, −2, . . .








 π, n = −6,
φ3π (n; ∞; 0.01) = 



2π, n = −5, . . . , 0,







 π, n = 1, 2, . . . ,




0, n = −1, −2, . . .








 π, n = −2,
φ3π (n; ∞; 0.1) = 



2π, n = −1, 0,







 π, n = 1, 2, . . . ,

and





 0,
φ3π (n; ∞; 0.55) = 


 π,

n = −1, −2, . . .

(3.6.4)

(3.6.5)

(3.6.6)

n = 0, 1, 2, . . . .

One interesting point to note for a type 3 lattice semikink is that the number of sites
with value 2π is decreasing as γ increases. Starting from the continuous version of a
type 3 lattice semikink as the initial guess for the continuation program, it disappears
for γ ≥ γ∗ (a) (see (3.4.6)). Its final configuration is similar to the stable π-kink (3.5.1),
but translated by one site.

3.7

Conclusions

To conclude, we have done stability analysis for three types of lattice π-kink of
the discrete 0-π sine-Gordon equation numerically and analytically. Analytical calcu80
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The same as Fig. 3.11 but for type 3 semikink. We zoom in the region where the
largest eigenvalues oscillate.

Figure 3.11:

lations have been done in the continuum limit, i.e. the 0-π sine-Gordon equation, and
the weak-coupling case. It has been shown that in the continuous 0-π sine-Gordon
equation, π-kinks of type 1 are stable and the other types are unstable. In the discrete case, we have computed the spectrum of the π-kinks and obtained the curve of
the eigenvalues as a function of the discreteness parameter. An approximate function
to the curves has been derived. For a 3π-kink, we have shown that relatively small
discreteness even destabilizes a 3π-kink.
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For future research, it is of interest to see what happens to the isolated eigenvalues of
a lattice π- and 3π-kink if we, e.g., replace the potential with the Peyrard-Remoissenet
(PR) potential [29]. Using PR potential, one might expect to have many isolated
eigenvalues and the bifurcation of high-frequency internal modes from the continuous
spectrum [30]. The nucleation of kinks and antikinks when we apply a constant force
above the critical value is also interesting for further studies. One question that can
be addressed is the frequency of the nucleation as a function of the applied constant
force in the presence of a damping coefficient (the α-term). Note also that even though
type 3 semifluxons are unstable, but the largest eigenvalue is close to zero. In fact, a
type 3 semifluxon consists of a fluxon and a semifluxon with the opposite polarity. In
experiments, the presence of a fluxon near by a semifluxon can influence a junction
measurement [31]. Because a fluxon can be pinned by a defect [1], one can expect to
have a stable type 3 semifluxon when there is a defect present in the system.
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4

Stability analysis of solitary waves in a tricrystal
junction

Chapter 4

We consider a tricrystal junction, i.e. a system of three long Josephson junctions coupled at a common end point. The system admits solitary waves sitting
at or near the common point. Especially when one of the junctions is a πjunction, there is a solitary wave created at the common point. The stability
and the dynamics of all existing solitary waves of the time-independent system
are studied analytically and numerically. The present study is of interest also
for experimentalists since the system is a base for a network of transmission
lines.

4.1

Introduction

An attractive application of Josephson junctions is their applicability for logic devices based on the Josephson effect for high-performance computers [1, 2]. Employing flux quanta as information bits, the method is based on manipulating the properties, e.g. the stability, of fluxons. Nakajima, Onodera and Ogawa [3] proposed a
network of Josephson junctions that is made by several junctions connected at a point.
Following Nakajima et al., we also call this common point the turning point, which is
denoted by the point 0 in Fig. 4.1. The circuits allow one to control the behavior of
Josephson vortices to achieve a complete logic capability [2, 3, 4]. One of the circuits
is named STP (selective turning point) where a moving integer fluxon can be trapped
at the turning point.
Later, it is discussed in [6, 7] that the STP equation can be used to describe an edge
dislocation formed by an incomplete copper-oxide layer. The situation can be realized
during the preparation of a stacked system. The authors show that a trapped vortex at
the turning point executes harmonic oscillations around the equilibrium position.
Recently, Kogan, Clem and Kirtley [5] considered Josephson vortices at tricrystal
boundaries. This tricrystal problem is also described by the same equations as the
above mentioned STP circuit. In [5], the presence of a half-flux-quantum Φ0 /2 vortex
is discussed when one of the three Josephson junctions is a π-junction. They also
consider the existence of vortices with multiple half-flux-quantum 3Φ0 /2 and 5Φ0 /2.
Here, we will calculate analytically the stability of solitary waves admitted by a tricrystal junction. Knowing the eigenvalues of a state can be of importance from an application point of view. In the time-independent case, a static solitary wave of a tricrystal
junction can be sitting at or near the turning point depending on the combination of
the Josephson lengths. We will consider a general case when the Josephson lengths of
the junctions λ J ’s are not the same.
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The present chapter is organized in the following way. In Section 4.2 we will recall
the governing equations as derived in [3, 4, 5]. In Section 4.3 we discuss the stability
of integer fluxons sitting at or near the common point. This section consists of two
parts, respectively discussing one and two vortices sitting at or near the common point.
The case when one junction is a π-junction is discussed in Section 4.4. We give the
conclusion in Section 4.5.

4.2

Mathematical Model

φ xi

(a)

φ xi

0

(b)

0

Figure 4.1: A sketch of two possible field distributions φix of a static solitary wave in the tricrystal
junction. If the maximum field is not at the intersection point, then we say that the solitary wave
is sitting outside the intersection (a). In (b), the maximum of φix is achieved at the common point.

The phase difference along the junctions is described by the following perturbed sineGordon equation [3, 4]
λ2i φixx − φitt = sin[φi (x) + θi ],
(4.2.1)
with i = 1, 2, 3, x > 0, t > 0. The position of the common end point is then at x = 0.
The parameter λi denotes the Josephson length of the ith junction. The subscript J of
the Josephson length is omitted for brevity. The index i numbers the junction. The
constant parameter θi represents the type of the ith junction, i.e. θi equals 0 or π. The
boundary conditions at the intersection x = 0 are
φ1 + φ2 + φ3 = 0,
φ1x = φ2x = φ3x .

(4.2.2)

The first equation is given by the condition that the magnetic flux through an infinitesimally small contour is zero. The second equations describe the continuity of the
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0

x
Figure 4.2: The evolution of a fluxon moving with velocity 0.5 toward x = 0 that is trapped at
the turning point. The plot is made in terms of the magnetic field φix . In the figure, to the left and
to the right of x = 0 is junction 1 and 2, respectively. When λ2 = λ3 , φ2 = φ3 . The parameter
values we take are λ1 = λ2 = λ3 . The scattered-waves can be seen as well.

magnetic fields. One reaches the same value of the field at the origin no matter along
which of the junctions the origin is approached.
The total energy that corresponds to Eq. (4.2.1) is given by [5]
XZ ∞ 1 
2


H=
λi φix + cos(θi ) 1 − cos φi dx.
0 2
i

(4.2.3)

We consider the time-independent solution of Eq. (4.2.1). The equation can admit
static localized solutions, two of which are sketched in Fig. 4.1. The magnetic field
configuration of each state is determined by the Josephson lengths of the junctions.
Here, we will calculate analytically the linear stability of those static solutions.

4.3

Conventional tricrystal junctions

The first case that we will consider is a conventional tricrystal junction which is
represented by θi = 0 for all i in (4.2.1). A fluxon moving in a conventional tricrystal
junction toward the common point can be either trapped, reflected or pass through the
point. This is the basic operation of a tricrystal junction as a logic gate proposed in
[2]. In Fig. 4.2, we show the evolution of a fluxon that is trapped by the common
point. In this case, the common point acts as a potential well. One can see that the
trapped fluxon oscillates about the common point. The oscillation frequency for the
case of λ1 = λ2 = λ3 has been calculated in [7].
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t

4

0

x

t

(a)

0

x
(b)

The same as Fig. 4.2, but in the reflection (a) and the transmission (b) case. The
parameter values we take are (a) λ1 = 1 and λ2 = λ3 = 0.4; and (b) λ2 = 1, λ2 = 2 and λ3 = 0.5.
The reflection and the transmission of a 2π-kink can be caused by either the instability of a
time-independent 2π kink solution admitted by (4.2.1) at the same parameter values or by the
non-existence of such static solitary waves.
Figure 4.3:
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When the Josephson penetration depth λi of the junctions differs from each other, an
incoming fluxon can either pass or be reflected by the common point. Examples of
such evolutions are shown in Fig. 4.3. It is then of interest to know which combinations of Josephson lengths correspond to transmission, reflection, and trapping of an
incident fluxon.
To proceed, we will assume that the incoming fluxon moves with an infinitesimal
velocity. In this case we only need to consider the existence and the linear stability
of a time-independent solitary wave admitted by equation (4.2.1). If a static solitary
wave is stable, then it is an indication that an incident fluxon will be trapped by the
common point.
A static solution of Eq. (4.2.1) representing a 2π-fluxon sitting at or near the common
point is given by [5]
φ10 = 4 tan−1 e(x−x1 )/λ1 ,
φ20 = 4 tan−1 e(x−x2 )/λ2 − 2π,

(4.3.1)

φ30 = 4 tan−1 e(x−x3 )/λ3 − 2π,

where the xi are determined by (4.2.2). For simplicity we scale the Josephson lengths
P
to λi = 1, so that we have only two free parameters, e.g., λ2 and λ3 , and λ1 =
1 − λ2 − λ3 . The domain of the Josephson parameter is then bounded by the lines
λ2 = 0, λ3 = 0, and λ2 + λ3 = 1.
Expression (4.3.1) does indeed represent a 2π-kink because the total Josephson phase
P
is 2π when one circles the common point at large distances, i.e. i φi0 (∞) = 2π.

First we will derive how xi , i = 1, 2, 3, from Eq. (4.2.1) depend on λ2 and λ3 . The
procedure we will present below is a summary of the steps given in [5].
Substituting (4.3.1) into the boundary conditions (4.2.2) gives the following equations
γ2 η = sin 2α2 , γ3 η = sin 2α3 ,

(4.3.2)

α3 = π − α1 − α2 ,
where
γi = λi /λ1 ,
η = sin 2α1 ,

(4.3.3)

αi = tan−1 e−xi /λi .
After some algebraic calculations, the last equation of (4.3.2) gives the following equation for η
q
q
γ3 η = η 1 − (γ2 η)2 + γ2 η 1 − η2 .

This equation has a positive root 0 < η < 1 that is given by
q
−1 + 2(γ22 + γ32 + γ22 γ32 ) − γ24 − γ34
η=
.
2γ2 γ3

(4.3.4)

(4.3.5)
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The above η is real provided positive expression in the square root. When η is not a
real number, the same is true for xi ’s. Hence, there is no static solution representing
a fluxon sitting at or near the common point. In this case, an incident fluxon can be
either transmitted or reflected as shown in Fig. 4.3.
Once we know the value of η for given values of λ2 and λ3 , we can calculate xi from
γi η = sin 2αi = 1/ cosh(xi /λi ), i.e.
q
1 ± 1 − γi2 η2
e xi /λi =
.
(4.3.6)
γi η
The ’±’ sign corresponds to xi < 0 and xi > 0, respectively. Solutions that satisfy the
governing equations have certain combinations of the signs of xi . If one of the xi ’s
is positive, then the configuration of the magnetic field will be as Fig. 4.1(a), i.e. the
fluxon is sitting outside the common point.
After obtaining the value of xi ’s for given λi ’s, we can proceed with the stability analysis of the static solitary wave. First, we linearize about the solution φi0 . We write
φi (x, t) = φi0 + ui (x, t) and substitute the spectral ansatz ui = eωt vi (x). Retaining the
terms linear in ui gives the following eigenvalue problem
λ2i vixx − (ω2 + cos(φi0 + θi ))vi = 0,

(4.3.7)

with boundary conditions at x = 0 given by
v1 + v2 + v3 = 0,
v1x = v2x = v3x .

(4.3.8)

The spectrum ω consists of the continuous spectrum and the point spectrum (isolated
eigenvalues). The continuous spectrum is given by those ω for which there exist a
solution to


λ2i vixx − ω2 + lim cos[φi0 (x) + θi ] vi = 0,
x→∞

i.e.

λ2i vixx − (ω2 + 1)vi = 0

(4.3.9)

p
ω = ± −(1 + κ2 ).

(4.3.10)

of the form vi = eiκx/λi , with κ real.
It follows that

This relation is the usual dispersion relation of a linear wave in a sine-Gordon equation. This relation yields a semi-infinite continuous spectrum on the imaginary axis.
The above stability analysis shows that solution (4.3.1) can be stable. We cannot
conclude whether the solution is linearly stable or not before analyzing the point spectrum.
Our next task is to find the point spectrum ω and the corresponding eigenfunction vi .
The point spectrum consists of those value of ω for which there exist solutions vi to
(4.3.7) and (4.3.8) that converge to 0 at x = ∞.
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Figure 4.4: The smallest spectral parameter µ for a standing 2π-fluxon. There is an empty region
with no contour lines below the parameter domain boundary λ2 + λ3 = 1/2. In this region there
is no standing fluxon. In the existence region, there is also an instability region indicated by the
value µ < −1.

The eigenfunction vi that corresponds to the eigenvalue ω is of the form [8, 9]
!
x−x
x − xi
µ λi
i
v (x) = ci e i tanh
− µ , µ2 = ω2 + 1,
(4.3.11)
λi
where Re(µ) ≤ 0 and ci needs to be determined from (4.3.8).

To obtain an expression for the eigenvalues of the fluxon state for the general case, we
have to find the zero’s of a fifth order polynomial with coefficients depending on λi ,
i = 1, 2, 3. We derive the form of this polynomial in the Appendix.
√
When all the Josephson lengths are the same, then xi = −λi ln 3, i = 1, 2, 3. In this
special case, the roots of the polynomial are
√
1 1 ± 13
µ= ,
.
2
4
The last two roots have multiplicity two. The eigenvalue is then obtained by recalling
that Re(µ) ≤ 0 and µ2 = ω2 + 1 from which we obtain
s
√
1 + 13
ω = ±i
,
(4.3.12)
8
which is in agreement with [6].
The spectral parameter µ for the general case of λ2 and λ3 is shown in Fig. 4.4.
It is interesting to note that our parameter domain is bounded by the line λ2 + λ3 = 1.
Yet, there is a region in that parameter domain where the expression within the square
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root of (4.3.5) has negative values, which means that there is no static solitary wave
satisfying Eq. (4.2.1) and (4.2.2). In Fig. 4.4, this region is shown as an empty space.
This existence region is bounded by lines λ2 = 1/2, λ3 = 1/2, and λ2 + λ3 = 1/2.
There is also an instability region in the existence domain that corresponds to µ < −1.
In the region, the magnetic field configuration is as Fig. 4.1(a).
Whether there is a static standing fluxon, but unstable, or there is no static fluxon for
a given combination of parameter values, a fluxon moving toward the common point
in a tricrystal junction with those parameter values will not be trapped.
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The smallest spectral parameter µ for a standing 4π-fluxon. It is clear that in all the
existence region the state is unstable. It means that there is no possibility to trap two fluxons at
the common point.
Figure 4.5:

Next we will consider the linear stability of two fluxons sitting at or near the common
point. If we can find a combination of Josephson lengths that gives a stable 4π-kink,
then two incident fluxons in a tricrystal junction can be trapped by the common point.
The stability calculation can be done as before. A solution that corresponds to a static
4π-kink state is given by
φ10 = 4 tan−1 e(x−x1 )/λ1 ,
φ20 = 4 tan−1 e(x−x2 )/λ2 ,

(4.3.13)

φ30 = 4 tan−1 e(x−x3 )/λ3 − 2π.
The spectrum parameter µ of a 4π-state in the (λ2 , λ3 )-plane is shown in Fig 4.5. This
state has the same existence domain as a 2π-state. Since the largest eigenvalue is
always positive in the existence region, then two fluxons can never be trapped at the
same time by the common point.
For three standing fluxons, we find that there is no static solution representing such a
state.
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(A) Tricrystal experimental geometry of a YBCO film grown on a tricrystal SrTiO3
substrate used in [10]. The crystalline orientations of the tricrystal were chosen such that the
system is frustated. (B) Scanning SQUID microscope images of the π-fluxon in the film for
various ambient temperature (Josephson length λ J ). This picture is courtesy of J. R. Kirtley.
Figure 4.6:

4.4

Tricrystal junctions with a π-junction

In the next problem we address, one of the junctions is a π-junction. This problem
appears in superconducting tricrystals with d-wave symmetry [11]. Josephson boundaries between anisotropic superconductors with the d-wave symmetry is sensitive to
crystalline misorientation. In a particular case, the phase difference can have a phase
addition of π.
In the presence of a phase-jump of π in the phase difference of one junction, the spontaneously generated π-kink is the ground state of the system [5]. Therefore, the presence of a π-kink is used to probe the unconventional symmetry of the order parameter
in novel superconductors [12, 13]. Only recently it is proposed to use half-flux quanta,
but in a different system, in superconducting memory devices [14]. We show in Fig.
4.6 a scanning SQUID microscope image of a π-fluxon in a tricrystal junction.
The problem is described by taking θ1 = π and θ2,3 = 0 in Eq. (4.2.1). A static solution
representing a π-kink, which is the ground state of the system, is given as
φ10 = 4 tan−1 e(x−x1 )/λ1 − π,

φ20 = 4 tan−1 e(x−x2 )/λ2 − 2π,
φ30

−1 (x−x3 )/λ3

= 4 tan

e

(4.4.1)

− 2π.

Like before, we need to determine xi , i = 1, 2, 3 by requiring (4.4.1) to satisfy the
boundary conditions (4.2.2). Defining η as in (4.3.2) and (4.3.3), we arrive at the
following equation [5]
q

(1 − η2 )(1 − λ22 η2 ) − λ2 η2 = λ3 η.

(4.4.2)
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Figure 4.7: The smallest spectral parameter µ for a π-fluxon. It is clear that in all regions the
state is stable. The region P
above the line λ2 + λ3 = 1 is not a physical region since in this region
λ1 < 0 due to our scaling λi = 1.

In a special case when all λi = 1/3, we obtain xi = λi ln(2 −
parameter µ [see (4.3.11)] is given by
√
√
3− 7
µ=
4
from which we obtain the following eigenvalues
√
3 + 21
ω = ±i
≈ ±0.9478i.
8

√
3) < 0. In this case the

(4.4.3)

These eigenvalues have double multiplicity. For the general case, the parameter µ in
the (λ2 , λ3 )-plane is shown in Fig. 4.7. It is not surprising that the existence and the
stability region of a π-fluxon are the same as the parameter domain. It is because a
π-fluxon is the ground state of the system.
Kogan, Clem and Kirtley [5] also consider the presence of (2n + 1)π-fluxon in system
(4.2.1) with n = 1, 2. This state is rather interesting since for some combinations of the
Josephson lengths, a 3π-fluxon has a lower energy than a combination of a π-fluxon at
the common point and a 2π-fluxon at infinity [5]. From this energetical reasoning, it
was stated that there might be a stable 3π-fluxon in a tricrystal junction. Yet, we found
that a 3π-fluxon is unstable. Only with some combinations that are unphysical we can
have a 3π-state with the largest eigenvalue zero.
It has been shown by Kogan et al. [5] that there are two possible configurations representing a 3π-fluxon, i.e. configuration with one ’+’ and two ’+’s in the sign-set
(sign(x1 ),sign(x2 ),sign(x3 )). For given values of λi , a solution with two +’s has a
higher energy than its corresponding solution with one +. In Fig. 4.8(a), we show
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(a) The sign-set diagram (sign(x1 ), sign(x2 ), sign(x3 )) for a 3π-fluxon. This picture
corresponds to Fig. 4 in [5]. (b-c) Similar pictures as Fig. 4.7 for a 3π-fluxon with (b) one
positive xi and (c) two positive xi ’s. From the picture we know that zero can be the largest
eigenvalue of a 3π-kink, i.e. µ = −1, but only at unphysical combinations of Josephson lengths,
e.g. when λi is exactly 1/3.

Figure 4.8:
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Figure 4.9: The same picture as Fig. 4.7 but for a 5π-fluxon. Because the smallest µ is always
less than -1 for any combinations of Josephson lengths, then there is no stable 5π-kink.

the sign-set diagram showing combinations of signs of xi that are needed for a solution to satisfy the governing equations.The parameter µ for this state is shown in
Fig. 4.8(b,c). In the evolution of this state in time, a 3π-fluxon will dissolve into a πand a 2π-fluxon.
We have also considered the existence and the stability of a static 5π-fluxon which is
represented by
φ10 = 4 tan−1 (e(x−x1 )/λ1 ) − π,

φ20 = 4 tan−1 (e(x−x2 )/λ2 ),

(4.4.4)

φ30 = 4 tan−1 (e(x−x3 )/λ3 ).
We find that it is even more unstable than a 3π-fluxon. The parameter µ is shown in
Fig. 4.9.
A static 7π-fluxon does not exist in a tricrystal junction with a single π-arm.
Using the same analysis, one can show that the 3π state can be stable in a tetracrystal junction with one π-arm. Experimental reports of these tetracrystals can be read in
[11]. An experimental scanning SQUID microscope image of a π-fluxon in a tetracrystal junction is shown in Fig. 4.10. One can also calculate that the 5π state will be
linearly stable in pentacrystals with one π-arm. Therefrom we conjecture that a stable
(2n + 1)π state exists in 2(n + 1) or more junctions connected to a joint with one of the
arms is a π-junction. All the stable states require the maximum field to be at the joint
(see Fig. 4.1(b)).
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A scanning SQUID microscope image of a π-fluxon in a Tl2 Ba2 CuO6+δ film grown
on a tetracrystal SrTiO3 substrate. This picture is courtesy of J. R. Kirtley.

Figure 4.10:

4.5

Conclusions

To summarize, we have discussed the existence and the (in)stability of all possible
states in a tricrystal junction. The stability analysis presented here should be applicable to other Josephson junction systems. We also have predicted that a multicrystal
junction with 2(n + 1) or more arms with one of the arms is a π-junction can have a
stable (2n + 1)Φ0 /2 vortex. This stability analysis is important for experimental investigations of the order parameter symmetry in novel superconductors. Such systems
can also be used in high-performance computers.

Appendix: Polynomial equation of the spectral parameter µ

The parameter µ that gives eigenvalues of a static kink is obtained by requiring
(4.3.11) to solve (4.3.8). The unknown constant ci cannot be zero for all i as vi , 0.
To get rid of the trivial solution, we set, for instance, c1 = 1.
From equations (vi + v2 + v3 )| x=0 = 0 and (v1 − v2 )| x=0 = 0 (see (4.3.8)), we obtain that
x

c2

c3

e

− λ1 µ

e

− λ2 µ

=

=

1

,
(−µ tanh( λx22 ) − µ2 + sech2 ( λx22 ))




x
x
− 1µ
− 2µ
e λ1 tanh( λx11 ) + µ + c2 e λ2 tanh( λx22 ) + µ
x

−

(−µ tanh( λx11 ) − µ2 + sech2 ( λx11 ))

2

x

e

− λ3 µ
3

(+ tanh( λx33 ) + µ)

.

The last equation of (4.3.8) (v2 − v3 )| x=0 = 0 will then give the following fifth order
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polynomial equation of the parameter µ, i.e.
5
X

Ai µi = 0,

i=0

with
A5

=

A4

=

A3

=

3 cosh( λx11 )2 cosh( λx22 )2 cosh( λx33 )2 ,

3 cosh( λx11 ) cosh( λx22 ) cosh( λx33 ) cosh( λx11 ) sinh( λx33 ) cosh( λx22 )+

cosh( λx11 ) sinh( λx22 ) cosh( λx33 ) + sinh( λx11 ) cosh( λx33 ) cosh( λx22 ) ,

−2 cosh( λx11 )2 cosh( λx33 )2 +

3 sinh( λx22 ) sinh( λx33 ) cosh( λx11 )2 cosh( λx22 ) cosh( λx33 +
3 sinh( λx22 ) sinh( λx11 ) cosh( λx11 ) cosh( λx22 ) cosh( λx33 )2 +
3 sinh( λx33 ) sinh( λx11 ) cosh( λx11 ) cosh( λx22 )2 cosh( λx33 )−
2 cosh( λx22 )2 cosh( λx33 )2 − 2 cosh( λx11 )2 cosh( λx22 )2 ,
A2

=

3 sinh( λx22 ) sinh( λx33 ) sinh( λx11 ) cosh( λx11 ) cosh( λx22 ) cosh( λx33 )−

2 sinh( λx33 ) cosh( λx22 )2 cosh( λx33 ) − 2 sinh( λx11 ) cosh( λx11 ) cosh( λx22 )2 −
2 sinh( λx33 ) cosh( λx11 )2 cosh( λx33 ) − 2 sinh( λx22 ) cosh( λx22 ) cosh( λx33 )2 −
2 sinh( λx11 ) cosh( λx11 ) cosh( λx33 )2 − 2 sinh( λx22 ) cosh( λx11 )2 cosh( λx22 ),

A1

=

cosh( λx11 )2 + cosh( λx22 )2 + cosh( λx33 )2 −

2 sinh( λx22 ) sinh( λx33 ) cosh( λx22 ) cosh( λx33 )−
2 sinh( λx33 ) sinh( λx11 ) cosh( λx11 ) cosh( λx33 )−
2 sinh( λx22 ) sinh( λx11 ) cosh( λx11 ) cosh( λx22 ),

A0

=

sinh( λx22 ) cosh( λx22 ) + sinh( λx11 ) cosh( λx11 ) + sinh( λx33 ) cosh( λx33 ).

Only roots of the polynomial with negative real part correspond to an eigenvalue of
the considered state.
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5

Fractional kink lattices and their bandgap
structures

Chapter 5

We consider a modified sine-Gordon equation with phase shifts. At the point
of the shifts, fractional kinks can be created. In the particular case of periodic
phase shifts, there is a chain of fractional kinks. Here, we introduce and study
numerically fractional kink lattices and their energy bands. Analytical calculations are presented for the particular case of chains of integer (anti)kinks
and kinks-antikinks in the absence of an applied bias current. Knowledge of
band-structure is important for the design of devices that are based on fractional vortices. Because such a system can be realized in experiments and has
a wide range of controllability properties, we also propose it as an artificial
vortex crystal with controllable energy bands.

5.1

Introduction

A sine-Gordon equation is known to be an important model with application in
many branches of modern physics, extending from condensed matter systems, liquid
crystals, to quantum field theory. For a rather complete review see [1] and the references therein. A crucial property of the equation is its integrability that permits an
analytic determination of the corresponding physical quantities. In condensed matter
systems, sine-Gordon equations appear in the theory of long Josephson junction that
describe the tunneling of Cooper pairs across a barrier between two superconductors
[2]. In the study of Josephson junctions, the sine-Gordon phase represents the phase
difference between two neighboring superconductors and the fundamental topological
kink solution expresses one magnetic flux quantum Φ0 ≈ 2.07 × 10−15 Wb.
Bulaevskii, Kuzii, and Sobyanin [3] proposed a Josephson system with a phase-shift
of π in the sine-Gordon phase due to the presence of magnetic impurities. The system
can admit a half of magnetic flux quantum or semifluxon attached to the point of the
phase jump. Recent technological advances can introduce this phase shift in a long
Josephson junction using, e.g., superconductors with unconventional pairing symmetry [4, 5], Superconductor-Ferromagnet-Superconductor (SFS) π-junctions [6], and
Superconductor-Normal metal-Superconductor (SNS) junctions [7]. A recent work
reports a successful experiment on artificial phase shift in Josephson junctions made
of standard superconductors [8]. In this experiment, the phase shift can be tuned to be
of any value and, hence, one can obtain an arbitrary fractional magnetic flux quantum.
Here, we consider a particular case of Josephson junctions with periodic phase shifts.
We study fractional kink lattices and their energy bands that correspond to the oscillations of the chains.
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It is of interest to consider and understand such a system because it can be proposed
as an artificial periodic structure. This is due to its great degree of control over its
electronic properties either at the design time by choosing the distance between vortices or, during experiment, by varying the bias current or the topological charge of the
vortices. It can be a useful utility in understanding crystals, while the study of crystals
is known to be a central theme of solid state physics [9, 10, 11].
Besides the motivation mentioned above, the present study is also of importance because knowledge of band structures is a key element in designing classical and quantum devices based on fractional vortices. In the classical domain this can help either
to avoid resonance phenomena or even to exploit them (e.g. in filters and detectors).
In the quantum domain, the absence of an acoustic branch can be a crucial obstacle
for thermal excitation of plasma oscillations.
This chapter is organized as follows. In Sec. 5.2, we explain the considered mathematical model and the numerics that we use. This section will give also an introduction to
the aforementioned arbitrary fractional kinks, before further discussions on fractional
kink lattices. We consider two fundamental arrangements of periodic phase shifts
that admit two particular solutions existing also in the ordinary sine-Gordon equation,
namely rotating and oscillating solutions. We overview analytical results that have
been established for the particular case κ = 2π and γ = 0 in Sec. 5.3. Some numerical
results for the general value of phase shift κ are discussed in Sec. 5.4. Conclusions of
the present study are given in Sec. 5.5.

5.2

Mathematical model and numerical methods

5.2.1

Fractional kinks in a junction with a single phase shift

First, we consider the problem of Josephson junctions with a single κ phase shift,
which is usually called as a 0-κ Josephson junction. This is the building block for a
more general description.
The dynamics of the Josephson phase φ(x, t) in a 0-κ long junction is described by
φ xx − φtt = sin(φ + θ(x)) − γ,
with





 0, x < 0,
θ(x) = 


 −κ, x > 0.

(5.2.1)

(5.2.2)

All variables and parameters are in dimensionless form. Without loss of generality,
we can assume that 0 ≤ κ ≤ 2π.

The boundary conditions at x = 0 are given by the continuity conditions
lim φ(x) = lim+ φ(x),

x→0−

x→0

lim− φ x (x) = lim+ φ x (x).

x→0
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x→0

(5.2.3)
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The presence of this κ discontinuity can result in the formation of a fractional vortex
pinned at x = 0, as is confirmed experimentally and reported in, for instance, [5, 8].
This spontaneous formation is to compensate the −κ phase jump. A kink solution of
(5.2.1) and (5.2.2) that represents a fractional vortex with topological charge κ is given
by


x+x


 4 arctan e 0 , x < 0,
φκ (x) = 
(5.2.4)


 κ − 4 arctan e−x+x0 , x > 0,
with

κ
x0 = ln tan .
8

(5.2.5)

The kink solution (5.2.4) is stable. The eigenvalue of that φκ (x) can be calculated
analytically1 . The eigenvalue problem of the solution is obtained by substituting the
spectral ansatz φ = φκ + eiωt (x) into Eq. (5.2.1) and linearizing about the solution
φκ (x). We will then obtain
h
i
 xx − cos(φκ + θ) − ω2  = 0.
(5.2.6)
The solution of the above eigenvalue problem that corresponds to the smallest eigenvalue of φκ is given by

√


√

−
1−ω2 (x+x0 )


tanh(x + x0 ) − 1 − ω2 , x < 0,
  (x) = e
(x) = 


  + (x) =  − (−x), x > 0,

(5.2.7)

with the smallest eigenvalue ω is
ω2 =

1
κ
κ
cos cos +
2
4
4

r

4 − 3 cos2

!
κ
.
4

(5.2.8)

Plot of this eigenvalue as a function of κ is shown inqFig. 5.1. For the particular case
√
of κ = π, the eigenvalue of a semifluxon is ω(π) = 21 1 + 5 ≈ 0.899.

The fact that a stable fractional kink does not move in space and is attached to the
point of the phase shift is shown by its nonzero eigenvalue. The spectral parameter ω
can be zero if and only if κ = 2π because at this value of κ, we have an ordinary 2π
kink that is translational invariant in space.

5.2.2

Fractional kink lattices in a junction with periodic phase shift

After briefly considering a Josephson junction with a single phase shift, we consider the problem of Josephson junctions with periodic phase shift. Here, we consider
1 The procedure of calculating the smallest eigenvalue of the solution can be exactly following the
steps presented in Chapter 3 of this thesis.
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Figure 5.1:

two basic periodic arrangements that support solutions existing up to κ = 2π. Those
two arrangements are represented by

and






















θ(x) = 
























 −κ,
θ(x) = 


 0,

...,

...,

−κ,

−a < x < 0,

0,

0 < x < a,

κ,

a < x < 2a,

2κ,

2a < x < 3a,

...,

(5.2.9)

...,

. . . , −a < x < 0, a < x < 2a, . . . ,

(5.2.10)

. . . , 0 < x < a, 2a < x < 3a, . . . ,

where a is the distance between two consecutive discontinuities.
There are many static solutions of (5.2.1) combined with θ(x) defined by either (5.2.9)
or (5.2.10) for κ , 0, 2π. But in this work, we only consider a particular solution of
the equation that can be continued up to κ = 2π.
For Eq. (5.2.1) with θ(x) defined by (5.2.9), we consider a solution representing a
lattice of fractional kinks with uniform topological charge that is ordered ferromagnetically. In the time-independent sine-Gordon equation, it corresponds to a rotating
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solution. While for θ(x) given by (5.2.10), the solution we consider is antiferromagnetically ordered fractional kinks that corresponds in the ordinary sine-Gordon equation
to an oscillating solution.
Considering only those two particular solutions, the two above periodic arrangements
of θ(x) with periodic boundary conditions correspond respectively to
θ(x) = 0,

0 < x < a,

(5.2.11)

with boundary conditions
lim φ(x) = κ + lim φ(x),
x→a

x→0

(5.2.12)

lim φ x (x) = lim φ x (x),
x→a

x→0

and

with boundary conditions





 0,
θ(x) = 


 −κ,
lim φ(x) =

x→{0,a− }

0 < x < a,

lim

x→{2a,a+ }

lim − φ x (x) =

x→{0,a }

(5.2.13)

a < x < 2a,

φ(x),
(5.2.14)

lim + φ x (x).

x→{2a,a }

Note that our infinite domain in the original system becomes finite with length L = a
for (5.2.11)-(5.2.12) and L = 2a for (5.2.13)-(5.2.14). Both systems can be realized
in experiments using an annular Josephson junction with couple pair-injectors as explained in [8, 12, 13].

5.2.3

Numerical methods

To calculate numerically the oscillatory energy bands of a chain of fractional vortices, we use a transfer matrix approach approximated by the Euler-forward method
that will be briefly reviewed below. The reader interested in the numerics is referred
to, e.g., [14] for more complex and delicate methods.
Suppose we want to study the band structure of a static solution φ0 (x) satisfying
Eq. (5.2.1) for a given arrangement of θ(x) and given values of κ, a, and γ.
Written as a system of first order equations, the eigenvalue problem (5.2.6) takes the
form
~x = A~,
(5.2.15)
with


  


~ = 
  
x

and



0

A(x) = 
h
i
 cos φ0 (x) + θ(x) − ω2


1 
 .
0 

(5.2.16)
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As a consequence of the Floquet-Bloch theorem, a periodic solution of Eq. (5.2.15)
will satisfy
~(x + L) = C~ (x),
with C is a constant matrix and L is the periodicity of the lattice.
We approximate A(x) with a constant matrix An given by Eq. (5.2.16) with x = xn =
n∆x on interval ∆x from xn to xn+1 . We use several spatial discretization steps to
compare results obtained from the numerics, i.e. ∆x = 0.1, 0.05, 0.02. The so-called
principal matrix C is then approximated by the following transfer matrix discretization
C=

N
Y

exp(∆x An ),

(5.2.17)

n=1

where N = L/∆x is the number of discretization in the computational domain.
The transfer matrix C has two eigenvalues. The product of the eigenvalues satisfies
the relation
N
N
Y
Y
det e∆x An =
eTr(∆x An ) = 1,
λ1 λ2 = det C =
n=1

n=1

where we have used an identity det[exp(M)] = exp[Tr(M)] and the fact that Tr(A) = 0
(see Eq. (5.2.16)). The spectral parameter ω lies within the energy band if and only
if λ1,2 is a pair of complex-conjugate roots laying on the unit circle in the complex
plane, i.e. |λ1 | = |λ2 | = 1.
Analytical calculations for the case of κ = 2π and γ = 0

5.3

Before discussing band-gap structures of a periodic solution with general value
of κ, we will make an overview over band-gap structures of periodic solutions for the
limiting case κ = 2π and γ = 0 that have been well-established analytically. A rather
complete discussion of the results presented here can be found in [15, 16].
The simplest stable solution of the sine-Gordon equation is the even multiple of π. The
band structure of this constant background consists of a forbidden band that ranges in
the region 0 < ω2 < 1 and an allowed band ω2 > 1. A 2π-kink solution (5.2.4)
also has the same band structure but with an isolated eigenvalues at ω2 = 0 and
ω2 = 1. When we have an infinite array of periodic 2π-kinks supported by the timeindependent equation of (5.2.1), calculations of the band structure are not trivial, as
will be shown below.

5.3.1

Ferromagnetically ordered fractional kinks

First, let us consider a lattice of ferromagnetically ordered integer kinks. A rotating solution that corresponds to it of the first integral of Eq. (5.2.1)
!2
1 ∂φ
= 1 − cos φ + A
(5.3.1)
2 ∂x
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is given by A > 0. The solution can be expressed analytically as
!
(x − x0 )
2
φ(x) = π + 2 am
,k ,
k2 =
,
k
2+A
where the period of the kink lattice a is related to k by
 
a = 2 k K k2 .

(5.3.2)

(5.3.3)

K(k2 ) denotes the complete elliptic integral of the first kind (see the Appendix). The
parameter x0 in (5.3.2) can be of any constant value here.
For a periodic array of kinks (5.3.2), the eigenvalue problem (5.2.6) then takes the
form
( 2
)


d
2
2
2
2
2
+ k ω + 1 − 2k sn ( x̄, k ) ( x̄) = 0 ,
(5.3.4)
d x̄2

with x̄ = x/k and sn( x̄, k2 ) is the Jacobi elliptic function defined in the Appendix. The
boundary conditions for (x) are given by

a
= ( x̄) .
(5.3.5)
 x̄ +
k
Equation (5.3.4) is a Lamé-type equation that admits two linearly independent solutions given by
σ( x̄ + iK0 ± η) ∓ x̄ ζ(η)
±η ( x̄) =
e
,
(5.3.6)
σ( x̄ + iK0 )
where η is defined as a root of
P(η) =

2 − k2
− k2 ω2 .
3

(5.3.7)

The Weierstrass functions P(u), ζ(u) and σ(u) are defined in the Appendix.
Because of the periodic potential, we have the Floquet-Bloch theorem which says that
±η ( x̄ + 2K) = e±iF(η) ±η ( x̄) ,
with



F(η) = 2i K ζ(η) − η ζ(K) .

(5.3.8)

The allowed band is given by the value of ω where F(η) ∈ R, i.e.
0 < ω2 <

1
−1
k2

and

ω2 >

1
.
k2

(5.3.9)

In this region, F(η) goes from 0 to π with η = K + iy and y ranges between 0 and K0 .
Correspondingly, the forbidden bands are given by those values of η for which F(η)
has a non vanishing imaginary part, i.e.
ω2 < 0

and

1
1
− 1 < ω2 < 2 .
k2
k

(5.3.10)
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In this region, η = iy with F(η) has a purely imaginary value from π to infinity.
After calculating the continuous band-gap structures, one can also impose the periodicity of the boundary conditions (5.3.5) on (x) to obtain the eigenvalues of the kink
structures. In this case, F(η) is then an even multiple of π. The eigenvalues are given
by ω20 = 0 with multiplicity one which is associated to the translational invariance
property of the solution, and the infinite series of points with multiplicity two
"
#
1 2 − k2
ω2n ≡ 2
− P(iyn )
(5.3.11)
k
3
where yn determined by
F(iyn ) = 2K i ζ(iyn ) + 2yn ζ(K) = 2nπ ,
These eigenvalues lie in the band ω2 >

n = 1, 2, . . .

(5.3.12)

1
k2

In the limit a → ∞, the above band structure goes to the one of a 2π-kink. The allowed
band 0 < ω2 < k12 − 1 shrinks to the isolated eigenvalue ω20 = 0 and the other allowed
band ω2 > k12 becomes the continuous spectrum ω2 > 1.

5.3.2

Antiferromagnetically ordered fractional kinks

An oscillating solution that corresponds to an antiferromagnetically ordered kinks
of the first integral (5.3.1) is given by −2 < A < 0. The solution can be expressed
analytically as


φ(x) = 2 arccos[k sn x − x0 , k ] ,

k2 = 1 +

A
,
2

(5.3.13)

where the facet length a is related to k by

 
a = 2 K k2 .

(5.3.14)

For this periodic (antiferromagnetically ordered) kink-antikink (5.3.13), the eigenvalue problem will take the form
)
( 2
d
2
2
2
2
+
ω
+
1
−
2k
sn
(x,
k
)
(x) = 0 .
(5.3.15)
dx2
The solutions of this eigenvalue problem are almost the same to the ones of the eigenvalue problem for ferromagnetically ordered kinks. The difference between the solutions is presented in the Appendix.
Following the same steps as above, one will obtain the allowed band of the periodic
solution, i.e.
k2 − 1 < ω2 < 0 and ω2 > k2 .
(5.3.16)
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The presence of negative ω2 informs us that a periodic integer kink-antikink solution
is unstable. A similar calculation for the forbidden band will give
k2 − 1 > ω2

and 0 < ω2 < k2 .

(5.3.17)

Imposing the boundary conditions to the eigenfunction (x), i.e. selecting the values
of ω2 for which the Floquet exponent is an even multiple of π, we obtain the simple
eigenvalues ω20 = 0 and
ω21 = k ,
(5.3.18)
and the infinite series of double eigenvalues
ω2n ≡

2k2 − 1
− P(iyn )
3

(5.3.19)

in the band ω2 > k2 , with yn defined by
F = 2K i ζ(iyn ) + 2yn ζ(K) = 2nπ ,

5.4

n = 2, 3, . . . .

(5.3.20)

Numerical results on the band-gap calculation

After considering the limiting case κ = 2π, a natural question is then how the
band structure of a periodic lattice of κ-kinks for a general value of κ , 2π. Below
we present some numerical results using the numerical scheme explained in Sec. 5.2.3
above.

5.4.1

Ferromagnetically ordered fractional kinks

First, let us consider ferromagnetically ordered fractional kinks of the Josephson
system (5.2.1) with periodicity (5.2.9) in the absence of bias current γ. When κ = 2π,
this state corresponds to the so-called flux-flow regime (in a moving coordinate) [17].
This particular state has received considerable interest in view of practical applications
of Josephson transmission lines as submilimeter band oscillators.
Band structures as a function of κ calculated numerically for some values of a, i.e.
a = 1, 2, 5 are shown in Fig. 5.2. In all plots one can see that in the absence of
discontinuities (κ = 0) the junction has a band gap for 0 < ω < 1 and a single infinite
plasma band for ω > 1 as is calculated analytically. As κ increases, fractional vortices
appear. Each vortex when isolated (a → ∞) has an eigenvalue ω(κ) < 1 (5.2.8). But
when the vortices are coupled (a is finite), the eigenvalues form a band. Interestingly,
periodic fractional kinks with κ , 0, 2π have band gaps that do not exist in the limit
κ = 0, 2π. As the distance a decreases, the allowed bands broaden, while the gaps
shrink and shift to higher frequencies, as can be seen in consecutive Figs. 5.2(a)–(c).
As has been calculated analytically in the previous section, there are only two forbidden bands when κ = 2π for a given value of facet length a. For a general value of
115

Figure 5.2: Numerically calculated band structure of ferromagnetically ordered fractional kinks as a function of κ for a = 5, 2, 1 shown in (a)–(c),
respectively.
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Numerically calculated band structure of ferromagnetically ordered fractional kinks
as a function of the applied bias current γ for κ = π and (a) a = 5 and (b) a = 2. There is a
critical value of γ = γc (a, κ) above which the static crystal becomes unstable.
Figure 5.3:

κ , 2π, our numerical results show that a solution might have an infinitely many band
gaps.
We also have considered the influence of bias current to the band structure at various
fixed values of a and κ = π. This case is interesting for a Josephson system with
discontinuities that cannot be controlled during experiment, e.g. a ramp-type 0-π long
Josephson junction. In Fig. 5.3, we present the band structure of a periodic π-kink
lattice with a = 5 and a = 2.
For a given a, there is a critical value of γc (a) at which the static solution becomes
unstable. The lowest edge of the first band tends to 0 when γ → γc (a). For γ > γc (a),
there is no static lattice fractional kinks. The system will switch to a finite voltage
state.

5.4.2

Antiferromagnetically ordered fractional kinks

After considering the case of ferromagnetically ordered fractional kinks, we now
study antiferromagnetically ordered fractional kinks of the Josephson junction system
(5.2.1) with periodic phase shift (5.2.10).
In Fig. 5.4, the bands of a fractional kink-antikink lattice are traced from κ = 0 to
κ = 2π. There is a critical value of κ = κc (a) at which the lowest edge of the first
allowed band touches zero, i.e. ω → 0 when κ → κc . At that value of κ, the antiferromagnetically state is unstable and in the time-dependent equation, it will turn into a
complimentary state [18].
The band structure of the complimentary state is the mirror reflection of the one shown
in Fig. 5.4 with respect to the line κ = π. Therefore, in the interval 2π − κc (a) < κ <
117

Figure 5.4: The same as Fig. 5.2 but for antiferromagnetically ordered fractional kinks. For a given value of the facet length a, there is κc (a) at which
the boundary of the lowest branch touches zero. For κ > κc (a) the antiferromagnetically ordered crystal is unstable. In the time-dependent equation, the
system switches to resistive states.
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Figure 5.5:

Conclusions

The same as Fig. 5.3 but for antiferromagnetically ordered fractional kinks.

κc (a), there are two stable solutions: an antiferromagnetically chain of direct vortices
and its complementary solution.
The value of κc (a) decreases as the coupling increases with κc → π when a → 0. This
is in agreement with the known result [19, 20] that the infinite antiferromagnetically
ordered semifluxon chain is stable for any a → 0.
We also have done numerical calculations on the band structures of a chain of fractional kinks under the influence of an applied bias current. We present the results in
Fig. 5.5. By applying a bias current, an additional gap can open within each band.

5.5

Conclusions

To conclude, we have calculated the energy bands corresponding to small oscillations of the 1-dimensional periodic fractional vortex crystal as a function of the
discontinuity κ, the bias current γ, and the distance between two neighboring discontinuity points a. Such a 1-dimensional vortex crystal has an optical branch and no
acoustic one in the dispersion relation, which is a direct consequence of the vortex
pinning κ . 2π. Our numerical results show that the bands of a periodic lattice of
fractional kinks have more structures than a lattice of periodic integer kinks.
We have shown numerically that band structures can be controlled by changing κ. In
the case of discontinuities created artificially by injectors, one can make a wiring such
that the value κ for all discontinuities can be changed at the same time by using a
single control current. It thus provides the possibility to change the band structure
”on-the-fly”. For natural 0-π long Josephson junctions (see, e.g., [5]) with a fixed
the discontinuity κ = π, the band structure can also be smoothly controlled during
experiment by an applied bias current.
Here, we only considered the spectrum of a mirror symmetric crystal. However,
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unusual properties can be expected from systems with broken reflection symmetry
(ratchets) [21, 22], such as crystals of ferroelectrics or of some superconductors [23].
From this point of view, the transport in such systems is not well studied. Using an array of discontinuities with different strengths and distances, one might realize controllable fractional vortex crystals without reflection symmetry and study its nonequilibrium transport. In this case, the eigenvalue problem (5.2.6) corresponds to the motion
of a continuous plane wave in a ratchet potential.

Appendix: Hypergeometric functions and Lamé equation

The complete elliptic integrals of the first and second kind used in this report are
defined respectively as
2

K(k ) =

Zπ/2
0

dα

,
p
1 − k2 sin2 α

Zπ/2 p
E(k ) =
dα 1 − k2 sin2 α .
2

(A-1)

0

The parameter k, k2 < 1, is called elliptic modulus. These elliptic integrals are nothing
else but specific hypergeometric functions.
The complementary elliptic integral of the first kind is defined as
K0 (k2 ) = K(k02 ) ,
√
with the complementary modulus k0 = 1 − k2 .

(A-2)

The function am(u, k2 ) which is called Jacobi’s elliptic amplitude is defined through
the first order differential equation
!2
d am(u)
= 1 − k2 sin2 [am(u)] .
(A-3)
du
It has the following quasi-periodic property in u:

am u + 2nK + 2iK0 = nπ + am(u) .

The Jacobi’s elliptic function sn(u, k2 ) is defined through the equation
!2



d snu
= 1 − sn2 u 1 − k2 sn2 u ,
du

(A-4)

and is related to the amplitude by sn u = sin (am u). Its periodic property is given by

sn u + 4nK + 2iK0 = sn(u) .

The second order differential equation, which is known as the Nth Lamé equation, is
given by
( 2
)
d
− E − N(N + 1)P(u) f (u) = 0 ,
(A-5)
du2
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with E is a real quantity, N is a positive integer and P(u) denotes the Weierstrass
function. The function P(u) is a periodic solution of the first order equation (see [24])
!2
dP
= 4 (P − e1 ) (P − e2 ) (P − e3 ) ,
(A-6)
du
with e1 , e2 , e3 are the characteristic roots that uniquely determine ω and ω0 :

P u + 2nω + 2mω0 = P(u) .

The stability equation (5.3.4) can be identified with eq. (A-5) with N = 1, u = x̄ + iK0 ,
2
2 2
and E = 2−k
3 − k ω in virtue of the relation between P(u) and the Jacobi elliptic
function sn(u, k) (see formulas 8.151 and 8.169 of [24]):
k2 sn2 ( x̄, k) = P( x̄ + iK0 ) +

k2 + 1
.
3

(A-7)

Relation (A-7) holds if the characteristic roots of P(u) are expressed in terms of k2 as
e1 =

2 − k2
,
3

e2 =

2k2 − 1
,
3

e3 = −

1 + k2
,
3

(A-8)

and the real and imaginary half periods of P(u) are then given by the elliptic integrals
of the first kind
ω = K(k) ,
ω0 = iK0 (k) .
(A-9)
The stability equation (5.3.15) can be identified similarly as above only now with
2
2
u = x + iK0 and E = 2−k
3 −ω .
When N = 1, the two linearly independent solutions of (A-5) are given by (see, e.g.,
[24, 25, 26, 27])
σ(u ± η) ∓ u ζ(η)
f±η (u) =
e
,
(A-10)
σ(u)
where η is an auxiliary parameter defined through P(η) = E, and σ(u) and ζ(u) are
other Weierstrass functions which are defined as
d ζ(u)
= −P(u) ,
du

d log σ(u)
= ζ(u) ,
du

(A-11)

with the properties
ζ(u + 2K) = ζ(u) + 2ζ(K) ,
σ(u + 2K) = − e2(u+K)ζ(K) σ(u) .

(A-12)

As a consequence of Eq. (A-12), we can obtain the Floquet exponent of f±η (u) which
is defined as
f (u + 2K) = f (u)eiF(η) ,
(A-13)
with



F(±η) = ±2i K ζ(η) − η ζ(K) .

(A-14)
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Summary

In this thesis, the stability of fractional Josephson vortices in Josephson junctions
with phase shifts is investigated analytically and numerically. A Josephson junction
which is made of two superconductors separated by a thin insulator can have phase
shifts in its phase difference due to, e.g., the unconventional symmetry of the superconductors or a pair of current-injectors. In such a system, a magnetic field can be
spontaneously generated at the discontinuity points that characterize the position of
the phase shifts.
The phase difference of a Josephson junction is described by a sine-Gordon equation.
Phase shifts make the equation nonautonomous. Because the nonautonomicity takes
a special form, the existence of spontaneously generated fractional fluxons can be
analyzed and studied simply using phase plane analysis.
Using this very basic procedure, some important questions, such as the presence of
critical bias current above which a voltage is created across the junction, and the
presence of a minimum distance between two consecutive phase shifts needed for
fractional fluxons, already can be answered. It is also shown that there exists some
solutions representing fractional fluxons which are proven to be unstable.
An array of short Josephson junctions with a phase shift of π is also discussed. In
this array, a lattice π-kink can be generated spontaneously. The unstable solutions
representing fractional fluxons found in the long junction might have a stable corresponding solution in the short junction arrays. It is because a long Josephson junction
can be seen as a continuous limit of short junction arrays. Yet, it is shown that they
are still unstable even in the weak coupling limit.
In this thesis, the so-called tricrystal junctions that have promising applications, e.g.,
as logic device based on the Josephson effect for high-performance computers are also
studied. An infinite long 0-π Josephson junction can be considered as a combination
of two semi-infinite 0- and π-junctions. A tricrystal junction is then a combination of
three semi-infinite long Josephson junctions having one common point. In a tricrystal
junction system, a fluxon coming toward the common point can be trapped. Combinations of the Josephson characteristic lengths of the individual junctions that support trapped fluxons are analyzed. If one of the junctions is a π-junction, it is shown
that a semifluxon is stable for any combination of the Josephson characteristics and
it is analyzed whether the system supports a multiple-semifluxons state. The minimum number of Josephson junctions forming a multicrystal junction that supports a
multiple-semifluxons state is also discussed.
The last part of the thesis deals with a Josephson junction system with phase shifts of
κ, with κ is not necessarily π. This system is not as trivial as it might look especially
because a fractional kink can have different topological charge from the corresponding
fractional antikink. A Josephson junction with one single phase shift and with periodical phase shifts is studied. The stability of fractional kinks supported by the system

is analyzed in both cases. We claim that the knowledge of the band-gap structures for
periodic phase shifts is of importance also from an application point of view.
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Samenvatting

In dit proefschrift zal de stabiliteit van fractionele Josephson vortices in Josephson juncties met fase verschuivingen zowel analytisch als numeriek onderzocht worden. Een Josephson junctie gemaakt uit twee supergeleiders en gescheiden door een
dunne isolator laag kan verschuivingen in zijn fase-verschil hebben vanwege, bijvoorbeeld, de onconventionele symmetrie van de supergeleiders of door een paar stroominjectors. In zo’n systeem kan een magnetisch veld spontaan gegenereerd worden bij
de discontinuiteits punten die de positie van de fase verschuivingen karakteriseren.
Het fase verschil van een Josephson junctie word beschreven door een sine-Gordon
vergelijking. Fase verschuivingen leiden ertoe dat de vergelijking niet-autonoom is.
Vanwege de speciale vorm van de niet-autonomiciteit, kan de existentie van spontaan
gegenereerde fractionele fluxons derondanks geanalyseerd en bestudeerd worden door
gebruik te maken van fase vlak analyse.
Gebruikmakend van deze basis procedure, kunnen sommige belangrijke vragen, zoals
de aanwezigheid van een kritische bias-stroom boven welke een voltage gecreeerd
wordt over de junctie, en het bestaan van een minimale afstand tussen twee opeenvolgende fase verschuivingen nodig voor het genereren van fractionele fluxons, beantwoord worden. Ook zullen we bewijzen dat er instabiele oplosingen bestaan die fractionele fluxons representeren.
Een array van korte Josephson juncties met een fase verschuiving van π zal bekeken
worden. In dit array kan een lattice π-kink spontaan gegenereerd worden. De instabiele oplossingen, die fractional fluxons representeren, die voorkomen in de lange
junctie hebben misschien stabiele corresponderende oplossingen in de korte junctie
arrays. Dit komt doordat een lange Josephson junctie gezien kan worden als een continue limiet van korte junctie arrays. Wij laten echter zien dat deze oplossingen nog
steeds instabiel zijn, zelfs in de zwakke gekoppeld limiet.
In dit proefschrift worden ook zogenaamde tricrystal juncties onderzocht. Deze juncties hebben veelbelovende applicaties, bijvoorbeeld als logic device gebaseerd op het
Josephson effect voor high-performance computers. Een oneindig lange 0-π Josephson junctie kan beschouwd worden als een combintie van twee semi-oneindige 0- en
π-juncties. Een tricrystal junctie is dan een combinatie van drie semi-oneindige lange
Josephson juncties die één gemeenschappelijk punt hebben. In een tricrystal junctie
systeem zal een fluxon gevangen worden als deze in de buurt van het gemeenschappelijk punt komt. Combinaties van Josephson karakteristieke lengtes of van individuele juncties die gevangen fluxons ondersteunen worden geanalyseerd. Als één van
de juncties een π-junctie is, dan zullen we laten zien dat een semifluxon stabiel is
voor iedere combinatie van Josephson karakteristieken en wordt onderzocht of het
systeem een meervoudig-semifluxon toestand ondersteunt. Ook wordt het minimale
aantal Josephson juncties die een multicrystal junctie vormen die een meervoudigsemifluxon toestand ondersteunt behandeld.

Het laatste gedeelte van het proefschrift behandelt een Josephson junctie systeem met
fase verschuivingen van κ waarbij κ niet persé gelijk is aan π. Dit systeem is niet zo
triviaal als het lijkt, omdat een fractionele kink een andere topologische lading kan
hebben dan de corresponderende fractionele antikink. Een Josephson junctie met één
enkele fase verschuiving en met periodieke fase verschuivingen wordt bestudeerd. De
stabiliteit van fractionele kinks ondersteund door het systeem wordt geanalyseerd in
beide gevallen. Wij beweren dat kennis van de band-gap structuur voor periodieke
fase verschuivingen belangrijk is, ook gezien vanuit de toepassing.
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