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Preface
The central subject of the research described in this thesis is the quantum theory of reection of light at crystalline surfaces. This work comprises a description of concepts
and mathematical techniques which have been developed to achieve a workable method
of calculation, their implementation into a computer program and some results of model
calculations.
The rst chapters contain much of the formalism required for the development of the
computational schemes. It serves to establish notational conventions and provides a convenient summary of results and applications from the quantum theory of the solid state. I
have tried to give a moderately comprehensive account of the ideas which were at the base
of the implemented algorithms. The approach gradually changes from a general point of
view towards a more speci c treatment of the optical re ection problem, the subject of the
middle chapters. The thesis concludes with a case study in which the machinery is applied
to some model systems.
After a short historical overview and a justi cation of this eld of research, given in
chapter 1, we start with the basic theory of how the dielectric response of a system is
connected to its electronic structure. The description of the e ects of external elds on
solids proceeds in two stages. In the rst stage the quantum mechanical features of the
action on the solid of the supposedly known perturbing eld is gathered in a nonlocal
response function. In the second stage the response function is applied in an interacting
dipole model of the re ecting geometry, which yields the perturbing elds self-consistently.
In chapter 2 the many-electron system is treated. We start with a formal description
of the system, in which we aim at a description of the mutual interaction of the electrons
through electromagnetic potentials. This exempli es the equal footing of the electrons mutual interaction and their interaction with light. We will then focus on the time dependent
version of the density functional formalism. The emphasis will be on the role of the current
density in this theory. It provides the key to the solution of the re ection problem because
the current density contains all information needed to obtain the sources of the electromagnetic elds. This current density is regarded as being derived from the more suitable
polarisation density. This density in turn is related to the external eld using a linear
perturbation approach, resulting in a nonlocal response function called the polarisability
The calculation needed to evaluate the resulting expression for the nonlocal polarisability is extremely involved. We will have to make extensive use of symmetry properties, in
order to be able to perform the calculations. The di erent aspects of the crystal symmetry
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and its consequences for the electron wave functions is the subject of chapter 3. This chapter start by characterising the geometrical aspects of the symmetry for polyatomic systems,
where special attention is payed to the implications of the nonlocal nature of the dielectric
response. The crystal symmetry is re ected in the special transformation properties of
the Bloch functions. Those properties can be explored using the analytical continuation
which results from the k  p method. Only by using this method, we can obtain ecient
evaluation schemes for the polarisability.
The actual evaluation of the polarisability tensor is the subject of chapter 4. First
the relevant aspects of the electronic structure can be gathered in a density matrix. The
spectral representation of this matrix proved to be the most convenient form for this kind
of calculations. The transformation properties of the Bloch functions yield ecient ways
to reduce the amount of e ort which is needed for the evaluation of this density matrix.
The polarisabilities is nally obtained using this density matrix.
Once the polarisabilities have been obtained, they will have to be used in the second
stage. The polarisation density is sampled by dividing the system in appropriately chosen
cells. Each cell will be represented by a single point dipole, which results in an interacting
point dipole system. The application of the nonlocal polarisabilities to the semi-in nite
dipole system, and the techniques to solve this model self-consistently will be the subject
of chapter 5. Only by exploiting a remnant of the three dimensional translational symmetry, which is only present in truly in nite bulk system, and the una ected translational
symmetry parallel to the surface this problem becomes solvable.
Finally all aspects of the method come together in chapter 6, in a case study in which the
machinery is applied to diamond and silicon bulk systems, and also to some real surfaces of
the silicon crystal. The focus will be on the features of the asymmetric dimer reconstructed
Si(100) surface, and their changes upon hydrogenating or oxidising this surface. The thesis
ends in chapter 7 with conclusions and recommendations.
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Chapter 1
Introduction
One of the most intriguing problems in physics is the interaction of light with matter.
Probably everybody is familiar with the phenomenon of re ection and refraction of light
at surfaces of solids and liquids. If a light beam enters a boundary between two di erent
media, the beam is split into two rays: a transmitted ray propagating into the second
medium, and a re ected beam propagating back into the rst medium. The geometrical
law of re ection 1 was already known by the ancient Greeks. The propagation of light in
transparent media and the refraction of rays upon entering such a material is a second display of the interaction. The law of refraction 2 was discovered experimentally by W. Snell,
as early as 1621. The theoretical understanding of these phenomena gradually improved
when more phenomena were observed, and the nature of light was unravelled.
The problem of the re ection and refraction of light entering an optically more dense
material was discussed by A. Fresnel in 1832, who derived Snell's laws of refraction by considering eater vibrations. Those vibrations were believed to govern both the intensity and
the polarisation of light. It was by then well established that light consisted of purely transverse waves, which explained the observations of interference and polarisation phenomena.
He was able to derive expressions for the coecients of re ection and transmission, which
now bear his name. The true nature of light, however, remained unclear until in 1873
J.C. Maxwell formulated his four equations of electromagnetism, exposing light as being
electromagnetic waves. Fresnel's results could also be obtained using Maxwell's equations
by considering the continuation of electromagnetic elds at the very boundary between
two homogeneous and isotropic media having di erent refractive indices.
Although the main features of the propagation of light were now explained, Maxwell's
equations did not elucidate the processes of emission and absorption of light. In these
processes the resonant features of the interaction between light and matter are manifested.
Nevertheless Maxwell's nding that the source of the electromagnetic waves and hence
1 This law states that the incident and re

ected rays lay within the same plane being perpendicular to
the surface, with equal angles with the surface normal but in opposite directions
2 Like in the case of re ection, the incident and refracted rays are within the same plane as the re ected
ray, but now the ray's direction is deviated on entrance. The law of refraction gives the magnitude of this
deviation
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also of light is the movement of charged particles, did open a view on the origin of those
processes. However, the classical laws of mechanics proved to be inadequate to describe
processes taking place within atoms and solids. A proper explanation of the emission and
absorption spectra had to wait till the rise of quantum theory.
The physics of the interaction of light and matter entered a new stage with the success
of the quantum theory of matter. The nature of light was no longer the issue, but the
discovery of the physics of atoms and solids became the prevailing objective in physics.
Quantum theory of matter is about the electronic structure of atoms, molecules and solids
and provides the basis for the theory of optical properties. Still one of the most precise and
direct analysis of the structure of matter is provided by its optical excitation spectrum.

1.1 Optical Re ection
By investigating the optical re ection we hope to obtain information about the electronic
structure of the re ecting surfaces. In classical texts on the interaction of light with crystals
[1, 2, 3, 4, 5], the fact that all solids have surfaces is often ignored. Usually this can be
justi ed because light beams have a considerable penetration depth. In optical re ection
experiments one predominantly probes the dielectric response as a bulk property, while
surface contributions usually remain small. This bulk response is well-understood and for
most materials it can be cast in a material constant, like the dielectric function or the
refractive index.
The re ection of light is particularly determined by the quality of the surface. When
the surface is rough light will be scattered, but when it is polished, we will have specular
re ections. If the re ecting surface is covered by a thin lm of another substance, e.g.
when a solid surface is wet, or when a thin lm of oil is oating on top of a puddle one can
observe colourful fringes. These phenomena are all well-described by models in which a
simple description of the interaction of light and matter is used [6]. It suces to know the
refractive indices of the various materials found in the system. This is a direct result of the
length scale of the geometrical features. Whenever the characteristic dimensions are larger
than, or of the same order as the wavelength of the light, such models are applicable.
The classical description of a re ecting geometry, is obtained when the surface itself is
treated as an in nitesimally thin layer, as is usually the case in the Fresnel description.
The surface is then only a boundary between two regions having di erent bulk material
constants. The model of a sudden jump in this constant at the surface is however too crude
if one wants to understand phenomena like the re ectivity change upon gas adsorption [7],
surface induced optical anisotropy [8] and nonlinear optical e ects such as surface second
harmonic generation [9]. These processes do take place at the surface and in uence the
optical response, but they do not t within the simple Fresnel description.
The simplest way to go beyond this bulk description is to add an optically homogeneous
overlayer to the model description of the surface with another discontinuity in the dielectric
constant, now at the buried interface. The underlying idea is that the refractive index will
only change gradually near the surface. Its value near the surface will be characteristic
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for the surface region which has a di erent morphology from the bulk. For linear surface
optics this idea has been worked out in the classical paper by McIntyre and Aspnes [10].
This model has proved itself as a valuable descriptive tool, commonly used by the majority
of the workers in the eld and nowadays it can be considered as the standard description
[11, 12, 13, 14, 15]. Although most results of experiments can be cast in terms of this model,
which yields surface speci c excess quantities, no direct interpretation of the underlying
physics is possible [16, 17]. This is a point to be aware of.
The added value of quantum theoretical work is to go beyond the level of these simpli ed descriptions, and to arrive at models which give an increased understanding of the
physical and chemical processes which take place at the surface on the atomic scale. The
McIntyre-Aspnes model ignores the granularity of the solid at the atomic sized scale. While
in homogeneous and isotropic media, the dielectric response is described by a uniform polarisation, the other extreme starts from the description of the material as being a collection
of atoms. The induced polarisation in the material can best be represented by a collection
of point-like dipoles. This was the line of reasoning of Ewald [18], who tried to relate the
optical response of solids to the atomic properties and their spatial arrangement.
Most of the theoretical work in surface optics is in the direction of making an improved
description of the continuous polarisation density near the surface. The most extreme
representative of such descriptions is the jellium approximation, where the in uence of the
nuclei is completely smeared out into a uniform positive background. This description
has been used by e.g. Feibelman [19] to develop a model for surface optics, though the
model is only applicable to metallic surfaces. This model has got rid of most of the
discontinuities of the McIntyre-Aspnes description. It features just one discontinuity in
the abrupt termination of the uniform positive background.
The jellium approximation is however not essential. Del Sole et al. [20, 21, 22, 23]
link the optical response functions directly to general one particle states, which can be
provided by any modern electronic structure package. His description does not require any
kind of jellium approximation. As such, his theory is a surface optical equivalent of the
theory for bulk optical properties [1, 3, 24, 25, 5]. He managed to make a direct connection
between the measured di erential re ection and the nonlocal dielectric function. Using
this instrument he and his coworkers were able to calculate the optical response of a large
variety of semiconductor surfaces.
At the other extreme in theoretical optics, there has always been a class of models
which started from the granular property of matter. The development of these models
basically goes back as far as the days of Sommerfeld and Ewald. The discovery of the
atom at the end of the last century triggered these researchers to develop a theory in
which they regarded each atom to be a source of radiation, which feels the local electric
elds. Each atom was replaced by induced point dipoles. Conceptually Ewald [18] has
given in his work a lasting contribution to theoretical optics, for instance by his discovery
of the so-called Ewald-Oseen extinction theorem [6]. The optical behaviour of single atoms
is traditionally described by means of polarisabilities. Ewald's fundamental contribution
to optics is that he showed how to describe the optical properties of systems as large as
in nite bulk systems by means of polarisabilities only. If the polarisability can handle bulk
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systems as well as single atoms there should be no reason why it could not handle anything
in-between, including the surfaces of solids.
Attempts in that direction have been made by several workers, but the earliest successful
one has been by Mochan and Barrera [26]. They used it to explain the optical anisotropy
of the (110) surface of germanium. Nevertheless they were forced to make concessions.
Their calculation associated one dipole with two atoms instead of one. This concession is
ascribed by them to certain problems with the short-range interactions, when they used
the discrete dipole model. Similar work is performed in Ireland by Patterson [27]. His
work identi es chemical bonds with dipoles.
For the description of semi-in nite systems, the work of the Czechoslovakian group of
Litzman and Dub [28, 29, 30] has been invaluable. Although they considered also optical
re ection at surfaces [31, 32], their work was focused mainly on x-ray di raction. More
closely than anyone else, they continued the original Ewald ideas and they managed to
put his work in a proper mathematical framework. Litzman and Dub discovered how to
connect normal modes of the bulk with the basic ideas of Ewald. They discovered that a
semi-in nite bulk system could be described on a completely microscopic scale requiring
only a very limited set of complex parameters (typically two). This major achievement
has been used later by Poppe and Wijers [33, 34, 35] to develop their double cell method,
which is able to treat surfaces having a di erent morphology from the bulk. Their method
can handle a large class of (crystalline) surface optical problems.
The progress of the dipole description is hampered by the lack of a proper way to
calculate the polarisabilities. A successful continuation of these models depends on the
development of ab-initio calculation schemes for the polarisabilities.

1.2 This Thesis
This thesis describes the e ort made at modelling the linear response of crystalline surfaces
to harmonically varying electromagnetic elds of optical frequency. The main objective of
this study is the description of surface related features in the anisotropic re ection, starting
from rst principles. The changes in re ectivity of a sample upon modi cation of its
polished and atomically clean surface, e.g. upon oxidation, hydrogenation or amorphisation
of the outermost layers, reveals the small but experimentally well accessible ngerprint of
the electronic structure at the surface. In ellipsometric measurements either performed
at near-normal or Brewster's angle of incidence, and in di erence re ectometry one thus
obtains a wealth of information on the electron dynamics near surfaces [12, 13, 14, 15].
The roots of the work presented in this thesis are in the discrete dipole description of
solid crystalline surfaces as used by Poppe and Wijers [33, 34, 35]. The key feature of their
description is its applicability to realistic geometries, yielding a direct connection between
the optical response and the materials polarisability on an atomic scale. The objective is
still the same as the one used by Sommerfeld. If one dipole corresponds to one atom, in
principle any condensed matter system can be described. However, it is not possible to use
their independent point dipole model in the case of covalent materials. Although Poppe
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and Wijers boosted the dipole model into the eld of surface optics, they did not solve the
short-range problems as noted by Mochan-Barrera [26].
We want to go beyond the independent dipole approximation. The idea pursued in
this thesis is to look for the physical origin of the polarisability. The success of the dipole
description in the case of solid argon and the alkali-halogenides is the result of the local
nature of the polarisability. Those systems approach the Clausius-Mossotti limit where the
polarisable entities are independently responding to the local electric elds.
Although the interatomic distances in silicon are comparable, the bonding nature is
quite di erent. Since the polarisabilities are determined by the dynamics of the electrons
of the system, they should depend directly upon the nature of the wave functions. It is the
property of the wave function which cause the polarisability to become nonlocal to a certain
degree. In semiconductors, and more severely in metals, the optically active electrons are
delocalised, and their contribution to the uctuating charge and current densities can be
considerable in the interstitial region. Since the charge and current densities and therefore
also the wave functions cannot show discontinuities, there will be a coupling between the
response in adjacent atoms, which is entirely due to the electron dynamics.
The system is cut into pieces. Each cell is then represented by a single point dipole. This
discretisation resulting in the dipole lattice is only a way to solve the coupled interaction
of all electromagnetic sources of our system. We have decided to choose for a subdivision
into cells corresponding as close as possible to the volume which is occupied by a given
atom in the condensed phase. The polarisability itself is connected to these nite volumes
in space.
The nonlocal polarisabilities are quantities which are connected not to a single cell, but
to a pair of cells. One of the positive aspects of this idea is that it is immediately clear why
ionic and semi-conducting solids behave so di erently. The wave functions describing the
electrons in an ionic lattice are close to zero at the surface of the atomic cells. They will
not cause much nonlocality in the polarisability. It is obvious that silicon with its strong
covalent bonds will trigger strong nonlocal polarisabilities, which is born out in practice.
We developed the formalism to calculate the nonlocal polarisabilities starting from the
electronic structure which was obtained using the standard density functional theory. The
polarisabilities have been calculated starting from the single-particle wave functions for
two di erent kind of systems. The polarisabilities for bulk atoms are obtained using the
wave functions of the three dimensional bulk geometry, while the polarisabilities for surface
atoms have been obtained in slab calculations.
The system we studied is the dimer reconstructed Si(100) surface. Its optical properties
has been studied extensively, since the clean surface can be controlled to a high degree.
Single domain surfaces can be prepared and the oxidation and hydrogenation of this surface
is well-controlled. It is a very interesting model system, also from a theoretical point of
view. The in uence of the covalent nature of the chemical bond resulted in the expected
nonlocality of the polarisability. The electronic structure of the bulk and its (100) surface
are well accessible in slab calculations.
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1.3 Dynamic Electric Polarisation
If a material is subjected to an externally applied electric eld, then all nuclei and electrons in the sample will respond. The system adapts itself to the perturbing forces by
dynamically changing the positions of the nuclei and the electronic charge density. This
adaptation requires the occurrence of electrical currents. Those changes will in turn generate electromagnetic elds, thus coupling the motion of all constituent particles. The
response is therefore a collective phenomenon of the material. We will consider only optical frequencies, for which the motion of the nuclei is not only e ectively independent of
the motion of the electrons, but also far from resonance so they can be assumed to form a
rigid lattice.
It then crucially depends on the dynamics of the electrons in what way the electrical
eld is screened. In a metal the electrons may ow over large distances, so they are able to
completely screen any static electric eld on a macroscopic scale. In insulators, however,
the electronic charge is bounded to the nuclei and cannot ow over large distances. The
charge density then merely changes by polarisation of the medium. On a microscopic scale,
and for metals being subjected to perturbations varying in time also on a macroscopic scale,
the perturbing elds can only be partially screened. The perturbing elds will penetrate
the sample.
Polarisation is therefore a manifestation of dynamic screening, which can be de ned as
the result of a competition of two counteracting mechanisms of a di erent kind. In the
present context the driving forces are the varying electromagnetic elds which are experienced by the particles, while the restoring forces are provided, apart from the inertial forces,
by the quantum mechanical Pauli exclusion principle, restricting the electrons freedom of
motion.
Electric polarisation forms the key to understanding the propagation of electromagnetic
waves through matter, and is essential for the theory of collective dynamics of the manyparticle system.

1.3.1 Polarisation Density

The relation of the polarisation to the position and velocity coordinates of the nuclei and
electrons that of the material system is often considered only in simpli ed models. One
then decomposes the system into an assembly of localised elements. If the constituent
elements are all charge neutral and independently polarisable entities, there is no fundamental problem. For each element the polarisation is then simply the dipole moment per
unit volume.
If the dipole moment can be related to the local perturbing forces, using only intrinsic
properties of the cell, one is able to derive expressions for the collective response [36]. In
this case the induced part of the dipole moment is related via a response function, the
so-called polarisability [37], to the local electric eld, and one readily obtains the famous
Clausius-Mossotti relations for the static response of isotropic bulk systems.
However, because electrons do not belong to an individual (unit) cell of a crystal, and
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their density is a continuous function of position, there is no way to uniquely cut the density
and derive the dipole moment of a cell. The description of the electric polarisation of a
crystal as the dipole moment of its unit cell is therefore in general not valid. This dipole
moment is ill-de ned because it is neither measurable nor model-independent. Only in
the above mentioned extreme Clausius-Mossotti case in which the system consists of wellseparated, independently polarisable and charge neutral localised entities such a de nition
holds. If one wants to study e ects related to the macroscopic polarisation one will have
to resort to methods which allow the system to be divided into localised, charge neutral
and independently polarisable subsystems.
Nevertheless, unique physically meaningful results can be derived in an extended system
for arbitrary subdivisions if one not only considers contributions to the polarisation of
charges in the interior of the body, but also of charges at the surfaces. Those surface
charges do not vanish asymptotically for increasing system size [38]. Moreover surface
charges are not intrinsic properties of the system, since they can be altered by adding
charges externally. However, due to continuity, the changes in the surface charges arising
only from changes in the interior can be related to integrals over the current owing through
the interior of the body.
We want to make a distinction between macroscopic polarisation being strictly associated with cells, and microscopic polarisation, being a well-de ned local density, which
acts as the source of electromagnetic radiation [36]. This is only possible if one has a way
to de ne a physical meaningful microscopic quantity polarisation, which is independent of
the particular choices one can make in the process of subdividing the system, without the
need to consider the surface explicitly. While the total polarisation has to be connected
to well-de ned neutral and polarisable units, or else the de nition using the unit's dipole
moment becomes ill-de ned, we will show that the change in polarisation is a well-de ned
microscopic quantity. It has a uniquely de ned value for arbitrary cells and therefore also
as a continuous density at every position 3 , if it is de ned with respect to a xed reference
state. This reference state is usually the ground state. Fortunately most of the properties
merely depend on the changes in polarisation. The new approach consists in relating the
change in polarisation as a microscopic density to the integrated particle current owing
through the body.
Within a nite isolated system the two alternative descriptions, based on either the
dipole strength of the charge distribution (including the surface) or the integrated currents, are equivalent owing to the continuity equation. The intrinsic charge that piles up
at the surface is directly related to the current owing through the interior of the sample. However, in the thermodynamic limit to in nite system size, the knowledge of the
surface is lost. The charge and current distributions then become disconnected and carry
quite distinct pieces of information, though the variations of these distributions remain
connected. Microscopic polarisation is therefore a property of the current and not of the
charge density, contrary to common belief [39].
3 The result for cells having in

nitesimal size
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1.3.2 Static Polarisation

The total ground state polarisation for isolating systems could in principle be obtained if
one considers the process of the adiabatic assembly of the sample starting from in nitely
remote neutral atoms. Only while keeping the macroscopic electric eld vanishing during
the assembly, one is allowed to use periodic boundary conditions throughout the transformation. Here the absence of any electric eld is strictly needed to get an isolating ground
state. A translation in the direction of the eld will otherwise lower the energy. Indeed
the sample may not traverse a metallic stage during the assembly, since then macroscopic
currents may ow, resulting in a build up of sample-shape-dependent surface charges in
order to macroscopically screen any electric eld [39].
However, these conditions are artifacts of the periodic boundary conditions. The only
correct de nition of a macroscopic crystal is as the limit of a nite crystal of increasing
size. In the process of extending the cluster, the system may acquire a nite electric eld,
and hence a polarisation, which cannot be reproduced using periodic boundary conditions
[40].
Those diculties do not exist for the changes of the polarisation density if one considers
only perturbations of nite frequency. One is then able to use periodic boundary conditions
without having to worry about the implications of a static part of the electric eld. Any
static eld was already present in the reference state.

1.3.3 Quantum Picture of Polarisation

A quantum mechanical view of extended matter is quite di erent from the classical ClausiusMossotti picture. All the electrons are not only equivalent, they are also indistinguishable.
Hence an electron cannot be assigned to a given molecule or unit cell of a crystal.
Nevertheless, for isolating systems an Clausius-Mossotti-like description is possible by
using localised Wannier-like functions, which act as neutral, independently polarisable
units [41]. However the freedom in constructing the Wannier orbitals, and the arbitrary
separation of the energy manifold into individual bands results in di erent shapes, symmetries and asymptotic behaviour. This approach cannot be a basis for the de nition of
the polarisation from a fundamental point of view.
It is the occurrence of di erences which makes the polarisation as a continuous density
accessible for quantum mechanical calculations. The interesting notion is that while the
charge density is completely xed by the local magnitude of the wave function, one can
show that the polarisation is xed by the local phase of the wave function, but of course
in a gauge-independent way [41]. The wave functions therefore do contain the relevant
information to describe not only the charge density, but also the polarisation density of
the crystal.
Hence changes in the polarisation of a subregion of the system can be uniquely derived
from the wave functions in this region alone, without the need to explicitly consider remote
contributions. Remote regions will still have a considerable indirect in uence, however, via
the wave functions through the long-range Coulombic and correlation interactions [42].
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Because of the new ideas about the polarisation as being a property of the quantum
wave function of a crystal, a new approach to the density functional theory for Coulombic
systems has been proposed [43]. Not only do the properties of a crystal depend upon the
charge density of the system, being completely determined by the moduli of the singleparticle wave functions, but they also depend on the polarisation, which is xed solely by
the phases of the wave functions. Recent reviews on the polarisation of crystals and the
applications are given by Martin and Ortiz [44] and by Resta [39].
The induced polarisation depends in a gauge-invariant way on the phases of the KohnSham single-particle wave functions. Although the phases of the orbitals will be changed
simultaneously by adding an equal (position-dependent) phase under the transformation
to another gauge, this common phase factor drops out in the expressions for the induced
current. The fundamental problems arising from the ambiguous single-particle band enumeration and the resulting freedom of choice in the construction of Wannier-like functions
makes that polarisation of the Kohn-Sham-like system is a global property of the singleparticle energy manifold of the electronic structure, and not of single bands or Wannier-like
functions.

1.3.4 Our Approach

We will show that we can generalise the Clausius-Mossotti model by using the alternative
current based de nition of the polarisation density. The induced polarisation density can
be derived from the Kohn-Sham single-particle wave functions using time-dependent perturbation theory. The resulting linear response function couples the induced polarisation
density for a given point to the perturbing electric eld in its direct vicinity. It can be modelled using a nonlocal polarisability tensor. The induced polarisation density in turn acts
as the source for the perturbing electric eld and has to be obtained self-consistently. Once
this polarisation density is obtained, we now the sources for the re ected and transmitted
electric elds.
The induced microscopic polarisation is thus the basic quantity which is essential in our
description of the frequency-dependent dielectric response. We will consider semi-in nite
crystalline systems which will be subjected to nite wavelength perturbations, consisting
of electric elds, current and charge density variations. Since we will only need knowledge
of the changes in polarisation, to describe the frequency-dependent dielectric response, we
may leave the requirement of the existence of independently polarisable units as it is, and
seek for appropriate ways to describe the microscopic induced polarisation in the sample.
The polarisation density is modelled by a distribution of point-like radiating sources.
This is achieved by discretising the sampled volume into atomic cells in an attempt to get
a manageable set of equations. Each atom is represented by a single point dipole which is
located on the nucleus. We thus get a lattice of dipoles and atomic volumes, which are the
Voronoi cells containing that part of space which is closest to the atom at hand, resulting
from this point lattice. The point dipole of a given cell has the strength of the integrated
polarisation density over the associated Voronoi cell.
In principle, this approach is applicable even to systems which have delocalised charge
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distributions, irrespective to the bonding nature of the system. Whether the system is
metallic, ionic or covalent, either insulating or conducting, we can freely choose to divide
the system in cells of appropriate shape and size. This modelling will then be applied to
semi-in nite systems, such that the optical re ection problem becomes accessible to a rst
principles description.

Chapter 2
Dielectric Response
In this chapter we consider the interaction of a many-particle material system with electromagnetic radiation. We treat the special case of bounded electrons which are being
subjected to harmonically modulated perturbations. The description is an extension of
the time-independent density functional theory towards a time-dependent version, which
is no longer based on the charge density but on the polarisation density instead. While the
time-independent theory is applicable to the stationary ground state only, the extended
theory will be able to describe time-dependent phenomena involving excited states too.
This includes the description of the dielectric response of solids.
For condensed matter, the distribution of electrons in both space and momentum is
called the electronic structure. Electrons are not the only constituents of solids, but they
are accompanied by the nuclei. The existence of the concept of an electronic structure
is resulting from the large di erence in mass between electrons and nuclei. For solids in
the normal state 1 many properties are almost completely determined by the electronic
structure. This is caused by the fact that the rapid motion of the electrons can adjust
itself to the slow motion of the nuclei. It is then reasonable to consider the electronic
and nuclear dynamics separately. In quantum mechanics this results for the many-particle
system in a separation of the wave function into a product of electronic and nuclear wave
functions. We can limit the discussion to the electronic wave function only, and treat the
motion of the nuclei quasi-statically using classical mechanics. This is the semi-classical
approach.
The interaction of light with matter is, at least for the visible part of the spectrum,
almost completely determined by the dynamics of the electrons. However, the abundance
of these charged particles, which is present in realistic crystals, causes enormous problems
in the theoretical description of the electronic structure. This is the case to an even larger
degree for the description of the collective response to external perturbations. It would be
desirable to regard the electrons as being e ectively independent of each other, and assign
a wave function to each individual electron. The electrons can then only in uence each
other through the establishment of an average potential.
1 contrary to the superconducting state, where the motion of electrons and nuclei cannot be separated
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This naive picture is fundamentally incorrect, since electrons are indistinguishable and
have mutual Coulombic interactions. Therefore the many-particle wave function cannot
be the (anti-symmetrised) product of single-particle states. Nevertheless one can devise an
e ective one-particle description, which is able to give the - in principle - exact electron
density for the system in its ground state. All properties which are functionals of this
density can thus be obtained. Although the identi cation of the particles as being electrons
is lost, they comprise the same particle density. These theories can be considered to be
single-particle approximations to the exact many-electron description.
This chapter starts with a formal description of the many-electron theory, with the focus
on the electron-electron interaction. It is the objective to treat this interaction in exactly
the same way as the interaction of the electrons with the electromagnetic radiation. By
doing so, we arrive at expressions which elucidate the role of the current density in addition
to the charge density. The important conclusion is that the current density must appear
in any description of time-dependent systems.
This is the starting point for the self-consistent eld description. In this adapted
e ective single-particle description, the charged particles are made mutually independent of
each other, but feel each other through an appropriately chosen undulating electromagnetic
eld. We will derive the formalism in which the - in principle - exact charge and current
density can be obtained through this eld self-consistently.
The charge and current densities act as the sources of this eld and they can be combined into the polarisation density. This polarisation density has to be related to the
self-consistent eld. This will be achieved by using linear response theory. The resulting
response function is called the polarisability, and it serves as an intermediate result which
will be used in the evaluation of the self-consistent electromagnetic eld. This will be
the way to derive the frequency-dependent linear response of the many-electron system to
externally applied perturbations.

2.1 Semi-Classical Many-Electron Description
The system we consider consists of N indistinguishable electrons moving in a time-dependent
potential eld while being subject to their mutual Coulombic interaction. The potential
eld consists of two contributions - the stationary potential resulting from the xed positively charged nuclei, and the time-dependent scalar and vector potentials describing the
externally applied electromagnetic eld. The many-electron wave function (r1;    ; rN ; t)
satis es the time-dependent Schrodinger equation,

"

#
@
ih @t , H^ (r1;    ; rN ; t) (r1;    ; rN ; t) = 0

(2.1)

with the initial boundary condition that the system is in its ground state at time t0 ,
resulting in (r1;    ; rN ; t0) = GS (r1;    ; rN ). The semi-classical Hamiltonian operator
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in which spin-dependent terms and relativistic corrections have been omitted is given by,
1 X p^ + eAext (r ; t) 2 , e X ext (r ; t)
(2.2)
H^ (r1 ;    ; rN ; t) = 2m
i
i
i
i
i
X
+ Vnucl (ri) + H^ elec (r1;    ; rN ; t)
i

It involves the operators for the coordinates ri and the momenta p^ i , the latter being de ned
through p^ i = ,ih rri , for the electrons, where i runs over all electron indices. The omission of spin-dependent parts implies that optomagnetic properties are not included in this
description. The various terms appearing in this expression will be explained subsequently.
The rst and second term are the kinetic and potential energy for noninteracting electrons moving in the externally applied time-dependent electromagnetic eld, which is dened through the scalar and vector potentials,ext (r; t) and Aext (r; t). The third term
Vnucl (r) is the potential energy for the electrons in the stationary potential which is due
to the positively charged nuclei. Summation of the various contributions of the collection
of nuclei, having atomic numbers Zi and coordinates ai, yields the following expression for
this potential,
1 X Zie2
Vnucl (r) = , 4
(2.3)
jr , a j
0 i

i

The positions of the nuclei are assumed to be xed in accordance with the Born-Oppenheimer
approximation.
The last term, H^ elec , nally adds the contribution of the position and velocity-dependent
electron-electron interaction. Since we are describing macroscopically extended systems in
time-dependent elds, together with the notion that the Coulomb interaction is of longrange nature, all retardation e ects should be treated correctly. The contribution of the
electron-electron interaction to the Hamiltonian can be obtained using four interaction
terms arising for each electron moving in an additional electromagnetic eld. Consider
therefore the additional term H^ which has to be supplemented to the Hamiltonian of a
free electron,
"
# " 2#
2
^
^
j
p
+
e
A
j
H^ =
,
e^ , jp^ j
(2.4)
2m
2m
Here p^ is the momentum operator for the electron in the noninteracting system. The
additional eld which is experienced by the electron at hand is described by the scalar and
vector potentials  and A. They are the result of the contributions of all other electrons
to the uctuating charge and current densities. The contribution of each electron j to this
interaction with electron i, is de ned through the scalar and vector potential operators
^ j (ri; t) and A^ j (ri; t). Since this eld is internally generated, the operator nature of the
potentials has to be taken into account carefully. All self-interactions as well as incorrect
counting of the number of interactions have to be avoided. For the many-electron system
we thus obtain,
2
X
e X0A^ (r )  hp^ + eAext (r ; t)i
1
(2.5)
H^ elec (r1;    ; rN ; t) = 2 4 2m
j i
i
i
i
j
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The overall factor 21 is the result of the physical assembly of the system starting from
in nitely remote point charges, thus correcting for the double counting of the number of
interactions, while the primes indicate that all self-interactions are to be excluded from the
summations.
In order to be able to specify the potentials for the internally generated eld, we need
the charge and current density operators associated with the ith electron. The charge
density operator is given by,
^i (r) = ,e(r , ri)
(2.6)
and using this expression for the charge density operator we can de ne the current density
according to,
^ji (r) = 1 [^i(r)^vi + v^i^i(r)]
(2.7)
2
The second term between the square brackets is the Hermitian adjoint operator of the
rst term, where the operator vi is the conjugate velocity operator associated with the ith
electron. It is formally de ned through v^i = [ri; H^ ]=ih . For the system in the presence of
the externally applied and internally generated electromagnetic elds this results in
h
i h
i
v^i = m1 p^ i + eAext (ri; t) , hi ri; H^ elec (r1 ;    ; rN ; t)
(2.8)
The last term on the right-hand side can only be evaluated if we know the commutation
relation of the coordinate operators with the operators describing the electromagnetic eld,
A^ and ^ , for which we will need a closed expression. The contribution of the momentum
operator p^ i to the velocity operator gives rise to the paramagnetic part of the current
density, while the contribution of the vector potential and the commutator result in the
diamagnetic part of the current density operator which are due to the the externally applied
and internally generated elds respectively.
The expectation value of the time-dependent scalar and vector potential operators for
the electromagnetic elds, denoted by j and Aj , are the result of the contribution of the
j th electron to the charge and current density. This is needed to get the correct correspondence between quantum mechanics and classical electromagnetism. These potentials can
be obtained in the Lorentz gauge from the inhomogeneous wave equations with the charge
and current densities acting as the sources [36],
2
r2j (r; t) , c12 @t@ 2 j (r; t) = , 1 h (t) j^j (r)j (t)i
(2.9)
0
2
D
E
r2 Ai(r; t) , c12 @t@ 2 Aj (r; t) = ,0 (t) ^jj (r) (t)
(2.10)
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In the semi-classical description the eld operators become de ned through functionals of
the time-dependent charge and current density operators. The time-dependent operators
can now be de ned using the time-development operator U^ (t0; t), which is given by,

"

Z 0
^U(t0; t) = T^ exp , i t dt00 H^ (t00 )
h t

!#

(2.11)

This is a special result of time-dependent perturbation theory for the case where the
complete Hamiltonian is considered to be the perturbation [37]. The time-ordering operator
T^ puts the products in the physically correct order. The time-development operator U^ (t0; t)
relates the wave function at time t0 to the function at time t, through (t0) = U^ (t0; t) (t).
Specifying the evolution of the system this operator U^ (t0; t) enables us to de ne operators
acting at times t0 di erent from time t by ^o(t0) = U^ y (t0; t)^o(t)U^ (t0 ; t). For t0 equals t the
time-development operator reduces to the identity operator. The physically acceptable causal - retarded potential solutions of the wave equations directly relate the eld potentials
to the operators for the sources if we de ne the eld operators according to,

Z
1
0
0
^j (r) = 1 d3r0 ^j (r ; t , c j0r , r j)
4
jr , r j
0

(2.12)

for the scalar potential and,

Z
1
0
^ 0
A^ j (r) = 40 d3r0 jj (r ; tjr,,c rjr0j , r j)

(2.13)

for the vector potential. The expectation values for these operators satisfy the wave equations (2.9, 2.10), which can be veri ed by direct inspection. These de nitions complete the
many-electron description, in principle all relevant equations have been obtained. However
the complicated functional form of the eld potentials assumes knowledge of the complete
history of the system. The evaluation of the current density operator associated with electron i involves the vector potentials of all electrons through the commutator in equation
(2.7), whereas these potentials in turn involve current operators acting on the system in
the past. Even if we are able to manage these complicated intertwined functional relationships, we are still left with an unmanageable number of electrons in realistic systems.
The subsequent sections are aimed at deriving a set of equations which can be handled for
realistic inhomogeneous systems.

2.2 Self-Consistent Field Description
The many-electron description as it was outlined in the previous section results in an extremely complicated, hence in practice insoluble, set of coupled equations. In the past a
number of approximating schemes have been proposed and implemented, many of which
belong to the class of approximate representations of the many-electron wave function.
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Examples are the well-known Hartree product expression and Hartree-Fock-Slater determinantal approximations [37, 45]. The knowledge gained in these methods lead to another
approach to the many-electron problem, the so-called density functional theory. The goal of
density functional theory is to derive an exact single-particle description of the interacting
many-electron system.
For the stationary properties of many-electron systems, this theory formally started
with the theorems due to Hohenberg and Kohn [46], proving the one-to-one correspondence
between external potentials and the stationary charge density. Due to the result that
all ground state properties are in principle functionals of it, the ground state density
completely characterises the system. The second theorem states that the total energy,
being a functional of the stationary density, reaches its minimum for the exact ground
state density. This density functional theory is by now well-established as a conceptually
simple and practically useful tool for ground state properties [47]. A good review is given
by Jones and Gunnarsson [48].
The existence of a time-dependent version of density functional theory for arbitrary external potentials has been proven rigourously by Runge and Gross [49]. The self-consistent
potential calculation scheme due to Kohn and Sham [47] has been extended to the timedependent case for systems in interaction with the electromagnetic eld by Ghosh and
Dhara [50] and Ng [51], who indicated that the time-dependent current density should be
considered as the primary quantity characterising the time-dependent system. The timedependent part of the charge density can be considered to be a derived quantity resulting
from the continuity equation [52]. Ground state charge and current densities, however, are
independent. The time-dependent current density functional theory outlined in the next
section closely follows the derivation given by Ghosh and Dhara [50]

2.2.1 Time-Dependent Current Functional Theory

The current functional theory starts by noting that the exact solution of the time-dependent
Schrodinger equation corresponds to a stationary point with respect to variations of the
many-electron wave function for the quantum mechanical action integral given by,

+
Z t1 *
@
^
A = t0 dt (t) ih @t , H(t) (t)

(2.14)

with regard to appropriate boundary conditions, subject to the condition that before t0 and
after t1 the system resides in some stationary state. For the initial boundary we choose
the condition, (r1;    ; rN ; t0) = GS (r1;    ; rN ) yielding the ground state charge and
current densities, GS (r) and jGS (r).
In the generalised time-dependent version of the Hohenberg-Kohn theorem the action
integral A is regarded as a functional of the time-dependent total charge and current
densities, given by
*
+
X
(r; t) = (t) ^i(r) (t)
(2.15)
i
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+

X^

(t)

i

ji(r) (t)

(2.16)

which is the result of the existence of an exact one-to-one mapping between the set of
time-dependent charge and current densities [(r; t), j(r; t)] and the set of time-dependent
external single-particle potentials [Vnucl (r), ext (r; t), Aext (r; t)] [50].
The stationary background potential, V(r), is simply given by Vnucl (r), as we are using
the Born-Oppenheimer approximation. The total scalar and vector potentials, (r; t) and
A(r; t), describe the total electromagnetic eld. They are superpositions of the elds which
are resulting from the total charge and current densities and the externally applied eld,
(r; t) =
and,

A(r; t) =

*

*

(t)

ext (

(t) A

r; t) +

X^

+

r; t) +

X^

+

ext (

i

i

i (r) (t)

Ai(r) (t)

(2.17)
(2.18)

They are also unique functionals of the charge and current densities apart from an arbitrary
gauge transform. The set of total potentials, [V; ; A], are the potentials which would be
experienced by a distinguishable test charge.
The stationarity condition for the action integral can now be reformulated, by changing
from variations of the wave function to variations of charge and current densities. For a
given set of external potentials, the action integral has a stationary point at the exact timedependent charge and current densities, if the constrained variations are taken with respect
to the time-dependent charge and current densities subject to the continuity equation,
@ (r; t) + r  j(r; t) = 0;
(2.19)
@t
and the initial boundary conditions, (r; t0) = GS (r), and, j(r; t0) = jGS (r) [50]. Using
these theorems it is possible to design a generalisation of the Kohn-Sham scheme, which
proceeds in a number of steps.
First consider the hypothetical system of noninteracting particles. In the absence of any
electron-electron interaction, the relations in the many-particle description form an exactly
solvable set of dynamical equations describing the evolution of the noninteracting manyparticle system subject to some - as yet undetermined - set of external potentials, denoted
by e ective externally applied potentials. The stationarity condition for the action integral
with respect to variations of the wave function subject to the constraints of continuity (2.19)
and xed current (and charge) density results in a set of Euler-Lagrange equations [50].
The many-electron wave function is then given by a single Slater determinant
1 (r1 ; t)    1 (rN ; t)
1
...
...
...
(r1;    ; rN ; t) = p
(2.20)
N!
N (r1 ; t)    N (rN ; t)
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resulting from the single-particle solutions of the Schrodinger-like equation,
"
#
@
ih @t , h^(ri; t) k (ri; t) = 0
The generalised Kohn-Sham Hamiltonian operator is given by,
1 ,ih r + eAe (r; t) 2 , ee (r; t)
h^(r; t) =
r
2m
yielding simple expressions for the charge and current densities given by,
X 
(r; t) = ,e
k (r; t) k (r; t)
and

k

eh
j(r; t) = i2m

X
k

[ k(r; t)rr k (r; t) , k (r; t)rr k (r; t)] + me (r; t)Ae (r; t)

(2.21)
(2.22)
(2.23)
(2.24)

Due to the one-to-one correspondence between densities and potentials, which is in particular true for H^ elec = 0, the e ective eld potentials can always be chosen such that
the exact charge and current densities from the interacting system are re-obtained for the
noninteracting system. For the action integral of the noninteracting system one obtains
[50]

Z t1 Z
e jAe (r; t)j2
A[; j] = t dt d3r (r; t) e (r; t) + 2m
(2.25)
0
Z t1 Z
, dt d3r j(r; t)  Ae (r; t)
t0

This expression gives the action integral as a unique functional of the desired charge and
current density, because the e ective potentials are such functionals too.
In the second step the action integral for the real interacting system, including the
contribution of the electron-electron interaction and the true set of externally applied
potentials is rewritten as,
A[; j] = A0[; j] + AV;;A[; j] + Axc[; j]
(2.26)
Here the action integral A0[; j] describes the noninteracting system (2.25) subject to the
( xed) e ective potentials which yield the exact densities in the absence of any externally
applied elds. This term is assumed to be a good model for the kinetic energy of the
interacting system. The direct interaction integral AV;;A[; j] is formally de ned through
its functional derivatives 2 at the exact charge and current densities,
@ AV;;A[; j] = 1 V(r) , (r; t) , e jA(r; t)j2
(2.27)
@(r; t) ; j e
2m
2 let F [; j] be a functional of the charge density  : r; t ! (r; t) and the current density j : r; t ! j(r; t).

We can de ne the (partial) functional derivative with respect to (r; t) at a given set of charge and current
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and,

@ AV;;A[; j] = A(r; t)
(2.28)
@ j(r; t) ; j
describing the classical interaction of the electrons with the background and total scalar
and vector potentials as if they originated from external sources alone 3 . Finally the
exchange-correlation contribution Axc[; j] accounts for the di erence between the action
integral for the interacting system and the action integral for the noninteracting system
being subjected to the classical potentials. For the exact current and charge densities, the
action integral has a stationary point with respect to variations of both densities. The
partial functional derivatives of the action integral (2.26) with respect to  and j have to
vanish, yielding the expressions for the e ective potentials,
Ae (r; t) = A(r; t) + Axc(r; t)
(2.29)
and
(2.30)
e (r; t) = , 1e V(r) + (r; t) + xc(r; t)
where the exchange-correlation contributions are de ned by
(2.31)
Axc(r; t) = @@Ajxc(r[;;t)j]
; j
and

h
i
xc(r; t) = , @ Axc[; j] + e jA(r; t)j2 , jAe (r; t)j2
(2.32)
@(r; t) ; j 2m
A serious problem however is that very little is known about the functional form of these
scalar and vector exchange-correlation potentials, and how they are related to the usual
ground state expressions.

densities [; j] by,

@F [;

r

j]

@( ; t)

= lim+ 1 [F [ + (r , r0 )(t , t0 ); j] , F [; j]]

j !0
where the limit is such that  is always positive, and with respect to j(r; t) by,
@F [;

j]

j(r; t)

;

1 [F [; j + (r , r0 )(t , t0 )] , F [; j]]
 ^ = jlim
+
j!0 jj

j
where the vector property of the current density is made explicit.
3 The total potentials [V; ; A] are functionals of the charge and current density. If they could be
assumed to be xed then the evaluation of the additional interaction terms to A would yield the following
expression,
@

Z

;

Z







e jA(r; t)j2 , j(r; t)  A(r; t)
1
AV;;A [; j] = ,
dt
(r; t) , V(r; t) + (r; t) +
e
2m
t0
with the given functional derivatives as result.
t1

d3 r
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The picture that emerges is that we can obtain the correct time-dependent charge and
current densities for the system of interacting electrons from a hypothetical system of
noninteracting (quasi-) electrons moving in a set of e ective scalar and vector potentials,
[e ; Ae ], which have to be determined self-consistently.

2.2.2 Ground State and Excited States

In the description of the ground state one assumes an electrostatic electron-electron inter0 ,
action H^ elec
X0 1 Z 3 Z 3 0 ^i(r)^j (r0)
1
0
^
Helec (r1;    ; rN ) = 2 4 d r d r jr , r0j
(2.33)
i;j

0

where the prime again indicates that self-interactions are to be excluded. This expression is
also obtained for the time-dependent system if, and only if, we assume that, in the absence
of any externally applied eld, the system is in its ground state and that in this ground
state the current-dependent terms can be neglected.
It is not necessary, however, to impose such strong restrictions on the system of interacting electrons in order to describe the ground state. We de ne the ground state for the
system as the stationary state in the absence of any interaction with the external electromagnetic eld. Therefore we have to assume a time-independent ground state total charge
and total current density. The ground state Kohn-Sham Hamiltonian is given by,
h^GS (r) =

1 j , ih r + e [A (r) + A (r)] j2
r
GS
xc;GS
2m
+ V(r) , e [GS (r) + xc;GS (r)]

(2.34)

where the static scalar and vector potentials GS and AGS are directly obtained from the
static charge and current densities, and the exchange-correlation parts of the potentials
xc;GS and Axc;GS are unique functionals of the ground state charge and current densities.
The Kohn-Sham Hamiltonian operator, h^(t), for the system in interaction with the
external electromagnetic eld can now be rewritten as the sum of the Kohn-Sham ground
state Hamiltonian, h^GS , and a time-dependent perturbing Hamiltonian, h^I (t), according
to,
h^(r; t) = h^GS (r) + h^I (r; t)
(2.35)
where the perturbing Hamiltonian contains the residual time-dependent part resulting
from the externally applied eld and the eld produced by the induced uctuations of the
charge and current distributions, in addition to the residual time-dependent part of the
exchange-correlation potentials.

Z

h^I (r; t) = , d3 r0 ^jGS (r0 )  [AI (r0 ; t) + Axc;I (r0 ; t)]
e2 jA (r; t) + A (r; t)j2
, e [I (r; t) + xc;I (r; t)] + 2m
I
xc;I

(2.36)
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where ^jGS is the ground state expression for the one-particle current operator,
^jGS (r0) = ieh [rr(r0 , r) + (r0 , r)rr]
2m
2
, em (r0 , r) [AGS (r0) + Axc;GS (r0)]

(2.37)

2.2.3 Gauge Transformation
Until now all potentials were de ned in the Lorentz gauge which resulted in the representation of the wave functions and operators in the Lorentz gauge picture. We can make
the terms involving the time-dependent parts of the scalar potentials, i.e. the perturbing potentials I (r; t) and xc;I (r; t), vanish for all times and all positions by applying a
suitable unitary transformation simultaneously to all single-particle wave functions and
single-particle operators ^o, which is de ned by ! U^ (^o ! U^ ^oU^ y ) using the operator,


 Z
^U(r; t) = exp , ie t dt0[I (r; t0) + xc;I (r; t0)]
h t0

(2.38)

This transformation establishes the necessary gauge transformation of the perturbing eld
potentials to the Coulomb gauge. If we de ne the time-dependent electric elds, EI (r; t)
for the uctuating part of the total eld and Exc;I (r; t) for the uctuating part of the
exchange-correlation contribution to the potentials, by,

EI (r; t) = , @t@ AI (r; t) , rI (r; t)

(2.39)

and by an analogous expression for the exchange-correlation parts of the potentials, then
it can be veri ed easily that in this Coulomb gauge picture, we re-obtain the ground state
Hamiltonian but a new interaction Hamiltonian, which now takes the form
h^I (r; t) =

Zt

Z

d3r0 ^jGS (r0)  [EI (r0; t0) + Exc;I (r0; t0 )]
t0
2
2 Zt
e
0
0
0
+ 2m dt [EI (r; t ) + Exc;I (r; t )]
t0
dt0

(2.40)

The current density operator now takes the form,
^j(r0) = ^jGS (r0) ,

Zt

dt0 me ^(r0) [EI (r0; t0) + Exc;I (r0; t0)]
t0

(2.41)

where the density operator remains unchanged, ^(r0) = ,e(r0 , r), and where the expression for the ground state current is given by equation (2.37).

22

2.2.4 Polarisation Density
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The charge and current densities are related by the continuity equation
r  j(r; t) + @t@ (r; t) = 0
(2.42)
As a result, they cannot be speci ed independently, which is best demonstrated by representing them by a single function, the polarisation density (r; t), in such a way that the
continuity relation is satis ed identically. The radiating sources, but in general not the
stationary ground state densities, can be derived from this polarisation vector according
to
(2.43)
j(r; t) = @t@ (r; t)
(r; t) = ,r  (r; t)
(2.44)
The potential Z, called the Hertz vector, combines in a similar way the vector and scalar
potentials A and  for the radiation eld de ned in the Lorentz gauge
A(r; t) = c12 @t@ Z(r; t)
(2.45)
(r; t) = ,r  Z(r; t)
(2.46)
By combining the de nitions of  and Z we nd that the Hertz vector satis es the inhomogeneous wave equation with  as the source
2
r2 Z(r; t) , c12 @t@ 2 Z(r; t) = , 1 (r; t)
(2.47)
0
The retarded potential solution is given by
Z
1
0
0
1
(2.48)
Z(r; t) = 4 d3r0 (r ; tjr,,c rjr0j , r j)
0
And the electric eld produced by the charge and current density uctuations follows
directly from this result,
"
#Z
2

(r0; t , 1c jr , r0j)
1
1
@
3
0
E(r; t) = 4 , c2 @t2 + rr d r
(2.49)
jr , r0j
0
This expression can be evaluated for the Fourier representation of the polarisation density,
yielding,
Z
,
1
E(r; !) = 0 d3r0 f (r; r0; !)  (r0; !)
(2.50)
where the scalar 0 = 40 is a unit polarisability and the dimensionless transfer kernel f
is de ned by
# exp i ! jr , r0j
" 2
c
(2.51)
f (r; r0; !) = !c2 + rr
jr , r0j
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2.2.5 Time-Dependent Exchange-Correlation

We assume that the time-dependent exchange-correlation contributions to the e ective
potentials are well-behaved functionals of the charge and current densities. In the previous
section we showed that the uctuations in both densities can be derived from a single
density, the polarisation density. Hence we arrived at a functional form for the relation
between the total eld and this polarisation density. In a similar way one can equally well
think of the time-dependent parts of the exchange-correlation potentials as being wellbehaved functionals of this polarisation density and the ground state charge and current
densities, instead of being functionals of the total charge and current densities. This implies
the existence of the dimensionless functional derivative,

f xc(r; r0; t , t0) = 0 @@Exc;I(r0(;rt;0)t)
=0

(2.52)

This kernel can only be a function of the time-di erence t , t0 since Exc;I only depends on
time through the polarisation density. In its integral form, assuming causality, it takes the
form,
Zt Z
Exc;I (r; t) = 0,1 dt0 d3r0 f xc(r; r0; t , t0)  (r0; t0)
(2.53)
,1

or by using Fourier representations,

Exc;I (r; !) =

,1
0

Z

d3r0 f xc(r; r0; !)  (r0; !)

2.2.6 Approximate Exchange-Correlation Kernels

(2.54)

The time-dependent description must be consistent with the time-independent ground state
description for vanishing external perturbation. Both methods will then have to produce in
principle the correct stationary ground state charge density, if we are dealing with normal
systems in which the ground state current density is assumed to be zero.
The two descriptions, however, are quite distinct, with respect to their applicability.
While the time-independent description can only explore the ground state properties, such
as the equilibrium structure and evidently the ground state charge distribution and total
energy, the time-dependent description must also describe the elementary excitations of the
system. The former only involves the occupied Kohn-Sham solutions, while the latter must
have knowledge about both occupied and unoccupied Kohn-Sham solutions as functions of
the correct charge and current densities. The stationary ground state charge density can
be obtained self-consistently for both methods using the occupied states only.
One can ask with what possible energies one can add or subtract electrons from the
N -electron system, keeping the nuclei at xed positions. Since both versions of the density
functional description yield the correct total ground state energy the minimum energy
required can be obtained. For large metallic systems, at zero temperature, the chemical
potential, or the Fermi energy, is then equal to the ionisation potential and electron anity,
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which are given by the highest occupied density functional eigenvalue [53],
GS (N ))
= "N (GS (N ))
(2.55)
(GS (N )) = @ E (@N
where E (GS (N )) is the total ground state energy of the N -electron system, and "N (GS (N ))
is the highest occupied Kohn-Sham eigenvalue.
In the case of semiconductors or insulators, however, there is an energy gap, so the
electron anity and the ionisation potential are no longer equal, as the energy change in
adding or removing an electron from the system is no longer the same. Nevertheless one
may apply the same de nition for the chemical potential for the continuous change from
N to N + 1 electrons [54], giving,

Egap = "N +1 (GS (N + 1)) , "N (GS (N ))
(2.56)
= "N +1 (GS (N )) , "N (GS (N )) + 
where the di erence  between the total energy gap Egap and the N -electron Kohn-Sham
band gap "gap is given by

 = "N +1(GS (N + 1)) , "N +1(GS (N ))

(2.57)

The contribution of exchange-correlation to the quantum mechanical action integral, given
by Axc [; j], must reduce for all current-less ground state densities GS to the usual ground
state exchange-correlation expression,

Axc [GS ; 0] = ,[t1 , t0 ] Exc (GS )

(2.58)

This term is the only part of the action integral, which can be a nonanalytic functional of
the charge density. The density will change only in nitesimally for large systems when an
extra electron is added.
To obtain the correct physical quantities we are forced to use an approximate scheme
[55, 56, 57], in which we separate the discontinuity  for each added electron exceeding
hGS i = N from this term. We can then use the same approximate analytic functional
E~xc (GS ) for the remaining part of the exchange-correlation as for the time-independent
ground state calculation,

 1
 1
 
~
Axc [GS ; 0] = ,[t1 , t0 ] Exc (GS ) +  , e hGS i , N , e hGS i , N 
(2.59)
Here the Heavyside function (t) is 1 for strictly positive arguments and 0 otherwise.
If we furthermore assume that the e ective vector potential Ae is zero for the currentless ground state, we directly obtain the usual e ective scalar potential for the occupied
states, which is supplemented by a rigid shift  in energy for the unoccupied states,
~
xc (r; ") = @ Exc () , 1 (" , "F )
(2.60)
@(r) GS e
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This procedure, which for example gives energies accurate up to approximately 0.1 eV in
bulk silicon, is justi ed by the results obtained from quasi-particle energy calculations using
many-body theory. The almost rigid shift is a direct consequence of the nonlocal nature of
the self-energy kernel, appearing at the same position in the many-body Schrodinger-like
equation as the exchange-correlation kernel in the Kohn-Sham scheme [55, 56, 57].

2.3 Linear Response Theory
In the rest of this chapter we will consider the linear response of the many-electron system
using the current functional approach. The description is closely related to the description
given by Ehrenreich [2], but di ers in the treatment of the electron-electron interaction.
In our approach the method rests on a completely similar description of the induced part
of the mutual electron-electron interaction and the interaction between the electrons and
the electromagnetic eld.

2.3.1 Time-Dependent Perturbation Theory
Suppose we know all eigensolutions for the Hermitian ground state Hamiltonian operator.
Together they form a complete orthogonal basis for the many-electron wave functions. We
can look for the solutions for the interacting system which is described in the Schrodinger
picture by,
@ (t) = hH^ + H^ (t)i (t)
ih @t
(2.61)
0
I

This equation is best treated in the interaction picture in which wave functions and operators are related to their Schrodinger picture equivalents through a unitary transformation
de ned by,


I (t) = exp i H
^ 0(t , t0 ) (t)
(2.62)
h

for the wave functions and for the operators by,





^ t)exp , i H^ 0(t , t0 )
O^ I (t) = exp i H^ 0 (t , t0) O(
h
h
The interacting system is now described by the Schrodinger equation,
@ I (t) = H^ I (t) I (t)
ih @t
I

(2.63)

(2.64)

which can be reformulated as an integral equation which incorporates the causality condition,
Z
I (t) = I (t ) , i t dt0 H
^ II (t0 ) I (t0 )
(2.65)
0
h t0
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Note that at t0 there is no distinction between the wave functions in the interaction and
Schrodinger pictures. This integral equation can be solved by iteration, which by using
time-ordered products results in,
  Z

I (t) = T^ exp , i t dt0 H
^ II (t0 ) (t0 )
(2.66)
h t0
A single iteration already gives a solution correct to rst order in the perturbing Hamiltonian, which is sucient for linear response theory,


Z
I (t) = 1 , i t dt0 H
^ II (t0) (t0)
(2.67)
h t0
For the expectation value for any operator we obtain, correct to rst order in the perturbing
Hamiltonian,
D^ E D
E iZt 0D
h
i
E
I
^
O(t) = (t0) O (t) (t0) , h dt (t0) O^ I (t); H^ II (t0 ) (t0 )
(2.68)
t0
In the Kohn-Sham scheme the many-particle wave functions are replacedPby Slater determinants and all operators by their e ective one-particle operators, O^ = i ^oi. Using this
special nature of the wave functions and operators, together with the orthogonality and
completeness of the basis of eigensolutions of the ground state Hamiltonian, we readily
obtain,
D^ E
D
E X
X
O(t) =
f ("n) n(t0 ) ^oI (t) n (t0) , (f ("n) , f ("m)) 
(2.69)
n

i Z t dt0 D (t ) o^I (t)
n 0
h t0

n;m

ED

m (t0 )

I 0
m (t0 ) h^I (t )

n (t0 )

E

where we have assumed that the system is in its ground state at time t0 , which is completely
de ned by the Slater determinant containing the N one-particle Kohn-Sham states having
the lowest energies. The occupation number given by f (") is the Fermi-Dirac distribution
function at zero temperature. It is a function of energy only with f (") = 1 for "   and
f (") = 0 for " > , where  is the chemical potential.

2.3.2 Nonlocal Polarisability

The polarisation density describing the time-dependent part of the charge and current
densities is completely determined by the expectation value for the current density by
means of,
Zt
(r; t) = dt0 [j(r; t0) , j(r; t0)]
(2.70)
t0

Being a well-de ned functional of the current density, this polarisation density can be calculated in the time-dependent Kohn-Sham scheme, where the many-particle wave function
is given by a single time-dependent determinantal wave function.
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The perturbing Hamiltonian can be split into a term which is linear in the perturbing
eld and a term which is quadratic in this eld. The latter term, however, does not
contribute to the linear response. Correct to rst order in the uctuating part of the
self-consistent eld, we nd using this approximation,
h^I (r; t) =

Zt
t0

dt0

Z

d3r0 ^jGS (r0)  E(r0; t0)

(2.71)

This perturbation Hamiltonian is assumed to be switched on adiabatically starting
at time t0 , and also switched o at time  , which is achieved by de ning the spectral
representation of the perturbing electric eld operator for t <  according to,
Z1
1
E(r; t) = 2 ,1 d! E(r; !)exp (,i(! + i)(t ,  ))
(2.72)
 is a small positive number, which is large enough to make the eld vanish at time t0 . To
establish the adiabatic limit we have to consider the limiting case for vanishing positive
 after, and only after, moving the initial boundary t0 to ,1. The order of this limiting
process may not be reversed in order to ensure physically correct results. Since the electric
eld operator is an observable, its operator is Hermitian and therefore the spectral density
has to ful l E(r; !) = Ey(r; ,!).
Using Fourier representations for the electric eld and the de nition for the operators
in the interaction picture, we can evaluate the single-particle matrix representation of the
integrated interaction Hamiltonian as it appears in the commutator in equation (2.69),
resulting for t <  in,


Zt D
E
(2.73)
, hi t0 dt0 m h^II (t0) n = exp hi ("m , "n)(t , t0) 
D
E
1 Z 1 d! exp (,i(! + i)(t ,  )) Z d3r0 m ^jGS (r0)  E(r0; !) n
2 ,1
i(! + i)
"m , "n , h (! + i)
where we have only kept the terms which do not vanish
 i in the limiting case for t0 ! ,1.
Note that this limiting process is allowed since exp h "t0 (t0 ) does not depend on t0 . In a
similar way we can evaluate the matrix elements for the current density in the interaction
picture,

i
D ^I
E
(2.74)
n j (r; t) m = exp h ("n , "m)(t , t0 ) 
"D
#
Z 1 exp (,i(! + i)(t ,  ))  e
E
1
n ^jGS (r) m + 2
d!
n m ^(r)E(r; !) m
i(! + i)
,1

Combining these results we obtain for the polarisation density, which is given for t < 
using the same Fourier representation as for the electric eld,
Z1
1
(r; t) = 2 ,1 d! exp (,i(! + i)(t ,  ))(r; !)
(2.75)
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and in terms of its spectral density, correct to rst order in the electric eld,
(r; !) = m(! +e i)2 X f ("n)hn j^(r)E(r; !)j ni
(2.76)
n
D ^
ED ^ 0
E
0
Z
n
j
(
r
)
m
m
j
(
r
)

E
(
r
;
!
)
n
X
GS
GS
+ (! +1 i)2 (f ("n) , f ("m)) d3r0
"m , "n , h (! + i)
n;m
The matrix elements involving the electric elds can be separated according to,

hm j^(r)E(r; !)j ni = hm j^(r)j niE(r; !)

(2.77)

which is immediately clear by substitution of the expression for the charge-density operator,
and, using the expression for the ground state current operator
D ^ 0
E D
E
m jGS (r )  E(r0; !) n = m ^jGS (r0) n  E(r0; !)
(2.78)
where the matrix-elements for the current density operator are obtained from,

D ^ 0 E
eh hhm j(r0 , r)r j ni , hn j(r0 , r)r j mi i
m jGS (r ) n = i2m
r
r
2
, em hm j(r0 , r)j ni [AGS (r0) + Axc;GS (r0)]

(2.79)

This relation is the result of the fact that rr(r0 , r) is the hermitian adjoint operator for
(r0 , r)rr. We can now de ne the polarisability tensor (r; r0; !), according to

Z

(r; !) = d3r0 (r; r0; !)  E(r0; !)
where the polarisability tensor is de ned by
X
(r; r0; !) = me!2 f ("n)hn j^(r)j ni(r , r0)I
n
D ^
ED ^ 0 E
n
j
(
r
)
m
m jGS (r ) n
X
GS
+ 12 (f ("n) , f ("m))
! n;m
"m , "n , h (! + i0+)

(2.80)
(2.81)

A similar result was rst obtained by Kubo for the conductivity response function [4].
The rst and second term on the right-hand side are called the diamagnetic and the
paramagnetic contributions, denoted by d and p respectively.

2.3.3 Kramers-Kronig Relations and the Conductivity Sum Rule

The causality requirement imposed on the system as well as the inertial properties of the
electrons is re ected in some special properties of the polarisability tensor [58]. Causality
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alone results in the well-known Kramers-Kronig dispersion relation, which couples the
reactive (real) and dissipative (imaginary) part for the polarisability through,
Z1
r0; !0)
1
0
d!0 (!r0; ,
(2.82)
(r; r ; !) = i P
!
,1
where P indicates that the Cauchy principle value should be used. The static response is
therefore related to the dynamical one, and as a special result we can obtain the small frequency behaviour for the paramagnetic part of the polarisability, by applying the KramersKronig relation to !2 p(r; r0; !),
 2
 1 Z1
0
d! ! p(r; r0; !)
(2.83)
lim ! p(r; r ; !) = i P
! !0
,1
The Kramers-Kronig transform only applies to the paramagnetic part since only this part
has an analytical continuation in the complex upper-half plane with a tail falling o more
rapidly than 1=!2.
The inertial properties are re ected in so-called sum rules. For any noninteracting
many-electron system described by an e ective one-particle Hamiltonian, given by h^(r; t) =
jp^ + eA(r; t)j2=2m , e(r; t), the following commutation relation holds [37],

X
i

2
3
2X
h
i
X
h

0
^
4
5
(r , ri) ri; (r , rj ) rj ; H = ,
(r , ri)(r0 , r)I
m

j

i

(2.84)

where I is the unit tensor. Evaluation of the expectation value of both sides of this
commutation relation using the ground state Kohn-Sham wave function and by noting
that the expression for the current density operator can be rewritten as,
h
i
^jGS (r0) = , e (r0 , r) r; h^GS (r) + h:a:
(2.85)
2ih
results in an oscillator strength sum rule [59] much like the one which was rst derived by
Thomas, Reiche and Kuhn [60]. The sum rule takes the form,
D ^
ED
E
n jGS (r) m m ^jGS (r0) n
X
(f ("n) , f ("m))
=
(2.86)
"m , "n
n;m
X
, me f ("n)hn j^(r)j ni(r , r0)I
n

Combining this result with the integral expression and either taking the limit appearing in
the left-hand side explicitly while keeping in mind that the real part is an even function of
! and the imaginary part is odd, or by inserting the expression for the paramagnetic part
of the polarisability into the right-hand side, and using the identity,
1 P Z 1 dx
1
1 + i(x )
=
(2.87)
0
i ,1 x(x0 , (x + 0+)) x0
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we can obtain the conductivity sum rule,
1 P Z 1 d! ! (r; r0; !) = , e X f (" )hn j^(r)j ni(r , r0)I
(2.88)
p
i ,1
m n n
The sum rules show that the apparent second-order singularity in the diamagnetic part is
cancelled by the paramagnetic contributions. Only for metallic systems does a rst order
singularity remain, which is entirely due to the paramagnetic part.

2.3.4 Exact Excitation Energies

We can now obtain an exact expression for the full linear response for the interacting
many-electron system from the response of the noninteracting Kohn-Sham system using
the polarisability and the frequency-dependent transfer and exchange-correlation kernels.
Combining the integral expressions for the induction principle (2.80) and the transfer relations for the induced total eld (2.50) and the induced exchange-correlation contribution
(2.54), we obtain,

(r; !)

=

Z

h
d3r0 (r; r0; !)  Eext (r0; !) +

Z
,1 d3 r00 [f (r0 ; r00 ; ! ) + f (r0 ; r00 ; ! )]  (r00 ; ! )
xc
0

(2.89)

This equation governs the interaction of the electron charge and current densities for the
Kohn-Sham system with the externally applied eld. By virtue of the exact correspondence
between the charge and current densities for the Kohn-Sham system and the true manyelectron system, the exact linear response of the true system is obtained. The exact
response function of the system exact (r; r0; !) has poles at the excitation-frequencies, =
Em ,E0, where Em and E0 are the exact energies for the excited state and ground state of the
unperturbed many-electron system. Using the de nition for the exact response function,

Z

(r; !) = d3r0

r; r0; !)  Eext (r0; !)

exact (

(2.90)

we can make the equivalence explicit along the same lines as used for the exact density
response function [61]. The true excitation energies of the system can be characterised
as those frequencies for which the eigenvalues (!) and the corresponding eigenmodes
(r; !) of,
Z
d3 r0 [(!)(r , r0)I , g(r; r0; !)]  (r0; !) = 0
(2.91)
satisfy ( ) = 1, with (r; ) 6= 0, where the kernel g(r; r0; !) is given by,

g(r; r0; !) = 0,1

Z

d3r00 (r; r00; !)  [f (r00; r0; !) + f xc(r00; r0; !)]

(2.92)

The excitation energies will in general not coincide with the poles of the Kohn-Sham
polarisability.
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2.4 Summary
In this chapter we considered the general description of the response of a many-electron
system to harmonically varying electromagnetic elds. We started by investigating the
electron-electron interaction in the many-electron system when it is subjected to externally applied electromagnetic radiation. It turned out that we can unify the description
of the interactions of the electrons, and between the electrons and the radiation, yielding expressions involving both the charge and current density operators, which couple to
properly de ned scalar and vector potentials.
A practical implementation of this many-particle description is impossible, but a workable approach can nevertheless be obtained by using the density functional theorems of
Hohenberg and Kohn in the self-consistent calculation scheme of Kohn and Sham. This
description can be adapted to include the current-dependent contributions originating from
the many-electron description. The exchange-correlation e ects can be included into the
self-consistent eld, which is completely determined by the charge and current densities.
Due to the continuity equation the charge and current densities can be combined into
the polarisation density which acts as the source of the electromagnetic eld and which
determines the exchange-correlation contribution to the self-consistent eld. By making
a proper gauge transformation, we can rewrite the various interactions in terms of the
electric eld.
The interacting system is treated by using the linear perturbation theory. The induced
part of the polarisation density can be related to the perturbing part of the self-consistent
eld, through a response function. This response function, the nonlocal polarisability is
obtained in a closed form, using only the Kohn-Sham electronic structure of the ground
state system.
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Chapter 3
Crystal Symmetry
Crystals are highly ordered systems which can be characterised according to their symmetry properties. In ordinary crystals the most evident aspect of the order is that they
are translationally invariant. This translational symmetry can be described by the Bravais lattice. Most crystals possess additional regularities involving the invariance under
application of rotations, inversions and re ections.
Those symmetry properties, however, are not only evident as a geometrical feature,
they also have consequences for the electronic structure of the solids. Usually this electronic structure is described using single-particle wave functions. Bloch's theorem enables
the implications of the translational symmetry for the wave functions to be visualised by
a geometrical representation. This theorem de nes a wave vector which counts the irreducible representations of the translation group. The wave function space is then projected
onto a periodic space spanned by the reciprocal lattice which matches the Bravais lattice.
The wave vector can therefore be restricted to the accompanying Brillouin zone, being
the unique part of the reciprocal space under the application of the in nite translational
symmetry. The electronic structure is then visualised using the single-particle energy manifolds.
However, not all symmetry properties can be depicted using the Bloch vectors. Some
intricate features have a more complicated origin, being the simultaneous presence of the
in nite translation group and the point group of proper and improper rotations. The
symmetry conditions imposed on the wave functions are sometimes distributed over a multidimensional degenerate subspace. Not the individual basis functions of such a subspace
but only their combination can meet the symmetry requirements. The di erent branches
of the energy manifold are thus inextricably bounded up.
Only by cutting the Brillouin zone in symmetry related irreducible parts under the
application of all point group operators, and by using analytically continued wave functions on the boundaries, we can unambiguously identify the individual branches of the
energy manifolds. The various irreducible wedges of the Brillouin zone are again moulded
together using the irreducible representations of the symmetry operators. We thus obtain
fully symmetric single, i.e. unbranched energy functions on the expense of some continuity
properties at the cuts.

CHAPTER 3. CRYSTAL SYMMETRY

34

This chapter gives the principles on which this procedure is based. We will rst de ne
some conventions and give the relevant aspects of group theory, with emphasis on the
special symmetry features of nonlocal properties for polyatomic systems. It is not meant
to give a detailed introduction to group theory, and the reader who is not familiar with
group theory and its application to the quantum theory of the solid state is urged to
consult some good introductory reference works [5, 62, 63, 64, 65]. We will then focus
on the transformation properties of the wave functions, and their analytical continuation
using the k  p-method. The ecient description of the electronic structure of polyatomic
systems, is not possible without these considerations.

3.1 Space Groups
The symmetry which is present in ordinary crystals is described by their space group, the
set of coordinate transformations which leave the crystal invariant. These symmetry groups
contain the full translational symmetry describing the Bravais periodicity in combination
with the remnant part of the point group symmetry for this Bravais lattice. Due to the
presence of multiple atoms in the unit cell, the symmetry of the crystal can be lower than
the symmetry of its Bravais lattice. In general only a subset of the rotational symmetry
operators from this point group, sometimes only in combination with some nonprimitive
translations is consistent with the crystal symmetry. In e.g. in the diamond lattice two
atoms occupy the unit cell. The inversion operator is then accompanied by a nonprimitive translation[5]. The most general space group operator is conventionally denoted as
f ^jt + T g, where ^ is a proper or improper rotation from the nite point group of the
Bravais lattice, t is the nonprimitive translation connected to this point group operator
and T is a primitive translation from the in nite translation group of the Bravais lattice.
The primitive translations can always be written in the form

T =

D
X
i=1

niai

(3.1)

where the numbers ni are all integers and ai are D primitive translation vectors de ning the D-dimensional periodicity of the Bravais lattice. The corresponding coordinate
transformation is then given by

x0 = f ^jt + T gx = ^x + t + T

(3.2)

From this property, it is easy to verify that the multiplication rule for two such operators
is given by,
f ^jt + T gf ^jt + T g = f ^ ^jt + T + ^[t + T ]g
(3.3)
Similarly, the inverse of the operator f ^jt + T g is given by

f ^jt + T g,1 = f ^,1j , ^,1[t + T ]g

(3.4)
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All operators which correspond to the crystal symmetry form a group G . This mathematical
structure is an ensemble of elements, among which a multiplication rule is de ned which
associates for each ordered pair of elements a third element, according to the following
requirements 1 ,
1. G is closed with respect to the multiplication; all products of two group elements are
also elements of the group,
f8^o1 ;^o22G 9!^o3 2G j^o3 = ^o1^o2g
2. The association law for the multiplication holds; the order in which the multiplication
is performed is not relevant, if the order of the operators remains intact,
f8^o1 ;^o2;^o3 2G j^o1(^o2^o3) = (^o1^o2 )^o3g
3. There is one identity element E^ in G ,
f9!E^ 2G 8^o2G j^oE^ = E^ o^ = ^og
4. For every element o^ there is a unique inverse ^o,1 in G ,
f8^o2G 9!^o,1 2G j^o^o,1 = ^o,1^o = E^ g
The total number of elements in the group is called the order of the group, and it is
denoted by the symbol nG . In general the operations from the group do not commute, i.e.
^o2^o1 6= ^o1^o2 but if all pairs do so, the group is called Abelian. In the remainder we will use
only a few of the many group properties which can be obtained.
The rst property is given by the rearrangement theorem, which states that in the two
sequences, generated by taking either the left or right product for an arbitrary element
with every element in the group G , each element reappears just once.
^oiG = f^oiE^ ; ^oi^o2;    ; ^oi^oN g = G
(3.5)
^
G ^oi = fE^oi; ^o2^oi;    ; ^oN ^oig = G
In other words the elements are merely rearranged by a multiplication from the left or
right of the group by one of its elements.
The second important result is the existence theorem for a left-coset decomposition for
each subgroup of the group. Let Gs be a subgroup of the group G having order nGs . We can
always construct a set denoted by the symbol Ls having the following properties, Ls  G ,
with Ls \ Gs = E and G = Ls  Gs. The orders of the set Ls and Gs are integer divisors of
the order of G satisfying nG = nLs nGs . We can construct the collection of all ensembles,
called left-cosets, by constructing the products ^oiGs using all elements ^oi in G . For each
pair of two left-cosets one can prove that they be either identical or disjoint. Hence there
will be exactly nLs = nG =nGs disjoint left-cosets. We can now collect the same number of
generating elements ^oi in the group G , such that they meet the following two requirements,
[
G =
^oiGs
(3.6)
^oi 2Ls

^oj Gs \ ^oiGs = ; for j 6= i
(3.7)
1 The commonly used quantors 8 and 9! indicate the phrases `for all' and `there is exactly one'.
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Together the generating operators form a subset, but not necessarily a subgroup of G ,
having the desired properties 2.
As a last element from group theory, we mention the theory of group representations.
In practice, the representations by square matrices using the matrix multiplication as the
group multiplication will be used extensively. A group is said to be represented by those
matrices if we can associate with each element ^o in the group G a square matrix D(^o)
such that the matrices, all having the same dimension called the dimensionality of the
representation, satisfy the group multiplication table

f8^o1 ;^o2 ;^o32G j^o3 = ^o1^o2 ) D(^o3) = D(^o1)D(^o2)g

(3.8)

Clearly this is only possible if D(E^ ) = I the unit matrix, and if D(^o,1) = D,1(^o).
If we can nd a similarity transformation which reduces the matrices simultaneously
to a common block diagonal structure, the representation is said to be reducible. This
block structure is preserved under the multiplication, so clearly the sub-blocks constitute
representations in themselves. If this is not possible the representation is called irreducible.
In terms of the vectors of the space on which the transformations operate, the reduction
separates out the invariant subspaces that are carried into themselves under the application
of each operation from the group. The Abelian groups have the special property that they
can only have one-dimensional irreducible representations.

3.2 Symmetry and Geometry
For a complete description of a crystal, just specifying its symmetry group alone will not
be sucient. A full account of the microscopic constitution of the crystal requires the
speci cation of all atomic positions throughout the system. The presence of symmetry,
however, allows for limiting this description to cover a unique part only. We want to
preserve all symmetry features during this reduction. This puts some constraints on the
construction of such a unit cell. A natural choice for the partitioning of a general polyatomic
system is to carry out the subdivision into atomic polyhedra. By de nition, they each
contain just one atom, and together carry all symmetry properties which are present in
the real system.

3.2.1 Partitioning the Crystal

The logical way to start such a partitioning for periodic systems is to construct the Bravais
lattice, representing the translational symmetry, together with a compact unit cell around
the origin. In general this unit cell contains a multitude of atoms, some of which may
2 A simple example is the cyclic group G4 = fE; ^c; ^c2 ; ^c3 g, with the left-coset decomposition belonging
to the subgroup G2 = fE; ^c2g, G4 = fE; ^c2 g [ f^c; ^c3 g. The generator set is not unique, and we can choose
for instance L2 = fE; ^cg. However, any set L2 must contain at least one of the two but never both the
following operators, ^c and its inverse ^c,1 = ^c3 , because they generate the same left-coset. Therefore L2
cannot be a group.
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be symmetry related. Periodic systems can be classi ed according to the number of their
periodic dimensions, D; crystals have three such dimensions, slabs and lms have two,
chains one, and molecules none at all.
For each atom in this compact unit cell the Voronoi polyhedron is de ned. This polyhedron is that part of space surrounding the atom, which is closer to this atom than to
any other one [66, 67]. They can be obtained by constructing the region around the atom
which is enclosed by the planes that orthogonally bisect the line segments joining the atom
to its surrounding atoms. By de nition Voronoi polyhedra are nonoverlapping, while the
conjunction of them exactly lls all space. Moreover Voronoi cells preserve the symmetry of
the crystal, in the sense that under the application of any member of the space group each
Voronoi polyhedron is projected either onto itself, or onto the Voronoi cell of an equivalent
atom.
For a periodic system having less than three periodic dimensions, the polyhedra may
become unbounded, since the vacuum region is included in the process of partitioning.
To prevent this, the system is completely embedded in a convex hull, positioned at a
suciently large distance.
The conjunction of those atomic polyhedra is the new unit cell we will work with.
Although this new unit cell still need not be invariant under the application of all crystal
symmetry operators, the constituent atomic polyhedra are. For mono-atomic systems, the
compound unit cell becomes the simple Voronoi cell of the Bravais lattice, which is the
well known Wigner-Seitz cell [65].

3.2.2 Symmetry in the Polyatomic Crystal

Each atom is projected onto a symmetry equivalent one by any operator from the space
group. This image atom will in general not be in the same unit cell as the original atom,
but it can always be translated back to this cell through a primitive translation. For each
atom (at position r) and for each operator (e.g. ^o) we get a uniquely de ned translation,
which we will call the centring translation for this atom associated with this operator, and
it is indicated with the operator symbol T^ . The position vectors of the centred atoms,
relative to the origin of the unit cell are called the reduced coordinates, and the centring
operator is indicated with C^,
^ ^ojtogr = f^ojtogr + T^ f^ojtogr:
Cf
(3.9)
To illustrate the action on a line segment, look at the system depicted in Figure 3.2.2
at page 38. Consider a line segment connecting two atoms in the system, one of them (A)
being in the central unit cell at position r, and the other (B ) in the unit cell around the
lattice vector R0 at the position r0 relative to this lattice point, i.e. r and r0 are reduced
coordinates. One can construct all symmetry equivalent images of this line segment through
application of the full symmetry group. We can de ne the action of the centring operator
for a rotated line segment according to
^ ^ojtog(r; r0 + R0) = C^(f^ojtogr; f^ojtogr0 + ^oR0)
Cf
(3.10)
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{o|to }B’+T{o|t o}A

o

oR’

{o|t o}B’

{o|t o}A’
to
A’

R’

B’

a2

A
a1

O

B

T{o|to }A
{o|to }A

Figure 3.1: The construction of the various vectors under the application of a rotation ^o
over 90 counter clockwise. The symmetry group is nonsymmorphic if the origin, shown
here by O, is chosen halfway between A and B . The rotation then has to be followed by
a nonprimitive translation to, which brings the images of A0 and B 0 right at equivalent
atomic positions f^ojtogA0 resp. f^ojtogB 0 . The same construction has to be applied to
A and B , where the image of B is identical to B . The translation T^ f^ojtogA brings the
image of A, i.e. f^ojtogA, back to the central unit cell. It also moves the image of B 0, if the
operation is applied to the inter atomic line segment (A; B 0).
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^ ^ojtogr; Cf
^ o^jtogr0 + ^oR0+
= (Cf
[T^ f^ojtogr , T^ f^ojtogr0 ])

(3.11)

The term inside the square brackets is the net centring translation for this line segment
associated with this operator. After application of the centring operations to all symmetry equivalent images of this line segment one obtains the centred star of equivalent line
segments generated by the original two atoms. The centred star generated by applying the
group Gk on the line segment (r; r0 + R0) will be indicated with Sk ,
[ ^
Sk(r; r0 + R0) = Cf
^ojtog(r; r0 + R0):
(3.12)
^o2Gk

Each centred star is uniquely de ned by specifying the line segment, which will be called
the generator, and the group. The elements of the star are numbered according to the
order of the operators in the group. This can be indicated by putting the operator name
as a label in the very useful shorthand notation,
^ ^ojtog(r; r0 + R0) = (ro ; r0o + R0o):
Cf
(3.13)
All stars of line segments with the same length together form a shell.
With these de nitions we can classify the stars according to the behaviour of the reduced
coordinates and the lattice vectors. Two stars are said to be equivalent if the set of star
elements is the same apart from the order. This can only be achieved if the stars are
de ned for the same group and if the generator of one star is an element from the other
and vise versa. The generators of those stars are then said to be equivalent with respect
to this group.

Sk (r; r0 + R0) ' Sk (x; x0 + X0) () (r; r0 + R0) G'k (x; x0 + X0):

(3.14)

Two stars are called similar if their generators produce the same row of lattice vectors
under the application of the group elements. The generators are then called similar with
respect to the group.
Sk(r; r0 + R0)  Sk (x; x0 + X0) ) () f8 jR0 = X0 g
(3.15)
^o2Gk o
o
(r; r0 + R0) Gk (x; x0 + X0)
All pairs of reduced coordinates which generate the same row of net translations are called
similar with respect to the group, since in combination with the same lattice vector they
will generate similar stars.
(r; r0 + 00 ) Gk (x; x0 + 00) () f8R0 j(r; r0 + R0) Gk (x; x0 + R0)g

(3.16)

Note that subgroups do not violate the similarity classi cation, in the sense that the subrow of net centring translations associated with the elements from such a subgroup is still
the same for all similar pairs. The similarity may be lost however, if the group is extended
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to a super-group. The contrary is true for the equivalence classi cation. The equivalences
are preserved for super-groups, but may be lost for subgroups.
Once we have constructed the sets of similar pairs of reduced coordinates, we can
look at the symmetry properties of those sets. All operators from the group producing
(equivalent!) images for the similar pairs from such a set which are all in the original set
constitute a subgroup called the group for this set of similar pairs.
(ro; r0o + 00o ) = (x; x0 + 00) Gk (r; r0 + 00)
(3.17)
The number of lattice vectors to be considered can sometimes be reduced under the group
of this set of similar pairs. Quantities which depend only on the lattice vector part of
the stars, have to be evaluated only once for each set of similar stars. More precisely
they will only have to be evaluated for lattice vectors from the irreducible wedge of the
Bravais lattice under the group of this set. All sets of similar stars generated from those
similar pairs are said to be closed with respect to the application of the operators from
this subgroup.
The classi cation scheme described above may seem to be a bit cumbersome, and may
not fully exhaust the possibilities for reducing the number of generators to be considered.
In the actual calculation, described in chapter 6, it proved to be a fruitful one. The
classi cation is based on the separation of the reduced coordinates and the lattice vectors,
which facilitates the calculation of nonlocal properties. An important advantage of this
scheme is, that we only have to look at the reduced coordinates to perform the similarity
classi cation. Also the fact that similarity with respect to a group is preserved for any of
its subgroups is very useful.

3.2.3 Irreducible Wedges

To illustrate the use of those interatomic line segments, consider the nonlocal response
function , which obeys the symmetry rule
f^ojto + Tog (r; r0) = (f^ojto + Tog,1r; f^ojto + Tog,1 r0) = ^o,1 (r; r0)^o;
(3.18)
for any member ^o of the space group. Any proper representation or approximation of this
response function must re ect this property. The invariance for primitive translations 3.18
implies that only stars of atomic polygons centred on atomic positions in the central unit
cell have to be considered. Any other centre outside the central unit cell can be reached
by choosing an appropriate primitive translation.
The number of atomic polygons can be reduced even further by considering the irreducible part of the equivalent sets of interatomic line segments. For each star of symmetry
equivalent line segments, we can assign one element to be the generator of the star, which
generates the complete star through successive application of all elements from the symmetry group. It suces to know the response function for those generators, and use the
symmetry relation 3.18 to generate the functions for other elements of the stars. The collection of those generators is by de nition the irreducible wedge of the poly-atomic cellular
system, indicated by the symbol Q.
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In exactly the same way as for the full symmetry group, we can de ne the irreducible
wedge but now under application of a subgroup. It follows from the left-coset decomposition of the group that such an irreducible wedge for a subgroup can be composed by the
conjunction of the images of the irreducible wedge of the full group under the application
of the elements of Lk. The set of generators under the subgroup Gk is indicated for each
star by the symbol Qk
[ ^
Qk(r; r0 + R0) = Cf
^ojtog(r; r0 + R0)
(3.19)
^o2Lk

If the line segment has high symmetry, this construction may yield a reducible wedge,
unless we add only those generators to the set Qk which generate inequivalent stars.
If we can assume that the range of the response function is limited, we can use a cuto
radius beyond which we can assume the response function to be negligible. this reduces
the number of shells of stars to be considered.

3.3 Transformation Properties of Bloch Functions
All space groups contain an in nite, Abelian subgroup of pure translations. The individual
operations from the point group and the translation group do not commute in general, so
we have to make a choice according to which symmetry we characterise the wave functions.
It is universal practice to characterise the extended wave functions by quantum numbers
associated with the translations. The use of the rotational symmetry is then restricted and
somewhat complicated.

3.3.1 Bloch Functions

Because the translation group is Abelian, all the irreducible representations are one dimensional. The wave functions are simultaneously eigenfunctions of all translation operators,
having complex eigenvalues with modulus one,
fE^ jTsg n;k(r) = n;k(r , Ts) = exp (,ik  Ts) n;k(r)
(3.20)
This is Bloch's well known theorem [65, 68, 69], where we have used the vector k as a
label characterising the irreducible representation of the translation group, together with
an integer n counting the functions having the same translational properties. We can de ne
the wave functions using cell periodic functions un;k(r) such that they automatically satisfy
Bloch's theorem, according to
(3.21)
n;k (r) = exp (ik  r)un;k(r)
The label k attached to this periodic function does not imply that it transforms like the
same irreducible representation 3 of the translation group as n;k, but merely indicates the
k-dependence of this function.
3 By de

nition this function transforms according to the fully symmetric one-dimensional representation
of the space group, containing the translation group
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The Bloch functions are eigensolutions of the ground state Hamiltonian operator,


^h (r; p^ ) n;k(r) = 1 jp^ j2 + V (r) n;k(r) = "n;k n;k(r)
(3.22)
2m
which results for the periodic function in the expression,

1 

2
2
2
^
^
(3.23)
2m jpj + 2hk  p + h jkj + V (r) un;k(r) = "n;k un;k(r)
The previously derived Kohn-Sham ground state Hamiltonian is obtained for the momentum operator given by p^ = ,ih rr +eAeGS (r), and the periodic potential by V (r) = eGS (r).
The Kohn-Sham one-particle energy is denoted by "n;k.
The periodic functions have a plane wave expansion which is given by
X
un;k(r) = ~bn;K(k)exp (iK  r)
(3.24)
K

where the wave vectors K are on the reciprocal lattice corresponding to the Bravais lattice.
This reciprocal lattice is de ned by the D vectors bi, which can be chosen subject to the
condition that,
bi  aj = 2i;j
(3.25)
P
Then all vectors K = Di=1 mibi meet the requirement that K  R = 2m with m; mi all
integers. Consider the following relation,
X
(3.26)
n;k+Ks (r) = exp (i[k + Ks]  r) ~bn;K (k)exp (iK  r)

X~ K
= exp (ik  r) bn;K0,Ks (k)exp (iK0  r)
K0
X
= exp (ik  r) ~bn0 ;K0 (k)exp (iK0  r)
=

r)

n0 ;k (

K0

where we have used K0 = K+Ks, and de ned a new function n0 ;k through the transformed
expansion coecients. The Bloch functions at k and k + Ks are therefore related. It will
suce to x the wave functions for all indices n in the Voronoi cell around the origin of
the reciprocal lattice, called the rst Brillouin zone [65, 69, 70], and adopt the convention
that the wave functions are unfolded into all translated zones through

"n;k+K = "n;k
n;k+K(r) = n;k (r)

(3.27)

This convention yields the commonly used reduced zone scheme.
If we apply any operator from the space group, e.g. f ^jt g, to r, de ning the coordinate
transformation r0 = f ^jt gr then the momentum operator transforms accordingly as,
p^ 0 = ^p^ , by virtue of the vector transformation properties of the gradient operator and
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also of the fully symmetric ground state vector potential. The transformation leaves the
potential V (r) invariant since it has to re ect the full crystal symmetry. If we de ne
the associated transformation for the Bloch vector by k0 = ^k, then the application of
the transformation ^ in both spaces simultaneously leaves the eigenvalue equation for the
periodic function 3.23 invariant. Hence the solutions at k and k0 are symmetry related,
and if we are at a point k where the periodic function is nondegenerate in energy, then we
can choose the transformed function to belong to the same energy band,

"n; ^k = "n;k
un; ^k(f ^jt gr) = exp (i'n(^; k))un;k(r)

(3.28)

where 'n(^; k) is a real valued function of k, which we want to be at least piecewise
continuous and di erentiable for xed n and ^. The speci cation of the phase is not
strictly needed, however, it will signify the complicated structure of the action of the
rotations, and it explains the special choices we will make subsequently.
As a consequence of the time-reversal symmetry present in isolated systems, the transformation t0 = ,t and accordingly r0 = r and p^ 0 = ,p^ gives the conjugate time-reversed
solution (r; ,t) =  (r; t) for spin-less systems. This can simply be veri ed by taking the
complex conjugate of the time reversed Schrodinger equation, which using the Hermiticity
and the time-reversal symmetry of the Hamiltonian reads,
@  (r; ,t) = h^y (r; ,p^ ) (r; ,t) = h^(r; p^ ) (r; ,t)
ih @t
(3.29)
Applying this result to the Bloch functions, results in the following eigenvalue equation for
the complex conjugate of the periodic functions.
1 


2
2
2
^ j , 2hk  p^ + h jkj + V (r) un;k(r) = "n;k un;k(r)
j
p
(3.30)
2m
The time-reversal symmetry is therefore equivalent with an inversion of the Bloch vector
k0 = ,k. Hence the nondegenerate solutions at k and ,k are symmetry related, resulting
in the convention, known as Kramer's theorem,

"n;,k = "n;k 

un;,k(r) = exp i'n(J^; k) un;k(r)

(3.31)

Here J^ is the time-reversal operator, and the phase 'n(J^; k) is again a real valued and
piecewise continuous function of k.
We can summarise the consequences of the symmetry for reciprocal space. First of
all if the symmetry of the crystal is described by the space group operators f ^jt + T g
meeting the translational properties of the Bravais lattice, then the symmetry in reciprocal
space is described by the translation group for the corresponding reciprocal lattice, and
the small group of point group operators ^ in addition to the inversion operator resulting
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from the time-reversal symmetry. Secondly we can choose the band indices throughout
reciprocal space such that all energy bands are each fully symmetric functions of k.

"n;k+K = "n; ^k = "n;,k = "n;k

(3.32)

Using this convention for the band numbering at symmetry related points, we can give the
transformation properties of nondegenerate Bloch functions by the set of de ning relations,
n;k+K(r)

= n;k(r)
 
^
(
r
)
=
exp
i'
(
J
;
k
)
n;,k
n
n;k(r)
,1
n; ^k (r) = exp (i['n (^; k) + ^ k  t ]) n;k (f ^jt g r)

(3.33)

where we require k to be a Bloch vector lying in the irreducible wedge of the rst Brillouin
zone. It might be considered desirable to set the phase factors ' equal to zero, for all
operators and all k vectors. This turns out to give con icting de nitions for operators
f ^jt g from the group of k at high symmetry points for which we have ^k = k + K with
K a reciprocal lattice vector. For those operators, the total phase factor must be set equal
to the one-dimensional representation of f ^jt g, which may con ict with the choice of
vanishing ' [5, 65].

3.3.2 Transformation and Analytical Continuation

There is an elegant way to avoid the transformation problems of Bloch functions at points
of high symmetry. Fortunately the high symmetry condition ^k = k + K, for which those
problems occur, is only satis ed at special points at the surface of the Brillouin zone.
The phase problem arising because of this will be solved by using analytically continued
functions throughout and including the surface of the irreducible wedge. The continuation
not only cures the phase con ict, but also gives a nice insight in the special nature of the
transformation properties for degenerate solutions at k vectors of high symmetry. It will
turn out that the transformation properties can be extended to degenerate solutions as
well.
The analytically continued functions are de ned as asymptotic values of ordinary Bloch
functions by,
(r)
(3.34)
n;[k+h] (r) = lim
h#0 n;[k+h]

The in nitesimal vector h is kept in the subscript because the result may depend on
the direction of continuation. We can set the phase factor 'n to zero for all space group
operators, and all k-vectors inside this wedge. The functions at the surface are only de ned
as the limiting values for k-vectors approaching the boundary from the inside.
Once we have xed the functions inside this wedge, we can use the transformation
relations to de ne the Bloch functions in all images of the irreducible wedge. The images
are all disjunct and together constitute the whole Brillouin zone. By using the (directiondependent) continued wave functions at the exterior and interior boundaries of the Brillouin
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zone, we avoid all phase con icts. Even the two related k points, ^k and k + K are thus
separated, because the rst one is continued from the inside of the rst Brillouin zone, in
an image under rotation of the irreducible wedge, while the second one is de ned as the
continuation from outside the Brillouin zone.
Also the problems arising for degenerate bands are solved by de ning the analytically
continued functions and the cuts at the surfaces of the images of the irreducible wedge.
Unambiguous band numbering and transformation properties follow in a natural way. Since
in general degeneracy is removed in the direction of the interior of the irreducible wedge for
k-vectors at its boundary, while degeneracy occurring in the interior is mostly accidental
[71], the wave functions will always have well de ned analytical continuations with one
dimensional representations in the direct vicinity. The band indices are then well de ned,
and we can meet all transformation requirements in the set of de ning relations,
n;[k+h+K](r)

= n;[k+h](r)

 
n;,[k+h] (r) = exp ,i'n (J^; k +  h) n;k+h (r)
,1
n; ^[k+h] (r) = exp (i ^ [k +  h]  t ) n;k+h (f ^jt g r)

(3.35)

where the wave functions have to be obtained in the irreducible wedge only. Since no two
point group operations will produce the same image of the irreducible wedge, no ambiguity
can result from this set, although we can deduce some additional restrictions for the wave
functions.
Combining the rst two relations at the special k-vectors at the surface of the irreducible
wedge, for which ,k = k + K we get the relation
n;[k+h] (r) = exp





,i'n(J^; k , h)

n;k,h (r)



(3.36)

In the next section we will show that a change in the direction of continuation is always
described by some unitary transformation. The wave functions remain in the same degenerate subspace. This means that the various wave functions at such points can be
expanded on a basis of real valued eigenfunctions. This follows from a simple argument.
Let the set of eigenfunctions f1;    ; N g span the N -dimensional representation. Obviously all complex conjugates will also be in this subspace. Now we can construct the set
of 2N real valued eigenfunctions f[1 + 1];    ; [N + N ]; i[1 , 1];    ; i[N , N ]g, all
being elements of the same N -dimensional representation, from which we can choose just
N elements being sucient to span the same degenerate subspace.
For systems having inversion symmetry we have to combine the relations for the time
reversed and the inverted function resulting in the identity,
n;[k+h] (r) = exp



,i['n (J^; k + h) , [k + h]  tI]



,1

n;k+h (f^IjtI g



r)

(3.37)

The wave functions and the choice for the phase factor associated with the time-reversal
operator have to meet this requirement. Dividing the phase factor equally over the left-
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and right-hand side, leads to the conclusion that apart from an overall k-dependent phase
factor, these functions can be rede ned as being eigenfunctions satisfying,

n;[k+h](r) = n;[k+h](f^IjtIg,1 r)

 i
^
n;[k+h] (r) = exp , ['n (J; k +  h) , [k +  h]  tI ] n;k+h (r)
2

(3.38)

A choice for the phase factor for the time-reversal operator automatically xes the phase of
the wave function. At the special points at the cut where also ,k = k + K is satis ed this
means that for any choice for the phase factor we can choose the real valued eigenfunctions
i(r) to be either even or odd with respect to the inversion.
For systems lacking inversion symmetry no such restriction is imposed on the wave
functions and phase factors. We will be able to set this phase factor equal to zero. In the
next section we will consider how to obtain the analytical continuation of wave functions
in reciprocal space.

3.3.3 Representations and Compatibility

Since we now have uniquely de ned the transformation properties of the Bloch functions
under the coordinate transformations which are induced by the symmetry group, we can
de ne the e ect of a group operation on a function according to

f ^jt g

n;k (f ^ jt

gr) =

n;k (r) , f ^jt

g

n;k (r) = n;k(f ^ jt

g,1 r)

(3.39)

which may be interpreted as the condition that the rotated function at the rotated coordinate has the same value as the original function at the original coordinate. Suppose that
we have an n-dimensional space spanned by the basis function 1;k1 (r);    ; n;kn (r), and
that this space is invariant under the application of each one of the group elements. We
can then de ne the representation matrices D(f ^jt g) according to,

Du;v
ku;kv (f ^ jt g) = hu;ku (r) jf ^ jt gj v;kv (r)i

(3.40)

In general the resulting representation is reducible. From the orthogonality property for
wave functions having di erent k-vectors, and the associated rotations in reciprocal space,
we get the condition that Du;v
ku ;kv (f ^ jt g) vanishes unless ku = ^ kv + K. Hence we only
have to consider the subspace spanned by Bloch functions having k-vectors belonging to
the same star. We will only have to consider the minimum set of elements,
Du;v
(3.41)
k (f ^jt g) for ^ 2 Gk
u;v
D ^k;k(f^jt g) for ^ 2 Lk
for the k-vectors in the irreducible part of the Brillouin zone. All other elements can be
related to this set by using the left-coset decomposition and the multiplication table of
the space group. If we x the basis functions at the rotated k-vectors by imposing the
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transformation convention onto the rotation of the basis function, then the elements for
the left-coset generators reduce to simple unit matrices apart from the conventional phase
factor. We only have to calculate the representation matrices for the group of k.
If we move the k-vector away from a point of high symmetry kp along a line of symmetry k, the symmetry group Gkp is reduced to the usually smaller group of the line
Gk , satisfying Gk  Gkp . The representations at kp and k are said to be compatible
if the representation of the subgroup Gk at kp contains the irreducible representation at
limk!kp k as one of its irreducible blocks, which can be uniquely identi ed apart from a
similarity transform.
We can separate out the k-vector and translation-dependent phase factor from the
space group representations by de ning the projective representation





D( ^) = exp i ^k  [t + T ] Dkf ^jt + T g

(3.42)

The projective representation has the same multiplication table as the space group if the
system is symmorphic, whereas for nonsymmorphic systems such as diamond this is true
only in the interior of the rst Brillouin zone. This follows by direct inspection of the
products


D( ^)D( ^0) = exp i ^[k , ^0k]  [t + T ] D( ^ ^0)
(3.43)
For k inside the Brillouin zone, and for t = 0 the phase factor is always 1. At the surface
of the Brillouin zone, i.e. for k-vectors which can be written as k = 12 K + k0 with 12 K
on the surface
k0 inside,
for which ^0k = k + K0 we are left with a non unit phase
 ^ and

factor exp i K0  [t + T ] . For the diamond lattice this factor is either +1 or ,1, which
merely doubles the order of the projective group.

3.4 Analytically Continued Wave Functions

In this section we will use the kp method as an auxiliary tool for the analytical continuation
of the wave functions and their energy functions in special points or along special directions
in the Brillouin zone. However before we de ne the concept of analytical continuation, we
will give the basic outline for the underlying k  p method [5, 65, 72].

3.4.1 The k p Method


Suppose we know all eigenstates and corresponding eigenvalues of the time-independent
Hamiltonian operator,
h^ n;k(r) = n;k n;k(r):
(3.44)
The Hamiltonian operator commutes with all symmetry operators which are determined
by the crystal symmetry. As a result, the eigenstates can be chosen to be Bloch functions,
which are eigenstates simultaneously for the subset of the full translation group and the
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Hamiltonian operator. They can be decomposed into a position-dependent phase factor
and a periodic function un;k,

n;k(r) = exp (ik  r)un;k(r):

(3.45)

All periodic functions which are obtained from the eigenstates at a particular k-point
constitute a basis for the class of periodic functions. As a result we can expand any Bloch
function n;k+h having its Bloch vector displaced over a vector h for any band n on this
basis according to [72]
n;k+h (r) = exp (ih  r)

X
s

c~n;s k(h)s;k(r):

(3.46)

The orthonormality condition for both the wave functions and the eigenfunctions implies
that the expansion coecients c ful l the relations,

X
s

c~m;s k(h)~cn;s k (h) = m;n, and

X
n

c~n;s k(h)~cn;t k(h) = s;t :

(3.47)

The expansion coecients follow from the variational principle which states that the wave
functions should minimise the energy under the constraint that they be normalised,
D
E
 n;k+h h^ , "n;k+h n;k+h = 0
(3.48)
Inserting the expansions for the wave functions from (3.46) and taking the derivatives with
respect to each c~n;s k results in the eigenvalue problem,

XD
t

E
s;k exp (,ih  r)h^exp (ih  r) , "n;k+h t;k c~n;t k(h) = 0:

(3.49)

Only the kinetic energy part of the Hamiltonian operator does not commute with the
position-dependent phase factor,

!
2
h

h

2
h ; exp (ih  r) = exp (ih  r)
(3.50)
2m h + m h  p :
With this commutation relation and the fact that the s;k are orthonormal eigenfunctions
of the Hamiltonian operator (3.44), we arrive at the k  p equation,
! #
2
X " h
h

h jh  pj t;ki + 2m h2 , "n;k+h + s;k s;t c~n;t k(h) = 0:
(3.51)
m s;k
h^

i

t

This equation de nes the relation between eigenstates at di erent Bloch vectors, and it is
the starting point for the derivation of a number of useful relations and algorithms. Note
that the phase of the wave function remains undetermined. We are now able to investigate
the behaviour of the wave functions. In the next section we will de ne the concept of
analytical continuation of the wave functions and the associated energies.
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3.4.2 Continuation in the Radial Direction

If the solution of the Hamiltonian equation is degenerate for a (isolated) special point k in
the Brillouin zone, we can de ne the analytically continued wave functions in the direction
of h in this special point according to the k  p-expansion (3.46) by
n;k+h (r) = lim
h#0

X
s

c~n;s k(h)s;k(r):

(3.52)

Note that the band index now also has meaning in the special points. For the analytically
continued wave functions, we have to look at the asymptotic behaviour of the coecients
and energies. Therefore we have to assume that the coecients and energies have at least
single-sided Taylor's expansions, i.e. at least for positive h, which are given by
X hi @ ic~n;t k(h) !
X hi @ i "n;k+h !
t
, and c~n;k(h) =
(3.53)
"n;k+h = i!
@hi
@hi
i i!
i
h
h
All derivatives are evaluated in the limit for h from the positive side towards zero, which
is denoted by the positive in nitesimal h. Inserting these expansions in the k  p-equation
(3.51), and equating for each order of h separately results for the lowest order in

c~n;t k(h) = 0 for "n;k+h 6= t;k
(3.54)
This is the well-known result, that the continued (degenerate) states are in the space
spanned by all eigenstates having the same energy, and thus that the energy is a continuous function of k (at least inside the Brillouin zone). The expansion coecients for the
degenerate state follow to rst order in h from the set of equations,
!
#
X " h 1
@"
n;k+h
hs;k jh  pj t;ki , @h
s;t c~n;t k(h) = 0:
(3.55)
m
h
t
h
The evaluation for s and the summation over t are restricted according to s;k = t;k =
"n;k+h. Again this is an eigenvalue problem, now having the dimensions of the degenerate
eigenspace.
If the representations on this eigenspace of the three Cartesian components of the
momentum operator can be brought simultaneously to a common block diagonal structure
using a unitary transformation, then the eigenspace can be decomposed into orthogonal
subspaces, independent of the direction of continuation. The representations are said to be
reducible. If the three components commute, we can construct a basis of eigenfunctions,
which diagonalises the matrices simultaneously for any direction of continuation.
For irreducible blocks, we have to solve the rst order equations (3.55) for each direction
of continuation separately.
Note that only when the degeneracy is removed in the direction of h can we gain
information about the expansion coecients. If this is not the case, we have to look at
the analytical continuation de ned through rotations of h. This is described in the next
section.
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3.4.3 Continuation in the Angular Direction

If the direction of continuation is xed, and chosen along some special direction, the k  pmethod will give no information about the expansion coecients, no matter to which order
we proceed in the expansion. We have to look at the continuation through rotations of
the direction of continuation. A change in the direction of continuation will result in
a transformed wave function, however due to relation (3.54) the rotated wave function
will remain in the space spanned by the degenerate eigenstates. The relation between a
rotation R of the direction of continuation and its representation can be de ned through
the coecients d,
X ~m
dn;k+h(R) m;k+h (r);
(3.56)
n;k+Rh (r) =
m

which are normalised, and together form a unitary transformation,
X ~l
X ~n
dn;k+h(R)d~m;l k+h(R) = n;m, and
dl;k+h(R)d~l;mk+h(R) = n;m :
l

l

(3.57)

Any rotation about an axis n over a right-handed angle  can be written as,

R(n) = exp 

X
i

! X
X !j
1
ni S i = j !  ni S i ;
j
i

(3.58)

where the three traceless antisymmetric real matrices S i are de ned using the Levi-Cevita
symbol
8
>
< 1 if (i; j; k) even permutation of (1; 2; 3)
k;j
Si = "i;j;k = >: ,1 if (i; j; k) odd permutation of (1; 2; 3)
(3.59)
0 otherwise
They are known as the generators for the special orthogonal matrices in three dimensions
SO(3). For the rotations we can use the series expansion for the exponent. Again we use
a single-sided Taylor's expansion for the energy eigenvalue,

X hij @ i+j "n;k+R(n)h !
"n;k+R(n)h = i!j !
;
@hi@ j
i;j
h

(3.60)

and also for the expansion coecients,

1
0
X j @ @ j d~n;mk+h (R(n)) A
:
R(n)) = j !
@j
j


d~n;mk+h(

(3.61)

Together with the expansion for the radial continuation, we get for the lowest order in 
the rst order radial continuation equation, as well as the relation,

d~n;mk+h(R(n)) = 0 for

@"m;k+R(n)h
@h

!

+R(n)h
6 @"n;k@h
=
h

!

h

:

(3.62)
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restricting the subspace to eigenstates which are degenerate up to rst order. First de ne
the ~bl;sk(h) which are a particular choice of eigenfunctions, spanning the subspace of up
to rst order degenerate eigenstates. For the expansion up to rst order in  we arrive at,

#
2 "n;k+R(n)h !
X"1
@
l;m
m
(
n

h
)

A
,

l;m d~n;k+h = 0:
k
+

h
@h@
m h
h

(3.63)

where the matrix A is de ned as,

A

l;m
k+h

#
X ~ s  " h
t ( h)
= bl;k (h) m hs;k jpj t;ki ~bm;
k
s;t

(3.64)

As might be expected, this is again an eigenvalue problem.

3.4.4 Higher Order Continuation
When the degeneracy is not completely removed in rst order, i.e. both the energy and
the rst order directional derivatives are invariant for some subspace, we have to go to
second order [73, 74]. This is especially true when all p-matrices representations on the
eigenspaces are zero, such as for inversion-symmetric systems in the point ,. First de ne
the elements of the subspace according to,

c~n;s k(h) =

X
l

a~n;l k(h)~bl;sk(h)

(3.65)

Here the ~bl;sk(h) are a particular choice of eigenfunctions, spanning the degenerate subspace, and where a~n;l k(h) are the expansion coecients in this basis. Substitution again
results in an eigenvalue problem,

#
2
2 "n;k+h ! !
X" 1
h

1
@
m;l
m;l a~n;l k(h) = 0
2
2 h  An;k+h  h + 2m , 2
h
@h
l
h

(3.66)

where the matrix A is given by,

A

m;l
n;k+h

X ~ s  " h 2 X0 hs;k jpj r;kihr;k jpj t;ki # ~ t
= bm;k (h) m2
bl;k(h)
 ,"
s;t

r

r;k

n;k+h

(3.67)

The prime for the summation over r indicates that all terms which cause the denominator
to become zero should be excluded, i.e. r;k 6= "n;k+h. The other summations are restricted
according to s;k = t;k = "n;k+h. In other words, the second order equation is an ordinary
eigenvalue problem for the subspace of up to rst order degenerate states.
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3.4.5 Energy Dispersion

Once we found the analytically continued wave functions, we have information on the
dispersion of the bands, up to second order,
2 h2
X s
h

h

t
"n;k+h ' "n;k+h + m c~n;k (h)hs;k jh  pj t;kic~n;k(h) + 2m
(3.68)
s;t
X s  " h 2 X0 hs;k jh  pj r;kihr;k jh  pj t;ki # t
c~n;k(h)
+ c~n;k (h) 2
m r
r;k , "n;k+h
s;t

For nondegenerate states, the terms in the right-hand side reduce to nicely behaving functions of h. Using the representations of the rotations, we can analyse the behaviour of
bands near special points and directions in the Brillouin zone, something which is needed
for highly ecient calculation schemes. Although the analysis is quite complex, it will
prove its usefulness in the remainder of this work.

3.5 Summary
The order in crystals comprises both the in nite translational symmetry and the invariance
under rotations and re ections. These regularities are recovered in the properties of the
single-particle wave functions. The various aspects of the symmetry are fully covered
by xing the Bloch type functions in the irreducible part of the Brillouin zone. Using
the k  p-expansions we can obtain analytical continuations throughout the interior and
on the surface of the irreducible zone. The complete function space can be unfolded by
projecting the irreducible zone using the representations of the space group operators. By
using this construction, we can simplify the representations to be nontrivial only for the
operators from the groups belonging to k-points of high symmetry. Moreover unambiguous
band enumeration becomes possible, with the individual bands having fully symmetric and
continuous energy functions. This, however, is achieved on the expense of the continuity
of the wave functions with respect to their dependence on the vector k right at the cuts.
In the interior of the irreducible parts, continuity is una ected. Time-reversal symmetry
only imposes some additional constraints on the wave functions whenever also the inversion
symmetry is present.

Chapter 4
The Polarisability
The frequency-dependent dielectric response of crystals is governed by the dynamic properties of the electrons. In chapter 2 we showed that this response can be described using
the polarisability tensor, a response function which directly links the induced polarisation
to the self-consistent perturbing e ective (Kohn-Sham) potentials. This function re ects
the quantum mechanical nature of the electrons.
The evaluation of the polarisability expression is extremely involved in the case of
extended systems. In principle the periodicity of the crystals is destroyed by the presence
of the perturbing elds. In general they do not satisfy the same symmetry relations as
the crystal. Nevertheless, the e ort can be reduced considerably by using the symmetry
properties of the wave functions. The transformation properties of the Bloch functions,
which were derived in chapter 3, form the basis on which this reduction rests. The best way
to do so, is by using an auxiliary quantity, the density matrix. It turns out that the spectral
representation of this matrix contains all relevant information for the polarisability. The
derivation of the density matrix, its spectral representation and the symmetry properties
will be the subject of the rst sections. Using this density matrix formalism, we can
calculate the polarisability tensor eciently. The best way to perform the evaluation, with
extensive application of the symmetry properties, is the subject of the remainder of this
chapter. The connection between the action of symmetry operations in real space and in
reciprocal space induces a calculation scheme, which allows for an ecient reduction of the
dicult evaluation to unique parts only. The regularity of the crystal symmetry is then
used to unfold the unique parts to the whole calculation. The discussion will be started
by a careful inspection of the diculties which will be encountered during the evaluation.

4.1 Polarisability for Bloch Functions
The polarisability expression which was derived within the Kohn-Sham formalism (2.81)
has to be evaluated using the unperturbed single-particle wave functions. In periodic
systems the commonly used wave functions are the Bloch eigenfunctions of the ground
state Hamiltonian. The Bloch states are labelled by a compound index, consisting of an
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enumerable band index and a quasi-continuous vector k, which is restricted to the rst
Brillouin zone. The application of the special transformation properties of those functions
will be postponed till we know the ins and outs of the functional form of the polarisability
itself. For the Bloch functions the response function takes the following form,
Z
2e
V
WS X
0
(x; x ; !) = m!2 (2)D
dD k f ("n;k)h n;k j^(x)j n;ki(x , x0 )I (4.1)
n
!2 X Z
Z
V
2
WS
D
d k dD k0 [f ("n;k) , f ("n0;k0 )] 
+ !2 (2)D
0
n;n
D ^
ED
E
n;k jGS (x) n0 ;k0
n0 ;k0 ^jGS (x0 ) n;k
"n0;k0 , "n;k , h (! + i0+)
A closer look at this expression reveals its complicated nature. We can distinguish two
contributions of a seemingly di erent kind, which are however closely related through the
conductivity sum rule (2.88). Due to this relation, the second order poles at ! = 0 of the
two terms completely cancel for nonmetallic systems, whereas for metals, i.e. for systems
with a nite density of states at the Fermi level, the order of the poles is merely reduced to
one. We will use the conductivity sum rule to obtain the rst (diamagnetic) contribution
directly from the second (paramagnetic) term. This ensures the exact cancellation of the
poles. The diamagnetic contribution can also be evaluated using the explicit expression to
check the extent of the violation of this sum rule. Such a violation may be caused by both
numerical and methodological errors.
Inspection of the paramagnetic contribution to the polarisability shows us that we
will have to perform a double integration over both the occupied and unoccupied states.
For Bloch states this comes down to a double summation over band indices as well as a
double integration over the Brillouin zone. Note that the Fermi-Dirac occupation numbers
select only combinations of occupied with unoccupied states. The integrand is a rational
function with a product of matrix elements in the numerator, and a energy- and frequencydependent denominator. Vanishing of this denominator causes singular behaviour, which
is however integrable.
The symmetry properties of the Bloch functions and their energy eigenvalues can be
used to reduce the integration interval of one of the Brillouin zone integrations to an
irreducible wedge only. The other integration will still have to cover the whole Brillouin
zone. These integrations can be performed by parts using curvilinear coordinates which
are parametrised by the constant energy manifolds [75, 76, 77]. All energy-dependent
factors, including the singular denominator, can then be separated from the rest of the
integrations. The resulting singular integrals running over the energy ranges can then be
performed analytically.
The remaining integrations, which are running over the constant energy surfaces, can be
performed numerically, for the integrand contains only well-behaved charge (diamagnetic
term) and current density (paramagnetic term) matrices. Note that each Bloch function
always appears in combination with its complex conjugate. They will have to be evaluated
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at di erent coordinates though. The resulting polarisability will therefore not depend on
the overall phase of the wave functions.
We will use this latter observation and rst de ne the density matrix as an auxiliary
quantity. We can derive some very ecient representations which are based on the symmetry properties and the k  p-expansions of the Bloch functions.

4.2 The Spectral Density Matrix
A very useful quantity obtained from electronic structure calculations is the so-called density matrix %(x; x0) [45, 78], which is de ned for periodic Kohn-Sham systems by,

%(x; x0 )

Z
V
WS X
D k f (" )
0 
=
d
n;k n;k (x ) n;k (x)
D
(2) n

(4.2)

Here D is the number of periodic dimensions, f (") is the zero temperature occupation
number for states having energy " and n;k are the single-particle Bloch eigenstates for the
ground state system. In principle all observable ground state properties can be obtained
using this density matrix. For the frequency-dependent response theory, however, we also
need information on the unoccupied states and also on the energy eigenvalues of both occupied and unoccupied levels. This can be achieved by de ning the spectral representation
%(x; x0) of the density matrix according to

%(x; x0) =

Z

d" f (")%(x; x0)

(4.3)

where the spectral density matrix %(x; x0) 1 is given by,

XZ D
d k
%(x; x0) = (2VWS)D
n

n;k (x ) n;k(x) (" , "n;k)

0



(4.4)

Note that the de nition for the spectral representation does not have to be restricted to
occupied states alone, but it can be extended to include unoccupied states as well. In this
section we will derive an ecient way to obtain the spectral density matrix.

4.2.1 Symmetric Evaluation

De ne the dyadic products %n;k(x; x0), which are given for each n and k by the orthonormal
Bloch eigenfunctions n;k(x) of the Kohn-Sham Hamiltonian operator, by

%n;k(x; x0) =
1 This

n;k (x ) n;k (x)

0 

(4.5)

function is sometimes called the local density of states. To prevent any confusion with the
function  (x) = % (x; x), which is also called the local density of states, we chose to use the alternative
name `density matrix' commonly used in many-body theory
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They are the partial density matrices, containing the contribution of a particular eigenstate
to the total density matrix. The Bloch nature of the wave functions can be exploited by
using the centred set of coordinates (r; r0 + R0) satisfying C^(x; x0) = (r; r0 + R0), where
r and r0 are equivalent coordinates restricted to the central unit cell and where R0 is
an appropriately chosen lattice vector. The partial density matrix is insensitive to any
simultaneous translation of both coordinates,

%n;k(x; x0 ) = %n;k(r; r0 + R0) = exp (ik  R0) n;k(r0) n; k(r)
(4.6)
where the dependence on the lattice vector R0 can be indicated separately in the phase
factor as a result of the Bloch nature of the eigenfunctions (3.20). For large values of jR0j
this phase factor will become a very rapidly varying function of k which has to be taken
into account when integrating over the Brillouin zone. The remaining wave function part
has to be evaluated only inside the central unit cell, and its slow variation with the Bloch
vector facilitates the interpolation lateron.
In response theory, the ground state electronic structure enters through the energy
eigenvalues "n;k, and the Bloch eigenfunctions n;k(r). All dyadic products which are
given by those Bloch functions with the same eigenvalue will have equal weights in the
frequency-dependent calculations. As a result those dyadic products can be integrated for
all band indices n over the manifold of constant energy surfaces Sn() associated with each
band n, resulting in the spectral representation for the density matrix,
XZ D
%(x; x0) = (2VWS)D
d k %n;k(r; r0 + R0)(" , "n;k)
(4.7)
n
Z
D,1 k
V
d
WS X
0
0
= (2)D
%
n;k (r; r + R )
n Sn (") jrk "n;kj
where the Jacobian jrk"n;kj,1 is the result of the transformation to the curvilinear coordinates.
Since the constant energy surfaces re ect the full symmetry of the system, the integration can be split into symmetry related parts, all of which are images of the intersection
of the constant energy surface and the irreducible wedge of the Brillouin zone, Sn0 (").

%

(x; x0) =

dD,1k % (r; r0 + R0) + c:c:
1 X VWS X Z
n ^o2G (2)D n Sn0 (") jrk"n;kj n;^ok

(4.8)

Two types of symmetry have been used in this relation in order to relate the di erent
irreducible wedges of the Brillouin zone to the unique irreducible wedge. First of all we
can rotate the unique wedge to all image wedges by using the operators from the little
group which is associated with the full symmetry group of the system. Secondly, due to
time-reversal symmetry, the wave functions at k and ,k are degenerate in energy, and
they can be related through ,k(r) = k (r). This time-reversal symmetry is made explicit
by adding the complex conjugate to the expression. This introduces an unwanted double
counting for systems having inversion symmetry. Normally time-reversal symmetry leads
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to an extra reduction of the unique wedge of the Brillouin zone, dividing it into equivalent
halves. If inversion is already part of the symmetry group, then time-reversal will not lead
to this extra reduction. Therefore the factor n equals two for systems having inversion
symmetry and one otherwise, thus correcting for this double counting.
The connection between the symmetry in real and reciprocal space enables the rotation
of the Bloch vector k to be interchanged with the associated inverse rotation acting on
the coordinate r in real space, n;^ok(r) = exp (i') n;k(f^ojtog,1 r), thus restricting the
integration region in reciprocal space to the irreducible wedge of the Brillouin zone only.
The partial density matrices for rotated Bloch vectors can be related to the original matrix
according to,

%n;^ok(r; r0 + R0) = exp (i^ok  R0) n;^ok(r0) n; ^ok(r)


= exp ik  ^o,1R0 n;k(f^ojtog,1r0) n; k(f^ojtog,1 r)
= exp (ik  R0o,1 ) n;k(r0o,1 ) n; k(ro,1 )

(4.9)

Again we have used the Bloch nature of the wave functions to centre the rotated coordinates, for which we used the shorthand notation.

4.2.2 Interpolation in Reciprocal Space
Now all symmetry has been made explicit. This resulted in the reduction of the evaluation
of the wave functions in the rst place to the irreducible wedge of the Brillouin zone in
reciprocal space for the Bloch vector k, and in the second place to the central unit cell in
real space for the coordinates x. We can now safely introduce an interpolating formula,
which may be approximated lateron without destroying the symmetry properties. Using
k  p expansions for the wave functions, we can replace the product of the wave functions by
a weighted mean of products of eigenfunctions on the interpolation vertices. Interpolation
of the partial density matrix instead of single wave functions ensures norm conservation
and insensitivity to the indeterminate wave function phase,

X
%n;^ok(r; r0 + R0) = exp (ik  R0o,1 ) wki (k , ki ) 
ki
X s
c~n;ki (k , ki)~cn;t ki(k , ki)s;ki (r0o,1 )t;ki (ro,1 )

(4.10)

s;t

The complex number c~n;s ki is the sth coecient of the analytically continued wave function
with band index n in the expansion (3.46) on the basis of eigenfunctions at the interpolation
vertex ki. The wave functions are continued in the direction of the continuous variable
k. s;ki is the sth eigenfunction of the HamiltonianPoperator at this vertex, and wki is the
real-valued scalar interpolating weight, satisfying ki wki = 1.
This interpolated wave function can be inserted into the expression for the spectral
density matrix. The factors that explicitly depend on the integration variable k can now
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be collected into a tensor weight function W n;ki , according to,

X X X s;t
%"(x; x0 ) = n1
W n;ki ("; R0o,1 )s;ki (r0o,1 )t;ki (ro,1 ) + c:c:
 ^o2G n;ki s;t

(4.11)

0
where the weight function W s;t
n;ki ("; R ) is de ned for each band and vertex according to,

W s;tn;ki ("; R0)

Z
D,1
= (2VWS)D 0 jrd " k j 
Sn (") k n;k
exp (ik  R0)wki (k , ki)~cn;s ki (k , ki)~cn;t ki(k , ki):

(4.12)

In the lowest order approximation, i.e. linear interpolation of the analytically continued
functions, this weight tensor takes the same dimension as the irreducible representation at
the interpolation vertex ki to which the band n belongs. It is a function of energy " and
Bravais lattice vector R0.

4.2.3 Density of States and Joint Density of States

We can relate the weight tensors to two important functions, the density of states and the
joint density of states. Consider the expression for the spectral density matrix (4.11). We
de ne the total density of states (") according to (") = ("; 0) where

("; R) =

Z

VWS

d3r%"(r; r + R)

(4.13)

The local density of states  (") is obtained by restricting the integration interval to
a desired sub-volume , e.g. the atomic Voronoi cells. Using the equations (4.11) and
(4.12) we can evaluate this expression. Due to the orthonormality of the wave functions,
and the sum rule for the scalar weight, the trace of the weight tensors W n;ki , summed
over all interpolation vertices ki reduces to a much simpler expression. This results for
the contribution of individual bands, after summing over all symmetry related wedges in
reciprocal space, in,
X X s;s
W n;ki ("; ^oR) + c:c:
(4.14)
n("; R) = n2
 ^o2G s;ki
Z
= 2 VWSD dD k exp (ik  R)(" , "n;k)
(2)
We can interpret the resulting n ("; R) function as the Fourier expansion coecients for
the fully symmetric constant energy surfaces, with the Fourier series given by,

n("; q) =

X
R

n("; R)exp (,iq  R) = 2(" , "n;q)

(4.15)
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In realistic calculations we will limit the range for the vectors R to a maximum, jRj  Rmax .
This truncation of the series expansion causes a broadening of the constant energy surfaces
in reciprocal space.
The extra factor two is due to the spin degeneracy of the energy bands, and it is included
in the de nition for n("; R) only in connection with the special value for the expansion
coecient at the origin, R = 0. This value can directly be related to the partial density
of states, n(") = n("; 0), with
Z
X
(4.16)
n (") = 2 (2VWS)D dD k (" , "n;k) = 2 nnG W s;s
n;ki ("; 0) + c:c:
 s;ki
Here nG gives the number of operators in the full symmetry group. The expression took
this simpler form due to the invariance under rotation for the weight at the origin. The
total density
of states is obtained by simply summing all contributions for all bands,
P
(") = n n (").
We can now integrate the expression for the Fourier coecients for the constant energy
surfaces over the total energy range. This gives us for each band twice the Fourier expansion
coecients of the complete Brillouin zone,
2 X X Z d" W s;s ("; ^oR) + c:c: = 2 VWS Z dD k exp (ik  R)
(4.17)
n;ki
n ^o2G s;ki
(2)D
Because this will only be evaluated at lattice vectors, this results in the value 2 for the
origin R0 = 0 and 0 otherwise. Therefore, we get the following sum rule,

Z

d"n("; R) = 2(R)

(4.18)

This gives for the origin the well-known condition that each band can contain at maximum
exactly two electrons (with opposite spin) per Wigner-Seitz
cell. Insertion of this result in
R
the Fourier series gives the almost trivial result, d"n("; q) = 2. These sum rules will be
used as a theoretical result in subsequent derivations and as a way to verify the numerical
evaluation of the weights.
We can also express the joint density of states in terms of the Fourier coecients
n("; R). The resulting expressions will elucidate the connection between the polarisability
tensor and the joint density of states as a crude polarisability model. The q-dependent
joint density of states (!; q) is de ned by,
Z
V
WS X
D k f (" )[1 , f (" 0
(!; q) = 2 D
d
 !)
(4.19)
n;k
n ;k+q)] ("n0 ;k+q , "n;k , h
(2) n;n0
It is a fully symmetric, hence periodic function of q. We can make the q-dependence
explicit in a Fourier series by inserting the following identity, which is valid for periodic
functions only,
Z
X
g(k0) = dD k0 g(k0) (k0 , k0 + K)
(4.20)
K
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The integration with respect to k0 runs over the rst Brillouin zone of the reciprocal lattice
with vectors K. We will use the periodic delta function representation
X 0
X
(k , k0 + K) = (2VWS)D exp (i[k0 , k0 ]  R)
(4.21)
K
R

where R are the Bravais lattice vectors and K are all vectors of the corresponding reciprocal
lattice. Using this representation for k0 = k + q yields the following Fourier series for the
joint density of states,
X
(!; q) = (!; R)exp (,iq  R)
(4.22)
R

with the Fourier expansion coecients (!; R) being given by,

!2 X Z
Z
V
WS
dD k dD k0 f ("n;k)[1 , f ("n0;k0 )] 
(!; R) = 2 (2)D
n;n0
0
exp (i[k , k]  R)("n0;k0 , "n;k , h !)

(4.23)

We can now perform the integrations over the curvilinear coordinates which are parametrised
by the constant energy surfaces. We can identify the resulting surface integrals as the
Fourier coecients of the constant energy surfaces, n("; R) and n0 ("0; R). The remaining
integrations over the energy ranges can be cast in a simple form which is given by,
XZ
d"f (")[1 , f (" + h !)]n("; R)n0 (" + h !; R)
(4.24)
(!; R) = 12
n;n0
For systems with only fully occupied and unoccupied bands the Fourier coecients (!; R)
satisfy a relation which follows directly from the latter result using the sum rule which was
obtained for the n("; R),
Z
(4.25)
d! (!; R) = 21 Nocc Nunoccc (R)
where Nocc and Nunoccc are the total (spin degeneracy included) occupied and unoccupied
states which have been included in the evaluation. Inserting this result in the Fourier series
expression for (!; q) gives the sum rule
Z
d!(!; q) = 12 Nocc Nunoccc
(4.26)
These sum rules may serve as checks for the accuracy for implementations of the joint
density of states.
Before we continue the derivation of the spectral density matrix, we will give a short
discussion about the connection between the Fourier representation (4.23) for the joint
density of states and the polarisability tensor (4.1). Suppose that we count the number
of transitions which can give contributions to the polarisability, and neglect the tensor
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character and the weights of their contribution. Such a procedure will count the transition
paths irrespective to any exclusion which would results from the existence of symmetry
forbidden transitions. This can be achieved by using a xed and real value for the transition
matrix elements, i.e. the current matrix elements, if the coordinates are within the same
unit cell, otherwise we will separate the phase factor resulting from the Bloch nature of
the wave functions. The value should be chosen real since then the local response, i.e. for
r = r0 has the correct complex form. From Cauchy's residual theorem, it follows that,
1
1
0
=
P
(4.27)
0
+
0
 ,  , h (! + i0 )
 ,  , h ! + i( ,  , h !)
where P indicates that the principle value, i.e. the result which is obtained by excluding a
symmetric in nitesimal integration region around the singularity has to be used. The latter
relation can be applied to the polarisability expression (4.1), which yields the following
qualitative relation between the following two functions,
= ( (r; r + R0; !))  !12 [(!; R0) , (0; R0)]
(4.28)
In the constant transition matrix approximation, these two functions are proportional to
each-other. The real part of is the Kramers-Kronig transform of the imaginary part,
and needs no further speci cation. The best way to calculate both the real and imaginary
part of the constant transition matrix approximation to the polarisability is by evaluating
the joint density of states by using the right-hand side of (4.27) instead of the Dirac delta.

4.2.4 Symmetrisation at the Interpolation Vertices

For special points, along special lines and on special planes of the Brillouin zone, the
number of symmetry operations to be performed in real space can be reduced even further.
After changing the order of the summations in the expression for the spectral density
matrix, we can make use of the left-coset decomposition of the group which is de ned for
each interpolation vertex, giving,
X X X X s;t
%"(x; x0) = n1 (
) W n;ki ("; (R0 ,1 ) ,1 ) 
(4.29)
 n;ki ^2Lki ^2Gk s;t
i
s;ki ((r0 ,1 ) ,1 )t;ki ((r ,1 ) ,1 ) + c:c:
The operations from the group of ki can be performed in function space, where their action
can now be made explicit by the representation tensors,

s;ki


,1 0
,1 
^
^
^
^
(4.30)
t;ki (r ,1 ) = exp iki  [T (f jt g r ) , T (f jt g r)] 
X u;s ^
Dki (f jt g)u;ki (r0)Dv;tki (f ^jt g)v;ki (r)

(r0 ,1 )

u;v
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Note that the representation matrix of ^ comes together with its complex conjugate. We
can equally well use its projective representation. The combination of the exponents of the
phase factors forms the net translation associated with the operator ^. We can collect all
elements which depend on ^ and we arrive at the very compact notation
X X X gu;v
0
0
W
(4.31)
%"(x; x0) = n1
n;ki ("; (a ,1 ; a ,1 + R ,1 )) 
 n;ki ^2Lki u;v
u;ki (r0 ,1 )v;ki (r ,1 ) + c:c:
where we have collected all the symmetry which is present at the interpolation vertex ki
into the symmetrised tensor weight function. This can be obtained from the unsymmetrised
weight according to


0 + R0 )) = X exp ,ik  (R0 ,1 , ^,1 R0 ) 
gu;v
W
(
";
(
a
;
a
(4.32)
i
n;ki
^2Gki

X
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s;t
v;t 
0
Du;s
ki ( ^)W n;ki ("; R ,1 )D ki ( ^)

The symmetrised weight tensor is not a function of the coordinates, but only a function
of the row of lattice vectors of the star being generated by the line segment (x; x0 ) under
the group of ki It is therefore a function of the Voronoi cells in which the coordinates lay,
which is the result of the similarity (r; r0)  (a; a0), where each Voronoi cell is uniquely
de ned by specifying the coordinate a of the contained atom. For notational convenience
in the remainder, we will extend the de nition of the symmetrised tensor weight to include
all line segments by,
0
0
0
0
0
gu;v
gu;v
gu;v
W
n;ki ("; (x; x )) = W n;ki ("; (r; r + R )) = W n;ki ("; (a; a + R ))

(4.33)

where the di erent coordinates have the meaning which was mentioned above.
Although in the expression for the spectral density matrix (4.31), only the tensor weight
depends on the band index explicitly, we have not included the summation in the de nition
for the weight. This is purely for numerical reasons. It enables us to combine the sparsity
of this tensor function which is present for the lowest interpolation orders, with an ecient
sampling of the energy ranges, which can thus be chosen for each band independently.
Due to the rearrangement property of the symmetry group, it can be shown that this
symmetrised weight tensor obeys the very useful symmetry rule


0 + R0 )) = exp ik  (R0 ,1 , ^,1 R0 ) 
gu;v
W
(
";
(
r
;
r
(4.34)
 
i
n;ki


X u;s ^ gs;t
Dki ( )W n;ki ("; (r; r0 + R0))Dv;tki (^)
s;t

for any operator ^ from Gki , the group of ki . As a result this symmetrised weight tensor
has to be calculated only for the generators under the group of ki of the rst star for each
set of similar stars.
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The expression for the spectral density matrix has some nice properties. First of all the
de nition of the eigenfunctions is restricted to a discrete set of k-points, sampling only the
irreducible wedge of the Brillouin zone. Secondly the energy dependence is completely cast
in symmetrised tensor weights which have to be found on this set of k-points only for the
irreducible wedge of the crystal (in real space), which is determined by the symmetry of
the particular k-point. The parametrisation of the constant energy surface is in principle
independent of the number of k-points in the set and the order of the interpolation scheme.
The oscillatory behaviour in reciprocal space for large jR0j of the partial density matrix
is re ected in the spectral density matrix. For large jR0j the (un)symmetrised weight
tensors and therefore also the spectral density matrix become rapidly varying functions of
the energy. For the description of the long-range behaviour we need to have an accurate
parametrisation of the constant energy surfaces and a suciently accurate interpolation of
the partial density matrices.
Some special attention, however, must be addressed to the assignment of the band indices. The expression for the spectral density matrix results from an interpolation scheme.
This implies that we can correctly identify the band indices of the di erent eigensolutions
at the interpolation vertices. This, however, is far from trivial. We have implemented a
simulated annealing optimisation scheme [79] which tries to nd a best possible connection
between the k  p energy extrapolations. The routine incorporates the compatibility requirements along the lines connecting neighbouring interpolation vertices. It was a surprise
that even for moderate Brillouin zone sampling, we did not nd a considerable change of
the polarisability results relative to the results which were obtained using a simple ordering
by energy.

4.3 Polarisability and the Density Matrix
We are now equipped with the tools to evaluate the polarisability response function. We
will focus on the application of the spectral density matrix with its ecient representation
which expresses all symmetry properties. In order to demonstrate the eciency of this
representation we will rst consider the diamagnetic part of the polarisability, the simpler
contribution of the two. We will then turn to the more complicated paramagnetic part.

4.3.1 Diamagnetic Contribution

Consider the following relation, which is obtained by simply using the de nitions for the
charge density operator and the density matrix,

h

n;k j^(x)j n;k i = ,e

Z

d3r

n;k (r) (r , x) n;k (r) = ,e%n;k (x; x)



(4.35)

Performing the integrations and using the expansion for the spectral density matrix results
in the following expression for the diamagnetic part of ,
e (x)(x , x0 )I
0
(4.36)
d (x; x ; ! ) =
m!2
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where the charge density is given by,
X XZ
gu;v
d"f (")W
(x) = , n2e
n;ki ("; (0; 0)) 
 n;ki u;v
X
u;ki (r ,1 )v;ki (r ,1 ) + c:c:

(4.37)

^2Lki

^ ^jt g,1(x; x)  (0; 0) which therefore gives constant
Here we have used the fact that Cf
^ ^jt g,1 x is used.
weights for all ^ and x, and where the usual shorthand notation r ,1 = Cf

4.3.2 Paramagnetic Contribution

The paramagnetic part of the polarisability can be separated into two closely related parts.
This is achieved by making the identi cation that
f (") , f ("0) = f (")[1 , f ("0)] , f ("0)[1 , f (")]
(4.38)
Using the Hermitian property of the current density operator the paramagnetic part can
be written according to,
0
0

0
(4.39)
p (x; x ; ! ) = ~ p(x; x ; ! ) + ~ p(x; x ; ,! )
where the two parts on the right-hand side, indicated with an extra tilde, are de ned by,
!2 X Z
Z
2
V
WS
0
D
D 0
0 0
~ p(x; x ; !) = 2
! (2)D n;n0 d k d k f ("n;k)[1 , f ("n ;k )]  (4.40)
D ^
ED
E
n;k jGS (x) n0 ;k0
n0 ;k0 ^jGS (x0 ) n;k
"n0;k0 , "n;k , h (! + i0+)
The advantage of this separation is that we can now treat the integrations and summations
over occupied and unoccupied states separately.
Similar to the matrix elements appearing in the diamagnetic part, we can relate the
current density matrices to the partial density matrices, resulting in,
D ^
ED
E
0)
^
0
0
0
0
j
(
x
)
j
(
x
(4.41)
n;k GS
n ;k
n ;k GS
n;k =
2 2 h
, e4mh2 , %n;k(x; x0 )rxrx0 %n0 ;k0 (x; x0) h
, %n0;k0 (x; x0 )rxrx0 %n;k(x; x0)
+ [rx%n0 ;k0 (x; x0)][rx0 %n;k(x; x0)] i
+ [rx%n;k(x; x0)][rx0 %n0 ;k0 (x; x0)]
e3h h + % (x; x0 )Ae (x)r 0 % (x; x0 )
, i2m
x n;k
GS
n0 ;k0
2
e
0
, %n;k(x; x )AGS (x)rx0 %n0;k0 (x; x0 )
+ %n;k(x; x0)rx%n0 ;k0 (x; x0)AeGS (x0) i
, %n0;k0 (x; x0)rx%n;k(x; x0 )AeGS (x0 )
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Again performing the integrations over the constant energy manifolds and substituting the
expansion of the spectral density matrix results in,
X X X X X X
~ p(x; x0; !) = 22 12
(4.42)
! n n;ki n0;k0i u;v u0;v0 ^2Lki ^0 2Lk0



i

+ fu;v;u0 ;v0 0 0 (!; ^; ^0 ; (a; a0 + R0 )) u;v;u0 0 ;v0 (^; ^ 0 ; (r; r0))
n;ki ;n ;ki
ki ;ki

0 ;v0
0 ;v0
u;v;u
0 ; (r; r0)) +
(^
;
^
+ +fn;ki;n0;k0i (!; ^; ^0; (a; a0 + R0)) u;v;u
0
ki ;ki
 u;v;u0;v0
u;v;u0 ;v0
,f
0
0
0
0
0
n;ki ;n0;k0i (!; ^; ^ ; (a; a + R )) ki ;k0i (^; ^ ; (r; r ))

0 ;v0
u;v;u0 ;v0
0 ; (r; r0))
+ ,fn;ki;n0;k0i (!; ^; ^0; (a; a0 + R0)) u;v;u
(^
;
^
0
ki ;ki

Z

Z

M
M
M
M

Z

Z

f and f
The direct product tensors, the joint weights Z
Z and the current-current matrices
M and M appearing in this formula will be explained subsequently. Note that we can
add the results for the two contributions such that the starred and unstarred parts are
combined. We can then add +f
Z (!) and ,fZ (,!) into the combined joint weight fZ before
multiplying them with M and similarly for the underlined equivalents. This reduces the
number of multiplications to be performed by a factor two, which is a substantial reduction
for it is the most time consuming part of the calculation. The frequency-dependent joint
weight tensor is de ned according to,
Z
0
0 f (")[1 , f (" )] 
d"
d"
n;ki ;n ;ki
"0 , " , h (!  i0+) 


0
0
u ;v 0
0 ,1 + R0 ,1 ))  W
0 0 ,1 + R0 0 ,1 ))
gu;v
g
,
1
,
1
W
(
";
(
a
;
a
(
"
;
(
a
;
a
0
0
0
n;ki
n ;ki

Z
fu;v;u0;v0 0 0 (!; ^; ^0; (a; a0 + R0)) =

Z

and similarly for the underlined equivalent,

Z
0
0 f (")[1 , f (" )] 
d"
d"
n;ki ;n ;ki
"0 , " , h (!  i0+)
0
0
0
0
gu;v
gu0;v0 0
W
n;ki ("; (a ,1 ; a ,1 + R ,1 ))  W n0 ;k0i (" ; (a 0 ,1 ; a 0 ,1 + R 0 ,1 ))

0 0
f
Z u;v;u ;v0 0 (!; ^; ^0; (a; a0 + R0)) =

Z

(4.43)

(4.44)

The current vector matrix elements are combined in the direct product current-current
matrix
0 ;v0

0
0
0
0 0
M u;v;u
(4.45)
ki ;k0i (^; ^ ; (r; r )) = J v;ki ;v0 ;k0i (^; ^ ; r)J u;ki ;u0;k0i (^; ^ ; r )
where the current vectors J v;ki;v0 ;k0i (^; ^0; r) are de ned by,

Z

J v;ki;v0;k0i (^; ^0; r) = d3 v;ki ( ,1 )^jGS (r)v0;k0i ( 0,1 )

(4.46)
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^ ^jt g,1 . Similarly
where the shorthand notation is used for the dummy vector  ,1 = Cf
we de ne the underlined equivalents,
0 ;v0

0 0
0
0
0
M u;v;u
(4.47)
ki ;k0i (^; ^ ; (r; r )) = J v;ki ;v0 ;k0i (^; ^ ; r)J u;ki ;u0;k0i (^; ^ ; r )
with

J v;ki;v0;k0i (^; ^0; r) =

Z

d3 v;ki ( ,1 )^jGS (r)v0;k0i (

0 ,1 )

(4.48)

4.3.3 Current Density Matrices

The two types of current vector matrices are quite similar, so we will not discuss the
analogous evaluation of the underlined matrices, but only give the results. We will show
that we can reduce the number of matrix elements to be evaluated to a set of unique ones
only.
Inserting the expression for the ground state current density operator into the de nition
of the current vectors, we arrive at,
2
(4.49)
J v;ki;v0;k0i (^; ^0; r) = , em AeGS (r)v;ki (r ,1 )v0;k0i (r 0,1 )
eh h (r ,1 )r  0 0 (r ,1 ) ,  0 0 (r ,1 )r  (r ,1 )i
+ i2m
r v ;ki 0
r v;ki
v ;ki 0
v;ki

The three contributions will be considered separately. Start by noting that the centring
operator acts in exactly the same way for all coordinates which lay inside the same Voronoi
cell. The centring translation therefore depends on the atomic coordinates only, and we
can write,
r ,1 = f^jt g,1r + T^ (f^jt g,1 a)
(4.50)
Using this result we can now evaluate the vector potential and the two gradient contributions. Start with the rst gradient term.
v;ki (r ,1 )rrv0 ;k0i (r 0 ,1 ) = exp (i')v;ki (f^jt g,1 r)rrv0;k0i (f ^0jt 0 g,1 r)
(4.51)
where the phase factor ' is given by
' = k0i  T^ (f ^0jt 0 g,1 a) , ki  T^ (f^jt g,1a)
(4.52)
In the evaluation of the expression for the current vector we will have to rotate the eigenfunctions. The gradient operator transforms like a vector operator,
rr[f^jtgf (r)] = rrf (f^jtg,1 r) = ^ r f ()j=f^jtg,1 r
(4.53)
which gives for the rst gradient contribution,
v;ki (r ,1 )rrv0 ;k0i (r 0,1 ) =
(4.54)


exp (i') v;ki () ^0 r v0 ;k0i () =f ^0 jt 0 g,1f^jt g
,1
=f^ jt

g r
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We have thus shown that this gradient can be related to an element which does not depend
on the individual left-coset operators but merely on the combination of the two. For each
combination of ki and k0i , we can relate all occurring products of left-coset operators ^ and
^0 to an irreducible set of operators ^, which is usually much smaller, according to,
f ^0 jt 0 g,1 f^jt g = f ^0jt 0 g,1f ^jt + T gf ^jt g
(4.55)
where ^ and ^0 are operators from the group of ki and k0i respectively, and T is an
appropriately chosen primitive translation vector. Now consider the following relation,
v;ki ()r v0 ;k0i () = v;ki (f ^jt g,1 f ^jt g)r v0 ;k0i (f ^0jt 0 g,1f ^0jt 0 g)
(4.56)
in which we can use the representation matrices of the group operators, and also the vector
transformation property of the gradient operator,
X h w;v ^ i w0;v0 ^0
v;ki ()r v0 ;k0i () =
Dki (f jt g) Dk0 (f jt 0 g) 
(4.57)
i

w;w0

w;ki (f ^jt g) ^0,1 r0 w0;k0i (0) 0 =f ^0jt 0 g

We now arrive at an expression relating all occurring gradients to the irreducible set of
elements, which are the only gradients which have to be evaluated.
X h w;v ^ i w0;v0 ^0
v;ki (r ,1 )rrv0 ;k0i (r 0,1 ) = exp (i'0)
Dki (f jt g) Dk0 (f jt 0 g)  (4.58)
i

0

w;w

,
1
^0 ^0 w;ki (0 ) r0 w0;k0i (0 ) 0=f ^jt g0

0 =f ^jt

gf^jt g,1 r

Here we have included the extra primitive translation associated with the operator ^ in
the phase factor '0, which is now given by
'0 = ' + k0i  T
(4.59)
The second gradient term in the expression for the current density follows in a completely
similar way and it can be written as,
h
i
X
^
v0 ;k0i (r 0,1 )rrv;ki (r ,1 ) = exp (i'0 ) Dkw00;v0 (f ^0jt 0 g) Dw;v
(
f
j
t
g
)
 (4.60)
ki
0

i

 w;w
^ ^,1 w0;k0i (0) r0 w;ki (0) 0 =f ^jt



g0 0 =f ^jt gf^ jt g,1 r

Finally we can relate the ground state potential to a irreducible set. The ground state
e ective potential AeGS is a real valued vector function and it transforms like a fully symmetric vector for it must re ect the symmetry of the ground state system. Therefore, for
any symmetry operator f^ojtog and primitive translation To we have,
AeGS (x) = f^ojto + To gAeGS (x) = ^oAeGS (f^ojto + Tog,1 x)
(4.61)
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so that we get the following relation

AeGS (r)v;ki (r ,1 )v0 ;k0i (r 0 ,1 ) =
exp (i'0)

" h
1
2

^,1Ae

GS

Xh

w;w0

(0 ) + Ae

GS

i

 w0 ;v0
,1
Dw;v
ki (f ^jt g) Dk0i (f ^0 jt 0 g)^ ^ 

i

(0)

#

(4.62)

0
0
w;ki ( )w0;k0i ( ) 0
 =f ^ jt g0 0 =f ^jt gf^ jt g,1 r



Combining all results, we can now de ne the relation between a general current vector and
its generator from the irreducible set according to,

J v;ki;v0;k0i (^; ^0; r)

=

Xh

i

w;v (f ^jt g)  D w0 ;v0 (f ^0jt 0 g) 
D
ki
k0i
w;w0
exp (i'0 )^ ^,1J w;ki;w0;k0i (^; f ^jt gf^jt g,1 r)

(4.63)

where the irreducible current vectors are given by,
e  (r)^,1 heAe () , ih r i  0 0 ()
J w;ki;w0;k0i (^; r) = , 2m
(4.64)
 w ;ki
GS
w;ki
=f ^ jt gr
e h (f ^jt gr) heAe (r) , ih r i  (r)i
, 2m
r w;ki
GS
w0;k0i
The two contributions are quite similar, and we can relate the irreducible current vectors
to an irreducible set of momentum vectors by,
h
i
(4.65)
J w;ki;w0;k0i (^; r) = , 2me P w;ki;w0;k0i (^; r) + ^,1P w0;k0i;w;ki (^,1; f ^jt gr)
where the momentum vectors P w;ki;w0;k0i (^; r) are de ned by,

h

i

P w;ki;w0;k0i (^; r) = w;ki (r)^,1 eAeGS () , ih r w0;k0i () =f ^jt gr

(4.66)

A completely similar discussion yields for the underlined current vectors,

J v;ki;v0;k0i (^; ^0; r)

=

Xh

i

w;v (f ^jt g)D w0;v0 (f ^0 jt 0 g)  
D
ki
k0i
w;w0
 
exp i'0 ^ ^,1J w;ki;w0;k0i (^; f ^jt gf^jt g,1 a)

(4.67)

where the underlined phase factor '0 is obtained by replacing k0i with ,k0i in the expression
for '0, and where the irreducible underlined current vectors are given by,
h
i
J w;ki;w0;k0i (^; r) = , 2me P w;ki;w0;k0i (^; r) + ^,1P w0;k0i;w;ki (^,1; f ^jt gr)
(4.68)
where the underlined momentum vectors are de ned by,

h

i

P w;ki;w0;k0i (^; r) = w;ki (r)^,1 eAeGS () , ih r w0;k0i () =f ^jt gr

(4.69)
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The picture that emerges is that we can reduce the total number of current vectors to
be calculated to a minimum, i.e. to an irreducible set, which can be obtained from the
irreducible set of momentum vectors. Each unique current vector is a combination of two
mutually adjoint unique momentum vectors. If we make a choice for the set of unique operators ^ for some combination of Bloch vectors (ki; k0i), we automatically x the irreducible
set for the adjoint combination, (k0i ; ki), to the set of inverse operators ^,1 . This is always
possible except for the special case ki = k0i. In the latter case the adjoint momentum
vector can always be related to its unique equivalent through a symmetry relation. The
symmetry properties of the momentum vector will be the subject of the next section.

4.3.4 Symmetrising the Momentum Vector
Using the results from the previous section, one can easily show that the momentum
vectors are related, and can be derived from a single generating unique element, for all
those operators which are related through,

f^jtg = f^0jt 0 g,1f ^jt + T gf^jt g

(4.70)

Here ^ and ^0 are operators from the group of ki and k0i respectively and ^ is an operator
from the irreducible set, which can always be chosen such that they give any desired
symmetry operator ^. Along the same lines as in the previous section we can derive the
following two symmetry relations,

P w;ki;w0;k0i (^; r)

=

P w;ki;w0;k0i (^; r)

=

and,

Xh

i

z;w (f^jt g)  D z0 ;w0 (f^0jt 0 g) 
D


ki
k0i
z;z0
exp (ik0i  T )^,1P z;ki;z0;k0i (^; f^jt gr)

Xh

i

z;w (f^jt g)D z0 ;w0 (f^0jt 0 g)  
D


ki
k0i
z;z0
exp (,ik0i  T )^,1P z;ki;z0;k0i (^; f^jt gr)

(4.71)

(4.72)

This is the desired result which enables us to get all adjoint pairs of momentum operators
for diagonal elements ki = k0i from one choice for the unique set only.
These symmetry relations also allow us either to reduce the evaluation of the momentum
vectors to some irreducible wedge of the crystal or to remove numerical errors which would
destroy the symmetry properties, provided that the representation matrices can be obtained
without any symmetry errors. For each operator ^ we can look for all operators ^, and
with it the uniquely identi ed ^0, such that the resulting ^ equals ^. All these combinations
of operators together form a group, and we can restrict the region to the irreducible wedge
corresponding with this group and use the symmetry relation to rotate the result to all
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image wedges, or else de ne the projection operation P^ according to,


X
P^ P w;ki;w0;k0i (^; r) = n1
exp (ik0i  T ) 
 f^j^=^g
h
i
X z;w ^
Dki (f jt g)  Dzk00;w0 (f^0jt0 g)^,1P z;ki;z0;k0i (^; f^jt gr)

(4.73)

and equivalently,


X
P^ P w;ki;w0;k0i (^; r) = n1
exp (,ik0i  T ) 
 f^j^=^g
i
X h z;w ^
Dki (f jt g)Dzk00;w0 (f^0jt0 g)  ^,1P z;ki;z0;k0 (^; f^jt gr)

(4.74)

i

z;z0

i

i

z;z0

where n is the number of operators in the group.

4.3.5 Symmetric Contraction

The joint weights inherit the symmetry which is carried by the combination of the constituent symmetrised weights. As a result they only have to be obtained for the irreducible
wedges of the crystal corresponding with the groups of the interpolating vertices. This
result was already indicated, as it was the objective for the de nition of the expansion for
the spectral density matrix. If we choose operators ^ and ^0 from the group of ki and k0i
such that
^ ^jt g(go,1 ; go0 ,1 + G0o,1 )
(a ,1 ; a0 ,1 + R0 ,1 ) = Cf
(4.75)
^ ^0jt 0 g(go0 ,1 ; go0 0 ,1 + G0o0 ,1 )
(a 0 ,1 ; a0 0,1 + R0 0,1 ) = Cf
(4.76)
where the line segment (g; g0 + G0 ) is the generator under the full group G of the star, and
^o and ^o0 are some operators which relate the generators under the groups of ki and k0i to
this generator, then
0 0
f
Z u;v;u ;v0 0 (!; ^; ^0; (a; a0 + R0)) = X X exp (i')

n;ki;n ;ki

h

i

0 0

s;t s0 ;t0



h

i

(4.77)

  fs;t;s ;t
v;t
u0 ;s0 0  v0 ;t0 0
0
0
0
Du;s
n;ki ;n0 ;k0i (!; ^o; ^o ; (g; g + G )) D k0i (^ ) Dk0i (^ )
ki (^) D ki (^) Z

where the phase factor is given by,
' = ki  [(G0o,1 ) ,1 , ^,1G0o,1 ] , k0i  [(G0o0 ,1 ) 0,1 , ^0,1 G0o0,1 ]
(4.78)
The same is true for the current-current tensors, which inherit the symmetry relations for
the momentum vectors by means of the current vectors.
h
ih
i
0 ;v0
0 ; (r; r0 )) = X X D s;u( ^) Dt;v ( ^)  D s00;u0 ( ^0 )  Dt00;v0 ( ^0 )  (4.79)
M u;v;u
(^
;
^
0
ki
ki
ki ;ki
ki
ki
s;s0 t;t0

X ^,1 ^,1 s;t;s0;t0
(^ )(^ ) M ki ;k0i;; (^; f ^jt gf^jt g,1(r; r0))
;
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with the unique current-current tensors being de ned by,

h

i

0 ;t0


0
0 
M s;t;s
ki ;k0i ;; (^; (r; r )) = J s;ki;s0 ;k0i (^; r) J t;ki ;t0 ;k0i (^ ; r )

(4.80)

The two relations can be combined in order to reduce the number of rotations and therefore
the number of multiplications which will have to be performed in the process of contracting
the joint weights and current-current matrices.

4.4 Flow Chart
We will summarise our ndings, and give a short explanation of the di erent stages of the
calculation. The program ow is schematically given in the following Flowcharts I & II
on pages (74,75). The rst owchart gives the preparation stage. The second the actual
polarisability calculation.
The preparation starts with a thorough analysis of the crystal geometry and symmetry
properties. The Bravais lattice fai g and the coordinates of the symmetry related sets
of atoms faig determine the space group G and the reciprocal lattice fbig. The atomic
Voronoi cells are generated, and through them the unit cell VWS is de ned. The irreducible
wedge of the Brillouin zone is determined and a sampling based on simplices is de ned.
For each element ki of the resulting set of interpolation vertices a left-coset decomposition
is chosen, G = Lki Gki . The information about the stars Ski of line segments f(a; a0 + R0)g
limited in number by a given cuto radius Rmax is generated. The irreducible wedge of this
set of stars, formed by their generators Qki , is compiled and their interrelations concerning
the similarity and equivalence classi cations are generated.
With this geometrical information we can start the analysis of the electronic structure.
The solutions of the unperturbed Hamiltonian, f"n;ki ; n;ki (r)g, are assumed to be known
in advance for all abscissa ki . Using the eigenfunctions as a basis, we can obtain the matrix representation of the momentum operator p^ GS and the symmetry operators ^ 2 Gki .
The k  p method yields all information about the local properties of the eigenfunctions,
which is the basis for the construction of the analytically continued wave functions. The
representations of the symmetry operators Dn;ki ( ^) provide some additional global relations for the eigenfunctions. We can now construct the irreducible representations and the
compatibility relations. Next we obtain the correct band order throughout the Brillouin
zone, so we can parametrise the energy surfaces Sn0 ("). The interpolation is based on the
k  p energy dispersion relations.
The preparation stage ends with the construction of the spectral representation of the
density matrix %"(r; r0 + R0). Its evaluation mainly consists in the integrations over the
various constant energy surfaces Sn0 ("). The relevant information is temporarily stored in
the unsymmetrised weights W n;ki (; R) and nally contained in the symmetrised tensor
gn;ki (; (q; q0 + Q)). The former has to be evaluated for all lattice
weight functions W
vectors which appear in the di erent shells of line segments, while the same information is
compressed and stored in the latter for the set of star generators only.
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We can obtain the rst intermediate results with these data. The various functions of
the density of states are obtained using this density matrix. The rst is the density of
states ("), which is needed for an accurate evaluation of the Fermi energy "F . The partial
density of states n("), where the contributions of individual bands is resolved, and the
local density of states a(") and n;a("), in which the various atomic contributions to both
forms are resolved, can be obtained simultaneously. The joint density of states (!; q),
and its Fourier coecients (!; R) are calculated and they will serve as models for the
polarisability tensors (!; a; a0 + R0). The frequency sampling for the polarisability of the
spectrum is determined using these joint density of states guidelines.
The actual evaluation of the polarisability tensors is heavily based on the various representations as they were obtained in the preparing phase. Only by using these ecient
representations the calculation can be reduced to a limited number of inseparable nested
loops. The outermost loop runs over the irreducible wedge of the Brillouin zone for the
occupied states only. Already in this loop the charge density (r) can be evaluated. One
level deeper we have a loop over the same irreducible wedge, but now for the unoccupied
states only. The actual calculation is very similar for each combination of initial and nal
states, and it takes place inside these two loops.
The complete set of unique current density vectors J (^; r) is constructed for this given
pair of irreducible sets of initial and nal states, by applying a minimal set of symmetry
operations ^. The transformation properties for the Bloch states will be used to unfold this
unique set to cover the whole combination of initial and nal states belonging to the stars
of k-points produced by the given generators from the irreducible wedges. The current
vector elements only have to be obtained for the Voronoi cells that comprise the central
unit cell. As a preparation those vectors are combined in the dyadic matrices M that
appear in the numerator of the paramagnetic part of the polarisability tensor.
The innermost level runs over all generators f(a; a0 + R0)g for the interatomic line
segments forming the irreducible wedge of the crystal Q. The calculation sequence has
two mayor parts. The rst part yields the joint weight f
Z (!) of the transition of the
g(") for
initial and nal states, by combination of the symmetrised spectral weights W
the equivalent generators and the singular denominator. The second stage multiplies the
transition matrices by the joint weights and stores all contributions in the unique part of
the polarisability tensor.
The calculation ends when all contributions have been summed, in unfolding the unique
part of the polarisability into all symmetry related components. At many stages during
the calculation checks are performed to detect any symmetry violation, and if possible
numerical errors are removed by explicitly imposing the appropriate symmetry relations.

4.5 Summary
In this chapter a workable method is designed for the calculation of the nonlocal polarisability tensor. After a careful analysis of the functional form of the polarisability expression,
we de ned the density matrix, and its spectral representation. The numerical aspects of
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the application of the various symmetry relations was the main objective. Some additional
functions could be de ned and their evaluation was considered. These functions can assess
the qualitative behaviour of the response function. The most important candidate for a
fast estimation of the spectral properties is provided by the joint density of states. All
aspects of this calculation scheme have been successfully implemented and tested.
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START

- read and analyse: geometric structure and symmetry
- read: electronic structure f"n;ki ; n;ki (r)g for all n; ki; r
- LOOP: ki all vertices
D
E
- evaluate: hn; ki jp^ GS j n0 ; kii, n; ki ^ n0 ; ki for all n; n0; ^ 2 Gki
- LOOP: n all states
- evaluate: k  p equations
- solve: k  p energy dispersion "n;k for all k
- analyse: k  p irreps & symmetry for all ^ 2 Gki
- evaluate & store: Dn;ki ( ^) for all ^ 2 Gki
END LOOP: n
END LOOP: ki
- evaluate: compatibility for all n; n0 along high symmetry directions (ki; k0i)
- nd: correct band order at all vertices ki
- parametrise: constant energy surfaces Sn0 (") for all n : : : : : : : : : : : : : : : : : : : : : : : : : : BAND
- LOOP: n; ki all states
- solve: k  p continuation n;k(r) for all k
- evaluate: W n;ki (; R) for all "; jRj  Rmax
- add: trace W n;ki (; R) to DOS n("; R) for all "; jRj  Rmax
- LOOP: (a; a0 + R0) 2 Q all generators under G
- LOOP: (q; q0 + Q0 ) 2 Qki (a; a0 + R0)
gn;ki (; (q; q0 + Q)) for all "
- construct & store: W
END LOOP: (q; q0 + Q0)
END LOOP: (a; a0 + R0)
END LOOP: n; ki
- construct: partial & total DOS n("), (") for all " : : : : : : : : : : : : : : : : : : DOSBND,DOSTOT
- construct: partial & total atomic DOS n;a("), a(") for all " : : : : : : : : : LDSBND,LDSTOT
- evaluate: Fermi energy "F
- evaluate: Fourier coecients JDOS (!; R) for all !; jRj  Rmax
- construct: joint density of states (!; q) for all !; q = 0 : : : : : : : : : : : : : : : : : : : : : DOSJNT
HALT
Figure 4.1: program ow chart I
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CONTINUE
- LOOP: n; ki occupied states
gn;ki (; (q; q0 + Q0 )) for all " < "F , (q; q0 + Q0) 2 Qki
- read: W
- read: Dn;ki ( ^) for all ^ 2 Gki
- evaluate: partial charge density n;ki (r) for all r
- add: n;ki (r) to (!; r; r0 + R0)
- LOOP: n0 ; k0i unoccupied states
gn0;k0i (0; (g; g0 + G0 )) for "0 > "F , (g; g0 + G0 ) 2 Qk0i
- read: W
- read: Dn0;k0i ( ^0) for all ^0 2 Gk0i
- LOOP: ^ irreducible set
- evaluate: P =P n;ki;n0k0i (^; r) and P =P n0;k0i;n;ki (^,1; r) for all r
- construct: J =J n;ki;n0;k0i (^; r) for all r
- construct: M =M n;ki;n0;k0i (^; (r; r0)) for all (r; r0)
END LOOP: ^
- LOOP: (a; a0 + R0) 2 Q all generators under G
- LOOP: (q; q0 + Q0 ) 2 Qki (a; a0 + R0)
- LOOP: (g; g0 + G0 ) 2 Qk0i (a; a0 + R0)
- evaluate: f
Z =fZ n;k0i;n0;k0i (0 !; (q; q0 + Q0); (g; g0 + G0)) for all !
END LOOP: (g; g + G )
END LOOP: (q; q0 + Q0)
- LOOP: ^; ^0
- construct: f
Z =fZ n;ki;n0;k0i (!;0^; ^0; (0 a; a0 + R0)) for0 all ! 0
- construct: M =M ki;k0i (^; ^ ; (r; r )) for all (r; r )  (a; a )
- add: product to (!; (r; r0 + R0)) for all !; (r; r0)  (a; a0 )
END LOOP: ^; ^0
END LOOP: (a; a0 + R0)
END LOOP: n0; k0i
END LOOP: n; ki
- symmetrise & unfold: (!; r; r0 + R0) : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ALPHA,EPSILN
STOP
Figure 4.2: program ow chart II
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Chapter 5
The Cellular Description
Real crystals are always bounded by surfaces. The dielectric response of solids can therefore only be probed in experiments in which a beam either re ects at such a surface or
penetrates the bulk through one of them. As a result, we cannot obtain the surface and
bulk contributions to the response independently. One has to eliminate the in uence of the
surface for the determination of a proper bulk dielectric function [80]. On the other hand,
the surface itself can have interesting properties, which are revealed in the experiment.
In a simpli ed model proposed by Bootsma and Meyer [7], the re ecting system is modelled by a thin surface layer sandwiched between a semi-in nite vacuum region on one side
and a semi-in nite bulk region on the other side. The dielectric functions for the surface
and bulk layers di er, and are assumed to be isotropic, where only the surface dielectric
function changes upon surface modi cation. The optical re ection for such systems was
elegantly described by McIntyre and Aspnes [10]. A generalisation of this three layer model
to anisotropic lms was given by Kelly et al. [16], and successfully used [17, 14].
Those models are all based on the assumption that a dielectric function exists, which is
a local property of the material system depending only on its constitution and not on its
shape. While this may be a working model for bulk systems, the question arises whether
this is also valid near surfaces. Although the experimentally observed surface related
features in the optical re ection can be cast in terms of such models, the `surface dielectric
function' which is obtained using those models is hardly suitable for direct interpretation
[12, 13, 14, 16, 17].
In this chapter we will discuss the optical re ection by semi-in nite crystalline systems,
not starting from the dielectric function but from the previously derived polarisability
function. This polarisability function is indeed a material property which depends locally
on the system's constitution, and more importantly it is well accessible to rst principle
calculations.
We will rst describe the reduction which can be achieved by using the periodicity along
the surface. Two ecient mathematical transformation, better known as Ewald's `Einfache'
and `Dreifache' transforms, will be described. Their application cures the conditional
convergence, originating from the unphysical in nite size of the geometrical model. The
resulting expressions can be evaluated very eciently. They are the base on which the

78

CHAPTER 5. THE CELLULAR DESCRIPTION

semi-in nite description rests.
In the second part of this chapter, we will employ these transformations, and derive the
dual space technique. This technique re ects the di erence between the symmetry properties for the surface and bulk layers. The nonlocal nature of the polarisability complicates
this separation enormously. Nevertheless, we obtained a workable method of calculation,
which has been implemented and tested.

5.1 Semi-In nite Periodicity
The description of the semi-in nite periodic system is complicated due to the presence of
the perturbing electric eld. The symmetry properties of the isolated system are removed
by this eld. Fortunately another kind of symmetry properties re-appear in their place.
We will assume that we can identify a crystalline surface region on top of a semi-in nite
crystalline bulk region. Both parts must have geometries which have periodicities parallel
to the surface, which are assumed to be commensurate.

5.1.1 Commensurate Surface and Bulk Periodicity

The semi-in nite bulk region has the property that three dimensional periodicity can be
restored by continuation of this region into the whole space. This hypothetical in nite
bulk system has its periodicity de ned by three lattice vectors, forming the right-handed
system fa1 ; a2 ; a3g. Commensurate surface periodicity can only exist if the surface has its
orientation parallel to one of the Miller planes of this in nite bulk system. We can now
specify the surface matched bulk periodicity by de ning the right-handed set of surface
matched lattice vectors fs1 ; s2; s3g. This set of vectors must be chosen such that they meet
the requirement that both the surface and the parallel bulk periodicity, that is the remnant
of the bulk periodicity for the semi-in nite system, are described by the rst two vectors
fs1; s2 g.
The surface matched bulk unit cell is a compound cell containing an integer number of
bulk unit cells. The surface matched lattice vectors can always be given in the form
X
si = si;j aj
(5.1)
j

where the numbers si;j are all integers. For future reference we will now de ne the surface
normal n^ , having unit length,
n^ = 1 (s  s )
(5.2)

js1  s2j

1

2

and the mutually orthogonal parallel and perpendicular components of the arbitrary vector
v, for which we introduce the superscripts k and ?
v? = (^n  v)n^
(5.3)
k
v = n^  (v  n^ ) = v , (^n  v)^n
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The bulk lattice and the surface matched bulk lattice each de ne their own reciprocal
lattice, fb1 ; b2; b3g and fg1 ; g2; g3g according to the requirements ai  bj = 2i;j and
si  gj = 2i;j . The explicit form for the reciprocal lattice vectors is given by cyclic
interchanging the indices (i; j; k) = (1; 2; 3),

bi = a2((aaj aak )) ; and ; gi = s2((ssj ssk ))
1

2

3

1

2

3

(5.4)

The surface lattice de nes its own parallel, or projected reciprocal lattice fg1k ; g2k g, by the
requirements that gik  sj = 2i;j and gik  n^ = 0 with i and j = 1; 2, yielding the following
expressions,
2
g1k = 2js(s2 s n^j ) = 2js(jsj22jjs sj12 ,, ((ss1  ss2 ))s22 )
1
2
1 2
1 2
2
g2k = 2js(^nssj1) = 2js(jsj21jjs sj22 ,, ((ss1  ss2 ))s21 )
1

2

1

2

1

(5.5)

2

The parallel reciprocal lattice vectors gik are in fact the parallel components of the rst
two reciprocal lattice vectors gi, while g3 is parallel to n^ . Both properties can be veri ed
by direct inspection.
The semi-in nite crystal can be described by a semi-in nite stack of slices all having
two dimensional periodicity. The slices in the bulk region are all identical, while the usually
much thicker surface slab di ers in its constitution, but not in its lateral periodicity. Using
the parallel lattice vectors, we can always write the coordinates in the surface region
according to

x = rS + snm ;
snm = ns1 + ms2 :

(5.6)

where the vector rS points to a coordinate in the surface unit cell, while snm is an appropriately chosen parallel lattice vector. The coordinates in the bulk region have a similar
decomposition,

x = rB + snml
(5.7)
snml = ns1 + ms2 + ls3 ;
where rB is in the bulk-unit cell, and snml is an appropriately chosen surface matched bulk

lattice vector.

5.1.2 Induced Lattice Periodicity

We consider the case in which a polarisation is induced by a time-dependent force eld
F(x; t). We can de ne the Fourier expansion of this force eld both in the frequency and
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the parallel wave vector domain by,

Z
d2qk d! F(x?; qk; !)exp (i[qk  xk , !t])
(5.8)
 1 3 Z
Z
?
k
2
k
F(x ; q ; !) = 2 d x dt F(x; t)exp (,i[qk  xk , !t])
Without losing generality, we can limit the discussion to a single pair formed by a planar
plane wave with wave vector qk0 and frequency !0 and its complex conjugate.


F(x; t) = F(x?; qk0; !0)exp i[qk0  xk , !0t] + c:c:
(5.9)

F(x; t) =

Z

The incident plane wave and the original parallel translational symmetry impose the following condition for any physical quantity X associated with this lattice, and thus also for
the dipoles within the plane,
(5.10)
X (r + snm; t + !1 qk0  snm) = X (r; t):
0
Using the same Fourier transform we arrive in the frequency domain at the equivalent
condition,
 !

k
X (r; !) = X (r + snm ; !)exp ,i ! q0  snm :
(5.11)
0

For notational convenience we will introduce the wave vector q
(5.12)
qk = !! qk0:
0
Separating out the part which is periodic in the two-dimensional lattice, and applying a
Fourier series expansion to this part results for the wave vector domain in
k k
X (r; !) = exp (iqk  rk) [exp
"X (,iq  r )X (r; !)] ;
#
k
k
?
k
k
k
= exp (iq  r ) Xpq (r ; q ; !)exp igpq  r ;
p;q
h
i 
X
?
k
=
Xpq (r ; q ; !)exp i qk + gpqk  rk :

(5.13)

p;q

with the usual shorthand notation,

gpqk = pg1k + qg2k

(5.14)

We have used the following Fourier series transform for the plane periodic part of the
function,
Z
 h
i 
Xpq (r?; qk; !) = js 1 s j
d2rkX (r; !)exp ,i qk + gpqk  rk
(5.15)
1

2 VWS
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We can conclude that all quantities associate with the lattice which are induced by the
force eld satisfy the special relation

X (x; !) = X (r + snm; !) = X (r; qk; !)exp (iqk  snm)
where we have de ned
i 
h
X
X (r; qk; !) = Xpq (r?; qk; !)exp i qk + gpqk  rk
p:q

(5.16)
(5.17)

The complete plane can thus be represented by a characteristic quantity X (r; qk; !) as a
function of the position r, which is restricted to the rst Wigner-Seitz cell.

5.2 Planar Lattice Sums
All systems considered in this thesis possess a periodicity parallel to the surface, which is
commensurate for the bulk and surface regions. The incoming electric eld will induce a
polarisation in the system which has the combined symmetry of the harmonically varying
electric eld and the crystal geometry. In this section we consider the electric eld which is
produced by such a plane-periodic polarisation. The contribution of the di erent cells can
be summed up in the so-called lattice sums, from which we can directly deduce the electric
eld. The in nite extent of the periodicity in the plane causes a conditional convergence of
this sum, which is due to the long range of the dipole radiation. A direct evaluation of the
lattice sum is both inecient and the correctness of the result is doubtful due to this slow
and conditional convergence. We will discuss two transformations which elegantly remove
the ambiguity, and greatly improve the eciency.

5.2.1 Radiation of a Plane Periodic Polarisation

The electric eld radiated by an induced plane periodic polarisation density (r; !) is given
by,
Z
E(x; !) = 0,1 d3x0 f (x; x0; !)  (x0; !)
(5.18)
where the scalar 0 = 40 is a unit polarisability and the dimensionless transfer kernel f
is de ned by [36]
0
h
i
f (x; x0; !) = 40 k2 + rr exp (jxik,jxx,0j x j)
(5.19)

where we have de ned k =

!.
c

0

Inserting the periodicity relation for the induced polarisation

(r + s; !) = (r; qk; !)exp (iqk  s)

(5.20)

into this expression results in the relation,

E(x; !) =

Z

,1 X
d3r0
0
V
WS
n;m

f (x; r0 + snm; !)  (r0; qk; !)exp (iqk  snm)

(5.21)
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Using the de nition for the transfer tensor we obtain,

E(x; !) =
with

Z

,1
3 0
0 V dr
WS

f (x , r0; qk; !)  (r0; qk; !)
h

i

(5.22)

f (x; qk; !) = 40 0 k2 + rr S (x; qk; !)

(5.23)

jx , snmj

(5.24)

where we have identi ed the scalar planar lattice sum S which is given by
X
S (x; qk; !) = exp (iqk  s ) exp (ikjx , snm j) :
n;m

nm

The scalar planar lattice sum S (x; qk; !) satis es the adapted periodicity relation with
respect to primitive translations of the coordinate x, and hence this relation also holds for
the transfer tensor f (x; qk; !) and the radiated eld E(x; !).
We will now discuss how to calculate the physically correct value for the scalar planar
lattice sums eciently. We already mentioned the periodicity of physical quantities associated with the lattice sites. For the scalar lattice sum this means that for any lattice vector
s we can write
S (r + s; qk; !) = exp (iqk  s)S (r; qk; !)
(5.25)
This means that we can write S as the Fourier series expansion

S (r; qk; !) =

X
p;q

h
i 
Spq (r?; qk; !)exp i qk + gpqk  rk

where the Fourier expansion coecients Spq are given by
Z
 h
i 
S (r?; qk; !) = 1
d2 rkS (r; qk; !)exp ,i qk + gk  rk ;
pq

js1  s2j

XZ

VWS

pq

 h
i

2 rk exp (ikjr , snm j) exp ,i qk + gk  [rk , s ] ;
d
nm
pq
js1  s2 j n;m VWS
jr , snmj
Z
 h k k i k!
1
exp
(
i
[
k
+
i
]
j
x
j
)
2
k
= lim
dx
exp ,i q + gpq  x :
#0+ js  s j
jxj
=

1

1

(5.26)

(5.27)

2

We have introduced an extra real positive in nitesimal  in the exponential in order to
mimic the niteness of the lattice. Omission of this term makes the integral conditionally
convergent and hence not uniquely de ned. The introduction of  ensures a physically
correct solution.

5.2.2 Ewald's `Dreifache' Integral Transform

We will rst consider Ewald's `Dreifache' transform [18, 28, 29, 34]. In the evaluation of
the Fourier expansion coecients we will have to perform an integration over the twodimensional Wigner-Seitz cell. We can obtain a closed form for this integral by noting that
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the three dimensional Fourier transform of the integrand is known. Using the following
identity,
Z
Z
f (x) = 21 dq?exp (iq?  x?) dx?exp (,iq?  x?)f (x)
(5.28)
we obtain,
Z


(5.29)
d2xk exp (i(k + i)jxj) exp ,i[qk + gk ]  xk

jxj

pq

Z
Z exp (i[k + i]jxj) 

1
?
?
?
k ]x ;
= 2 dq exp (iq  x ) d3x
exp
,
i
[
q
+
g
pq
jxj
Z
4

1
= 2 dq?exp (iq?  x?)
jq + gpqk j2 , [k + i]2 :
The latter result is easily obtained by transforming to spherical coordinates, with the
main axis along the vector q + gpqk . We can evaluate the remaining integral using complex
function theory, in particular the calculus of residues. The integration is then replaced by a
contour integration in the complex plane over the contour ,R consisting of a linear interval
along the real axis ranging from -R to R, closed by a semi-circle in the upper-half plane for
positive r? and in the lower-half plane otherwise. The integral over the semi-circle vanishes
in the limit of R ! 1 due to Jordan's integral lemma [81], while the integral over the real
interval approaches the desired integral. The insertion of the extra  term shifts the poles
away from the contour, which makes the integral uniquely de ned.
Z
1
? exp (iq?  x? )
(5.30)
2 lim
d
q
?
2
+
#0
j
q
j
,
[[k + i]2 , jqk + gpqk j2]
I
1
? exp (iq?  x? )
= 2 lim
lim
d
q
k j2 ] ;
?
2
2 , jqk + gpq
+
R
!1
#0
j
q
j
,
[[
k
+
i
]
,R

 q
exp ijx?j k2 , jqk + gpqk j2
q
:
= 2i
k2 , jqk + gpqk j2
To sum up we get the following closed form for the scalar lattice sum,
X
S (r; qk; !) = js 2is j exp (iqpq  r)
(5.31)
1
2 p:q
pq
where we have introduced some very useful shorthand notations
q
pq = k2 , jqk + gpqk j2
(5.32)
?
qpq = qk + gpqk + pq jrr?j

where only the value for pq with positive imaginary component contributes. Inserting this
result into the expression for the transfer tensor yields the well behaving series expansion,
h
i
(5.33)
f (r; qk; !) = 420jis1 0 s2j X exp (iqpqpq  r) k2I , qpq qpq
p;q
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This expression for the transfer tensor is from a numerical point of view very attractive,
since it has an exponentially decaying tail for large jgpq j values, with the asymptotic behaviour jgpq jexp (,jgpq jjr?j) for the magnitude of the general term, whereas the original
expression only has a jsnmj,1 asymptotic behaviour, which results in ill-behaved conditional
convergence.
For future reference we will introduce the following shorthand notation,
2
dpq = 420jis1 0 s2j k I ,pqqpq qpq
(5.34)
One can easily check that k2 = jqpq j2 . The tensor dpq is therefore a multiple of the
perpendicular projection on the plane which is perpendicular to qpq . It has a null space
consisting of all vectors which are parallel to qpq .
Whenever there is no uncertainty about the sign of r? we will denote qpq by kpq for
positive r? and by the underscored variable kpq otherwise. We will then use the same
shorthand notation for the matching tensor terms, i.e. dpq and dpq .

5.2.3 Ewald's `Einfache' Integral Transform

The `Dreifache' integral transform becomes inecient whenever the perpendicular component of r becomes small. In these situation the `Einfache' integral transform becomes
useful [18, 28, 29, 34, 30]. Its derivation starts with the de nition of the complementary
error function erfc (z0), given by [82],
Z1
 
2
erfc (z0 ) = p
dz
exp ,z2
(5.35)
 z 0 ;,
It is uniquely de ned for an arbitrary integration path ranging from z0 to in nity, subject
to the restriction that arg(z) ! ' with j'j < =4 for jzj ! +1. We will want to change
the integration variable and use the following substitution, where the new contour z 2 ,0;1
in the complex plane is parametrised by the real variable x ranging from 0 to +1, and
the angle ' is restricted to j'j < =4 for x ! +1, according to the relation
(5.36)
xexp (i') = jrjz + i 2kz
The complex variable k is given by k = !=c + i = j!j=cexp (i ), where # 0+ for positive
omega, !  0, and " , otherwise. The contour consists of two disjoint parts, ,0 and ,1,
each containing a full parametrisation of the positive real axis x 2p[0; 1[. The end points of
,1 are given by jzj ! 1 with arg(z) ! ' for x ! 1 and z = jk=2rjexp (i[ =2 , =4])
for x = 0. The contour
,0 has its end points at jzj # 0+ with arg(z) ! =2 + , ' for
p
x ! 1 and z = jk=2rjexp (i[ =2 + 3=4]) for x = 0.
Substitution of the ,1 transformation in the de nition for the complementary error
function, and using erfc (0) = 1, results in the identity,
"
# 0 "
#2 1
Z
k
k
2
dz jrj , i 2z2 exp @, jrjz + i 2z A
(5.37)
1 = p
,1
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Figure 5.1: The original integration contour

"

!

Z
2
2
k
2
2
p
= jrjexp (,ikjrj) 
dzexp ,jrj z + 4z2
,1
"
#
Z
2 !#
2
dz
k
k
2
2
+ p
z2 ,i 2jrj exp ,jrj z + 4z2
,1

The rst or the second integral can be recombined by substituting the new integration
variable z0 , given by z0 = ,ik=2jrjz in either of the two. The variable z0 is on the contour
,,0 . The conjunction of the two contours ,,0 and ,1 now form a simple contour ,.
Finally we get the following two expressions,

!

exp (ikjrj) = p2 Z dzexp ,jrj2z2 + k2
jrj
 ,
4z 2
Z dz
2!
k
ik
2
2
= , pjrj z2 exp ,jrj z + 4z2
,

(5.38)
(5.39)

where the integration contour goes from 0 along the two parts of the contour , to +1.
Now we have to make a very important remark. The Cauchy integral theorem states
that we can distort the integration contour freely, as long as we do not change the locations
of the poles relative to the contour. In this case we have to ensure a correct behaviour at
the origin and at in nity. The free choice for the contour , is therefore restricted by the
requirements that arg(z) ! ,=2 + , ' for jzj # 0+ and arg(z) ! '0 for jzj ! +1,
with j'j; j'0j < =4. The contour , used in the derivation depends on the variables jrj
and k, but nevertheless we can regard the resulting integral to be independent of the exact
integration path. We will use this notion when changing the order of summations and
integrations in the remainder.
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Inter-Planar Dipole Sum
We can substitute the rst integral transform in the direct expression for the lattice sum,
yielding

S (r; qk; !)
Z
2!
X
2
k
k
2
2
= p
 exp (iq  snm) dzexp ,jr , snm j z + 4z2

(5.40)

,

n;m

where we can choose the contour , to be xed by jrj and k. Remember that r is a reduced
coordinate, hence jr , snm j  jrj for all (n; m).
Substituting this result in the expression for the Fourier coecients of the scalar lattice
sum gives,
Z
 h
i 
d2rkS (r; qk; !)exp ,i qk + gk  rk ;
(5.41)
S (r?; qk; !) = 1
pq

pq
js1  s2 j VWS
!
Z
Z
2
 h
i 
1
2
2
k
p
=
d
x
dz
exp ,jxj2z2 + k 2 exp ,i qk + gpqk  xk
js1 p s2j
 ,
4z
!
Z
2
k
k , jq + gpqk j2

dz
2
?
2
2
= js  s j z2 exp ,jx j z +
4z2
1
2 ,

where we can only revert the order of the integrations by virtue of Cauchy's theorem. For
the latter result we also used the following relation, which can best be evaluated by using
cylindrical coordinates,
Z
k + gk j2 !
 k 2 2 h k k i k 
j
q
2
k
(5.42)
d x exp ,jx j z , i q + gpq  x = z2 exp , 4z2 pq
The integration over xk is convergent only if we impose the condition <(z2 ) > 0 for all
z 2 ,. This can only be achieved if we choose the angle ' for jzj # 0+ according to
j , =2 + , 'j < =4, hence ,=4 < ' < ,=4 + for !  0 and , 3=4 < ' < =4
otherwise. On the other hand we still have <(k2=z2 ) < 0 for jzj # 0+, which makes the
contour integral well converging for all (p; q). The contour thus gets the desired properties
at the origin and at in nity, whereas the intermediate part can be modi ed to meet the
requirement straightforwardly.
This gives for the reciprocal lattice sum the following expression
p X  h
i 
2
k
S (r; q ; !) =
exp i qk + gk  rk 
(5.43)

js1  s2 j p;q

pq

Z dz
2 , jqk + gk j2 !
k
pq
? j2 z 2 +
exp
,j
r
2
2
4z
,z
q
where we recognise the variable pq , equal to k2 , jqk + gpqk j2, which was already introduced in the `Dreifache' integral transform.
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While the convergence of the summations for large jzj is fast for the direct lattice
expression, it is slow for the reciprocal lattice expression. The reverse is true for small jzj,
where instead the reciprocal expression is rapidly convergent and the direct expression only
slowly. Since the equivalence of the two expressions holds for each point on the contour
individually, we can choose to combine the two, by dividing the contour in two at the
point z0, which a ords a balanced rate of convergence for the summations over the real
and reciprocal lattice. We can evaluate the direct lattice contribution,

SI (r; qk; !)
Z1
2!
X
2
k
k
2
2
= p exp (iq  snm )
dzexp ,jr , snmj z + 4z2
n;m

(5.44)

z0 ;,

by using the following identity, which follows directly from the de nition of the complementary error function,

!

Z1
2
2
p z ;, dz exp ,jrj2 z2 + 4kz2
0
!
!
k
exp
(
,
ik
j
r
j
)
k
exp
(
ik
j
r
j
)
=
2jrj erfc jrjz0 + i 2z0 +
2jrj erfc jrjz0 , i 2z0

(5.45)

Since for all z 2 , the paths for jr , snm jz  ik=2z meet the requirements imposed by
the error function, this relation applies to all terms in the series. We thus obtain the nal
result for the real lattice contribution,

X
SI (r; qk; !) = exp (iqk  snm )
(5.46)
n;m
"
!
!#
exp (ikjrnm j) erfc jr jz + i k + exp (,ikjrnmj) erfc jr jz , i k
nm 0
nm 0
2jrnmj
2z0
2jrnmj
2z0
where rnm is a shorthand notation for r , snm, and z0 is a point on the contour ,.
In a similar way we can evaluate the contribution of the reciprocal part, given by,
SII (r; qk; !)
p X  h
Z z0 dz
2 !
i


2
? j2 z 2 + pq
exp
,j
r
= js  s j exp i qk + gpqk  rk
2
z
4z2
1

2 p;q

(5.47)

0;,

by again using a coordinate transformation to the new integration variable w, given by
w = ,ik=2jrjz, projecting the part ]0; z0 ] of the contour , on the interval [w0 ; 1[ of ,0,
where the starting point w0 is given by w0 = ,ik=2jrjz0, and arg(w) ! ' for jwj ! +1.
Now working out the contour integration along the same lines as for the real lattice part
gives,
!
Z z0 dz
2pq
?
2
2
exp ,jr j z + 2
(5.48)
4z
0;, z 2
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Z1
?j2 k 2
2pq 2 2
j
r
2
j
r
j
= i k
dwexp jrj2 4w2 , k2 jrj w
w0 ;,
!
"
?j k
?
p
j
r

exp
(
i
pq
pq jr j)
= i 
erfc i jrj 2w + k jrjw0
2pq
0
!#
?
?j k
exp
(
,
i
j
r

pq jr j)
pq
+
erfc ,i jrj 2w + k jrjw0
2pq
0
Note that we have to choose =(pq ) > 0. This results in  arg(pq ) < =2 for !  0,
and =2 < arg(pq )  otherwise. Using this condition we have the proper behaviour at
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in nity for both arguments of the complementary error function, for all frequencies.
Substituting the expression for w0 gives us the nal result for the reciprocal part
X  h k k i k
S (r; qk; !) = i 2
exp i q + g  r 
(5.49)
II

"

pq
js1  s2j p;q
#
exp (ipq jr?j) erfc ,jr?jz , i pq  + exp (,ipq jr?j) erfc jr?jz , i pq 
0
0
2
2z
2
2z
pq

0

pq

0

Combining both expressions S = SI + SII , results in the `Einfache' form for the scalar
lattice sum. Although it has a more complicated expression for the summand, it has a
much faster convergence for small jr?j > 0 than the `Dreifache' form, out-balancing the
latter at some critical distance.
X
S (r; qk; !) = exp (iqk  snm )
(5.50)
n;m
exp (ikjrnmj) erfc
2jrnmj

!
!#
k
exp
(
,
ik
j
r
k
nm j)
jrnmjz0 + i 2z + 2jr j erfc jrnmjz0 , i 2z
0
nm
0

h
i

X
+ i js 2 s j exp i qk + gpqk  rk 
" 1 2? p;q 
#
exp (ipq jr j) erfc ,jr?jz , i pq  + exp (,ipq jr?j) erfc jr?jz , i pq 
0
0
2pq
2z0
2pq
2z0
The variable z0 must be on the contour , and is therefore subject to the requirement
<(z02 ) > 0. Without loosing generality we can choose z0 to be on the positive real axis,
with the value z0 = E > 0.
"

Intra-Planar Dipole Sum

In this section we will discuss the behaviour for the lattice sum for jrj # 0+. Using Ewald's
`Einfache' integral transform we have.
Z z0 Z 1 
2!
exp
(
ik
j
r
j
)
2
j
k
j
2
2
S (jrj; !) =
(5.51)
jrj = p 0;, + z0 ;, dzexp ,jrj z + 4z2
The second part of the contour integration can directly be evaluated using the de nition of
the complementary error function, giving SI , the (n; m) = (0; 0) term of the real lattice
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Figure 5.2: The modi ed integration contour
contribution SI (jrj; !). After some reorganisation, and by using the symmetry relation
erfc (z) = 2 , erfc (,z ), the rst part of the contour can be obtained, which gives the
following expression for the contribution SII (jrj; !),

!

Z z0
2
2
j
k
j
2
2
p
SII (jrj; !) =
 0;, dzexp ,jr!j z + 4z2 =
!
exp (ikjrj) erfc ,jrjz , i k , exp (,ikjrj) erfc jrjz , i k
0
0
2jrj
2z0
2jrj
2z0

(5.52)

This is a well-behaved function of jrj for jrj # 0+. Hence SII (jrj; !) is an analytic function
of jrj and k without poles. In the limit of jrj # 0+ we get the value

!

2
k
2
z
0
p
SII (0; !) = exp 2 + ikerfc ,i k

4z0
2z0

!

(5.53)

This result can be obtained by using l'Hospital's limit theorem. We can now give the scalar
lattice sum for the short-range behaviour, by distinguishing the following terms,

S (r; qk; !) = exp j(rikj jrj) + SI0 (r; qk; !) + SII (r; qk; !) , SII (jrj; !)

(5.54)

where the prime indicates that the (0; 0) term has to be excluded from the summation over
the real lattice part. Only the rst term is ill-behaved at the origin. The last three terms
together give the contribution of the lattice excluding the contribution of the origin, which
is called the intra-planar lattice sum, indicated with the primed symbol S 0(r; qk; !).
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`Einfache' Transfer Tensor
Before we consider the transfer tensor we give the following relation which holds for analytic
functions of just the radius r of the vector r,
" # "
!#
1
@f
@
1
@f
(5.55)
rrf (r) = r @r I + r @r r @r rr
r2
We can use this relation to derive the following expression, which is the general form
encountered in the real lattice
contribution to the scalar lattice sum. Together with the
p
relation @=@z erfc (z) = ,2=  exp (,z2 ), we get,
!!
h2
i exp (ikjrj)
k
(5.56)
k + rr
2jrj erfc z!jrj""+ i 2z =
# "
# #
exp (ikjrj) erfc zjrj + i k
k
1
3
k
3
2
2
k
+ i , 2 I , k + i , 2 rr2
2jrj
2z! "
jrj" jrj
jrj # jrj jrj
#
2
+ pz exp ,z2 jrj2 + k 2 , 1 2 I + 2z2 , i k + 3 2 rr2

4z
jrj
jrj jrj jrj
Using this result we get the following expression for the real lattice contribution to the
`Einfache' form of the transfer tensor,

(

X

"

#

rnm
(5.57)
f I (r; qk; !) = 40 exp (iqk  snm) k2A+nm I , rjnm
rnmj2
n;m
"
#"
#)
h +
i
r
1
k
r
nm rnm
nm rnm
2
,
+ 2z0 Bnm jr j2 , jr j2 Anm + Bnm , i jr j Anm I , 3 jr j2
0

nm

nm

nm

nm

where we have introduced the auxiliary variables Bnm and Anm = Anm(k)  Anm (,k)
through the following two de nitions
!
exp
(
ik
j
r
k
nm j)
Anm (k) =
(5.58)
2jrnmj erfc z0 jrnmj!+ i 2z0
2
2
z
k
0
2
2
p
Bnm =  exp ,z0 jrnmj + 4z2
0
All terms are well-behaved functions of r except at the origin. There we have to use the
short-range form of the transfer tensor.
Using the same relation for the general term, we can get a closed expression for the
term, SII , which has to replace the (n; m) = (0; 0) term from the real lattice sum in the
small-jrj expression, giving,

(

"

#

I
, jrr
,
2z02 B rr2
,f II (r; !) = , 4
2
jrj # "
0
" h rj i
#)
1
k
rr
+
,
, jrj2 A , B , i jrj A I , 3 jrj2
0

k2A+

(5.59)
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Again we introduce two auxiliary variables B and A = A(jrj)  A(,jrj), according to the
following relations,

A(r) = exp2(rikr) erfc ,z0 r , i 2kz
!0
2
2
z
k
B = p0 exp ,z02 jrj2 + 4z2
0

!

(5.60)

We can evaluate the value of this term for jrj = 0 by using Taylor's expansion for the
di erent factors, yielding after some mathematics [83],

"

!

2k3 erfc ,i k + 4z0 [kp2 , z02 ] exp k2
f II (0; !) =
i
40 3
2z0
3 
4z02
0

!#

I

(5.61)

Note that this term has the correct form, i.e. the function does not display a cusp at
the origin, by virtue of the cancellation of the rr=jrj2 terms, which has to hold for the
intra-planar form.
In this short-range expression for the transfer tensor we can also include Lorentz's
radiation loss contribution [30], which is given by [36]
3
f R (r; !) = 40 i 23k (r)I
0

(5.62)

The transfer tensor resulting from the diverging term S (jrj; !) in the short-range
expression can be obtained from the following relation,

i exp (ikjrj) !
f (r; !) = 4
jrj # ="
0 ""
# #
0 exp (ikjrj) k2 + i k , 1 I , k2 + i 3k , 3 rr
4
jrj
jrj jrj2
jrj jrj2 jrj2
0

h

k2 + rr

(5.63)

0

This is the well-known expression for the transfer tensor describing the point dipole radiation.
The reciprocal contribution can be obtained in a similar way. The general term in
this summation has a contribution to the transfer tensor which can be obtained using the
following result,

h2
i exp (i [kk  rk , jr?j])  ?  !
k + rr
erfc zjr j , i 2z =
(5.64)
2

(
exp (ik  r) erfc zjr?j , i   hk2I , kki +
2
2!z"


2
h 2 ?
i r?r? r?kk + kkr? #)

2
z
?
p exp , zjr j , i 2z
2z jr j + i ? 2 , i
jr j
jr?j
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where we used k = kk , r?=jr?j. Inserting this relation in the di erent terms of the
reciprocal lattice sum yields,


f II (r; qk; !) = i js1 2 s2j 40 0 X exp ikkpq  rk 
(5.65)
p;q
( "
? kk + kk r?
? r? #
? r? )
r
r
r
pq
pq
+
2
k
k
2
,
Apq k I , kpq kpq , pq jr?j2 + pq Apq
+ iBpq jr?j2
jr?j
where we de ned the auxiliary variables Bpq and Apq = Apq (jr?j)  Apq (,jr?j), by



exp
(
,
i

pq r)
pq
Apq (r) =
erfc z0 r , i
2pq
2z0
!
2
2z0 exp ,z2 jr?j2 + pq
Bpq = p
0

4z02

(5.66)

5.2.4 Planar Exchange-Correlation Kernel

Although we do not have an algebraic expression for this transfer tensor, we can use
the translational invariance, which it has to possess, for it is a response function of the
translational invariant system.

f xc (x + s; x0 + s; !) = f xc (x; x0; !)

(5.67)

In a similar way as for the kernel for the electromagnetic eld, we can de ne the parallel
Fourier transform of the exchange-correlation kernel.

f xc (x; r0; qk; !)

=

X

n;m

exp (iqk  snm )f xc (x; r0 + snm ; !)

(5.68)

We will assume that it is short-range, which makes this transform properly de ned. The
translational invariance then reduces to the following symmetry relation,

f xc (r + s; r0 + s0; qk; !) = exp (iqk  [s , s0])f xc (r; r0; qk; !)

(5.69)

and the exchange-correlation contribution of the induced polarisation to the e ective eld
is given by,
Z
Exc (x; !) = 0 ,1
d3r0f xc (x; r0; qk; !)  (r0; qk; !)
(5.70)
VWS

5.3 Dual Space Technique
The periodicity along the surface resulted in a number of expressions for the various contributions to the self-consistent eld. They can be evaluated very eciently. There is,
however, a remnant symmetry in the bulk part of the system, which we have not yet considered. This will be the subject of the next sections. We will be able to describe the
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polarisation in the bulk region using only a limited set of so-called normal modes, evanescent polarisation waves. Their use is limited to the bulk region only, while the surface
will be described in real space. The two description have to be matched at the interface
between the surface and bulk region. In gure 5.3 on page 93 we have shown the system's
geometry. The nonlocal nature of the polarisability complicates the separation of the sysSurface Layer

s1

τiS

Surface
Unit
Cell

τNB

s3

τ1B

S

Bulk
Unit Cell

x

x

z

z
Surface
Origin

s1

B

τNS

τ1S

Bulk

Bulk-like Matching Layer

Bulk
Origin

Figure 5.3: The division of the semi-in nite system into various regions. The system has
three regions, the surface, bulk-like matching and bulk layers. The normal mode expansion
is used in the bulk-like and true bulk region. The surface layer contains that part of the
system that does not satisfy the normal mode expansion of the bulk. The polarisation in
the matching layer is given in both representations, depending on the situation. The bulk
and surface parallel periodicities a1 ; a2 are commensurate. The remnant third periodic
dimension for the bulk, is indicated by a3 . The polarisation will only have to be obtained
in the two unit cells, one for the surface, and one for the bulk.
tem into a surface and bulk region. We will have to introduce a bulk-like surface region,
where the two kinds of description are overlapping.
The polarisabilities have to be obtained in two di erent kind of calculations. The
polarisabilities describing the response of the surface and also the coupling between the
surface and matching bulk region are obtained in a slab calculation. The slab has the
geometry of the surface and matching layer with a proper bulk-like termination at the
back side. The thickness of the slab is determined by the requirement that the electronic
structure and therefore also the polarisabilities have to be converged to the correct bulk
value at the bulk side. This automatically implies a thickness well beyond the range of the
polarisability. The bulk value can be obtained in a true bulk calculation.
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5.3.1 Normal Mode Ansatz

The semi-in nite bulk region displays a remnant translational symmetry, which lends itself
for a Laplace transform rather than Fourier analysis [81]. The Laplace transform of a
function f (x) which is de ned on the real positive axis is de ned as a function of the
complex variable z by
Z1
F (z) = dx f (x)exp (,zx)
(5.71)
0
limx!1 f (x)exp (,

For all functions f (x) which satisfy
x) = 0 for some real constant ,
the inverse transform can be obtained via the Bromwich integral,
Z +i1
X
dz F (z)exp (zx) =
res (F (zm ))exp (zm x)
(5.72)
f (x) = 21i
,i1
<(zm )<
where the integration contour is closed by an in nite semi-circle in the complex left halfplane. Using Cauchy's calculus of residues [81] we get the contributions of the isolated
poles in the left half-plane.
We will apply this transform to the generic physical quantity X (x; !) in the bulk
region, jx?j  jd?S j. This function must be nite for all x? so we can choose = 0+. From
now on we will adopt the convention that the surface normal n^ is pointing into the bulk.
Substituting the new coordinates, z = iq  n^ and x = [x , dS ]  n^ , with f (x) = X (x; !),
into the de nitions of the Laplace transform, results in the following relations,

Z1
X (q?; xk; !) = exp (iq?  d?S ) ? dx? X (x; !)exp (,iq?  x?)
dS
Z
,
i0 +1
X (x; !) = 21i , dq? X (q?; xk; !)exp (iq?  [x? , d?S ])
X i0 ,1 ? k
=
res (X (qm; x ; !))exp (iq?m  [x? , d?S ])

(5.73)

=(qm? )0

We will assume that the poles are all isolated, so we will have to consider only a countable
(in nite) number of them in the complex upper half-plane. The poles with the smallest
imaginary part will become dominant over the rest for increasing depth. We will restrict
the discussion to the poles which succeed to give a measurable contribution in the bulk
region, i.e. beyond dS .
Combining this result with the Fourier expansion for the parallel directions gives the
following expansion, the normal mode `ansatz', for the bulk region,

X (x; !) =

X

=(qm? )0

Xm (r; qk; !)exp (i [q?m + qk ]  s)

where the normal mode expansion coecients are given by,

Xm(r; qk; !) =

X
pq

h

i h

res (Xpq (q?m ; qk; !))exp i q?m + qk + gpqk  r + dkS

(5.74)

i

(5.75)

5.3. DUAL SPACE TECHNIQUE

95

with x = r + dS + s, where dS points to the origin of the rst surface matched unit cell in
the bulk region, and qk = !c=k kk. Only the location of the poles q?m and the corresponding
mode strengths Xm(r; qk; !) for a single surface matched bulk cell have to be obtained to
characterise X (x; !) in the complete bulk region.

5.3.2 Normal Mode Expansion for the Bulk Polarisation

The bulk polarisation (x; !) can be given in the normal mode expansion according to

(x; !) = X qm (r; qk; !)exp (iqm  s)
m

(5.76)

where we have de ned the vector qm = q?m + qk. The superposition principle applied to
the elds due to the induced polarisation now yields,

Eind (x; !) =

Z

d3x0 f (x; x0 ; !)  (x0 ; !) =

(5.77)

d3r0 f (x , r0; qk; !)  (r0; qk; !)
SZ
,1 X
d3r0 f B (x , r0 , dS ; qm ; !)  qm (r0; qk; !)
0
0

+

Z

0

,1

,1

m

B

The integration interval S is the surface unit cell, and B is the rst surface matched
bulk unit cell with its origin at dS . We have also inserted the expression for the transfer
tensors for the plane periodic polarisation, and de ned the bulk transfer tensor which is
given by,

f B (x; qm; !)

=
=

1 X
X
w=0 uv

1
X

w=0

exp (iqm  suvw )f (x , suvw ; !)

(5.78)

exp (iwqm  s3 )f (x , ws3; qk; !)

We will rst consider the rst integral containing the contribution of the surface. If the
electric eld is needed in the surface region, or close to the surface-bulk interface, we will
evaluate the summation directly. If however we want to know the eld in the bulk region,
at a position x = r + dS + ws3, we can use the `Dreifache' form of the transfer tensor,

f (r , r0 + dS + ws3; qk; !) = X exp (ikpq  [r , r0 + dS + ws3])dpq
p;q

(5.79)

For the bulk contributions to the radiated elds we will have to make the following remarks.
In general we can distinguish three regions in the bulk giving contributions which will have
to be handled separately. This is due to the di erent convergence property of the `Dreifache'
and `Einfache' transfer tensor, resulting from the divergent short-range behaviour of the
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transfer kernel. Let x be a coordinate in the bulk region in the slice with index w such
that x = r + ws3 + dS .
f B (r2 , r0 + ws3; qm; !) = 3exp (iwqm  s3)
(5.80)
w,,1 w+
1
4 X + X + X 5 exp (i[w0 , w]qm  s3 )f (r , r0 , [w0 , w]s3; qk; !)
w0 =0

w ,

w++1

The rst summation runs over the subsurface interval up to a distance  from the slice w,
that ensures a suciently rapid convergence of the `Dreifache' series expansion. This form
is also employed in the region beyond w + . We will work out those term subsequently.
In the last region composed of the surrounding slices and w itself, most of the transfer
tensors will have to be obtained using the `Einfache' expression instead of the `Dreifache',
to avoid the slow convergence of the latter to become the limiting factor. We will need the
short-range expression for the slice w.
Using the following partial summation formula for the geometrical series, we can work
out the summations over the two regions for which we can use the `Dreifache' transfer
tensor.
8
N
< a 1 , zN +1 for z 6= 1
X n >
az = > 1 , z
(5.81)
: a[N + 1] for z = 1
n=0
In the limit of N ! 1 we get a proper convergence only if either jzj < 1 or if we have the
almost trivial case a = 0. In all other cases we have a divergent sum.
1
X
azn = a 1 ,1 z for jzj < 1
(5.82)
n=0
Inserting the expression for the `Dreifache' tensor gives
f B (r , r0 + ws3; qm; !) =
(5.83)
exp (iwqm  s3)


X

w00 =,

exp (iw00qm  s3)f (r , r0 , w00s3 ; qk; !) +



8

]

s
exp
[
+
1]
i
[
q
,
k
X< 
 m pq 3 dpq +
exp (iwqm  s3) :exp ikpq  [r , r0]
1 , exp i[qm , kpq ]  s3
p;q
)
exp
(
,
wi
[
q
m , kpq ]  s3 ) , exp (,i[qm , kpq ]  s3 )
0
dpq
exp (ikpq  [r , r ])
1 , exp (i[qm , kpq ]  s3 )
The summations are convergent for qm 6= kpq and qm 6= kpq for all (p; q). For the special
situation in which qm coincides with one of the channels kpq , we will still have physically
acceptable elds, which do not grow linearly with the depth w, if and only if for the
associated mode strength kpq the corresponding multiplication factor vanishes for all r.
The contribution of the corresponding pole will then also vanish. This condition is only
ful lled if the polarisation is longitudinal with respect to kpq in the following sense,
0

,1

Z

B

d3r0exp (,ikpq  r0 )dpq  kpq (r0; qk; !) = 0

(5.84)
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Since the kernel is singular, because it inherits the projection property of the dpq , there
will in general be a non trivial solution. The longitudinality condition only restricts the
transverse part of the polarisation, and an extra equation will be needed to determine
the polarisation strength of this mode. The same argument holds for the underscored
equivalent channel kpq .
If x is close to the surface-bulk interface, or in the surface or exterior region, we can
use the following expression,

f B (x , r0 , dS ; qm; !) = X
exp (iw0qm  s3 )f (x , r0 , dS , w0s3; qk; !) +
0


w =0




]

s
exp
[
+
1]
i
[
q
,
k
 m pq 3 dpq
exp ikpq  [x , r0 , dS ]
1 , exp i[qm , kpq ]  s3
p;q


X

(5.85)

If we want to use the `Dreifache' transform throughout the bulk region, e.g. when we
want to calculate the remote response, we can set  to ,1 in the latter expression, thus
excluding the rst summation.

Bulk Exchange-Correlation Field
In a similar way we can use the normal mode expansion for the polarisation density in the
expression for the exchange-correlation eld.
Z
Exc (x; !) = 0,1 d3x0 f xc (x; x0 ; !)  (x0 ; !) =
(5.86)
+

Z

d3 r0 f xc (x; r0; qk; !)  (r0; qk; !)
SZ
,1 X
d3r0 f Bxc (x; r0 + dS ; qm; !)  qm (r0; qk; !)
0
0

,1

m

B

Here we used the planar exchange-correlation kernel, and the exchange-correlation bulk
transfer tensor, which is given by,

f Bxc (x; r0 + dS ; qm; !) = X
exp (iw0qm  s3 )f xc (x; r0 + dS + w0s3; qk; !)
0
1

w =0

(5.87)

We can now use the assumed short-range nature of the kernel to reduce this summation
to only a few terms w0 around w with jx? , x0 ? , w0s?3 j < xc js?3 j, the cut-o radius for
the exchange-correlation kernel, yielding,
f Bxc (r + dS + ws3; r0 + dS ; qm; !) =
(5.88)
exp (iwqm  s3 )

xc
X

w0 =,xc

exp (iwqm  s3 )f xc (r + dS ; r0 + dS + w0s3 ; qk; !)

for x = r + dS + ws3 in the bulk region and

f Bxc (x; r0 + dS ; qm; !) = X
exp (iw0qm  s3 )f xc (x; r0 + dS + w0s3; qk; !)
0
xc

w =0

(5.89)
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for x close to the surface-bulk interface.

5.3.3 Dual Space Interaction Equations

We can insert the various expansions for the bulk and surface regions in the following
self-consistency condition,

(x; !)

Z

d3x0 (x; x0; !)  E(x0; !)
(5.90)
Z
E(x; !) = Eext (x; !) + 0,1 d3x0 [f (x; x0; !) + f xc (x; x0; !)]  (x0; !)
=

The externally applied eld is assumed to be a single plane wave, of the following form,

Eext (x; !) = E0exp (ik  x)

(5.91)

We will start by evaluating the self-consistency expressions for x in the bulk region. In
this region we can make use of the translational invariance for the bulk polarisability,
(r + s; r0 + s0; !) = (r; r0 + [s0 , s]; !)

(5.92)

A closer inspection of the various expressions for the transfer tensors reveals that we can
distinguish a number of channels in the resulting eld, all having di erent propagation
vectors.

X
m

w+
qm (r; qk; !)exp (iwqm  s3) = 0 X X exp (iqk  suv )

Z

B

X
m

d3r0

Eqm

(r + dS

; r0 + d

(r0; !)exp (iw0q

w =w, uv

S

+ [w0 , w]s

m  s3 ) +

X
p;q



3 + suv ; ! )

Ekpq

(5.93)

Ek(r0; !)exp (iw0k  s3 ) +
)

pq  s3 )

(r0; !)exp (iw0k

where the simplest of the three di erent contributions to the eld is the k-channel, which
is given by,
Ek(r; !) = E0exp (ik  [r + dS ])
(5.94)
It only has a contribution of the externally applied eld. The contribution resulting from
the surface and the bulk region up to the slice w ,  entering via the channel kpq is given
by,

Z

d3r0exp (ikpq  [r , r0 + ds])dpq  (r0; qk; !) +
(5.95)
S
Z
0
,1 X
3 r0 exp (ikpq  [r , r ]) d   (r0 ; qk ; ! )
d
0
1 , exp (i [qm , kpq ]  s3) pq qm
m S
For (p; q) = (0; 0) the channels kpq and k coincide, i.e. k00 = k.

Ekpq (r; !) =

0

,1
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The much more complicated nal contribution is the qm channel, which has contributions from the whole bulk region is given by the following expression.

Eqm (r; !) =
+


Xxc
w00 =,xc

0

,1

Z

8 
< X
d3r0 :
exp (iw00qm  s3)f (r , r0 , w00s3 ; qk; !) (5.96)
B
00
w =,

exp (iw00qm  s3 )f xc (r + dS ; r0 + dS + w00s3; qk; !)
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,
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]

s
 m pq 3 dpq
+ exp ikpq  [r , r0]
1 , exp i[qm , kpq ]  s3
p;q
)
X
exp
(
,
i
[
q
m , kpq ]  s3 )
0
, exp (ikpq  [r , r ]) 1 , exp (i[q , k ]  s ) dpq  qm (r0; qk; !)
m
pq 3
p;q
X

We can write this set of expressions in a more concise way by de ning the h-dependent
polarisability tensor h(r; r0; !) by

X

h (r; r0 ; ! ) =

uvw=,

exp (ih  suvw ) (r + dS ; r0 + dS + suvw ; !)

(5.97)

We thus arrive at the following interaction equation for the bulk part of the polarisation
density.
X
qm (r; qk; !)exp (iwqm  s3) =
(5.98)
m

Z

X

h=k;qm ;kpq

d3r0 h(r; r0; !)  Eh(r0; !)exp (iwh  s3 )
B

Before we continue with the self-consistency condition for the surface region, we will analyse
the derived equations for the bulk region.

5.3.4 Bulk Secular Equation

Since the interaction equations have to hold throughout the bulk region, they will have
to hold for each channel individually. We can have two situations, the situation for which
we have the channel qm di erent from all other channels, and the situation in which qm
happens to coincide with one of the k; kpq . We start with the rst situation.

Ordinary Normal Modes

Collecting all terms from the channel qm and inserting the expression for the electric eld
for this channel results in the following integral equation, the so-called secular equation for
the normal mode expansion,

qm (r; q

k; ! ) =

0

,1

Z

B

d3r0

qm

(r; r0; !) 

Z

B

d3r00

(5.99)
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p;q
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X
exp
(
,
i
[
q
m , kpq ]  s3 )
0
00
, exp (ikpq  [r , r ]) 1 , exp (i[q , k ]  s ) dpq  qm (r00; qk; !)
m
pq 3
p;q

The normal mode is therefore proportional to the solution of the homogeneous Fredholm
equation of the second kind with eigenvalue  = 1,

qm (r; q

k; ! ) = 

Z

B

d3r0 K qm (r; r0; !)  qm (r0; qk; !)

(5.100)

We have to seek for the parameter q?m for which the kernel becomes singular, and has
a unit eigenvalue. Note that the the singularities in the transfer tensors are integrable,
while the polarisability tensor is smooth. The kernel K is then also smooth. This kind
of Fredholm problems is best treated by using the Nystrom method [79] in which the
integral is replaced by some approximate quadrature rule, having abscissas ri and weights
wi, reducing the integral equation to a standard matrix formulation,
qm (ri; qk; !) =  X wj K qm (ri; rj ; !)  qm (rj ; qk; !)
(5.101)
rj 2

B

which lends itself to the very ecient standard matrix algorithms. In the interacting point
dipole model approach, we have chosen to discretise the kernel in a two step process, which
allows for the correct handling of the singular behaviour of the transfer kernel. This will
be the subject of the next chapter.

Extraordinary Normal Modes

Note that the externally applied electric eld has no component in the kpq -channel for the
semi-in nite system. Therefore the strength for the polarisation of this channel will vanish.
The eld in the kpq -channel is nonvanishing in general. By collecting all contributions to
this channel we get the self-consistency relation,

kp0q0 (r; qk; !) =

0

,1

Z

d3 r0 kp0q0 (r; r0; !) 
B

Z

d3r00

8 
< X
00
0
00
00
k
:w00=, exp (iw kp0q0  s3 )f (r , r , w s3 ; q ; !)

Xxc
+
exp (iw00kp0q0  s3)f xc (r0 + dS ; r00 + dS + w00s3 ; qk; !)
w00 =,xc

B

(5.102)
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X

where we have excluded the (p; q) = (p0; q0) term from the latter summation, due to the
longitudinality condition for this mode,
0

,1

Z

B

d3r0exp (,ikp0 q0  r0)dp0q0  kp0q0 (r0; qk; !) = 0

(5.103)

The contribution of the external eld has a contribution to this channel only if (p0; q0) =
(0; 0). We can now use the longitudinal condition, together with the projection on the
kpq -direction of the self-consistency equation to arrive at the bulk part of the interaction
equation of the extraordinary modes. Due to the projection property of the dpq tensor, the
surface polarisation and the polarisation of the ordinary normal modes do not contribute
to the inhomogeneous part of the resulting equation. All kpq -channels except the k00 =
k channel will have a vanishing inhomogeneous part resulting in the trivial solution of
vanishing polarisation. Only for special frequencies for which the integral equation becomes
singular, do we have an allowed polarisation without the presence of a driving electrical
eld in this channel.
If the externally applied eld is completely transverse, then the same is true for the
k-channel. Otherwise we get the longitudinal part of the self-consistency equation for this
channel given by

Z

d3 r0exp (,ik  r0)d00  k(r0; qk; !)
B
Z
Z
k
,
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0
0
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(5.104)
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B

This equation completely determines the longitudinal polarisation mode, which is hence
insensitive to any process taking place at the surface.

Bulk Part of the Interaction Equations

The remaining transverse part of the self-consistency equation for the k channel is given
by,
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(5.105)

The longitudinal bulk mode and the external eld are both known. The normal modes of
the bulk are also known except for the overall strengths. The last part we have to consider
is the self-consistency equation for the surface region. this will be postponed till after the
description of the commensurability property of the bulk solutions..

5.3.5 Commensurability Theorem

The exact location of the separation between the surface and bulk region of the semiin nite crystal can be chosen freely. The dividing interface can always be translated over
an elementary bulk lattice vector, which leaves the bulk slices unchanged, apart from the
translation of the bulk origin. Bulk properties which depend on the orientation of the
interface, and not on its exact location will be insensitive to such a translation.
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We can check by direct inspection that the bulk secular equations for the normal modes
are insensitive to a primitive translation of the bulk origin dS . Since the commensurate
surface matched bulk cell consist of an integer number of identical elementary bulk unit
cells, we can write the secular equation in the following block form [34],

qm (r + a; Zqk; !)
X

=

a0 2

d3r0 K qm (r + a; r0 + a0 ; !)  qm (r0 + a0 ; qk; !)

B

(5.106)

with a and a0 elementary bulk lattice vectors in the rst surface matched bulk cell B , and
r and r0 in the rst elementary bulk cell in this surface matched cell. Since the secular
kernel is invariant under all elementary bulk translations, all blocks on the same diagonal
and side diagonals are identical.
The translation of the origin results in a shifted surface matched unit cell, which is
partially overlapping with the original cell. It will also contain cells which have been
shifted over a surface matched lattice vector. A change in the bulk origin will merely
permute the order of the di erent blocks in the surface matched cell, while adding some
multiplication factors.
Because the secular equation is left unchanged, the polarisation density must belong to
one of the representations of the translation group. Since the translation group of the bulk
lattice is Abelian we will have only one dimensional representations. The normal mode
polarisation density can then only be given in the following form,

qm (r + a; qk; !) = exp (iqm  a)qm (r; qk; !)

(5.107)

with r in the rst elementary bulk cell , consistent with the normal mode `ansatz'. This
result can be used in the secular equations and interaction equations in order to reduce
the integration region for the bulk cell to only a single elementary unit cell instead of the
usually much larger surface matched cell. A similar result holds for the longitudinal modes.

kp0q0 (r + a; qk; !) = exp (ikp0q0  a)kp0q0 (r; qk; !)

(5.108)

5.3.6 Surface Part of the Interaction Equation
In a way similar to the bulk part of the self-consistency relation, we can evaluate the selfconsistency condition for the surface region. The normal mode strengths and the surface
polarisation can be determined from the following relation,

(r; qk; !) =
0

,1

Z

B

0

,1

d3r0

Z

S

d3r0

 X
X
w=0 uv

X
uv

exp (iqk  suv ) (r; r0 + suv ; !)  E(r0; !)+

(5.109)

exp (iqk  suv ) (r; r0 + dS + suvw ; !)  E(r0 + dS + ws3; !)
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were the self-consistent eld is obtained using the relation,
E(x; !) = EZ0exp (ik  x)
+ 0 ,1 d3r0 [f (x , r0 ; qk; !) + f xc (x; r0; qk; !)]  (r0; qk; !)
S

+

0

,1

X Z

h=qm ;k

B

d3r0

(X+
w0=0

(5.110)

exp (iw0h  s3 )f (x , r0 , dS , w0s3 ; qk; !)
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5.3.7 Re ected Fields

Once we have solved all self-consistency equations, we know the induced polarisation in the
whole system, and we can obtain the externally observable elds. Outside the crystal the
elds can directly be evaluated using the `Dreifache' transfer tensors, while the exchangecorrelation contribution is irrelevant, resulting in the following equation,
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X Z

(5.111)

In the remote eld region, i.e. far from the surface, the only terms contributing are the
(p; q) = (0; 0) terms.

5.4 Summary
In this chapter we developed the dual space description of the re ection of light at surfaces.
In this technique, the material properties are assumed to be known. They have to be
provided by the nonlocal polarisabilities. The long-range electromagnetic interactions and
the nonlocal nature of the polarisabilities complicate the calculation considerably.
The semi-in nite crystalline system possesses a number of symmetries, which are slightly
modi ed by the presence of externally applied electric elds. We assume that we can identify a surface and a bulk region. This is re ected in the polarisability and the geometry.
With respect to these properties we assume that the in uence of the presence of the surface is only considerable in the outermost layer. In the bulk region this in uence has to
be small. Furthermore, the surface and bulk periodicity have to be commensurate. Only
then, we can use the translational symmetry along the surface to reduce the description to
cover a unique part only.
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We have given ecient expressions for the electric eld which is produced by a single
plane of induced polarisation in such a system. The remnant periodicity perpendicular to
the surface can be used in the bulk. There the polarisation can be described using polarisation waves, the so-called normal modes. They are the solution of the secular equation,
an integral equation involving only a unit cell of the bulk. Due to the commensurability
equation this cell need not be the same as the bulk-like cell of the semi-in nite system.
The latter cell is usually larger due to the condition that the bulk should be commensurate
with the surface. Its size can be reduced to the unit cell determined by the bulk periodicity
only. Only a limited number of modes will be needed to fully specify the polarisation in
the bulk. The problem reduces to a set of coupled interaction equations. These integral
equations have to be solved for just two unit cells. The polarisation and the electric eld
can thus be obtained self-consistently.

106

CHAPTER 5. THE CELLULAR DESCRIPTION

Chapter 6
Model Calculations
Crystalline silicon in its most stable structure has the diamond structure. This consists
of two interpenetrating face centred cubic lattices. The identical lattices are translated
relative to each other along the body diagonal of the cube over exactly a quarter of the
total diagonal length. Each silicon atom is then surrounded by four nearest neighbour
atoms at positions forming a tetragonal coordination. The bonding nature of the silicon
atoms is covalent, which is in general highly directional.
If the bulk lattice is then terminated along a plane perpendicular to a [100] direction, i.e.
parallel to a face of an FCC cube, two out of four bonds will have to be broken for each atom
at the surface. Those `dangling' bonds are energetically highly unfavourable. As turns out,
the formation energy can be lowered by a surface reconstruction in which the formation
of dimers lowers the number of dangling bonds by a factor of two [84]. Although much
debate has existed over the years about what the true nature of the dimer reconstruction
is, it is now generally accepted that the surface reconstructs by forming rows of asymmetric
dimers [85], with alternating buckling directions along the rows [86, 87, 88, 89]. The energy
di erences between surfaces having the buckling sequence of adjacent dimers rows either
in or out of phase are however small and still beyond the reach of present total energy
calculation techniques [90]. However, sucient experimental evidence [91, 92] exists that
the c(42) of Chadi [85] is the ground state con guration, which is slightly more stable
than the alternative p(22.
Since the polarisability calculations were beyond the reach of the available computing
resources in the case of the two large reconstructions c(42) and p(22), we will present
results for the buckled dimer Si(100)-21 surface, and the changes upon oxidation and
hydrogenation of this surface.

6.1 Electronic Structure Calculations
The polarisabilities have been calculated using electronic structures obtained using the
ADF-BAND package, version 0.3, release 1993 [67, 93]. It is a self-consistent- eld fullpotential method for periodic structures. The underlying theory of this package is the

CHAPTER 6. MODEL CALCULATIONS

108
kz

fcc

L

Λ

U

∆

ky

Γ

X

kx

K

W

Σ

Figure 6.1: The Brillouin zone of an FCC crystal and its irreducible wedge
density functional formalism of Kohn and Sham. In all calculations we have used the
Vosko-Wilk-Nuisir parametrisation [94] for the exchange-correlation potential. The method
uses numerical integration routines throughout, which are based on product quadrature
formulae over judiciously chosen subregions of the atomic Voronoi cells. It is able to treat
polyatomic systems having up to three periodic dimensions, and is therefore especially
suitable for our calculations. Not only do we have access to atomic properties, those
properties can be explored using the same method for both surface and bulk systems.
The method is exible in using di erent kinds of basis sets by virtue of the numerical
integration scheme. We used Hermann-Skillmann-type numerical orbitals in combination
with Slater type orbitals, resulting in a linear-combination-of-atomic-orbitals calculation.
All neighbour interactions having unnegligible contributions have been included. Although
plane waves can be used to augment this basis set, we have not used them. The size of the
plane wave basis set is xed independent from the Bloch vector by a given cuto radius for
the G-vectors around ,. The current implementation does not allow a set which depends
on the Bloch vector. This xed plane wave basis set cannot ful l all symmetry properties
simultaneously throughout the Brillouin zone. Since the polarisability calculation is heavily
based on the symmetry relations, using this xed set of plane waves would render the results
invalid. Moreover, the addition of plane waves hardly improves the electronic structure [93].
Another drawback is that plane waves can only be used in the calculations for the bulk
geometry, but not for the slab geometry. This may cause di erences between bulk and
surface results which are due to insucient convergence due to the limited basis sizes.

6.1.1 Diamond Bulk Calculations

We will start with a diamond bulk calculation. Since the diamond structure is also the
crystal type for silicon, and carbon is an isoelectric though much lighter element, we may
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Figure 6.2: The irreducible wedge of the Brillouin zone of an FCC crystal. The subdivision
into three basic simplices, and the resulting sampling points are indicated.
expect similar features for diamond and silicon. This diamond calculation will serve as a
reference. The electronic structure is obtained in a bulk calculation where we have used all
three shells of occupied numerical orbitals of free carbon, augmented by a one-fold set of
2s, 2p, 3d and 4f Slater type orbitals. The 1s core electrons were kept frozen. This basis
turns out to be large enough to account for approximately 76% of the valence electrons in
the conductivity sum rule, i.e. 3:05 electrons per carbon atom.
The Brillouin zone sampling was kept moderate with 18 sampling points in the irreducible wedge. This irreducible wedge consists of three basic simplices with vertices at
the points and along lines of high symmetry. The abscissa are at the vertices and halfway
the edges of the simplices. This enables the ADF-BAND package to use a very accurate second order integration scheme for all integrations in the Brillouin zone during the
self-consistency cycles [95].
The real space sampling is such that integrals have a relative accuracy of approximately
,
10 4 to 10,5, requiring 6; 280 integration points in the Wigner-Seitz cell. The indirect band
gap of diamond was xed at 5.30 eV using a scissors operator [55, 56, 57], which increases
the LDA band gap of 4.44 eV to the experimentally observed band gap by rigidly shifting
the Kohn-Sham energy eigenvalues upwards for the unoccupied states only.
The Kohn-Sham eigenvalues and eigenstates have been calculated just for the 15 unique
Bloch vectors amongst the 18 integration points. On each one of the 15 unique Bloch
vectors, the k  p-equations have been solved, yielding the analytically continued eigenstates
for all 18 integration points, together with the rst and second order directional derivative
of the eigenvalues. Using those solutions, we have calculated all irreducible representations,
and all unique atomic p-matrix elements for both the direct and indirect transitions.
For the polarisability calculations the energy manifold is interpolated to intermediate
points at a much ner mesh. Each one of the three basic simplices contains 6 elementary
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simplices. They have their 4 vertices on the Bloch vectors on which the analytically
continued Kohn-Sham eigenvalues and eigenstates have been calculated.
Each elementary simplex is then subdivided into 27 smaller ones, which are spanned in
total by 20 interpolating points with a spacing of one third of the original one. The energy
values are obtained using a third order interpolation scheme based on the eigenvalues
and the rst and second order derivatives of their analytical continuation in the direction
of the interpolating points. This large sampling density is needed to get an accurate
parametrisation of the constant energy surfaces, which in turn is needed for accurate higher
Fourier expansion coecients of the integration weights in the spectral density matrix.
For each band we used a sampling of 15 constant energy surfaces with equidistant energy
intervals, yielding the abscissa for the linear interpolation of the energy in the spectral
representation of the density matrix.
The atomic p-matrix elements are not smooth functions of the Bloch vector near points
of high symmetry, but unlike the spectral density matrix, they do not depend on the range
of the nonlocal polarisability element. We have used a sophisticated interpolation scheme
inside the elementary simplices, which accounts for the singular behaviour at those high
symmetry points. This is achieved by using a linear interpolation during the construction
of the spectral density matrix. This interpolation is supported by the direction-dependent
values at the abscissa. The value of the direction-dependent matrix elements at the abscissa
have been derived from the analytical continuation of the wave functions in the direction
of the integration variable. This variable runs along the various constant energy surfaces
during the construction of the spectral representation of the density matrix. For the cuto
for the nonlocal range of the polarisability, we used a maximum of 4.94 
A, yielding in total
9 di erent shells of inter atomic distances.

Isotropic Bulk Polarisability

The resulting frequency-dependent nonlocal polarisability consists of 3  3 tensors as functions of the frequency for each pair of atoms which have a separation less than the cuto
radius. Although the nonlocal polarisability is meant to be used in the dipole calculations,
there are some indicators for its accuracy and reliability. One of those indicators is the
isotropic component of the average value for the total polarisability. It can be obtained
from the trace of the various tensors, via
iso (! ) =

1 Tr X
3 i;j

i;j (! )

(6.1)

where the summation runs over all pairs of atoms, with i in the rst Wigner-Seitz cell. This
mean polarisability yields the dipole strength when the perturbing eld is homogeneous
across the whole induction sphere as determined by the cuto radius. For the diamond
lattice the total polarisability tensor is isotropic, so the isotropic component contains all
relevant information. We will compare the mean polarisability of the Wigner-Seitz cell
obtained from the band structure calculations with its value as obtained from the dielectric

<( iso)
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Figure 6.3: Comparison between the theoretical value for the average isotropic polarisability of diamond and the value as obtained from experimental data. The real (top) and
imaginary (bottom) components are given in units 30 VWS . All results for the 9 di erent
shells have been plotted (dots), together with their extrapolation to in nite cuto Radius
(line).
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iso (! ) = 0 VWS (r (! )

, 1)

(6.2)
For convenience we will present all values relative to a unit polarisability de ned by 30VWS .
The results can be found in gure 6.3. The averaged isotropic polarisability converges
as a function of the cuto radius Rc, in a way which is approximately inversely proportional
to Rc. To get an indication of how well the results for the largest cuto radius of 4.94 
Ahave
converged, we have also indicated the extrapolated value for Rc to in nity. The double
peak structure visible in the real part near 7 and 12 eV only becomes evident for increasing
cuto radius. Increasing this radius, however, does not improve the energy positions of the
di erent features in the spectrum. Those features are mainly found at energies which are
too large. The onset of the absorption is at the correct energy, which is a direct result of
the scissors operation.

The Local Polarisability

The classical interpretation of the polarisability is that of the proportionality factor which
relates the dipole moment of a charge distribution in a given volume to the external (local)
electric eld acting upon this volume. In order to make such an identi cation we will have
to distinguish between the averaged electric eld and the local eld. The two elds are not
the same, but for homogeneously polarised media, with a mean polarisation density , the
two elds can be related according to
E = Eloc , f 31 
(6.3)
0
where we have to choose the factor f equal to one [6]. In inhomogeneously polarised
media this relation is no longer valid, but we may expect a similar formula with the value
for this factor di erent from unity. Its value could furthermore serve as an indicator for
the magnitude of the contribution of any exchange-correlation e ects. The application
of the polarisability as obtained in the density functional formalism is only exact if we
let it act upon the Kohn-Sham e ective electric eld, which contains exchange-correlation
contributions that are assumed to be functions of the polarisation density. If no such
exchange-correlation contributions existed, the Kohn-Sham e ective eld and the average
eld would be the same.
Given the value for the mean polarisability iso , we can obtain the e ective local polarisability which now relates the dipole strength to the local eld through p = VWS  = loc Eloc
by
iso (! )
(6.4)
loc (! ) =
!)
1 + f 3iso0V(WS
Simple mathematics shows that we can obtain the factor f directly from the experimentally
observed dielectric function and the calculated isotropic polarisability according to
#
"
1
1
, (!)
(6.5)
f = 30VWS
loc (! )
iso
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Figure 6.4: Comparison between the inverse of the local polarisability as obtained from the
experimental dielectric function, and the inverse of the isotropic polarisability, as obtained
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where the reference local polarisability is obtained from the experimental dielectric function
using the Lorentz-Lorenz formula,
loc (! )
30 VWS

1
= r ((!!)) ,
+2
r

(6.6)

Although it may come as a surprise, the Lorentz-Lorenz formula turns out to be applicable
to crystalline systems. The dielectric function obtained from the Fresnel-like normal modes
and the results of the Lorentz-Lorenz formula are in excellent agreement.
The two di erent terms can be found in gure 6.4. They are quite similar, and it
becomes evident that the factor f is close to unity. The value for small energies stays
close to 0:75 for the calculation with the largest cuto radius, and close to 0:85 for the
extrapolated value. The in uence of deviations of the polarisation from the homogeneous
case and the e ects of excluding any exchange-correlation contributions remain bounded
to approximately 10% to 25% corrections of the eld which is due to the cell's own polarisation. The resulting local polarisabilities using those values for the factor f are shown in
gure 6.5. The theoretical results and the experimental value for the local polarisability
are in good agreement.
Extrapolation of the isotropic component of the nonlocal polarisability does not greatly
improve the results, although it results in a value for the factor f that is closer to unity. We
can conclude that the isotropic component of the nonlocal polarisability is in reasonable
agreement with experiments. The range of the isotropic part of the polarisability is much
larger than the inter atomic distance, and its value only slowly converges to the limit for
in nite cuto radius.

6.1.2 Silicon Bulk Calculations

The electronic structure for the bulk of silicon is obtained in a bulk calculation using a
basis consisting of all ve shells of occupied numerical orbitals of the free silicon atom,
augmented by a one-fold set of 3s, 3p, 3d and 4f Slater type orbitals. The calculations
were performed using a frozen core consisting of all 1s, 2s and 2p electrons. This basis set
is able to account for approximately 62% of the valence electrons in the conductivity sum
rule, i.e. 2:47 electrons per silicon atom.
The Brillouin zone sampling is similar to the diamond case, with 18 integration points
in the irreducible wedge. This again allowed the package to use the second order integration
scheme for all integrations in the Brillouin zone during the self-consistency cycles.
The real space sampling is such that integrals have a relative accuracy of approximately
10,4 to 10,5, now requiring 10; 272 integration points. The indirect band gap of silicon
is xed at 1.12 eV using a scissors operator, which increases the LDA band gap of 0.41
eV to the experimentally observed band gap by rigidly shifting the Kohn-Sham energy
eigenvalues upwards for the unoccupied states
The same procedure as in the diamond case is used to obtain the continued Kohn-Sham
eigenvalues and eigenstates for all 18 integration points. Using these solutions, we have
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calculated all irreducible representations, and all unique atomic p-matrix elements for both
the direct and indirect transitions.
For the polarisability calculations the energy manifold is interpolated to intermediate
points at an even ner mesh than used in the diamond calculation. Each elementary simplex is now subdivided into 64 smaller ones, which are spanned by in total 35 interpolating
points with a spacing of one fourth of the original one. The energy values are obtained
using the same third order interpolation scheme based on the eigenvalues and the rst and
second order derivatives of their analytical continuation in the direction of the interpolating points. For each band we used again a sampling of 15 constant energy surfaces with
equidistant energy intervals. For the cuto range for the nonlocal polarisability, we used
10.16 
A, yielding in total 15 di erent shells of inter atomic distances. The spatial extent
of the polarisability is expected to be larger for silicon than for diamond.

Isotropic Bulk Polarisability
Just as in the diamond case we can obtain a number of approximations from the resulting
frequency-dependent nonlocal polarisability. The approximations can then be compared
with experimental data. The rst of those indicators is the isotropic component of the
average value for the total polarisability. Since silicon is of the diamond lattice type,
the total polarisability tensor is isotropic, so evidently the isotropic component contains
all relevant information. We will compare the mean polarisability of the Wigner-Seitz cell
obtained from the band structure calculations with its value as obtained from the dielectric
constant. All values will be presented relative to the unit polarisability de ned by 30VWS .
The results are shown in gure 6.6. The averaged isotropic polarisability converges
as a function of the cuto radius Rc, in a way which is again approximately inversely
proportional to Rc. To get an indication of how well the results for the largest cuto
radius of 10.16 
Ahave converged, we have also indicated the extrapolated value for Rc to
in nity.
Unlike in the diamond case, increasing the cuto radius does not introduce all the
typical features of the dielectric function. The double peak structure visible for the experimental data in the imaginary part near 3:4 and 4.2 eV does not appear for increasing
cuto radius. Instead a broad absorption peak is found at energies which are again too
large. The onset of the absorption is at the correct energy, near 3 eV. This indicates that
the contributions of the indirect transitions below the direct energy gap are removed for
an increasing cuto radius. Increasing the extent of the polarisability therefore narrows
the range of the allowed indirect transitions, which is in agreement with expectations.

The Local Polarisability
The second indicator is formed by the e ectively local polarisability. Again we will rst
determine the factor which governs the strength of the contribution of the polarisation to
the local eld, The reference for the local polarisability is obtained from the experimental
dielectric function using the Lorentz-Lorenz formula. In exactly the same way as for the
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diamond crystal, we can plot the inverse of the reference local polarisability together with
the inverse of the averaged isotropic polarisability, which can be found in gure 6.7.
They are again quite similar, and it becomes evident that the factor f is close to unity.
The value for small energies stays close to 0:88 for the calculation with the largest cuto
radius, and close to 0:95 for the extrapolated value. These values are closer to the classical
value for silicon than for diamond. The in uence of deviations of the polarisation from the
homogeneous situation and the e ects of excluding any exchange-correlation contributions
can be estimated to remain bounded to approximately 15% corrections of the eld which
is due to the cell's own polarisation. The resulting local polarisabilities for these values for
the factor f are shown in gure 6.8. The theoretical results and the experimental value for
the local polarisability are in good agreement.
Extrapolation of the isotropic component of the nonlocal polarisability does not improve
the results appreciably, although it results in a value for the factor f that is closer to unity.
We can conclude that the isotropic component of the nonlocal polarisability is in reasonable
agreement with experiments. The range of the isotropic part of the polarisability is much
larger than the inter atomic distance. Extending the cuto range of the polarisability
increases the resolution in reciprocal space. This becomes evident from the convergence
behaviour of the isotropic component of the polarisability for energies between the indirect
and direct energy band gap. The nonlocal polarisability converges only slowly to the limit
for in nite cuto radius.

6.1.3 The Extra Normal Modes

The polarisabilities which are obtained for the silicon and diamond case can be used in a
dipole calculation. We can improve the analysis of the parametrisation of this response
function by performing a bulk-like discrete dipole calculation. In the dipole model of the
semi-in nite system, the response of the bulk region is completely characterised by the
normal modes. In dielectric crystals two nearly degenerate modes with approximately
orthogonal polarisations can be found with a propagation direction and attenuation which
closely resemble the refracted rays in ordinary Fresnel theory of refraction. The double
degeneracy is needed to represent the two allowed orthogonal polarisation directions of the
refracted ray. The two modes are always accompanied by a second pair of nearly degenerate
modes, which have propagation directions with inverted perpendicular components. Those
companions are needed to describe internally re ected waves. [28, 29, 33, 34, 35]. In the
semi-in nite system, only modes that have a nite positive attenuation are allowed. The
companion modes must therefore be excluded from the solutions.
In silicon we nd, apart from the usual two practically degenerate modes near the Fresnel value, two extra, nearly degenerate, modes with mode values near the real axis having
a much larger real part. They complete a full oscillation in typically a few monolayers,
and have small, or even negligible attenuation. Also for the extra modes the accompanying
re ected modes exist. At approximately 1.12 eV, just coinciding with the indirect band
gap of silicon, the normal mode values cross the real axis, thus changing from attenuating
modes to exponentially growing ones instead. Exactly the reverse happens for the re ected
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companions of the extra modes, and the incoming and re ected modes change their role.
The extra modes give considerable contributions to the polarisation density in the
infrared region up to approximately 1.5 eV, beyond which they become highly damped.
They are indispensable for the calculations in the infrared spectral range for achieving a
correct matching between the real space description of the surface region and the normal
mode expansion of polarisation in the bulk region.
The extra normal modes occurring in silicon are not found in diamond. Although in
diamond two such normal mode values are lurking in the vicinity of the real axis, their
imaginary components remain large. Contrary to the silicon case, they do not cross the real
axis. For all optical frequencies those modes are completely damped in a few monolayers,
i.e. already in the surface region, well before the normal mode description is used. The
occurrence of the extra normal modes cannot be implied by the crystal geometry alone,
but also the strength and structure of the polarisability is of importance.
We do not expect those modes to be physically acceptable. The rapid variations of the
dipole strengths described by these special normal modes violate the assumption on which
the calculation of the polarisability tensors was based. We allowed only slowly varying
electric elds, which can be assumed to be approximately constant in the atomic Voronoi
cells. The coarseness of the sampling of the polarisation density, could cause the dipole
lattice to become unstable against such rapid variations. The special modes seem to be
ghost solutions originating in the mathematical model, lacking any physically acceptable
interpretation.
A similar instability was already observed in a much simpler system, the diatomic
molecule H2 , and also in alkane-like chains [96]. If the atomic polarisability of the free
hydrogen atom was used in an unabridged independent point dipole model, then the interacting dipole system became unstable. The inter atomic separation of the two hydrogen
atoms turned out to be below some critical distance. Whenever the separation of the
dipoles is smaller than or close to this value the point dipole model becomes unstable.
The critical separation d was completely determined by the magnitude of the atomic polarisability, and stable results could only be expected if the following rule of thumb was
satis ed.
(6.7)
40 d3  1
The e ective local polarisabilities for diamond and silicon and their separation are such
that this rule is violated. Although the nonlocal nature of our polarisability links adjacent
dipoles together, the resulting coupling is apparently insucient to rigourously suppress
the dipole-dipole instability.
The fact that we do obtain realistic Fresnel-like modes with physically acceptable slow
polarisation variations leaves the possibility open to remove the spurious behaviour from
the equations. Moreover we know that whenever the modes are strongly damped, the
dipole lattice is stable at least for the bulk region. The unstable nature of the dipole
lattice disappears for silicon at energies beyond 1.5 eV. We may expect correct results
for the optical re ection whenever the dipole lattice which describes the surface region
is stable too. Unfortunately the polarisabilities are usually larger for the surface atoms,
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which makes the situation only worse. This was born out in practice. The neither of the
calculations of the surface contribution to the optical re ection was successful.
A ner dipole mesh will result in a more accurate parametrisation of the short-range
variations of the polarisation and electric eld. This more reliable description might be
able to remove the extra modes. For the ner sampling, the correct description of the
nonlocal nature of the polarisation becomes increasingly important. In fact for the limit
to an in nitely ne mesh, we would solve the integral equations resulting from the timedependent Kohn-Sham formalism.

6.1.4 Silicon (100) Surface Calculations

The electronic structure for the various surfaces is obtained by using slabs having two
dimensional periodicity. The unsaturated bonds of the bulk-like silicon atoms at the back
side of the slab strongly in uence the electronic structure of the whole slab. It is common practice to emulate a bulk embedding on the bulk-side of the slab by saturating the
dangling bonds. This forces the electronic structure at the bulk side to have a bulk-like
sp3 hybridisation. The slabs are all saturated at the bulk side by using normal hydrogen
atoms at bulk-like tetrahedral bond directions with a Si-H distance of 1:52 
A[97]. Although
hydrogen is slightly more electronegative than silicon, the Mulliken excess charges of the
saturating hydrogens never exceeded 0:15 electrons. The Si-H distance is much shorter
than the Si-Si distance in the bulk. The Voronoi cell of the saturated silicon atom is
therefore also smaller, and the polarisability of this atom cannot be regarded as bulk-like.
The contribution of this atom together with that of the embedding hydrogen atoms will
be excluded from the polarisability calculations.
All slabs have four silicon layers, with the two topmost layers having the same basis as
the one we used in the bulk calculations. To reduce the computational demands, the two
bulk-like layers have a smaller basis set, for which we removed the 3d and 4f Slater type
orbitals. The basis set for saturating hydrogen consisted of the 1s numerical orbital and a
single 1s Slater-type orbital. The two basis sets are able to account for approximately 60%
of the valence electrons per atom for the top two layers, and 40% for the bulk-like layer as
obtained from the conductivity sum rule.
For the 2  1 surfaces we used a Brillouin sampling of 4 points in the irreducible part,
spanning two elementary simplices. For this system all Brillouin zone integrations during
the SCF cycles were based on a linear interpolation scheme. The 1  1 systems have a
Brillouin zone twice as large, and the sampling was set to 9 points for two simplices in the
irreducible part, with a quadratic integration scheme during the SCF cycles.
The energy eigenvalues have been interpolated to a mesh with one third of the original
spacing. Each simplex is therefore divided into 9 smaller ones with in total 10 vertices.
The sampling of the energy ranges of the individual bands was kept at 15 constant energy
contours. As in the bulk case we obtained the analytically continued Kohn-Sham eigenvalues and eigenstates, and used the extra information in the two-dimensional versions of
the same interpolation schemes, the irreducible representations and p-matrices.
The real space sampling was chosen such that integrals have a relative accuracy of
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10,4, requiring approximately 53; 000 and 35; 000 integration points for the 2  1 and
1  1 systems respectively. Since no bulk-like band gap can easily be derived, no scissors
operator was applied. The local density of states, however, displayed a low value in a range
around the Fermi level at the bulk-like atoms, indicating a remnant of the bulk band gap of
approximately 2 eV. As it turned out, the local part of the polarisabilities obtained in the
bulk-like region of the slabs resembled the results obtained in the true bulk calculations.
The surface geometries are not relaxed, but obtained from literature. All geometries
are rotated to match the condition that the top most silicon layer have the dangling bond
directions parallel to the y axis, and consequently perpendicular to the x axis. This means
that the dimer, the Si-O and the Si-H bond directions are along the y direction. For the
asymmetric dimer reconstructed Si(100)-21 surface we used the top four layers of the
geometry of Ramstad et al. [90]. For the oxygen in the Si(100)-11 surface, we used the
geometry of Smith and Wander [98]. On this surface the dangling bonds are saturated
by oxygen atoms that are on bridge-bonded positions. The surface is then covered by
Si-O-Si-O chains along the y-direction. We used three shells of occupied numerical orbitals
augmented by a one-fold basis set consisting of 2s, 2p, 3d and 4f Slater type orbitals. Only
the 1s core state was kept frozen. This basis almost completely exhausted the conductivity
sum rule, leaving only 8% of the valence electrons unaccounted for. In the hydrogenated
surface we used a bulk geometry for all silicon layers, with the dangling bonds of each atom
at the surface saturated by two hydrogen atoms at 1.52 
Aand tetragonal bond angles. The
basis set consisted of one 1s numerical orbital in combination with a one-fold set of 1s, 2p
and 3d Slater type orbitals, accounting for 80% of the valence electrons in the conductivity
sum rule.

6.1.5 The Anisotropic Polarisability
The di erent surfaces show strong anisotropies in their polarisabilities. The anisotropy
can be shown by constructing the diagonal components of the average value for the total
polarisability. This mean polarisability can be obtained from the various tensors, via
(! ) =

X
i;j

i;j (! )

(6.8)

where the summation runs over all pairs of atoms, with i in the rst Wigner-Seitz cell. This
mean polarisability yields the averaged dipole strength of this cell when the perturbing eld
is homogeneous across the whole induction sphere as determined by the cuto radius.
In gure 6.9 we have shown the polarisability along three Cartesian components of this
tensor function for the asymmetric dimer reconstructed 2  1 surface, the oxide 1  1 and
the dihydride 1  1 surfaces. As result of the limited thickness of the slabs, we cannot relate
the overall magnitude of the z component to the two parallel components. It is shown only
to indicate the qualitative properties of the slab.
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Figure 6.9: The Cartesian components of the average polarisability for three di erent
surfaces. Top panel shows the result for the top three layers of the asymmetric Si(100)2  1 surface. The middle panel shows the oxidised Si(100)1  1. Bottom panel shows the
dihydride Si(100)-1  1 surface. All results are given in the bulk unit polrisability 30VWS .
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Figure 6.10: The isotropic component of the local component of the polarisability of the
top three layers of the asymmetric dimer reconstructed silicon surface, together with the
isotropic bulk value. All results are given in the bulk unit polrisability 30VWS .
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Figure 6.11: The Cartesian components of the local contribution to the polarisability for
the top three layers of the asymmetric Si(100)-2  1 surface. The top value at 1.0 eV of
zz for the down atom is 14.8. All results are given in the bulk unit polrisability 30 VWS .
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The Asymmetric Dimer Reconstruction
The absorption for the asymmetric dimer slab is strongly anisotropic for energies around
1 eV and also from 3 to 4 eV. The origin of this anisotropy becomes clear if we plot the
contribution of the individual layers to this polarisability.
In gure 6.10 we have shown the isotropic part of the local component of the polarisability tensor for the di erent layers in the slab. The value along the three Cartesian
components of the same contributions are shown in gure 6.11.
We can see in these gures that the absorption of the third silicon layer is very close
to the isotropic bulk result. The x, y and z components are very similar and each one of
them is comparable to the bulk value. The bulk embedding is therefore appropriate and
the thickness of the slab is sucient to describe this surface. It is surprising to nd that
the in uence of the surface on the polarisability disappears over such a short range.
The anisotropy increases for the layers approaching the surface. The feature around
1 eV is strongly anisotropic. For those energies the slab can only be polarised along the
dimer bond, i.e in the y-z plane. In fact only the up and down atom of the dimer contribute
to the absorption. This feature is therefore a property of the asymmetric dimer.
The absorption in the range from 3 to 4 eV is approximately twice as large for the
x-direction perpendicular to the dimer bond as for the y-direction along this bond. The
dimer atoms contribute as much as the atoms in the second layer. The third layer atoms
however do not contribute to a large degree. Only the up atom of the dimer and the second
layer atoms have a contribution considerably di ering from the isotropic bulk value in the
direction normal to the surface. We can associate the features in this energy range with
the bonds between the dimer atoms and the second layer.

The Oxidised Surface
The polarisability of the oxidised surface is quite di erent from the asymmetric dimer
surface. In gure 6.9 the three components of the average polarisability are shown. Clearly
visible are the strong absorption along the x-direction below 1 eV and the absorption
features which are predominantly along the y-direction between 2 and 4 eV. A closer look
at gures 6.12 and 6.13 shows that all layers in the slab have comparable contributions to
these features.
The oxygen, however, is dominant over all other atoms for the components being parallel
to the surface. Oxygen determines the anisotropy to a large degree, but surprisingly the
polarisability in the direction normal to the surface is almost entirely the result of the
second silicon layer. Contrary to the dimerised surface, the origin of the various features is
less localised. Although third silicon layer is less bulk-like in comparison with the dimerised
surface, its value is reasonably isotropic and close to the bulk value.

The Silicon Hydride Surface
The bulk-like termination which was used at the back of the slabs for merely technical
reasons is now used to terminate the surface. The averaged polarisability of the silicon
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Figure 6.12: The isotropic component of the local polarisability of the top three layers of
the oxidised silicon surface, compared to the bulk value. All results are given in the bulk
unit polrisability 30VWS .
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Figure 6.13: The Cartesian components of the local contribution to the polarisability for
the top three layers of the oxidised Si(100)-1  1 surface. All results are given in the bulk
unit polarisability 30 VWS .
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Figure 6.14: The isotropic component of the local polarisability of the top three layers of
the hydrogenated silicon surface, compared to the bulk value. All results are given in the
bulk unit polarisability 30 VWS .
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Figure 6.15: The Cartesian components of the local contribution to the polarisability for
the top three layers of the dihydride Si(100)-1  1 surface. All results are given in the bulk
unit polarisability 30 VWS .
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dihydride surface given in gure 6.9 lacks the strong features which were obtained for the
clean dimerised surface and the oxidised surfaces.
The anisotropy which is present in the average polarisability cannot be assigned to any
layer in particular. All layers have local contributions with slightly di erent components
along the three directions, but their anisotropy is not pronounced. The second and third
layer of the silicon part are at equivalent positions in the slab. Their polarisability is not
the same however due to the di erent basis sets we used for these atoms. This results in a
di erent magnitude of the polarisability, however the spectral-dependence is quite similar.
The bulk embedding using the saturating hydrogen can be applied successfully. The
changes in the polarisability which is introduced in the bulk-like silicon atoms is small in
comparison with the deviations which are caused by surface reconstruction and adsorbed
atoms.

6.2 Summary
The model calculations performed on silicon and diamond show that we can calculate
the nonlocal polarisabilities using the e ective one-particle wave functions. They were
obtained in an ordinary ground state calculation using the Kohn-Sham formalism. Both
the three dimensional bulk systems and the more complicated slab geometries yielded
realistic results. The bulk polarisabilities obtained for diamond in particular and to a
lesser extent also for silicon were in reasonable agreement with the experimental data. The
polarisabilities are isotropic, which has to hold for the isotropic bulk geometries. We found
the range of the nonlocal polarisabilities to be much larger than the interatomic distance,
which supports the necessity of a nonlocal form for the polarisability.
The slab calculations showed us that the response of the outermost layer of atoms is
strongly a ected by the presence of reconstructions and adsorbate atoms. However, it is
surprising to note that the surface layer, consisting of the atoms having a response that
is di erent from the bulk, is only a few atomic layers thick. In the dimer reconstructed
Si(100) surface the changes are restricted to just the dimer atoms and the layer directly
below them. The presence of oxygen a ects the surface response, by an enhancement of the
polarisability, whereas the hydrogen suppresses the polarisability. The dimer surface and
the oxygen surface are strongly anisotropic. The surface can be saturated with hydrogen
without introducing strong anisotropies. The total slab polarisability is therefore una ected
by the hydrogen embedding at the bulk side.

Chapter 7
Conclusions
This thesis is about the quantum theory of re ection of light at crystalline surfaces. It
gives a description of the many aspects of the development of a method of calculation and
its implementation. This scheme resulted in a computer package which was applied to
obtain the optical properties of some realistic surfaces.
Our description starts with the quantum theory of the solid state, which gives the connection between the dielectric response of a material system and its electronic structure.
The semi-classical description of the response of a many-electron system to harmonically
uctuating electromagnetic elds involves a proper description of the two types of interactions, both between the electrons and between the electrons and the radiation. The nuclei
are assumed to behave according to classical mechanics, which explains the name of the
method. We start by investigating the electron-electron interaction when the system is
subjected to electromagnetic radiation. It turned out that we can unify the description
of the two interactions, yielding expressions involving both the charge and current density
operators which couple to properly de ned scalar and vector potentials.
A practical implementation of this many-particle description is, however, impossible. A
workable approach can nevertheless be obtained by using an extension of the density functional theorems of Hohenberg and Kohn in the self-consistent calculation scheme of Kohn
and Sham. The original description can be adapted to include the current-dependent contributions already encountered in the many-electron description. The exchange-correlation
e ects can in principle be included into the self-consistent electric eld. This eld is completely determined by the charge and current densities. Due to the continuity equation
we can combine the charge and current densities into the so-called polarisation density,
which acts as the source of the electromagnetic eld and which determines the exchangecorrelation contribution to the self-consistent eld. By applying a proper gauge transformation, we can rewrite the various interactions in terms of the current density and the
electric eld. Due to the one-to-one correspondence of the current and polarisation density
we can conclude that the interacting matter-radiation system is completely described by
the polarisation density and the electric eld.
The interacting system is treated by using linear perturbation theory. The quantum
mechanical features of the action on the solid of the supposedly known perturbing eld
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is gathered in a nonlocal response function. This response function, which relates the
polarisation density linearly to the self-consistent perturbing eld, is called the nonlocal
polarisability. It is obtained in a closed form, using only the Kohn-Sham electronic structure of the excited states and ground state of the unperturbed system. The picture that
emerges is that we can describe the e ects of external elds on solids in a single-particle
calculation scheme, which involves the calculation of the polarisation density and the selfconsistent electric eld.
The evaluation of the nonlocal polarisability function is extremely involved, and cannot
be performed without extensive application of the symmetry properties of the material
system. The order in crystals comprises both the in nite translational symmetry and the
invariance under rotations and re ections. We treat the geometrical aspects of the order,
where special attention is payed to the consequences for nonlocal response functions. The
symmetry is also re ected in the electronic structure. We show that the various aspects
of the symmetry are fully covered by xing the Bloch type functions in the irreducible
part of the Brillouin zone. Using k  p-expansions we can obtain analytical continuations
throughout the interior and on the surface of the irreducible zone. The complete function
space can be unfolded by projecting the irreducible zone using the representations of the
space group operators.
By using this construction, we can simplify the representations to be nontrivial only
for the operators from the groups belonging to k-points of high symmetry. Moreover
unambiguous band enumeration becomes possible, with the individual bands having fully
symmetric and continuous energy functions. This, however, is achieved on the expense of
the continuity of the wave functions with respect to their dependence on the vector k right
at the cuts. In the interior of the irreducible parts, continuity is una ected. Time-reversal
symmetry only imposes some additional constraints on the wave functions whenever also
the inversion symmetry is present.
We have designed a workable method for the calculation of the nonlocal polarisability
tensor. After a careful analysis of the functional form of the polarisability expression,
we de ned the density matrix, and its spectral representation. The emphasis was on the
numerical aspects of the application of the various symmetry relations. The additional
functions, the various representations of the density of states and joint density of states,
could be de ned and their evaluation was considered. These functions can assess the
qualitative behaviour of the response function. The most important candidate for a fast
estimation of the spectral properties of the polarisability is provided by the joint density
of states. All aspects of this calculation scheme have been successfully implemented and
tested.
The semi-in nite crystalline system possesses a number of symmetries, which are slightly
modi ed by the presence of externally applied electric elds. We assume that we can identify a surface and a bulk region. This is re ected in the polarisability and the geometry.
With respect to these properties we assume that the in uence of the presence of the surface is only considerable in the outermost layer. In the bulk region this in uence has to
be small. Furthermore, the surface and bulk periodicity have to be commensurate. Only
then, we can use the translational symmetry along the surface to reduce the description to
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cover a unique part only.
We adapted the dual space description for the semi-in nite interacting dipole model,
which is indispensable for calculating the re ection of light at surfaces. In this technique,
the material properties are assumed to be known. They have to be supplied in the form of
the nonlocal polarisabilities. The long-range electromagnetic interactions and the nonlocal
nature of the polarisabilities complicate the calculation considerably.
We have given ecient expressions for the electric eld which is produced by a single
plane of induced polarisation in such a system. The remnant periodicity perpendicular to
the surface can be used in the bulk. There the polarisation can be described using polarisation waves, the so-called normal modes. They are the solution of the secular equation,
an integral equation involving only a unit cell of the bulk. Due to the commensurability
equation this cell need not be the same as the bulk-like cell of the semi-in nite system.
The latter cell is usually larger due to the condition that the bulk should be commensurate
with the surface. Its size can be reduced to the unit cell determined by the bulk periodicity
only. Only a limited number of modes will be needed to fully specify the polarisation in
the bulk. The problem reduces to a set of coupled interaction equations. These integral
equations have to be solved for just two unit cells. The polarisation and the electric eld
can thus be obtained self-consistently.
The model calculations performed on silicon and diamond show that we can calculate
the nonlocal polarisabilities using the e ective one-particle wave functions. They were
obtained in an ordinary ground state calculation using the Kohn-Sham formalism. Both
the three dimensional bulk systems and the more complicated slab geometries yielded
realistic results. The bulk polarisabilities obtained for diamond in particular and to a
lesser extent also for silicon were in reasonable agreement with the experimental data. The
polarisabilities are isotropic, which has to hold for the isotropic bulk geometries. We found
the range of the nonlocal polarisabilities to be much larger than the interatomic distance,
which supports the necessity of a nonlocal form for the polarisability.
The slab calculations showed us that the response of the outermost layer of atoms is
strongly a ected by the presence of reconstructions and adsorbate atoms. However, it is
surprising to note that the surface layer, consisting of the atoms having a response that
is di erent from the bulk, is only a few atomic layers thick. In the dimer reconstructed
Si(100) surface the changes are restricted to just the dimer atoms and the layer directly
below them. The presence of oxygen a ects the surface response, by an enhancement of the
polarisability, whereas the hydrogen suppresses the polarisability. The dimer surface and
the oxygen surface are strongly anisotropic. The surface can be saturated with hydrogen
without introducing strong anisotropies. The total slab polarisability is therefore una ected
by the hydrogen embedding at the bulk side.
We did not succeed in calculating the optical re ection for the various silicon surfaces. Both the nonlocal polarisability and the self-consistent dual space calculations were
successfully implemented and thoroughly tested. Nevertheless, the nonlocal range of the
polarisability in combination with the choice of one dipole per atom could not stabilise the
interacting dipole lattice. This became evident from the occurrence of the extra - unphysical - normal modes in the bulk region, and the rather unsuccessful attempts to calculate
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the surface contributions.
The most probable cause for this failure is the undersampling of the polarisation density.
A description using a single dipole for each atom is insucient. This problem could be
solved by increasing the sampling density, resulting in a far more dense point dipole lattice.
This will also result in a tremendous increase in the computational e ort which has to be
put in the evaluation of the nonlocal polarisabilities. This is however still beyond the
available computer power, and requires a vast investment in software development.
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Samenvatting (Summary in Dutch)
Dit proefschrift met de titel `Dynamische Electrische Polarisatie aan Kristallijne Oppervlakken', behandelt de quantummechanische beschrijving van de re ectie van licht aan
regelmatig geordende oppervlakken. In dit proefschrift vindt u een beschrijving van de
vele concepten en wiskundige technieken die een bruikbare berekeningsmethode hebben
mogelijk gemaakt. De berekeningsmethode en haar implementatie in een computerpakket worden uitvoerig beschreven. De methode is voldoende exibel van opzet, zodat zij
kan worden toegepast bij het berekenen van lineair-optische eigenschappen van realistische
oppervlakken. Zij is daarom toegepast in een aantal model berekeningen, om de werking
ervan te onderzoeken.
In een korte introductie, waarin de historische ontwikkeling wordt geschetst, wordt in
hoofdstuk 1 de plaats van dit onderzoek aangegeven.
In hoofdstuk 2 wordt ingegaan op de beschrijving van de interactie van het materiele
systeem met het electromagnetische veld. De algemene veel-deeltjes theorie geeft aanleiding
tot een beschrijving waarin de wisselwerking tussen de electronen onderling op dezelfde
manier wordt behandeld als de interactie van de electronen met het electromagnetische
veld. Deze benaderingswijze levert zo een beschrijving waarin naast de ladingsdichtheid
ook de stroomdichtheid van belang is. Deze dichtheden vormen samen de brontermen voor
het electromagnetisch veld.
Als gevolg hiervan kan een e ectief-een-deeltjes theorie niet volstaan wanneer zij uitsluitend gebaseerd wordt op de electronendichtheid. De geldigheid van het gebruikelijke
schema kan echter worden uigebreid naar tijdsafhankelijke systemen. Dit wordt beschreven in het tweede gedeelte van hoofdstuk 2. De beschrijving van de uctuerende electronenverdeling wordt daar geven op basis van de stroomdichtheid in combinatie met de
ladingsverdeling voor het geisoleerde systeem. Als gevolg van de tijdsafhankelijke variant
voor de Hohenberg-Kohn theorema's en de continuiteitsvergelijking leveren deze dichtheden voldoende informatie voor het volledig karakteriseren van het interagerende materiele
systeem. De quantummechanische beschrijving met het Kohn-Sham schema levert nu de
electronenstructuur op basis van een-deeltjes gol uncties.
De informatie van de ladings- en stroomdichtheid volgt direct uit deze gol uncties.
Zij kan eenvoudig worden samengenomen in de polarisatiedichtheid. Voor het electromagnetisch veld volstaat het slechts het electrische veld te speci ceren. Het beeld dat
nu ontstaat is dat van een materieel systeem dat volledig wordt gekarakteriseerd door de
polarisatiedichtheid, dat in interactie is met het stralingsveld dat op zijn beurt volledig
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wordt beschreven door het electrische veld. De koppeling tussen beide wordt enerzijds
gegeven door de klassieke Maxwell vergelijkingen, die het electrische veld geven voor gegeven brontermen, en anderzijds door de quantummechanische vergelijkingen, die in eerste
benadering de polarisatiedichtheid koppelt aan een gegeven electrische veld. Dit gebeurt
via de polariseerbaarheid. Deze vergelijkingen kunnen nu gelijktijdig worden opgelost. We
vinden zo de brontermen van het veld, en daarmee de lineair-optische eigenschappen van
het materiaal.
Het berekenen van de polariseerbaarheden is geen sinecure. Dit vereist een zeer omvangrijke hoeveelheid berekeningen, die slechts kunnen worden uitgevoerd, wanneer we
aannemen dat er in het materieel systeem veel orde aanwezig is. Dit is gelukkig een veel
voorkomende situatie, karakteristiek voor kristallen. Door nauwkeurig de verschillende
symmetrieen van deze geordende systemen te onderzoeken kunnen we het probleem beperken tot een zeer klein gedeelte van het kristal. Dit is het onderwerp van hoofdstuk
3.
De geometrische eigenschappen komen het eerst aan bod. We geven eerst een kort
overzicht van de belangrijkste gedeelten van de groepentheorie. Ter voorbereiding op de
latere berekeningen passen we haar vervolgens toe op lijnstukken die atomenposities van het
kristal met elkaar verbinden. Het niet-lokale gedrag van de polariseerbaarheid compliceert
de analyse behoorlijk. De symmetrie wordt ook teruggevonden in de eigenschappen van
de een-deeltjes gol uncties. Ook deze eigenschappen worden geanalyseerd, wat resulteerd
in een set van transformatie eigenschappen. De meest bekende hiervan resulteert in de
Bloch vorm voor de een-deeltjes gol unctioes. Ook andere eigenschappen komen aan bod,
en krijgen een natuurlijk onderling verband door gebruik te maken van de zogenaamde
k  p-methode. Ook hier is weer het minimaliseren van de hoeveelheid berekeningen het
doel.
De eigenlijke berekening van de polariseerbaarheid is het onderwerp van hoofdstuk 4.
De verschillende resultaten van hoofdstuk 3 kunnen nu worden toegepast. Het rekenschema
voor de polariseerbaarheden krijgt daarmee zijn uiteindelijke vorm. Om het overzicht te
bewaren wordt eerst een hulpgrootheid gede nieerd, de dichtheids matrix. Hiervoor kunnen
verscheidene relaties worden afgeleid, welke direkt het gevolg zijn van de transformatie
eigenschappen van de gol uncties. De polariseerbaarheid kan nu op basis van deze relaties
ecient worden uitgerekend.
De eerste stap van het rekenproces is nu voltooid. We hebben het quantummechanische
gedrag van het materiele systeem beschreven met behulp van de polariseerbaarheden. Zij
leggen het verband tussen het electromagnetische veld en de brontermen.
De tweede stap is nu het ontwikkelen van het formalisme waarin de polariseerbaarheden
kunnen worden toegepast in realistische situaties. Dit is het onderwerp van hoofdstuk 5.
We proberen het oppervlak van kristallen te beschrijven. Daar immers treedt re ectie van
licht op. Het gevolg van de aanwezigheid van zo'n oppervlak is echter dat de symmetrie
wordt verstoord. We nemen nu aan dat we een dun gebied aan het oppervlak kunnen
aanwijzen, waarin deze verstoring ook daadwerkelijk gevolgen heeft. Dieper in het kristal,
in de zogenaamde bulk, zal deze verstoring geen gevolgen hebben. Daar geldt de oude symmetrie. Het gebruik van de verschillende soorten symmetrie voor enerzijds het oppervlakte
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gebied en anderzijds het bulkgebied maakt het mogelijk ook hier een enorme reductie aan
te brengen in de hoeveelheid rekenwerk.
De aanwezigheid van een electromagnetisch veld geeft een extra verstoring van de symmetrie, maar zij is zeer mild van aard. In het bulkgebied kunnen we de polarisatie beschrijven met slechts een kleine hoeveelheid `dipoolgolven', ook wel normale modes genoemd.
We moeten de polarisatie alleen nog beschrijven binnen een tweetal cellen, een voor het
bulkgebied en de andere voor het oppervlaktegebied. Het periodiek voortzetten van de
resultaten voor deze cellen levert de polarisatie voor het hele systeem. We kennen nu de
brontermen in het hele systeem, en daarmee verkrijgen we zo de re ectie eigenschappen
van het oppervlak.
In hoofdstuk 6 wordt het hele rekenschema toegepast op de oppervlakken van diamand
en silicium. Het doel is om te onderzoeken hoe de re ectie wordt beinvloed van de buitenste
atoomlagen door bijvoorbeeld het oxideren van dit oppervlak. De verschillende technische
aspecten van deze berekening en de resultaten worden hierin beschreven. Het proefschrift
eindigt in hoofdstuk 7 met het formuleren van conclusies en aanbevelingen.
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