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Introduction

INTRODUCTION

Figure 1.1: Examples of granular materials.
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1.1. DESCRIPTION OF GRANULAR MATERIALS

1.1

Description of granular materials

Granular materials are very diverse. The definition of granular matter
is extremely broad which allows a large class of materials to be considered
as part of this group. For example, some definitions in the literature are:
• The physics of granular materials deals primarily with macroscopic
objects. The collective behaviour of such granular medium simply
cannot be described in term of traditional Brownian motion.[1]
• In general we define granular media as a collection of rigid macroscopic
particles, whose particle size is larger than 100[µm].[2]
• A granular material is a conglomeration of discrete solid, macroscopic
particle characterised by a loss of energy whenever the particles
interact.[3]
Given these definitions, it might be difficult to find a material which
is not part of this group. As shown in figure 1.1, sand, cereals, gravel,
groups of people, icebergs, meteors, asteroids and many others are granular
materials, virtually the entire universe is composed by them (figure 1.2). As
a result, its applications are very varied and numerous, and undoubtedly are
an important focus of study by scientists.

Figure 1.2: The pictures show granular material increasing in size, from 100[µm]
to several kilometres. From left to right: sand, gravel, rocks, icebergs and meteors.

Although the number of studies on granular media has increased
significantly in the last few decades, their behaviour is still not well
3
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Solid

Liquid-Solid

Liquid

Gas

Gas-Liquid-Solid

Figure 1.3: Pictures show cases in which granular material behaves as the different
states of matter. Solid in a sand sculpture, liquid in landslides, gas in a fumarole
above a volcano, liquid-solid in a vibrated granular monolayer and gas-liquid-solid
in a granular pile inside a rotating drum.

understood. Granular media can behave like the three states of matter:
solid, liquid and gas, and can even exhibit phase coexistence. As shown
in figure 1.3, sand and water combined in suitable proportions can be
sculpted and preserved like a solid for a large time. However grains several
orders of magnitude larger than sand when combined with water can flow
like a liquid and travel long distances (e.g., landslides). In the case of a
volcano, a huge amount of thermal energy is injected into granular sediments,
causing the material to disperse in the eruption column much like a gas.
In a laboratory environment, phase coexistence can be easily observed, for
example the solid-liquid coexistence in a vibrated granular monolayer [4] or
4
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solid-liquid-gas coexistence on a granular pile inside a rotating drum [5].
While the similarities in the behaviour of granular media with fluids is
evident [6], the well known equations that describe fluids fail with many
granular systems, due to different underlying physical mechanisms. An
important aspect in this regard is that the interactions between grains
are dissipative, and hence the systems are always out of equilibrium.
Furthermore, a continuum description is difficult because of the lack of scale
separation: the micro and macro scales are not clearly separated like in
molecular fluids. Finally, it is important to point out that the interaction
between grains is complex due to the non-trivial manner in which the energy
is dissipated, for example the interactions in the system are completely
different in a wet granular material as compared to a dry material. From the
above discussion it is clear that the behaviour of granular materials is still
not fully understood, and further experimental, numerical and theoretical
studies are necessary.

1.2

Phenomenology of granular materials

Due to the fact that granular materials
exhibit states of matter which differ
significantly from those in molecular matter,
the way in which an intruder responds to a
granular system can be counterintuitive.
An earthquake in Venezuela in 1967
led to the collapse of many buildings and
structures caused by the vibration induced
liquefaction of the soil (see figure 1.4 (a)).
In such cases the soil loses its ability to
resist normal and shear stresses and flows
like a liquid, similar to quick sand (in
figure 1.4 (b)).
Quicksand is a shear
thinning non-Newtonian fluid, composed of
fine grains and water, and when shaken
dramatically reduces its viscosity (for
example a person in panicked movement in
quick sand could quickly sink deeper).

Figure 1.4: (a) Soil liquefaction
during an earthquake in 1967,
Venezuela. (b) Quicksand in a
cartoon.
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These phenomena have motivated many studies related, for instance, to
granular materials under low accelerations. The list starts with the work of
R. A. Bagnold, and its contribution to the scientific understanding of desert
structures. He explained, among other phenomena, the segregation caused
by the way grains of different weights are transported by the wind, as shown
in figure 1.5 (a). Later, the segregation due to size in a vibrated granular
system, figure 1.5 (b), also referred to as Brazil nut effect [7, 8, 9, 10, 11], was
studied. In this case, when polydisperse granular matter is vertically shaken,
the particles were observed to segregate with size increasing from bottom to
top. This is counterintuitive, since it could be expected that particles with
the largest mass and size would move down because of gravity. Many authors
have studied this phenomena, amongst others, using a vertically vibrated
granular system and an intruder which is larger than the grains. The shaking
makes the intruder move up, as shown in figure 1.5 (c), and depending of
the polydispersity of the particles, the interstitial fluid, the system geometry,
and other properties, the explanation of this phenomena varies. As a result
of these multiple studies, granular segregation is a relatively well understood
phenomena.

Figure 1.5: Examples of granular segregation: (a) The picture shows sand grains
segregated by density, in a desert. The black sand remains on the top of the rest of
the sand, because the grains are less dense. (b) The picture shows gravel segregated
by size. (c) Sketch of an experimental setup to study the Brazil Nut Effect.

Things are different for other cases in which an intruder is used to
probe and understand the behaviour of granular systems. Examples are
the impact of a sphere in loose sand, the settling of a sphere in cornstarch
suspensions, or the motion of a rotor in a granular gas, amongst many others
6
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(figure 1.6). In the first case a jet is formed after the impact, followed by
a granular eruption. Here, not only the packing fraction and the grain size,
but also the interstitial fluid important are ingredients in the jet formation
[12, 13, 14, 15, 16]. Cornstarch suspensions are very interesting because
they exhibit a range of remarkable dynamic phenomena that emerge under
non-steady-shear conditions [17, 18, 19]. The influence of particle shape
and polydispersity is crucial to understanding the response, for example,
after impact. Jamming, when the grains refuse to flow, appears to play a
fundamental role in the settling of the intruder. A granular ratchet may be
created as an asymmetric rotor or piston that can be turned into a motor
when it is immersed in a granular gas [20, 21, 22, 23]. In this system basically
Brownian motion, caused by the erratic motion of the grains, is converted
to work. Contrary to granular segregation, in all of the above cases -and
many others- the phenomenology is at most partially understood. However,
in all of the above examples the behaviour of the intruder appears to reflect
some fundamental properties of the granular medium it is immersed in, and
therefore functions as a probe of the physics that governs the material.

Figure 1.6: (a) Jet formation in a loose sand bed, after the impact of a sphere.
(b) The image shows the polydispersity, in size and shape, of the cornstarch grains.
(c) A sketch of a rotor immersed in a granular gas where, under certain conditions,
the grains cluster and create a convection roll.

This bring us to the main objective of this thesis: we want to contribute
7
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to the understanding of the physics of granular materials by studying the
behaviour of an intruder in three distinct granular systems:
1. A sphere impacting and settling in a granular suspension
2. A non-symmetric rotor immersed in a granular gas
3. A granular solid floating over a granular gas
These systems are briefly introduced in the following section.

1.3

Intruder response in distinct granular systems

In the attempts to understand and describe granular materials, probing
a granular system with an intruder is very helpful, since the response of
the intruder reflects the properties of the surrounding granular media on a
somewhat larger, easier observable, scale. We study the intruder response
in three distinct granular systems, to contribute solving some pieces of the
granular material puzzle.

1.3.1

A sphere impacting and settling in a granular
suspension

Cornstarch is the starch derived from the corn
grain. Its culinary uses are very diverse, as shown
in the poster. But, beyond these general purposes
which are connected to chemical changes when
the substance is heated, the physics behind the
thickening properties is fascinating and remains very
puzzling.
When cornstarch is mixed with water, it forms
a suspension, i.e., solid particles suspended in a
liquid. This particular suspension behaves as a
non-Newtonian fluid, more specifically as a shear
thickening fluid. Its rheology is still not understood,
and therefore remains a focus of study by scientists.
When a sphere is impacted in a cornstarch suspension, the rheology of
the suspension determines the way in which the sphere sinks to the bottom.
We analyse the kinetic and dynamic behaviour of a cornstarch suspension,
8
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by analysing the settling velocity of the sphere. We change the suspending
fluid from pure water to pure ethanol, and show that this simple change
completely alters the dynamics: a shear thickening suspension is turned
into a shear thinning one. Finally, we try to explain this huge change
by analysing the microscopic particle-particle interaction in the different
suspending liquids using an atomic force microscope.

1.3.2

A non-symmetric rotor immersed in a granular gas

A granular gas is a diluted granular system where the typical distance
between particles is much larger than the particle size. The dissipative
nature of the particle-particle interaction is the main reason why granular
gases present a range of interesting phenomena, but for the same reason the
theory of granular gases is complicated.
When a rotor is immersed in a granular gas, it can be used as a probe
for the granular gas dynamics. The velocity distribution of the gas particles
directly affect the gas-rotor collisions, and therefore, the angular movement
of the rotor.
We study the angular velocity distribution of a rotor immersed in a very
diluted granular gas. The rotor can be turned into a motor by changing the
material on one side of each vane. We describe the rotor behaviour from a
very low-temperature granular bath to high-temperature one. We show that
the role of the external friction becomes more important when the granular
gas temperature is decreased.

1.3.3

A granular solid floating over a granular gas

When a granular bed is vertically shaken, it can exhibit many intriguing
fluid-like behaviours. One of those corresponds to a gas-solid coexistence, in
which a solid, dense layer is floating on top of a diluted gaseous region.
Whereas the density inversion itself is largely understood, the system
exhibits an intriguing spontaneous oscillation, many aspects of which remain
unclear.
We built a setup in which this behaviour can be studied under a wide
range of conditions. In this experiment, unlike the others two, we do not
introduce an external object, since the intruder is generated by the system
9
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itself. The solid part act like an intruder in the gas, and its dynamic
behaviour provides information about the conditions of the granular system.
We follow the centre of mass motion of the granular solid, in which a
natural frequency is detected. We explore how the presence of this frequency
and its correlation in time is related with the properties of the granular gas.
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Dramatic effect of fluid
chemistry on cornstarch
suspensions: linking particle
interactions to macroscopic
rheology
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Dramatic effect of fluid chemistry on cornstarch suspensions: linking particle interactions to macroscopic rheology, Physical review letter.

DRAMATIC EFFECT OF FLUID CHEMISTRY ON CORNSTARCH
SUSPENSIONS

Suspensions of cornstarch in water exhibit strong dynamic

shear-thickening. We show that partly replacing water
by ethanol strongly alters the suspension rheology. Upon
increasing the ethanol content, the suspension goes
through a yield-stress fluid state and ultimately becomes
a shear-thinning fluid. On the cornstarch grain scale,
atomic force microscopy measurements reveal the presence
of polymers on the cornstarch surface, which exhibit
a cosolvency effect.
At intermediate ethanol content,
the polymer solubility maximum induces high microscopic
adhesion which we relate to the macroscopic yield stress.

16
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2.1

Introduction

Suspensions are mixtures of non-Brownian, undissolved particles in
a liquid. They are literally found all around us: examples are mud,
paints, pastes and blood [1]. Unlike Newtonian liquids, the viscosity of
a dense suspension can vary by orders of magnitude in a small shear rate
interval [2]. In general when subjected to an increasing shear rate, dense
suspensions first tend to become less viscous (shear-thinning) and then
more viscous (shear-thickening). For some suspensions the viscosity can
increase to such an extent that the suspension effectively becomes solid [3].
Although standard rheology measurements provide a great tool to study this
phenomenon e.g. [4, 5], they are limited to steady-state flow conditions and
many studies point out that dense suspensions exhibit remarkable dynamic
phenomena emerging under non-steady-shear conditions: formation of stable
holes in thin vibrated layers [6], non monotonic settling [7], dynamic
compaction front [8] or fracturing [3].
This dynamic shear-thickening has been widely investigated (see [9] for
a review), but its physical origin remains an active debate. Although
several parameters seems to contribute to dynamical shear-thickening, it
has become increasingly clear that frictional or non-contact interactions
between particles play a key role [10, 11]. Particle-particle interactions can
be easily modified in numerical simulations, but it is a real challenge to
do so in experiments. Consequently there are, to our knowledge, only few
experimental studies addressing the role of particle-particle interactions in
dense suspensions rheology e.g. [5, 12]. Moreover, direct measurements of
these interactions in relation to the rheology has been lacking so far.
In the present work, we directly probe the microscopic interactions
between individual particles and explore the link with the macroscopic
rheology for dense cornstarch suspensions. The archetypical suspension
formed by cornstarch grains in water exhibits a strong dynamic
shear-thickening [6, 7, 8, 3]. Interestingly, Taylor [13] shows that replacing
water by polypropylene glycol (PPG) in cornstarch suspension completely
suppresses its shear-thickening nature and also modifies its dielectric
properties. Here we tune particle interactions using suspending fluids with
different chemical but similar physical properties (density, viscosity. . . ).
More specifically, we systemically study mixtures of water and ethanol in
different proportions combining three very different techniques:
17
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(i) non-steady-state rheology obtained from the settling dynamics of a
sphere; (ii) classical steady-state rheology; and (iii) atomic force microscopy
(AFM) to probe particle interactions.
We observe that the typical
shear-thickening behaviour for pure water turns into a low viscosity
shear-thinning fluid for pure ethanol, and goes through yield-stress fluid
state for intermediate mixtures of water and ethanol. We relate this
to AFM measurements which show that the particle interactions vary as
the fluid is changed. Our results indicate that the cornstarch grains are
covered by chemical agents behaving similarly to what was recently observed
for polymer brushes [14] which exhibit a cosolvency effect [15, 16]. The
dangling polymers may cause the peculiar rheology in water but also the
observed changes with fluid as similar effect has been observed for colloidal
suspensions e.g. [17, 1].

2.2
2.2.1

Experimental techniques
Suspensions

The suspensions are mixture of cornstarch particles in water-ethanol
solutions. The cornstarch comes from freshly opened 250[gr] boxes of
additive-free cooking cornstarch purchased in a Dutch supermarket. Every
box is sealed and has a similar density: ρCS ∼ 1540[kg.m−3 ]. The volume
fraction of the suspensions is kept constant in this study: ΦvCS = 40%.
The suspending fluid consists of a mixture of demineralized water and
ethanol (99.8%) from Atlas & Assink Chemie. We vary the mass fraction
of the solution, Φm
EtOH , from 0% (pure water) to 100% (pure ethanol). The
suspending fluids are prepared one day before the experiment to ensure good
mixing and cooling down of the solution.

2.2.2

Settling experiment

The experimental set-up is shown in figure 2.1 (a). It consists of a
cylindrical container (diameter D = 19.5[cm] and height H = 25[cm]) filled
with the suspension into which we drop a sphere of mass m = 248[gr] and
radius Rs = 1.54[cm]. The release height Hfall varies between -2Rs (where
the sphere starts immersed) and 30[cm].
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In order to follow the settling dynamics, a thin and rigid metal wire
with tracers is attached to the top of the sphere. The mass of the wire
(∼ 1[gr]) and its resulting buoyancy force can be neglected compared to the
sphere. We follow the tracers on the wire using a high speed camera (SA7,
Photron) imaging at a frame rate varying from 500 to 5000[Hz]. Using image
correlation between successive images, we determine the vertical position, z,
velocity, ż, and acceleration, z̈, of the sphere during its settling (figure 2.1
(b)-(d)).

(a)

(b)

0
0.1
0.2

(c)

1.6
0.8
0

0
H
D

(d)

0
-20
-40
0

0.2

0.4

Figure 2.1: (a) Schematic of the experimental set-up. (b)-(d) Typical time
evolution of, respectively, vertical position z, velocity ż and acceleration z̈ of
the sphere for Φm
EtOH =10% and Hfall =15[cm]. The insets in (c) and (d) show
two, zoomed-in oscillations with their respective mean velocities (v̄1 , v̄2 ) and mean
accelerations (ā1 , ā2 ).
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2.2.3

Classical rheology

We use a MCR 502 rheometer (Anton Paar) with a concentric cylinders
geometry. All measurements are repeated at least 3 times. figure 2.3 (g)-(i)
presents the flow curves obtained from these rheological measurements (blue
circles).

2.2.4

Particle interactions measurement

We probe the interactions between cornstarch particles using atomic
force microscopy (AFM) by attaching single cornstarch grains to tipless
cantilevers. We measure the force curves (figure 2.4 (a)) while approaching
and retracting this cornstarch grain to the other cornstarch grains glued on
the surface of a stainless steel disc in different water/EtOH solutions. The
details of the technique and the analysis can be found in the appendix 2.5.

2.3
2.3.1

Experimental results and discussion
Non-steady-state rheology

Figure 2.1 (b)-(d) show the time evolution of z, ż and z̈ for Φm
EtOH =10%
and Hfall =15[cm]. As previously observed for a cornstarch suspension using
pure water [7, 18], after a rapid slow down of the sphere directly due to the
impact with the surface (grey vertical line), the sphere velocity oscillates
around a terminal velocity. For each oscillation we define its mean velocity, v̄i
and mean acceleration āi (insets of figure 2.1 (c) and (d)). When approaching
the bottom the sphere comes to a sudden, full stop at ∼20[mm] above
the bottom. Then, it re-accelerates until it stops again. This repeatitive
stop-and-go behaviour is due to successive jamming and unjamming of the
granular skeleton between the intruder and the bottom (more details can be
found in [7]).
When varying Φm
EtOH , we observe a continuous change in settling
dynamics (figure 2.2). While increasing Φm
EtOH up to ∼ 50% the suspension
becomes more and more viscous (the average settling velocity decreases)
and the oscillations disappear (figure 2.2 (a)). If Φm
EtOH is increased beyond
∼70%, the viscosity becomes so small that the sphere bounces on the
container bottom (figure 2.2 (b)).
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Figure 2.2: Sphere velocity, ż, as a function of time for various Φm
EtOH and Hfall =
10cm.

We can identify three typical behaviours which are illustrated in
figure 2.3 (a)-(f). Panels a-c show the influence of the initial velocity for
Φm
EtOH =0, 50 and 100% on the settling dynamics and panels d-f show the
drag force, FD , as a function of ż. The drag force is derived from the
acceleration, z̈, using the force balance on the sphere
4
FD = ms (z̈ − g) + πRs3 ρsusp g
3

(2.1)

in which ρsusp is the density of the suspension and g is the gravitational
constant.
For pure water (figure 2.3 (a) and (d)) and up to Φm
EtOH ∼20-25%, the
dynamics is similar to that described above. Interestingly, the terminal
m
velocity decreases with increasing Φm
EtOH but, for a given ΦEtOH , it is the
same regardless of the initial velocity. For low initial velocities, the sphere
accelerates until it reaches this terminal velocity. In contrast, for higher
velocities, the sphere decelerates with velocity oscillations to reach the same
velocity. FD increases linearly with the velocity up to a critical velocity
(∼0.9[m/s] for pure water). Above this critical velocity, oscillations are
observed and the mean behaviour (FD vs v̄) during these oscillations (grey
squares on figure 2.3 (d)) collapses onto an unique curve the slope of which
seems to slightly increase with the velocity. Such an increase can be related
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Figure 2.3: Non-steady-state and classical rheology as a function of Φm
EtOH : (a)-(c)
Sphere velocity, ż, as a function of time for various Hfall for Φm
=
0% (a), 50%
EtOH
(b) and 100% (c). (d)-(f) Drag force, FD , encountered by the sphere as a function
of its velocity for the same and additional experiments. The grey squares in (d)
show the mean drag force as function of mean velocity v̄ during oscillations. (g)-(i)
Flow curves for suspension of Φm
EtOH =0%, 50% and 100% respectively. Classical
rheological measurements (blue circles) and apparent flow curves obtained from
settling experiments (orange diamonds). The orange line in (g) corresponds to the
mean behaviour of the bulk oscillations.
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to an increased viscosity which is typical of a shear-thickening fluid.
For moderate Φm
EtOH (between ∼20-25% and ∼70%), the sphere
decelerates very rapidly after penetrating into the suspension. It then sinks
at a constant velocity close to zero. Consistent with this, figure 2.3 (e) shows
that FD equals the sphere weight in the limit of zero velocity. These two
behaviors are typical of a yield-stress fluid when the density of the object is
slightly above the critical density relative to the yield stress [19].
Finally, for Φm
EtOH &70% (figure 2.3 (c) and (f)), the sphere encounters
a small drag resistance and bounces on the bottom of the container several
times. Taking into account the noisy nature of the measurement, all drag
force curves for the different Hfall collapse on a single curve regardless of the
velocity sign.

2.3.2

Classical rheology

The rheological measurements are compared to the dynamical behaviour
of the suspensions obtained from settling experiments (orange diamonds).
To do such a comparison we define an apparent viscosity, η∗, and a
characteristic shear rate, γ̇∗ as:
η∗ = FD /(6πRs ż),

(2.2)

γ̇∗ = 2ż/(D − 2Rs ).

(2.3)

The flow curves obtained from steady state classical rheology and from
our dynamic system present a convincing qualitative agreement. For Φm
EtOH
above ∼20-25% these suspensions all present a yield stress and can be
described by a simple Bingham equation : ηB = ηpl + σY /γ̇, in which ηpl
is the plastic viscosity and σY the yield stress. This is consistent with
what has been already observed for cornstarch suspensions in water/PPG
solutions [13]. For lower Φm
EtOH , a Bingham equation can also approximate
the flow curves for the low shear rates. The values of σY as a function
of Φm
EtOH from both rheological measurements are shown on figure 2.4 (e).
For both methods, σY reaches a maximum value for intermediate Φm
EtOH .
m
Finally, for low ΦEtOH and high shear rates the steady state rheology exhibit
a strong shear-thickening which corresponds to the conditions in which bulk
oscillations are observed during the settling experiments.
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2.3.3

Particle-particle interactions

Figure 2.4 (a) shows a typical force curve obtained in water. It represents
the interaction force between the cornstarch particle on the cantilever and
one on the surface when approaching (blue) and retracting (red) from the
surface. On the retracting curve we observe sharp steps called pulling events.
These events are signature of high density dangling polymers interacting in
mediocre solvents [14]. This is a plausible explanation as cornstarch is built
up from alternating semi-crystalline and amorphous layers of biopolymers
amylose and amylopectin [20], the latter being slightly soluble in water
[21]. Figure 2.4 (b) shows the percentage of measurements which show
these events as a function of the suspending fluid. We observe them for
all ethanol concentrations with a maximum for intermediate concentrations.
This maximum indicates a cosolvency effect which is a solubility-maximum
at intermediate Φm
EtOH [15, 14, 16].
Figure 2.4 (c) shows the apparent elastic modulus E ∗ of one grain (blue)
and the interaction length between two grains (orange). As the grains are
not spherical and have sizes ranging from 5 to 20[µm], contact areas and
curvature radii are difficult to assess, which is responsible for the large error
bars. Therefore, we should not attach too much significance to the absolute
values, but information from the data comparison for the different values of
Φm
EtOH is to be trusted. Thus we observe that the apparent softness of the
particles and the interaction length varies as a function of Φm
EtOH which we
interpret as a result of the cosolvency effect: the concentration Φm
EtOH ≈ 25%
appears to be the best solvent. This is also consistent with the fact that more
pulling events are observed for this concentration. Indeed, a better solvent
allows for deeper interdigitation of the polymers in opposing grains.
After the approach, it is possible to keep two cornstarch grains in contact
for a given contact time tc before retracting. Doing so we can investigate the
effect of the contact time on the adherence force Fadh between two grains.
Figure 2.4 (d) shows the evolution of Fadh as a function of Φm
EtOH for zero
0
∞
contact time, Fadh (blue), and in the limit of infinite contact time, Fadh
m
(orange). For all ΦEtOH , Fadh increases with tc following an exponential
decay characterized by a decay time τ (see the appendix 2.5 for details),
which is again consistent with our interpretation of free dangling polymers
0 is maximal in pure water
interpenetrating with time. We observe that Fadh
∞ exhibits a maximum for Φm
whereas Fadh
EtOH = 25%. We attribute the latter
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Figure 2.4: Particle-particle interaction properties as a function of Φm
EtOH : (a)
Typical force curve in water. Inset and arrows show the presence of pulling events
while retracting (red curve). (b) Percentage of force curves exhibiting pulling
events. (c) Apparent Young modulus, E ∗ of an individual cornstarch grain and
interaction length between cornstarch grains. (d) Adherence force, Fadh , between
two cornstarch grains for a contact time of 0[s] (blue) and in the limit of infinite
contact time (orange). (e) Yield stress measured from classical rheolgy (orange)
and settling experiments (blue). The dashed lines are just guides to the eye.

to the larger effective interaction area due to particle softness and polymer
interpenetration.
These results are consistent with the macroscopic rheology. Indeed,
∞ must be related to the suspension behaviour at small shear rate,
Fadh
i.e., the yield stress σY , which we obtain from the Bingham fits to the
∞ shows similar
flow curves of figure 2.3. Although slightly shifted, Fadh
variations as the yield stress extracted from rheology experiments (figure 2.4
(e)). Moreover, the shear-thinning part of the flow curves observed for all
Φm
EtOH is also consistent with an increase of Fadh with tc . On the other
hand, one could expect that the suspension behaviour at high shear rate
25

DRAMATIC EFFECT OF FLUID CHEMISTRY ON CORNSTARCH
SUSPENSIONS
0
could be related to Fadh
and τ . The present measurements do not show
any indication of that, although τ does vary with Φm
EtOH . Namely, τ is
minimal for pure water (τmin = 0.5 ± 0.1[s]) and maximal for intermediate
concentration (τmin = 2.0 ± 0.7[s]) (see the appendix 2.5). Therefore,
measurements of interparticle friction would be needed, however, for the
rough and non-spherical cornstarch particles these measurements are difficult
to interpret.

2.4

Conclusion

In this chapter we show that replacing the suspending fluid of the
well-known suspension of cornstarch and water by ethanol, the familiar
shear-thickening behaviour completely disappears. Going from pure water
to pure ethanol, the suspension behaviour changes continuously with ethanol
concentration from dynamic shear-thickening for pure water to low viscosity
shear-thinning for pure ethanol, passing through a yield-stress fluid phase
for intermediate mixtures.
Comparison of classical (steady-state) and non-steady-state settling
rheology shows qualitative agreement. More specifically, it shows that
flow conditions for which shear-thickening is observed in classical rheology
measurements correspond to the conditions for which bulk oscillations are
observed in non-steady-state experiments.
These behaviours are related to the interactions between cornstarch
grains in the different suspending fluids using atomic force microscopy. We
first present evidence that cornstarch grains are covered by free dangling
polymers behaving like polymer brushes. Then, the variation of the
adherence force with the suspending fluid is shown to be consistent with
the yield stress observed in macroscopic rheology. This indicates that the
macroscopic behaviour is closely linked to the details of the particle-particle
interactions. It appears that the presence of dangling polymers may not
only be at the origin of the strikingly different behaviours observed while
changing the suspending fluid but also of the peculiar dynamic behaviour
of suspensions of cornstarch in water. In order to validate this hypothesis,
it is essential to perform additional research on better controlled systems
such as suspensions of spherical particles functionalized with known polymer
brushes.
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2.5
2.5.1

Appendix: Atomic Force Microscopy (AFM)
Experimental Details

We use a Bruker AFM (Multimode 8 with a Nanoscope V controller)
using a JV vertical engage scanner and a Bruker glass liquid cell, in order
to measure the adhesion force, Fadh , between individual cornstarch grains
and the apparent young modulus, E ∗ of one grain. We also estimate the
interaction length, Lint , between two grains. Using a micromanipulator and
UV curing glue (NOA 81) we attached a single cornstarch particle to the end
of two tipless AFM cantilevers (TL-CONT-50, sQube, Germany) (figure 2.5
(a)). They have respectively a spring constant 3.24 and 2.93[N/m−1 ] and
a resonance frequency 85 and 75[kHz]. Calibration has been done using
the thermal noise method as implemented in the Nanoscope 8.15 software.
The tested surfaces consist of stainless steal disc covered with cornstarch
(figure 2.5 (b)). The grains are glued using a epoxy two-component
glue. We measure the force curves while approaching and retracting
the cornstarch grain to and from these surfaces in different water/EtOH
solutions (Φm
EtOH = 0, 10, 25, 50, 75, and 100%) with a velocity of 0.77,
1.44 to 2.88[µm/s]. The analysis show no effect of the approaching and
retracting velocity in this velocity range.

Figure 2.5: SEM image of (a) a cornstarch grain glued to the end of a tipless AFM
cantilever and (b) of the sample surface covered by cornstarch grains.

The measurements were repeated for 3 different cantilevers. For each
cantilever we probe 3 positions on the 2 different surfaces and compared
them to reference force curves measurements on bare glue to ensure that we
truly probe the cornstarch-cornstarch interactions. For each position, force
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curve are averaged over at least 50 measurements. Figure 2.4 shows results
averaged over all measurements for only one cantilever. The results for the
other cantilevers all show the same trends.

2.5.2

Curve force analysis Procedure

To obtain the E ∗ of the cornstarch (figure 2.4 (c)), we fit the force
measured upon close approach with the Hertzian contact model following
the procedure presented by [22, 23]. Through this procedure, we obtain
also the position at which the contact starts to be elastic. This point is
called contact point. As on both probe and surface, the cornstarch grains
are not perfectly round and their radius not well defined, we only obtain an
apparent modulus. Thus, the absolute values obtained have no concrete and
clear interpretation but can be compared for the different suspending fluids.
The maximum force reached is 60 − 80[nN].
The adhesion Fadh (figure 2.4 (d)), is the force (deflection × spring
constant) just before the cornstarch grains snap out of contact while
retracting the cantilever.
The interaction length Lint (figure 2.4 (d)) is defined as the distance
between the contact point and the position at which, while approaching, the
force starts to deviate from 0. It is not possible from our measurement to
discriminate the physical origin of this non-contact interaction: electrostatic
force or polymer brushes entanglement being possible candidates.

2.5.3

Effect of contact duration on the adhesion

As the rheology of cornstarch suspensions is observed to strongly depend
on the shear rate we study the evolution of the adhesion force as a function
of the contact duration between two cornstarch grains. To do so, we measure
the force curves while approaching the cornstarch grain to the surface and
while retracting after keeping grains in contact during a waiting time, ∆t,
ranging from 0 to 20[s]. These measurements are performed in different
water/EtOH solutions with a velocity of 1.44[µm/s].
As the geometry of the contact may vary from one probing position
to another, for each position we normalize the adhesion force by the one
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corresponding to zero waiting time:
F̃adh (∆t) =

Fadh (∆t)
Fadh (∆t = 0s)

(2.4)

Figure 2.6 (a) shows the variation of the normalized adhesion force
F̃adh as a function of the waiting time for Φm
EtOH = 0% and for each
different probing position. The normalized adhesion force can be fitted by
an exponential
∞
∞
− 1) exp(−
− (F̃adh
F̃adh (∆t) = F̃adh

∆t
)
τ

(2.5)

∞ and τ are measured for each position and for each Φm
F̃adh
EtOH . The values
shown in figure 2.4 and figure 2.6 (b) correspond to the average over all
positions for each Φm
EtOH .
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Figure 2.6: (a) Variation of F̃adh as a function of waiting time. Colors stand for
each probing position. Dashed lines correspond to the exponential fit for each
∞
and τ as a function
position and the solid line is the average fit. (b) Average F̃adh
m
of ΦEtOH .
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Chapter 3

Impact and settling in a
cornstarch suspension

IMPACT AND SETTLING IN A CORNSTARCH SUSPENSION

Suspensions

of cornstarch in water present intriguing
non-Newtonian rheological behaviour, where the viscosity
increases to such an extent under shear strain that a
person may be able to run across the suspension without
sinking. This shear-thickening behaviour, can be turned into
the opposite one (shear-thinning) by merely changing the
suspending fluid. To quantify this phenomena, we study the
impact and settling of a sphere in a cornstarch suspension,
in which the suspending fluid is gradually changed from pure
water to pure ethanol. For different mass concentrations
of ethanol, we vary the impact velocity and the depth of
the suspension. For low ethanol concentration, we show
that in the bulk the sphere settles in an oscillatory manner
around a terminal velocity. This velocity does not depend
of the impact velocity of the sphere but strongly depends on
the ethanol mass concentration. The oscillations disappear
for ethanol concentrations larger than approximately 20%
and the suspension turns into a yield stress liquid. When
the ethanol concentration is increased beyond 70% the
suspension becomes a shear-thinning liquid with a low
apparent viscosity. In this regime the sphere bounces several
times with the bottom before it comes to a standstill.
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3.1

Introduction

Viscosity [Pa s]

A suspension is a heterogeneous fluid which contains solid particles that
are large enough to sediment, in general larger than ≈1[µm]. The particle
size can be in a wide range, however, for practical situations, particles usually
are smaller than ≈100[µm] to remain suspended for long periods of time.
Even so, suspensions are present all around us: paint, mud, blood, coffee,
among others [1], and hence, they have multiple applications in, e.g., food,
cosmetic and pharmaceutical industry. However, there are still many open
questions connected to their behaviour, and particularly their rheology is far
from being understood. Most suspensions exhibit a shear-thinning rheology,
whose viscosity decreases under shear strain, but some others exhibit the
opposite rheology, i.e., shear-thickening. The latter behaviour in particular
remains very puzzling [2].
One example of a shear-thickening suspension is formed by cornstarch
grains in water [3, 4, 5]. It exhibits a range of remarkable dynamic
phenomena that emerge under non-steady-shear conditions [4, 6, 7], an
example of which is that a person may be able to run across a suspension of
cornstarch in water without sinking [8].
Interestingly, if water is replaced
1
by
ethanol
the suspension loses all
10
of its shear-thickening properties, as
shown in figure 3.1 [9]. Indeed, by
changing the suspending fluid from
water to ethanol, the rheology of
-1
10
the suspension transits from that
of a shear-thickening fluid (green
0
1
2
3
squares) to a yield stress material
10
10
10
10
Shear rate [1/s]
(blue triangles) and even to a
shear-thinning fluid (red circles).
In this work, we focus on
Figure 3.1: The viscosity versus shear
rate of a cornstarch suspension in water a particular intriguing experiment:
(green squares), in water+ethanol (blue the impact and settling of a sphere
triangles) and in ethanol (red circles).
in a suspension of cornstarch [7, 10].
We investigate the influence of three
factors on the suspension behaviour. These are: i) the impact velocity, ii)
the depth of the suspension, and iii) the suspending fluid going from 100%
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water to 100% ethanol.
This chapter is organised as follows. In section 3.2, the suspension
preparation, the experimental setup and the settling stages are described.
In section 3.3, the kinematics and dynamics of the settling in a suspension
of cornstarch in 100% of water is analysed. In sections 3.4 and 3.5, the effect
of the suspending fluid is described. Finally, in section 3.6, a summary of
this study is presented.

3.2
3.2.1

Experimental Setup
Suspension preparation

The suspension consists of a mixture of cornstarch and a water-ethanol
mixture, where the volume fraction of cornstarch particles to suspending
liquid is kept constant at ΦVCS = 40% and the mass proportion of ethanol
in the suspending fluid is varied between Φm
EtOH = 0% (pure water)
and 100% (pure ethanol). We use demineralised water with density
ρwater = 0.996[g/cm3 ], pure ethanol with density ρEtOH = 0.788[g/cm3 ],
and cornstarch Maizena Dureya® with density ρcorn = 1.54[g/cm3 ]. We
used cornstarch from newly opened boxes to measure its density, as well as
for the preparation of the suspensions.
Some precautions are important to take, mostly in suspensions
containing ethanol. For the suspending fluid, we prepare the mixtures at
least one day in advance to enable it to reach room temperature. To prevent
evaporation, the mixtures are stored in sealed containers. Each suspension
is prepared just before the experiments are started and the constancy of its
volume is checked between each experimental realisation.

3.2.2

Experimental setup

The experimental setup consists of a container which is filled with a
cornstarch suspension, and a stainless steel sphere which is dropped onto
it, as shown in figure 3.2. The container is a cylindrical PVC container,
of diameter D = 19.5[cm] and height H = 40[cm], and the sphere has a
diameter of dsphere = 3.8[cm]. The sphere is released from a height Hfall ,
between 4[cm] below the surface of the suspension and 30[cm] above it.
A high-speed camera is used to follow tracers on a thin rigid metal wire
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Figure 3.2: A schematic of the experimental setup. (a) The specification of the size
of the components. (b) A typical image of the wire when the sphere is settling is
showed.

attached to the top of the sphere and, hence, to obtain the vertical position
of the sphere on time. The frame rate of data acquisition varies between
facq = 500[Hz] and facq = 10, 000[Hz] for videos between 1 second to 2
minutes long.
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Figure 3.3: (a) An image of the wire attached to the impacting sphere in a typical
experiment. (b) The horizontal intensity average of the image. (c) The intensity
average for every image in an experimental sequence is plotted versus time.
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The control parameters for our experiments are: i) the release height
of the sphere Hfall ; ii) the proportion of ethanol Φm
EtOH in the suspending
liquid; and iii) the depth of the suspension.
Figure 3.3 (a) shows a typical image obtained when the sphere is settling
into the suspension. For every image, an intensity average of the wire is
computed in the horizontal direction (b), producing a time sequence of
intensity plots (c). A cross-correlation of the intensity plots of this sequence
in time is used to obtain the position, velocity and acceleration of the sphere.

3.2.3

Impact and settling stages

When a sphere is released and impacts on a cornstarch suspension in
water, three different behaviours are clearly recognisable, as shown in figure
3.4.

Figure 3.4: The three stages of motion of the sphere after being released from
height Hfall are presented: (I) Free fall (white area), (II) Bulk oscillations (grey
area), (III) Stop-go cycles (dark grey area). (a) Sphere velocity versus time and
(b) sphere velocity versus sphere position. The zoomed-in region focuses on the
stop-go cycles near to the bottom. The plots are in arbitrary units

First, before the sphere impacts with the surface, it experiences free
fall with zero initial velocity (stage I in figure 3.4). Immediately after the
impact, the velocity reduces suddenly and dramatically. From this reduced
velocity, the sphere moves through the bulk while is continuously alternates
accelerating and decelerating motion (stage II). This oscillatory behaviour is
referred to as bulk oscillations. When the sphere is about a centimetre above
the bottom of the container, it suddenly stops and hence, the velocity drops
to zero. However, the sphere re-accelerates, moves downward and stops
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again a few times until it reaches the bottom coming to a final stop(stage
III). The sphere velocity during these stop-go cycles are shown as a function
of the sphere position in the zoomed-in region of figure 3.4 (b). In this
chapter, we focus our study on the second stage, i.e., the bulk oscillatory
behaviour.

3.3

Cornstarch and water suspension

3.3.1

Kinematics

Now we turn to how the kinematics of the settling sphere depends on
the impact height and suspension volume for a cornstarch suspension, for
which the suspending fluid consist in pure water. In figure 3.5, the velocity
of the sphere is plotted, for a constant volume of suspension. The release
height Hfall is varied from 30[cm] above the surface to -4[cm], which means
that, upon release, the sphere is fully immerse in the suspension. Only a
few of the Hfall , that were used in the experiment, are plotted in the figure
to provide a better view.
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Figure 3.5: Vertical velocity ż of a sphere impacting on a cornstarch-water
suspension versus time t (a) and versus position z (b). The release height Hfall
varies from 25[cm] to 0[cm].

We define the start time (t = 0) as the moment at which the sphere
impacts the suspension surface (which is located at z = 0), as shown in
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figure 3.4. The impact
√ velocity vi is proportional to the square root of the
release height, vi ∝ Hfall , therefore Hfall and vi represent the same control
parameter.
From the velocity versus time plot (figure 3.5 (a)) we observe that, for
all impact velocities vi the sphere appears to converge towards the same
asymptotic value of the velocity. We define the final velocity in the bulk vf as
the velocity of the sphere just before it turns from the oscillatory behaviour
to the stop-go cycles, as shown in figure 3.4 (b). In the case where the impact
velocity vi is larger than the final velocity vf , after the impact of the sphere,
kinetic energy is dissipated instantly, causing the velocity to rapidly drop to
a velocity v0 . Subsequently, from v0 , the velocity slowly decreases until it
reaches vf . Note for the highest impact velocities (Hfall > 10[cm]), vf does
not reach the asymptotic terminal velocity of the system, since the sphere
reaches the bottom before it can be reached. When the impact velocity vi
is smaller than vf , no dissipation is observed upon impact, and the velocity
slowly increases towards vf , due to the gravitational acceleration of the
sphere.
The vertical position zstop at which the bulk oscillatory behaviour stops,
appears to be independent of the impact velocity, as can be appreciated
in the velocity versus position plot (figure 3.5 (b)). The mechanism of the
stop-go cycles is interpreted as the creation of a jammed region between the
sphere and the bottom. Due to this, the force network between sphere,
particles, and bottom are strong enough to stop the sphere. But after
that, the network is able to relax presumably due to particles rearranging
as a result of the motion of the interstitial fluid. The sphere than moves
downward again and this process is repeated until it comes to a standstill
at the bottom. Our observations show that the size of this jammed region
is independent of the impact velocity, which stands to reason since for all
impact heights the final velocity vf is attained before the bottom is reached.
The size could, however, be dependent of the boundary conditions.
We intend to deepen the understanding of the role the boundary
conditions play, in the response of the sphere, by changing the depth of
the cornstarch-water suspension. Figure 3.6 shows a comparison between
three different volumes of suspensions for three different release heights,
Hfall = 25, 7.5 and -4[cm]. As might be expected, the magnitude of the final
position zbottom reached by the sphere increases with the volume because
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Figure
3.6:
Velocity
versus
position for different volumes of
the
cornstarch-water
suspension,
corresponding to a depth of 184, 220
and 270[mm] respectively, for Hfall =
25(a), 7.5(b) and −4(c)[cm].

the depth of the suspension increases.
In the case of Hfall = 25[cm], kinetic
energy the dissipated immediately
after impact decreases with the
suspension depth, proving that the
bottom boundary plays a role in
the initial conditions of settling.
This behaviour can be explained
by the formation of a vertical
shock front that propagates through
the suspension and solidifies the
suspension below the sphere as
proposed by Waitukaitis et al [11, 12].
The front behaves as a snowplow
and in a short time reaches the
bottom, the energy absorbed in the
cornstarch is correlated with the
velocity dissipated after impact, as
shown in figure 3.7 and discussed
below.
In the case of intermediate and
low impact velocity, as shown in figure
3.6 (b) and (c) and previously in
figure 3.5, there is no drop of the
velocity after impact. However, the
sphere seems to settle a little bit faster
when the depth of the suspension
increases.
The insets in each plot show the
velocity versus time in the bulk.
The period of the oscillation seems
slightly decreased when the depth is
increased, however the data are not
conclusive and more experiments with
different volumes are necessary.
We now turn to some more
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quantitative results that can be extracted from our experiments. The first
one relates to the dissipated energy upon impact. Figure 3.7 shows the
velocity immediately after impact v0 (i.e., the velocity just after the abrupt
velocity decrease) and the total velocity change ∆v = vi − v0 , both with
respect to the impact velocity vi , considering only the cases in which vi > vf .
The different colours represent the depth of the suspension, showing a clear
relation between dissipation and depth, as we mentioned previously.
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Figure 3.7: The velocity after impact v0 (a) and the total velocity change
∆v = vi − v0 (b) are plotted versus impact velocity vi for different depths of
the cornstarch-water suspension.

When the depth of the suspension is small (brown squares dots), the
effect of the bottom appears to be more important and v0 tends to become
independent of vi and approximately equal to the final velocity vf , especially
for the larger impact velocities. As a result, vdiss increase linearly with the
impact velocity, as is shown in figure 3.7 (b).
For deeper suspensions, v0 increases with the impact velocity. This
implies that, the larger the impact velocity, the larger the difference between
v0 and vf . As a consequence one sees that in this case the (average)
velocity notably decreases during the bulk oscillation stage. However, also
the total velocity change becomes larger when vi increases. This implies
that the dissipative effect from the bottom is smaller for larger volumes,
but always increases with impact velocity. Both features are consistent with
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the observations from Waitukaitis et al [11, 12]. They observed that the
force response from the bottom towards the impactor becomes weaker and
propagate slower, when the depth of the suspension increases. And therefore,
the resulting dissipation after the impact becomes weaker as well.
The next observable we turn to is the frequency of the bulk oscillations.
To this end, for the deepest suspension we calculate the period (Ti ) and the
centre time ti for each oscillation, as show in figure 3.8 (a). These time-period
pairs (ti , Ti ) are plotted and compared for different values of Hfall in figure 3.8
(b). Interestingly, the oscillation period has a similar qualitative behaviour
as the settling velocity: Starting with large periods for large Hfall and small
periods in the other case, they all appear to converge towards in a single
value, represented by the grey strip in the plot. This implies that the settling
behaviour in the bulk, when the final velocity is reached, is only dependent
of the suspension properties.
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Figure 3.8: (a) From the velocity versus time plot, the period Ti of each oscillation
at the centre time ti are obtained. (b) The time-period pairs (ti , Ti ) are plotted
for different values of the release height Hfall .

The last quantity we calculate is the distance ∆zstop = zstop − zbottom
from the bottom, where zbottom is the position of the bottom container and
zstop correspond where the sphere comes to a first full stop and go cycles
start, as shown in the zoom-in in figure 3.4. The distance ∆zstop is plotted
respect to the impact velocity for different depths in figure 3.9. The ∆zstop
values appear to be independent of the impact velocity and the depth of the
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suspension, and are approximately equal to 9[mm]. This result is consistent
with the interpretation of the origin of the stop-go cycles, in which the
network between particles determine the jammed region in which the sphere
suddenly stops.
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Figure 3.9: Distance ∆zstop from the bottom where the sphere comes to its first
full stop and the stop-go cycle starts, versus impact velocity vi for different depths
of suspensions.

Ageing effects
To end this section, we want to discuss ageing effects that were observed
during the experiments. In figure 3.10, the time evolution of the velocity
is plotted for two different suspension conditions: The first suspension was
prepared and used for the experiments almost immediately (dash line). The
second one, was prepared and allowed to rest for a couple of hours (solid
lines).
The effect of ageing is evident from the plot. The dissipation after impact
increases significantly, provoking the initial velocity v0 and the final velocity
vf to decrease. This increment of dissipation is not depending on volume or
impact condition; it is only due to the ageing of the suspension. Moreover,
the distance from the bottom ∆zstop increases with ageing, indicating the
network between particles become stronger.
As was discussed in the previous chapter, the cornstarch particles are
composed of biopolymers and hence, polymer brushes are likely to be
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Figure 3.10: Velocity versus time (a) and versus position (b), for two different rest
periods of the solution. In one case, the experiments were done immediately after
the preparation of the suspension (dash lines), in the second case, the experiments
were done after approximately 3 hours (solid lines).

present on its surface [13]. That could provide a possible explanation for
the suspension ageing, because when the suspension is allowed to rest the
polymers have more time to entangle. Thus, the force network between
particles becomes stronger, and hence the solidification after impact and the
jammed layer near to the bottom as well.
Alternatively, in figure 3.10 (b), we observe that the aged suspension
is slightly shallower than the pristine one, even if the same preparation
method was followed. So, in spite of the precautions, also evaporation may
have played a role.

3.3.2

Dynamics

In the previous subsection, we studied the kinematics of the settling
of the sphere, and in this subsection we want to focus on the dynamics.
From the velocity of the sphere ż(t), we can compute the position z(t) and
the acceleration z̈(t), by numerical integration and numerical differentiation
respectively. In figure 3.11, z(t), ż(t) and z̈(t) are plotted for Hfall = 15[cm].
The three stages, free-fall, bulk-oscillations and stop-go cycles, can be clearly
identified in the plots.
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Figure 3.11: For a release height Hfall = 15[cm], the position (left), velocity (centre)
and acceleration (right) of the sphere are plotted.

The settling of the sphere is determined by the forces acting on it, namely
the gravitational Fg , buoyant Fb and drag FD forces. Hence, the motion of
the sphere can be described by the equation:
4
mz̈ = FD + Fg + Fb = FD + mg − πR3 ρs g
(3.1)
3
where m is the mass of the sphere, g the acceleration of gravity, R the radius
of the sphere and ρs the density of the suspension. This equation can be
used to express the drag force FD in terms of z̈
4
FD = m(z̈ − g) + πR3 ρs g.
(3.2)
3
The acceleration versus velocity in the bulk is plotted in figure 3.12 (a)
and (c), for Hfall = 1 and 15[cm] respectively. The drag force is computed
using the equation 3.2, and plotted in (b) and (d), again as a function of the
velocity ż. From the plot, it is clear that the drag force is a non-monotonic
function of ż, and thus there is a history dependence in the drag force.
Clearly, this history dependence is connected to the bulk oscillations and,
therefore, for each oscillation the mean velocity v̄ and mean acceleration ā are
calculated, as shown in figure 3.11 (b) and (c). From the mean acceleration,
a mean drag force F̄D is computed and plotted versus the mean velocity.
These are the grey squares in figure 3.12 (b) and (d).
In figure 3.13, the drag force versus velocity data is plotted for all
measured Hfall ranging from -4 to 30[cm], together with their respective
average F̄D versus v̄. Clearly, we see that for small velocities the drag force
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Figure 3.12: (a) and (c) Acceleration z̈ versus velocity ż in the bulk of a
cornstarch-water suspension for Hfall = 1 and 15[cm], respectively. (b) and (d)
Drag force FD versus velocity ż for Hfall = 1 and 15[cm], respectively. The
squares correspond to the mean drag force F̄D versus the average velocity v̄ for
each oscillation.
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Figure 3.13: Dynamics of a sphere settling in a cornstarch-water suspension: Drag
force FD versus velocity ż for Hf all from -4 to 30[cm]. The grey squares represent
the mean drag force F̄D as a function of the average velocity v̄. Note that only
data in the bulk are presented, i.e., the free fall stage and the stop-go cycle stage
are not included in this plot.

FD increases monotonously with velocity ż, until at about ż = żc ≈ 0.9[m/s]
the multi-valuedness resulting from the bulk oscillations sets in. Remarkably,
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the average drag force F̄D appears to continuously extend the monotonous
behaviour observed below żc . Even more remarkable is that all data for
different impact velocities appear to lie on the same curve. This is even true
for the bulk oscillation data, which –with a few exceptions– all trace the same
path in the (ż,FD )-space. This suggests that the bulk oscillations originate
as a path instability which occurs beyond a certain threshold velocity żc the
amplitude of which appears to increase as a function of the distance to żc
on the velocity axis.

3.4

The influence of the suspending fluid in the
shear-thickening regime

In a cornstarch-water suspension, when the water is replaced by ethanol,
its rheology can be turned from a shear-thickening fluid to a shear-thinning
one (as shown in figure 3.1). But, even when the suspension remains in
a shear-thickening regime, if the suspending fluid changes the kinematics
and dynamics of the settling change as well. In this section, we study the
influence of the suspending fluid on the settling of the sphere in the bulk.
We vary the mass proportion of ethanol Φm
EtOH from 0 to 15%, in which the
suspension is still shear-thickening [9] and the three characteristic behaviours
discussed in section 3.3 (cf. figure 3.4) are present.
In figure 3.14, the velocity versus time and versus position are plotted
for four different mass concentrations of ethanol (Φm
EtOH = 0%, 5, 10% and
15%), for Hfall = 25[cm] (a)-(b), 7.5[cm] (c)-(d) and 2[cm] (e)-(f). The
first thing that can be observed is that when the concentration of ethanol
increases the dissipated energy after impact increases as well, which can be
deduced from the larger velocity change ∆v upon impact for larger Φm
EtOH . In
the case of Hfall = 2[cm], for pure water there is not observable dissipation
after impact. However, the addition of ethanol seems to strengthen the
response of the suspension and the energy dissipation after impact starts
increase. Consequently, with the increment of Φm
EtOH , the final velocity
vf decreases. In the bulk, the behaviour is affected with the increment
of Φm
EtOH as well. The number of oscillations in the bulk is reduced, and
for Φm
EtOH = 15% no more than 2 oscillations are distinguishable. This
happens mainly because where for pure water no damping of the oscillation
is observed whatsoever, at finite ethanol concentrations there is damping
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Figure 3.14: Settling velocity ż versus time t (left) and position z (right) for
different ethanol concentrations Φm
EtOH =0, 5, 10, 15% (see legend) and for different
impact velocities with Hfall = 25(a)-(b), 7.5(c)-(d) and 2(e)-(f)[cm], respectively.
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and the amount of damping increase with rising Φm
Finally, the
EtOH .
distance ∆zstop from the bottom, at which the stop-go cycles start, somewhat
surprisingly increase with the ethanol concentration. The difference with
the pure water case is that at finite Φm
EtOH the final velocity in the bulk at
this distance does not drop all the way to zero, but to some finite value.
Moreover, this initial velocity of the stop-go cycles increases with Φm
EtOH .
To quantify these changes, in figure 3.15 v0 and ∆v are plotted versus
impact velocity for different Φm
EtOH . For pure water and small ethanol
concentrations, the initial velocity after impact v0 increases with the impact
velocity. However, for Φm
EtOH =10 and 15%, v0 remains constant and hence,
the total velocity change ∆v increase linearly with the impact velocity. As
mentioned above, for fixed vi , v0 decreases and ∆v increases with rising
Φm
EtOH .
2

1.4
1.2

0%
5%

1.5

1

10%

0.8

15%

1

0.6
0.4

0.5

0.2
0
0.5

1

1.5

2

2.5

0
0.5

1

1.5

2

2.5

Figure 3.15: The velocity after impact v0 (a) and the total velocity change ∆v (b)
are plotted versus impact velocity for different ethanol concentrations.

As may be appreciated in the velocity-position plots of figure 3.14, ∆zstop
increases with the ethanol concentration, but the extent to which it does
becomes clear in figure 3.16, where it is plotted as a function of impact
velocity. The stopping distance increases from 9[mm] at 0% ethanol to as
much 30[mm] at Φm
EtOH = 15%, i.e., it more than triple its value. In general,
∆zstop appears to be independent of the impact speed vi ; the slight increase
and decrease that is observed for Φm
EtOH = 10% and 5% respectively may
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well be attributed to the sensitivity of this measurement to ageing effects.
E.g., even although the utmost care has been taken to avoid sedimentation
by stirring of the suspension before each impact, the region close to the
bottom is most likely to be affected by partial local sedimentation of the
suspension.
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Figure 3.16: Distance from the bottom ∆zstop versus impact velocity for different
ethanol concentrations.

In chapter 2, we showed that the adhesion force between cornstarch
particles increase when the ethanol concentration increase for Φm
EtOH ≤ 25%
(figure 2.4 (d), orange circles). This increment can in part explain the three
main changes observed in the settling behaviour when ethanol is added:
i) the higher energy dissipation after impact, ii) the decrease of oscillation
number in the bulk and, iii) the larger distance from the bottom ∆zstop . The
solidification in the shock front after impact may be stronger if the adhesion
between particles is stronger as well. The relaxation of the particles after
they jam becomes more difficult, and the sphere is not able to reaccelerate
and settle as easily again, which will tend to limit the number of observed
stop-go cycles. Finally, with larger adhesion the jammed layer at the bottom
is likely to be thicker, and a more brittle and adhesive structure between
sphere and bottom may explain why the sphere does not come to a full stop
any longer for Φm
EtOH ≥ 5%.
Finally, and despite the differences in behaviour observed when changing
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the suspending fluid, surprisingly, when the final velocity vf is divided by
the velocity after impact v0 , the data collapses onto a single curve that only
depends on the impact velocity, as shown in figure 3.17.
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Figure 3.17: Final velocity vf normalised by velocity v0 immediately after impact
versus impact velocity vi , for different ethanol concentrations Φm
EtOH .

3.5

The influence of the suspending fluid: From
shear-thickening to shear-thinning

The last question we turn to in this chapter is what changes when the
ethanol mass concentration in the suspending liquid is increased to 20% and
beyond. In chapter 2, we showed that when the suspending fluid is gradually
changed from pure water to pure ethanol, the rheology of the cornstarch
suspension is dramatically affected. The shear-thickening suspension is
turned continuously into a shear-thinning one, as shown in figure 2.2. The
particle-particle interaction plays an important role in this change. We show
that the particle surface is covered with biopolymers which interact in a
different way depending on the composition of the solvent (water-ethanol)
in which they are immersed.
Figure 3.18 compares the velocity and the drag force for different released
heights Hfall in the cases of Φm
EtOH = 0(a)-(d), 50(b)-(e) and 100(c)-(f) %. As
discussed in the previous sections, when the suspending fluid is pure water,
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Figure 3.18: Comparison of the velocity ż of the settling sphere versus time t (top)
and drag force FD versus velocity ż (bottom), for different three different values of
the ethanol concentration in the suspending fluid, Φm
EtOH = 0% (a) and (d), 50%
(b) and (e), 100% (c) and (f). Grey squares in the drag force plots represent the
mean drag force F̄D versus the respective mean velocity v̄.

the suspension is a shear-thickening fluid, the oscillatory behaviour in the
bulk and the stop-go cycles are observed (a). The slope of the mean drag
force increase with the velocity of the sphere (b), i.e. the viscosity increases
slightly with the shear rate, which is typical for a shear-thickening fluid.
Increasing the ethanol concentration to Φm
EtOH = 50%, the suspension
start to behave as a yield stress fluid. The bulk oscillations and stop-go
m
cycles disappear at Φm
EtOH ≈ 20%. At ΦEtOH = 50% the drag force does not
cross the origin (e), i.e., the suspension requires a finite yield stress before
it flows. The settling velocity of the sphere drops rapidly after impact to
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a finite value, as shown in the zoom-in on figure 3.18 (b), thus the sphere
takes approximately one minute to reach the bottom, a time is much larger
than the half second that the sphere take to travel the same distance in the
pure water or pure ethanol cases. On a microscopic level, this behaviour
is in accordance with the fact that the adhesion force between cornstarch
particles is maximum for Φm
EtOH = 50%.
Finally, when the suspending fluid consist of purely ethanol, the
suspension turn into a shear-thinning fluid. The drag force grows almost
linearly with the velocity of the sphere (f), and the sphere is observed to
bounce off the bottom of the container repeatedly until it stops (c). In this
case, the large reduction in resistance to the movement of the sphere can be
connected to the low adhesion force between the particles.

3.6

Conclusion

We have studied the impact and settling of a sphere in a suspension
of cornstarch in which the suspending fluid is gradually changed from pure
water to pure ethanol. We changed the mass concentration of ethanol as
well as the impact velocity and the depth of the suspension.
For a suspending fluid consisting of pure water, the sphere settles with
a oscillatory behaviour around a terminal velocity in the bulk. We show
that this terminal velocity strongly decreases with increasing ethanol mass
concentration in the suspending fluid. We observe that with this increase
the oscillatory behaviour is suppressed and completely disappears for ethanol
concentrations larger than ∼ 20%. Beyond this value, the fluid becomes a
yield stress fluid until an ethanol concentration of about 70%, beyond which
the suspension turn into a shear-thinning fluid.
When water dominates the suspending liquid, we observe that the
dissipation of the kinetic energy of the sphere immediately after the impact
increases with the increment of the mass ethanol concentration and decreases
with the suspension depth. We argue that this dissipation may well
be related with the cornstarch particle network in the suspension: The
attractive contact forces in the network become stronger for larger ethanol
content which may explain the increment of the energy dissipation upon
impact. When the solution depth increases, the network becomes weaker
because the cornstarch particles have more space to rearrange, such that
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the suspension as a whole presents less resistance to the impact as a result
of which the energy dissipation upon impact decreases.
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Part II

Driven Granular Matter

Chapter 4

Granular motor in the
non-Brownian limit

GRANULAR MOTOR IN THE NON-BROWNIAN LIMIT

We experimentally study a granular rotor which is similar

to the famous Smoluchowski-Feynman device and which
consists of a rotor with four vanes immersed in a granular
gas. Each side of the vanes can be composed of two different
materials, creating a rotational asymmetry and turning the
rotor into a ratchet. When the granular temperature is
high, the rotor is in movement all the time, and its angular
velocity distribution is well described by the Brownian Limit
discussed in previous works. When the granular temperature
is lowered considerably we enter the so-called Single Kick
Limit, where collisions occur rarely and the unavoidable
external friction causes the rotor to be at rest for most
of the time. We find that the existing models are not
capable of adequately describing the experimentally observed
distribution in this limit. We trace back this discrepancy
to the non-constancy of the deceleration due to external
friction and show that incorporating this effect into the
existing models leads to full agreement with our experiments.
Subsequently, we extend this model to describe the angular
velocity distribution of the rotor for any temperature of the
gas, and obtain a very good agreement between the model
and experimental data.
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4.1

Introduction

The attempts to challenge the second law of thermodynamics have
been many throughout history. In 1912, Marian Smoluchowski devised
a prototype, consisting of a rotor combined with a ratchet and pawl,
designed to convert the Brownian motion of the rotor into work (figure 4.1
(a))[1]. Fifty years later Feynman showed unambiguously why at thermal
equilibrium this device cannot actually do this [2], firmly establishing the
validity of the second law. However, far from equilibrium, the behaviour
of a rotor which rectifies motion of randomly moving molecules in their
surroundings is still an active matter of study. These so-called molecular
motors are believed to be responsible for tensing and relaxing the muscles
of the body, for numerous cellular and intracellular transport process,
photovoltaic and photorefractive effects, among many other processes
[3, 4, 5, 6].
A granular motor can be obtained by immersing a rotor very similar to
the one of the Smoluchowski-Feynman device into a granular gas. This rotor
can turn freely due to (dissipative) collisions with the gas particles; for a
symmetric rotor this motion will be symmetric but as soon as the symmetry
is broken –owing to the fact that the system is far from thermal equilibrium–
the rotor will turn in a preferred direction and therefore starts operating as
a motor, much like the device envisioned by Smoluchowski would have done
[7, 8].
In an experimental setup the rotor will naturally experience external
friction in the bearings that connects its axis to rest of the experimental
setup. As a result we can distinguish two limiting behaviours depending
on how frequent collisions with the rotor occur: We will denote these as
the Brownian Limit and the Single Kick Limit [9, 10] respectively. In the
Brownian Limit the collisions occur very frequently such that the rotor
remains in motion all the time and dissipation due to external friction in
between two kicks is negligible. In contrast, in the Single Kick Limit the
collisions occur so rarely that due to the external friction the rotor is typically
able to relax its velocity to zero after each kick and remains in rest until the
next kick occurs. This second limiting regime clearly can not exist without
external friction.
Several studies strived after understanding and modeling the granular
motor in these limits, which has lead to an adequate description in the
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Brownian Limit [7, 9, 11, 12, 13]. However, the few theoretical studies that
exist in the Single Kick Limit compare well with particle simulation but do
not have a good agreement with experimental results [9, 10, 14]. Moreover,
analysing the behaviour of the rotor in between these two limits appears to
be a very hard problem to address in general.
In this work, we focus on experimentally studying the behaviour of the
rotor both in the Single Kick Limit and beyond, going towards the Brownian
Limit. Subsequently, we will construct a model that is valid for both
situations by taking into account two important considerations: First, we
will consider the fact that the external friction plays an important role. And
secondly, we assume that the statistics of the kicks that the rotor experiences
and the subsequent deterministic velocity decrease due to external friction
are mutually independent. Then, we analyse the friction effects on the rotor
relaxation after a kick to obtain a model for its angular velocity distribution.
Finally, we compare our model with the experimental results and obtain a
very good agreement between them.
This chapter is organised as follows. In Section 4.2, the experimental
setup is detailed and the different limiting behaviours are defined in greater
depth. In Sections 4.3 and 4.4, the model to describe the angular velocity
distribution is developed, for the Single Kick Limit and beyond the Single
Kick Limit respectively. In addition, Sections 4.3 and 4.4 include the
comparison between the model and the experimental results. Finally, in
section 4.5 a summary of this study is presented.

4.2

Experimental Setup and Limiting Behaviours

In order to study a granular rotor, we built a setup consisting of an acrylic
container with the objective to confine a granular gas, i.e., preventing the
particles from leaving the system, as shown in figure 4.1.
The granular gas is formed by Np = 20 steel spheres of diameter d =
10[mm] and density ρ = 7.8[g/cm3 ]. They are brought into a gas-like state by
a vibrating bottom, which is mounted on a shaker with tuneable frequency
f and amplitude a. The distance between the bottom and the axis is fixed
to h = 51[mm]. Thus, the container is a stationary perspex cage in which
the vibrating bottom wall is moving like a piston. It is important to note
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that the air pressure inside the container is constant and of no influence on
the motion of grains and rotor. [7]
The rotor is composed of four vanes (30 × 60[mm2 ] each, made from one
piece of stainless steel) that are precisely balanced around an axis, which
in turn is connected to the container wall by a low-friction ball bearing.
The angle θ(t) is measured by an optical angle encoder and the acquisition
frequency is set to 2000 [Hz], thus providing the angular velocity Ω(t) of the
rotor at any time.

(a)

(b)

(c)

vanes

side view

rotation
sensor
h

shaker

stationary
cage
Rotational
position sensor

Asymmetric rotor

Figure 4.1: (a) Schematic of the Smoluchowski-Feynman device with ratchet and
pawl on the left and rotor on the right. (b) Schematic of the experimental setup.
A rotational position sensor is fixed in the wall where the rotor is connected,
measuring its angular position in time θ(t). Side view of the vanes showing different
material on each side implying a different coefficient restitution α− (for kicks
resulting in anti-clockwise motion) and α+ (clockwise). (c) Experimental setup
in the lab.
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To obtain a granular Brownian motor, the symmetry of the rotor is
broken by mounting on the right side of each vane a neoprene sealing strip,
with 2[mm] thickness. In this way, the coefficient of normal restitution
(α) is diminished on one side with respect to the other, and by that the
energy dissipated after a kick will be different on each side, inducing a
ratchet effect [15] working similarly as the ratchet and the pawl in the
Smoluchowski-Feynman device of figure 4.1 (a). Changing the properties
of the granular gas particles, the frequency f and amplitude a of the shaker
or the number of particles Np , the collisions between particle-vane become
more or less frequent. Here we choose to vary the frequency and depending
on this frequency we can distinguish the two limiting behaviours introduced
before, namely the Brownian and the Single Kick Limits.
In figure 4.2 (a) we plot the typical time evolution of the angular
velocity of the rotor in the Brownian Limit: Here one observes that the
particles-vanes collisions are very frequent; before the rotor can start to
relax noticeably immediately another kick occurs due to which the rotor
is in motion all the time. In this limit, the behaviour of the rotor –most
specifically the angular velocity distribution– is well described from both
a theoretical and a numerical perspective, and with good agreement with
experimental results [7, 9, 11, 12, 13].
In the Single Kick limit, the energy injected is low, the gas is very diluted
(composed of only few particles) and hence the particle-vane collisions are
not frequent; only occasionally a particle-vane collision sets the vanes into
motion. Whenever a kick occurs the rotor has time to fully relax under the
influence of the external friction and will stay in rest until the next collision;
in this limit the rotor is in rest for most of the time. This behaviour shows
up as many isolated peaks in the time evolution of the angular velocity,
as plotted in figure 4.2 (b). Note that this limit would not be possible
without external friction, because it is this friction that is responsible for the
relaxation of the rotor after a kick. There exist a few studies that describe
the angular velocity distribution of the rotor in this limit, both theoretically
and numerically [4, 12, 14], but they are not in agreement with experimental
results [10].
From the above description of the limiting behaviours, it becomes clear
that there are two relevant time scales present in the system: The relaxation
time τs , corresponding to the average stopping time of the rotor, due to
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(b) 1
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−1
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Figure 4.2: Time evolution of the angular velocity of the rotor for (a) the Brownian
Limit (for f = 40[Hz] and a = 1.4[mm]) and (b) the Single Kick Limit (for f =
20[Hz] and a = 1.4[mm]).

external friction, and the collision time τc , corresponding to the average time
between particle-vane collisions. In the Brownian Limit the relaxation time
is much larger than the collision time (τs  τc ), whereas in the Single Kick
Limit the relaxation time is much smaller than the collision time (τs  τc ).
In the next sections we will develop a model to describe the angular
velocity distribution (AVD) of the rotor, starting with the Single Kick
Limit (Section 4.3) and subsequently moving beyond this limit, towards
the Brownian Limit (Section 4.4). We show what role the external friction
plays in the relaxation of the rotor and how it has to be incorporated into
the model to obtain a good agreement with the experimental data.

4.3

Single Kick Limit

As stated before, there are few studies that have addressed the Single
Kick Limit, and the agreement between the theoretical/numerical work on
the one side and the experimental work on the other is not satisfactory.
Talbot et al. [9] were the first to develop a model for the AVD of the rotor
in the Single Kick Limit. The distribution shows a non-Gaussian shape,
contrary to the Brownian Limit [7, 13], and fits very well to numerical
simulations. The same is true for the experimental data for large velocities,
but the model does not work for velocities close to zero, as is seen in the
figure 4.3 where we compare our experimental data to the model of [9]. The
same holds for earlier experiments performed in this regime [10] which could
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also not be fitted with the model from [9].
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Figure 4.3: Regular part of the experimentally determined angular velocity
distribution (AVD) in the Single Kick Limit for a typical non-symmetric case
(f =20[Hz], a=2.8[mm]), the vertical axes on the left and right plots are linear
and logarithmic respectively. The green line corresponds to the model from Talbot
et al. fitted to the experimental data. Clearly, whereas the fit is reasonable for
larger velocities it fails to describe the experiments for velocities closer to zero.

One of the key ingredients for the model of Talbot et al. and one of the
possible differences between the particle simulations and the experiments
is that the external friction affecting the rotor is assumed to be constant.
Therefore, we decided to test this assumption in our experiments by
analysing the angular acceleration Ω̇ versus the angular velocity Ω. In order
to do this after every kick we determine Ω̇ from the Ω(t)-curve until the rotor
reaches rest, i.e, the acceleration data does not include the exact moment
when the kick occurs, as shown by the faded line in figure 4.4 (a). This plot
of Ω̇ versus Ω is presented in figure 4.4 (b), where the grey circles correspond
to experimental data, and the blue dashed-line is the acceleration when the
external friction is constant. Clearly, we observe a non-constant external
friction in our experiments.
We note that, incidentally, the experimental data is well fitted by a
inverse hyperbolic sine, which is convenient to use in the following derivation
of the model. Figure 4.4 (c) (left), shows the the angular acceleration
Ω̇ versus the angular velocity Ω for different frequencies, showing small
differences between them when the frequency is increased. However, when
we subtract the linear term from each fit (which is performed for each
frequency separately) to the experimental data and plot the result versus
66

4.3. SINGLE KICK LIMIT

(a)

(b)

1
0
--

1

0

60

-1.5

0

0

1.5

−1
-0.4

Not included in the
acceleration measurement

38

(c)

2

39
34[Hz]
30[Hz]
26[Hz]
22[Hz]

1
0

5
0

-1
-2

-5
-2

-1

0

1

2

-4

-2

0

2

34[Hz]
30[Hz]
26[Hz]
22[Hz]

4

Figure 4.4: (a) Zoomed in view of the angular velocity signal, after a kick. The red
line are the experimental data and the blue dashed line represents the theoretical
angular velocity when the external friction is constant. (b) Angular acceleration
Ω̇ versus angular velocity Ω during the relaxation of the rotor after a kick has
occurred. The grey circles refer to experimental data, while the red line is a
phenomenological equation that fits the data, and the blue dashed-line correspond
to an angular acceleration with constant external friction. (c) Angular acceleration
versus angular velocity for different frequencies f = 22, 26, 30 and 34[Hz] (both in
and beyond the Single Kick Limit) are plotted on the left. On the right, the first
order term from the fit is subtracted from the angular acceleration, showing the
data converge in a curve independent of the frequency.

angular velocity (figure 4.4 (c), right), we find that the data converge onto
a single curve. Therefore, differences between the acceleration curves are
likely to correspond to the stochastic motion of the particles in the gas.1
1

The friction measured is not only the ball bearing friction, but includes the friction the
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Because the differences are small we will neglect them in the following.
We now turn to the derivation of the model, where we closely follow that
of Talbot et al. in [9]. From the plots in figure 4.2 (b) and figure 4.5 we
observe that the Angular Velocity Distribution f (Ω) contains two parts: (i)
a singularity δ (Ω) corresponding to the time during which the rotor is at rest
and (ii) a (normalised) regular part fR (Ω) corresponding to the relaxation
of the rotor after a kick, i.e.,
f (Ω) = γδ (Ω) + (1 − γ) fR (Ω)

(4.1)

where γ is a normalisation constant which may be determined from the
conservation of probability current [9] but in our case will be obtained as a
fitting parameter from the experimental data.
Given this expression, we want to model the regular part of the AVD by
analysing a single kick as shown in figure 4.5. If we consider a particle-vane
collision which gives the rotor an initial angular velocity Ω0 , the time that
the rotor needs to come to rest will be trelaxation , which only depends on the
initial velocity. Therefore, we must consider two ingredients to define the
regular part of the AVD: The distribution of the particle-vane kicks G(Ω0 )
and the probability to find the rotor at a certain velocity between Ω and
Ω + δΩ, given that the initial velocity after the kick is Ω0 .
First, we need to provide the kick distribution depending on the particle
velocity. To this end, we assume that the velocitiespof the particles in a
m 2
v
m − 2T
granular gas follow a Maxwell distribution, Φ (v) =
where v
2πT e
is the normal velocity of a particle relative to the vane just before a kick,
m, the mass of the particle and T , the granular temperature (defined as the
average kinetic energy of the particles, after a possible mean flow has been
subtracted). The probability G(v) dv that a granular gas particle hits a vane
with a normal velocity v, assuming a uniform distribution along the axis of
the rotor, is computed perpendicular to the axis and can be expressed as:
G (v) dv =

Z

L
2

−L
2

dx ρ |v| Φ (v) dv

(4.2)

where ρ is the density of the granular gas, L the length of the vane (as shown
in figure 4.6) and v the normal velocity of a particle.
rotor experiences due to its motion through the granular gas as well.
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{

{

Contribuding to

Figure 4.5: A schematic representation of the time evolution of the angular velocity
in the Single Kick Limit. Time intervals during which the rotor is at rest contribute
to the singularity in the angular velocity distribution. For a kick with initial angular
velocity Ω0 , the time that the rotor takes to come to the rest is trelaxation and
depends only of the initial velocity Ω0 .

By conservation of angular momentum, we can relate the normal particle
velocity before a kick with the angular velocity immediately after a kick (Ω0 ),
when the particle hits the vane at a position that corresponds to a distance
x from the axis, as shown in figure 4.6,
(4.3)

mxv = −mxα± v + mx2 Ω0 + IΩ0
I + mx2
v =
Ω0
(1 + α± )mx

(4.4)

where I corresponds to the moment of inertia of the rotor, and α− and α+
are the coefficients of restitution on each side of the vane (see figure 4.6).
Therefore, using equations 4.2 and 4.4 and integrating over the distance x
to the axis, we obtain the dependence of the kick distribution on the angular
mL2
velocity where we have introduced the variable changes z = 2x
L and ξ = 4I ,
leading to the following expression for the kick distribution G± (Ω0 )

G± (Ω0 ) dΩ0 =

Z

1

−1

dz

1 + ξz 2

2

2

I

T (1 + α± )2 ξz 2

−

|Ω0 | e

(1+ξz2 )

2

I

2T (1+α± ) ξz 2

Ω20

dΩ0

(4.5)
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Figure 4.6: Schematic of the particle-vane interaction, where the red and grey side
of each vane may be composed of different materials, with corresponding coefficients
of restitution α+ (clockwise, positive direction) and α− (anticlockwise, negative
direction) respectively.

The second ingredient necessary to obtain the regular part of the AVD is
the probability h (Ω|Ω0 ) to find the rotor with an angular velocity between
Ω and Ω + dΩ after a single kick has given it an initial velocity Ω0 , as shown
in figure 4.5. For clockwise rotation, this probability is the time dt between
these two velocities over the total time the rotor needs to relax, trelaxation ,
multiplied by the probability of finding the rotor in motion after the kick,
which is trelaxation divided by the total time T+ the rotor is in motion in the
clockwise direction. This leads to
h(Ω|Ω0 )dΩ =

dt
1
C±
,
=
=
dΩ
T±
T± | dt |
|Ω̇|

C± =

1
T±

(4.6)

or more precisely,

 C±
h (Ω|Ω0 ) = |Ω̇|
0

when Ω0/Ω > 1
when Ω0/Ω ≤ 1

(4.7)

because the magnitude of the angular velocity Ω has to be lower than that
of the initial angular velocity Ω0 . In addition, Ω and Ω0 must have the same
sign.
Finally, with these two ingredients we can obtain define the regular part
of the AVD as the multiplication between the probabilities h (Ω|Ω0 ) and
G (Ω0 ), and integrating over all possible initial velocities Ω0 ,
70

4.3. SINGLE KICK LIMIT

Z

∞

fR (Ω) =

dΩ0 h (Ω|Ω0 ) G (Ω0 ) Θ (Ω0 − Ω)

(4.8)

−∞

r
fR (Ω) = ρL


T 
C−
Θ (−Ω)
2πm
Ω̇

Z

Z

1

1

−

dz e

(1+ξz2 )

I
Ω2
2
2T (1+α− ) ξz 2

Θ (Ω)

Ω̇

+

0
2

C+

2

dz e

−

(1+ξz2 )

2

I

2T (1+α+ ) ξz

Ω2
2


 (4.9)

0

where C± are normalisation constants and Θ is the Heaviside step-function
(Θ(x) = 1 for x > 0 and 0 otherwise). Note that when the symmetry is
broken (i.e., α+ 6= α− ) there is a difference between C+ and C− . This is
due to the fact that although the kick events are distributed symmetrically
for the clockwise and anti-clockwise directions, their magnitudes are not and
therefore also the total amount of time that the rotor is in motion is different
for the clockwise and anti-clockwise directions.
This expression is almost identical to the one obtained by Talbot et al.
[9], with the small but significant modification that allows for a non-constant
acceleration, Ω̇(Ω). This acceleration was obtained experimentally, and
fitted to the function
Ω̇ (Ω) = A asinh(B Ω)
(4.10)
for A and B constants, as was discussed above (cf. figure 4.4 (b)).
Therefore, once this acceleration function is considered in the model, the
only free parameter is the (slightly modified) granular temperature, (1 +
α± )2 T .
To verify the model, we conducted experiments for different granular
temperatures, keeping the density of the gas and the amplitude of the
shaker constant while changing the frequency, f = [20, 22, 24, 26, 28][Hz].
Measurements were taken for several hours for each frequency in order to
ensure proper statistics. The AVD for two representative measurements are
shown in figure 4.7 (blue circles and bars), both in linear (upper plots) and
semi-logarithmic (lower plots) scale. For every frequency, we measured with
a symmetric (left plots) and non-symmetric (right plots) rotor, where in
the latter case the symmetry is broken by a neoprene sealing strip which is
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Figure 4.7: Regular part of the AVD in the Single Kick Limit for the symmetric
(left) and non-symmetric (right) cases; the vertical axes on the top and bottom
panels are linear and logarithmic respectively. Blue bars and circles correspond to
the experimental data (for f = 20[Hz] and a = 1.4[mm]) and the red line represents
the model fitted to the experimental data, using the granular temperature as a free
parameter.

mounted on the right side of each vane. This asymmetry is observed in the
data where it is not only seen that the rotor reaches larger angular velocities
in the anti-clockwise than the clockwise direction, but also that the shape of
the AVD curve is different on each side because the coefficient of restitution
is different; this dependence is in accordance with the model described earlier
(equation 4.9). It is important to note that the free parameter (1 + α+ )2 T
in the symmetric and the asymmetric cases (i.e. in the clockwise direction),
for which the restitution coefficient α+ is the same due to the fact that this
side of each vane remains uncoated, are in good agreement.
We can obtain the singularity of the AVD through the relation in
equation 4.1. This singularity is plotted as a red dot in figure 4.7 (lower
plots). In the linear scale, just the regular part is plotted and the singularity
is omitted explaining the empty space around zero.
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Clearly, the model excellently describes the experimental observations.
Our modified model is thus capable of describing the behaviour of the rotor
in the Single Kick Limit, including velocities close to zero unlike previous
models. We believe that it is also very likely to describe the discrepancies
found in the study by Gnoli et al [10] between their experiments and the
theory of Talbot et al [9], but we do not have access to their angular
acceleration function Ω̇(Ω) to probe it. To study the rotor behaviour
beyond the Single Kick Limit we extend our analysis in the next Section 4.4
by relaxing the previous assumption that the rotor always reaches a state
of rest after a kick.

4.4

Beyond the Single Kick Limit

With the goal of understanding the behaviour of the granular rotor
beyond the Single Kick Limit, we inject more energy to the granular gas and,
as a result, the time between particle-vane collisions becomes comparable
to the time the rotor needs to be stopped by friction (τc ∼ τs ). In this
regime, the model developed in the previous section can not describe the
angular velocity distribution because now the rotor does not reach the rest
position after every collision. However, we can extend the previous model
by considering the additional probability that a new collision occurs while
the rotor is still in motion.
When the rotor is rotating with velocity Ω0 and a kick with initial
velocity δΩ0 occurs, the resulting initial velocity after the kick will be the
sum of both, δΩ0 + Ω0 , as shown in the figure 4.8. Subsequently, we define
tΩ as the time that the rotor takes to reach a velocity Ω after the kick.
To describe the AVD we must therefore consider the kick distribution
G(δΩ0 ) and the probability to subsequently find the rotor at a certain
velocity Ω, just as in the Single Kick Limit. But a third ingredient has
to be considered, which is the distribution of the time between two kicks
which we will denote as g(t). This is because the probability to find the
rotor with a velocity Ω starting from an initial velocity Ω0 + δΩ0 does not
depend only on h ∝ Ω̇1 (as equation 4.7), but also on the probability to not
| |
have a subsequent second kick before the time tΩ .
For a diluted granular gas the particle collisions are uncorrelated and the
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Figure 4.8: Schematic of the time evolution of the angular velocity beyond the
Single Kick Limit. When the rotor is turning with velocity Ω0 , a kick with initial
velocity δΩ0 occurs, and the resulting initial velocity is the sum of both, i.e., δΩ0 +
Ω0 . Then, the time that the rotor takes to reach a velocity Ω will be tΩ provided
that no subsequent kick occurs before this time.

particle-vane collisions are expected to be described by a Poisson process
[16]. Therefore, we expect that the distribution of the time between kicks
t
will have an exponential shape, i.e., g (t) = τ1c e− τc , which depends only on
the average time between particle-vane collisions τc . This distribution is
obtained and corroborated experimentally, as shown in figure 4.9.
While the behaviour of the probability h with respect to the angular
acceleration Ω̇ is the same as that in the Single Kick Limit, the final
expression is in a subtle manner different to that obtained in equation 4.7.
From figure 4.8, this probability is observed to be the time dt between Ω and
Ω + dΩ over the total time until the next collision t; the important difference
from the previous expression is that this time is not constant, and therefore
not merely dependent on the initial velocity Ω0 + δΩ0
dt
1
1
=
dΩ =
dΩ
dΩ
t
t dt
|Ω̇| t

h (Ω|Ω0 + δΩ0 ) dΩ =

(4.11)

or more precisely,
(
h (Ω|Ω0 + δΩ0 ) =
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1
Ω̇ t

0

when

(Ω0 + δΩ0 )/Ω

>1

when

(Ω0 + δΩ0 )/Ω

≤1

(4.12)
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Figure 4.9: Experimentally determined distribution of the time interval between
two subsequent kicks (for f = 20[Hz], a = 1.4[mm]). This distribution is
exponential and depends only on the average time between particle-vane collisions
τc

Hence, in this regime the probability to find the rotor with angular
velocity between Ω and Ω + δΩ is found by taking the product of the
collision time distribution g(t) and the probability h (Ω|Ω0 + δΩ0 ) and
subsequently integrating this product all collision times occurring after tΩ
(which corresponds to the probability that the next collision will happen
only after the velocity Ω is reached),

Z

∞

g(t) h (Ω|δΩ0 + Ω0 ) dt(4.13)


1
tΩ
Θ (|δΩ0 + Ω0 | − |Ω|) ei −
= −
(4.14)
τc
Ω̇τc

H (Ω|Ω0 + δΩ0 ) = Θ (|δΩ0 + Ω0 | − |Ω|)

tΩ

Rx
where ei (x) = −∞ 1t et dt is the exponential integral function. Now
finally, the probability f (Ω)dΩ is determined by multiplying the probability
H (Ω|Ω0 + δΩ0 )dΩ of finding Ω from the initial value Ω0 + δΩ0 with the
probability G(δΩ0 )dδΩ0 of having a kick of size δΩ0 and with the probability
of having an initial angular velocity Ω0 , i.e., with f (Ω0 )dΩ0 . Subsequently
this products needs to be integrated over both δΩ0 and Ω0 , leading to
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Z

∞

f (Ω) =

dΩ0

Z

∞

dδΩ0 G(δΩ0 ) H(Ω|Ω0 + δΩ0 ) f (Ω0 )

(4.15)

−∞

−∞

This equation contains the AVD f (Ω) both on the left and in the
integrand on the right and therefore constitutes an integral equation, which
does not have an analytical solution.
R ∞ To solve it numerically, we first define
the kernel function K(Ω, Ω0 ) = −∞ dδΩ0 G(δΩ0 ) H(Ω|Ω0 +δΩ0 ) and rewrite
equation 4.15 as
Z
∞

f (Ω) =

dΩ0 K(Ω, Ω0 ) f (Ω0 )

(4.16)

−∞

This integral equation is known as a homogeneous Fredholm equation
of the second type. One of the standard methods of solving such an
equation is through discretisation of the integral which then directly leads
to a matrix eigenvalue problem, which is the approach that we take in the
following [17]. Different discretisation schemes are used for the symmetric
and non-symmetric cases in equation 4.16. For the symmetric case, we can
separate the integral in equation 4.16 in two parts: positive and negative
angular velocities.
Z

0

f (Ω) =

dΩ0 K (Ω, Ω0 ) f (Ω0 ) +

−∞

Z

∞

dΩ0 K (Ω, Ω0 ) f (Ω0 )

(4.17)

0

With the variable change Ω0 = −Ω0 in the first integral of the
distribution and using that in the symmetric case the AVD follows f (Ω0 ) =
f (−Ω0 ), the distribution can be written as,
Z ∞
f (Ω) =
dΩ0 (K (Ω, −Ω0 ) + K (Ω, Ω0 )) f (Ω0 )
0
Z ∞
e (Ω, Ω0 ) f (Ω0 )
=
dΩ0 K
(4.18)
0

Now we can discretize the equation, restricting ourselves to an array of
nonnegative, equidistant (∆Ω) values Ωi
f (Ωi ) =

N
X
j=1
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e i , Ωj ) f (Ωj ) ∆Ω
K(Ω

(4.19)
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and rewrite it in matrix notation
e f~ , K
e = [K
e i,j ]∆Ω = [ K(Ω
e i , Ωj ) ]∆Ω
f~ = K

(4.20)

In this way, the expression for the AVD (equation 4.16) was converted to a
matrix eigenvalue problem, and the eigenvector of K with eigenvalue equal
to one corresponds to the (approximate) solution of AVD.
This expression equation 4.20, holds only when the rotor is symmetric,
and when the rotor is asymmetric we have to include additional conditions
related to the direction of the kicks, which will now produce different angular
momentum changes. This is treated in detail in the Appendix and results
in the following equation for the AVD
Z 0
Z ∞
f− (Ω) =
dΩ0 K1 (Ω, Ω0 ) f− (Ω0 ) +
dΩ0 K2 (Ω, Ω0 ) f+ (Ω0 )
−∞
0

0

Z
f+ (Ω) =

Z
dΩ0 K3 (Ω, Ω0 ) f− (Ω0 ) +

−∞

∞

dΩ0 K4 (Ω, Ω0 ) f+ (Ω0 )(4.21)
0

Here the subscript symbol ± with each function indicates if the angular
velocity inside its argument is positive or negative. Similar to the symmetric
case (equation 4.16 and 4.18), we can now write and solve the system of
integral equations (equation 4.21) as a matrix eigenvalue problem (see [17]),
#
"
i,j
i,j
K
K
2
1
∆Ω
(4.22)
f~ = K · f~
,K=
K3i,j K4i,j
To verify the extended model, we conducted experiments for different
granular temperatures, keeping the density of the gas and the amplitude
of the shaker constant while changing the frequency, f = 30, 32, 34 and
36[Hz]. Figure 4.10 shows a representative measurement, f = 30[Hz], (blue
circles and bars), in linear (upper plots) and semi-logarithmic (bottom plots)
scale. For every frequency, we measure with a symmetric (left plots) and a
non-symmetric (right plots) rotor.
The angular acceleration Ω̇ is required in the model and is obtained in
the same way as in the Single Kick Limit, (refer to section 4.3 and figure 4.4
(b)); and again the granular temperature (T ) is the only free parameter.
Figure 4.10 shows that the solution of the model has a very good agreement
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Figure 4.10: AVD beyond the Single Kick Limit for the symmetric (left) and
non-symmetric (right) cases; the vertical axes on the top and bottom panels
are linear and logarithmic respectively. Blue bars and circles correspond to the
experimental data (for f = 30[Hz] and a = 1.4[mm]) and the red line represents
the model fitted to the experimental data, using the granular temperature as a free
parameter.

with the experimental data. Therefore this model is capable of describing
the AVD of the rotor beyond the Single Kick Limit and is the first model
to achieve this. Of course, also the Single Kick Limit and the Brownian
Limit are expected to be included in this model for the intermediate regime.
Because the model depends on the collision time (τc ), the rotor is in the
Single Kick Limit when τc tends towards infinity when compared to the
relaxation time τs . In other words, in this limit a collision practically never
occurs when the rotor is in movement. When on the other hand τc tends to
zero this results in frequent collisions and a negligible change of the angular
velocity of the rotor in between kicks, such that it is in the Brownian Limit.
In order to demonstrate this, we increase the granular temperature by
increasing the frequency of the shaker (f = 20[Hz]→ 36[Hz]), such that the
system starts in the Single Kick Limit and moves towards the Brownian
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Limit, such as is shown in figure 4.11 (left). In this figure we plot the
ratio of the collision time to the relaxation time (τc /τs ) versus frequency,
showing that the system is moving from high to low ratio values, and
therefore from the Single Kick to the Brownian Limit. In figure 4.11 (right)
we show the experimental data together with the extended model results,
corroborating the accuracy of the extended model for the AVD of a granular
rotor throughout the explored parameter space and not just in limiting
conditions.

4.5

Conclusions

We built a rotor composed of four vanes, similar to the
Smoluchowski-Feynman device, immersed in a granular gas, to
experimentally study the behaviour of its angular velocity distribution
(AVD) under the influence of the unavoidable external friction that is
present in the ball bearing connecting the rotor to the container. The rotor
can be turned into a ratchet by breaking the symmetry, which is achieved
by covering one side of each vane of the rotor with a neoprene strip. The
granular gas is created by a piston moving in our container that is connected
to an electromagnetic shaker. In our experiments we fix the number of
particles and modify the properties of the granular gas by changing the
frequency of the driving, i.e., we change the granular temperature of the
gas by varying the amount of injected energy.
We first analyse the AVD of the rotor for low temperatures of the
granular gas, i.e., in the Single Kick Limit, when the rotor is in rest for most
of the time. We show that the external friction plays an important role in the
rotor behaviour and quantify its effect by measuring the angular acceleration,
which we observe to be non-constant as a function of the angular velocity.
Closely following the model studied by Talbot et al. [9], we develop a model
incorporating the details of the angular acceleration that we show to be
capable to describe the AVD and obtain a good agreement between the
model and experimental results.
With the aim to describe the AVD of the rotor in the entire parameter
space, we increase the temperature of the granular gas in order to
experimentally push the system beyond the Single Kick Limit. We extend
our model into a new one that can describe the AVD not only for this
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Figure 4.11: The AVD f (Ω) is plotted for increasing granular temperatures, for
both the symmetric (right-top) and the non-symmetric (right-bottom) case. The
symbols correspond to the experimental data (for f = 20, 22, 24, 26, 28, 30 and
32[Hz] and a = 1.4[mm]) whereas the lines represent the extended model. Clearly
there is a very good agreement between model and experiment. On the left, the
ratio of collision time to relaxation time (τc /τs ) versus frequency is plotted, showing
how the system is moving from the Single Kick Limit to the Brownian Limit.

intermediate condition, but also in its limiting behaviours. Finally, we show
that this extended model agrees very well with the experimental data.
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4.6

Appendix: Description of the angular velocity
distribution model beyond Single Kick Limit

In this appendix, we will discuss the derivation of the model beyond the
Single Kick limit, as presented in Section 4.4, in greater depth.
When the rotor is rotating with velocity Ω0 and a kick with initial
velocity δΩ0 occurs, the initial velocity will the sum of both δΩ0 + Ω0 ,
as shown in figure 4.8.
To describe the AVD, we first need to find the probability of the rotor
having an angular velocity between Ω and Ω + dΩ. We define tΩ as the time
the rotor takes to reach the velocity Ω after a kick. This time is obtained
from the acceleration function
Ω̇ = A asinh(B Ω)

(4.23)

and the initial condition Ω(t = 0) = δΩ0 +Ω0 . Solving this equation for Ω(t)
and determining the time that the rotor takes to reach a angular velocity Ω
leads to
tΩ =

1
AB

(Chi(|asinh(BΩ)|) − Chi(|asinh(B(δΩ0 + Ω0 ))|))

, A < 0 (4.24)

where Chi(Ω) is the hyperbolic cosine integral. Considering the situation
described above, the rotor will not reach velocity Ω if a new collision
occurs within this time interval tΩ and thus it is important to consider
the distribution of the time intervals between consecutive kicks. This
distribution is obtained experimentally and has a exponential shape, as was
shown in figure 4.9,
g(t) =

1 −t /τc
e
τc

(4.25)

where τc is the average time interval between particle-vane collisions.
Therefore, when the next collision occurs at a time t > tΩ , the probability to
find the rotor at a certain angular velocity between Ω and Ω+dΩ after a kick
with initial angular velocity δΩ0 + Ω0 will be the corresponding infinitesimal
time interval dt divided by the entire time interval until the next collision t,
and we can write
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h (Ω|Ω0 + δΩ0 ) dΩ =

1
dt
1
= dΩ dΩ =
dΩ
t
t dt
Ω̇ t

(4.26)

Imposing the condition that the magnitude of the angular velocity of
the rotor has to be always lower than the magnitude of the initial angular
velocity, this probability density is
h (Ω|Ω0 + δΩ0 ) dΩ =

dt
1
1
dΩ
=
dΩ =
dΩ
t
t dt
|Ω̇| t

(4.27)

Hence, considering the probability h(Ω|δΩ0 +Ω0 )dΩ and the distribution
of time between kicks g(t), the probability of the rotor having a angular
velocity between Ω and Ω + dΩ at any time is the multiplication of both
functions and integrated over all times larger than tΩ , which leads to
Z

∞

H− (Ω|Ω0 + δΩ0 ) = Θ (Ω − (δΩ0 + Ω0 ))

g (t) · h (Ω|Ω0 + δΩ0 ) dt (4.28)

t
Z Ω∞

g (t) · h (Ω|Ω0 + δΩ0 ) dt (4.29)

H+ (Ω|Ω0 + δΩ0 ) = Θ ((δΩ0 + Ω0 ) − Ω)
tΩ

Here, H− and H+ refers to the rotor moving in anti-clockwise (negative)
and clockwise (positive) direction
Using the exponential
R x 1 respectively.
t
integral definition, ei (x) = −∞ t e dt, this distribution can be solved
analytically:
Z

∞

1 −t /τc 1
e
dt
Ω̇t
tΩ τc


1
tΩ
= −
Θ (Ω − (δΩ0 + Ω0 )) ei −
(4.30)
τ
τc Ω̇
Z ∞
1 −t /τc 1
H+ (Ω|Ω0 + δΩ0 ) = Θ ((δΩ0 + Ω0 ) − Ω)
e
dt
Ω̇t
tΩ τc


1
tΩ
= −
Θ ((δΩ0 + Ω0 ) − Ω) ei −
(4.31)
τ
τc Ω̇

H− (Ω|Ω0 + δΩ0 ) = Θ (Ω − (δΩ0 + Ω0 ))

Therefore, the AVD f (Ω) is determined by multiplying the probability
H (Ω|Ω0 + δΩ0 )dΩ of finding Ω from the initial value Ω0 + δΩ0 with the
82

4.6. APPENDIX
probability G(δΩ0 )dδΩ0 (equation 4.5) of having a kick of size δΩ0 and
with the probability f (Ω0 )dΩ0 of having an initial angular velocity Ω0 .
Subsequently this product needs to be integrated over both δΩ0 and Ω0 .
We will have to separately analyse the symmetric and non-symmetric
cases, considering the different conditions that need to be observed when
generating anti-clockwise or clockwise movement in the rotor, as shown in
figure 4.12.

4.6.1

Symmetric Case

The AVD can be expressed as:
Z

∞

f (Ω) = Θ (−Ω)
Z−∞
∞
+Θ (Ω)

dΩ0
dΩ0

−∞

Z

∞

Z−∞
∞

dδΩ0 G(δΩ0 )H− (Ω|Ω0 + δΩ0 ) f (Ω0 )
dδΩ0 G(δΩ0 )H+ (Ω|Ω0 + δΩ0 ) f (Ω0 )(4.32)

−∞

In the symmetric case both terms in the AVD equation are equivalent
since f (Ω) = f (−Ω), and so we develop the equation only for positive Ω,
which corresponds to the second term in equation 4.32,
Z

∞

−∞
Z ∞

dΩ0

Z

∞

dδΩ0 G(δΩ0 )H+ (Ω|Ω0 + δΩ0 ) f (Ω0 )


1
tΩ
=
dΩ0
dδΩ0 G(δΩ0 )Θ(δΩ0 +Ω0 −Ω)
ei −
f (Ω0 )
τc
τc Ω̇
−∞
−∞


Z ∞
Z ∞
tΩ
1
ei −
=
dΩ0
dδΩ0 G(δΩ0 )
f (Ω0 )
(4.33)
τc
τc Ω̇
−∞
Ω−Ω0

f (Ω) =

−∞
Z ∞

Then, we can define the Kernel function
Z ∞
K (Ω, Ω0 ) =
dδΩ0 G(δΩ0 )
Ω−Ω0



1
tΩ
ei −
τc
τc Ω̇

and rewrite the AVD function as,
Z ∞
f (Ω) =
dΩ0 K (Ω, Ω0 ) f (Ω0 )

(4.34)

(4.35)

−∞
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Now we separate the integral in two parts, and considering that in the
symmetric case the AVD follows f (Ω) = f (−Ω), the distribution can be
written as,
Z

0

f (Ω) =

dΩ0 K (Ω, Ω0 ) f (Ω0 ) +

Z−∞
∞

Z

∞

dΩ0 K (Ω, Ω0 ) f (Ω0 )

0

Z

∞

dΩ0 K (Ω, −Ω0 ) f (−Ω0 ) +
dΩ0 K (Ω, Ω0 ) f (Ω0 )
0
0
Z ∞
Z ∞
dΩ0 K (Ω, −Ω0 ) f (Ω0 ) +
dΩ0 K (Ω, Ω0 ) f (Ω0 )
=
0
0
Z ∞
=
dΩ0 (K (Ω, −Ω0 ) + K (Ω, Ω0 )) f (Ω0 )
Z0 ∞
e (Ω, Ω0 ) f (Ω0 )
=
dΩ0 K
(4.36)

=

0

e (Ω, Ω0 ) = K (Ω, −Ω0 ) + K (Ω, Ω0 ). There is no explicit analytic
where K
solution for the AVD, so in order to solve the integral equation in a numerical
way, we write:
f (Ωi ) =

X

e (Ωi , Ωj ) f (Ωj ) ∆Ω
K

(4.37)

j

for a non-negative array of equidistant (∆ω) points starting at Ω1 = 0, which
we can put in a vector form
e = [K
f · f~ , K
e i,j ] · ∆Ω
f~ = K

(4.38)

We thus have a matrix eigenvalue problem to solve to find the AVD
function.

4.6.2

Non-Symmetric case

When the rotor is asymmetric we have to consider additional conditions
related to the direction of the kicks. Figure 4.12 shows different ways
to provoke rotor movement in the anti-clockwise direction (left) or in the
clockwise one (right). Hence, for each direction the AVD has to be separated
into three integrals, each of which corresponds to one of the three situations
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Figure 4.12: Schematic of the different conditions that will generate a clockwise or
anti-clockwise movement in the rotor and that need to be treated separately in the
analysis.

depicted in figure 4.12. Starting for the rotor moving in anti-clockwise
direction (Ω < 0), we have
Z

0

f− (Ω) =

0

Z
dΩ0

−∞

−∞

|

dδΩ0 G− (δΩ0 ) H− (Ω|Ω0 + δΩ0 ) f− (Ω0 ) +
{z
}
1

Z

0

−Ω0

Z
dΩ0

−∞

0

|

2

Z

∞

Z

−Ω0

dΩ0
0

|

dδΩ0 G+ (δΩ0 ) H− (Ω|Ω0 + δΩ0 ) f− (Ω0 ) +
{z
}

−∞

dδΩ0 G− (δΩ0 ) H− (Ω|Ω0 + δΩ0 ) f+ (Ω0 ) (4.39)
{z
}
3
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and secondly for the rotor moving in clockwise direction (Ω > 0), we find
∞

Z

∞

Z

f+ (Ω) =

dδΩ0 G+ (δΩ0 ) H+ (Ω|Ω0 + δΩ0 ) f+ (Ω0 ) +
{z
}

dΩ0
0

|0
Z ∞

1

0

Z
dΩ0

−Ω0

0

|
Z

dδΩ0 G− (δΩ0 ) H+ (Ω|Ω0 + δΩ0 ) f+ (Ω0 ) +
{z
}
2

0

∞

Z
dΩ0

−∞

−Ω0

|

dδΩ0 G+ (δΩ0 ) H+ (Ω|Ω0 + δΩ0 ) f− (Ω0 ) (4.40)
{z
}
3

(Note that −Ω0 > 0 in the last line.) Here the symbol ± in each function
indicates if the angular velocity that it depends on is positive or negative
respectively. Then, we can collect similar terms
0

Z

0

Z

f− (Ω) =

dΩ0

dδΩ0 G− (δΩ0 ) H− (Ω|Ω0 + δΩ0 )

−∞
−Ω0

Z
+


dδΩ0 G+ (δΩ0 ) H− (Ω|Ω0 + δΩ0 ) f− (Ω0 )

0
∞

Z
+

−Ω0

Z
dΩ0

dδΩ0 G− (δΩ0 ) H− (Ω|Ω0 + δΩ0 ) f+ (Ω0 )
−∞

0
0

Z

dΩ0 K1 (Ω, Ω0 ) f− (Ω0 ) +
−∞

Z

dΩ0 K2 (Ω, Ω0 ) f+ (Ω0 )(4.42)
0

∞

f+ (Ω) =

∞

Z
dΩ0

dδΩ0 G+ (δΩ0 ) H+ (Ω|Ω0 + δΩ0 )

dδΩ0 G− (δΩ0 ) H+ (Ω|Ω0 + δΩ0 ) f+ (Ω0 )

0

Z
Z

0

−Ω0
0

+

Z

∞

dΩ0
−∞

Z

(4.43)

0

+

dδΩ0 G+ (δΩ0 ) H+ (Ω|Ω0 + δΩ0 ) f− (Ω0 )
−Ω0

0

≡

Z
dΩ0 K3 (Ω, Ω0 ) f− (Ω0 ) +

−∞
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∞

Z

≡

(4.41)

−∞

∞

dΩ0 K4 (Ω, Ω0 ) f+ (Ω0 )(4.44)
0
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To solve this set of integral equations numerically we again discretise de
integrals

e i) =
f− (Ω

−1
X

e i, Ω
e j )∆Ω f− (Ω
ej) +
K1 (Ω

f+ (Ωi ) =

e i , Ωj )∆Ω f+ (Ωj ) (4.45)
K2 (Ω

j=0

j=−N
−1
X

N
X

e j )∆Ω f− (Ω
ej) +
K3 (Ωi , Ω

N
X

K4 (Ωi , Ωj )∆Ω f+ (Ωj ) (4.46)

j=0

j=−N

e −N , ..., Ω
e −1 ] is an array of N negative values and [Ω0 , ..., ΩN ]
where [Ω
an array of N + 1 non-negative values (with Ω0 = 0) such that f~ ≡
e −N , ..., Ω
e −1 , Ω0 , ..., ΩN ] is an ordered array (∆Ω) of equidistant values.
[Ω
Similar to the symmetric case, we can resolve the integral equations system
as an eigenvalue problem,
"
f~ = K · f~

, K=

K1i,j
K3i,j

K2i,j
K4i,j

#
· ∆Ω

(4.47)

where the solution, for the symmetric and asymmetric cases, corresponds to
the eigenvector with eigenvalue 1.
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Chapter 5

Low-frequency oscillations in a
narrow vibrated granular
system

LOW-FREQUENCY OSCILLATIONS IN A NARROW VIBRATED
GRANULAR SYSTEM

The behaviour of a vertically vibrated granular bed is

reminiscent of a liquid in that it exhibits many phenomena
such as convection and Faraday-like surface waves. However,
when the lateral dimensions of the bed are confined such
that a quasi-one-dimensional geometry is formed, the only
phenomena that remain are bouncing bed and the granular
Leidenfrost effect. This permits the observation of the
granular Leidenfrost state for a wide range of energy injection
parameters, and more specifically allows for a thorough
characterisation of the low-frequency oscillation (LFO) that
is present in this state. In both experiments and particle
simulations we determine the LFO frequency from the power
spectral density of the centre of mass signal of the grains,
varying the amplitude and frequency of the driving, the
particle diameter and the number of layers in the system. We
thus find that (i) the LFO frequency is inversely proportional
to the fast inertial time scale and (ii) decorrelates with a
typical decay time proportional to the slow dissipative time
scale in the system. The latter is consistent with the view
that the LFO is driven by the inherent noise that is present in
the granular Leidenfrost state with a low number of particles.

90

5.1. INTRODUCTION

5.1

Introduction

Granular materials are observed on a daily basis; they are present in
many natural phenomena such as avalanches, land-slides or the formation of
dunes, and they have a wide range of applications [1]. The exploration of the
similarities between the behaviour of granular materials and that of ordinary
fluids has motivated much appealing research. An important example is a
vertically shaken granular bed, which exhibits fluid-like behaviour [2] that in
turn depends, in part, on the injected energy, the number of particle layers
and the system geometry. As the shaking energy is increased, the system
transits from (i) a bed of grains bouncing with the base; to (ii) bursts; (iii)
undulations [3, 4, 5, 6, 7] (which are analogous to Faraday waves in regular
liquids [8, 9]); (iv) density inversion [10, 11, 12], where a dense layer of grains
floats on top of a gaseous layer, a state referred to as the Leidenfrost state
due to its similarity to a liquid droplet floating on its own vapour above a
hot plate [13]; (v) buoyancy driven convection rolls [14, 15] and, for very
high shaking energy; to (vi) a granular gas (a dilute granular system with
particles moving randomly throughout the container).
For a sufficiently large number of layers the granular bed transits from
the Leidenfrost state to the convection state as the energy input is increased.
Recently, an oscillation in the motion of the dense part was observed in the
Leidenfrost state [16, 17]. The frequency of these oscillations is typically
much lower than the frequency of the injected energy, and becomes dominant
in the dynamics of the system when this energy input increases. Recently,
these so-called low-frequency oscillations (LFO) were indirectly observed in a
three-dimensional vibrofluidized granular bed, by tracing the movement of a
single particle through the bulk using positron emission particle tracking [18],
showing a good agreement with numerical simulations, where the effect was
first observed.
How the above fluid-like behaviours in a granular bed depend on the
container’s geometry can be represented in a phase diagram, as shown in
figure 5.1 [16]. Here the occurrence of the phenomena is schematically
indicated as a function of the container width and the energy injection.
When the container is large enough (larger than approximately 20 particle
diameters) and the container is filled with a sufficiently large amount of
particles, the system can exhibit any of the above mentioned behaviours
depending on the energy injection parameters. But for narrower containers
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Energy injection

many of these phenomena are suppressed by the geometry of the container,
since bursts, undulations and convection rolls are extended in the horizontal
direction. Therefore the patterns are frustrated by the presence of the side
walls, which can be attributed to e.g., effective viscosity and lateral heat
conduction [19]. Therefore, in a quasi-one-dimensional container only the
bouncing bed and Leidenfrost states are present.

Convection
Leidenfrost
B.B.

Undulations
Bursts

Container length
Figure 5.1: Schematic phase diagram of a vibrated quasi-two-dimensional granular
bed as a function of the energy injection and the container’s length. Here, B.B.
indicates the bouncing bed state and the granular gas state is reached for very high
energy injection which lies outside the range of the phase diagram.

The possibility to keep the system in the Leidenfrost regime by using
a narrow container and thus observe LFO’s for a wide range of shaking
strengths has motivated this work. We experimentally study the behaviour
of the LFO’s and their role in the dynamics of the system. The results are
compared with simulations showing a very good agreement between both.
Moreover, we analyse the time scales present in the system and relate them to
the LFO frequency, finding that when using suitable dimensionless quantities
the LFO frequencies collapse onto a single curve independent of the number
of layers and particle diameter.
This chapter is organised as follows. In section 5.2, the experimental
setup and the simulations are detailed. In section 5.3, we analyse the
experimental results and compare them to the simulations; in addition the
different time scales presented in the system are explained and analysed.
Finally, in section 5.4 a summary of this study is presented.
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5.2
5.2.1

System description
Experimental Setup

The experimental setup consists of a quasi-one dimensional transparent
acrylic container, with base dimensions (LX , LY ) much smaller than the
height (height×width×depth = 150×5×5 [mm3 ]), as shown in figure 5.2 (a).
The container is partially filled with mono-dispersed stainless steel beads of
three different diameters, d = 0.5, 1.0 and 2.5 [mm], i.e. the container width
L = LX = LY corresponds to L = 10d, 5d and 2d respectively. The system is
mounted on a sinusoidally vibrating electromechanical shaker with tuneable
frequency f0 and amplitude a0 , i.e., the vertical position of the bottom is
given by
z0 (t) = a0 sin(2πf0 t).
(5.1)

Shaker

Figure 5.2: (a) A full picture and a zoomed-in view of the experimental setup: The
container is mounted on top of the mechanical shaker, with the bottom located at
approximately 1 cm above the socket. Note that the granular material above it is
at rest. (b) A schematic of the container, where the dimensions of the container
and the filling height H, related to the filling factor F and particle diameter d, are
indicated. (c) A typical image of the partially filled container under shaking, for
the three different particle diameters, d=0.5, 1.0, 2.5[mm].

Front view images are obtained using a high-speed camera capturing
500 frames per second during 2 minutes; examples for every particle size are
shown in figure 5.2 (c). For every set of parameters 5 to 10 acquisitions were
performed, in order to reduce the statistical error.
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Two dimensionless numbers have been previously found to be relevant
in the Leidenfrost state [10], which we choose as control parameters: i)
the number of monolayers at rest F = N d2 /L2 , with N the total number
of particles; and ii) the dimensionless shaking strength S = (2πa0 f0 )2 /g`,
where ` corresponds to the typical displacement of the particles and g is the
gravitational acceleration. Both dimensionless numbers, F and S, are varied
by changing the parameters a0 , f0 , N and d.
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Figure 5.3: (a) A sequence of images of the system in different phases of the driving
showing a dense cluster floating over a dilute, gaseous granular layer. This sequence
corresponds to one period of oscillation of the shaker. (b) Average of the black and
white pixels on every horizontal level for each frame as a function of time, referred
to as density profile. (c) Time-averaged density profile of the system.

In figure 5.3 (a), a sequence of images shows the system in the Leidenfrost
regime, where a dense volume of grains is seen to float over a much less dense
gaseous layer. From the images it is not possible to obtain the position of
all the particles as it is not possible to distinguish individual particles for
such high densities. Therefore, in order to obtain the vertical coordinate
of the centre of mass we compute the horizontal intensity average of every
image, obtaining a vertical density profile at each point in time, as shown
in figure 5.3 (b). We then define the centre of mass cmz (t) of the granular
bed as the centre of mass of the density profile at each individual point in
time (cf. figure 5.3 (b) and (c)). To verify this procedure we use data from
numerical simulations (detailed further below) to compute the cmz (t) using
two approaches: (i) from the exact position of the particles, and (ii) from the
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density profile as done in experiments. As shown in figure 5.4, there is a quite
good agreement in the computed cmz (t) using both approaches. However,
the density profile approach consistently over-predicts the cmz (t) since it
does not differentiate between a single particle in the gaseous regime and a
series of particles stacked in the Y-direction in the dense region. Nonetheless,
the frequency of oscillation of the cmz (t) is accurately captured.
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Figure 5.4: A comparison of the centre of mass cmz (t) computed directly from
the position of the particles (blue line) and using the experimental method, i.e.,
from the density profile (red line); data obtained using numerical simulations. The
frequency that dominates the main plot corresponds to that of the LFO, whereas
in the region that is magnified in the inset the driving frequency f0 can also be
appreciated.

5.2.2

Simulations

Simulations are performed using event-driven (ED) molecular dynamics
[20]. Particles are considered as hard spheres, which implies binary
collisions, no overlap and no long-range forces between them. Collisions
are modelled by normal and tangential velocity-dependent restitution
coefficients, following the expression in [21]. This is the same simulation code
used in the original study of LFO [16], where a more detailed description
of the algorithm can be found. Material properties were chosen such
that, at a typical particle velocity v̄ = 0.3[m/s], the relevant coefficient
of restitution is r̄ = 0.93 for both particle-particle and particle-wall
collisions. Velocity-dependent r̄ ensures that dissipation is not overestimated
at high particle densities, as can occur when using constant coefficients [22].
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Static and dynamic friction coefficients (µs and µd , respectively) are also
considered, and held constant at µs = µd = 0.08 also for both types of
collisions. In general, variation of these parameters influences the values
of the measured quantities (as will be discussed later), but the qualitative
aspects remain the same, even if periodic boundary conditions are used and
friction is set to zero. These particular values of µ and ε where taken as
fitting parameters to obtain a good agreement with the experimental data,
and are in the range of measured values for milimetric stainless steel spheres.

5.2.3

Shaking strength

The definition of the typical particle displacement `, and hence the
dimensionless shaking strength S, is not straightforward, since it sensitively
depends on the system state. When the granular bed is slightly fluidised
the typical displacement is highly correlated with the shaking amplitude,
therefore ` = a0 is a good approximation, and the shaking strength becomes
the dimensionless acceleration
Sa0 = Γ =

a0 (2πf0 )2
.
g

(5.2)

On the other hand, when the granular bed is strongly fluidised this length
scale is decoupled from the shaking amplitude a0 and therefore an intrinsic
parameter, namely the particle diameter ` = d, becomes a more sensible
choice [2, 10, 23]. With this choice, the dimensionless shaking strength
becomes
(2πa0 f0 )2
Sd =
.
(5.3)
dg
For states with a high energy injection rate, such as the Leidenfrost
regime, where it is clearly observed that particles near the bottom typically
travel distances which are larger than the shaking amplitude, Sd appears
as the proper dimensionless parameter to describe such a driven system, as
confirmed by experiments and a theoretical hydrodynamic model [2], as long
as the particle diameter d is kept constant. In the following Section, we will
however see that in our case, where d is actually varied, we will need to
reconsider the choice of the dimensionless control parameter.
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5.3

Analysis of Results

The granular Leidenfrost state is an example of spontaneous segregation
or symmetry breaking where an initially homogeneous, monodisperse
granular material separates into a dense and a dilute region. This is the
result of the fact that the interparticle collisions are dissipative and of
stochastic nature [24, 25, 26]. More specifically, in the granular Leidenfrost
state a dense, liquid-like or even almost solid-like cluster is floating on top of
a dilute, gaseous region. Such a system is analogous to a piston (the cluster)
that encloses an amount of gas. Since the piston is free to move up and
down, the enclosed gas responds as a spring: When the cluster moves down,
it is compressed and tries to push the cluster upwards, thereby trying to
restore the equilibrium situation. Clearly, when the cluster moves upwards,
the gas expands, the force on the cluster decreases, and the equilibrium
is again restored. Qualitatively this is the phenomenon that lies at the
basis of the Leidenfrost oscillation (LFO). As mentioned before, and as was
observed in previous works [17, 16, 18], by studying a quasi-one-dimensional
geometry most of the phenomena in the rich phase diagram can be
suppressed, leaving only the bouncing bed and Leidenfrost state to develop.
This allows us to directly observe these collective oscillations of the particles
in a relatively large parameter window. In this Section we will first study
how the frequency fLFO of the Leidenfrost oscillation depends on the
parameters of the system, where we predominantly vary the particle size
d, the filling factor F and the dimensionless shaking strength Sd . From
an analysis of the relevant time scales in the system we subsequently
determine a natural scaling for fLFO and show that with an appropriate
choice of dimensionless parameters the data can be made to collapse
onto a single curve. Finally we turn to the mechanism that drives the
LFO, and show that it is connected to the stochastic character of the system.

5.3.1

LFO frequency

As can be seen in figure 5.4, the time evolution of the centre of mass
cmz (t) shows oscillations with two clearly distinct frequencies: A fast one,
corresponding to the frequency of the shaker f0 , and a much slower one,
fLFO , which corresponds to the low-frequency Leidenfrost oscillations. To
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determine this last frequency we compute the power spectral density (PSD)
of cmz (t), shown in figure 5.5 for (a) different shaking strengths Sd and
(b) different particle diameters d. The frequency from the shaker f0 and
its harmonics are immediately recognised as well-defined, narrow peaks in
the PSD. In addition, there is an equally clear wide and shallow peak,
which corresponds to the LFO. Surprisingly, the frequency fLFO of the LFO
decreases when the injected energy increases, in other words, the typical
period of the collective oscillation of the system is larger when the injected
energy increases. Furthermore, the peak corresponding to the LFO becomes
narrower and higher with increasing injected energy and with decreasing
particle diameter. This, suggesting that this collective behaviour becomes
more coherent in time as Sd increases and d decreases.
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Figure 5.5: The power spectral density (PSD) of the time evolution of the centre
of mass cmz (t) for (a) different shaking strengths Sd and (b) different particle
diameters d, obtained from experimental data. The Leidenfrost oscillation (LFO)
is clearly distinguished as a broad peak around the 10[Hz] region and its frequency
fLFO can be determined from the location of the peak’s maximum.

The fLFO was determined from the PSD as a function of Sd , for different
numbers of layers F and particle diameters d, the result of which is shown
in figure 5.6 (a) and (b) respectively. The plot contains both experimental
(closed symbols) and numerical (open symbols) data, where the different
symbols correspond to different values of the vibration amplitude a0 . The
fact that the data collapse irrespective of the value of a0 proves that fLFO
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indeed only depends on the combination Sd and not on a0 and f0 separately.
Our data is consistent with the scaling proposed by Rivas et al [16], namely
fLFO (Sd ) ∼ Sd−α , with α ≈ 0.3.
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Figure 5.6: The LFO frequency fLFO is plotted versus the dimensionless
shaking strength Sd for (a) different numbers of layers F and a constant
particle diameter d = 1 [mm], and (b) different particle diameters and a
constant number of layers F = 8.
The different symbols correspond to
different amplitudes of the shaker, ◦= 1.0[mm], 2 = 2.0[mm], = 3.0[mm], 5=
4[mm].T hesolidsymbolsrepresentexperimentaldataandtheopensymbolsnumericalsimulationres

5.3.2

A simple model for the LFO

A key question we want to address is: How does the frequency of the
LFO scale with the parameters in the system? We find an answer by turning
to a highly simplified mass-spring model of the Leidenfrost state (cf. [16],
where a more elaborate model was introduced in the same spirit).
The dense high packing fraction region at the top acts as a solid plug with
a total mass Mplug , while the gaseous region below is equivalent to a spring,
which applies a force to the plug that is proportional to its compression.
Once the spring constant k is known, the frequency of oscillation of the
spring is obtained from the force balance Mplug ü = −ku, where u is the
vertical displacement of the plug with respectpto its equilibrium position.
This leads to the well-known relation f˜LFO = k/Mplug .
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To estimate k we use the fact that in steady state the pressure of the plug
Pplug must be equal to the pressure Pgas in the gaseous region just below the
plug
gMplug
Pgas = Pplug =
,
(5.4)
L2
where L2 stands for the bottom area of the container. Using the (admittedly
bold) assumption that the gaseous region is compressed in accordance with
Boyle’s law for ideal gases, we write Vgas ∆Pgas = −Pgas ∆Vgas , where the
equilibrium gas volume Vgas is the typical height λ times the bottom area
of the container L2 , the differential volume can be written as ∆Vgas = uL2 ,
and the differential gas pressure ∆Pgas is written as the differential gas force
per area ∆Pgas /L2 . This leads to


gMplug
∆Fgas = −
u,
(5.5)
λ
which is recognised as the equation for an harmonic oscillator with k =
gMplug /λ.
The size of the gaseous region will (at least for a constant filling factor
F ) be set by the temperature of the vibrating bottom T0 ∼ a20 f02 , which is
proportional to the typical kinetic energy gain of a particle when colliding
with the bottom, and gravity, i.e., λ ∼ T0 /g. Inserting this approximation
in the above expressions for k and fLFO we find that
fLFO ∼

g
1/
2

T0

∼

g
fLFO a0 f0
⇒ feLFO ≡
a0 f0
g

(5.6)

providing us with a natural frequency scale for the LFO which directly leads
to the above definition of the non-dimensional LFO frequency feLFO .
The control parameter Sd however also requires some thought. In fact,
the choice of the particle diameter d as a typical intrinsic length scale in
equation (5.3) had so far been motivated by the fact that it was a convenient
length scale which was kept fixed in the work in which it was introduced.
Since we actually vary d we are in need of a control parameter that better
corresponds to the physics of the system we are studying. Let us therefore
make a few assumptions about the granular Leidenfrost state. First let us
assume that the dissipation in the gaseous region is negligible in comparison
with that in the dense region above it. This can be motivated from the
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fact that particles are very close and therefore collisions very frequent in
the latter region. In a steady state this means that the particles in the
gaseous region are just transporting energy from the bottom to the plug,
where it is subsequently dissipated. This is reminiscent of famous work
from the Kadanoff group [27, 28] where a single particle transports energy
from a hot wall to a granular cluster. Now, in our case suppose that a
single particle picks up a kinetic energy ∼ T0 ∼ a20 f02 at the bottom. This
energy needs to be dissipated in the plug, and since in height there are
typically F particles to do so, the dissipated energy should scale as F 2 T0 ∼
(F a0 f0 )2 . It is therefore plausible that for Leidenfrost states with a similar
gaseous region (and therefore similar fLFO ) we have the same value of√F a0 f0 .
Non-dimensionalizing the latter parameter with the velocity scale gL we
obtain the following control parameter 1
a0 f0 F
B= √
.
gL

(5.7)

In figure 5.7 the data of figure 5.6 is plotted using the new dimensionless
parameters feLFO and B. We see that all realised experiments and numerical
simulations, collapse onto a single curve.

5.3.3

Time autocorrelation

Now that we qualitatively understand the physics behind the LFO,
we turn our attention to the driving mechanism. When one identifies an
oscillation it is namely not sufficient to identify the oscillating object itself,
but also what keeps the oscillation going e.g., a bow needs to be drawn
across a violin string in order for the latter to produce sound. To answer
this question, we note that the LFO is quasi-periodic rather than purely
harmonic, i.e., it is not a clear periodic signal in time. Moreover it appears
to be decoupled from the driving in the sense that for constant a0 f0 the
amplitude and frequency of the LFO are independent of a0 c.q. f0 . We turn
1

Note that this velocity scale has been chosen for convenience since the bottom
dimensions L are not varied in this experiment. One might equally well have chosen
any other fixed length scale, such as a reference particle diameter.

101

LOW-FREQUENCY OSCILLATIONS IN A NARROW VIBRATED
GRANULAR SYSTEM

0.2

0.1

0
0

4

8

12

16

Figure 5.7: The dimensionless frequency of the low-frequency oscillations feLFO as
a function of the shaking parameter B collapses all simulational data (as shown
in figure 5.6) onto a single curve. The different symbols correspond to different
amplitudes of the shaker, ◦= 1.0[mm], 2 = 2.0[mm], = 3.0[mm], 5= 4[mm]. As
in figure 5.6, the solid symbols represent experimental data and the open symbols
numerical simulation results. The dashed-dotted line serves as a guide to the eye.

to the autocorrelation function of the centre of mass
ξ(t0 ) =

hcmz (t + t0 )cmz (t)it
,
h(cmz (t))2 it

(5.8)

where h...it indicates a time average. This is shown in figure 5.8 (a).
Clearly, the autocorrelation function of the pure signal is dominated by
the frequency of energy injection, which is the highest frequency present in
the blue curve. Thus, the damped low-frequency oscillation that appears
as a modulation of the high frequency signal is quite hard to recognise.
We therefore choose to first low-pass filter the cmz (t) signal, with a cutoff
frequency fc = fLFO + (f0 − fLFO )/2, that is, in between the frequencies of
the LFO and the shaker. The autocorrelation function of the filtered signal
accurately captures the autocorrelation on a larger time scale, as shown in
figure 5.8 (a). The location of the maxima and minima of ξ(t0 ) are verified
to correspond with the period τLFO = 1/fLFO of the LFO. We observe
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that the maxima (and minima) of ξ(t0 ) decay exponentially in time. The
corresponding typical decay time scale τ is obtained by fitting the successive
maxima to an exponential y(t0 ) = e−t0 /τ , as shown in figure 5.8 (b). This
time decay can be readily interpreted as a decorrelation time, i.e., it is a
measure for how fast the oscillating system looses phase information, or,
conversely, what the typical coherence time of the signal is.
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Figure 5.8: (a) Autocorrelation function of the original centre of mass signal cmz (t)
(blue line) and of the low-pass filtered centre of mass (red line), both for a0 =
4[mm], f0 = 55.7[Hz], Sd = 200 and F = 12. (b) The autocorrelation function
of the low-pass filtered centre of mass signal is plotted versus time for different
number of layers and shaking strength Sd = 200. The dashed line represents the
fit of the maxima for F = 8.

The decorrelation time increases with Sd , as was suggested by the
narrowing peaks of the spectra of cmz (t) (figure 5.5). Moreover, we see
that the correlation is inversely proportional to both d and F, suggesting
that, in general, correlations are higher for systems with a higher number of
particles. As seen in figure 5.9 for experimental and numerical data.

5.3.4

Time scales

In the literature three different time scales have been identified in (dilute)
vertically driven granular systems from hydrodynamic descriptions [19, 17].
These three time scales are associated to the different processes that take
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place in a driven granular system. The first and fastest inertial time scale
is associated to the mechanical response of the system and is identical to
the one we introduced to non-dimensionalize the LFO frequency, namely
τosc = a0 f0 /g. The second time scale is connected to heat conduction and
was shown to be equal to τheat ∼ F a0 f0 /g and, finally, the third and largest
time scale corresponds to dissipative processes and can be approximated as
τdiss ∼ a0 f0 /(gεF ). Here, the inelasticity coefficient ε = 1 − e2 is given in
terms of the (nominal) normal coefficient of restitution e. Since ε can be
assumed to be constant in the experiments conducted in this work we just
define τdiss ≡ a0 f0 /(gF ).
When the decorrelation time τ is rescaled with the dissipative time scale
τdiss it is roughly independent of any parameter, as can be appreciated
in figure 5.9 (c), where τ /τdiss is plotted versus the shaking parameter B.
Shortly
a0 f0
τ ∼ τdiss ∼
,
(5.9)
gF
which implies that the system becomes more coherent with increasing
shaking strength (i.e., when a0 f0 increases) and looses its coherency when
the number of layers in the system F increases. This is consistent with the
view that the LFO is driven by the noise in the system, which increases with
the driving strength a0 f0 but decreases when the number of layers F in the
system increases.
Note that the constant value in figure 5.9 is larger for numerical
simulation than experimental data, which can be attributed to differences
between simulation and experiment as, e.g., the role of particle-wall
dissipation.
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Figure 5.9: Decorrelation time τ determined from the autocorrelation function
ξ(t0 ) of the center of mass signal cmz (t). Top left: Experimental data for τ as a
function of the dimensionless shaking strength Sd for different values of the number
of layers F and the particle diameter d (see legend at the bottom). Top right:
Numerical data for τ , again as function of Sd . Bottom: τ non-dimensionalized
with the dissipative time scale τdiss = a0 f0 /(gF ) plotted versus the shaking
parameter B. The horizontal lines correspond to the averaged value of τ /τdiss for
the numerical simulations and the experiments respectively. As in previous plots,
the different symbols correspond to different amplitudes of the shaker, ◦= 1.0[mm],
2 = 2.0[mm], = 3.0[mm], 5 = 4[mm], and the solid and open symbols represent
experimental and numerical data, respectively.
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5.4

Conclusions

We have experimentally and numerically studied the low-frequency
oscillation (LFO) in a vibrated quasi-one-dimensional column of granular
material in the Leidenfrost state. This LFO manifests itself as a vertical
oscillation of the dense top layer of the Leidenfrost state. We determined the
LFO frequency from the power spectral density of the centre of mass signal,
for different amplitude and frequency of the driving, particle diameters and
number of layers in the system.
In search of scaling laws, we constructed a simplified mass-spring model
of the Leidenfrost state and argued that the LFO frequency should be
inversely proportional to the fast inertial time scale, which is independent of
the particle diameter and the number of layers. The dimensionless oscillation
√
frequency is found to depend on the shaking parameter B = a0 f0 F/ gL,
which was motivated qualitatively from the balance of energy input and
dissipation in the dense layer. Experimental and numerical results are in
fair agreement with each other.
Finally, we studied the time autocorrelation function of the centre of
mass signal, and found that the LFO decorrelates with a typical decay time
τ , which was found to be proportional to the dissipative time scale τdiss =
a0 f0 /(gF ), and otherwise independent of any other parameter in the system.
Such a decorrelation is consistent with the view that the LFO is driven by
the inherent noise in the system, which increases with the driving strength
a0 f0 but decreases with the number of layers F .
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Chapter 6

Conclusions and Outlook

CONCLUSIONS AND OUTLOOK

A granular material is a conglomeration of particles larger

than 100[µm]; examples are found in many fields, e.g.
in nature (dunes, avalanches, asteroids, etc.), industry
(preparation of medicines, manufacture of concretes, paints,
etc.), and even food (corn, wheat, etc.). Moreover, its
collective behaviour is very rich; actually granular media
can behave like the three states of matter -solid, liquid or
gas- however in each of these they differ significantly from
those in molecular matter. Although the number of studies
on granular media has increased significantly in the last few
decades, their behaviour is still not well understood.
In this thesis, we attempted to understand and describe
granular materials probing three distinct granular systems
with an intruder: (i) a sphere impacting and settling in a
granular suspension, (ii) a non-symmetric rotor immersed
in a granular gas, and (iii) a granular solid floating over a
granular gas. The response of such an intruder is very helpful,
since its response reflects the properties of the surrounding
granular media on a somewhat larger, easier observable,
scale.
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6.1

Part I: Cornstarch Suspensions

In our first granular system (chapter 2 and 3), we show that replacing
the suspending fluid in the well-known suspension of cornstarch and water
by ethanol, the familiar shear-thickening behaviour completely disappears.
Going from pure water to pure ethanol, the suspension behaviour changes
continuously with ethanol concentration from dynamic shear-thickening for
pure water to low viscosity shear-thinning for pure ethanol, passing through
a yield-stress fluid phase for intermediate mixtures.
We have studied this system combining three different methodologies.
First, we study the impact and settling of a sphere in a suspension of
cornstarch in which we changed the mass concentration of ethanol as well
as the impact velocity and the depth of the suspension. When water
dominates the suspending liquid, we observe that the dissipation of the
kinetic energy of the sphere immediately after the impact increases with
the increment of the mass ethanol concentration and decreases with the
suspension depth. We argue that this dissipation may well be related with
the cornstarch particle network in the suspension: The attractive contact
forces in the network become stronger for larger ethanol content which
may explain the increment of the energy dissipation upon impact. When
the suspension depth increases, the network becomes weaker because the
cornstarch particles have more space to rearrange, such that the suspension
as a whole presents less resistance to the impact as a result of which the
energy dissipation upon impact decreases.
For a suspending fluid consisting of pure water, the sphere settles with
an oscillatory behaviour around a terminal velocity in the bulk. We show
that this terminal velocity strongly decreases with increasing ethanol mass
concentration in the suspending fluid. We observe that with this increase
the oscillatory behaviour is suppressed and completely disappears for ethanol
concentrations larger than ∼ 20%. Beyond this value, the fluid becomes a
yield-stress fluid up to an ethanol concentration of about 70%, beyond which
the suspension turns into a shear-thinning fluid.
Second, we made classical rheology measurements (steady-state) and we
have compared them with the non-steady-state settling rheology, showing
qualitative agreement. More specifically, we find that flow conditions
for which shear-thickening is observed in classical rheology measurements
correspond to the conditions for which bulk oscillations are observed in
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non-steady-state experiments.
Finally, we related these behaviours to the microscopic interactions
between cornstarch grains in the different suspending fluids using atomic
force microscopy. We first present evidence that cornstarch grains are
covered with free dangling polymers behaving like polymer brushes. Then,
the variation of the adherence force with the suspending fluid is shown
to be consistent with the yield stress observed in macroscopic rheology.
This indicates that the macroscopic behaviour is closely linked to the
details of the particle-particle interactions. It appears that the presence of
dangling polymers may not only be at the origin of the strikingly different
behaviours observed while changing the suspending fluid but also of the
peculiar dynamic behaviour of suspensions of cornstarch in water.
In the last decade, the applications related with shear-thickening fluids,
and therefore the amounts of patents, are increased enormously. The
capacity of these fluids to support large stresses during impact has motivated
its use in, e.g., body armour, protective clothes for sporting and devices with
adaptive stiffness. An american football player wearing a helmet or elderly
people wearing a suit containing a shear-thickening fluid, can prevent serious
contusions or even fractures in their body, e.g., if they fall to the ground.
Here the shear-thickening property that makes the material stiffen under
large shear is the thing that protects people.
Certainly, the possibilities of wider applications or the improvement
of existing devices depend upon a deeper understanding of how this
shear-thickening depends on the suspension characteristics, and cornstarch
is the “best” shear-thickening substance that we know, but it has the
disadvantage that it is of organic origin and as such is subject to decay.
Therefore, the possibility to produce artificial “improved” cornstarch is very
tempting. In this work, we have advanced our understanding of cornstarch
suspension behaviour and, in particular, how it relates to interactions on the
scale of a single cornstarch grain and the suspending liquid, but there are
still many open questions related to this remarkable material.
In the future work, the ageing effects of the suspension have to be
analysed in more detail. It is necessary to perform more experiments to
understand if these effects are simply the result of evaporation or if the
network between cornstarch particles physically changes in time. For this
it is essential to understand the particle-particle interaction in great detail.
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We want to perform additional experiments on better controlled systems
such as suspensions of spherical particles functionalized with known polymer
brushes.
Secondly, what is the role of the particle shape? One of the properties
that characterises cornstarch grains is that they are highly no-spherical. It
would therefore be very important to do experiments with non-spherical
particles, treated in a similar manner as the spherical ones.

6.2

Part II: Driven Granular Matter

In our second system (chapter 4), we built a rotor composed of four vanes,
similar to the famous Smoluchowski-Feynman device, which is immersed in a
granular gas and experimentally study the behaviour of its angular velocity
distribution (AVD) under the influence of the unavoidable external friction
that is present in the ball bearing connecting the rotor to the container.
The rotor can be turned into a ratchet by breaking the symmetry, which
is achieved by covering one side of each vane of the rotor with a neoprene
strip. The granular gas is created by a piston, which is able to freely move
in our container and is connected to an electromagnetic shaker. In our
experiments we fix the number of particles and modify the properties of the
granular gas by changing the frequency of the driving, i.e., we change the
granular temperature of the gas by varying the amount of injected energy.
We first analysed the AVD of the rotor for low temperatures of the
granular gas, i.e., in the single kick limit, when the rotor is in rest for most
of the time. We showed that the external friction plays an important role
in the rotor behaviour and quantify its effect by measuring the angular
acceleration, which we observed to be non-constant as a function of the
angular velocity. We developed a model incorporating the details of the
angular acceleration that is capable to describe the AVD and obtain a good
agreement between the model and experimental results.
With the aim to describe the AVD of the rotor in the entire parameter
space, we increased the temperature of the granular gas in order to
experimentally push the system beyond the single kick limit. We extended
our model into a new one that can describe the AVD not only for this
intermediate condition, but also in its limiting behaviours. We concluded
by showing that this extended model agrees very well with the experimental
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data.
Finally, in our third granular system (chapter 5), we have experimentally
and numerically studied the low-frequency oscillation (LFO) in a vibrated
quasi-one-dimensional column of granular material in the Leidenfrost state.
This LFO manifests itself as a vertical oscillation of the dense top layer
of the Leidenfrost state. We determined the LFO frequency from the
power spectral density of the centre of mass signal, where we have varied
the amplitude and frequency of the driving, the particle diameter and the
number of layers in the system.
In search of scaling laws, we constructed a simplified mass-spring model
of the Leidenfrost state and argued that the LFO frequency should be
inversely proportional to the fast inertial time scale, which is independent of
the particle diameter and the number of layers. The dimensionless oscillation
√
frequency is found to depend on the shaking parameter B = a0 f0 F/ gL,
which was motivated qualitatively from the balance of energy input and
dissipation in the dense layer. Experimental and numerical results are in
fair agreement with each other.
We studied the time autocorrelation function of the centre of mass signal,
and found that the LFO decorrelates with a typical decay time τ , which was
found to be proportional to the dissipative time scale τdiss = a0 f0 /(gF ),
and otherwise independent of any other parameter in the system. Such a
decorrelation is consistent with the view that the LFO is driven by the noise
in the system, which increases with the driving strength a0 f0 but decreases
when the number of layers F in the system increases.
Both our driven granular systems are systems that consume energy
injected by the shaker which is first converted into the erratic motion of
the granular gas particles, which in turn is converted into motion of a larger
object, the intruder. The rotational motion of the rotor and the oscillatory
motion of the solid-like layer respectively. This is similar to the way that, on
a much smaller scale, molecular motors work. Those motors are the essential
agents of movement in living organisms, and indeed our bodies are full of
these nano-motors that constantly convert chemical energy (stored in food)
into mechanical work (the motion of our bodies). Where in our macroscopic
motors the fluctuations due to dissipative collisions play an important role,
in molecular motors these fluctuations are due to thermal noise.
Certainly, it is possible to establish analogies between macroscopic
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and nanoscopic motors and learn about the latter by just looking at the
behaviour of our macroscopic granular systems. It is believed that there are
nano-scale devices, so called Brownian motors, where thermal noise creates
motion in a specific direction in a similar way as our granular rotor was
turned into a motor by breaking the symmetry of the vanes. Now, depending
on its size, such a Brownian motor could also work in the single kick limit,
e.g., if the motor would be small enough compared to the molecules that
collide with it, provided that there would be dissipative mechanisms such
as the emission of photons. Granular motors appear to be good devices
to model aspect of such nano scale motors, since experimental studies are
feasible on a much easier observable scale.
Also noise-driven oscillators are widespread in nature. An example is
the class of oscillators which are widely used in many electronic devices.
When an oscillator is driven by noise, the noise can play a constructive
role provoking a stochastic resonance in the system, as observed in many
biological systems. In our granular bed, the noise due to the particle-particle
interaction induces a spatial stochastic resonance, leading to a solid-like layer
oscillating with a low frequency oscillation. Again, our granular system
allows for the observation of these resonance effects in a direct way because
of its macroscopic size.
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The definition of granular matter is extremely broad, any collection or
conglomeration of particles larger than 100[µm] can be considered as part
of this group, and virtually the entire universe is composed of them. Sand,
cereals, gravel, groups of people, icebergs, meteors, asteroids and many other
things are granular materials. Although the number of studies on granular
media has increased significantly in the last few decades, their behaviour is
still not well understood.
In this thesis, we want to contribute to the understanding of the physics
of granular materials by studying the behaviour of an intruder in three
distinct granular systems: (i) A sphere impacting and settling in a granular
suspension, (ii) A non-symmetric rotor immersed in a granular gas, and (iii)
A granular solid floating over a granular gas.
In chapter 2 and 3, the impact and settling of a sphere in a suspension of
cornstarch is studied. Suspensions of cornstarch in water are fascinating,
they present intriguing non-Newtonian rheological behaviour, where the
viscosity increases to such an extent under shear strain that a person may
be able to run across the suspension without sinking. This shear-thickening
behaviour, can be turned into the opposite one (shear-thinning) by merely
changing the suspending fluid. In chapter 2, we show that partly replacing
water by ethanol strongly alters the suspension rheology. Upon increasing
the ethanol content, the suspension goes through a yield-stress fluid state
and ultimately becomes a shear-thinning fluid. On the scale of a single
cornstarch grain, atomic force microscopy measurements reveal the presence
of polymers on the cornstarch surface, which exhibit a cosolvency effect. At
intermediate ethanol content, the polymer solubility maximum induces high
microscopic adhesion which we relate to the macroscopic yield stress.
In chapter 3 we look deeper into the impact phenomenology on
cornstarch. More specifically, we study the impact and settling of a sphere in
a cornstarch suspension, in which the suspending fluid is gradually changed
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from pure water to pure ethanol. For different mass concentrations of
ethanol, we vary the impact velocity and the depth of the suspension. For
low ethanol concentration, we show that in the bulk the sphere settles in an
oscillatory manner around a terminal velocity. This velocity does not depend
of the impact velocity of the sphere but strongly depends on the ethanol mass
concentration. The oscillations disappear for ethanol concentrations larger
than approximately 20% and the suspension turns into a highly viscous yield
stress liquid. When the ethanol concentration is increased beyond 70% the
suspension becomes a shear-thinning liquid with a low apparent viscosity.
In this regime the sphere bounces several times with the bottom before it
comes to a standstill.
In chapter 4 we experimentally study a granular rotor immersed
in a granular gas.
The granular rotor is similar to the famous
Smoluchowski-Feynman device and which consists of a rotor with four vanes
immersed in a granular gas. Each side of the vanes can be composed of two
different materials, thereby creating a rotational asymmetry which turns the
rotor into a ratchet. When the granular temperature is high, the rotor is in
movement all the time, and its angular velocity distribution is well described
by the Brownian Limit discussed in previous works. When the granular
temperature is lowered considerably we enter the so-called Single Kick Limit,
where collisions occur rarely and the unavoidable external friction causes
the rotor to be at rest for most of the time. We find that the existing
models are not capable of adequately describing the experimentally observed
distribution in this limit. We trace back this discrepancy to the fact that
the deceleration due to external friction is not constant and show that
incorporating this effect into the existing models leads to full agreement
with our experiments. Subsequently, we extend this model to describe the
angular velocity distribution of the rotor for any temperature of the gas, and
obtain a very good agreement between the model and experimental data.
Finally, in chapter 5 we study the behaviour of the granular Leidenfrost
state. This is a particular state that can be observed in a vertically vibrated
granular bed in which the density is inversed. This is to say that a denser
region of grains is floating on top of a dilute one, which is reminiscent of
the Leidenfrost effect in a liquid where a droplet is hovering on top of its
own vapour above a heated plate. The behaviour of a vertically vibrated
granular bed is reminiscent of a liquid in that it exhibits many phenomena
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such as convection and Faraday-like surface waves. However, when the
lateral dimensions of the bed are confined such that a quasi-one-dimensional
geometry is formed, the granular Leidenfrost effect is one of only two
phenomena that remain. This permits the observation of the granular
Leidenfrost state for a wide range of parameters, and more specifically allows
for thorough characterisation of the low-frequency oscillation (LFO) that
is present in this state. In both experiments and particle simulations we
determine the LFO frequency from the power spectral density of the centre
of mass signal, varying the amplitude and frequency of the driving, the
particle diameter and the number of layers in the system. We thus find
that (i) the LFO frequency is inversely proportional to the fast inertial time
scale and (ii) decorrelates with a typical decay time proportional to the slow
dissipative time scale in the system. The latter is consistent with the view
that the LFO is driven by the noise that is present in the granular Leidenfrost
state.
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Samenvatting

De definitie van granulaire materie is zeer breed; elke collectie van
deeltjes groter dan 100[µm] kan beschouwd worden als onderdeel van deze
groep, en vrijwel het hele universum bestaat uit deze soort materie. Zand,
granen, grind, groepen mensen, ijsbergen, meteoren, asteroïden en vele
andere dingen zijn granulaire materialen. Hoewel in de afgelopen decennia
het aantal studies over granulaire media aanzienlijk is toegenomen, is hun
gedrag nog steeds niet goed begrepen.
In dit proefschrift, willen we een bijdrage leveren aan het begrijpen
van de fysica van korrelige materialen door het bestuderen van het gedrag
van een object in drie verschillende granulaire systemen: (i) Een bol die
inslaat op een granulaire suspensie en daar vervolgens in zinkt, (ii) een
niet-symmetrische rotor ondergedompeld in een granulair gas, en (iii) een
laag korrels die zich vrijwel in de vaste stof fase bevindt, zwevend boven een
granulair gas.
In hoofdstuk 2 en 3, wordt de inslag en sedimentatie van een bol
in een suspensie van maiszetmeel (maizena) bestudeerd.
Suspensies
van maiszetmeel in water zijn fascinerend; ze vertonen intrigerend
niet-newtoniaans reologisch gedrag, waarbij de viscositeit onder voldoende
afschuifspanning dusdanig toeneemt dat een persoon over de suspensie kan
rennen zonder erin weg te zinken. Dit zogeheten shear thickening gedrag,
kan omgezet worden in het tegenovergestelde (shear thining) door slechts de
suspenderende vloeistof te vervangen. In hoofdstuk 2 laten we zien dat het
gedeeltelijk vervangen van water door ethanol de reologie sterk verandert.
Bij het geleidelijk verhogen van de ethanol concentratie, ontstaat er eerst
een zogeheten yield-stress vloeistof, waarbij de suspensie zich voor kleine
afschuifspanningen als een vaste stof gedraagt, en vormt zich uiteindelijk
een shear-thinning vloeistof. Op de schaal van een enkele maizena korrel
onthullen atomic force microscopie experimenten de aanwezigheid van
polymeren op het korreloppervlak, die een cosolvency effect vertonen.
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Als gevolg hiervan ontstaat er voor een zekere water-ethanol verhouding
een maximum in de oplosbaarheid van deze polymeren die gepaard gaat
met een hoge microscopische hechting die we vervolgens relateren aan de
waargenomen macroscopische yield stress.
In hoofdstuk 3 gaan we dieper in op de impact fenomenologie
van maizena suspensies.
Dit doen we door de inslag van een bol
in een maiszetmeel suspensie te bestuderen, waarbij de suspenderende
vloeistof geleidelijk van zuiver water tot zuivere ethanol veranderd wordt.
Voor verschillende massaconcentraties van ethanol, variëren we zowel de
inslagsnelheid van de bol als de diepte van de suspensie. Voor lage
ethanolconcentratie laten we zien dat gedurende het grootste deel van het
traject de snelheid van de bol rond een constante eindsnelheid oscilleert.
Deze eindsnelheid is onafhankelijk van de inslagsnelheid van de bol maar
hangt sterk af van de massaconcentratie ethanol in de suspenderende
vloeistof. De oscillaties verdwijnen voor ethanol concentraties groter dan
ongeveer 20 %, waarboven de suspensie in een zeer viskeuze yield-stress
vloeistof verandert. Wanneer de ethanol concentratie verhoogd wordt tot
meer dan 70 % wordt de suspensie een shear-thinning vloeistof met een
lage viscositeit. In dit regime stuitert de bol meerdere malen op de bodem
voordat hij tot stilstand komt.
In hoofdstuk 4 bestuderen we een rotor die ondergedompeld is in
een granulair gas. Deze granulaire rotor lijkt veel op het beroemde
gedankenexperiment van Smoluchowski en Feynman en bestaat uit een
roteerbare as met vier schoepen die ondergedompeld is in een granulair gas.
De symmetrie van de rotor kan gebroken worden door één van de zijden van
elke schoep met een ander materiaal te bekleden, waarbij een zogenaamde
ratchet ontstaat.
Wanneer de granulaire temperatuur hoog is, is de
rotor de hele tijd in beweging, en wordt de hoeksnelheidsverdeling in goede
benadering beschreven door de zogeheten Brownse limiet, die in de literatuur
goed beschreven is. Wanneer de granulaire temperatuur sterk verlaagd wordt
betreden we de zogenaamde single-kick limiet, waarbij botsingen zelden
voorkomen en de onvermijdelijke externe wrijving in de as ervoor zorgt dat de
rotor zich voor het grootste deel van de tijd in rust bevindt. We zien dat de
bestaande modellen de experimenteel waargenomen hoeksnelheidsverdeling
in deze limiet niet adequaat beschrijven. We laten zien dat deze discrepantie
terug te voeren is op onze waarneming dat de vertraging als gevolg
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van externe wrijving niet constant is en tonen aan dat de integratie
van dit effect in de bestaande modellen tot volledige overeenstemming
met onze experimenten leidt. Vervolgens breiden we dit model voor de
hoeksnelheidsverdeling van de rotor uit tot willekeurige temperaturen van
het granulaire gas, en verkrijgen een goede overeenstemming tussen model
en experimentele data.
Tenslotte bestuderen we in hoofdstuk 5 het gedrag van de granulaire
Leidenfrost toestand. Dit is één van de toestanden die in een verticaal
geschud granulair bed worden waargenomen, waarbij de dichtheid wordt
omgekeerd. Hierbij drijft een dichter op elkaar gepakte laag korrels, als het
ware bovenop een ijlere, gasvormige laag. Deze toestand doet denken aan
het Leidenfrost effect in een vloeistof, waarbij op een sterk verhitte plaat
een druppel bovenop zijn eigen damp kan zweven. Het gedrag van een
verticaal geschud granulair bed doet sterk aan een vloeistof denken omdat
een groot aantal typische vloeistoffenomenen zoals convectie en staande
oppervlaktegolven ook in het granulaire systeem voorkomen. Door de
laterale afmetingen van het bed te beperken zodat een quasi ééndimensionale
geometrie gevormd wordt, blijven er slechts twee fenomenen over, waarvan
het granulaire Leidenfrost effect er één is. Dit maakt de waarneming van
de granulaire Leidenfrost toestand in een breed parametergebied mogelijk,
en laat in het bijzonder een grondige karakterisering van de laagfrequente
oscillatie (LFO) toe, die in deze toestand waarneembaar is. In zowel
experimenten als deeltjessimulaties bepalen we de LFO frequentie met
behulp van een spectrale trillingsanalyse van het massamiddelpuntsignaal,
waarbij de amplitude en frequentie van de aandrijving, de deeltjesdiameter
en het aantal lagen in het systeem gevarieerd worden. We observeren
(i) dat de LFO frequentie omgekeerd evenredig is met de snelle, inertiale
tijdschaal en (ii) dat de oscillatie met een typische vervaltijd evenredig met
de trage dissipatieve tijdschaal in het systeem decorreleert. Dit laatste is in
overeenstemming met de hypothese dat de LFO wordt aangedreven door de
intrinsieke ruis die aanwezig is in de granulaire Leidenfrost toestand.
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Resumen
La definición de materia granular es extremadamente amplia, cualquier
conglomerado de partículas mayores a 100 [µm] puede considerarse parte
de este grupo, y prácticamente todo el universo se compone de ellos.
Arena, cereales, grava, grupos de personas, icebergs, meteoritos, asteroides
y muchos otros son materiales granulares. Aunque el número de estudios
sobre medios de granulares ha aumentado significativamente en las últimas
décadas, su comportamiento aún no es completamente conocido. En esta
tesis, queremos contribuir a la comprensión de la física de materiales
granulares mediante el estudio del comportamiento de un intruso en tres
sistemas granulares: (i) Una esfera que impacta y se asienta en un suspensión
granular, (ii) un rotor no simétrico sumergido en un gas granular, y (iii) un
sólido granular que flota sobre un gas granular. En los capítulos 2 y 3,
estudiamos el impacto y la sedimentación de una esfera en una suspensión
de almidón de maíz (maicena). Suspensiones de maicena en agua son
fascinantes, porque presentan un intrigante comportamiento reológico no
Newtoniano, donde la viscosidad aumenta hasta tal punto bajo esfuerzo,
que una persona puede ser capaz de correr a través de la suspensión
sin hundirse. Este comportamiento shear-thickening, puede convertirse en
lo opuesto (shear-thinning) cambiando el fluido en la suspensión. En el
capítulo 2, mostramos que la sustitución parcial de agua por etanol altera
fuertemente la reología de la suspensión. Al aumentar el contenido de
etanol, la suspensión pasa a través de un estado de fluido yield-stress y,
finalmente, se convierte en un fluido shear-thinning. En la escala de un
grano de maicena, las mediciones con microscopio de fuerza atómica revelan
la presencia de polímeros en la superficie de los granos, que exhiben un efecto
de cosolvencia. A un contenido de etanol intermedio, la máxima solubilidad
del polímero induce alta adhesión microscópica la cual relacionamos con el
comportamiento macroscópico yield-stress observado.
En el capítulo 3, examinamos con mayor profundidad la fenomenología
del impacto en una suspensión de maicena. Específicamente, se estudia el
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impacto y sedimentación de una esfera en una suspensión de maicena, en
la que el fluido en suspensión se cambia gradualmente de agua a etanol.
Para diferentes concentraciones de etanol, variamos la velocidad de impacto
y la profundidad de la suspensión. En el caso de baja concentración de
etanol, mostramos que la esfera se asienta de manera oscilatoria alrededor
de una velocidad terminal. Esta velocidad no depende de la velocidad de
impacto de la esfera sino que depende fuertemente de la concentración de
etanol. Las oscilaciones desaparecen para concentraciones de etanol mayores
20% aproximadamente y la suspensión se convierte en un lıquido yield-stress
altamente viscoso. Cuando la concentración de etanol se incrementa más
allá del 70%, la suspensión se convierte en un líquido shear-thinning con
una baja viscosidad aparente. En este régimen la esfera rebota varias veces
con el fondo antes de que se detenga.
En el capítulo 4, estudiamos experimentalmente un rotor sumergido
en un gas granular. El rotor granular es similar al famoso dispositivo de
Smoluchowski-Feynman y consiste en un rotor con cuatro aspas sumergidas
en un gas granular. Cada lado de las aspas puede estar compuesto de dos
materiales diferentes, creando de este modo una asimetría rotacional que
hace girar el rotor en una dirección privilegiada. Cuando la temperatura
del gas granular es alta, el rotor está en movimiento todo el tiempo, y su
distribución de velocidad angular está bien descrita por el límite Browniano
discutido en trabajos anteriores. Cuando la temperatura del gas granular
baja considerablemente, entramos en el denominado single kick límite, donde
las colisiones ocurren rara vez y la inevitable fricción externa hace que
el rotor esté en reposo durante la mayor parte del tiempo. Encontramos
que los modelos existentes no son capaces de describir adecuadamente la
distribución observada experimentalmente en este límite. Relacionamos esta
discrepancia al hecho de que la desaceleración debida a la fricción externa no
es constante y demostramos que al incorporar los efectos de fricción en los
modelos existentes, ellos concuerdan totalmente con nuestros experimentos.
Posteriormente, extendemos este modelo para describir la distribución de la
velocidad angular del rotor para cualquier temperatura del gas granular, y
obtenemos un muy buen ajuste entre el modelo y los datos experimentales.
Finalmente, en el capítulo 5, estudiamos el comportamiento del efecto
granular de Leidenfrost. Este es un estado particular que se puede observar
en una cama granular vibrada verticalmente en el cual se invierte la densidad.
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Esto quiere decir que una región más densa de granos está flotando por
sobre de una diluida, que recuerda el efecto Leidenfrost en un líquido
donde una gota flota encima de su propio vapor sobre una placa caliente.
El comportamiento de una cama granular vibrada verticalmente recuerda
a un líquido ya que exhibe muchos fenómenos como la convección y las
ondas superficiales de tipo Faraday. Sin embargo, cuando las dimensiones
laterales de la cama están confinadas de manera que se forma una geometría
cuasi-unidimensional, el efecto granular de Leidenfrost es uno de los dos
únicos fenómenos que permanecen. Esto permite observar el estado granular
de Leidenfrost para una amplia gama de parámetros y, más específicamente,
permite una caracterización exhaustiva de la oscilación de baja frecuencia
(LFO) que está presente en este estado. Tanto en experimentos como en
simulaciones, determinamos la frecuencia de la LFO a partir de la densidad
espectral de potencia de la señal del centro de masa, variando la amplitud
y la frecuencia de vibración, el diámetro de las partículas y el número de
capas en el sistema. Por lo tanto, encontramos que la frecuencia de la LFO
(i) es inversamente proporcional a la escala de tiempo rápida (inercia) y (ii)
descorrelaciona con un tiempo de decaimiento típico proporcional a la escala
de tiempo lenta (disipación) del sistema. Esto último es consistente con la
visión de que la LFO es impulsada por el ruido que está presente en el estado
granular de Leidenfrost.
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