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1
Introduction and scope

The brain uses large amounts of oxygen and glucose, which are continuously supplied
by the blood stream. It consumes up to twenty percent of the total energy production
of the body. Besides consuming much energy, the brain is also very vulnerable for
temporary lack of blood flow (ischemia) and the resulting lack of glucose and oxygen
(anoxia/hypoxia). Already after several minutes, a lack of energy supply induces
irreversible damage. The most common causes of ischemia in the brain are cardiac
arrest, resulting in global ischemia, and stroke, resulting in focal ischemia.
Cerebral ischemic damage resulting from stroke or cardiac arrest is the leading
cause of death and disability in the world. It has major impact on the quality of
life of survivors and their caretakers. It also has significant economic impact due to
lost productivity and health care costs. Despite improved preventive treatments (e.g.
blood pressure regulation), the number of strokes steadily increases due to ageing
of the population. The current yearly number of deaths caused by cerebrovascular
diseases worldwide is estimated at 17 million [1, 2].
Focal ischemia results in an infarct, consisting of a core of dead tissue, with a
surrounding “penumbra” of tissue that is functionally impaired, but can in principle
be salvaged. In the first hours to days, the infarct core progresses into the penumbra.
Treatments that successfully prevent this delayed cell death are still not available.
In the last decades, more than 1000 neuroprotective agents have been proposed and
several were tested successfully in animals. However, none of the more than 100
agents that made it to clinical trials were successful in human patients [3, 4]. Possible
1
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reasons for the failure to translate these treatments from animal to patient studies are
differences in lesion size, composition of brain tissue or timing of drug delivery [4–6].
Knowledge of the dynamics of the (patho)physiological processes occurring during
and after ischemia is argued to be necessary to successfully design therapies and new
medication [7].
Many of the individual processes playing a role have already been identified.
These include cerebral energy consumption and metabolism, neuronal membrane
voltage dynamics and action potential generation, synaptic functioning, changes in
extra- and intracellular concentrations (ions, molecular messengers, pH), glial uptake
and blood flow regulation [8]. However, the dynamics of the interplay of these processes is largely unknown. As a consequence, the effect of a therapeutic intervention
is hard to predict.
One goal of this work is to describe secondary cell death in the penumbra, and
investigate how therapies can reduce this. An approach to better identify the key
processes and parameters resulting in secondary damage, and the influence of medication or hypothermia on these, is mathematical modeling. This work focuses on
modeling the dynamics of excitotoxicity and neuronal depolarization, i.e. the overstimulation and subsequent depolarization of neurons by extracellular potassium and
glutamate, that are released following ischemia.
The intended mechanism of several proposed neuroprotective agents is to reduce excitotoxity and neuronal depolarization [3, 4]. These agents, typically channel
blockers or antagonists, prevent release of excitatory substances, block excitatory
receptors, and/or reduce excitability of the neurons [3].
To predict how a neuroprotective agent affects the dynamics of infarct progression, a model is needed for which, first, it is clear how the action of the agent can be
included, and second, the dynamics can be mathematically analyzed. Existing mathematical models of ischemic stroke have either property, but not both. On the one
hand there are detailed, biophysical models in which all variables denote a concrete
quantity, such as the concentration of a substance or the flux of ions between compartments. The advantage of such models that explicitly describe biophysical processes,
is the simplicity with which e.g. channel blockers can be introduced, allowing for
“in silico” experiments. On the other hand there are more phenomenological models,
which describe the processes occurring in the infarcted tissue more abstract. These
enable analysis of the general dynamics.
Dronne et al. [6], for example, have modeled ion movements between neurons,
glia and extracellular space and the resulting cell swelling following occlusion of a
blood vessel. Their model includes 30 ion channels, pumps, exchangers and receptors. They show that an a-specific sodium channel blocker drastically reduces cell
swelling in ischemic cerebral tissue of rat, but using parameters for human grey matter, they find that sodium inflow persists through NMDA channels and cell swelling
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is only slightly reduced. The complexity of this detailed model, however, makes it
difficult to analyze the underlying dynamics. Furthermore, including all relevant interactions at a similar detailed level for e.g. diffusion, synaptic activity, metabolism
and cell damage, would result in a very complicated and impractical model.
The model of Vatov et al. [9, 10] is an example of a more phenomenological
model. It represents extracellular potassium, metabolic stores and cell damage with
variables with values normalized to one. The time courses of these variables are
calculated from biophysically motivated, but simple, phenomenological expressions.
For example, potassium release is described as a polynomial function of the potassium concentration ([K+ ]e ). This captures the qualitative behavior of [K+ ]e , that is
restored to a resting value when disturbed, but increases fast when a threshold value
is crossed. Their model shows how spreading depolarization waves originate from
tissue close to the ischemic core, depleting the metabolic stores in the tissue in the
penumbra, thereby increasing the infarct size. This more abstract model allows for
mathematical analysis of the underlying dynamics. In such a model, however, the
link with the physiology is lost and it is not clear how to model the effects of, for
example, a channel blocker.
To be able to analyze the dynamics, as well as have a link with the physiological
parameters, models on different levels of abstraction can be connected [11]. This
work aims to describe an ischemic infarct, using models with physiological parameters whose dynamics can subsequently be analyzed by simplifying the models. In
specific, the processes related to excitotoxicity are investigated: the dynamics of ionic
homeostasis, the neuronal membrane voltage and energy consumption.
A second motivation for modeling the neuronal activity is to improve diagnostics
and prognostication of patients with global ischemic damage. This can elucidate the
(patho)physiological processes underlying changes in electroencephalogram (EEG)
dynamics. Patients in the intensive care unit treated with therapeutic hypothermia
after cardiac arrest, are increasingly monitored with EEG. Typically, several features
of the signal are evaluated, such as the signal amplitude, mean frequency or presence
of burst-suppression patterns. This yields valuable information for prognostication
[12]. The interpretation of the EEG, however, is mainly phenomenological in current
practice and the underlying generating mechanisms of the various EEG patterns are
largely unknown.
The dynamics of the macroscopic brain rhythms observed in the EEG are reproduced by so-called neural mass models (NMM) or mean field models [13]. NMM
successfully describe rhythms and reactions to stimuli in the healthy brain [14]. Furthermore, existing work has already included alterations of the synaptic responses
in NMMs. Hindriks and van Putten [15] show how the prolonged synaptic response
induced by propofol changes the power spectrum of the EEG. Cloostermans et al.
show that a progressive number of failing inhibitory synapses results in the gener-
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alized periodic discharges observed in postanoxic patients [16]. Also, methods are
available to estimate patient specific parameters. Aarabi and He [17] estimate model
parameters, excitability of the neuronal populations and synaptic strengths [18, 19],
from EEGs of patients with epilepsy.
After ischemia, not only the synaptic, buy also the single cell dynamics are altered
due to pathophysiological and pharmacological changes. The relation between the
population dynamics and the single cell parameters, e.g. membrane conductances
and ionic reversal potentials, is unclear.
In this thesis, the single cell dynamics will be included explicitly in a NMM, allowing the observed EEG dynamics to be related to the processes occurring in the
post-anoxic brain. The influence of ion concentrations and ATP availability on the
single neuron dynamics is investigated first. Subsequently, the relation with the dynamics with the EEG is investigated using neural mass modeling.

1.1 Scope and set up of the thesis
The work in this thesis focuses on the subacute phase, the minutes to hours after the
ischemic/hypoxic insult. Not discussed will be opportunities for stroke prevention,
e.g. by healthy lifestyle or blood pressure regulators, and therapies in the weeks to
months after stroke, e.g. focusing on rejuvenation of damaged tissue or recovery of
neurological function.
The dynamics of two processes that play an important role in hypoxia and ischemia in this phase will be investigated in specific: dynamics of the ion concentrations in the intra- and extracellular space and the dynamics of the electrical activity
of the neurons in the brain. This thesis will describe the interaction between the two
processes and to some extent how these dynamics affect cerebral metabolism and
cellular viability.
In Chapter 2 an overview is given of pathophysiology of ischemia: metabolism,
ion homeostasis and the interaction with neuronal activity.
In Chapter 3, the direct effects of complete cessation of ion pump activity are
modeled. With the model, a peculiar phenomenon is reproduced, the so-called wave
of death, that is observed in rats after decapitation. The chapter discusses how this
can be caused by cerebral anoxic depolarization, in which the neurons in the brain
depolarize en masse after having been silent for approximately a minute.
In Chapter 4, initiation and propagation of spreading depolarization is investigated, a slow wave of depolarizing neurons. Simplified expressions will be derived
that relate the wave form, propagation velocity, and triggering threshold to four physiological parameters: the diffusion constant, the release rate and removal rate of
potassium and/or glutamate and the concentration threshold above which neurons
are excited.
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Chapter 5 validates the mathematical models used for single cell dynamics during
depolarization with in vitro experiments. In these experiments, the sodium-potassium
pumps of neurons in slices from rat brain were blocked. The various types of membrane voltage dynamics that the cells exhibited during depolarization were explained
with, and hence confirm, the bifurcation analysis of the Hodgkin-Huxley model with
different sodium and potassium concentrations. Hence, this model is an important
tool for understanding the electrical activity of cells during failure of ion concentration homeostasis.
Chapter 6 describes the electrical activity of a large number of synaptically coupled neurons. It was studied how the single cell dynamics determine the emergent
macroscopic activity. To allow the investigation of the effects of changes in ion concentrations, a neural mass model that is fully based on physiological parameters was
constructed. The firing rate curve of the single cells is used to describe the single
cell dynamics. To obtain the population dynamics, the variance of the firing rates and
input currents are modeled as well.
The last chapter reflects back on the work performed, and recommendations are
given for further research that can improve diagnostics and treatment of patients with
hypoxic brain damage.
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2
Pathophysiology of ischemic stroke

Neural tissue needs a constant supply of energy. Reserve energy stores in the brain,
in the form of phosphocreatine and glycogen are small and are able to sustain regular
cerebral metabolism only for several seconds [1].When blood flow to neural tissue
is interrupted, as during ischemia, cellular processes and neural activity quickly fail,
eventually resulting in cell death [2, 3].
An infarct resulting from ischemia consists of two regions. The core is defined as
the region in which there is practically no blood flow, such that energy supply fails.
Unless blood flow is restored within minutes (the acute phase), the cells in this core
die and cannot be recovered.
The core is surrounded by a penumbra, in which blood flow is reduced, but in
which metabolism is partly preserved. Cellular and signaling processes fail depending on the remaining blood flow. The cells in the penumbra are functionally impaired,
but can in principle be recovered. In the hours to days after the insult (the subacute
phase), the infarct core expands into the penumbra. A cascade of events, involving
spreading depolarization, excitotoxicity, inflammation and reactive oxygen species
(ROS), may result in delayed neuronal death (see figure 2.1). Therefore, the penumbra is an attractive target for therapeutic interventions.
How the infarct expands, is determined by the dynamic interplay of blood flow,
metabolism, neuronal and glial activity and composition of the extracellular space. It
is focused on in this chapter, how the energy consumption, neuronal dynamics and
ion homeostasis interact in the minutes to hours after the ischemic attack. These pro7
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Figure 2.1: Without energy supply, the Na/K-pumps and glutamate reuptake fail. This leads
to a build-up of K+ and Glu in the extracellular space, which within a minute causes the cells
to depolarize, allowing Ca2+ into the cell. Depolarization causes cell swelling and a massive
release of K+ and Glu, initiating peri-infarct or spreading depolarizations. The intracellular
calcium and depolarizations lead indirectly to oxidative stress, membrane degradation and
apoptosis, followed by inflammation and damage to the blood brain barrier.
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cesses are important, because they determine three main pathways for cellular damage and death. Cell swelling is induced by osmosis, directly determined by the intraand extracellular ion concentrations. This causes mechanical damage. Furthermore,
anoxic depolarization of cells causes an increase in metabolic demand to enable recovery. This generates noxious side products, notably reactive oxygen species [4]
and H+ [5]. Finally, increased intracellular calcium levels result from neuronal depolarization or failure of calcium transport. These induce mitochondrial damage and
apoptosis [3].
The interactions between energy consumption, neural activity and ion homeostasis are discussed, quantitatively, serving as a reference for computational modeling.
First, the metabolic budget of the neural unit is described, and the Na/K-pump function is identified as the main expenditure of ATP. It will be shown how the energy
consumption of the pump is indirectly determined by the synaptic input and firing
rate of the neurons in the tissue. Then an overview is given of which cellular processes fail when energy supply is diminished. It is discussed how first electrical
activity is suppressed, thereby preserving energy for ion homeostasis to temporarily
prevent neuronal damage. Furthermore, the potassium release and sodium influx in
neurons occurring during neural activity is calculated and it is discussed how these
in turn influence the neuronal dynamics. Finally, it is discussed how this interaction between ion concentrations and neural activity leads to sudden depolarization of
neurons and so-called spreading and peri-infarct depolarization.

2.1 The neural metabolic unit
The neuron, the atom of neural functioning, has long been considered the only cell
of interest in the brain. The role of glial cells (glue cells) was thought to keep them
in place. Now, however, it is known that glial cells have a crucial supporting role, not
only mechanical, but also in homeostasis of the extracellular space, signaling to the
blood vessels, and in the metabolism of the neurons. A brief overview is given of the
metabolism and homeostasis of the so-called neural metabolic unit, consisting of a
neuron, synapses, glial cells, extracellular space and a capillary (see figure 2.2).
The molecular interactions in the neural unit will not be detailed here. For a
discussion of the metabolic cycles and chemical reactions involved in the generation
of ATP and the symbiosis between astrocytes and neurons, the reader is referred
to [7–12]. Blood flow regulation and signaling by the neurons and astrocytes to
the blood vessels are described in [7, 13–15]. Several computational models of the
molecular reactions in metabolism and blood flow signaling have been developed
[1, 16–18].
The largest part of the energy expenditure of the brain is used for ion homeostasis
of the intra- and extracellular space of the neurons. The rest is used for recycling of
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Figure 2.2: Energy balance of the neural unit. The blood flow supplies the unit with oxygen
and glucose (Glc). This is used by the mitochondria in the neurons and glia to produce
adenosine-triphosphate (ATP). This ATP is mainly consumed by the Na/K-pump, and for a
small part by cellular upkeep, such as neurotransmitter recycling [1]. Additionally, the glia
cells buffer locally released extracellular potassium, distribute it among a large syncytium of
glia, and transport it to the bloodstream [6].

neurotransmitter and a relatively small amount is used on basic cell upkeep, such
as protein synthesis and sustaining the mitochondrial membrane voltage [19] (see
figure 2.3). Ions flow across the neuronal cell membrane during action potentials
and synaptic input, and to a lesser extent leak out during rest. These are transported
back by a system of ion pumps and exchangers. Molecular pumps, notably the Na/Kpump, use ATP to transport ions, while exchangers use the gradient/energy of one
ion species to transport another. When blood flow is interrupted, there is no supply
of oxygen and glucose, ATP cannot be generated by the mitochondria, the ion pumps
halt, ion homeostasis fails and neural functioning is disrupted.
In conclusion, neurons as well as glia produce ATP from the oxygen and glucose
supplied by the blood. This ATP is mainly used for the restoration of the ion gradients
following synaptic transmission and action potential generation.

2.2 Metabolic thresholds of physiological processes
During ischemia or hypoxia, neural tissue reduces its ATP consumption. This allows
the cells to survive several minutes of complete ischemia, or maintain their membrane
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of 4 Hz was assumed.

potential for longer periods during partial ischemia.∗ After minutes of complete ischemia, however, cells depolarize and permanent damage occurs soon after.
In the acute phase after stroke (minutes), cellular and electrical signaling processes fail depending on the remaining level of blood flow and concomitant oxygen/glucose levels (figure 2.4). Here, we discuss the order of failure, based on numbers obtained from various experimental measurements reviewed in [3]. These are
(qualitatively) representative for the human brain.
• The first process to be affected is protein synthesis, which is reduced by 50%
when blood flow drops from 0.55 mL/g/min, and is completely halted at 0.35
mL/g/min [3].
• When perfusion is reduced from 0.35 to 0.3 mL/g/min, anaerobic glycolysis is
stimulated. The blood supplies a surplus of glucose compared to the amount of
oxygen, which is used to maintain ATP production. This doubles the glucose
consumption of the tissue [3].
Here we calculate the energy supplied to the tissue by the blood flow. Arterial blood
contains typically 5.5 mM glucose (Glc), and 0.2 mL O2 / mL blood, which equals
9 mM O2 (1 mmol O2 equals 22.4 mL at standard temperature and pressure). If
∗ Lutz

and others performed fascinating work on hypoxia resistant animals. In certain carps, for
example, the mechanisms that reduce ATP consumption are perfected such that these animals are able
to survive up to months without oxygen. Acidification from the little remaining anaerobic metabolism
is prevented by sweating out alcohol [21].
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sufficient oxygen is present, 36 ATP molecules are produced using 1 Glc and 6
O2 . Anaerobic glycolysis is much less efficient, yielding only 2 ATPs per glucose
molecule [22].
Assuming all oxygen and glucose is extracted from the blood, 1 mL blood provides 54 µ mol ATP (1.5 µ mol Glc) through aerobic respiration, and, when this is
insufficient for the tissues needs, another 8 µ mol of ATP can be provided through
anaerobic glycolysis (4 µ mol Glc).
The energy consumption of the whole brain is approximately 20 µ mol ATP/g/min
[19], which corresponds to the aerobic energy supplied by 0.37 mL blood/g/min, or
total energy supplied by 0.32 mL/g/min. This is indeed approximately the observed
range in which glucose consumption is increased.
• Below 0.25 mL/g/min, neural activity is reduced, which is reflected in the EEG
and somatic evoked potential (SEP) [3].
Neural activity is reduced in two ways. After ischemia/hypoxia, synaptic transmission is one of the first processes to fail [23]. This process is not well-understood,
but suppression of presynaptic calcium influx plays an important role [24], as well as
adenosine, a breakdown product of ATP, blocking synapses after depolarization [25].
Furthermore, ATP-sensitive potassium channels are activated, which hyperpolarize
the membrane potential. These are activated by an increase in ADP/ATP ratio, allowing them to sense depletion of ATP early [26]. As discussed previously, the cessation
of neural activity greatly reduces the energy consumption.
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• Between 0.25 and 0.10 mL/g/min, ATP concentrations gradually drop from
close to 100% to 0 [3].
• Below 0.15 mL/g/min, the energy supply is insufficient to maintain the membrane potential and neurons depolarize. They release potassium and glutamate
[3], and receive a large calcium influx.
In summary, depending on the reduction in blood flow and concomitant oxygen/glucose deprivation, cellular and electrical signaling processes seize one by one.
In part, these are safety mechanisms that reduce the metabolic demand of the tissue,
in order to preserve the Na/K-pump function to maintain the neuronal membrane
potential.

2.3 The influence of neuronal activity on ion homeostasis
and neural metabolism
When neuronal firing rates increase, efflux of potassium and influx of sodium increases. It is shown how the metabolism and dynamics of the ion concentrations
depend on the neuronal firing rate. The potassium efflux from a neuron into the extracellular space is calculated during rest and during an action potential, as well as the
amount of ATP consumed to transport the ions back. The potassium fluxes from the
neurons are calculated here for rodent cortical tissue, from the bottom-up estimations
of ATP consumption by pyramidal cells of Attwell et al. [19, 20]. Their estimates are
rough, since several values with large experimental uncertainties had to be used, but
the corresponding energy consumption is similar to that observed experimentally [8].
During an action potential, sodium flows in and depolarizes the membrane, followed by an efflux of potassium that repolarizes the membrane. From the membrane
area, capacitance and time course of the action potential of a pyramidal cell, the
amount of intracellular potassium ions that are exchanged with intracellular sodium
during an action potential (AP) are estimated as 3.6 × 108 K+ ions/AP. Attwell et al.
estimated the leak currents from the input conductance and resting membrane voltage
as 1.0x109 K+ ions /neuron /s. Furthermore, an action potential induces presynaptic calcium influx in the synapses, which subsequently release glutamate. Glutamate
induces postsynaptic calcium and sodium influx, through NMDA and non-NMDA
receptors. Calcium and glutamate are transported using the sodium gradient. Resulting from the restoration of ion concentrations and uptake of glutamate, an amount
of 3.3x108 ATP/AP is consumed by the Na/K-pump. (Assuming on average 2000
synapses per neuron release a vesicle each AP) These processes also indirectly release approximately triple this amount, 1.0x109 /AP, of K+ ions from the neurons
and glia. Two-thirds of these are pumped back by the Na/K-pump, and the other
third drifts back to compensate the net pump current [19].
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From these potassium effluxes the rate at which the extracellular concentration
rises is calculated here: 0.75 mM/s due to the leak current and 1.0 mM/s/Hz due to
action potential generation and synaptic transmission. (Assuming 9x107 pyramidal
cells/cm3 and an extracellular space of 20% of the tissue volume.) The physiological extracellular concentration of potassium is typically 4.0 mM. This concentration
would double within seconds during normal neuronal activity (4 Hz average firing
rate), if no homeostasis mechanisms were present.
These numbers illustrate that potassium efflux and sodium influx drastically increases with the neuronal firing rate. This in turn increases the extracellular potassium
concentration and intracellular sodium concentrations [27], innervating the Na/Kpumps [28, 29] and increase neural energy consumption. In the next section it is
discussed what influence a rise in extracellular potassium has on neuronal action potential generation.

2.4 The role of ion concentrations in neuronal activity
Ionic homeostasis enables proper electrophysiological functioning of the neurons.
A neurons soma is enclosed by a semi-permeable membrane, that functions as a
capacitor Cm , whose voltage dynamics are determined by an input current from the
dendrite and the ionic transmembrane currents Ix :
dV
Cm
= − ∑ Ix + Iinput .
(2.1)
dt
The summation is over the ion species x for which the membrane is permeable, notably Na, K and Cl. The ionic currents can be derived from the Nernst-Planck equation describing ion fluxes due to diffusion and drift on an axis perpendicular to the
cells membrane. This results in the Goldman-Hodgkin-Katz (GHK) current equation.
This current is induced by two effects, diffusion due to the ion gradients and drift due
to the voltage over the membrane. For each ion species, a reversal or Nernst potential
Ex exists, at which drift balances diffusion. This potential is a function of the intraand extracellular concentrations, Cin and Cout :
kT
Cin
Ex =
log
,
(2.2)
zq
Cout
where k is the Boltzmann constant, T the temperature, q the elementary charge and z
the valence of the respective ion species x.
A simple approximation for the transmembrane ionic currents, used in the HodgkinHuxley model [30], is one that is linear with the voltage, describing the ionic conductance as a voltage source and resistor with conductance gx in series:†
Ix = gx (t)(V − Ex ).

(2.3)

† In contrast to what is stated throughout literature on physiology, for the HH current to be an accurate
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Each ionic current drives the membrane voltage towards its corresponding Nernst
potential. The non-linearity of the dynamics, i.e. the ability to generate action potentials, is described by the dependence of gx on voltage gated channels in the membrane.
Neglecting the effects of pump currents and other ions, the resting membrane
potential Vr is a weighted sum of the ENa , EK and ECl :
Vr =

∑ gx Ex
.
∑ gx

(2.4)

Due to the relatively large permeability to potassium, a neurons resting membrane
voltage is close to Ek . Furthermore, the largest relative changes in concentration are
observed in [K+ ]e , since the extracellular potassium concentration is relatively low
(table 2.2) and the extracellular space is small. Therefore, of all ion concentrations,
extracellular potassium has the most pronounced effect on the neuronal activity.
Another way in which the ion concentrations affect the membrane voltage is
through ion pump activity. The current generated by the Na/K-pump, for example,
lowers the membrane voltage. To enable homeostasis, this pump rate is sensitive to
the extracellular potassium concentration [28, 29].
In conclusion, the membrane voltage dynamics depend on the intra- and extracellular concentrations of sodium, potassium and chlorine, mainly through their Nernst
potentials (equation 2.2). These determine the resting voltage, as well as the membrane currents. The corresponding membrane dynamics will be considered in more
detail in chapters 3-6.

2.5 Spreading Depolarization
Spreading depolarization (SD) is a phenomenon that emerges from the dynamics of
metabolism, neuronal activity and the extracellular homeostasis mechanisms. SD
is a slowly propagating wave (mm/min) of neuronal depolarization, characterized
by shifts in the intra- and extracellular ion concentrations and depressed electrical
activity [6], as shown in figure 2.5.
SDs occur around ischemic infarcts (peri-infarct depolarizations, PID) as well
traumatic brain injuries. They are also the substrate of the migraine aura, which
propagates over the cortex, temporarily disabling brain functions [34]. When occurring as a migraine aura, SD is not harmful for the tissue, since sufficient energy is
approximation of the GHK current, the intra- and extracellular concentrations must be approximately
equal. It is not sufficient if they are in the same order of magnitude [31, 32]. However, the non-linearity
of the current does not qualitatively affect the dynamics of action potential generation, nor does it
change the qualitative dynamics of the ion concentrations themselves [33]. Therefore the HH equations
will be used in this thesis, since they are well-known and simple.
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Figure 2.5: Two consecutive spreading depressions, in rat cortex in vivo. Experimentally
induced by application of KCl with a cotton ball in a burr hole, approximately a cm from the
measurement site. The extracellular potassium concentration and the extracellular potential
(high pass filtered) were obtained from a double barreled potassium sensitive electrode. At
the onset of an SD, a rapid increase of [K+ ]e can be observed, signaling the depolarization
of the neurons. Simultaneously, the spikes in the extracellular potential, reflecting neuronal
activity, are depressed. [K+ ]e is restored in approximately a minute, while the neuronal
activity recovers after approximately 2 minutes.
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supplied by increased blood flow to restore the ion concentrations within minutes.
After ischemic stroke, however, its occurrence is correlated with infarct growth and
poor neurological outcome [35].
In the penumbra, where energy supply is already critical, the recovery from SD
adds further stress to the metabolic system. Other pathways causing damage are the
calcium influx induced by prolonged depolarization and the large amounts of reactive
oxygen species that are generated by neurons during and following SD [4]. These
oxidatively damage the neuronal membrane and induce apoptosis (see figure 2.1).
On the other hand, SD may have a neuroprotective role. It signals for an increased
blood flow and furthermore, tissue preconditioned with SD has been found to be more
resistant to hypoxia ([36] and references therein).
Experimentally, SD can be induced by various noxious stimuli, e.g. ischemia,
intense electrical stimulation or application of K+/glutamate. In vivo, spreading depression is most likely initiated by a rise in extracellular potassium. Potassium and
glutamate excite neurons, increasing the firing rate, and thereby stimulate their own
release. To prevent [K+ ]e and [Glu] from rising beyond control, glial cells remove
released potassium and glutamate from the extracellular space [37]. However, when
insufficient ATP is available for neuronal and glial Na/K-pump activity, or the neuronal activity is pathologically high, the removal mechanisms cannot balance the
release. This results in a sudden rise in extracellular potassium and glutamate, depolarizing the neurons. This depolarization can propagate by diffusion of extracellular
potassium and glutamate through the extracellular space. Other propagation mechanisms, for example through neuronal gapjunctions, have been hypothesized as well
[38].
Summarizing, SD is a process during which the dynamics of the ion concentrations and the neuronal membrane voltage strongly interact, resulting in large efflux
of potassium and glutamate and depolarization of neurons. Its occurrence has been
shown in several studies to correlate with infarct growth and poor neurological outcome.

2.6 Conclusion
The metabolic energy budget of the neural unit was discussed, as well as which
processes fail first during a metabolic deficiency. The metabolic demand increases
greatly with the neuronal firing rate, largely mediated by the ATP consumption of
the ion pumps restoring the ion gradients. Increased firing rates, or impairment of
the ion homeostasis mechanisms lead to changes in intra- and extracellular ion concentrations, most notably extracellular potassium. This in turn increases the neuronal
excitability. When metabolic demand is not balanced by sufficient supply of oxygen
and glucose from the blood, cellular and signaling processes fail at different thresh-
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olds of blood flow. Maintenance of the neuronal membrane voltage is the last process
to be preserved, to prevent potassium efflux, neuronal depolarization and calcium influx, resulting in cell swelling and cellular damage. The dynamics of these processes
and their interactions determine, in part, the progression of an ischemic infarct.
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3
Neural Dynamics during Anoxia and the
“Wave of Death” ∗

Abstract: Recent experiments in rats have shown the occurrence of a high amplitude slow brain wave
in the EEG approximately 1 minute after decapitation, with a duration of 5-15 s (van Rijn et al, PLoS
One 6, e16514, 2011) that was presumed to signify the death of brain neurons. We present a computational model of a single neuron and its intra- and extracellular ion concentrations, which shows the
physiological mechanism for this observation. The wave is caused by membrane potential oscillations,
that occur after the cessation of activity of the sodium-potassium pumps has led to an excess of extracellular potassium. These oscillations can be described by the Hodgkin-Huxley equations for the sodium
and potassium channels, and result in a sudden change in mean membrane voltage. In combination with
a high-pass filter, this sudden depolarization leads to a wave in the EEG. We discuss that this process is
not necessarily irreversible.

∗ Published

as: BJ Zandt, B ten Haken, JG van Dijk, MJAM van Putten (2011) Neural Dynamics
during Anoxia and the Wave of Death. PLoS ONE 6(7): e22127. doi:10.1371/journal.pone.0022127
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CHAPTER 3. THE “WAVE OF DEATH”

Figure 3.1: EEGs recorded in 9 animals after decapitation. Note the large slow wave
around 50 s after decapitation. Similar experiments were performed in an anesthetized group
of animals, where the wave appeared at a slightly later instant, approximately 80 s. The
changes in amplitude at t=0 are movement artifacts due to the decapitation. Figure from [3].

3.1 Introduction
Oxygen and glucose deprivation has almost immediate effects on brain function, typically causing symptoms in approximately 5-7 seconds. This dysfunction is also
reflected in the electroencephalogram (EEG), generally consisting of an increase in
slow wave activity and finally in the cessation of activity. These phenomena are
a direct consequence of synaptic failure of pyramidal cells [1], reflecting the high
metabolic demand of synaptic transmission [2].
Recent findings in rats, decapitated to study whether this is a humane method of
euthanasia in awake animals, indeed showed disappearance of the EEG signal after
approximately 15-20 s. After half a minute of electrocerebral silence, however, a
slow wave with a duration of approximately 5-15 seconds appeared (Figure 3.1). It
was suggested that this wave might reflect the synchronous death of brain neurons [3]
and was therefore named the “Wave of Death”.
Similar experiments were performed by Swaab and Boer in 1972 [4]. The EEG
survival time was of the same order as the observations of van Rijn et al [3]: after
approximately 7 s the EEG flattened to become iso-electric after 20 s. Recordings
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did not last longer than that, however, which may explain why the “Wave of Death”
was not detected in these experiments.
Van Rijn et al. [3] speculated that the wave might be due to a simultaneous and
massive loss of resting membrane potential, caused by the oxygen-glucose deprivation (OGD) following decapitation. Indeed, plenty of (experimental) literature exists
showing that hypoxia causes membrane depolarization. Siemkowicz and Hansen [5],
for instance, induced complete cerebral ischemia in rats for ten minutes. During
and after this period they recorded an EEG and measured the extracellular potential
and extracellular ion concentrations. A rapid deflection of the extracellular potential
occurred typically 1-2 minutes after the onset of ischemia, accompanied by a sudden rise in extracellular potassium. Unfortunately, EEG activity during the ischemic
episode was not described and it is unknown whether a similar wave in the EEG occurred here. Another example is the work of Dzhala et al., who perfused rat brains
in vivo with an anoxic-aglycemic solution and measured the transmembrane potential of a pyramidal cell. Approximately eight minutes after the onset of the induced
ischemia, they observed a rapid depolarization of the cell membrane [6]. Depolarization is also observed in computational models. For example, Kager et al. modeled
neuronal dynamics and ion concentrations and show that an increased concentration
of potassium in the neuronal environment can cause fast membrane depolarizations.
Depolarization also takes place in their simulations when the ion pump rates are lowered and a neuron is stimulated by injecting current for a few 100 ms [7, 8].
In this chapter we present a minimal biophysical, single-cell model. Using HodgkinHuxley dynamics to describe the voltage-dependent ion channel dynamics, including
oxygen/glucose dependent ion pumps, we show that severe oxygen-glucose deprivation results in a sudden depolarization of the membrane voltage. Subsequent modeling of the EEG results in a macroscopic wave, as observed by van Rijn et al. [3].
Finally we discuss that this wave does not reflect irreversible damage and hence not
death.

3.2 Methods
3.2.1

Biophysical model

A biophysically realistic neuron is modeled using Hodgkin-Huxley dynamics of sodium
and potassium channels combined with leak currents. The model includes the dynamics of the extra- and intracellular ion concentrations, which change significantly when
homeostasis cannot be maintained by neurons and glia. Ion pump fluxes are incorporated to model this homeostasis. Our model is based on the equations by Cressman
et al [9–11], who studied the effects of the extracellular ion concentrations in the
generation of epileptic seizures.
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The model consists of an intracellular and an extracellular compartment separated
by a semi-permeable cell membrane. This membrane contains a fast transient sodium
channel, a delayed rectifier potassium channel and a leak for sodium, potassium and
chlorine. The dynamics of the membrane voltage, V , are described with the HodgkinHuxley equations:
C

dV
= −INa (m∞ (V ), h,V − ENa ) − IK (n,V − EK ) − ICl (V − ECl )
dt

(3.1)

with C the membrane capacitance and INa , IK , ICl the total sodium, potassium and
chloride currents. The Nernst potential for each ion species is indicated with Ex
kT
· log([x]e /[x]i ), with k the Boltzmann constant, T the absolute
and given by Ex = qz
x
temperature, zx the valency of the ion, [x]i and [x]e the intra- and extracellular concentrations and x = Na, K, Cl. The fraction of activated sodium channels, m∞ (V )3 is due
to its fast dynamics assumed to depend instantaneously on the membrane voltage. h
is the fraction of inactivated sodium channels and is a variable in our model. n is the
fraction of activated potassium channels and is also a variable. The calcium gated
current from the Cressman model is not implemented, because it does not qualitatively alter the behavior of interest here. We write for the total sodium, potassium
and chloride currents
INa = gNa m∞ (V )3 h(t)[V − ENa (t)] + gNaL [V − ENa (t)]
IK = gK n(t)4 [V − EK (t)] + gKL [V − EKL (t)]

(3.2)

ICl = gClL [V − ECl (t)],

respectively. The maximum ion conductances for the gated currents are denoted with
gx and for the leak currents with gxL .
The gating variables m∞ (V ), n and h are modeled as [11]:
m∞ (V ) = αm (V )/(αm (V ) + βm (V ))

αm (V ) = (V + 30mV)/[(1 − exp(−(V + 30mV)/10mV)) · 10mV]
βm (V ) = 4 · exp(−(V + 55mV)/(18mV))
dq
q = n, h
= φ [αq (V )(1 − q) − βq (V )q],
dt
αn (V ) = (V + 34mV)/[(1 − exp(−(V + 34mV)/10mV)) · 100mV]
βn (V ) = 0.125 · exp(−(V + 44mV)/(80mV))
αh (V ) = 0.07 · exp(−(V + 44mV)/(20mV))
βh (V ) = 1/(1 + exp(−(V + 14mV)/(10mV))),

(3.3)

where φ is the time constant of the channels. When the ion concentrations, on which
the Nernst potentials depend, are assumed to be constant, equation sets 3.1 to 3.3 can
be used to model the dynamical behavior of a single neuron.
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In order to calculate changes in ion concentrations in the model, equations are
added that integrate the ion fluxes into and out of the two compartments. During
physiological conditions, the concentrations are given by [11]:
d[Na]i
A
=
(−INa − 3I p )
dt
VF
d[K]i
A
=
(−IK + 2I p )
dt
VF
d[Cl]i
=0
dt

d[Na]e
βA
=−
(−INa − 3I p )
dt
VF
d[K]e
βA
=−
(−IK + 2I p ) − Ig − Id
dt
VF
d[Cl]e
= 0,
dt

(3.4)

with A and V respectively the surface area and volume of the cell, F the Faraday
constant and β the ratio of the intra- and extracellular volumes. Ip denotes a sodiumpotassium pump current (in µ A/cm2 ) which depends sigmoidally on the intracellular sodium concentration and the extracellular potassium concentration. The total
amount of sodium is preserved in this model, but the extracellular potassium can be
buffered by glial cells (Ig ) and can diffuse from and into the blood (Id ). Furthermore,
the chlorine concentrations are assumed to remain constant under normal conditions,
without specifying the mechanism for this. The approximation that the efflux of
potassium equals the influx of sodium made by Cressman et al. in order to reduce the
number of variables is not made here.
The pump, glial and diffusion currents are modeled as [11]:

ρp
)×
1 + exp((25mM − [Na]i )/(3mM))
1
×(
)
1 + exp((5.5mM − [K]e )/(1mM))
G
Ig =
1 + exp((18mM − [K]e )/(2.5mM))

Ip = (

(3.5)

Id = ε ([K]e − k∞ ).

Here ρ p scales the pump rate, G the glial buffering rate, ε is the time constant of
diffusion and k∞ the concentration of potassium in the blood. Note that Ig and Id do
not have the dimension of current, but that of rate of change of concentration (mM/s).

3.2.2

Numerical implementation

Equation sets 3.1 to 3.5 completely describe our model. The resting state of this
system is calculated, with the parameters shown in table 3.1. The equations were
solved with a solver for stiff ordinary differential equations (ode23 routine, Matlab,
the Mathworks). The simulation code is available from ModelDB [12], accession
number 139266. Table 3.2 shows the results of this calculation, which are used as
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starting point for the simulation of oxygen and glucose deprivation. It was verified
that the model behaves as expected under normal circumstances: in rest the membrane potential and the sodium and potassium concentrations are in the physiological
range. Furthermore the neuron responds with a single action potential when a short
current pulse is applied and spikes periodically when a current of 1.5µ A/cm2 or
more is injected.
To simulate the anoxia and aglycemia, we set both the pump current and the
uptake of K+ ions by the glial cells to zero as well as diffusion of K+ to the blood.
Furthermore the chlorine concentrations are no longer assumed to stay constant. This
changes the equations for the concentration dynamics, Eqns 3.4, into:
d[x]e
βA
=−
Ix ,
dt
V zx F

d[x]i
A
=−
Ix ,
dt
V zx F

for x = K, Na, Cl

(3.6)

3.3 Results
In the case of a normally functioning neuronal unit, which maintains homeostasis,
the model reaches a steady state with a membrane potential and ionic concentrations
in physiological ranges (Table 3.2). Figure 3.2 shows the result of our simulation of
oxygen and glucose deprivation using this steady state as a starting point. Initially,
over the course of half a minute, the membrane voltage rises by approximately 0.7
mV/s. This is due to the efflux of potassium, which causes a rise in [K+ ]e and correspondingly in EK . The rise in EK is only partially compensated by the fall of ENa ,
caused by the influx of sodium ions.
At t = 28.7 s, the resting membrane voltage reaches the excitation threshold, such
that the resting state of the cell loses stability and the cell starts to generate action
potentials (spikes) with an initial frequency of 10 Hz, increasing to 500 Hz in a 7 s
period.
Each spike temporarily opens the potassium channels and transiently increases
the efflux of potassium. The resulting increase of the extracellular potassium concentration in turn increases the mean membrane voltage and spiking frequency, forming
a positive feedback loop. As a result, the mean membrane potential (Figure 3.2, left
panel) steeply rises from -50 to -20 mV in the last 2 seconds of this oscillation period.
During this 2 s period, the amplitude of the action potential spikes decreases to zero,
after which the neuron obtains a stable resting state again. In this state, however,
the neuron is no longer excitable, due to the so-called depolarization block, i.e. the
permanent inactivation of the sodium channels. After the neuron stops spiking, the
leak currents cause the difference between the Nernst potentials of sodium and potassium to slowly vanish over the course of a minute. Due to the small chlorine leak
the Nernst potentials and membrane voltage eventually reach -20 mV after about ten
minutes (not shown).
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Figure 3.2: Membrane dynamics during oxygen-glucose deprivation. In the left panel the
membrane dynamics are shown that occur after the onset of OGD (solid line). The dashed
and dotted lines show the progressive loss of ion gradients. When after a gradual rise the
membrane potential reaches the excitation threshold, this subsequently results in spiking of
the membrane voltage according to Eqns 3.1 and 3.2 (gray region, not resolved). The black
line shows the average membrane potential during the spiking (averaged over 300 ms). After
approximately 7 seconds of oscillations, the cell comes to rest again, with a resulting Vm ≈
−20mV. The middle panel shows a close up of the start of spiking activity, the right panel
shows the instantaneous firing rate.
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Figure 3.3: Mean membrane potential and simulated EEG signal. Shown are (dashed
line) the simulated membrane potential averaged over 300 ms and in (solid line, a.u.) the
signal that results after applying a high-pass filter (2nd order Butterworth filter, cut-off at 0.1
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In order to compare the simulated single cell behavior with the EEG observed
by van Rijn et al. [3], we proceed as follows. The contribution of a single cell to
the (raw) EEG is roughly proportional to its membrane potential [13]. Modeling
the EEG realistically usually requires a large scale simulation with many neurons,
because the behavior of a cell depends heavily on its interaction with other neurons.
The present situation provides an exception, however, because synaptic transmission
has stopped and neurons receive no direct input. As a result, their dynamics can be
accurately described with a single cell model; the EEG of an ensemble of cells can
be calculated by simply summing the contributions of individual neurons. Assuming
that many neurons behave approximately the same as the modeled neuron, but with
some small shift in time, the resulting raw EEG is proportional to the mean membrane
potential (Figure 3.3, dashed line). For simplicity, a flat distribution of 300 ms wide
was chosen, but varying the shape and width of this distribution hardly changes the
resulting EEG. High-pass filtering the resulting potential with a cut-off at 0.1 Hz
replicates the filter characteristics of the filter used by van Rijn et al. [3]. This results
in the solid curve shown in Figure 3.3, similar to the reported “Wave of Death” (cf
Figure 3.1 with solid curve in Figure 3.3).

3.4 Discussion
Dynamic phenomena that occur during hypoxia and the way they are reflected in the
EEG are only partially understood. Measurements of extreme cases showing clear
features in the EEG present an opportunity to gain insight in the relation with the
underlying physiology. Such an extreme case is decapitation, in which the supply of
energy to the entire brain is halted almost instantaneously. This causes the EEG to
become flat after several seconds, but also results in a large amplitude wave approximately a minute after decapitation. Van Rijn et al. suggest that this wave ”ultimately
reflects brain death” [3], but also state that further research on the physiology of brain
function during this process is needed.
We modeled the membrane voltage dynamics of a single neuron with a sodium
and a potassium channel and leak currents, together with the corresponding changes
in the intra- and extracellular ion concentrations. This model can explain the physiological origin of the wave. When a sodium-potassium pump, glial buffering and diffusion of potassium are incorporated to model homeostasis, the model shows regular
behavior and has a resting state where all variables obtain values in their physiological ranges. After shutting down the energy supply, the membrane initially depolarizes
slowly with a slope of approximately 0.7 mV/s, until it reaches the excitation threshold, around -58 mV. Now spiking starts, resulting in an increase in the potassium
current with a concomitant reduction in the potassium Nernst potential and membrane voltage. Positive feedback between the increasing firing rate and potassium
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efflux causes a sudden depolarization of the membrane voltage (30 mV in 2 seconds), resulting in the membrane depolarization curve, displayed as a dashed line in
Figure 3.3. In combination with a high-pass filter, the simulated membrane voltage
results in a wave in the EEG as observed by van Rijn et al. (Figure 3.3, solid line).
This behavior was also observed in the in vivo measurements in rats by Siemkowicz and Hansen [5], who also measured a rapid depolarization accompanied with an
increase of extracellular potassium, typically 1-2 minutes after the onset of ischemia.
While modeling the effects of decapitation, an instantaneous cessation of the
sodium-potassium pump, glial buffering and diffusion of potassium to the blood was
assumed. The last assumption is very reasonable, because arterial pressure vanishes
after decapitation, larger vessels are drained and blood flow through the capillaries
will stop. The (remaining) blood volume is relatively small and the ion concentrations
in the blood will therefore quickly equilibrate with the tissue. However, a complete
stop of all active ion transport will not take place directly after decapitation. Some
reserves of metabolic substrates and ATP are still left in the tissue. In human brain
tissue for example, these reserves can support a maximum of one minute of normal
metabolism [14], but less if no oxygen is available. Such effects do not disqualify
the general behavior of the model, as they will only result in a delay in the onset
of depolarization, in line with the observations by van Rijn et al. Siemkowicz and
Hansen [5] hypothesized that the transition from a slow to a fast rise of extracellular potassium and the corresponding depolarization is the result of depletion of these
energy reserves; they hypothesized that the pumps are initially still partially fueled
by anaerobic glycolysis until the glucose reserve is depleted and the ion pumps stop,
causing a large efflux of potassium. We show here, however, that this is not the
case and that the transition results from the Hodgkin-Huxley dynamics of the voltage
dependent channels in the cell membrane.
A single neuron model was used to calculate an EEG. Although usually the network properties of neurons are essential for the EEG, we argued that a single neuron
approach is realistic because synaptic transmission ceases quickly during anoxia and
neurons therefore no longer receive input. Such an early cessation of transmission
during hypoxia is due to failure of neurotransmitter release, presumably caused by
failure of the presynaptic calcium channels [15]. Although the postsynaptic response
is still intact, for example the response of the neuron to glutamate [16], neurotransmitters are no longer released and transmission is halted. The absence of significant
EEG power after about 20 seconds post decapitation as observed by van Rijn et al.
most likely results from this failure of synaptic transmission.
The depolarization wave was observed during a relatively short period of ∼
10 − 15 s. As the extracellular currents generated by a single pyramidal neuron are of
the order of pA, much too small to generate a measurable scalp potential, a very large
number of cortical neurons must simultaneously depolarize after decapitation. Such
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a synchronization has indeed been measured by Aitken et al., who induced depolarization in hippocampal slices, by either injecting KCl or halting the oxygen supply, to
simulate spreading depression and hypoxia respectively. 1-3 minutes after the onset
of hypoxia, small foci of depolarization appeared and spread with a speed of approximately 0.1 mm/s [17]. The propagation of depolarization is hypothesized to be
caused by diffusion of K+ or glutamate or by interaction through gap junctions [8].
The observed speed of propagation in these slices is too slow to account for the depolarization of all cells in a whole (rat) brain in a few seconds. However, in the case of
decapitation the supply of both oxygen and glucose is stopped simultaneously in the
entire brain, so it is likely that many of these foci are formed simultaneously by cells
of a single type with approximately the same properties. Other, fast, non-synaptic
mechanisms, ephaptic transmission and electrical field effects [18], may play a role
in the synchronization as well.

The absence of significant EEG power after the depolarization wave is caused
by the depolarization block, which by no means implies irreversibility or cell death.
Physiological cell dynamics can in principle be restored by resupplying the ion pumps
with ATP. Siemkowicz and Hansen [5] observed the return of EEG activity 15 minutes after a period of isoelectricity caused by complete ischemia. High levels of
intracellular calcium and cell swelling, associated with hypoxic depolarization, can
be highly damaging to neurons; still this damage typically takes place over a period
of hours [19]. Irreversible functional damage due to oxygen and glucose deprivation
most likely occurs from damage to synapses, rather than from cell death itself [2].
In line with this perhaps surprising result, cells from neocortical slices from adult
human brain obtained several hours postmortem, can survive for weeks in vitro [20].
We therefore reject the claim in the paper by van Rijn et al. [3] that this particular
phenomenon can be used clinically to determine brain death. In fact, this wave does
not imply death, neither of neurons nor of individuals.

In summary, our simulations and the data presented from experimental physiology show that the “Wave of Death” reflects the sudden change in membrane potential due to anoxic depolarization, that is a direct result of the Hodgkin-Huxley
dynamics and ion concentrations. Although the wave is indeed a typical signature
of the final membrane voltage changes of neurons suffering from severe oxygen and
glucose deprivation, it is not a biomarker for irreversibility (e.g. Siemkowicz and
Hansen [5]). Anoxic/hypoxic depolarizations are a well-known phenomenon in experimental physiology and can be simulated with our physiologically plausible minimal model. Therefore, a more appropriate name for this phenomenon is ”cerebral
anoxic depolarization”.
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Parameters

Table 3.1 shows the parameter values used in the simulation. Values are taken from
[11]. (For the correct units, refer to [11] rather than [9]). We changed the definition
of ρ p to yield a pump current density rather than a rate of change of concentration.
The ratio of intra- and extracellular volume, β , is chosen as 2 rather than 7. This is
calculated from measurements by Mazel et al. that show that the extracellular space
constitutes 20% of the total tissue volume in rat brain [21] and by assuming the rest
of the tissue consists of approximately the same volume of glia as neurons.
Table 3.1: Overview of the parameters used in the simulations.

variable
Cm
gna
gnaL
gk
gkL
gclL
φ
A/V F
β
ρp
G
ε
k∞
T

value
1.0
100
0.0175
40
0.05
0.05
3
0.044
2.0
28.1
66
1.3
4.0
310

units
µ F/cm2
mS/cm2
mS/cm2
mS/cm2
mS/cm2
mS/cm2
ms−1
µA
mM
s /( cm2 )

µ A/cm2
mM/s
s−1
mM
K

description
specific membrane capacitance
sodium channel conductance
sodium leak conductance
potassium channel conductance
potassium leak conductance
chlorine leak conductance
time constant of gating variables
conversion factor current to concentration
ratio intra- / extracellular volume
NaK-Pump rate
glial buffering rate of K+
diffusion rate
concentration K+ in blood
absolute temperature

Table 3.2: Overview of the variables in the steady state.

variable
Vm
[K+ ]i
[K+ ]e
[Na+ ]i
[Na+ ]e
[Cl− ]i
[Cl− ]e

steady state
value
-68
139
3.8
20
144
6.0
130

units
mV
mmol
mmol
mmol
mmol
mmol
mmol
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Diffusing substances during spreading
depolarization: analytical expressions for
propagation speed, triggering and
concentration time-courses ∗

Abstract: Spreading depolarization (SD) is an important phenomenon in stroke and migraine. The processes underlying the propagation of SD, however, are still poorly understood and an elementary model
that is both physiological and quantitative is lacking. We show that during the onset and propagation
of SD the concentration time courses of excitatory substances such as potassium and glutamate can be
described with a reaction-diffusion equation. This equation contains four physiological parameters: a
concentration threshold for excitation, a release rate, a removal rate and an effective diffusion constant.
Solving this equation yields expressions for the propagation velocity, concentration time courses and
the minimum stimulus that can trigger SD. This framework allows for analyzing experimental results in
terms of these four parameters. The derived time courses are validated with measurements of potassium
in rat brain tissue.
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CHAPTER 4. DIFFUSING SUBSTANCES DURING SD

4.1 Introduction
A spreading depression, or depolarization (SD), is a slow wave which progresses
through neural tissue, depolarizing neurons and depressing EEG activity, as was discovered by Leão [1]. Spreading depressions are encountered in various pathologies
in which metabolism and/or ionic homeostasis are compromised. SD’s can be observed after stroke as peri-infarct depolarizations (PID) enlarging the damaged tissue
area [2]. SD’s can occur during global hypoxia and are the substrate of a migraineous
aura as well [3].
Typically, a slowly progressing (2-10 mm/min) wave is reported, in which neurons depolarize and ion concentrations in both the intracellular and extracellular
space change drastically. After tens of seconds, the ion concentrations are gradually restored, neurons repolarize and function returns. However, under unfavorable
circumstances no recovery of the ion concentrations takes place, hence the neurons
no longer function and eventually die.
Experimentally, SD can be induced by any stimulus that excites or depolarizes
the membrane potential. Notable examples are the application of glutamate or potassium, electrical stimulation and hypoxia. Once triggered, an SD wave propagates
independent of the amplitude or kind of the stimulus. For reviews see [3–6].
Even after 50 years of research, it is still not clear what the exact mechanisms of
propagation of SD are. It is also not clear whether different forms of SD, e.g. hypoxic
versus normoxic, have different propagation mechanisms. We hope to contribute to
solving the puzzle by providing analytical expressions that describe the dynamics
of diffusible substances, such as potassium and glutamate, that lead to propagation
and initiation of SD. To the best of our knowledge, such expressions have not been
derived using physiological parameters.
Traditionally, extracellular diffusion of glutamate or potassium was hypothesized
as the propagation mechanism for SD. Various experiments, however, suggest alternative mechanisms. In normoxic SD, for example, extracellular potassium does not
increase until after the extracellular voltage changes [7]. Therefore, diffusion through
the opening of gap junctions is now thought to play a major role in SD propagation,
c.f. [4, 8, 9].
We show that regardless of which substance or pathway of diffusion is most
prominent, the contribution of diffusible substances to the propagation of SD can
be described with the same general expressions.
We will discuss how the process of release and diffusion of an excitatory substance such as glutamate or potassium during the onset of SD can be described. This
allows the construction of a reaction-diffusion equation, that can solved analytically.
This results in expressions for both the propagation speed and the stimulus strength
needed to elicit SD, which indicates how susceptible tissue is to SD. The solutions
that correspond to an SD wave are compared with measurements from literature and
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are shown to describe these very well. Furthermore, we give examples of how the results of experimental measurements and numerical simulations can be analyzed with
these expressions.

4.2 Methods
In essence, the onset of an SD wave is a reaction-diffusion (RD) process, which can
be described by a reaction-diffusion equation. These equations express the changes
in the concentration of a particular substance due to its generation, removal and diffusion [10]. The term diffusion is used here in the broadest sense. It can be either
passive diffusion through Brownian motion, or any other form of movement or transport through the tissue, as long as the substance is moved along its concentration
gradient.
Reaction-diffusion models for SD with varying amounts of physiological detail
have been proposed [11–14]. However, the complexity of these models does not allow for analytical solutions. In a personal communication to Grafstein [15], Hodgkin
and Huxley already solved a reaction-diffusion equation for SD, calculating the concentration of extracellular potassium, with a cubic polynomial for the reaction rate.
This approach produces an analytical solution for the propagation velocity of SD. We
will use a similar approach here, but use parameters and a reaction rate that are closer
related to the underlying physiology.
The case in which a cubic polynomial is used as reaction rate in SD is discussed
in [16, 17] and is more generally known as the Schlögl model [18]. SD is mathematically analogous to other phenomena, such as a flame on a matchstick [19]. Therefore,
the solutions that we will obtain for our choice of the reaction rate are a specific case
of the general results for initiation [20] and propagation [21] of waves in an excitable
medium [19].

4.2.1

Concentration dynamics of an excitatory substance

We will discuss how the concentration of a single excitatory substance can be described, starting with the processes involved in the reaction. How multiple substances
can interact during SD will be discussed briefly in section 4.4.3.
Since in experiments the application of extracellular potassium is often used to
elicit SD and several concentration time courses are available from experiments in
literature as well, we will use this as an example throughout this chapter. Note,
however, that our approach is general, and is not limited to this particular choice.
In physiological conditions, the concentration C of extracellular potassium is approximately 3 mM. This is the resting concentration C0 , at which there is an equilibrium between the efflux of potassium into the extracellular space from the neu-
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Figure 4.1: The average potassium efflux as a function of [K + ]e from a single HodgkinHuxley type neuron without input. Ion concentrations were kept constant at resting levels in
the simulations and only the extracellular potassium concentration was changed. The time
averaged leak and gated membrane currents were then summed. A critical concentration Ct
can be observed at approximately 20 mM after which the neuron starts spiking and releases
large amounts of potassium. The dotted line shows a step function approximation.

rons and glia and the influx of potassium through Na/K-pump activity. Physiological
homeostasis mechanisms, e.g. increase of Na/K-pump activity and diffusion to the
bloodstream, work to return the concentration to C0 after changes from its equilibrium value, for example resulting from increased neural activity.
For simplicity we assume that the concentration relaxes exponentially to this
equilibrium, so that the rate Rr (C) at which the concentration decreases is proportional to the concentration difference from equilibrium:
dC
= G · (C −C0 ),
(4.1)
dt
where G is the constant of proportionality. Since we will mainly deal with excess
concentrations, we will refer to G as the removal constant.
For pathologically high concentrations, however, another effect takes place due to
the excitatory effect of extracellular potassium. As an illustration, the time averaged
potassium release from a single, unstimulated, neuron is calculated with a model
adapted from Chapter 3. Figure 4.1 shows this potassium efflux as a function of
extracellular potassium. This release rate is negligible for low potassium concentrations. When [K + ]e exceeds a critical concentration, however, the cell spontaneously
generates action potentials (i.e. without synaptic input), which leads to a large efflux of more potassium (Chapter 3),[22]. Movement of this excess of potassium to
neighboring tissue along its concentration gradient can generate a SD.
From the simulation shown in figure 4.1, we further observe that the release rate
of potassium, R(C), can be approximated with a step function of the extracellular
Rr (C) =
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potassium concentration C:
R(C) = R0 · H(C −Ct ) .

(4.2)

Here H denotes the Heaviside step function (H(x) = 1 when x > 0 and 0 otherwise),
Ct denotes the concentration threshold above which neurons expel K+ and R0 (in
mM/s) is the rate at which C increases due to this expulsion, which we will refer to
as release rate. We will show in section 4.2.6 that approximating the release with a
simple step function is not an oversimplification, but yields almost the same results
as a sigmoidal function. This is important, because neural tissue contains inhomogeneous populations of neurons, for which a sigmoidal reaction rate is a more realistic
approximation than a step function.
Summing the expressions for the homeostasis process and the release process
yields the total reaction rate:
release

homeostasis

}|
{ z }| {
z
dC
= Rt (C) = R0 · H(C −Ct ) − G · (C −C0 ) .
dt

(4.3)

The derivation of this reaction rate is generally valid. A pathological high concentration of an excitatory substance, when exceeding a certain threshold, can activate
mechanisms that release more of this substance. As an example, figure 4.2 shows
the total reaction rate for extracellular potassium. Parameters and their typical values
are presented in table 4.1. We remark that the function has a shape similar to the
polynomials used in other studies on SD [15, 23], with zeros at resting concentration, at a threshold Ct and at some large value above threshold. We can use equation
4.3 to calculate waves resulting from the “generation” and diffusion of an excitatory
substance.
Note that equation 4.3 can describe the depolarization of the neuronal membrane
voltage too, as this is caused by an increase in concentration of excitatory substance,
but it does not describe the recovery. The recovery process, however, does not need
to be modeled, because its contribution to the reaction rate is significant only at concentrations far above threshold. It can be shown that its influence on the initiation and
the propagation of SD can hence be neglected, except for relatively small propagation
speeds, which we will discuss in section 4.4.3.
In short, we argue that SD can be locally mediated through release of an excitatory substance, resulting from exceeding a concentration threshold. Positive feedback
leads to net release of more excitatory substance, resulting in depolarization. Equation 4.3 describes the reaction rate of a single excitatory substance using the rate of
concentration increase due to release R0 , a concentration threshold Ct and a removal
constant G. Any effects from other substances or processes, can be expressed in terms
of their effect on R0 , Ct and G. As an example, extracellular potassium was used, but
the derived expression is valid for any excitatory substance. In the next section, we
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Figure 4.2: The reaction rate, Rt = R(C) − G · (C − C0 ). Parameters are given in table
4.1. The black dot denotes the physiological resting state. Far above threshold, the derived
expressions are expected to be inaccurate, depicted by a dashed curve.

Table 4.1: Parameters and their typical values. Taken or calculated from 3. G was chosen to
be in a range that allows SD to be elicited.

Parameter
k
R0
Ct
C0
G

Diffusion constant
Release rate
Threshold concentration
Resting concentration
Removal rate

Typical value
2 · 10−9
10
20
4
0.1

m2 /s
mM/s
mM
mM
s−1
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will use the expression for the reaction rate to construct a reaction-diffusion equation
that describes the propagation of SD.

4.2.2

A reaction-diffusion equation for SD

To calculate the propagation velocity and the onset of a SD wave, a reaction-diffusion
equation is constructed that describes the release and subsequent movement of excitatory substance through the tissue. Again, extracellular potassium is used as an
example.
In general, a reaction-diffusion equation is written as:

∂C
= k∇2C + Rt (C).
∂t

(4.4)

C denotes the concentration of a diffusible substance, Rt its net production rate and
k its effective diffusion constant. The geometry of the extracellular space slows diffusion [24], while transporters may enhance movement. Furthermore, ions do not
simply follow Fick’s law of diffusion, because they are charged and therefore their
diffusion depends on the co- and contra-diffusing ions, as excellently described in
[13]. Therefore, the effective diffusion constant needs to be determined experimentally.
Because the cortex can be considered as a 2-dimensional sheet and the wave front
is usually wide compared to the length of the wave, the propagation can be described
in one dimension. When considering the initiation of spreading depression from a
single point in space, two dimensions are needed and it is convenient to use polar
coordinates.
In one dimension, equation 4.4 reads:

∂C
∂ 2C
= k 2 + Rt (C).
∂t
∂x

(4.5)

In the previous section, the total reaction rate was derived, using the expulsion of
K+ by the neurons, R(C), and its removal from the extracellular space by neurons,
glia cells and diffusion to the blood, G · (C −C0 ). Substituting the reaction rate from
equation 4.3 into equation 4.5 results in our main equation:

∂C
∂ 2C
= k 2 + R0 · H(C −Ct ) − G · (C −C0 ).
∂t
∂x

(4.6)

The equation for the two-dimensional case in polar coordinates is similar. Solutions
of equation 4.6 now describe the onset and propagation of SD.

42

4.2.3

CHAPTER 4. DIFFUSING SUBSTANCES DURING SD

Calculating a traveling wave solution

Equation 4.6 is a non-ordinary partial differential equation, which is typically difficult to solve analytically. However, exact expressions can be found for traveling wave
solutions, the solutions that describe an SD. Numerical solutions show that these solutions exist, that they maintain their shape while traveling and are stable against
small perturbations. For more elaborate, mathematically rigorous, analyses of equations of this type for SD, we refer the reader to the work of e.g. Chapuisat [25] and
Dahlem [26].
Because the solution of equation 4.6 is a traveling wave, it can be described as
C(z) = C(x − vt), where v is the velocity, with the wave traveling in the positive xdirection, assumed to be on the right. The solution can be translated arbitrarily and
we conveniently put C(z = 0) = Ct . Note that ∂∂Cx = ∂∂Cz .
The solution can be split in two parts: Cr (z), the part below threshold on the right,
and Cl (z), the part above threshold on the left, described by:

∂ Cr
∂ 2Cr
= k 2 − G · (C −C0 ),
∂t
∂z
∂ Cl
∂ 2Cl
= k 2 + R0 − G · (C −C0 ),
∂t
∂z

(4.7)
(4.8)

respectively. These are solved with the following constraints: continuity of the solution and its derivative,
Cr (0) = Cl (0) = Ct ,
∂ Cr
∂ Cl
(0) =
(0),
∂z
∂z

(4.9)
(4.10)

a resting concentration far away from the wave on the right,
Cr (∞) = C0

(4.11)

and the wave keeping a constant shape,
v=−

∂ Cr ∂ Cr
∂ Cl ∂ Cl
/
=−
/
.
∂t ∂z
∂t ∂z

The constancy of the wave shape can be used to substitute
4.7 and 4.8:

∂C
∂t

∂ Cr
∂ 2Cr
= k 2 − G · (C −C0 ),
∂z
∂z
∂ Cl
∂ 2Cl
= k 2 + R0 − G · (C −C0 ).
−v
∂z
∂z

−v

(4.12)
with −v ∂∂Cz in equations
(4.13)
(4.14)
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When G = 0, it is easy to see that solutions to these equations are:
Cr (z) = C0 + ∆Ce−λ2 z ,
R0
Cl (z) = Ct − z,
v

(4.15)

∆C = Ct −C0 ,

(4.17)

(4.16)

with

λ2 = v/k.

(4.18)

Continuity of the derivative at z = 0 can then be used to determine v:

∂ Cr
∂ Cl
(0) =
(0)
∂z
∂z
R0
v
− = −∆C .
v
k

(4.19)
(4.20)

From which it follows that
v=

r

kR0
.
∆C

(4.21)

When G 6= 0, the physically relevant solutions to equations 4.13 and 4.14 can be
calculated by using an exponential Ansatz and solving the characteristic polynomial:
Cr (z) = C0 + ∆Ceλ− z ,
R0
R0
− ( − ∆C)eλ+ z ,
Cl (z) = C0 +
G
G

(4.22)

∆C = Ct −C0 ,
√
−v ± v2 + 4kG
λ± =
.
2k

(4.24)

(4.23)

with

(4.25)

Again continuity of the derivative is used to determine v:

∂ Cr
∂ Cl
(0) =
(0),
∂z
∂z
R0
∆Cλ− = −( − ∆C)λ+ ,
G
1
λ− = λ+ (1 − ),
Ĝ

(4.26)
(4.27)
(4.28)
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Table 4.2: Quantities and their scaling.

x
t
C
G

=
=
=
=

Quantity
q
k ∆C
R0
∆C
R0

C0 + (∆C
R0
∆C

Units
× x̂
× tˆ
× Ĉ)
× Ĝ

m
s
mM
s−1

with Ĝ = G ∆C
R0 . This last equation could be solved by writing λ− /λ+ in terms of
v. However, the algebra is slightly simplified by using an identity obtained from the
characteristic polynomials:
v = kλ+ −

G
G
= kλ− −
.
λ+
λ−

(4.29)

The last equality can be solved for λ− by substituting λ+ from equation 4.28, resulting in:
r
p
R0
λ− = − 1 − Ĝ ·
.
(4.30)
k∆C
After elementary algebra the velocity v is obtained:
r
r
kR0
kR0
1 − 2Ĝ
≈ (1 − 2Ĝ) ·
.
(4.31)
·
v= p
∆C
∆C
1 − Ĝ
The last approximation underestimates the solution no more than 0.08 ·
interval Ĝ = [0,

4.2.4

1
2]

and is exact on the endpoints.

q

kR0
∆C

on the

Scaling the equation

For numerical calculations and dimension analysis, it is convenient to scale C, x and
t. This yields an equation that depends on only one parameter, Ĝ:

∂ Ĉ ∂ 2Ĉ
= 2 + H(Ĉ − 1) − ĜĈ.
∂ tˆ
∂ x̂

(4.32)

In polar coordinates the equation is scaled similarly. The scaled quantities, denoted
with a hat, are listed in table 4.2.

4.2.5

Calculating the critical stimulus strength

In various pathological conditions, a large release of potassium or glutamate into extracellular space can elicit a spreading depression. Such a release can for example be
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caused by excessive activity of neurons, or cell membrane damage. Again, we use
extracellular potassium as an example. We assess the susceptibility of the modeled
tissue to spreading depression by calculating whether or not a local release of potassium elicits a SD. This depends on the total amount of potassium released and on
the duration of this stimulus. This is similar to determining the excitability of a neuron with an electrical stimulus. In that case, the current amplitude versus minimum
pulse duration can be determined, which is characterized by a rheobase, a minimum
charge and chronaxy. The same framework can be applied to SD [20]. We will limit
our considerations to either a very short pulse stimulus or continuous stimulation by
potassium injection, similar to determining the minimum charge and the rheobase of
an electrical stimulus. We did not investigate the effect of the (spatial) width of the
stimulus.
In the first scenario, a short release or injection of a certain amount of potassium
is modeled with a delta pulse at t = 0 at the origin. The stimulus results in a very
high concentration of substance around the origin, which diffuses away into a larger
area. Around the origin, the concentration is above the threshold concentration and
therefore potassium is released by the neurons. An SD is generated only when more
extracellular potassium is generated than diffuses away. Provided Ĝ < 1/2, this is the
case when the amount of injected potassium is large enough.
In the second scenario, a stimulus of infinite duration is modeled as a point source
of potassium at the origin. The steady flux of potassium leads to a build-up of concentration around the source. If the stimulus is weak, an equilibrium is reached between
the generation of potassium and its diffusion and removal. If the source is stronger,
such an equilibrium does not exist and a traveling wave of high potassium is induced.
Calculating the initiation of SD in one dimension underestimates the effectiveness of diffusion and therefore polar coordinates need to be used. We use the scaled
equation, equation 4.32, in polar coordinates. This allows us to calculate numerical
results for different Ĝ and scale the results depending on k, ∆C and R0 , rather than
simulating the full 4-parameter space. The equation reads:

∂ Ĉ 1 ∂ Ĉ ∂ 2Ĉ
+ 2 + H(Ĉ − 1) − ĈĜ + P̂δ (tˆ, x̂, ŷ) + Ŝδ (x̂, ŷ).
=
∂ tˆ
r̂ ∂ r̂
∂ r̂
Here
P=

(4.33)

k∆C2
P̂
R0

(4.34)

is the amount of excitatory substance injected at t=0 at the origin (in mM.m2 ) and
S = k∆CŜ
is the flux of the point source of substance at the origin (in mM*m2 /s).
† To

(4.35)
†

The scal-

avoid confusion, we point out that mM denotes milliMolar = mmol/liter (=mol/m3 ) and hence
the use of ”mM/liter”, as sometimes encountered in literature on SD, is incorrect.
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ing of these parameters can be inferred from their units. To obtain the amount of
substance that would need to be injected in an experiment, this needs to be multiplied with the thickness of the cortex in which the concentration is increased. We
further remark that for a stimulus to be considered short, its duration should be much
shorter than both ∆C/R0 and 1/G, typically ≪ 1 s. Furthermore, for a stimulus to
be considered a point source, it should have a width smaller than k/v, typically < 30
µ m. This is not the case for most experimental stimuli. However, wider stimuli are
expected to behave qualitatively similar to point sources, with the diffusion constant
progressively losing influence with increasing stimulus width. Further calculations
are needed to investigate the effect of stimuli with finite areas, which was not further
explored in this study.
No analytical solution was found for equation 4.33, neither for P 6= 0 nor for
S 6= 0. Therefore, a numerical solution was obtained, by using a simple finite elements
calculation.
The elements were rings with inner and outer radii of rn and rn + ∆r, with rn =
n ∗ ∆r and n ranging from 0 to L/∆r, where L is the radius of the simulation area. The
areas An and outer circumferences On were calculated and the flux between neighboring elements was calculated as (C[n] −C[n + 1]))On /∆x. The outermost element
was kept at C = C0 , to create an absorbing boundary condition, although the simulation area was large enough to not let the solution reach the boundary. The changes in
concentration were then calculated with an explicit time stepping scheme.
∆x was decreased, until no significant changes in simulation results were observed. The time step was chosen as 0.05/∆x2 to ensure convergence. Typical values
used were L = 30, ∆x = 0.1 and simulation duration T = 10. For various values of Ĝ,
the smallest values for both S and P that were able to induce SD were then obtained
empirically.

4.2.6

Using a sigmoid instead of a step function

For tissue containing many neurons with inhomogeneous properties and varying inputs, a sigmoid is a better approximation to the release rate of potassium then a step
function. To test whether this yields different results, the numerical calculations are
done with a sigmoid instead of a step function. A sigmoid as wide as possible without
having a significant slope at the origin was used. Figure 4.3(left) shows this sigmoid
together with the original step function. Figure 4.3(right) compares the two waveforms. Even for this width of the sigmoid, the differences in shape and velocity are
very small compared to the usually encountered variations in experimental measurements. Furthermore, numerical solutions show that the critical steady stimulus fS
is smaller when R(C) is a sigmoid instead of a step function and the critical short
stimulus fP is slightly larger, but the behavior of the functions is similar.
From this we conclude that a step function yields practically the same results as
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Figure 4.3: Comparison of SD waveforms for different expulsion functions. A sigmoid,
R(Ĉ) = 1/(1 + exp(−(Ĉ − 1)/0.15)) − 1/(1 + exp(1/0.15)), is compared with the step function used throughout this chapter (left graph). The right graph shows how similar the two
waveforms are. The propagation velocity when using a sigmoid is only 2% faster. The waveforms were calculated numerically from equation 4.32, with Ĝ = 0.07.

a sigmoidal function when calculating the propagation and initiation of SD.

4.2.7

Comparison with experimental measurements from literature

As an initial validation of the model, its solution will be compared with the time
courses of the extracellular potassium concentration measured during experimentally
induced SDs. Two concentration time-courses were obtained from literature. These
measurements were chosen for their good time resolution, allowing us to obtain several data points during the onset of SD. The graphs were digitized manually from the
figures using Matlab.
A first set of data was taken from figure 1A of [27], who elicited SD in rats of both
sexes in the frontoparietal cortex. A filter paper soaked with 1M KCl, applied from
an opening in the skull, induced the SD. The potassium waveform was measured 5
mm away from the stimulus location. A second experimental result was obtained
from figure 2 of [7], where SD was elicited in a female rat in the dorsal hippocampus
by pressure injection of potassium. A propagation speed was obtained in both papers
by measuring the arrival times of the SD wave at two electrodes. The values at the
center of the observed velocity ranges were used. These were 60 and 100 µ m/s,
respectively.
For each data set, the interval was selected in which the concentration first increases exponentially and then rises linearly. The solution to equation 4.6 was fitted
to the data points in this interval by a least-squares method with Ĝ, C0 , ∆C and R0 ,
independent of k, which was set to yield the correct propagation speed.
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Figure 4.4: Traveling wave solutions of equation 4.6. Shown are results both for no removal,
G = 0 (dashed line) and a fairly large removal rate of G = 0.2/s (solid line). Parameters are
given in table 4.1. The propagation velocity of the waveforms was calculated as 35 and 24
µ m/s, respectively.

4.3 Results
In the previous section, we derived a reaction diffusion-equation and calculated the
concentration time courses and propagation velocity of SD as caused by an excitatory diffusible substance, such as potassium or glutamate. Furthermore, we assessed
tissue susceptibility to SD, by calculating the minimum amplitude of a stimulus that
triggers SD.

4.3.1

Concentration time courses and propagation speed

We calculated a traveling wave solution to equation 4.6, which describes an SD.
Two examples of this solution with numerical values for extracellular potassium are
shown in figure 4.4. The concentration time course during SD is characterized by
an exponential increase that lasts until the concentration reaches the threshold Ct ,
followed by an almost linear rise.
When glial buffering is negligible, i.e. G = 0, the corresponding speed of the
wave is:
r
kR0
.
(4.36)
v0 =
∆C
This equation shows that when the removal rate of potassium is negligible, e.g. after
complete ischemia, the propagation speed increases as the square root of the effective
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diffusion constant k (as holds for any chemical wave [28]). The speed also increases
as the rate of concentration rise R0 due to expulsion of potassium increases, for example when the extracellular space is smaller. The speed of the SD wave also increases
when the difference between resting and threshold concentration ∆C is decreased,
for example by hyperkalemia or a concurrent rise of glutamate, which lowers the
threshold concentration.
Considering the scenario where there is removal of extracellular K + , for example
by glia cells, bloodstream and Na/K-pumps, the conditions that result in the generation in a SD are slightly different. We find that a larger stimulus is needed to induce
SD and SD will propagate slower. A useful quantity to calculate this is the normalized
removal constant Ĝ = G ∆C
R0 . In the methods section it is derived that the propagation
velocity is approximately multiplied with a factor 1 − 2Ĝ:
v1 ≈ (1 − 2Ĝ) · v0 = (1 − 2Ĝ) ·

r

kR0
.
∆C

(4.37)

Note that this implies that for fast normalized removal rates Ĝ > 1/2, the depolarization cannot propagate at all. Intuitively, one may suspect that the depolarization
cannot propagate when diffusion is very slow either. This case, in which recovery
cannot be neglected, is discussed in section 4.4.4.

4.3.2

Critical stimulus for triggering spreading depression

To obtain a measure for the susceptibility of tissue to SD, we calculated both the
minimum amount of excitatory substance in a short pulse P and the minimum flux
delivered by continuous stimulation S, that is sufficient to elicit SD. The critical amplitudes P and S are functions of Ĝ that scale with k, ∆C and R0 and are given by
Pcrit =

k∆C2
G∆C
· fP (
)
R0
R0

(4.38)

G∆C
),
R0

(4.39)

and
Scrit = k∆C · fS (

respectively. Here f p (Ĝ) and fS (Ĝ), shown in figure 4.5, are functions that depend
only on the normalized removal rate and were determined numerically. It can be
observed for both stimulus types that SD is more difficult to induce in tissue that has
a higher diffusion constant, larger concentration threshold ∆C, a smaller release rate
R0 and a faster removal constant G.
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Figure 4.5: The strengths of the critical stimuli, calculated as a function of Ĝ as described
in section 4.2.5. The line drawn serves as a guide for the eye.
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Figure 4.6: Comparison of the model’s solution with experimental data, taken from figure
1A of [27]. The calculated and observed velocities of the waves are indicated in the legend.
Dots are points digitally read out from the original graph.
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Figure 4.7: Comparison of the model’s solution with data, taken from figure 2 of [7]. The
calculated and observed velocities of the waves are indicated in the legend. Dots are points
digitally read out from the original graph.

4.3.3

Comparison with experimental time courses

Figure 4.6 compares a modeled time course with the measurement obtained from
[27]. The obtained parameter values are: C0 = 3.1 mM, R0 = 11 mM/s, ∆C = 9.4 mM,
k = 3.4·10−9 m2 /s, G = 0.02/s. These values are in the physiological range and the
model correctly describes the shape of the measured time trace: an exponential rise
followed by a steep almost linear rise.
Figure 4.7 compares a modeled time course with a second measurement, from
[7]. Here we find: C0 = 4.4 mM, R0 = 48 mM/s, ∆C = 9.0 mM, k = 1.9·10−9 m2 /s, G
= 0.00/s. These values are also in the physiological range.
Note that only the velocity ranges for the individual measured time courses are
known with a typical spread of 20%, which leads to large errors, ±40%, in the determined diffusion constants.

4.3.4

Predictions of the model

Square root dependence of propagation speed on diffusion constant
Our model predicts a square root dependence of the propagation velocity on the effective diffusion constant k (equation 4.37).
This is in accordance with the findings of Shapiro [13], who calculates with a
detailed numerical model the propagation velocity of SD as a function of k for potassium. In his model, potassium diffuses mainly intercellularly through gap junctions,
√
rather than extracellularly. He finds that the propagation speed of SD increases as k.
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The velocity deviates from the square root dependence for small values of k, where
it drops rapidly to zero and SD cannot be elicited below a certain value of k. We will
discuss later in more detail that for very slow diffusion, the limits on the total amount
of substance that can be released cannot be neglected. This lowers the propagation
speed and prohibits SD for very small diffusion constants.
SD cannot be induced when the concentration increase due to release is small
According to equation 4.37, no SD can be elicited when G > R0 /(2∆C). Small rates
of concentration rises, R0 , therefore prevent SD. It is indeed observed that SD cannot be elicited in brains of young animals, in which the extracellular space is relatively large. Expelled potassium and neurotransmitters are diluted more, and cause a
smaller rise in extracellular concentrations, thereby protecting against SD [29].
Tissue susceptibility to SD and its propagation speed are not necessarily correlated
Equations 4.37 - 4.39 predict that either decreasing R0 or increasing ∆C or G both
lowers the propagation speed and increases the critical stimulus amplitude for triggering SD. Decreasing the effective diffusion constant k also lowers the propagation
speed, but decreases the critical stimulus amplitude. Hence, the intuitive idea that SD
is more difficult to induce in tissue where it propagates slower, is incorrect in cases
where the effective diffusion constant changes. This lack of correlation was indeed
observed by Weimer et al. [30]. Their experiments in chick retina show that during
the recovery period that follows an SD, the threshold for electrical stimulation is increased, while cooling the tissue decreases this threshold. Both manipulations slow
the propagation of SD.
Our model predicts from this measurement that cooling decreases the effective
diffusion constant. It also quantifies this. Weimer et al. cooled the tissue from 30 to
20 ◦ C. This resulted in a reduction of propagation speed of 30%, in combination with
a decreased threshold for electrical stimulation of 50%. These values both correspond
with a decrease in diffusion constant of 50% (equation 4.37 and 4.38. In comparison,
this cooling slows (passive) diffusion of potassium in water with only 20% [31].
Hence, our model predicts that passive diffusion of extracellular potassium cannot
have a primary role in the propagation of SD in these experiments. Either potassium
is actively transported, for example by the glia, or SD propagates through another
mechanism such as axonal conduction of action potentials or diffusion of glutamate.
We have to be careful in drawing conclusions from the electrical stimulation
threshold alone, since our model describes the stimulus amplitude in terms of substance release, which may not be proportional to the injected current and also may
change upon cooling.
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Threshold concentration for SD is lower in female rat, while propagation speed
is the same
Our model predicts that a lower concentration threshold increases the propagation
speed (equation 4.37). This is in disagreement with observations from Adamek [27],
who elicited SD by applying a cotton ball with 1M KCl to the frontoparietal cortex.
They measured the time course of the extracellular potassium concentration during
the onset of SD close (1.5 mm) to the stimulus site. A measure for the concentration threshold was obtained by plotting this time course on a semi-logarithmic scale,
which shows a deflection point. This point was found at much lower concentrations
in female rat cortex (5.0 ± 0.6 mM) than in male rat cortex (11.4 ± 0.4 mM) above the
resting concentration (3.0 mM). The corresponding propagation speed for SD, was
determined to be 3.9 ± 0.3 mm/min in females and 3.6 ± 0.3 mm/min in males. The
difference is not statistically significant.
Our simulations show that this deflection point in the semi-logarithmic plot is not
a reliable measure of the concentration threshold, because it is influenced by the SD
wave that is generated at the stimulus site. However, their measurements definitely
suggest a concentration threshold that is lower in female rat, although maybe less
pronounced than the deflection points suggest.
As the lower concentration threshold for triggering does not have a large effect
on the propagation speed, we predict that diffusing potassium has only a secondary
role in the propagation of normoxic SD. The hypothesis that a lower concentration
threshold for potassium leads to a higher susceptibility to SD is in agreement with
the predictions of our model (equation 4.38 and 4.39).

4.4 Discussion
The main results of this work are the analytical expressions for the dynamics of diffusible excitatory substances during SD and how these contribute to the triggering
and propagation. Expressions were derived for the propagation speed (equations 4.36
and 4.37) and the minimum amplitude of a stimulus that is sufficient to induce SD
(equations 4.38 and 4.39). The theoretical concentration time courses during the onset of SD were compared with experimental recordings of extracellular potassium
(figures 4.6 and 4.7) and several predictions were made with the model by analyzing
observations from literature.

4.4.1

Role of neural excitability

The most important assumption that we make to arrive at the expressions for the propagation and triggering, equations 4.36-4.39, is that the release rate of a substance is
a function of its own concentration that can be approximated with a step function or
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sigmoid. Although our results do not depend on the exact mechanism, we hypothesized that neuronal excitation mediates such a release rate of potassium and/or glutamate. However, it has been found that SD can still occur when TTX blocks sodium
channels [32, 33], showing that the generation of action potentials is not necessary
for SD. In this case, depolarization of the neuronal membrane can still mediate SD.
Also with TTX applied, a critical value for the neuronal resting membrane voltage is
observed above which SD is triggered. This is a few mV higher than when TTX is
not applied [33]. Hence, depolarization of the neuronal cell membrane by excitatory
effects could mediate a pathological release of excitatory substances. This hypothesis
can be tested by slowly increasing the glutamate or the potassium concentration in a
large area and verifying that the threshold resting membrane voltages above which
the depolarization is started are similar for both substances.

4.4.2

Validity of the derived expressions

The solution to equation 4.6 was compared with two experimental time courses of
extracellular potassium (figures 4.6 and 4.7). For both measurements, the theoretical solution describes the measured data very well, until the concentration has risen
to approximately two thirds of the maximum concentration reached during the SD.
Hereafter, recovery processes, which were not modeled, start to influence the concentration time course. In both cases, the obtained parameter values are in the physiological range.
Furthermore, the solution also deviates during the earliest phase of the SD wave
from the data set of Herreras et al. [7],(figure 4.7). Rather than an exponential
increase in concentration, the concentration initially rises approximately linearly. The
start of this rise (t = -3.5 s) occurs simultaneously with the onset of prodromal spiking
activity that Herreras et al. observed in extracellular recordings. This activity can
cause the initially linear rise in [K + ]e . Note that we only described the contribution
of diffusing substances on the propagation of SD, and not the possible contributions
of other mechanisms, notably the propagation of neural activity through synaptic
connections. This has been investigated, although not applied to SD, for constant ion
concentrations [34], as well as numerically, for dynamic ion concentrations [35].
Also, Herreras et al. observed a large change in extracellular potential, associated
with neuronal depolarization, before the fast rise of [K + ]e . Therefore, extracellular
potassium seems to be a byproduct, rather than the primary contribution to the propagation of SD in this experiment. Still, a critical point can be observed, after which
a fast linear rise in potassium concentration occurs, preceded by an exponential increase, as caused by diffusion.
Although the model describes the experimental time courses of the concentration
of extracellular potassium very well, this does not mean that diffusing extracellular
potassium is the primary mechanism for SD propagation. For the release of a sec-
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ondary substance, the same reaction-diffusion equation is valid. In that case, however,
a different value for the concentration threshold is observed. We will discuss this in
the next section.

4.4.3

Multiple diffusing substances

The release rate of one excitatory substance, e.g. potassium, can be influenced by the
concentration of a second substance, e.g. glutamate. A rise in extracellular glutamate
concentration lowers the concentration of potassium at which a certain membrane
voltage is reached. If the release mechanism is mediated by the membrane voltage,
this effectively lowers the potassium concentration threshold for potassium release.
This results in a higher propagation speed (equation 4.37).
Two threshold concentrations can then be distinguished for a single substance.
The threshold for (experimentally) inducing SD, when no other substance is released
yet, and the observed threshold during propagation. The latter is lower due to the
influence of a second excitatory substance. How close the threshold during propagation is to the threshold for inducing SD is a measure for the relative importance of a
substance in the propagation of SD.
The model can be extended by adding an equation for a second substance to it
and describing the concentration threshold of both substances as a function of concentration of the other.

4.4.4

Effects of recovery and limited total amount of released substance

In deriving equation 4.6, it is assumed that cells in the tissue, once the concentration
rises above the threshold, expel excitatory substance indefinitely. This assumption is
justified in most cases, because only the front of the wave is important for an accurate
description of propagation and initiation. Even for a diffusion constant close to zero,
the model predicts that propagation of SD is possible, albeit slow. In that case, the
concentration at a certain position in the tissue keeps rising, such that the concentration gradient eventually is steep enough to cause sufficient flux to the interstitial
space of the neighboring tissue. This cannot occur in reality, because there is a natural limit on the concentration and the total amount of substance that can be released
from the cells.
Therefore, when equation 4.37 predicts relatively slow propagation velocities,
these are either overestimated or propagation is not possible. The propagation velocity is considered slow, when the front of the waveform is affected by recovery
effects.
To investigate this, recovery effects can be incorporated in the numerical model.
This would also allow for investigating how consecutive SD’s are induced by a prolonged stimulus. These effects can be incorporated, for example, by introducing a
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recovery variable in the model [23]. Such a variable slowly increases when the concentration is high and limits the release rate and enhances removal.

4.5 Conclusion
Concentration dynamics of diffusible excitatory substances, such as potassium and
glutamate, were calculated during triggering and propagation of spreading depression (SD). For this purpose, a reaction-diffusion equation was constructed from four
physiological parameters. Solutions to the equation describe the onset of SD and
yield an analytical solution of the shape of the front of the wave, e.g. concentration as a function of position and time, and the propagation speed (equation 4.36 and
4.37). A critical stimulus strength was calculated for both prolonged and short stimuli
(equations 4.38 and 4.39).
The solution to our equations was validated with experimental measurements of
extracellular potassium concentration and was found to describe the onset of the concentration time course very well. The estimates for the parameters are all in the
physiological range. Predictions of the model were presented and it was shown how
the obtained expressions can be used to analyze several experimental findings. The
model can be elaborated to describe multiple substances or recovery effects.
The presented expressions allow an analysis of the influence of an excitatory substance on SD propagation and triggering, in terms of concentration threshold, release
rate, removal rate and effective diffusion constant. The effects of other influences can
be described by how they change these quantities. By comparing them with experiments or more elaborate numerical models, the derived expressions may be helpful
in answering the question of which role diffusible substances play in various forms
of SD.
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[16] J. Bureš, O. Buresová, and J. Křivánek, The mechanism and applications of Leão’s spreading
depression of electroencephalographic activity (Academia, t. [ST 5]) (1974).
[17] H. Wilson, Spikes, Decisions, and Actions: The Dynamical Foundations of Neuroscience (Oxford
University Press) (1999).
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5
Single neuron dynamics during experimentally
induced anoxic depolarization ∗

Abstract: We studied single neuron dynamics during anoxic depolarizations, which are often observed
in cases of neuronal energy depletion. Anoxic and similar depolarizations play an important role in
several pathologies, notably stroke, migraine, and epilepsy. One of the effects of energy depletion was
experimentally simulated in slices of rat cortex by blocking the sodium-potassium pumps with ouabain.
The membrane voltage of pyramidal cells was measured. Five different kinds of dynamical behavior of
the membrane voltage were observed during the resulting depolarizations. Using bifurcation analysis
of a single cell model, we show that these voltage dynamics all are responses of the same cell, with
normally functioning ion channels, to particular courses of the intra- and extracellular concentrations of
sodium and potassium.
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5.1 Introduction
Physiological functioning of neurons is critically dependent on the ion concentration gradients across the cell membranes. Molecular pumps and transporters, notably
the sodium-potassium pump, in the membranes of neurons and glia cells work to
maintain the physiological intra- and extracellular concentrations of ions and neurotransmitters.
These pumps require a constant supply of energy in the form of ATP. After an
ischemic stroke, or during anoxia, the supply of glucose and oxygen from the blood
is insufficient for the tissue’s metabolic needs. This leads to failure of ion homeostasis. A characteristic phenomenon resulting from this failure is anoxic depolarization,
an initial slow increase of the membrane voltage (Vm ), followed by a sudden, large
depolarization, accompanied by a loss of membrane resistance and large shifts in the
intra- and extracellular ion concentrations [1]. Modeling studies [2–5] show that during anoxia/ischemia potassium ions leak into the extracellular space, which causes a
slow, gradual increase of Vm . When the extracellular potassium concentration reaches
a certain threshold, the neurons start spiking, causing a large efflux of potassium, resulting in a fast depolarization.
Also, during epileptic seizures, the intense neuronal activity can cause the extracellular potassium concentration to rise out of its physiological range. This initially
excites neurons, but may subsequently result in depolarization and cessation of electrical activity. This is a possible mechanism for spontaneous termination of seizures
[3, 4, 6–8].
A phenomenon similar to anoxic depolarization, spreading depression, is the
physiological substrate of a migraine aura. Spreading depression is a wave that slowly
propagates through the neural tissue, during which there is a large shift in intra- and
extracellular ion concentrations, glutamate is released, cells depolarize and electrical
activity is depressed [9, 10]. When blood flow is sufficient, these depolarizations are
relatively harmless and cells recover within minutes [11]. However, when blood flow
is restricted, as during ischemia, these depolarizations induce massive cell death [12]
and are therefore a potential target for therapy.
Despite the importance of anoxic depolarizations in several neurological disorders, the underlying physiology is not yet fully known [13]. This is probably due to
the complex interplay of neuronal membrane dynamics, synaptic activity, glial and
ion-pump activity, the composition of the extracellular space and blood flow during these depolarizations. Although the membrane voltage dynamics have a central
role in the initiation of the rapid depolarization, there is little experimental literature available on these dynamics during anoxic depolarization. Here we present such
measurements. We experimentally simulated one of the effects of ischemia by applying ouabain [14–16] to slices of rat brain. This blocks the sodium-potassium pump
activity and induces anoxic depolarizations.
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First we will discuss the rich variety of membrane voltage dynamics that was
observed during this halt of the Na/K-pumps. Then we analyze these dynamics in
terms of a dynamical system and compare them with the behavior predicted by single
neuron models with dynamic ion concentrations [2, 7, 17].

5.2 Materials and methods
5.2.1

Experimental procedure

Long Evans rats aged 14-21 days were anesthetized with isoflurane, decapitated and
the brain removed. The brain was then blocked to prepare transverse slices of entorhinal cortex and ventral hippocampus. Using a microtome, 400 µ m thick slices
were prepared. The slices were then placed in a submersion chamber containing artificial cerebrospinal fluid (in mM: 125 NaCl, 25 NaHCO3, 11 D-glucose, 3 KCl,
1.25 NaH2PO4, 2 CaCl2, 1 MgCl2) and allowed to recover for 1 hour at 37 ◦ C. Brain
slices were then transferred to a submerged recording chamber. Neurons were visualized using differential interference contrast (DIC) optics. An extracellular electrode,
Ag/AgCl microelectrode inside a borosilicate micropipette, was placed in layer 2/3
of entorhinal cortex. Based on its morphology, a pyramidal cell was selected for
patching, located approximately 40 µ m adjacent to the extracellular electrode. Intracellular recording electrodes were filled with intracellular recording fluid (in mM:
120 K-gluconate, 20 KCl, 10 HEPES, 7 Na2-Phoscreatine, 4 Na2-ATP, 2 MgCl2, 0.3
Tris-GTP, 0.2 EGTA) and used to whole cell patch the neuron.
After establishing stable intracellular and extracellular recordings, the perfusion
fluid was switched for 30 seconds to artificial cerebral spinal fluid containing 200 µ M
ouabain. This corresponds approximately to t = 0-30 s in the recordings. The flow
rate of the recording chamber was approximately 4 mL/min and its volume 0.5 mL.
The applied ouabain concentration, 200 µ M, is two orders of magnitude above the
binding constant Kd ≈ 50 nM [18], resulting in a complete block of the Na/K-pumps.
A relatively high concentration was chosen to ensure rapid diffusion of the substance
into the slice. The washout time of the ouabain was determined to be much longer
than the duration of the experiments, on the order of 4-6 hours.
Recordings were amplified using an Axon 700B amplifier (Molecular Devices,
Sunnyvale, CA) with a 2.4 kHz low pass filter. Extracellular signals were amplified
500x prior to digitization and intracellular signals were amplified 10x prior to digitization. Analog to digital conversion was performed using a National Instruments
(Austin, TX) M-6259 16-bit data acquisition card. Data was recorded using the RealTime eXperiment Interface (RTXI, www.rtxi.org).
Data was analyzed using MATLAB (Natick, MA). The transmembrane voltage
signals were obtained by subtracting the extracellular voltage from the intracellular
signal. Of the 12 obtained recordings, two were discarded. In one measurement we
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expected a problem with the patch, while the other was halted after 180 s, before the
cell fully depolarized. This resulted in 10 measurements for analysis.
Experiments were conducted in accordance to IUCAC approved protocols at the
University of Minnesota.

5.2.2

Analytical methods

To analyze the observed dynamics, we will use the results of Barreto et al. [17], who
characterized a Hodgkin-Huxley (HH) neuron model for different ion concentration
gradients. Their analysis was performed to qualitatively study how changes in sodium
and potassium Nernst potentials can induce periodic bursting behavior of neurons.
The Nernst potential is a function of the intra- and extracellular ion concentrations, which are not constant in our case. However, since the dynamics of these
concentrations are slow compared to the membrane dynamics, the behavior of the
membrane voltage can be investigated as though the concentrations are constant. The
bifurcation diagram of Barreto et al. [17] depicts the different behaviors of the HH
neuron, e.g. resting, tonically spiking, as a function of both the intracellular sodium
concentration and extracellular potassium concentration. In the HH model, these concentrations affect only the corresponding Nernst potentials, ENa and EK , which are
direct parameters in many single cell models. Therefore, the diagram was redrawn
with EK and ENa as parameters, calculated from the concentrations stated in their
paper as
[Cx ]e
.
(5.1)
Ex = 27 mV · ln
[Cx ]i
Here [Cx ]i,e denote, respectively, the intracellular and extracellular concentrations of
ion species x = Na, K.
The measurements were grouped in categories based on the dynamic states and
transitions that were observed. For example: “from resting state, to tonic spiking
starting with zero frequency, to a depolarized resting state through depolarization
block”, or “depolarization without spiking”.

5.3 Results
5.3.1

Membrane voltage

After the addition of ouabain, the majority of cell membranes depolarized to a resting
voltage close to zero, as for example can be seen in Figure 5.1-A1. This is expected,
because the main mechanism for maintaining the ion gradients, the sodium-potassium
pump, is halted. Interestingly, the cells showed different kinds of dynamical behavior
during this process. Five different types of behavior were observed.

5.3. RESULTS

63

Figure 5.1: Time course of the membrane voltage after 30 s perfusion with 200µ M ouabain:
time traces (A1,B1,C1), a close up of the end (A2, B2) or start (C2) of the spiking epoch
and the firing rates, calculated from the inter-spike intervals (A3, B3, C3). Panels A show
an example of the first type of dynamical behavior described in the Results, where spiking is
stopped by a depolarization block, panels B present the second type, where spiking stops by
slowing down and panels C show the third type, where the spikes have a small amplitude.
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Figure 5.2: Time course of the membrane voltage after 30 s perfusion with 200 µ M ouabain:
time traces (D1, E1) and a close up (D2, E2). Panels D show the fourth type of dynamical
behavior described in the Results, in which only a few or no spikes occur. Panels E show the
fifth type, where the membrane voltage shows a relaxation oscillation from a polarized to a
depolarized state. Note the short timescale on the time axis for this close up.

Figure 5.1-A shows an example of the first type, recorded in two out of ten measurements. After the application of ouabain, the cell’s membrane potential increases
from about -65 mV to -55 mV (t = 20 to 60 seconds). In the next 30 seconds, Vm
shows large subthreshold variations and a few action potentials. This suggests that
the cell receives substantial synaptic input. The height of the voltage plateau does not
change significantly during this period. Then, from 90-120 s, the voltage plateau depolarizes and the spiking frequency increases. The neuron achieves a maximal firing
rate of 50 Hz, just before going into depolarization block. In the case shown, the neuron goes into block and back to spiking several times. After the cell goes into block
the last time, it has a membrane voltage around -20 mV. Then, in approximately 30
seconds, it depolarizes and finally reaches a membrane potential of approximately 0
mV.
In four recordings, labeled as type 2, we observed a spiking epoch with a similar onset, but with a different ending, as shown in Figure 5.1-B. Here, the fastest
firing rate occurs in the middle of the spiking period. The cell does not go into depolarization block, but decreases its spiking frequency to zero. Then the membrane
depolarizes from about -40 mV up to its final potential in approximately 30 seconds.
Furthermore, panel B3 shows the occurrence of two-spike bursts, with an interspike interval < 10 ms (> 100 Hz). The bursts are followed by after-spike hyperpo-
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larizations, which are deeper than those following single spikes. These bursts were
observed in several of the recordings labeled as type 1 or 2.
Labeled as type 3, shown in Figure 5.1-C, one recording displayed a spiking
epoch with a frequency decreasing towards zero, as the second type, but the onset
of spiking was not at almost zero frequency, but had an initial spike rate of about 7
Hz. The amplitude of the spikes is small and the minimum voltage during spiking is
above the resting state voltage.
Two recordings, that were labeled as the fourth type, did not exhibit a spiking
epoch. No, or only a few, spikes are observed before the neuron depolarizes in a
similar way as the second type. Figure 5.2-D shows one recording as an example.
The second recording was similar, but did not exhibit any action potentials.
A fifth type was observed in one recording, shown in Figure 5.2-E: a single spike
followed by a relaxation oscillation to a depolarized membrane voltage.

5.3.2

Analysis of the membrane voltage dynamics

We will use bifurcation analysis to explain the different observed dynamics. Bifurcations are the points in parameter space where the system changes behavior, for
example from resting to tonic spiking. The bifurcation analysis performed by Barreto et al. [17] of a Hodgkin-Huxley model, determines the dynamics of a neuron for
different ion concentrations. Figure 5.3 shows this bifurcation diagram.
The saddle-node-on-invariant-circle (SNIC) bifurcation line depicts the points
where the neuron changes its behavior from resting to tonic spiking. When either EK
or ENa increases (moving right or down in Figure 5.3), the net inward current is increased, depolarizing the neuron. Upon crossing the bifurcation line the resting state
vanishes, which causes the neuron to tonically spike, starting at zero frequency. To
the left of this curve the neuron is excitable, the closer to the line, the more excitable.
To the right of this line, the neuron tonically spikes, with increasing frequency as the
system moves further from the bifurcation line. This is known as class 1 excitability
[19].
The Hopf bifurcation line corresponds to the points where the neuron goes into
depolarization block. Such a block occurs when the spiking frequency becomes so
high that the sodium gates have no time to deinactivate completely after an action
potential. This reduces the peak amplitude of the action potential, which in turn
decreases the opening of the potassium gates and the resulting repolarization. Upon
crossing the line, the amplitude of the action potential becomes zero [19]. Hence
the membrane voltage oscillates towards a stable depolarized state. The sodium and
the potassium gates are then half open and the electrical membrane resistance is low
[20].
A saddle-homoclinic orbit (HC) and two saddle-node (SN) bifurcations, connect
the SNIC and Hopf lines. Upon crossing the HC bifurcation, the potassium current
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Figure 5.3: Sketch of a bifurcation diagram of a Hodgkin-Huxley type model. Shown are
the SNIC bifurcation (thick dashed line), which corresponds to a class 1 spiking threshold,
and the Hopf bifurcation (thick dotted line), which corresponds to a depolarization block.
A saddle-homoclinic orbit (HC) and two saddle-node (SN) bifurcations (thin dashed lines)
connect the SNIC and Hopf lines. The insets depict qualitatively the dynamics of the membrane voltage at different positions in the diagram. In the small area between the HC and
SN bifurcation lines, the neuron dynamics are bistable (denoted by double-headed arrows).
Bifurcation lines are calculated from the diagram depicted in [17].
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has become too small to fully repolarize the membrane voltage to the resting state
once an action potential is induced, and the cell keeps spiking. The neuron has become bistable and input can switch it between spiking and resting. The bifurcation
can be identified from the lack of hyperpolarization below the resting voltage, when
the cell is generating action potentials.
When instead the left SN bifurcation line is crossed, a stable depolarized equilibrium is formed and the cell can be switched between the polarized resting state
and the depolarized resting state. When the system subsequently crosses the right SN
line, the polarized resting state loses stability.
We now show that a single cell, with the same electrophysiological membrane
properties, can exhibit any of the five types of the experimentally observed dynamics,
depending on the trajectory that is followed in parameter space by the sodium and
potassium Nernst potentials, ENa and EK . Under physiological circumstances these
potentials are stable around 50 and -90 mV respectively. When all ion pumps stop
functioning, the ion gradients diminish and these voltages will go towards the socalled Donnan equilibrium [1]. The ion gradients do not completely vanish, due to
charged, large molecules in the intracellular space and gradients may even reverse.
In our experiments, the chloride pumps are still functioning, which also keeps the
equilibrium potentials from zero.
In Figure 5.4, hypothetical trajectories are drawn that correspond to the experimentally observed behaviors. Both trajectories 1 and 2 cross the SNIC bifurcation,
transitioning from resting to regularly spiking. Trajectories 4 and 5 do not cross this
bifurcation. In trajectory 1, the potassium reversal potential is lost faster than that of
sodium and the cell goes through the Hopf bifurcation into depolarization block. In
trajectory 2, 4 and 5, the sodium reversal potential is lost faster than that of potassium
and the cell exits the spiking regime via the SNIC bifurcation and firing rate slows
down to zero (trajectory 2), or the trajectory stays above the SNIC bifurcation and
the cell does not spike at all (trajectories 4 and 5).
For types 2 and 4 no further bifurcations occur and the membrane depolarizes due
to loss of the potassium gradient. For type 5, the trajectory crosses two saddle-node
bifurcations. This causes a depolarized equilibrium to stabilize, followed by the loss
of stability of the physiological resting equilibrium. This leads to a fast relaxation
oscillation to the depolarized equilibrium. The trajectory of type 3 (not shown in
Figure 5.4), lies slightly below trajectory 5 and crosses the homoclinic orbit bifurcation. This leads to a short period of spiking, that starts at a non-zero frequency and
shows small action potentials that are not followed by a hyperpolarization. Because
the spiking frequency decreases to zero, it can be concluded that, rather than moving
through the Hopf bifurcation, the trajectory crossed the HC bifurcation again before
the membrane completely depolarized.
These five trajectories produce all dynamic transitions that can occur when the
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Figure 5.4: Trajectories through the bifurcation diagram of a Hodgkin-Huxley type model.
The physiological state is denoted R. Solid lines denote four hypothetical trajectories of
the ion concentrations, leading to the experimentally observed dynamics. Trajectory 3 (not
shown for clarity) lies slightly below trajectory 5 and crosses the HC bifurcation. Bifurcation
lines are calculated from the diagram depicted in [17].

sodium and potassium gradients change monotonically in this model. As comparison,
Figure 5.5 shows the behavior of the HH model in which the Nernst potentials were
set to follow these trajectories. The behavior largely agrees with that experimentally
observed.

5.4 Discussion and conclusion
We conducted this study to improve our understanding of the dynamics of a neural unit during anoxic depolarizations. Here, we focused on the membrane voltage.
The membrane voltage of pyramidal cells from rat neocortex was measured after
blocking the sodium-potassium pumps with ouabain. This induced anoxic-like depolarizations. Five different kinds of dynamic behavior were observed. Bifurcation
analysis shows that these correspond to different paths through the state space of the
sodium and potassium Nernst potentials of the same neuron model.
To our knowledge, this is the first time this variety in voltage dynamics of depolarizing neurons is experimentally observed. The observed types are characterized
by the bifurcations through which the system goes, which are shown to be the bifurcations that occur in the HH-model. All the bifurcations predicted by the HH-model,
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Figure 5.5: Membrane voltage dynamics of the HH model for five different trajectories of the
Nernst potentials. The inset shows the spiking frequency. The time courses of EK and ENa
were set to follow approximately the trajectories in Figure 5.4. Since the HH model shows a
much higher firing rate than the measured neurons, the Nernst potentials were changed on a
much shorter time scale (4 s) than experimentally observed (minutes), in order to show the
depolarization and the spiking behavior in the same plot: EK = -90 + 65*(tanh(t-2)+1) and
ENa = 53+∆ENa tanh((EK − µ )/w)+1)/2, using [∆ENa ,µ ,w] = [103,-40,10; 103,-60,5; 68,70,10; 103,-70,10; 82,-70,10] mM, respectively. Parameters of the voltage gated channels
were chosen as in [17].
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but not all possible combinations, were observed in the measurements. The bifurcation diagram suggests that other types of dynamics can occur that are combinations of
the observed dynamics. For example, the spiking epoch of type 2 could be followed
by the relaxation oscillation of type 5, and the epoch of low amplitude spikes of type
3 could end with the Hopf bifurcation shown by type 1, instead of slowing down
in spike rate (c.f. Figures 5.1-C and 5.5-3). From the limited amount of measurements (10), however, we cannot exclude the existence of behavior not predicted by
the HH-model. Furthermore, neurons with spiking dynamics that are not described
by this HH-model, such as intrinsically bursting cells, will certainly show different
membrane dynamics during depolarization.
Some of the voltage dynamics, for example those in Figure 5.1-C, may appear
atypical. They do not, however, indicate a diseased state of the cell, but are rather
the normal response of the membrane voltage to particular courses of the intra- and
extracellular ion concentrations. When performing experimental measurements, classifying the membrane dynamics during the depolarizations can yield additional information on the changes in the sodium and potassium gradients.
The dynamics of the ion concentrations are a complex function of various parameters, including cell volume, membrane area and extracellular volume, local glial
cell activity, the effective distance for diffusion between the cell and the bath fluid,
and the ion channel densities of the cells [3, 4]. Furthermore, the bifurcation diagram
itself depends on the cell’s channel conductances and the synaptic input it receives,
which is different from cell to cell. This may account for the differences between the
measurements.
Since the synapses were fully functional during the measurements, they affect
the membrane dynamics. Synaptic input can shift the positions of the bifurcations,
but does not qualitatively change the structure of the bifurcation diagram. Therefore,
only the fluctuations in synaptic input can be observed from the membrane voltage
trace, showing as subthreshold movements, variations in the spike intervals or the
occurrence of a few spikes (e.g. Figures 5.1-A1 and 5.2-D2). When the neuron is
close to a bifurcation, these fluctuations can even cause transitions back and forth between states, as for example observed in Figure 5.1-A2, where the dynamics fluctuate
between spiking and depolarization block.
During our analysis of the single neuron dynamics, we considered the courses of
the potassium and sodium Nernst potentials as given. Also, in order to replicate the
dynamics observed in the measurements with the HH-model, trajectories in the state
space of the Nernst potentials were artificially chosen. In reality, however, these trajectories are determined by the closed-loop interaction between the transmembrane
ion fluxes resulting from neuronal activity and the dynamics of the ion concentrations.
This interaction determines the critical conditions for triggering a rapid depolarization, such as a potassium concentration threshold or minimum ion pump activity.
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Further efforts are needed to experimentally verify this interaction, as modeled
in [2, 17], as well as the influence of synaptic coupling between the cells. This requires simultaneous measurement of the ion concentrations, the membrane voltage
and neural activity. This may also allow a deeper understanding of clinically relevant phenomena, i.e. the occurrence of (spreading) depolarizations in migraine or
ischemia/anoxia. Indeed, to identify the conditions responsible for these mesoscopic
events, the dynamics of the ion concentrations must be considered as well.
Trajectories in the bifurcation diagram derived from the calculations of Barreto
et al. [17] must reach a sodium Nernst potential < -20 mV in order to circumvent the
Hopf bifurcation line, and hence produce a depolarization without a depolarization
block (Trajectories 2-5). This is not likely, as the intracellular sodium concentration
would have to become almost twice as large as the extracellular sodium concentration. However, the positions of the bifurcations depend heavily on the values for the
conductances and the specific model used. Krishnan et al. [7], for example, constructed a similar, more elaborate model, using values of mammalian cortical cells.
Their bifurcation diagram is qualitatively similar, but they find the highest point of
the spiking regime at a sodium Nernst potential of 47 mV, rather than -20 mV. This
sodium potential can certainly be reached during anoxic depolarization. So, although
a mammalian neuron is more complex than the HH model and the values at which
the bifurcations occur in the model will not be commensurate with the experimental
findings, the model is able to explain the bifurcations. Therefore, our observations
agree very well with the model’s qualitative behavior.
We studied membrane dynamics after failure of the Na/K-pumps, by blocking
them with ouabain. The results may therefore be slightly different from in vivo pathophysiology, where other processes play a role as well. During OGD, for example,
synaptic transmission is one of the first processes to fail [21]. Furthermore, the chloride pumps stop functioning, which results in a hyperpolarizing chloride current [22].
Also, ATP-sensitive potassium channels can open [23]. Due to these effects, neurons
tend to temporarily hyperpolarize during OGD. Therefore, it is expected that during
OGD the onset of depolarization will be later then after application of ouabain. However, since the gated currents are larger than the currents generated by these effects,
the dynamic behavior during the depolarization is expected to be similar.
Our results may also be relevant to epilepsy and seizure generation. It is known
that an increase of extracellular potassium, in the range observed in vivo during
seizures, depolarizes cortical pyramidal neurons resulting in increased excitability.
Failure in maintaining homeostasis of the extracellular potassium concentrations has
therefore been proposed to play a significant role in seizure generation and termination [24]. Our results help identify different “ionic routes” to depolarization block in
seizures. Different rates of accumulation of extracellular potassium and intracellular
sodium may determine different seizure dynamics. This may be useful in classifying
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seizure types and determining which drug targets may be more effective depending
on the seizure dynamics.
To conclude, we report on experimental observations on single neurons during
anoxic-like depolarizations. In these measurements, five different types of dynamics were observed. These are explained with a bifurcation diagram of a single cell
model and were shown to correspond to different courses of the sodium and potassium gradients. All dynamical states and transitions predicted by the model were
observed. This shows that bifurcation analysis of single cell models for the sodium
and potassium Nernst potentials is indeed a successful approach to understand the
membrane voltage dynamics during anoxic and anoxic-like depolarizations, that can
occur during epilepsy, migraine and stroke.
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6
A neural mass model based on single cell
dynamics to model pathologies ∗

Abstract: Neural mass models are successful in modeling brain rhythms as observed in macroscopic
measurements such as the electroencephalogram (EEG). While the synaptic current is explicitly modeled in current models, the single cell electrophysiology is not taken into account. To allow for investigations of the effects of channel pathologies, channel blockers and ion concentrations on macroscopic
activity, we formulate neural mass equations explicitly incorporating the single cell dynamics. The
mean and variance of the firing rate and synaptic input distributions are modeled. The firing rate curve
(F(I)-curve) is used as link between the single cell and macroscopic dynamics. We show that this model
accurately reproduces the behavior of two populations of synaptically connected Hodgkin-Huxley neurons, also in non-steady state.

∗ Submitted

as: BJ Zandt, S Visser, MJAM van Putten, B ten Haken (2014) A neural mass model
based on single cell dynamics to model pathologies.
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CHAPTER 6. NEURAL MASS MODEL FOR PATHOLOGIES
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Figure 6.1: Diagram of a neural mass model describing one population with one input. The
input to a population fin , i.e. the presynaptic firing rate, drives the dynamics of the state of
the population, represented by the population potential V . The response of V to fin represents
the dynamics of the synapses and the membrane potential of the dendrites and soma. This
state is consequently converted into the output firing rate fout by a sigmoidal function S(V ).

6.1 Introduction
Neural mass models (NMM) are very successful in describing brain rhythms as measured with electroencephalogram (EEG), electrocorticogram (ECoG) and magnetoencephalogram (MEG). The main advantage of these models is that they can be
mathematically analyzed due to their low dimensionality and that they are computationally inexpensive. In short, a NMM produces the average activity (firing rates)
of populations of neurons [1]. If desired, NMM’s can be extended with a spatial
component (neural field) to model the propagation of rhythms and activations.
Neural mass models can also be used to investigate how (patho)physiological
changes in the brain affect EEG rhythms. For example, they were recently used to
show how the effects of anesthetics/sedatives [2–4] and selective synaptic damage
[5] result in the patterns observed in EEG’s from patients under sedation and with
ischemic damage, respectively.
The models contain explicit expressions for the synaptic response functions (see
figure 6.1). Therefore, it is clear how to incorporate factors that alter the synaptic responses. For instance, propofol prolongs this response, which can be incorporated in
a NMM by increasing the synaptic time constants [2]. However, an explicit relation
between the sigmoidal function and the dynamics of single cells is missing. Therefore, it is not trivial how to correctly adapt the sigmoid to model the EEG of patients
with conditions that alter the dynamics of the individual neuron, like those induced
by voltage-gated channel blockers, channel mutations or changes in ion concentrations. Such factors play an important role in the (patho)physiology of patients with
ischemia, head trauma, epilepsy and migraine [6–9].
In this paper we aim to provide a straight-forward description that relates a NMM
to the dynamics of the single cells and their connectivity. From this description, we
construct a new neural mass model. In particular, we investigate the relation of the
sigmoid to the single cell dynamics and their connectivity, by describing the dynamics of a network of excitatory and inhibitory conductance based cells (see figure 6.2).
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Figure 6.2: The approach we use for modeling neural dynamics. A network of spiking neurons is taken as starting point (left). It consists of two populations of synaptically coupled
Hodgkin-Huxley (HH) neurons. The new model we will construct, a neural mass model
(right), describes the average dynamics of each population.

We confirm that our newly proposed neural mass model accurately reproduces the
dynamics observed in a network of spiking neurons.
To take the influence of the connectivity in the network into account, we study
the distributions of firing rates and input currents of the neurons. The dynamic evolution of these distributions is then expressed up to second order, i.e. mean and
variance. The distribution of input currents yields, together with the F(I)-curves, the
distribution of firing rates within the population. Changes in electrophysiological parameters of the cells typically shift and/or stretch these F(I)-curves. The well-known
Hodgkin-Huxley (HH) model is used as single cell model because it is the simplest
model which is fully expressed in physiological parameters. Our approach is general,
though, and allows for relating a neural mass model to networks of other single cell
spiking models as well.
First, we discuss the interpretation of the variables which commonly appear in a
neural mass model and some critical issues with the classical derivation of the sigmoidal function. Then we describe our NMM that includes the single cell dynamics,
its implementation in Matlab, and validate this new model with a network of spiking
cells.

6.1.1

Neural mass modeling

We discuss the typical parameters and variables of a neural mass model, and their
interpretation. The model from Liley et al. [10] is used as example.
The variable representing the state of the population is the population potential
V (denoted h in [10]). The EEG signal is assumed to be proportional to V . It is
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interpreted as the average membrane potential of the cells’ somas. V is obtained
by low-pass filtering the input spike rate to the population with a set of differential
equations. Their impulse response is the postsynaptic potential (PSP) of a neuron,
i.e. the response of the post-synaptic conductance and subsequently the post-synaptic
membrane voltage to a presynaptic spike:
Isyn,x = H ∗ fx
dV
τ
= Vrest −V + ∑ ψ Isyn,x ,
dt
x

(6.1)
(6.2)

where x denotes the populations from which input is received (i.e. excitatory and
inhibitory population), H ∗ fx is the synaptic impulse response convoluted with the
presynaptic firing rate, τ the membrane time constant, Vrest the resting potential and
ψ is the synaptic effectiveness. This effectiveness depends weakly on V . Isyn,x are
the synaptic activations of the synapses originating from the two populations respectively. Liley et al. chose alpha synapses in their model, for which the convolution
with H corresponds to a second order differential equation.
Subsequently, V is converted to an output firing rate of the population through a
sigmoidal function S(V ). A symmetric sigmoid is derived under the assumption that
a cell is either active (firing) or not, and a cell is assumed active when its membrane
potential is above its spiking threshold. Furthermore it is assumed that either all
cells receive the same input, but have different voltage thresholds, or the variation
in spiking threshold is relatively small, while the variation in input or noise causes
cells to have different membrane potentials. These two interpretations are visualized
in figure 6.3. When Gaussian distributions are assumed, both assumptions result in
a sigmoid that is the integral of a Gaussian curve [1]. For simplicity, this integral is
often approximated by:
 ′

1
f
(V − µ )2
√ exp
√ max
S(V ) =
dV ′ ≈
,
2
2σ
−∞ σ 2π
1 + exp ( 2(µ −V )/σ )
Z V

(6.3)

where µ is the threshold voltage, σ the width of the voltage distribution and fmax the
firing rate of a single neuron when active, i.e. the maximum mean firing rate of the
population.
These derivations assume a constant firing rate of the cells when above threshold (so-called McCulloch-Pitts neurons), contrary to the fact that neurons have an
increasing firing rate for increasing input currents. Still, the models using this sigmoid are successful, because they are operated on only a small part of the f = S(V )
curve, with parameters that are fitted to reproduce experimental data. Therefore, an
exact determination of the entire sigmoidal firing rate curve from a physiological basis is often not necessary to obtain realistic results. This means that the sigmoidal

a

b

population firing rate (%)
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Mean membrane voltage (mV)

Figure 6.3: Visualization of calculating the sigmoidal voltage-to-spike-rate function (c), from
either an assumed Gaussian distribution of the spiking thresholds (a) or the induced membrane voltages of the neurons (b). The hatched area is the part of the population that has a
membrane voltage above threshold and is considered to be spiking. The double headed arrow
denotes that the average membrane voltage can vary in time.

curve is de facto phenomenological, despite the fact that its parameters suggest to be
physiological.
Another issue is that the interpretation of “the membrane voltage of a cell” is not
clear in the derivations above, especially not for spiking cells. Two interpretations are
[11]: 1, the hypothetical membrane potential of the somas, if they had been passive
(linear). The somas with a potential above threshold are actually spiking. 2, the
postsynaptic membrane voltage of the dendritic cable. In this case, the dendritic
membrane voltage induces an input current into the soma that, when large enough,
generates action potentials. It can be shown that the reaction time of the population
is too slow when using the first interpretation of passive somas [11]. Therefore we
will adhere to the second interpretation. This means that V −Vrest is interpreted as a
measure for the input current a cell receives, following Ohms law.
For a more in-depth discussion of the derivation of neural mass models, we recommend the excellent review from Deco et al. [12].

6.2 Constructing a new neural mass model
We will derive the average behavior of a population of neurons from the properties of
a network of synaptically connected cells, by describing the statistics of the synaptic
inputs and the firing rates. The sigmoidal function will be derived using both the
F(I)-curve of the single cells and the variance of the input current over the cells.
Therefore, we need to calculate not only the mean input and output, but also their
variances. Note that throughout this work the terms mean and variance denote the
instantaneous distribution over the cells in a population, i.e. the ensemble, not a
distribution over time.
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Figure 6.4: Schematic of the excitatory population in the neural mass model. The population
receives input from the excitatory and inhibitory populations, as well as excitatory external
input λ , with firing rates with mean f¯ and variance σ f . These are convoluted with their
synaptic responses to yield the conductances of the single synapses (mean ḡ and variance
σg ). These are the state variables in the model. From these the input currents are calculated
(mean I¯ and variance σI ). Together with the single cell F(I)-curve, they produce the output
firing rates.

Figure 6.4 shows schematically our model for the excitatory population and the
synapses that project onto these cells. The schematic for the inhibitory population
is similar, but without external input λ . The excitatory population (e) receives excitatory input from itself and from an external source (η ), and inhibitory input from
the inhibitory population (i). The mean f¯ and variance σ f of the firing rates of the
three input sources are convoluted with the corresponding impulse response H. This
yields the mean ḡ and variance σg of the corresponding synaptic conductances. These
are the dynamical state variables in our model. These in turn are combined into the
mean I¯ and variance σI of the input currents into the cells, from which the mean and
variance of the output firing rates are calculated. We derive the model step by step,
starting with the output.

6.2.1

The firing rate of a population: the sigmoid function

In this section we derive a sigmoidal function from the distribution of input currents.
We assume these to be normally distributed, since the input current of each cell is the
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Figure 6.5: The functions involved in calculating the firing rate distribution. a) The distribution of the input currents and the F(I)-curve and b) the resulting sigmoidal function,
depending on σI .

sum of contributions from many synapses (central limit theorem):
¯ σI2 (t)).
I(t) ∼ N(I(t),

(6.4)

¯ and variance σI2 (t) fully characterize the distribution function
Hence, the mean I(t)
φ (I;t) as:

 !
¯y (t)) 2
(I
−
I
1
1
√ exp −
.
(6.5)
φy (I;t) := φ (I; I¯y (t), σIy (t)) =
2
σIy (t)
σIy (t) 2π
Throughout this paper, the subscript x denotes the presynaptic population or
source (e,i,η ) and y the postsynaptic population (e,i).
The mean f¯(t) and variance σ 2f (t) of the output firing rates can be calculated
from the input current distribution and the F(I)-curve, as depicted in Fig. 6.5a:
f¯y (t) =

σ 2fy (t) =

Z

Z

Fy (I) φ (I; I¯y (t), σIy (t)) dI

(6.6)

(Fy (I) − f¯y (t))2 φ (I; I¯y (t), σIy (t)) dI.

(6.7)

In order for this to be valid, the F(I)-curve must yield a good approximation for
the instantaneous firing rate of neurons receiving fluctuating inputs. We will show in
the Results that this is the case, provided that these fluctuations are on a time scale
similar to or slower than the synaptic integration time. Note that the firing rates are
not required to be normally distributed.
To obtain a sigmoid function in familiar form, equation 6.6 is equivalently described as the F(I)-curve smoothed by convolution with a Gaussian of width σI (t):
f¯y (t) = Sy (I¯y (t); σI2y (t))

(6.8)
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The resulting sigmoid function S now depends on σI (t), as shown in figure 6.5b.
We have now derived a sigmoid function based on the firing rate curve of the cells
in the population, as was our main aim. The F(I)-curve can be calculated numerically
or analytically from the single cell model. The output firing rate distribution ( f¯y (t)
¯ and σI (t). These will be calculated from the input firing
and σ 2fy ) is a function of I(t)
rates in the next sections.

6.2.2

Distribution of the synaptic conductance

Presynaptic activity causes the synapses to release neurotransmitter. This in turn
opens ion channels on the postsynaptic membrane, increasing the conductance of
these channels, which generates a synaptic current. The distribution of the input
current will be calculated from the synaptic conductances.
We assume that cells in the network are randomly connected with synapses.
These connections possibly have different strengths (weights). Cells receive synaptic connections from different populations and we refer to the group of all synapses
from source x to population y as the synaptic population xy. Our model contains five
synaptic populations, specifically ee, ie, η e, ei, and ii (see figures 6.2 and 6.4). The
conductances of the single synapses and their summation by the postsynaptic neurons are calculated in appendix 6.A. The derived expressions used in the neural mass
model are summarized in this section.
The mean and variance of the conductance of the individual synapses gxy are
obtained from the presynaptic firing rates fx (appendix 6.A):
ḡxy = Hxy ∗ f¯x (t)

σgxy = Hxy ∗ σ fx (t).

(6.9)
(6.10)

Although the form of equation 6.10 is simple, the derivation is not trivial. In its
derivation the presynaptic cells are assumed to fire periodically. In contrast, for the
external input we assume Poisson (shot noise) statistics. Assuming all postsynaptic
cells receive external input at the same rate λ , the mean and variance of the externally
induced synaptic conductance are calculated as [13]:
G¯η = Hη e ∗ λ

σG2 η = Hη2 e ∗ λ .

(6.11)
(6.12)

We define the total conductance Gxy as the sum of the contributions of the individual synapses from source x to a single neuron in population y. The distribution
of Gxy is determined (appendix 6.A) from the connection matrix. The mean Ḡxy is
expressed as:
Ḡxy (t) = N̄syn,xy Hxy ∗ f¯x (t) .

(6.13)
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Nsyn is the mean (weighted) number of synaptic connections a neuron receives, H the
synaptic impulse response, i.e. PSP, of a single synapse and the asterisk denotes a
convolution.
The variance σG (t) is expressed as (appendix 6.A):
′
σG2 x y (t) = var(Nsyn,xy ) ḡxy (t)2 + Nsyn,xy
σg2x y (t).

(6.14)

The first term is the variance due to differences in the number of synaptic connections
received by the cells, the second term is the variance due to the variance in firing rates
′ is the expected (weighted) number of connections a
of the presynaptic neurons. Nsyn
postsynaptic neuron does not share with a random other cell of its population. This
number is zero for an all-to-all connected network and approximately equal to Nsyn
for a very sparsely connected network.

6.2.3

Distribution of the input current

With the expressions for the total synaptic conductances the distribution of the input
current can be calculated. The total input current Ie into a single cell in the excitatory
population is calculated from the conductance of the three sources of input (see figure
6.4) as:
Ie (t) = (Eampa −Vth ) Gee (t) + (Egaba −Vth ) Gie (t) + (Eampa −Vth ) Gη e (t) + ∆I.
(6.15)
The expressions for the inhibitory population are similar. ∆I is an effective synaptic input, added to simulate heterogeneity of the single cell parameters. Eampa/gaba
is the reversal potential of the excitatory/inhibitory synapses, Gxy the total synaptic
conductance induced by population x on a neuron in population y and η the conductance induced by external input. Vth is the threshold potential of the neuron. Usually,
the membrane voltage itself, rather than the threshold voltage, is used to calculate
the input current. However, a spiking neuron spends most time close to threshold.
Hence, this yields a good approximation to determine the spike rate. Subthreshold
input currents are calculated incorrectly, but this is inconsequential, since the spike
rate will be determined correctly as zero.
Assuming the distribution of the total conductances from the different sources are
independent, the mean and variance of the input current are calculated as:
I¯e (t) = (Eampa −Vth ) Ḡee (t) + (Egaba −Vth ) Ḡie (t) + (Eampa −Vth ) Ḡη e (t),

σIe2 (t)

= (Eampa −Vth )

2

(6.16)

2
σG2 ee (t) + (Egaba −Vth )2 σG2 ie (t) + (Eampa −Vth )2 σG2 η e (t) + σ∆I
.

(6.17)

These expressions close our set of equations, which can now in principle be analyzed and simulated. First however, more computationally efficient expressions for
the convolutions (Eqs. 6.10-6.12) will be given in the next section.
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6.2.4

Differential equations for the synaptic dynamics

For computational efficiency as well as analytical tractability, a synaptic impulse response H is chosen such that the convolutions can be described with ordinary differential equations. Common choices are the exponential and the alpha synapse, with
impulse responses (PSP’s) of
Hexp = g0 e−t/τ

(6.18)

and
t −t/τ
e
,
(6.19)
τ
respectively. Here g0 is the peak amplitude of the PSP and τ the synaptic time constant. The corresponding differential equations are:
Hα = e g0

g
dg
= − + g0 f (t)
dt
τ

(6.20)

d2 g
2 dg g
e
=−
− 2 + g0 f (t).
2
dt
τ dt τ
τ

(6.21)

and

The convolution with H 2 (Eq. 6.12) can be written as:
dσ 2
σ2
= g20 f (t)
+2
dt
τ

(6.22)

and
e2 g20
d3 σ 2 6 d2 σ 2 12 dσ 2
8 2
2
=
+
+
+
σ
λ (t),
dt 3
τ dt 2
τ 2 dt
τ3
τ2

(6.23)

for the exponential and alpha synapse respectively.†
We used the alpha synapses in our implementation. However, to reduce the dimensionality and improve computational efficiency when calculating the variances,
H and H 2 were approximated with exponential functions. To obtain equal steady state
values and approximately equal rise times, we chose approximations that have equal
areas, and equal second moments
p around t = 0. This gives values of g0 = e/2 g0,α
and τ = 2 τα for H and g0 = e/ (6) gα and τ = 3 τα for H 2 .

6.3 Implementation and simulations
First, we describe the implementation of a network of spiking neurons, used as a
standard for validation, and then the implementation of our new neural mass model.
†I

would like to thank Hil Meijer for presenting me with the latter equation.
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Network of spiking neurons

The Norns - Neural Network Studio was used to build and simulate the network of
spiking cells. Norns is designed for easy analysis of networks of spiking neuron
models ‡ .
The single cells were modeled with a Hodgkin-Huxley (HH) model with voltage
gated Na+ - and K+ -channels and leak currents (Eqs. 1-3 of [14]). The cells were
synaptically connected with alpha synapses. These were chosen since they are a
second order system, which has been shown to generate more realistic frequency
spectra than exponential synapses [10]. Differential equations for the HH model and
the alpha synapse (equation 6.21) were added as new cell and synapse types to the
Norns package. An action potential (spike) was defined as the membrane voltage
crossing 0 mV from below.
A network was built consisting of two populations of 100 cells each (see figure
6.2). For simplicity, the same parameters were chosen for all cells. Then, heterogeneity of the population was obtained with an additional sodium leak conductance,
normally distributed over the cells. This conveniently allows us to model this heterogeneity as an extra synaptic input.
Synaptic currents were included next to the leak and gated currents. They are
expressed as usual as I = gsyn (Esyn −V ), where V is the neuron’s membrane voltage.
Synaptic connections, represented in connection matrices Wxy , were randomly made
between the cells with a probability p, all having equal strength (w = 1). Different
strengths of the synaptic populations (e→e, e→i, etc.) were obtained by choosing
different PSP amplitudes g0 .
The excitatory cells were given external input via excitatory synapses, that received Poisson distributed spikes with rate λ . To show how the populations react to
a change in input, a double step in input was given:

−1

t < 0s
0 s
−1
λ = 600 s
(6.24)
0 s < t < 0.5 s


−1
400 s
0.5 s < t
The synaptic currents that are induced by this input are depicted in figure 6.6.

6.3.2

The new neural mass model

First, the F(I)-curve was calculated by simulating a single HH cell, as described in
the previous section, for a range of constant conductivities of the excitatory synapses
in the simulation. F was determined from the interspike interval (ISI). The reported I
is calculated as I = g(Eampa −Vth ). Alternatively, a current could have been injected
‡ available

from: http://wwwhome.math.utwente.nl/ visser/
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Figure 6.6: Synaptic currents induced by (Poisson distributed) external input in our simulation. Depicted are the expected current (solid line), and a typical realization for a single
synapse (dashed line) and the mean of 100 synapses (dotted line).

directly into the cells. The former method leads to more accurate results, since it
takes the shunting effect of the excitatory synaptic conductance into account. For
simplicity, the neurons in the two populations were given the same parameter values
and hence have the same F(I)-curve. The threshold voltage of the HH model was
determined numerically, typically -55 mV.
The values for the parameters representing the number of synapses were calculated from the generated connection matrices Wxy used in the network model. For
a binomial distribution with p = 0.5 and N = 100, this generates on average values
of N̄syn = 50,√var(Nsyn ) = 25 and N ′ = 25 for all synaptic populations, i.e. the cells
receive 50 ± 25 synapses of each type, and two cells share on average 50-25 synap′ is a property of the binomial
tic connections of each type. Note that var(N) = Nsyn
distribution.
The differential equations of the neural mass model (see method section) were
implemented in Matlab. The differential equations were solved with a forward Euler
time stepping algorithm, using a time step of 0.1 ms. The second order differential
equation for the alpha synapse was used to calculate ḡ for each of the five synaptic
populations. To reduce the dimensionality, σg was calculated using an exponential
approximation (see section 6.2.4). Because the variance of g has only a secondary
effect on the dynamics, the errors on the firing rates and synaptic conductances introduced by this approximation are small.
A noisy input signal for the NMM was generated by binning the random external
input spike times of the simulation of the network model (∆t = 1 ms), allowing to
compare the two models with the same input.
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Parameters

For the single HH cells, conductances and time constants were chosen as in [14].
Nernst potentials were chosen in the physiological range as Ek = -95 mV, Ena = 53
mV, Ecl = -82 mV. We simulated 4 different networks. Our standard parameter set
defines a network of type 1 spiking neurons in which there is relatively weak feedback
between the populations. We further tested our approach by increasing the feedback,
i.e. the strength of the i→e synapses, and by simulating a network with type 2 spiking
cells. To demonstrate changes in single cell dynamics can easily be incorporated, an
increased extracellular potassium concentration is modeled. In summary, four cases
are modeled:
1. a network of type 1 spiking neurons
2. the same network with strong feedback between the populations (g0η e = 5.4
and g0ie = 8 µ S/cm2 )
3. a network of type 2 spiking neurons
4. network 1 with increased Ek (-80 mV)
A type 1 neuron was created from the standard HH parameters by increasing the
membrane capacitance Cm to 10 µ F/cm2 , while the original value of Cm = 1.0µ F/cm2
was used to model type 2 spiking behavior. Heterogeneity of the cells was modeled
by an extra sodium conductance that was normally distributed, with a width corresponding to an input current of σ∆I = 0.5µ A/cm2 , approximately a third of the
threshold current. Time constants were chosen based on the membrane time constants obtained in [10]. These were halved, since the alpha function is wider than an
exponential function, in order to obtain similar synaptic integration times. Table 6.1
shows the synaptic parameters. Values for the synaptic strengths were chosen such
that the steady state firing rates of both populations were approximately equal in the
range between 4 and 100 Hz. A mean firing rate was obtained around approximately
30 Hz by tuning the strength of the external input.
Table 6.1: Synaptic parameters

Synaptic population
Connection probability
Time constant
Reversal potential
Synaptic strengths
Network w. type 1 cells
Network w. type 2 cells

η →e

p
τ
Esyn

(ms)
(mV)

45
50

e→e
0.5
45
50

g0
g0

(µ S/cm2 )
(µ S/cm2 )

1.4
0.8

0.06
0.06

e→i
0.5
34
50

i→e
0.5
45
-82

i→i
0.5
34
-82

0.45
0.45

0.11
0.8

0.15
1.5
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6.4 Data analysis of the network simulations
Spike times and synaptic conductances for each cell were recorded from the network
model. From the synaptic conductances, synaptic currents were calculated from the
terms in equations 6.16 and 6.17. For some simulations the frequency spectrum of the
synaptic current was obtained with the fast Fourier transform (FFT) of an 8 second
long segment with constant input rate. The mean firing rate in the network model was
determined for both populations by binning the spikes in intervals of 5 ms. The standard deviation of the firing rates were calculated from the instantaneous frequencies
of the individual cells, determined by their interspike intervals. This simple method
yields artifacts when the population spike rate changes rapidly. Sections with artifacts
were bleached in the figures shown in the Results.
One of the main assumptions in the derivation of our NMM was that the firing
rate of the cells in the network is determined by their instantaneous input current. To
test whether this approximation was accurate, for each cell in the network the spike
rate was calculated both from the recorded interspike intervals as well as from the
recorded synaptic conductances, according to equation 6.15.
Besides the spike timings of the external input, none of the recorded quantities
were given to the NMM.

6.5 Results
We show simulation results for several parameter values, that allow us to illustrate our
main conclusions on the constructed NMM. To validate our model, we compare the
new NMM with simulations of a network of type 1 spiking neurons, with both weak
and strong feedback between the populations, and with a network of type 2 neurons.
We then show how our neural mass model can be used to model changes in single
cell parameters. As an example, an increased extracellular potassium concentration
was modeled. The F(I)-curves for these three different neurons were calculated, and
are shown in figure 6.7. After validating the new NMM with the spiking network, we
verify that the firing rates of the single cells in the network indeed instantaneously
depend on their synaptic input, as was assumed in the derivation of the NMM.

6.5.1

Type 1 neurons

First we show and discuss the results for a network consisting of two populations of
100 type 1 cells, with relatively weak feedback., i.e. the dynamics of the excitatory
population are mainly determined by the external input and the dynamics of the inhibitory population are mainly determined by the firing rate of the excitatory cells.
Figure 6.8 shows that the NMM model describes the dynamics of the network of neurons very well, both for the synaptic conductances (mean and variance) and the firing
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Figure 6.7: F(I)-curves of the single cells. Shown are the responses of a type 1 spiking
neuron (full line), the same neuron with an increased extracellular potassium concentration,
and a type 2 spiking neuron (dashed line.) The curves were obtained from simulations of
single cells (HH-model) with a range of excitatory input conductances.

rates (mean and variance). The fluctuations in the standard deviations are caused by
the small size of the modeled network. These are stochastic in nature and hence are
not reproduced by the NMM.
Figures 6.9 and 6.10 show a close-up of the dynamics of one of the synaptic
currents and its frequency spectrum. The new NMM reproduces the low frequency
part (< 20 Hz) of the firing rate signal very accurately.
The synaptic currents in the spiking network model show small oscillations in the
frequency band around the mean firing rates of the populations. These oscillations
are caused by some of the neurons firing in phase. As expected, the NMM does not
produce these oscillations, since neural mass models assume that phase effects are
averaged out.

6.5.2

Stronger feedback

In the previous simulations, the feedback from the inhibitory to the excitatory population was relatively weak. We further test our newly proposed NMM by simulating
a network with strong feedback. Increasing the strength of the i → e synapses leads
first to the appearance of a resonance peak in the spectrum, i.e. spindles in the time
domain. This is followed by the appearance of a limit cycle. Figure 6.11 shows
the dynamics of network 2, where g0,i,e has been increased from 0.1 to 8 µ S/cm2 .
The input strength g0,η is increased from 1.4 to 5.4 µ S/cm2 to compensate for the
inhibition. The NMM underestimates the amplitude of the oscillations, also in the
resonating regime (not shown) and the time courses of the synaptic currents are more
sinusoidal than those in the network model. However, the approximate frequency of
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Figure 6.8: Comparison of our new NMM with a detailed network model. The reaction to a
double step in input rate of the network model (full lines and dots) is compared to that of the
NMM (blue dashed lines). The mean and standard deviation of three synaptic currents are
displayed, as well as those of the firing rates of the excitatory and inhibitory populations.
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Figure 6.9: Close up of the mean synaptic current (figure 6.8, upper left panel).
The new NMM predicts the DC value accurately within 1% error. Also, the low
frequency oscillations observed in the network model are accurately reproduced.
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Figure 6.10: Frequency spectrum of the
synaptic current. The frequency spectrum is
accurately reproduced below 18 Hz. A broad
peak is observed around 30 Hz, the mean firing rate, in the dynamics of the network model.
As expected, this is not reproduced by the new
NMM.

the limit cycle, as well as the relative phases and amplitudes of the firing rates and
synaptic currents of the two populations are well reproduced.

6.5.3

Type 2 neurons

The F(I)-curve of the type 1 neurons is almost straight for frequencies above 10 Hz.
Hence the sigmoidal function (equation 6.8) is almost equal to the F(I)-curve regardless of the variance in the input current, and the variance does hardly influence the
dynamics of the synaptic conductances. Therefore, we test whether our new NMM
can also reproduce the behavior of a network with two populations consisting of type
2 firing neurons. In this network, the width of the input current distribution has a
larger influence on the dynamics, due to the step in the F(I)-curve. Advantageous
for our approach is that the single cell dynamics have a negligibly small region of
bistability.
Again our new NMM is compared to a network of spiking cells in figure 6.12.
The oscillations of the synaptic currents and firing rates in the new NMM are less
pronounced than in the spiking network, but the general behavior is very well reproduced. The mean of the firing rate is slightly underestimated, what in turn causes
the standard deviation of the synaptic currents and firing rates to be underestimated.
Considering that the network operates close to the thresholds of the neurons, where
the standard deviation of the firing rates is very sensitive to the synaptic current distribution, the new NMM performs well.
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Figure 6.11: Simulations of a network with strong feedback. The reaction to a double step in
input rate of the new NMM (blue dashed lines) is compared to that of the network model (full
lines and dots). The mean and standard deviation of three synaptic currents are displayed, as
well as the firing rates of the excitatory and inhibitory populations. The standard deviations
of the firing rates of the network model are not shown since they are dominated by artifacts.
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Figure 6.12: The dynamics of two populations of type 2 spiking neurons. The reaction to a
double step in input rate of the NMM (blue dashed lines) is compared to that of the network
model (full lines). The mean and standard deviation of three synaptic currents are displayed,
as well as those of the firing rates of the excitatory and inhibitory populations.
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Figure 6.13: Simulations of increased extracellular potassium. The reaction to a double step
in input rate of the new NMM (blue dashed lines) is compared to that of a spiking network
model (full lines and dots). The mean and standard deviation of three synaptic currents are
displayed, as well as those of the firing rates of the excitatory and inhibitory populations. The
increased extracellular potassium causes the firing rates of both populations to increase.

6.5.4

Increased extracellular potassium

To demonstrate that our approach can be used to easily model the effects of changes
in single cell dynamics, the potassium Nernst potential was increased to -80 mV in
the spiking network model. This typically corresponds to an increase of the extracellular potassium concentration from 4 to 7 mM. This increases the excitability of
the neurons. To adapt the neural mass model, a new F(I)-curve was calculated, as
described in section 6.3.2 (see figure 6.7). The increased potassium concentration
shifts the firing rate curve to the left. A new threshold voltage was determined as -56
mV.
The results of the simulations are shown in figure 6.13. The new NMM predicts
that the increase in extracellular potassium increases the firing rates of both populations, without further remarkable changes in the dynamics (c.f. figure 6.8). The
shifts in firing rates predicted by the neural mass model accurately correspond to
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Figure 6.14: Firing rates assumed from the synaptic input versus observed firing rates. Panel
a shows the firing rates of two randomly chosen excitatory cells during the simulation shown
in figure 6.8. The full lines represent the firing rates calculated from the F(I)-curve and I(t) of
the individual neurons. The dots are the spike rates determined from the recorded interspike
interval. Panel b shows the average for all neurons determined from the binned spike times
(thin black line) and the rate calculated from the input currents (thick blue line).

those observed in the network of spiking neurons.

6.5.5

Relation of input and firing rate of the single cells

The actual firing rates observed in the spiking network model are compared to those
predicted from the synaptic input the individual cells receive in figure 6.14. Panel a
compares these for two randomly chosen (excitatory) cells. The firing rate is predicted accurately from the instantaneous synaptic conductances, even though the
synaptic input fluctuates on a time scale similar to the firing rate. Panel b shows
the two rates for the entire population. Even though the synaptic input predicts the
firing rate for the single cells accurately, the firing rate of the population shows fluctuations around the predicted curve. This shows that the firing of the cells is to some
extent synchronized.
Even more pronounced synchronization is found during large amplitude limit cycles, shown in figure 6.15. The firing rates of the populations in the network model
exhibit a damped oscillation around the rates predicted from the input currents, especially clear for the inhibitory population.

6.6 Discussion
Neural mass models are designed for modeling macroscopic electrical activity of
the brain, which is reflected in the EEG. Pathologies or medication, such as chan-
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Figure 6.15: Population firing rate during a limit cycle. The firing rate assumed in deriving
the NMM was determined from the individual input currents (thick blue line), the observed
rate in the spiking network (thin black line) was determined from spike binning. A delayed
response of the population to the synaptic current can be observed, followed by a damped
oscillation around the curve predicted from the synaptic current. This is especially clear in
the inhibitory population.

nel blockers, hypoxia or anesthesia, can alter this activity. In existing neural mass
models, the synaptic response is explicitly modeled, which allows for investigating
neural dynamics during altered synaptic functioning. To also include the electrophysiology of the single cell dynamics explicitly, we have constructed a new neural mass
model, with a sigmoid function derived from the single cell F(I)-curve. This new
model was validated by quantitatively comparing it with a network of spiking neurons, representing neural tissue with pyramidal cells and interneurons. This spiking
network model consisted of both excitatory and inhibitory Hodgkin-Huxley neurons.
The newly derived neural mass model was shown to describe the synaptic activations
and the population firing rates accurately.
Using the F(I)-curve as link between single cell and macroscopic dynamics has
several distinct advantages. It can easily be calculated numerically from a physiological plausible model, without reduction or analysis of the dynamics. The curve is a
familiar function for most and the influence of pathologies on its shape can be understood intuitively. It carries information on excitability, sensitivity and maximum
firing rates. Furthermore, depolarization block of the cells, important for example
during certain types of epilepsy [15], is naturally included in the F(I)-curve.
The usual techniques can be used to analyze the dynamics of the model for
changes in the F(I)-curve. For example, the dependency of the steady state firing
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rates on EK can be calculated from an analysis of the nullclines of the system, and
linearizing the NMM around a fixed point and calculating the transfer function between the input and the synaptic conductance yields the power spectrum.
The approach presented for constructing the sigmoidal function in our NMM can
be used to adapt existing neural mass models as well, for example the Jansen en Rit
model [16] or the Robinson model [17]. This allows to investigate the effects of
altered single cell dynamics on the EEG signals predicted by these models.
There are, however, some restrictions on our approach, which we will now discuss. Then we discuss possibilities for including in the model some effects that were
neglected, such as unreliability of the synapses. Finally we will deliberate on similar
investigations by others, and how these complement this work.

6.6.1

Valid parameter ranges

The main assumption for neural mass modeling in general is that a neuron’s input
current consists of contributions from many action potentials, i.e. Nsyn,xy fx τxy ≫ 1.
This is the case for typical physiological parameters in cortex, e.g. N = 2000, f = 4
Hz and τ = 50 ms, for which a cell receives 400 action potentials during a synaptic
integration time.
A second assumption made in our derivation is that the synaptic input currents
instantaneously determine the firing rate. We have shown this is the case when
the synapses fluctuate on a time scale slower than or similar to the spike rate, i.e.
τxy & 1/ fy . Hence, dynamics involving low spike rates or very short somatic PSP’s
are not modeled accurately. By assuming the F(I)-curve characterizes the instantaneous firing rate, action potentials resulting from subthreshold fluctuations were
neglected. Further work is needed to find whether low firing rates can be modeled
by incorporating the finite firing rates for subthreshold input into the F(I)-curve. This
would be necessary depending on which brain area is modeled. While cortical neurons typically have low average firing rates, rates are higher in other brain structures.
To test our model, we have chosen synaptic time constants of 45 and 34 ms for
the response by excitatory and inhibitory cells respectively. This number may seem
high when compared with the synaptic time constants used by e.g. Liley et al. (3 and
15 s for excitatory and inhibitory synapses, respectively). However, Liley et al. filter
the synaptic responses with an additional linear equation representing the membrane,
for which they obtain time constants of 90 and 65 ms to reproduce experimental
EEG’s. We have based our choice of the time constants on these numbers to obtain
similar synaptic integration times. Alternatively, we could have used a ball-and-stick
single neuron model rather than a point model. In that case, a faster time constant
could have been chosen for the synaptic response, that is subsequently filtered with a
slower response of the dendrite.
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Phase synchronization

An assumption in neural mass modeling is that the phases of the individual cells
cancel out. However, three different mechanisms cause synchronization.
The first mechanism, exemplified in figure 6.15, is caused by a sudden increase in
the input current of a population [1]. A population density approach using the timesince-last-spike can accurately model this phenomenon for current based models.
Furthermore, the output lags, for sudden changes in input current [18]. The approach
of Ostojic and Brunel using a frequency dependent lag [19], can be used to investigate
this. This lag and synchronization are transient phenomena, and therefore not of
interest when predicting the dynamics of ongoing neural activity.
The second mechanism is that the phases of a finite amount of neurons never
completely cancel. However, the relative
√ amplitude of the oscillations this induces
in the synaptic current, declines as 1/ N. This is negligible for a large number of
cells N in a population. Therefore, our NMM actually yields a better description of
the activity of large population of neurons than the (small) network model used for
validation.
A third mechanism is the tendency of neurons to synchronize with modulations
in their input. A population’s firing rate hence amplifies modulations in the input at
frequencies similar to the modal firing rate. Shriki et al. have shown this effect can be
modeled by filtering the input current with a (phenomenological) second order resonance filter before calculating the firing rate [20]. This amplification is expected to be
larger for two coupled populations than for the single population described by them.
The tendency to synchronize also occurs in our simulations of the network model. We
did not investigate how this synchronization scales with Nsyn and var(Nsyn ), because
it was not possible in our implementation to uncouple the relevant parameters for this
mechanism (number of cells and synaptic connections, fluctuations in external input
and width of synaptic current distributions).
In summary, our neural mass model does per definition not show any phase synchronization effects. These have been shown to occur, also in large populations of
neurons, and result in oscillations at frequencies near the modal firing rates. This
should be kept in mind when interpreting the dynamics of any neural mass model.

6.6.3

Modeling additional effects

The inhomogeneity of the single cell parameters was chosen such that it could be
described as an additional input current, i.e. a shift in the F(I)-curve for each neuron.
In the case of heterogeneous properties of the neurons that do more than shift the F(I)curve, two curves can be determined from the single cell description. The average
2 (I)-curve, the variance of the firing rate
F(I)-curve of the population, as well as the σfp
over the population for the same I. This term can be added to variance of the firing
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rate (equation 6.6).
We have assumed reliable synapses, that release a quantum of neurotransmitter
with every action potential. Actual synapses are known to be quite unreliable, and
typically fail to activate > 50% upon receiving an action potential [21]. We did not
investigate unreliability, but this can be included in the model as an additional term
in the variance.
Furthermore, we have assumed that the inhibitory conductance can effectively
be subtracted from the excitatory conductance (equation 6.16). However, when the
inhibitory synaptic current is large compared to the net input current, we found (not
shown) that it also shunts the gated currents. This reduces the spike rate. To model
this, equation 6.16 could be adapted with an extra non-linear term.
Finally, we assumed the neurons in our population have a simple F(I)-curve, and
do not exhibit, for example, bistability or bursting. Mathematical techniques have
been investigated to include bursting into neural mass models [22, 23]. These are
also applicable to our approach.

6.6.4

Complementary work

When our NMM is operated in a regime where the F(I)-curves are relatively straight,
the variance of the synaptic input has little influence on the average firing rate and
our model can be greatly simplified. In that case, the F(I)-curve can directly be used
as sigmoid, without keeping track of the variances, reducing our approach to that of
Shriki et al. [20] who assume a single population with all-to-all connections.
Hutt [24] derived a sigmoidal function in a similar manner as Wilson and Cowan
[1], but included the firing rate curve, rather than assuming all-or-none firing neurons.
However, he considered the variances of the state of the neurons to be given, while
we derived these from the statistics of the recurrent synaptic input.
The approach of Faugeras et al. [25] investigates how network connectivity determines the network dynamics. It considers the same system as we do, i.e. synaptically connected cells that fire instantaneously depending on their input, but is not
concerned with the derivation of a specific sigmoid function. Our derivation of the
sigmoid could be combined with their more elaborate approach to the network spike
rate statistics. This would allow for a rigorous investigation of the parameter regimes
in which the dynamics of the network model converge to those of the neural mass
equations, i.e. where the mean and variance alone provide an adequate description
of the firing rate dynamics. This is not always the case, for example in networks
that exhibit avalanches or synchronized firing. More recent work from this group
[26, 27] is concerned with networks of Hodgkin-Huxley neurons. However, due to
the complexity of their derived mean-field equations, that work is more suitable for
investigating and proving basic properties of neural networks than for investigating
pathologies.
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Deco et al. [12] discuss a more profound method for deriving a NMM, starting
from ensemble density models. This method, however, assumes the population dynamics can be described with a diffusion approximation. This is not the case in our
networks, because the cells receive heterogeneous input and hence the state of the
tonically firing cells is strongly correlated with their input. To model low firing rates,
we recommend to adapt the approach from Deco et al. by taking this heterogeneity
into account. This allows modeling of pathological populations with relatively low
firing rates, for which the NMM we presented is not valid.

6.7 Conclusion
We have presented a new neural mass model that is fully derived from physiological
expressions. It was shown how a sigmoidal function can be calculated from the
F(I)-curves of the single cells and the variances of the firing rates. Additionally, we
presented expressions for the dynamics of the variances of the neuronal firing rates
and synaptic conductances.
We verified this model by showing that it excellently reproduces the dynamics
observed in a network of heterogeneously coupled excitatory and inhibitory HHneurons. The time courses of the means and standard deviations of both the firing
rates and the synaptic conductances are all described accurately. Furthermore, it was
discussed that the model is valid as long as the synaptic conductances fluctuate on
a time scale similar to or slower than the neurons’ spike rates, and the modal firing
rates are higher than the frequencies of the dynamics of interest.
Besides yielding the variance of the firing rates and input currents in the populations, our approach allows for investigating how alterations of the single cell dynamics affect the macroscopic activity. The firing rate curve of the single cell serves
as link between the two. For pathologically and pharmacologically induced changes
this curve can be calculated directly with a biophysical single cell model, without
the need for reducing the model to a simpler form first. We demonstrated this for an
increased extracellular potassium concentrations. A wide range of alterations of the
single cell dynamics, for example by channel blockers, can be modeled in the same
way.

6.A

Dynamics and distribution of the synaptic input in a
network of spiking cells

A network with excitatory and inhibitory neurons, contains four sets of synaptic connections (e→e, e→i, i→e and i→i). In this appendix, we describe the total synaptic
conductance Gn induced by one of these sets on a postsynaptic neuron n (see fig-
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Figure 6.16: Sketch of the synaptic variables. One synaptic population is shown, with presynaptic single cell firing rates fm , synaptic conductances gm and summed synaptic conductances Gn .

ure 6.16). First, the distribution of G is derived from a synaptic connection matrix.
We denote the number of cells in the presynaptic population with M, and that in the
postsynaptic one with N. This yields a maximum of N × M synapses in the set. The
presence and strength of the synaptic connections is described with an N × M matrix
W . Wn,m = 1 denotes a synaptic connection from cell m to n of average weight, while
0 stands for no connection. This system is equal to that analyzed by Faugeras et al.
[25], however we do not constrain our analysis to a normal distribution of Wn,m .
We assume the states of the synapses originating from the same presynaptic cell
m are all equal, except for their weight. They are therefore described with the same
variable gm (t). The conductance of the synapse gm (t) is described as the convolution
of the impulse response H with the spike rate fm (t) of cell m:
gm (t) = H ∗ fm (t) .

(6.25)

The total synaptic conductance Gn of cell n induced by one presynaptic population, is calculated as the linear sum of all synapses, using the connection matrix:
Gn (t) = ∑ Wn,m gm (t).

(6.26)

m

Assuming the firing rates and synaptic strengths are uncorrelated, and defining the
weighted number of connections neuron n receives as
Nsyn,n := ∑ Wn,m ,
m

(6.27)
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the mean of the total synaptic conductance Ḡ is readily calculated:
Ḡ(t) = N̄syn ḡ(t) = N̄syn H ∗ f¯(t) ,

(6.28)

, using bars to denote the mean values.
This derivation may seem an unnecessarily elaborate way of obtaining the familiar Eq. 6.28, but it sets the stage for deriving the variance of G.
To calculate the variance of Gn (Eq. 6.26) over the N postsynaptic cells , the
terms Wn,m and gm are written as their mean plus a deviation:
1
Wn,m
M∑
m

(6.29)

∆Wn,m := Wn,m − W̄n

(6.30)

W̄n :=

and similar for g. With these expressions, the variance of Gn (Eq. 6.26) is calculated:


2
σG : = varn (Gn ) = varn ∑ Wn,m gm
(6.31)
m


= varn ∑(W̄n + ∆Wn,m )(ḡ + ∆gm )
(6.32)
m


= varn ḡ ∑ ∆Wn,m + W̄ ∑ ∆gm + MW̄n ḡ + ∑ ∆Wn,m ∆gm .
(6.33)
m

m

m

The subscript n denotes the variance is calculated over n. The first two terms are zero,
since the sums over the deltas are per definition zero. Hence,


2
σG = varn MW̄n ḡ + ∑ ∆Wn,m ∆gm
(6.34)
m

(6.35)
Assuming the synaptic weights and synaptic activations are uncorrelated and using
the standard rules for the variance of products and sums:

σG2 = var(MW̄n ) ḡ2 + (∑ varn (Wn,m ) ) varm (gm )

(6.36)

m

(6.37)
, noting that MW̄ = Nsyn (equation 6.27), varm (gm ) ≡ σg2 and defining
′
Nsyn
:= ∑ varn (∆Wn,m ),

(6.38)

′
σG2 = var(Nsyn ) ḡ2 + Nsyn
σg2 .

(6.39)

m

this is results in:

6.A. DISTRIBUTION OF THE SYNAPTIC INPUT

103

The first term is the variance due to differences in the weighted number of synaptic connections Nsyn received by the cells. The second term is the variance due to
′
different synaptic activations caused by differences in presynaptic spike rates. Nsyn
is, for example, equal to M(p − p2 ) in the case where cells are randomly connected
with probability p and can be interpreted as the average number of connections a
postsynaptic neuron does not share with a random other cell of its population.
Now the task to describe the mean and variance of g(t) is left. To calculate σg
over the individual synapses, we need to make some assumptions on the distribution
of the spikes in the input. Amit and Brunel calculated this variance in the steady state,
assuming Poisson (shot noise) statistics [13]. We will show a similar approach can
be used for dynamic input and describe statistics for periodically generated action
potentials, i.e. with regular intervals. These describe the firing rates observed in our
spiking network model better.
There is a fundamental difference between calculating the distribution of the conductance induced by a Poisson process or by a periodical process. The conductance
of a synapse receiving action potentials generated by a Poisson process with a known
rate, is a stochastic signal. In contrast, the conductance of a synapse receiving action
potentials periodically at a known rate is deterministic (assuming the synaptic integration smooths the input sufficiently, such that the phase of the input is irrelevant).
Therefore, the variance of the synaptic conductances is induced by the variance of the
firing rates themselves, rather than by the realization of the spike generation process.
We calculate this variance now for time dependent firing rates.
The firing rates f (t) are considered to be distributed over the presynaptic neurons,
with mean f¯(t) and standard deviation σ f (t). We consider the inputs to be smooth
continuous functions (rates) rather than delta pulse trains, as is common in neural
mass modeling.
The mean of the synaptic activation is trivial to calculate from Equation 6.25:
ḡ ≡< g >=< H ∗ f >= H ∗ f¯

(6.40)

, where the brackets denote the expectancy.
To calculate the variance of g, we use hats to denote the deviation from the expectancy of f and g, i.e.
ĝ := g − ḡ,
(6.41)
and explicitly write the convolutions as integrals:

σg2 ≡< ĝ2 >=< (H ∗ fˆ(t))2 >
Z ∞
2
=<
fˆ(t − u)H(u)du >

(6.42)
(6.43)

0

=

Z ∞Z ∞
0

0

< fˆ(t − u) fˆ(t − u′ ) > H(u)H(u′ )dudu′

(6.44)
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The expectancy is replaced by the (auto)correlation coefficient Cac :
Cac (x1 , x2 ) :=

σg2 =

< x1 x2 >
σx1 σx2

Z ∞Z ∞
0

0

(6.45)

Cac ( fˆ(t − u), fˆ(t − u′ ))σ f (t − u)σ f (t − u′ )H(u)H(u′ )dudu′
(6.46)

In our simulations of spiking networks it was observed that fˆ is highly correlated
with itself over periods much longer than the duration of H, i.e. cells tend to fire
faster or slower than the population average over longer periods of time. In that case
Cac ≈ 1 and the right hand side of equation 6.46 is equal to the squared convolution
with the variance (c.f. equations 6.42-6.44),

σg (t) ≈ H ∗ σ f (t),

(6.47)

which is used for our simulations.
For cases where fˆ does fluctuate faster (typically when var(Nsyn ) is low), equation
6.46 can be simplified in another way. It is reasonable to assume the autocorrelation
coefficient depends only on the time difference u − u′ , while furthermore σ f fluctuates slowly compared to the synaptic time constant. In that case, the autocorrelation
coefficient can be effectively replaced with a correction constant C between 0 and 1.
The expression for σg becomes:

σg (t) = C H ∗ σ f (t),

(6.48)

where
C=

R∞R∞
0

0

exp (Cac (u − u′ )) σ f (t − u)σ f (t − u′ )H(u)H(u′ )dudu′
R
.
( 0∞ H(u)du)2

(6.49)

However, deriving a closed expression for the autocorrelation coefficient Cac (u − u′ )
in a recurring network is complicated and outside the scope of this work.
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7
General Discussion and Outlook
Ischemic and hypoxic damage results from a complex process, involving many different physiological dynamics which evolve on multiple time and length scales. Metabolism,
blood flow, the neuronal membrane voltage, glial activity, synapses and the constitution of the intra- and extracellular space all interact. The two processes that determine
energy consumption and excitotoxicity, the dynamics of ion concentrations and the
neuronal membrane voltage, were investigated in detail in this thesis.

7.1 Ischemia in the rat and human brain
The work in this thesis was performed with investigating ischemia/hypoxia in the
human brain in mind. Experimental data and parameter values, however, are mostly
obtained from rat. Rat neural tissue is similar to human neural tissue, and in both
the same processes take place, e.g. neuronal firing, ion homeostasis by the Na/Kpump, ATP generation in the mitochondria. However, physiological parameters are
different, e.g. resting ion concentrations, neuron density, white/grey matter ratio.
Experimental data can validate a model with parameters for rat, and subsequently
the parameters can be changed to investigate the dynamics in human tissue. Since
the dynamics of ischemic damage are complex, changing the parameters can result
in different dynamical behavior, i.e. a different progression of ischemic damage, in
which different processes have a key role.
Ischemia in rat and human tissue can be modeled with the same equations, using
different parameters. Therefore, the work described in this thesis is applicable to both
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rat and human patients.

7.2 Wave of death
The dynamic behavior of ion concentrations in and outside the neurons is modeled
and describe during failure of ion homeostasis due to hypoxia/ischemia. During energy deprivation (anoxia, ischemia) the net transmembrane potassium and sodium
fluxes lead to membrane depolarization (chapter 3 and 5) and spreading depression
(chapter 4). This process of depolarization has been described and mathematically
modeled before [1–4]. A new contribution of this thesis was to identify anoxic depolarization as the physiological substrate of the “wave of death”. The sudden depolarization is observed as a large amplitude wave in the EEG when recording with
a standard band-pass filter. Therefore, the wave does not reflect neuronal cell death,
but massive depolarization, which is in principle reversible. The phenomenon is interesting for two reasons.
First, prolonged depolarization causes cell swelling, as well as a large Ca2 + influx, eventually leading to apoptosis. Therefore, the depolarization wave does signal
the transition to a highly unfavorable state of the ion gradients, that will eventually
result in cell swelling and neuronal death if not restored sufficiently fast. Second,
the state following cerebral depolarization can be viewed as the ultimate form of unconsciousness: not only information processing and transfer between brain areas is
absent, as for example during anesthesia, but all neuronal activity has ceased.
Recently, similar experiments on rats have been performed with multiple EEG
electrodes [5]. Cardiac arrest was induced by intracardial KCl injection, and the
power spectrum of the resulting EEG signals was analyzed. In these measurements,
temporary activity was observed in the low gamma band (25-55 Hz) after a period
of electrical silence. Another new finding was the large coherence between the signals at different electrodes. If this coherence is not an artifact and indeed stems
from localized sources in the brain, some communication mechanisms must still be
intact. Candidate mechanisms are electrical field and ephaptic transmission, gapjunction coupling and remaining synaptic function. The relation with consciousness and
near-death experience of this temporary burst of activity and coherence before and
during depolarization is still being investigated. Loss of coherence is associated with
unconsciousness. However, its presence does not necessarily imply consciousness.
Given the highly pathological state of the brain in this state, normal information processing is unlikely.
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7.3 Spreading depolarization

A second result is the reduction of the dynamics of a single neuron and the ion concentrations in the extracellular space, to model hypoxic spreading depolarization.
The reduced model expulses potassium at constant rate when above a concentration
threshold, while removing it at a linear rate. This threshold was determined to be
the concentration above which the cells generate action potentials without receiving
synaptic input. The expulsion and removal rate were used in a reaction-diffusion
equation that models the triggering and propagation of spreading depolarization.
Similar macroscopic descriptions have been used before to model SD propagation
[6–8]. However, with this reduction an explicit connection has been made between
the single neuron parameters (e.g. channel conductances, pump rates) and the macroscopic parameters of SD (e.g. expulsion rate, concentration threshold).
In the hours to days following ischemia, spreading depolarizations (SD) or periinfarct depolarizations (PID) occur around the infarct [9–12]. Measurements in patients indicate SD’s/PID’s indeed increase infarct size and exacerbate neural damage
[13, 14]. Therefore SD’s are a potential target for therapy, for example by channel
blockers or hypothermia. With the combination of the reaction-diffusion model and
single cell model, the effects of channel blockers on the propagation of SD in the
penumbra can be investigated. When potassium is removed rapidly compared to the
expulsion rate, SD cannot propagate, for example (equation 4.37). With the constructed reaction-diffusion model, the occurrence and propagation of the first SD can
be predicted. Further work is necessary to relate phenomenological expressions for
the dynamics of recovery and refractiveness and the resulting generation of multiple
SD’s, e.g. [8, 15], to models of the single cell dynamics [3, 16].
Experimental data was used to validate the derived expressions. The dynamics of
the single cell model, that was used to derive the release rate of potassium, were qualitatively validated with experimental measurements in vitro (chapter 5). The wave
shape predicted by the model of SD propagation (chapter 3) was validated from the
time courses of potassium during SD from literature. Furthermore, new experiments
were performed measuring the electrical activity, blood flow and extracellular potassium concentration in in vivo cortex of rat. The aim was to determine the threshold
concentration for neuronal depolarization, and determine the relation with the bending point of the time course of the potassium concentration during SD. This could
determine the relative contribution of other substances and mechanisms besides diffusion of potassium to the propagation. Although very instructive for me personally,
the results of the experiments were inconclusive [17].
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7.4 Experimental validation of the Hodgkin-Huxley model
during depolarization
Various models of single neurons with dynamic ion concentrations have been previously published, including various ion channels and neuron morphologies [2–4, 18–
20]. The membrane voltage dynamics of the HH model with dynamic ion concentrations used in chapters 3 and 4 was qualitatively validated from experimental measurements in vitro (performed by Tyler Stigen, the Netoff lab, Minnesota, see chapter 5).
Analysis of the experimental data shows that, qualitatively, the HH model suffices
to describe the membrane dynamics and bifurcation structure of mammalian pyramidal cells during depolarization. This is not self-evident, since the HH model was
developed to describe neuron dynamics under constant, physiological circumstances.
The dynamics of the corresponding ion concentrations, and how these are driven
by the ionic transmembrane currents, still need to be validated experimentally. These
could not be validated yet, since data on the ion concentrations was not obtained.
Ideally, such a validation is done in vivo, since diffusive coupling of the extracellular
space with the blood flow is important in homeostasis of the extracellular space.
However, a good first step would be to validate a mathematical model without blood
flow by further experiments in slices. Measurements of the membrane voltage of
a single cell as described in chapter 5 can be combined with measurements of the
extracellular potassium and sodium concentrations using ion selective electrodes. To
validate that the single cell dynamics correspond to the population activity, these
electrodes can be used to measure the extracellular potential as well. Furthermore, to
assess how synaptic activity slows or hastens the depolarization process, these same
measurements can be performed in a low calcium medium, that inhibits synaptic
activity.

7.5 Neural mass modeling
A neural mass model (NMM) was proposed (chapter 6), that shows how synaptically
coupled populations of inhibitory and excitatory neurons behave for alterations in
single cell parameters. The F(I)-curve summarizes the electrophysiology of the single
cell and is used to calculate the macroscopic neural activity. Neural mass models have
been studied extensively and have been applied to various pathologies in literature
[21–24]. However, this is the first work in which the influences of ion concentrations
on the cells firing rates are taken into account explicitly.
A neural mass model with variable ion concentrations (chapter 6) can describe
the propagation of SD in migraine aura. During a migraine aura, the synapses do
not fail before SD occurs, in contrast with hypoxic SD. Therefore, the network dynamics of the cells determine the spike rate and potassium release, rather than the
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single cell dynamics. To investigate the propagation and initiation of SD in migraine,
a NMM should be constructed and reduced in a similar way as the HH single cell
model (chapter 4). This results in a reaction-diffusion model as presented in chapter 4, but with a different function for the potassium reaction rate. As for the case
without synaptic transmission, SD is prevented by limiting the build-up of extracellular potassium and glutamate, which can be accomplished by stimulating uptake,
glial buffering and diffusion or reducing release. Synaptic function allows for an
additional approach to prevent SD, by reducing potassium efflux through the population dynamics. Possibly, medication can make the inhibitory cells more sensitive
to increases in potassium/glutamate. This limits the firing rates of the pyramidal
cells when extracellular potassium/glutamate levels rise, thereby increasing the critical concentration for initiating SD. The repolarization process in migraine aura can
be investigated with a single cell model such as [16], since the synapses have been
shown to fail after the depolarization [25]. This modeling of normoxic SD can be
used to predict the effects of proposed therapies that aim to prevent, stop, or enhance
recovery from, a migraine aura.

Furthermore, a NMM with variable ion concentrations can be useful for interpreting the EEG of postanoxic patients. For example, a transition from generalized
periodic discharges (GDP’s) to a more physiological EEG could reflect the recovery
of the inhibitory synapses [22]. Could it alternatively indicate an increased excitability of the inhibitory cells by excitotoxic substances? Analysis of the dynamics of a
NMM has the perspective to yield a patient specific estimation of the evolution of
the state of the brain. I propose to calculate a bifurcation diagram depending on two
or three key parameters, showing the various EEG dynamics and transitions, similar to that of the single cell dynamics presented in chapter 5. To determine the key
parameters for patient survival and recovery of neurological function, the processes
occurring in the brain after global ischemia and reperfusion that affect the electrophysiology of the neurons must be investigated: (selective) synaptic dysfunction and
neuronal death, and the constitution of the extracellular space. Experiments on in
vitro and in vivo stroke models could be performed using microdialysis probes, as
well as post mortem measurements of (selective) structural damage of the synapses
and neurons in patients. Subsequently, the firing rate curves of the pyramidal cells and
interneurons must be characterized as a function of the evolving parameters. These
curves can be inferred from a computational single cell model, and be validated by in
vitro patch clamp data. With these parameter values, the dynamical behavior of the
EEG can be calculated from the NMM described in chapter 6.
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7.6 Modeling an infarct on multiple scales
Mathematical analysis of computational models of stroke, may greatly help in designing and predicting the effect of new therapies and medication that potentially prevent
secondary cell death. Analysis can elucidate the relation between physiological parameters and e.g. time windows of opportunity and doses necessary for effectiveness.
The work in this thesis specifically allows to investigate therapies that prevent excitotoxicity by targeting voltage gated ion channels and synaptic mechanisms. This work
allows their effect on the single cell to be expressed in the parameters of a model that
describes the tissue macroscopically.
As future work, I propose to construct a two-dimensional model of infarcted cortical tissue in the sub-acute phase (first hours to days). This model should describe
local ion homeostasis, neural activity, and energy availability, as well as the interaction between parts of the tissue by diffusion of ions and neurotransmitters. Similar
macroscopic models are already available [15, 26], however these use dimensionless, phenomenological expressions and are not explicitly connected to physiological
single cell parameters. The parameters of these phenomenological models can be
described by simplifying more detailed physiological models.
In the model proposed now, expressions for the rise in extracellular potassium,
neural activity and resulting neuronal depolarization can be applied as derived in this
thesis (chapters 3, 4 and 6). Reduced expressions for the repolarization process still
need to be obtained from single cell parameters. The work of Hübel et al. [16]
describing the parameter regimes for a HH-model that allow for repolarization can
be used as starting point for this. Chapter 2 presented basic calculations of the energy
consumption and supply around an infarct as a function of neural activity and blood
flow. The model of Cloutier et al. [27] can be used to model ATP production.∗
The proposed model will produce energy depletion, depolarization of cells and
resulting SD’s/PID’s when a focal restriction of blood flow is imposed. The main
goal of such a model is to describe secondary cell death in the penumbra, and how
this can be prevented. Therefore, processes that induce damage and cell death must
be included subsequently. The proposed model, using in part the work presented in
this thesis, lends itself for modeling three important causes of cell death and damage:
cell swelling, noxious metabolic products and calcium influx.
• The swelling of a neuron is induced by water movement from the extracellular
space into the cell by osmosis, as for example modeled in [28, 29]. Cell volume
∗ As

I found out during the course of my PhD research, in a biological system such as the hypoxic
brain, the bottom-up modeling approach often used in physics is problematic for several reasons: the
multiple spatial and temporal scales involved, the resulting lack of obvious elementary entities, the
large amount of interactions between entities and processes, unavailability and variability of parameter values, and emergent behavior that exhibits many bifurcations within the physiological parameter
domain.
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is a function of the intra- and extracellular ion concentrations and is therefore
a natural extension of this work.
• Metabolic challenged tissue shows altered metabolism, for example an increased rate of anaerobic glycolysis. Furthermore, tissue temporarily increases
its energy consumption following PID’s/SD’s in order to restore the ion gradients. In both cases, potentially harmful side products are generated, notably
reactive oxygen species [30] and H+ [31]. The dynamics of the pH as a function of Na/K-pump rate and oxygen/glucose supply have been described for
cortical tissue [32], while existing models of reactive oxygen species production in ischemic cardiac tissue [33–36] may be modified for the brain.
• Increased intracellular calcium levels result from neuronal depolarization and/or
failure of calcium transporters. Intracellular calcium induces mitochondrial
damage and apoptosis [37]. Calcium dynamics can be included in the proposed model. An extensive discussion of modeling calcium influx, removal
and intracellular buffering is given in [38].
In conclusion, I propose to adapt an existing phenomenological model of an ischemic infarct by including analyzable expressions derived from detailed physiological models. Part of this work has been performed in this thesis, while other expressions can be derived from existing detailed models. With this model, the effects of
medication and therapies can be investigated.

7.7 Closing remarks
This thesis has described the dynamics of ion concentrations and neuronal activity
after ischemia/hypoxia. Combined with knowledge of the dynamics of metabolism
and cell damage, from modeling and experiments, this may allow us to interpret
the changes in dynamics of the EEG of postanoxic patients, and predict the effects
of new neuroprotective therapies and drugs. Plenty of opportunities are still left to
increase our fundamental knowledge about ischemic damage, as well as to apply this
knowledge to improve patient care.
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[16] N. Hübel, E. Schöll, and M. A. Dahlem, “Bistable dynamics of ion homeostasis in ion-based
neuron models”, ArXiv e-prints (2013).

REFERENCES

115

[17] B. Zandt, D. Feuerstein, H. Backes, H. Ima, B. ten Haken, M. van Putten, and R. Graf, “The role
of diffusing potassium in spreading depolarization (poster)”, BRAIN2013, XXVIth International
Symposium on Cerebral Blood Flow, Metabolism and Function, May 20-23 2013, Shanghai.
[18] G. P. Krishnan and M. Bazhenov, “Ionic dynamics mediate spontaneous termination of seizures
and postictal depression state.”, J Neurosci 31, 8870–8882 (2011).
[19] L. yehaug, I. stby, C. M. Lloyd, S. W. Omholt, and G. T. Einevoll, “Dependence of spontaneous
neuronal firing and depolarisation block on astroglial membrane transport mechanisms.”, J Comput Neurosci 32, 147–165 (2012).
[20] S. Ching, P. L. Purdon, S. Vijayan, N. J. Kopell, and E. N. Brown, “A neurophysiologicalmetabolic model for burst suppression.”, Proc Natl Acad Sci U S A 109, 3095–3100 (2012).
[21] G. Deco, V. K. Jirsa, P. A. Robinson, M. Breakspear, and K. Friston, “The dynamic brain: from
spiking neurons to neural masses and cortical fields.”, PLoS Comput Biol 4, e1000092 (2008).
[22] M. C. Tjepkema-Cloostermans, R. Hindriks, J. Hofmeijer, and M. J. A. M. van Putten, “Generalized periodic discharges after acute cerebral ischemia: Reflection of selective synaptic failure?”,
Clin Neurophysiol (2013).
[23] R. Hindriks and M. J. A. M. van Putten, “Meanfield modeling of propofol-induced changes in
spontaneous eeg rhythms.”, Neuroimage 60, 2323–2334 (2012).
[24] A. Aarabi and B. He, “Seizure prediction in hippocampal and neocortical epilepsy using a modelbased approach”, Clin Neurophysiol (2014).
[25] B. E. Lindquist and C. W. Shuttleworth, “Adenosine receptor activation is responsible for prolonged depression of synaptic transmission after spreading depolarization in brain slices.”, Neuroscience 223, 365–376 (2012).
[26] L. Vatov, Z. Kizner, E. Ruppin, S. Meilin, T. Manor, and A. Mayevsky, “Modeling brain energy
metabolism and function: a multiparametric monitoring approach.”, Bull Math Biol 68, 275–291
(2006).
[27] M. Cloutier, F. B. Bolger, J. P. Lowry, and P. Wellstead, “An integrative dynamic model of brain
energy metabolism using in vivo neurochemical measurements.”, J Comput Neurosci 27, 391–414
(2009).
[28] M.-A. Dronne, J.-P. Boissel, and E. Grenier, “A mathematical model of ion movements in grey
matter during a stroke.”, J Theor Biol 240, 599–615 (2006).
[29] M.-A. Dronne, E. Grenier, G. Chapuisat, M. Hommel, and J.-P. Boissel, “A modelling approach
to explore some hypotheses of the failure of neuroprotective trials in ischemic stroke patients.”,
Progress in biophysics and molecular biology 97, 60–78 (2008).
[30] A. Viggiano, E. Viggiano, I. Valentino, M. Monda, A. Viggiano, and B. De Luca, “Cortical spreading depression affects reactive oxygen species production.”, Brain Res 1368, 11–18 (2011).
[31] W. A. Mutch and A. J. Hansen, “Extracellular ph changes during spreading depression and cerebral ischemia: mechanisms of brain ph regulation.”, J Cereb Blood Flow Metab 4, 17–27 (1984).
[32] P. Orlowski, M. Chappell, C. S. Park, V. Grau, and S. Payne, “Modelling of ph dynamics in brain
cells after stroke.”, Interface Focus 1, 408–416 (2011).

116

REFERENCES

[33] S. Cortassa, M. A. Aon, E. Marbn, R. L. Winslow, and B. O’Rourke, “An integrated model of cardiac mitochondrial energy metabolism and calcium dynamics.”, Biophys J 84, 2734–2755 (2003).
[34] S. Cortassa, M. A. Aon, R. L. Winslow, and B. O’Rourke, “A mitochondrial oscillator dependent
on reactive oxygen species.”, Biophys J 87, 2060–2073 (2004).
[35] J. M. Kembro, M. A. Aon, R. L. Winslow, B. O’Rourke, and S. Cortassa, “Integrating mitochondrial energetics, redox and ros metabolic networks: a two-compartment model.”, Biophys J
104, 332–343 (2013).
[36] A.-C. Wei, M. A. Aon, B. O’Rourke, R. L. Winslow, and S. Cortassa, “Mitochondrial energetics, ph regulation, and ion dynamics: a computational-experimental approach.”, Biophys J
100, 2894–2903 (2011).
[37] K.-A. Hossmann, “Pathophysiology and therapy of experimental stroke.”, Cell Mol Neurobiol
26, 1057–1083 (2006).
[38] E. de Schutter and P. Smolen, “Calcium dynamics in large neuronal models”, in Methods in neuronal modeling, 2nd ed., edited by C. Koch and I. Segev, 211–250 (MIT Press, Cambridge) (1998).

Summary
The interruption of blood flow to the brain as occurs in cardiac arrest and stroke results within minutes in irreversible damage. This leads to an estimated 17 million
deaths per year worldwide and leaves many disabled. The development of neuroprotective treatments that prevent cell damage after stroke has so far largely been
unsuccessful, while we still have an incomplete understanding of the dynamics of the
processes involved. This thesis has focused on the dynamics of ion concentrations
and neuronal activity during and after hypoxia. Pump rates lower when ATP dependent ion transporters are insufficiently supplied with energy, causing transmembrane
ion gradients to diminish, with significant effects on neuronal activity and function.
Neuronal activity in turn determines the rate at which ions flow between the intraand extracellular space, thereby creating a dynamically interacting system.
In chapter 3, it was shown that the extracellular potassium concentration has a
crucial role in anoxic depolarization. If potassium fluxes are insufficiently compensated by the ATP-dependent Na/K pumps, the extracellular concentration may reach
a critical concentration, and neurons will autonomously generate action potentials,
resulting in an additional, significant increase in potassium efflux. This efflux induces massive depolarization of the neurons, reflected as a transient wave of activity
on the scalp EEG. This explains the “Wave of Death” that is observed in rats after
decapitation. The EEG initially becomes flat after approximately 10 s, but a large
amplitude wave occurs “paradoxically” approximately a minute later. As argued, this
is the response of healthy neuronal membranes to changes in ion gradients, and does
not reflect cell death. It does signal the transition to a highly unfavorable state, which
will lead to cell damage soon after due to swelling and calcium influx.
The released potassium does not only excite the neurons that released it, but also
diffuses to neighboring cells, causing a chain reaction or “reaction-diffusion” process.
Chapter 4 has presented expressions for idealized spreading depolarization (SD). It
was assumed that propagation is purely mediated by diffusion of a substance (potassium or glutamate), which is released at constant rate when its concentration is above
a fixed threshold. Obtained expressions describe the initiation, propagation and wave
shape in four parameters that have a clear physiological interpretation. The predicted
shape of the onset of the wave was validated with potassium measurements in vivo
in rat from literature. This framework may help, in combination with experiments, in
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determining the role of diffusible substances in the propagation of SD and how this
can be affected by hypoxia and/or pharmaceutical interventions that aim to prevent
peri-infarct depolarizations and migraine auras.
The model used to calculate the behavior of depolarizing single neurons in the
previous two chapters, the Hodgkin-Huxley (HH) model with dynamic ion concentrations, is experimentally validated in Chapter 5. Several time courses of depolarizing
pyramidal cells were obtained in in-vitro experiments after blocking the Na/K-pump
with ouabain. Five different types of membrane voltage dynamics were observed.
These correspond to different trajectories of the sodium and potassium Nernst potentials in a bifurcation diagram of the HH model. These experiments serve as a
qualitative validation of the dynamics predicted by the model.
In chapter 6, an initial effort was made in modeling the behavior of large populations of neurons (neural mass models), rather than single ones, with pathological
transmembrane ion gradients. The firing rate curve was used as link between the single cell and neural mass model. Additionally, the variance of the input currents over
the cells in a population was determined from the network connectivity and spike
rates. This model excellently reproduces the dynamics observed in a simulated network of HH-neurons, provided the synaptic conductances fluctuate on a time scale
similar to or slower than the neurons’ spike rates and the modal firing rates are higher
than the frequencies of the dynamics of interest. The firing rate curve can easily be
calculated from a HH model for various ion concentrations and ion channel conductances. This allows for the analysis of the macroscopic activity affected by channel
blockers and pathological ion concentrations, thus allowing simulations of dynamics
in hypoxic conditions and pharmacological interventions.

Samenvatting
Deze thesis beschrijft de rol van ionconcentraties en neurale activiteit bij hypoxie en
ischemie in het brein. Door energiegebrek faalt de homeostase van ionconcentraties
en verandert de neuronale dynamica. De depolarisatie van neuronen die hierdoor
tijdelijk op kan treden, blokkeert niet alleen de neurale functie, maar kan uiteindelijk
ook leiden tot celdood en massale hersenschade.
Hoofdstuk 3 behandelt een direct meetbaar effect van een complete stop van de
ionpompen. In experimenten met ratten (van Rijn et al, PLoS One 6, e16514, 2011)
vertoonde het elektro-encefalogram (EEG) een plotselinge golf met hoge amplitude,
een minuut na onthoofding. Er werd gespeculeerd dat deze golf duidt op een plotselinge dood van de neuronen in het brein. Een computationeel model van een enkel
neuron en zijn intra- en extracellulaire ionconcentraties laat het fysiologisch mechanisme zien achter deze golf: het stoppen van de Na/K-pomp leidt tot het lekken van
kalium uit de cel. Boven een kritieke grens leidt tot de generatie van actie potentialen,
die snel kalium vrij laten komen. Dit veroorzaakt een plotselinge depolarisatie. In
combinatie met een hoog doorlaat-filter zorgt dit voor de golf in het EEG. Dit proces
is niet noodzakelijkerwijs irreversibel.
In hoofdstuk 4 wordt verspreidende depolarisatie (spreading depolarization, SD)
behandeld, een fenomeen wat een belangrijke rol speelt bij een beroerte en migraine.
Ondanks deze belangrijke rol zijn de onderliggende processen van de propagatie van
SD slecht begrepen. Een versimpeld model dat zowel fysiologisch is als kwantitatief wordt beschreven. De concentraties van excitatoire substanties (glutamaat en
kalium) tijdens de start van SD kunnen worden beschreven met een reactie-diffusie
vergelijking. Oplossingen van deze vergelijking beschrijven de golfvorm, de voortplantingssnelheid en de susceptibiliteit van het weefsel voor SD, in slechts vier parameters: de snelheden waarmee kalium/glutamaat vrijkomen en weer opgenomen
worden, de concentratiedrempel waarboven cellen geëxciteerd worden en de effectieve diffusieconstante. Dit theoretische raamwerk zorgt voor een intuı̈tief begrip en
maakt analyse van experimentele resultaten mogelijk in deze vier termen. De theoretisch voorspelde golfvorm komt overeen met die van gemeten kalium concentraties
bij ratten in de literatuur.
Hoofdstuk 5 behandelt de neurondynamica tijdens anoxische depolarisatie. Deze
depolarisaties spelen een rol bij beroertes, migraine en epilepsie. Een van de effecten
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van energiedepletie is experimenteel gesimuleerd door de Na/K-pompen te blokkeren
met ouabain. Hierbij is de membraanspanning van piramidale cellen gemeten. Tijdens de resulterende depolarisaties zijn vijf verschillende types dynamisch gedrag
geobserveerd. Een bifurcatieanalyse van een Hodgkin-Huxley cel liet zien dat deze
verschillende responsen allemaal vertoond kunnen worden door een en dezelfde cel
met normaal functionerende ion kanalen. De specifieke respons wordt bepaald door
het verloop van de intra- en extracellulair concentraties natrium en kalium.
In hoofdstuk 6 worden differentiaalvergelijkingen voor een neuraal massa model
afgeleid. In tegenstelling tot bestaande modellen, zijn deze vergelijkingen geheel
afgeleid van de eigenschappen van de enkele cellen en hun connecties. Een ”sigmoidale functie” is afgeleid van de vuurfrequentie-curve van de enkele cel en de variantie van de synaptische input. Daarbij zijn de varianties van de vuurfrequenties en de
synaptische conductanties bepaald. Het model reproduceert het dynamische gedrag
van twee populaties Hodgkin-Huxley cellen die synaptisch gekoppeld zijn zeer accuraat. Dit maakt het mogelijk om de macroscopische activiteit te onderzoeken die
ontstaan door kanaalziekten, kanaalblokkers of pathologische ionconcentraties.
Verscheidene vragen moeten nog beantwoord worden om medicatie te kunnen
onderzoeken die ischemische schade voorkomt en diagnose van postanoxische patiënten
te kunnen verbeteren. Een aanpak om deze vragen te beantwoorden met behulp van
experimenten en mathematische modellen wordt beschreven.
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