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Samenvatting

Dit proefschrift beschrijft in drie delen de productie, de eigenschappen en een toepassing van poreuze,
keramische membranen.
Met een membraan (ook wel ‘filter’) kunnen deeltjes (zoals moleculen of ionen) in een gas of vloeistof
van elkaar gescheiden worden. Een membraan is per definitie een twee-dimensionale structuur: het is
bijvoorbeeld een dun vlies of het vormt de wand van een cylinder. De celwand van planten en dieren
is het meest voorkomende (en ingewikkeldste) type membraan op aarde. In de keuken gebruiken we
grove membranen als koffiefilter, en als kalkfilter in moderne waterkokers. Een belangrijke
grootschalige toepassing van membranen is de afscheiding van zouten uit zeewater om drinkwater te
produceren.
In dit proefschrift worden membranen beschreven die poreus zijn. Hiermee bedoelen we dat in het
materiaal waaruit het membraan bestaat, vrije ruimte beschikbaar is waar gas- en vloeistofdeeltjes
doorheen kunnen. In dichte membranen daarentegen, moeten de deeltjes eerst in het vaste membraan
worden opgenomen waarna ze door het materiaal heen bewegen.
Membranen kunnen van keramiek gemaakt worden vanwege de goede eigenschappen van dit
materiaal: keramiek is duurzaam –het slijt niet snel en degradeert niet in de aanwezigheid van
bacteriën– en kan tegen een hoge druk, temperatuur en agressieve chemicaliën. Keramische producten
kunnen daarom gesteriliseerd worden; belangrijk bij een toepassing in de medische sector. Keramiek
heeft ook nadelen: keramiek is zwaar en kan heel bros zijn. Zeker aan dat laatste aspect wordt veel
onderzoek verricht. Keramiek is duur omdat de productie ingewikkeld is; daarover later meer.
Behalve bovengenoemde voor- en nadelen, wordt keramiek gekenmerkt door heel bijzondere
elektromagnetische eigenschappen: het kan in meer of mindere mate deeltjes als elektronen, ionen en
fotonen doorlaten en vaak kan dit nog van buitenaf worden gestuurd. Keramiek wordt daarom
bijvoorbeeld om zijn optische of magnetische eigenschappen gebruikt in vele elektronische producten
(zie referenties).
Zoals aangestipt is keramiek duur. Dat komt omdat de productie ervan omslachtig is in vergelijking
met alternatieve materialen zoals plastic en metaal. Plastic wordt geproduceerd in een polymerisatiereactie die soms al bij kamertemperatuur plaatsvindt; metaal kun je bij relatief lage temperaturen als
een vloeistof bewerken (bijvoorbeeld 660°C voor aluminium en 1360°C voor staal). Dit alles is
onmogelijk voor keramiek. Daarom worden keramische producten vaak gemaakt uit fijne keramische
poeders. Hierbij wordt veel moeite gedaan de poederkorrels zodanig te stapelen dat een product
verkregen wordt waarin de korrels een regelmatig patroon vormen. Een dergelijke patroon (ordening)
is nodig om aan keramiek de eerder genoemde eigenschappen mee te geven. Bedenk dat de
poederkorrels zeer klein kunnen zijn: in dit proefschrift wordt vaak gesproken over deeltjes van
vierhonderd nanometer –éénvijfentwintigduizendste van een centimeter– wat ongeveer honderdvijftig
keer kleiner is dan de dikte van een menselijke haar.

Maar het kan nog kleiner: de γ-alumina membranen die in dit proefschrift worden beschreven zijn
gebaseerd op deeltjes van slechts tien nanometer.
Om deze kleine deeltjes goed te kunnen stapelen, wordt het poeder vaak eerst in een vloeistof zoals
water verdeeld. Door roeren, trillen en/of toevoegingen aan de vloeistof worden de krachten tussen de
deeltjes gestuurd. Soms is het bijvoorbeeld gewenst dat de deeltjes los van elkaar komen en elkaar
afstoten. In andere gevallen zijn grote, samenhangende structuren gewenst.
Door vervolgens de deeltjes en de vloeistof van elkaar te scheiden, ontstaat een bouwwerk van
keramisch korreltjes. De groeisnelheid van dit bouwwerk is laag en daarom hebben deeltjes tijd en
ruimte om een geordende structuur te vormen. Dergelijke processen noemen we suspensie-processen
en worden behandeld in deel I van dit proefschrift.
Vervolgens wordt dit fragiele bouwwerk in een oven gebakken waarbij de losse deeltjes enigszins
versmelten en de poriën tussen de deeltjes kleiner worden. Voor een toepassing als poreus membraan
moeten we er wel op letten dat de poriekanalen met elkaar verbonden blijven en er doorgangen
overblijven door het gehele materiaal heen. Poreuze keramische membranen die op deze manier zijn
gemaakt worden in deel II onderzocht op de sterkte (welk drukverschil kunnen ze aan?) en het
transportgedrag (hoeveel gas of vloeistof kan er doorheen worden geperst?).
Een toepassing van deze membranen waarbij bovenstaande eigenschappen als sterkte en
transportgedrag essentieel zijn, wordt in deel III beschreven. Het gaat om de osmotische tensiometer,
een sensor voor de bepaling van de vochtigheid van de bodem. Het meten van de vochtigheid is
belangrijk in de land- en tuinbouw en speciaal daar waar water kostbaar is zoals in droge gebieden op
aarde.
Referenties
Phelps, G.W., and J.B. Wachtman, Ullmann’s Encyclopedia of Industrial Chemistry, Vol. A6, p. 1, VCH,
Weinheim, Germany (1986).
Schwartz, R., Kirk-Othmer Encyclopedia of Chemical Technology, Vol. 5, p. 683, Wiley, N.Y. (1993).

Summary

Synthetic membranes are increasingly used for energy-efficient separation of liquid and gaseous
mixtures in household applications, environmental technology and the chemical and energy industry.
Besides, membranes are used in component-specific sensors in gas and liquid streams, preferably
combined with micro-electronic devices.
Ceramic membranes have a large potential over their polymer counterparts for applications at high
temperature, pressure and in aggressive environments. Ceramic membranes offer the additional
advantage that they can be cleaned at high temperatures or by the use of steam (sterilisation). The first
enables their extended use in household applications, while the latter is of importance in food
processing and medical applications.
Future use of ceramic membranes includes their application in chemical reactors or in combination
with heterogeneous catalysts. Both options are a chemical engineer’s dream and therefore studied
much.
Preparation of porous ceramic membranes is expensive, which is a general problem for ceramic
materials. This is caused by the fact that ceramic materials cannot be processed in a liquid state as
their polymer and metallic counterparts. Much attention is therefore paid to the ‘powder technology’
of ceramic materials in which powder preparation, consolidation, drying and sintering are essential
steps.
State-of-the-art ceramic membranes are produced by ‘colloidal’ or ‘suspension processing’, which
implies that an essential step in the process is the dispersion of particles in a suitable carrier liquid and
the subsequent consolidation of the powder into a ‘green cast’.
The consolidation step is the subject of part I of this thesis. First a generic overview is given
(chapter 1), after which more attention is paid to cast formation by centrifugal casting. First, the case
is considered of centrifugal casting of a monodisperse suspension (chapter 2) and, second, of a
bidisperse suspension, resulting in a graded cast structure (chapter 3). In chapter 4, the influence of
gravity on the development of the cast profile during filtration is discussed, while chapter 5 describes
cast formation by making use of an electrostatic force. In chapter 6 a criterion is discussed which
predicts the conditions for homogeneous cast formation.
In part II several properties of porous ceramic membranes are discussed (e.g., produced by suspension
processing as discussed in part I). First, their permeation and tensile strength when applied in a
membrane module are considered, which determine their optimum performance (chapter 7). Second,
the adhesion strength of a thin membrane layer on top of a substrate is discussed on the basis of
experiments in a pressure vessel (chapter 8).

The porous ceramic membranes described are used in the osmotic tensiometer, a humidity sensor to be
applied in soil environments. This is the subject of part III. This application field implies the
measurement of humidities close to 100%. Humidity sensors for this range are and will be an essential
element of agriculture and horticulture in a world of increasing prices for clean, potable water.
However, no adequate method exists yet when considering criteria as response time, endurance,
reproducability and ease of use. A novel technology using a combination of dedicated polymer, a
state-of-the-art ceramic membrane and a sensitive pressure transducer may give the desired result.
This is the osmotic tensiometer. In chapter 9 several aspects of ‘response time’ for application of the
osmotic tensiometer under realistic field conditions are quantified in a transport model. This model is
validated with experiments using a novel design of the osmotic tensiometer. Chapter 10 deals with
the favorable consequences of the use of cross-linked polymer grains inside the osmotic tensiometer
instead of short linear chains. This results in a decrease of response time and a cheap and user-friendly
osmotic tensiometer. The features of this second design are essential for a bright future of the osmotic
tensiometer. In chapter 11 anomalous temperature changes in conventional and osmotic tensiometers
are described. On the one hand, these changes may damage the sensor, while, on the other hand, they
may give valuable information on several transport parameters related to tensiometer performance.
Model results are compared with experiments using a third, automated tensiometer design.
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PART I

SUSPENSION PROCESSING

Chapter 1: The consolidation step in suspension processing of ceramic materials

Abstract
In this general overview of suspension processing, the following issues are adressed:
•

A criterion for differentiating a colloid from a suspension,

•

The advantages and disadvantages of suspension processing, when compared with more traditional techniques of ceramic material manufacturing,

•

The pattern of cast formation in terms of kinematic waves versus a single shock,

•

A classification scheme for all methods currently applied to consolidate a ceramic powder according to a limited number of well-defined criteria, and

•

A general approach for consolidation, from a single equation for cast formation.

Introduction
Colloids versus Suspensions
Because the concepts ‘colloidal processing’ and ‘suspension processing’ are often used alternately and
without a clear distinction in ceramic engineering, this chapter starts with a criterion to differentiate a
colloid from a suspension. A mixture of (partially) dispersed particles in a liquid can be considered a
colloid or a suspension, depending on the relative influence on the particle movement of surface forces
and thermal fluctuations on the one hand and volume forces on the other. For suspensions, volume
forces dominate (chapters 2-6) while colloidal behaviour results from surface forces and ordinary diffusion. According to Esipov (1995), colloids and suspensions are distinguished by particle size with a
transition at Pe=1 (Pe=v⋅L⋅D-1); colloids have Pe<1 and suspensions Pe>1. If the length scale L is set
equal to the particle size 2⋅rp, Stokes’ law is used for the particle velocity v and the Stokes-Einstein
equation for the diffusion coefficient D (chapter 2), the following criterion for the colloid state is then
obtained:
rp < 4

3k B T

d

8πg ρ p − ρ L

i

(1)

Equation (1) shows that for alumina (ρp=3970 kg/m3) in water (ρL=1000 kg/m3) and gravity sedimentation, particles can be considered colloidal for rp<360 nm while in a centrifuge at 20,000 rpm (rotations per minute) with a tube radius R of 1 cm, the colloidal state implies rp<44 nm (g ≡ ω2R). Note
that as the above dimensionless number is defined on a particle scale, it is formally the Bodenstein
number Bo (Westerterp et al., 1987); the Péclet number is in general reserved for cases in which L is
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of a macroscale dimension (e.g., suspension height, chapter 2). According to the above criterion, all
experiments performed in Part I of this thesis were done with suspensions. This implies that a ‘hard
sphere’-approach, neglecting surface forces and ordinary (concentration) diffusion, can be used in the
modeling work.
Our approach is different from the one taken by Meerdink and Van’t Riet (1995) who describe drying
(a Mode 2B process, see further on) of a ternary system of water, sodium caseinate and sucrose and the
resulting gradients in the formed solid product (in the present terminology: ‘cast’). Those molecules
are even smaller than colloids and a Maxwell-Stephan approach is used including water evaporation
and ordinary concentration diffusion. No distinct “phase” boundaries are considered -as is done in
Part I of this thesis, see equation (3)- but the solid product developing at the interface with air is defined via very low diffusion coefficients at low water concentrations (low ‘moisture content’).

Suspension processing
Ceramic (and other) materials are increasingly made by suspension processing instead of by more traditional techniques as dry pressing and extrusion. Suspension processing in general includes the use of
a liquid (in most cases, water) with a low viscosity and a low percentage of (organic) additives
(<<1%). Extrusion processes make use of highly viscous, non-Newtonian pastes with an organic content up to 10% or more and in dry pressing, particles are compacted under extremely high pressures
using a few percent of a mold filling agent.
Suspension processing may result in ceramic products with superior properties because 1. particles can
be dispersed adequately in the liquid phase using stirring, liquid milling and ultrasound, 2. particles
can be mixed at the particle scale (i.e., homogeneously mixed), 3. as the green cast is formed by depositing layer by layer in a controlled fashion (for mode 2, see further on), particles can reorient and
form an ordered, close-packed structure (especially for spherical and well-dispersed particles) finally
resulting in strong materials with smooth surfaces (chapter 7), uniform structures and a low defect
concentration (Novich and Pyatt, 1990), 4. due to ordered packing and a minimal addition of organic
additives, drying and sintering failure and shrinkage can be minimized and 5. due to differential settling in suspension, graded structures can be obtained with dedicated material and transport properties
(chapters 3 & 7). Disadvantages of suspension processing are 1. the high costs due to the essentially
batchwise process operation (when compared to extrusion; pressing is also batchwise but relatively
easily automated), 2. long processing times due to the necessary particle-liquid separation (for mode 2,
see further on), 3. undesired segregation effects, e.g., due to gravity (chapter 4) and 4. the need of a
high standard of technical competence in controlling the colloidal state.
Suspension processing is used abundantly for the application of thin layers (paint, (enamel) coatings).
In the maufacturing of bulk ceramics it must compete with extrusion and pressing and its main application in that area is whiteware manufacturing and a growing number of high-tech applications
(Young et al., 1991). Examples of the latter are in the electronics (capacitors, sensors) and chemical
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industry (membranes for gas and liquid separation). Besides, suspension processing is used frequently
in many academic laboratories to prepare homogeneous ceramic parts.
For a more detailed treatment of the general features of suspension (and colloidal) processing in comparison to other techniques, see Aksay and Schilling (1984), McN. Alford (1987), Novich and Pyatt
(1990), Chang et al. (1991), Bergström et al. (1992) and chapter 7.
Suspension processing requires several process steps, as depicted in Figure 1. Though the number of
steps may seem large, it must be noted that steps can often be combined (e.g., powder and suspension
preparation, application and consolidation) or may be trivial in operation time or technical difficulty,
dependent on the process at hand.

Powder Preparation
Suspension Preparation
Application
Consolidation
Heat Treatment
Machining
Figure 1. Suspension processing.
A general process scheme for ceramics preparation through suspension processing contains:
•

The preparation of a powder.

•

The dispersion of the powder in a suitable carrier liquid (suspension preparation).

•

The distribution of the suspension over a suitable substrate (application).

•

The conversion of the suspension into a green cast (consolidation).

•

The drying, calcining and/or sintering of the green cast (heat treatment).

•

Form manipulation and polishing (machining).

The application step may be trivial for dilute suspensions when, for instance, the suspension is poured
into a filtration cup but is definitely not trivial for concentrated suspension (with a complicated rheology) or in processes as painting, spin coating or withdrawal coating (Ring, 1996) in which the transport behavior of non-Newtonian liquids must be considered in combination with surface forces and the
location of the surface.
The separation of particles and liquid in (mode 2 of) the consolidation step is the topic of Part I of this
thesis. Literature on the processing aspects of consolidation is scarce, while it considers a suspension
of one type of particle only and is often based on (different) empirical relations as the starting point.
From here on, this chapter deals with a general description of the consolidation step and shows how
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(green) cast formation (velocity and cast composition) can be described for any consolidation mechanism, starting each time at the same equation for cast growth.

Consolidation
In the consolidation step a suspension is transformed into a green cast. The fundamental difference
between the suspension and the cast state of liquid-particle mixtures is the yield stress, which is the
resistance to shear at zero shear rate. A suspension has by definition a low yield stress to facilitate
mould filling while a green cast has a yield stress that is sufficiently high to withstand deformation on
subsequent handling.
Consolidation starts with a mixture in the suspension state: the (volumetric particle) concentration φ is
smaller than φt, which is the transition concentration between suspension and cast, see Figure 2. For
each mixture such a φt can be defined, though in general it has a certain width of perhaps a few percentage-points.
φ
Suspension, φs

φt

Green Cast, φc

Figure 2. Abstraction of the consolidation process.
During consolidation, the particle concentration φ becomes larger than φt:

lφ < φ q → lφ > φ q
t

t

(2)

and obviously, this can either be accomplished by decreasing φt or by increasing φ, see Figure 3.
Decreasing φt is done in gel casting (Young et al., 1991), coagulation casting (Si et al., 1999) or temperature-induced gelation (Bergström and Sjöström, 1999). In these processes, the addition of a polymerisation agent, or a change in temperature, increases the yield strength of the particle mixture.
This type of operation is called mode 1 in this chapter. The second mode of operation –increasing the
mixture concentration φ– is used in processes as sedimentation and filtration.
In mode 1-processes no liquid-particle separation has to take place which implies that no external
forces have to be exerted on either the liquid or the particles in the mould, which simplifies mould and
process design. The advantages of these ‘undrained’ casting methods –in contrast to the mode 2,
drained casting techniques– is discussed by Bergström and Sjöström (1999). Very high density green
compacts can be obtained with these processes as discussed by Si et al. (1999) with negligible shrinkage during consolidation and drying. This method is very suitable for the processing of homogeneous
composites because segregation -as discussed further on- cannot occur. A possible disadvantage is the
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fact that particles cannot reorient into an ordered green cast but retain the randomness inherent to a
suspension. This might influence subsequent drying and sintering, steps for which it might be expected
that an ordered structure will result in less drying defects or exaggerated grain growth during sintering.
In mode 2-processes, particles have to be concentrated for φ to exceed φt. For this, an external force is
required (in most general terms a gradient in electrochemical potential). This force can either act on
the liquid (mode 2A & 2B) or on the particles (2C).

Consolidation
φt ↓

φ↑

v p ,s
< 0 , vp,s ≠ 0
vL

vp,s-vL = 0

vL ≠ 0, vp,c ≅ 0
vp,c ≅ 0, vp,s ≠ 0
Examples

Mode
Graded Structures

Gel casting
Coagulation casting
1
Impossible

Slip Casting
Pressure Filtration

vp,c ≠ 0, vp,s = 0
Drying
Osmotic Consolidation

2A

2B

Not in a batchwise system

Sediment Casting
Electrophoretic Deposition
Centrifugal Casting
2C
Always

Figure 3. Modes of consolidation. The ‘≅’-sign (‘almost zero’) indicates the possibility of cast densification; for
an incompressible cast, read ‘=’.

In mode 2A, liquid is forced through a stagnant substrate (mould or filter) while particles (all having
the same velocity vp,s as the liquid vL) build a green cast at the substrate because they cannot penetrate
the substrate pores. Typical examples are filtration and pressure, vacuum and slip casting. The driving
force on the liquid may originate from a gas phase pressure difference, a piston or from capillary
forces as in slip casting and dip coating. Particles pack with a certain velocity into the cast and, provided they have enough time and space for rotation/settling, an ordered cast structure may be obtained,
with advantages as discussed above. As all particles have the same slip velocity with respect to the
liquid (i.e., vp,s-vL = 0), segregation will not occur as long as the effect of gravity can be neglected.
Drying and osmotic consolidation are 2B-processes and differ from 2A-processes because the particles
in the suspension have a zero velocity while the substrate moves inward into the suspension (vp,c ≠ 0).
In drying the ‘substrate’ in which the liquid disappears is the air (or other gas) flowing over the suspension. As the liquid-gas surface retreats, particles are taken up and a cast grows at the liquid-cast
surface. In ‘osmotic consolidation’ the substrate is the polymer solution outside a thin polymeric
membrane (Miller and Zukoski, 1994; Miller et al., 1996).
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Processes that make use of gravity are typically of the 2C kind (sedimentation) in which the driving
force for particle movement through the liquid is the gravitational potential. Other known driving
forces are of centrifugal (chapters 2 & 3) or electrostatic (chapter 5) nature while more esoteric ones
such as a magnetic (magnetophoresis, Blums et al., 1995) and temperature gradient forces (thermophoresis, Keh and Ho, 1999) are –wisely– not used to produce bulk ceramic materials. In 2C-processes
particle velocities toward the cast depend on form, size, charge or density and therefore segregation
will always occur if particles have a distribution in any of the above characteristics. Segregation may
not always be unfavorable for the material properties and can be especially benificial in creating functionally graded materials (chapter 3).
In a batchwise process, segregation must at least involve a 2C-process. However, if new suspension is
added to the mould continuously, graded structures can also be obtained by a 2A or 2B-process, see
Marple and coworkers (1994, 1995).
A combination of the several mode 2-processes often occurs. Already mentioned is the unintentional
influence of gravity on the different other processes (chapter 4). To decrease the formation time, an
intentional combination of filtration (2A) and sedimentation (2C) is used in centrifugal slip casting
(Austin and Duncombe Jr., 1941).

Cast Growth during Consolidation
In this section, first the two modes of cast formation –either by waves or by a shock– are discussed on
the basis of settling due to gravity. Quantitative criteria are derived that determine which mode of cast
formation can be expected. The most general equation for all mode 2-processes is formulated and on
the assumption that a shock separates cast and suspension, it is discussed how this equation can be
worked out for specific processes. Finally, a criterion is discussed that determines whether macroscale
inhomogeneities in the suspension can be expected (‘viscous fingering’) which would result in a sediment structure of considerable and unpredictable inhomogeneity.

Kinematic waves versus shocks
The continuity equation

∂φ s
+ ∇J = 0 describes particle movement through a liquid with flux
∂t

J = vp,s ⋅ φs. The lines of constant density (characteristics or kinematic waves) which comprise the solution of this partial differential equation collapse under certain conditions to a single kinematic shock
(wave) which is described by an ordinary differential equation. Part I of this thesis focuses on solutions of this ODE. First a criterion is derived for shock formation based on an analysis of sedimentation in a gravity field. In this case, particles in suspension move downward with a constant suspension
concentration φs throughout. As they bounce into the green cast, their velocity decreases to zero (for an
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incompressible cast) while their concentration suddenly increases to the cast concentration φc. This
sedimentation behavior is described by a kinematic shock between suspension and cast. Otherwise,
kinematic waves move upward from the cast into the suspension and a transition zone exists above the
cast front in which waves are formed from concentrations φL to φt (φs ≤ φL < φt < φR < φc ) with shocks
at the concentration transitions φs - φL and φR - φc, see Figure 4.
For gravity and centrifugal sedimentation of monomodal, spherical, well-dispersed particles (and
hence no densification of the cast), the particle velocity in suspension is given by the Richardson-Zaki

b

g

n

equation v p ,s = U 1 − φ s , with U the velocity in an infinitely diluted and unbound liquid, while the
particle flux is J=vp.s⋅φs, and the cast growth velocity is vc = − v p ,s

φs
. Following Fitch (1983)
φc − φ s

sedimentation of a suspension of concentration φs into a cast with packing factor φc is described
graphically by a particle flux vs. concentration curve, see Figure 4, together with a straight line connecting (φs, J(φs)) and (φc,0), the slope of which is the cast formation rate vc. This line intersects the
flux-curve at φL and φR and sedimentation behavior is described by a shock at the surface of the sediment in which the concentration increases from φt to φc (see Figure 4) and a region of increasing
height above the sediment in which the concentration decreases gradually from φt to φL after which
another shock occurs from φL to φs. For a suspension concentration φ1, the entire straight line (dashed)
is below the flux-curve and a single shock occurs at the sediment (φ1→φc).

0.07

0.06

0.05

Flux

0.04

0.03

0.02

*

φ1

0.01

φ

φs

φL
φt

0
0

0.1

0.2

0.3

0.4

0.5

φR

φc
0.6

Suspension concentration
Figure 4. Particle flux vs. suspension concentration curve.
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Because evaluation of graphs is time-consuming, has a low precision and cannot be programmed,
quantitative criteria have been developed by us for sedimentation by a single shock, based on Figure
4. The results are as follows:

b g

1. A single shock is –independent of suspension concentration φs– formed if n + 1 φ c − 4n < 0 (e.g.,
2

at n=4.7 for Re<0.2, φc,max=0.579),

b g

2. For n + 1 φ c − 4n > 0 , a single shock is also formed for φs<φ* or φs>φt, with the tangent concen2

Fb g
H

φ t = 21 n −1 n + 1 φ c +

tration

d

φ * 1 − φ*

i

n

=

φ* − φ c
φt 1 − φt
φt − φc

b

bn + 1g φ
2

2
c

− 4 nφ c

I
K

φ*

and

the

solution

of

g . Such solutions are given in Figure 5 for n=4.7 (e.g., for φ =0.6,
n

c

φ*=0.22 and φt=0.43) which also shows the limit as calculated in result 1 above (i.e., always a
shock for φc<0.579), and in Figure 6 for a range of exponents n and φc=0.6.
3. For φ*<φs<φt, waves are formed on top of the sediment (see point 2.) with concentrations φw given
by the hatched area in Figure 7 defined by φw<φt, φw>φs and φw>φL. φL is the middle solution of

b

φL 1− φL

g

n

=

φ L − φc
φs 1 − φs
φ s − φc

b

g

n

(three solutions exist for φ*<φL<φt).
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Suspension concentration

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1
0.57

0.58

0.59

0.6
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Cast packing factor

Figure 5. Contour plot for wave formation: only for an initial suspension concentration φs that is within the
hatched area (in between φ* and φt) waves are formed, but the lower contour line, φ*, does not equal φL, which is
calculated in result 3 below (for n=4.7).
Note that for mode 2A and 2B, shocks will always occur instead of waves, as the particle flux into the
cast does not depend directly on φs. Note further that the discussion on waves vs. shocks has been confined in literature largely to gravity settling of a monomodal system of dispersed particles. For a suspension consisting of several particle types, coagulated or agglomerated particles, subject to other
driving forces (for example electrostatic) or a combination of driving forces, the {velocity (vp,s)concentration (φs)}-relationship will differ significantly from the above discussed Richarson-Zaki
form, with yet unpredictable results for the cast formation behaviour.
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Figure 6. Contour plot for wave formation: only for an initial suspension concentration φs that is within in the
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calculated in result 3 above (for φc=0.60).
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Figure 7. Waves of all the concentrations in the hatched area are formed for a suspension concentration φs in
between 0.22 and 0.43 (for φc=0.60 and n=4.7).

Movement of shock front
Irrespective of the presence of a region with waves above the sediment, the velocity of the castsuspension boundary vc is given for a multimodal particle suspension by (Kynch, 1952):
n

∑d
j =1

n

v p , s , j − vc φ s , j = ∑ ( v p , c , j − vc ) φ c , j

i

(3)

j =1

This form of the shock balance is relevant if different particles within the cast have different velocities, as when small particles trickle through a matrix structure of larger particles which may either be a
porous filter (mold, substrate; Randon et al., 1993), the cast already formed (‘fine particle invasion,’
Civan, 1998) or both (Hampton et al., 1992). Important for these kind of problems, is the work by
Kluijtmans et al. (1997) who measured the movement of individual colloidal particles in porous media.
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From this point forward, we assume that at the cast-suspension front all particles in the cast have the
same velocity (∀ vp,c,j, vp,c,j = vp,c). In that case, equation (3) simplifies to:
n

∑ dv p ,s, j − vc iφ s, j = (v p ,c − vc )φ c
j =1

n

,

∑ φ c, j = φc

(4)

j =1

The composition of the cast layer (fi is fraction of particle type i) that deposits can be derived from (4):
fi =

dv
∑ dv

p , s ,i

n

j =1

i

− vc φ s,i

p ,s , j

i

− vc φ s , j

n

,

∑ fj =1

(5)

j =1

To solve equations (4) and (5), information is needed on the change in time of the cast concentration
φc, suspension concentration φs and particle velocities at both sides of the boundary vp,c and vp,s,j. From
here, we assume that no wave region exists above the sediment.
•

For mode 2B-processes, vp,c ≠ 0 and vp,s = 0 but in 2A- and 2C-processes the opposite holds, at
least for an incompressible cast. For mode 2B, the velocity of particles in the cast vp,c is determined by the velocity of liquid removal. For compressible casts (for all mode 2-processes) it is
also related to the collapsing behaviour of the formed cast, which requires the solution of partial
differential equations: as φc changes through the cast structure, also the liquid flow velocity
changes. Therefore, pressure gradients in the liquid and stress gradients in the material do not follow from ordinary differential equations. Also, the relation between stress gradients and the collapsing/reconformation behaviour of the cast (decrease of φc, compaction) is far from trivial. Especially coagulated or agglomerated suspensions yield cast structures that are very dilute initially,
but exhibit very outspoken compaction behaviour. This is in contrast to what is the case in welldispersed suspensions in which φc can be considered constant with respect to place (in the cast)
and time.

•

For forced diffusion as driving force (e.g., by gravity or centrifugation), particle velocities through
the liquid vp,s-vL are based on the solution of the Navier-Stokes equations, with implementation of
external forces as gravity or the electrostatic potential (as for electrophoretic mobility). Often,
these equations are solved for a single particle in an infinitely extended medium which gives the
well-known Stokes’ equation for sedimentation (chapter 2) and the Henry equation for forced diffusion in an electrostatic field (chapter 5). To account for higher concentrations, empirical or
semi-analytical multiplication factors are derived of which the most well-known is the
Richardson-Zaki equation for hindrance during particle sedimentation (chapter 2). For an electrostatic driving force, an analytical equation was only recently derived to account for higher particle
concentrations, but has not been validated yet (Ohshima, 1997; see also Johnson and Davis, 1999).
In this respect, the work by Thies-Weesie et al. (1995) who describe (gravity) sedimentation of
charged spheres, is important as well. To account for differential sedimentation of particles of different size and density, one-dimensional momentum balances are simultaneously solved with the
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Richardson-Zaki equation (chapters 3, 4 & 6). However, differential sedimentation due to an
electrostatic force (because of different mobilities) is not yet investigated. Solutions based on the
three-dimensional Navier-Stokes equations for dispersed particles settling due to an external force
are not available either, but would give valuable information on sedimentation of concentrated
suspensions, especially for a suspension consisting of many particle types (e.g., due to size distribution). However, the discrete element models explored, e.g., by Hoomans et al. (1996) and Hong
(1997) can be a useful starting point.
•

The liquid (superficial) velocity vL for flow through the already formed porous cast or the substrate/mould is often given by Darcy’s law: vL = -L/η∇Ψ, in which Ψ is the electrochemical potential for the liquid phase, which may contain, e.g., a pressure, gravity or osmotic component
(chapters 4, 7 & 9). Jernot et al. (1992) rigorously describe the 3-D flow of a liquid through a porous medium by numerical simulations.

•

Particle concentrations in the suspension are typically solved using differential or integral mass
balances. The first is most appropriate for non-stirred, pure batch-wise processes (chapters 2 - 4),
while the second is best suited for stirred or (semi-)continuous processes (chapter 5). In mode 2A
and 2B, φs remains constant in time as well as for batch-wise electrophoretic deposition and sedimentation in a gravity field. However, in a centrifugal field or in a (semi-)continuous mode, φs
changes in time.

•

The cast concentration φc for multicomponent mixtures of (non-)spherical particles follows from
empirical relations or 3D-simulations. The Westman-Hugill equation (chapter 4) describes φc for
binary systems of spherical and well-dispersed particles, while Yu and Standish (1987) describe
the packing of multi-component mixtures (e.g., with Gaussian or log-normal size distributions) of
spherical particles and extend this approach to irregular particles (1988). Validation for binary
(1992) and ternary systems (1993) is provided. 3-D simulations of the packing of spherical particles with arbitrary size distribution is done by Powell (1980), Nolan and Kavanagh (1993) and
Yang et al. (1996) and of non-spherical particles by Aparicio and Cocks (1995). Packing of highly
non-spherical particles, namely rods, is described by Philipse (1996) and Zou et al. (1999).

Instabilities in sedimentation
Two types of instabilities in mode 2C will be discussed which both result in a cast structure with segregated pockets of a deviating composition. Inhomogeneities not only arise in the direction of flow but
in lateral direction as well. In that situation a varying cast thickness is also expected. The first instability type occurs when a suspension is layered on top of the pure liquid. This instability can be understood by looking at the suspension as a single phase. To decrease the (gravitational or ‘centrifugal’)
potential of the entire system, the suspension will move in large ‘slugs’ through the clear liquid towards the location of lowest potential. This phenomenon is a large problem in (biochemical) separa-
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tion processes in which a sample to be processed is present as a layer on top of a liquid phase in a
centrifuge. Only if the liquid contains a positive density gradient (by the addition of salts), is stable
separation possible (Fritsch, p. 11, 1975; Hinton and Dobrota, p. 51, 1978; Price, p. 1982, 1959).
For the production of tubular ceramics, this phenomenon is important in centrifugal injection casting
(Huiskes et al., unpublished work) and would result in an inhomogeneous structure in r-, φ- and zdirection. However, due to the high sedimentation velocities (e.g., 0.1 m/s) and the resulting short
processing times (e.g., 40 ms for a single layer to be deposited, Biesheuvel et al., unpublished work)
these structures may not develop.
A second type of instability arises even in an initially mixed suspension, but happens only if particles
of different density are present, e.g., when a functionally graded material is to be formed (chapter 3).
Here, particle clusters form in the suspension which might destroy the homogeneity of the green cast.
Batchelor and Janse van Rensburg (1986) developed a criterion for stability in these systems which is
evaluated in chapter 6.

Conclusions
In consolidation processes such as gel or coagulation casting, the concentration at which transition
occurs from suspension to cast, φt, is decreased to below the mixture concentration φ to form a green
cast. In this process, neither particles nor liquid move during consolidation. In the other mode of consolidation, φ is increased to above φt, by either removing the liquid (e.g., filtration or drying) or by
forcing the particles to move through the liquid. When the liquid is removed and no segregation occurs, a graded structure can only be obtained if new suspension is added to the mould during cast formation. This is contrary to what is the case in processes in which particles move through the liquid as
in sedimentation in a gravitational, centrifugal (chapters 2 & 3) or electrostatic field (chapter 5). In
practical situations the removal of liquid and the movement of particles through the liquid occur simultaneously, for instance when gravity plays unintentionally an important (deleterious) role during
filtration (chapter 4). The description of cast formation starts with Kynch-theory and only for an incompressible cast and shocks instead of waves are elegant solutions obtained.

Symbols
D
fi
g
J
kB
L
L
n
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Diffusion coefficient
Fraction of component i in cast layer that is depositing
Acceleration due to gravity
Particle volume flux in suspension
Boltzmann constant = 1.38066⋅10-23
Typical length scale
Permeability of porous structure
Exponent in Richardson-Zaki equation

[m2/s]
[-]
[m/s2]
[m/s]
[J/K]
[m]
[m2]
[-]

R
rp
U
v
vL
vp,c
vc
vp,s,i
η
φc
φc,i
φL, φR
φs
φs,i
φt
φt
φw
φ*
Ψ
ρL
ρp
ω

Distance from center of rotation
Particle radius
Particle velocity in diluted unbound liquid
Particle velocity due to forced or pressure diffusion (not ordinary or thermal diffusion)
Liquid superficial velocity in mould and cast
Particle velocity in cast
Cast front velocity
Velocity in suspension of particle i
Liquid (Newtonian) viscosity
Overall cast concentration (volume basis; unity minus porosity)
Volumetric cast concentration of particle type i
Points of intersection of flux curve with φs-φc-line
Overall suspension concentration (volume basis)
Volumetric suspension concentration of particle type i
Transition concentration (Figure 2)
Concentration at tangent (from φc) of particle flux curve (Figure 4)
All concentrations at which waves exist above the sediment
First intersection of flux curve with tangent (from φc)
Electrochemical potential for liquid transfer through porous structure
Liquid density
Particle density
Angular velocity

[m]
[m]
[m/s]
[m/s]
[m/s]
[m/s]
[m/s]
[m/s]
[Pa.s]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[Pa]
[kg/m3]
[kg/m3]
[rad/s]
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Chapter 2. Theory of Batchwise Centrifugal Casting
Abstract
In batchwise centrifugal casting a cylindrical mold is filled with suspension and rotated rapidly
around its axis. This results in the movement of the particulate phase towards the cylinder wall and
the formation of a tubular cast. In this chapter theory is presented for particle transport in the suspension phase and subsequent cast growth using concepts from the related fields of centrifugal sedimentation and centrifugal separation. Most attention is given to the situation of complete mold filling
which allows for several distinct simplifications. The differential equations that describe suspension
concentration and cast growth are analytically solved for the case of unhindered settling and solved
numerically for hindered settling. The outcome shows a good agreement with experiments in which
homogeneous porous ceramic membrane supports are made from a submicron α-alumina powder.

Introduction
The formation of a cast from a suspension of particles can be done by the use of polymeric agents
(mode 1 of chapter 1), the removal of liquid (mode 2A and 2B) or by the movement of particles
through the liquid because of a force acting on the particles (mode 2C). This latter mechanism is
called sedimentation and is the basis of cast formation in centrifugal casting. In this process, a cylindrical mold is filled with a suspension of particles with a higher density than the matrix liquid and
rotated around its center axis. Subsequently, particles start to move towards the cylinder wall due to
the centrifugal force and form a cast with increasing thickness. After cast release and proper posttreatment, a firm and homogeneous tubular structure can be obtained.
Centrifugal casting as described in this chapter occurs in an impermeable (say metal) mold and thus
no filtration occurs. This chapter is furthermore confined to processes in which a cylindrical mold is
rotated around its own center axis which results in the formation of a tube. The theory presented can
be modified to describe cast formation in a typical laboratory centrifuge in which the mold is rotated
around an axis perpendicular to its own center axis. In that case a flat object will be obtained.
Centrifugal casting to produce a tubular structure is applied in several areas, e.g. the production of
optical telecommunication fibers (Bachmann et al., 1996), steel tubes (Northcott and Dickin, 1944;
Royer, 1988; Kang and Rohatgi, 1996), polyester and polyvinyl pipes (Jones, 1994), functionally gradient metal-ceramic materials (Fukui, 1991) or porous ceramic supports for membrane applications
(Nijmeijer et al., 1998). Structures made by centrifugal casting have distinct properties when compared to more traditional techniques as extrusion and isostatic pressing. The main advantage is the
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uniformity in particle packing, which results in a very homogeneous product with a higher strength
and a smooth inside-surface. Hong (1997) uses a discrete element method to study uniformity in particle packing of structures produced by centrifugal casting and shows that homogeneity is increased
when the cast formation rate is lowered.
A uniform particle packing results in a higher corrosion resistance in case of steel tubes, while for the
production of porous ceramic membrane supports a smooth inside surface and a narrow pore size distribution are obtained, which are essential for the quality of membranes that are deposited on this surface. A centrifuged tube shows an extremely good roundness when compared to an extruded tube
which is of importance when tubes are sealed into reactor modules (Nijmeijer et al., 1998).
Theory of centrifugal casting is related to research in the fields of centrifugal sedimentation and centrifugal separation. In centrifugal sedimentation, the objective is the clarification of slurries (Perry,
1984) or the analysis of size (distribution) of macromolecules or proteins (Schachman, 1959). These
latter applications have already been described thoroughly, starting with Lamm (1929), whose general
ultracentrifuge equation or Lamm’s equation is still the basis of any modeling effort in this field (Bowen and Rowe, 1970). The diffusional part of this equation is sometimes neglected (Sambuichi et al.,
1987 and 1991), but becomes an essential part if the objective is the determination of molecular
weight of polymers in solution (Bowen and Rowe, 1970). The convective part is based on sedimentation velocities measured in a gravitational field. The influence of solid phase concentration on the
sedimentation velocity is often fitted to a linear function in order to obtain analytical solutions (Fujita,
1962). The mold is always partly filled with suspension before rotation is started. This results in the
development of a gas-liquid interface, a supernatant, a suspension phase and a cake layer.
In the field of centrifugal separation much attention is paid to predicting the movement of the supernatant-suspension boundary and the suspension-cast boundary (Baron and Wajc, 1979; Anestis and
Schneider, 1983; Greenspan, 1983; Schaflinger and Stibi, 1987; Ungarish, p. 75, 1993). These authors
follow a more rigorous approach including secondary effects as spin-up from rest, Coriolis and inertial forces and prograde and retrograde rotation. Particle velocities are based on Stokes’ law and correction factors for hindered settling are implemented to account for higher particle concentrations.
Model predictions are in excellent agreement with some experimental results obtained by Baron and
Wajc (1979) and Schaflinger and Stibi (1987). Tubes with a very smooth outside-surface can be obtained when particles have a lower density than the liquid and thus sediment on an inner cylinder.
This situation is described by Ungarish (p. 75, 1993).
The objective of this chapter is the application of several concepts from centrifugal sedimentation and
centrifugal separation theory to centrifugal casting for the production of tubular structures. A straightforward approach is followed resulting in a condensed model neglecting second-order effects as
caused by inertial and Coriolis forces. Stokes’ law is applied for unhindered settling of particles while
the influence of particle concentration (hindered settling) is implemented using the Richardson-Zaki
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correlation (1954) which is not linear. In the former case, the transport model can be solved analytically while in the latter numerical solutions must be found. Special attention is paid to the situation of
complete mold filling which implies that a gas-liquid surface will not evolve and neither does a supernatant phase. The theory presented is based upon monosized particles with equal densities and thus
the segregation due to a distribution in size or density is not implemented. Particle sizes as used in
literature are typically of the order of 0.5 - 500 µm while the volumetric particle concentration in the
suspension is in between 10 and 50 %, see Table 3.
Particles in suspension are stabilized by interparticle repulsive forces to prevent flocculation which
would result in a cast with non-optimum properties. In the current work two assumptions are made
relating to these forces:
•

Firstly, the interparticle forces only have a working range in the order of nanometers and can thus
be neglected when calculating particle velocities: a so-called ‘hard-sphere’-approach is used.

•

Secondly, high pressures develop between particles in the cast which help to overcome the interparticle forces and to move particles into their primary potential minimum where they are bound
strongly. Therefore it is reasonable to assume that diffusion from the cast back into the suspension
phase can be neglected.

Because of particle stabilization in suspension, a dense and non-compressible cast develops (Lange
and Miller, 1987). Therefore it is not necessary to solve momentum balances over the cast as has been
done by Sambuichi et al. (1987, 1991) and Tiller and Hsyung (1993) to describe cast formation from a
flocculated suspension.

Theoretical background
Introduction
Theory is presented for cast formation in a vertically upright cylinder (see Figure 1) that is rotated
around its center axis (r = 0) which causes the heavier particle phase to move towards the cylinder
wall and form a cast with increasing thickness. Gravitation is neglected as a driving force for particle
movement due to the high value of the centrifugal force imposed (ω2r/g >> 1) and therefore only balances in radial direction are considered. Constant density of the solid and the liquid phase is assumed.
In centrifugal casting a cylindrical mold is filled to a certain extent with a suspension of particle concentration φ0. When rotation is started, the suspension is distributed evenly over the tube wall leaving
a cylindrical core unfilled. Particles will move away from the gas-liquid interface rL leaving a supernatant phase behind (see Figure 2). While the supernatant phase is growing, a cast is formed at the
cylinder wall r0 which moves inward into the suspension. When the supernatant-suspension interface
rs reaches the suspension-cast interface rc, cast formation ceases suddenly. However, if initially the
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mold had been filled completely, no supernatant phase will form and the cast formation rate decays
exponentially.

ω
r L rs rc r 0

r

Hm
Hf

0<r<rL Gas
rL<r<rsSupernatant
rs<r<rc Suspension
rc<r<r0Cast
Figure 1. Schematic diagram in a centrifugal mould tube.

φc

ζ=1

φ

ζ<1
0
0

rL

rs

rc r0

Figure 2. Concentration profiles in supernatant, suspension and cast. For complete filling (ζ=1, dotted line) no
supernatant phase will evolve. For ζ<1 (continuous line), rs increases from rL at t=0. Arrows indicate movement
with time.
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In the next subsections, first an overall mass balance for the particle phase is discussed resulting in an
expression for the final cast thickness. Second, the elements necessary to describe the cast formation
rate are discussed, which are:
•

Expressions for particle velocities in the suspension phase,

•

The equation of continuity for the suspension phase and

•

Expressions for the movement of the suspension-cast boundary.

Combination of these elements yields an expression for the rate of cast formation which is elaborated
for the cases of hindered and unhindered settling and filling fractions lower than and equal to unity.

Overall mass balance: Final cast thickness
The final cast thickness δ∞ can be derived from the overall mass balance for the solid phase including
tube radius r0, initial suspension concentration φ0, cast concentration φc and filling fraction ζ. Suspension and cast concentration are defined on a volume-basis. For a given amount of suspension or cast
consisting of a volume solid phase Vs and liquid phase VL, concentration φ is defined as:
φ=

Vs
Vs + V L

(1)

The filling fraction ζ is defined as the ratio of total suspension volume to mold volume. If a mold with
height Hm is filled to height Hf, then ζ is given by (see Figure 1):
ζ=

Hf

(2)

Hm

After start of rotation, liquid will overcome gravity and distribute evenly over the tube height, as far
away as possible from the tube center. In the center a gas-liquid interface will develop at radius rL,
which location can be derived from an overall mass balance for the suspension phase:
H f πr02 = Hm π( r02 − rL2 )

(3)

Implementation of (2) in (3) results in:
rL = r0 1 − ζ

(4)

The final cast thickness δ∞ can be derived from an overall balance when all particles have been transported from the suspension into the cast and only a clear supernatant remains:

o

t

o

t

π r02 − rL2 φ 0 = π r02 − ( r0 − δ ∞ ) 2 φ c

(5)

Rearrangement of (5) and implementation of (4) results in:

R|S
|T

δ ∞ = r0 1 − 1 − ζ

φ0
φc

U|V
|W

(6)
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Particle Transport Mechanisms
Particles move through the suspension due to centrifugal forces (formally, pressure diffusion, Bird et
al., 1960), Brownian (or ordinary) diffusion and Coriolis and intertia forces. Coriolis and inertia
forces can be neglected for values of the particle Taylor number β ( = 2/9 ap2 ω ρL η-1 ) much smaller
than unity, which is indeed the case for our experiments (β = 2.6·10-6, data from Table 1, Ungarish,
1993, p. 87). Brownian diffusion as a transport mechanism will be neglected as well for the following
reasons:
•

Within the suspension no concentration gradients will develop, as will be explained later on,

•

Brownian diffusion from the cast can be neglected because of the mutual interaction of the particles within the cast, see Introduction section, and

•

Brownian diffusion from the suspension to the supernatant can be neglected for two reasons:
•

Particles diffusing to the supernatant will locally have a higher settling velocity due to the
lower concentration φ –see equation (15)– and thus effectively move back into the suspension,

•

For high values of the Peclet number ( Pe = v. L. D −1 , see Westerterp et al., 1987) diffusion
can be neglected. For particles in a liquid, the diffusion coefficient D can be based on the
Stokes-Einstein relation which relates D to the Boltzmann constant k, temperature T, liquid
viscosity η and particle radius ap:
D=

kT
6πηa p

(7)

If length L is replaced by the tube radius r0, the following expression for Pe can be obtained
after implementation of (13) and (7):
Pe =

b

g

4 πa 3p ρ s − ρ L ω 2 rr0
3kT

(8)

This result is analogous to Russel (1989, p. 412) for settling under gravity. For r = r0 and data
from Table 1, a value of Pe = 7·105 is obtained, which implies that diffusion can be neglected.
For these reasons, only the centrifugal force is considered from this point forward. The velocity vp,s of
a particle moving through a liquid is now given by a combination of the centrifugal force, buoyancy
and friction. For creeping flow, the friction Ff exerted on a single sphere can be described by Stokes’
law:
F f = −6πηa p v p ,s (t )

(9)

Creeping flow conditions prevail for Reynolds numbers ( = 2ρ L v p ,s a p η −1 ) below 0.1. A Reynolds
number of 1·10-5 was calculated with the data from table 1 and with use of equation (13), justifying
the use of equation (9). In a centrifugal field, the sum of centrifugal force Fc and buoyancy Fb is de-
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scribed as follows, including the solid and liquid densities ρs and ρL, angular velocity ω and coordinate r:
Fc + Fb =

4 3
πa p (ρ s − ρ L )ω 2 r
3

(10)

Using Newton’s second law the following second order differential equation is obtained to describe
the particle movement:
4 3
dr 4 3 d 2 r
= πa p ρ s 2
πa p (ρ s − ρ L )ω 2 r − 6πηa p
3
dt 3
dt

(11)

Equation (11) can only be solved in a straightforward manner if the assumption is made that the timescale on which the final particle velocity is reached is short compared to the overall process and thus r
can be looked at as a constant. In that case integration of (11) over time t results in (Ungarish, p. 27,
1993; Kang and Rohatgi, 1996):
v p ,s (t ) =

2a 2p (ρ s − ρ L )ω 2 r
9η

R|
S|1 − e
T

− 9 ηt
2 a 2p ρ s

U|
V|
W

(12)

For the limit of t → ∞, velocity vp,s is given by:
v p ,s =

2a 2p (ρ s − ρ L )ω 2 r
9η

= sω 2 r

(13)

Here we have introduced the sedimentation coefficient s which is used often in literature on sedimentation and filtration. The time to reach 99 % of velocity v is given by equating the ratio vp,s(t)/vp,s with
the value 0.99 which yields:
t=−

2a 2p ρ s
9η

ln(0.01)

(14)

For the data of Table 1, a value of t= 9·10-8 s is found. From now on, processes are in the order of seconds or larger thus equation (13) can be used to describe particle velocities. Furthermore, the assumption made in the derivation of (12), proves valid.
Equation (13) is only valid for unhindered settling for a single sphere in an infinite fluidum. However,
this is not generally the case and correction factors h(φ) have been determined to account for a higher
concentration φ. Here, the well-known correlation by Richardson-Zaki (1954) is used. For batch sedimentation (the particle flow induces an equal but countercurrent liquid flow) and a suspension of uniform particles, the particle velocity is given by:
v p ,s =

2a 2p (ρ s − ρ L )
9η

(1 − φ) n ω 2 r = s( φ)ω 2 r

(15)
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Cast concentration (packing factor) φc
0.55
Initial suspension concentration
φ0
0.2012
Tube radius
r0
0.010675
Particle radius
ap
2.00·10-7
Liquid viscosity
η
1.8·10-3
Solid density
ρs
3970
Liquid density
ρL
1018
Angular velocity
ω
5000 rpm = 524
Temperature
T
300
Table 1. Values as measured and used as base case in simulations

m
m
Pa.s
kg/m3
kg/m3
rad/s
K

The power n is a function of the Reynolds number but constant for Re < 0.2, namely n = 4.65 (Wallis,
1969). This value is used in this work because Re = 1·10-5, see above. For the limiting case of φ → 0,
h(φ) approaches unity which results in unhindered settling, see equation (13). For φ → 1, h(φ) approaches zero and no transport will occur. Ring (1996) presents correction factors for equation (13) to
incorporate particle asphericity. In this chapter a correction for asphericity is not implemented because in the experimental work fairly spherical particles are used.

Equation of continuity for the suspension phase
The equation of continuity relates the solid phase concentration and the convective flux and is given
for cylindrical coordinates by (Lamm, 1929; Fujita, 1962; Bowen and Rowe, 1970):
∂φ
1 ∂(rJ )
=−
∂t
r ∂r

(16)

Particle flux in suspension J is the product of suspension concentration φ and velocity vp,s:
J = φv p , s

(17)

Introduction of (17) and (15) in (16) results in the following differential equation:
∂φ
∂ ( s( φ ) φ )
= −2ω 2 s( φ) φ − ω 2 r
∂t
∂r

(18)

Sambuichi et al. (1987) showed that when the initial concentration φ0 is uniform, φ remains independent of r for the suspension phase. Thus the second term on the right hand side of equation (18) will be
zero and (18) simplifies to (Fujita, 1962; Bowen and Rowe, 1970; Sambuichi et al., 1987; Probstein,
1989):
dφ
= −2ω 2 s(φ) φ
dt

22

(19)

Boundary movement
The movement of boundaries in gravitational sedimentation has been described by Kynch (1952) and
extended to centrifugal separation by Baron and Wajc (1979) and Anestis and Schneider (1983).
Here, we will apply this theory exclusively for the movement of the suspension-cast boundary. The
correct expression for the movement of the supernatant-suspension boundary is implicitly used in
equation (26).
From an evaluation of the “Flux versus Concentration”-curve it can be foreseen whether primary discontinuities (kinematic shocks) or secondary discontinuities (kinematic waves) develop at the suspension-cast boundary (Russel, 1989; Probstein, 1989). In the first case, a single, sharp discontinuity develops between suspension and cast at which the particle concentration jumps from φ to φc. In the second case particles settle more slowly into the cast while the suspension concentration φ slowly increases to φc. In our situation -as defined by equation (15) and the value of φc from Table 1- only a
kinematic shock develops as determined theoretically using the “Flux versus Concentration”-curve.
The change of the cast thickness δ with time t (cast growth vc) can now be derived from a simple balance over the moving suspension-cast boundary including the velocity of the particles in suspension at
the suspension-cast boundary vp,s and the velocity of particles within the cast vp,c (Kynch, 1952):

c

h c

φ v p,s − vc = φ c v p,c − vc

h

(20)

The velocity of particles in the cast vp,c is set to zero because we can assume that the cast is incompressible, see Introduction; thus equation (20) rewrites to:

vc =

dδ
φ
= −v p,s
dt
φc − φ

(21)

In the following section, several distinct cases are elaborated in which above theory is applied. First
of all, the situation of unhindered settling is described for filling fractions ζ equal to unity and smaller
than unity. In Cases III and IV hindered settling is discussed.
h(φ
φ) = 1, ζ = 1

Case I

For unhindered settling

dmhbφg = 1r → msbφg → sri , integration of (19) with initial condition φ

t =0 =

φ0

results in:
φ = φ 0 e −2 s ω

2

t

(22)

Implementation of (13), (22) and the relation [ δ = r0 - rc ] into (21) results after integration with initial
condition δ t = 0 = 0 in:

R|
S|
T

δ = r0 1 −

φc − φ0
φ c − φ 0 e −2 sω

2

t

U|
V|
W

(23)
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This result can also be derived from an equation obtained by Ungarish (p. 87, 1993) for values of the
particle Taylor number β << 1, which is indeed the case as explained above. For large processing
times (t → ∞), equation (23) equals equation (6), which gives a check on the above derivation.
Finally, cast growth vc is given by differentiation of (23):
2
dδ
vc =
= r0 sω 2 φ 0 e −2 sω t
dt

bφ
e

c

− φ0

g

1/ 2

φ c − φ 0 e −2 s ω

2

t

j

(24)

3/ 2

Cast formation time tc is defined as the time to reach final cast thickness δ∞. However for ζ = 1, tc is
infinite, see equation (23), thus tc is defined as the time to reach 99% cast thickness (see also Ungarish, p. 84, 1993). Cast formation time is now derived by equating the ratio δ/δ∞ with the value 0.99.
After implementation of equation (23) and (6), the following expression for tc is obtained:

tc =

F
GG φ
lnG −
GG φ FG 0.99
H H

−1
2 sω 2

c

0

I
JJ
JJ
I
+ 0.01J J
KK

φc
−1
φ0
φ
1− 0
φc

(25)
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Cast formation time tc shows to be inversely proportional to the sedimentation coefficient s and has a
dependence of the power -2 of the angular velocity ω. The radius of the tube r0 has no influence on
cast formation time tc because an increase of r0 influences the final cast thickness δ∞ and the cast
growth rate vc in like manner. These two effects cancel out when the cast formation time is calculated.
For realistic values of the suspension concentration (0.1 < φ0/φc < 0.6), the entire ln-part varies from
–4.5 to –4.0. A change in φ0 or φc has thus a less significant influence on cast formation time than a
change in s or ω.
h(φ
φ) = 1, ζ ≠ 1

Case II

If the tube is only partially filled, a clear supernatant phase will develop. The interface supernatantsuspension rs moves towards higher r-values until the cast surface is reached at tc. For t < tc cast
growth is equal to Case I. At tc, cast growth is suddenly reduced to zero. This behavior is in sharp
contrast to Case I where cast growth continues to decay exponentially. The movement of rs is described by:
drs
= s( φ)ω 2 rs
dt
Integration of (26) for unhindered settling with initial condition rs

(26)
t = 0 = rL

results in (Fujita, 1962;

Probstein, 1989):
rs = rL e sω
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2

t

(27)

Cast formation time tc is given by the moment that the cast is reached by the supernatant phase, which
is given by [ rs = r0 - δ∞ ]. After implementation of (4), the following result is obtained:

tc =

1
sω 2

F
G
lnG
GG
H

φ0
φc
1− ζ

1− ζ

I
JJ
JJ
K

(28)

From equation (28) it follows that for filling fractions approaching unity, the cast formation time increases to infinity (ζ → 1, tc → ∞). Implementation of (28) in (23) results in (6). Both results give a
check on the validity of above derivations.
In Figure 2 some of the differences between Case I and Case II are summarized. As mentioned earlier, a gas phase, a supernatant, a suspension phase and a cast layer develop for Case II (Probstein,
1989). For Case I only the latter two phases are present. Similar remarks on the difference between
Case I and II were made by Greenspan (1983) and Ungarish (p. 82-84, 1993).
In Figure 3 the effect of filling fraction ζ on cast growth vc and final thickness δ∞ is shown. Data used
for this simulation are summarized in Table 1. For t < tc, cast growth vc and cast thickness δ are not
influenced by ζ. Cast formation time tc and final thickness δ∞ however, are influenced by the filling
fraction ζ. As in Case I, tc is not influenced by r0.

ζ
1.0

(23)

thickness (mm)

2

Eq. (28)

0.8
(6)
0.6

1

0.4

0
0

200

400

600

time (s)
Figure 3. Comparison of cast thickness for Case I and Case II for different filling fractions ζ.
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Case III

h(φ
φ)≠
≠ 1, ζ = 1

To describe higher concentrations of particles, equation (15) is used instead of equation (13) and the

mb g r

simplification s φ → s cannot be made. For this situation, no analytical solution could be found for
(19) but it was solved numerically with the initial conditions (t = 0 : φi = φ0 , δi = 0).
The effect of hindered settling on suspension concentration φ, cast growth vc and cast thickness δ is
examined for complete mold filling (ζ = 1) by comparison of Case I and Case III. If hindered settling
(Case III) is compared with unhindered settling (Case I), it can be seen easily that suspension concentration decreases more slowly (Figure 4) while cast growth is lower (Figure 5). For Case I and III,
final cast thickness δ∞ is reached for t → ∞, in accordance with equation (6).

concentration φ

0.2

0.15
With particle
hindrance

0.1

0.05

Without
hindrance

0
0

200

400

600

800

1000

time (s)
Figure 4. Suspension concentration φ compared for hindered and unhindered settling.
2.5

without
hindrance

2
1.5

0.01

1

with
hindrance

0.5
0

Thickness (mm)

Growth (mm/s)

0.02

0
0

200

400

600

800

1000

Time (s)
Figure 5. Cast growth and thickness compared for hindered and unhindered settling for complete filling (Case I
and III).
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For different angular velocities, the cast formation time tc is depicted in Figure 6 for complete filling
(ζ = 1). Irrespective of the occurrence of particle hindrance, a higher angular velocity will result in a
shorter tc. For hindered settling, tc-values are higher.

Cast formation time (s)

100000

10000
with hindrance

1000
without
hindrance

100

10
0

5000

10000

15000

Velocity (rpm)
Figure 6. Cast formation time compared for hindered and unhindered settling for different angular velocities for
complete filling (Case I and III).

The influence of the initial suspension concentration φ0 on tc is different for hindered and unhindered
settling (see Figure 7). On increasing φ0, tc decreases for unhindered settling due to the fact that the
actual distance for a particle to travel decreases with increasing φ0 because of the higher final cast
thickness. For hindered settling this cannot counterbalance the effect of the decrease in the value of
the correction factor h(φ). As in Case I and II, the tube radius r0 does not influence tc. This result cannot be obtained easily from the equations presented but appeared from our simulations.

Case IV

h(φ
φ)≠
≠ 1, ζ ≠ 1

For hindered settling and a partial mold filling, suspension concentration φ and cast growth vc are described by (21) for t ≤ tc. At t = tc, supernatant reaches the cast and cast growth is reduced to zero.
Cast formation time tc can be calculated by implementation of equation (6) or (26) into the numerical
scheme.
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Cast formation time (s)

1200

1000

800
with hindrance

600
without hindrance

400
0

0.1

0.2

0.3

0.4

Initial concentration φ0
Figure 7. Cast formation time compared for hindered and unhindered settling for different initial suspension
concentrations φ0 for complete filling (Case I and III).

Experimental
Nijmeijer et al. (1998) describe in detail the synthesis route to porous α-alumina membrane supports
by centrifugal casting. The recipe used results in a value for the initial suspension concentration φ0 of
0.2012. The viscosity η of the matrix liquid was determined in a rheometer* using a Couette geometry
with radii of 5.5 and 6.0 mm. For shear rates from 10-1 to 102 s-1, viscosity was found to be
(1.8 ± 0.1)·10-3 Pa.s. Liquid density ρL was obtained from a calculation based on the recipe and following the product data sheet of Darvan C†. Solid density ρs and the modal particle radius ap were
obtained directly from the α-alumina data sheet‡, see Table 1. A mean deviation in radius of 70 nm
could be calculated from the presented size distribution. This deviation accounts for a ratio in radius
of about two between the smaller and the larger particle fraction and hence a ratio in the Stokesvelocity of about four. Differential settling however, does not occur in all cases because at a higher
concentration particles tend to sediment as a whole (Probstein, 1989). In addition, electron microscopy pictures showed no sign of size distribution in the final cast. Electron microscopy furthermore
showed that particles were fairly spherical.
Tubes were made as follows: 120 grams of α-alumina powder was mixed with 20 ml of APMA (Ammonium PolyMethAcrylate aqueous solution, DARVAN C) and 100 ml of distilled water. The mixture of water and APMA was brought on pH = 9.5 by adding NH4OH§. The resulting mixtures were

*

Contraves LS40, Mettler-Toledo AG, Greifensee, Switzerland
R.T. Vanderbilt Company, Inc., Norwalk, USA
‡
AKP30, Sumitomo Chemical Company, Limited, Japan
§
E. Merck, Darmstadt, Germany
†
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ultrasonically* treated for 15 minutes with a frequency of 20 kHz and a transducer output power of
100 Watts. Before pouring part of the suspension into the molds, the molds were coated at the inside
with a Vaseline† solution in petroleum ether§ (boiling range 40-60 °C) as release agent. Two mold
types were used with a length of 6 and 10 cm. Because the mold is rotated around its center axis, the
length does not influence cast growth rates.
The tubes were centrifuged for several processing times at several angular velocities, after which the
remaining liquid was poured out of the molds. The green tubes inside the molds were dried in a climate chamber‡, for two days at 30 °C and 60 % relative humidity.
The cast thickness and the cast concentration (particle packing) were determined after a temperature
treatment at 500 °C to remove any water and dispersing agent, while the cast concentration remains
the same because sintering does not occur at this temperature. The cast thickness was measured using
a sliding gauge and the cast concentration was obtained using the Archimedes method by immersion
of the sample in mercury.
The measured cast concentration φm changes with angular velocity ω and processing time t, see Table
2. The presented theory however, is based on a constant cast concentration φc to simplify calculations.
The measured cast thickness is therefore multiplied with the ratio of φm over φc to obtain a corrected
cast thickness δ which can be compared with values obtained from simulation.

Results and Discussion
Measurements of cast thickness and cast concentration were performed for angular velocities ranging
from 3280 to 5840 rpm. Casting times were either 7.5 minutes or 15 minutes. Tubes were filled completely, thus the filling fraction ζ equaled unity. Measured cast thickness ranged from 1 to 2.2 mm and
cast concentration from 0.46 to 0.57. Measurement data are summarized in Table 2. The error in cast
thickness δ was ≈ 0.1 mm. In measurement no. 5 cast thickness could only be obtained via the measurement of internal and external diameter because sagging was severe. The cast was removed from the
mold using a spoon and dried separately to determine the cast concentration. The error in the cast
thickness was ≈ 0.3 mm. The initial suspension is milky white and opaque. For measurements 4 and 79, the remaining suspension is clear. Few small particles remain. For the other measurements, the suspension remains white and opaque.
Measurements are compared with predictions for hindered settling (Case III), see Figure 8. The
agreement between measurements and simulation is satisfactorily but is better if the hindrance factor

*

Model 250 Sonifier, Branson Ultrasonics Corporation, Danbury, USA
Elida Fabergé, Bodegraven, The Netherlands
‡
Heraus Vötch, Ballingen, Germany
†
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according to Concha-Almendra is used instead of the Richardson-Zaki equation. For Re<<1, this factor is given by (Biesheuvel et al., 1998):
. φg
b1 − φgb1 − 145

1.83

h( φ) C & A =

(29)
1 + 0.75φ1/ 3
If a correction for hindered settling is not implemented, predictions for the cast thickness are higher
up to a factor of three and thus overestimate the cast thickness significantly.

No.

Angular
Processing
velocity (rpm) time (min)
7.5
3278
1
7.5
3960
2
7.5
4973
3
7.5
5836
4
15
2522
5
15
3277
6
15
3960
7
15
4746
8
15
5836
9
Table 2. Overview of measurements.

Measured cast con- Measured cast
thickness (mm)
centration φm
1.17
0.5509
1.32
0.5329
1.90
0.5492
2.14
0.5605
1.20
0.4650
1.64
0.5536
2.12
0.5493
2.12
0.5598
2.17
0.5658

Corrected cast
thickness δ (mm)
1.17
1.28
1.90
2.18
1.01
1.65
2.12
2.16
2.23

Cast thickness (mm)

2.5
2
15 min

1.5
1
0.5

7.5 min

0
0

2000

4000

6000

Velocity (rpm)
Figure 8. Cast thickness as function of angular velocity and processing time for complete filling and hindered
settling (Case III). Triangular points are measured after 7.5 minutes of centrifugation, circular points after 15
minutes. Solid lines are based on the Richardson-Zaki hindrance factor (equation (15) with 4.65) and dashed
lines on the Concha-Almendra correlation (equation (29)).

The model results in a zero gradient for the suspension concentration. Visual observations of the suspensions when the centrifuge has ceased to rotate always agreed with this prediction: a gradient in φ
could never be observed. Other explanations for the absence of a concentration gradient could be diffusion which equilibrates suspension concentration or the work of turbulent eddies introduced into the
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suspension when the angular velocity is reduced after a certain time. From equation (7) however, a
diffusion coefficient of 6·10-13 m2/s is calculated which cannot account for achieving equilibrium
within minutes. After centrifugation, velocities were reduced to zero gradually to inhibit the introduction of turbulent eddies.
Experimental conditions in the current work can be compared with previous work, as shown in Table 3. In the current work a distinctly higher density difference, filling fraction and angular velocity
are used. The latter complicates the use of a single-sided drive which would enable the use of an
open-ended tube and observation of cast growth during centrifugation. Submicron-sized particles were
used only once before, namely by Sambuichi et al. (1991) who used a Hara Gairome Clay. In all
studies, good agreement was obtained between experiment and simulation. However, it must be realized that Sambuichi et al. (1987, 1991) used gravitational settling data to obtain an expression for the
sedimentation coefficient s and did not base their model on Stokes’ law.
ap (µm) ω (rad/s)
ε
φ0
105
35
0.50
0.866
Baron and Wajc (1979)
50-65
62-225
Schaflinger and Stibi (1987) 0.011-1.32 0.10
162-324
0.11-0.20 ≈2-10
1.43-1.71
Sambuichi et al. (1987)
84-231
0.133-1.71 0.09-0.30 0.2-4.2
Sambuichi et al. (1991)
344-612
0.20
2.97
Present work
0.2
Table 3. Comparison of measuremental conditions for relative density difference ε [ ε

ζ
0.81
0.42-0.98
0.37
0.37-0.53
1

det. δ
p
p
c
p
s

= (ρs - ρL)/ρL ], initial
suspension concentration φ0, particle radius ap, angular velocity ω and filling fraction ζ. Cast thickness δ was
either determined photographically during centrifugation (p), calculated from suspension concentration (c) or
measured with a sliding gauge (s).

Conclusions
In centrifugal casting distinct phases develop in time depending on the value of the filling fraction ζ.
For a filling fraction ζ smaller than unity, these are a clear supernatant, a suspension phase and the
cast layer. For ζ equal to unity, a supernatant phase will not develop. Concentration gradients will not
develop in any phase if diffusion can be neglected, which is the case in most practical situations.
Cast growth in centrifugal casting can be described satisfactorily from a condensed model combining
Kynch-theory for the movement of the suspension-cast boundary with the appropriate expressions for
the particle velocity and the equation of continuity for the suspension phase.
For unhindered settling, analytical solutions were found for all important process parameters. For hindered settling a straightforward numerical procedure proved useful. The agreement between the results from our condensed model and experiments in which submicron-sized particles were compacted
into a cast proved satisfactorily. Because particles were in the order of 106 - 109 (by volume) smaller
than in the former experiments of Baron and Wajc (1979) and Schaflinger and Stibli (1987), this re-
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sult is a useful extension of the validity of the current models and supports the important assumption
that a hard-sphere approach can be used for particles of submicron size.
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Chapter 3. Calculation of the Composition Profile of a Functionally
Graded Material Produced by Centrifugal Casting
Abstract
Functionally graded materials have a designed inhomogeneous distribution of different components
on the scale of the material (cast). They can be made by suspension processing in which particles are
stacked in a controlled manner. Segregation effects can be used to obtain the required gradient if the
particles in suspension have different settling velocities. A model is derived for the composition profiles that develop as a result of these effects. The model can be used to determine the most suitable
process conditions. The outcome of the model shows fair agreement with experiments from literature
in which an Al2O3/ZrO2 composite was produced by uniaxial centrifugal casting.

Introduction
Functionally Graded Materials (FGM) are a class of composite materials that exhibit inhomogeneous
distributions of the different components on the scale of the entire material (cast). A continuous,
gradual change of the composition over the cast is often included in the definition of an FGM (Sarkar
et al., 1993). Because of the inhomogeneous composition, FGM’s have properties for which they can
be used in engineering applications where monocomponent materials or homogeneous composites
fail. A myriad of techniques can be used to produce an FGM (Sarkar et al., 1992; Marple and Boulanger, 1994) but techniques based only on suspension processing are discussed in this research.
In suspension processing, a green cast is formed from a suspension in the consolidation step. In this
step, suspension is converted into cast either by changing the rheological properties of the suspension
(mode 1 in chapter 1), by removing the liquid (mode 2A and 2B) or by sedimentation (mode 2C).
When a cast is formed by sedimentation, particles move through the liquid phase toward the mold
wall as a result of a certain driving force, which can either be gravity, a centrifugal force or an electrostatic force. The velocity of the particles in suspension depends on the particle size and density,
when gravity or a centrifugal force is important, or mainly on the particle zeta-potential for an electrostatic force. Different particle types have different values for any of these parameters and, therefore,
different equilibrium velocities. This feature is essential when fabrication of an FGM from a single
batch of suspension is desired. For other consolidation mechanisms (e.g., filtration), all particles have
the same velocity and an FGM can only be produced by the controlled supply of new suspension to
the mold.
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FGM’s can be produced during the consolidation step in suspension processing by two modes (see
Table 1). In Mode 1, the continuous addition of new suspension to the mold in which the cast is
formed is essential to change the composition of the suspension and the composition of the cast layers. This can be done in a “throughflow”-mode or a “no outflow”-mode. In the “throughflow”-mode,
the volume flow entering the mold equals the flow leaving the mold, and the composition of the supply must change with time to obtain a gradient in cast composition (Marple and Boulanger, 1993;
Tuffé and Marple, 1995). In the “no outflow”-mode, the composition of the suspension changes because only particle type i is added to a suspension consisting mainly of type j. In time, an increasing
amount of type i is deposited (Sarkar et al., 1993). In Mode 2, no suspension is added to the mold and
an FGM is formed by sedimentation. Faster particles are concentrated in the first cast layers that are
formed and are depleted faster in the suspension. Thus, the concentration of slower particles in the
cast increases when subsequent layers of cast are formed. In this mode, the depletion of the particles
in suspension is used to control the development of an FGM, making this a batch process. Theoretically, a third mode is possible when the effects of Mode 1 and 2 are combined.
The equipment needed for Mode 1 can be quite complex because a suspension of proper composition
must be added continuously to the mold. To accomplish this, Marple and Boulanger (1993) and Tuffé
and Marple (1995) use two vessels containing a pure suspension of particle types i and j and an automated valve system to mix and supply both stocks to the mold. In general, the mold must be open to
allow the supply of new suspension. An open system causes difficulties in some situations, e.g., in the
rotating equipment used in centrifugal (slip) casting. Having the mold open may complicate control of
the desired temperature, pressure and/or gas atmosphere. Finally, in the “throughflow”-mode, a large
part of the powder in suspension is not converted into cast but leaves the mold unchanged and must be
reused or discarded.
Consolidation →

Drying / Filtration

Technique

Sedimentation
Electrostatic

Gravity

Force (EPD)

(settling)

Centrifugal Force

Mode 1

Marple and Boulanger (1994)

Sarkar et al.

Bachmann et al.

(supply regulation)

Tuffé and Marple (1995)

(1993)

(1989)

Mode 2

- not possible -

(depletion effect)

Chu et al. (1993)

Fukui (1991)
Chang et al. (1991)*

Table 1. Overview of FGM production techniques by suspension processing. * The objective of Chang's study is
the elimination of segregation during centrifugal casting.

Mode 2 is a batch process. All particles are mixed in advance in the appropriate ratio and added in one
step to the mold, which then can be sealed off from the surroundings. This mode is the simpler process when considering equipment design and operation and is discussed in this chapter. Note that con-
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solidation based on liquid removal cannot be used in Mode 2 because all particles have the same velocity toward the mold wall and are depleted from the suspension at the same rate.
It is the objective of this chapter to set up a model that relates the most important process variables to
the cast profile that develops in FGM production for centrifugation as a consolidation mechanism.
From a physical point of view, such a process is similar to 'differential pelleting' (Hinton and Dobrota,
1978) or 'differential centrifugation' (Price, 1982) which is a separation method used in the field of
biochemistry. The part of the theory that is concerned with particle movement in suspension has
similarities with the description of gravity settling of a multisized particle ensemble (Schneider et al.,
1985; Williams et al., 1991), centrifugal casting of a bimodal particle ensemble (Ungarish and
Greenspan, 1984; Ungarish, 1993) and liquid fluidization of a two-particle system (Seibert and Burns,
1998).
Though cast formation resulting from a centrifugal force is discussed for Mode 2, the model can be
reworked to describe cast formation by other forces and for Mode 1. The theory presented is based on
a suspension consisting of two distinct particle types, but can be extended to include more particle
types with a size or density distribution.

Theoretical background
Introduction
The theory presented in this chapter is the first step toward a more rigorous description of FGM production by a batchwise suspension process. The theory is confined to:
•

spherical particles,

•

cast formation by centrifugal casting,

•

perfectly dispersed particles (no coagulation in suspension),

•

no cast densification in time (constant cast packing factor),

•

a cast packing factor which is independent of the fraction of particles in the cast,

•

a situation in which only a kinematic shock separates suspension from the cast and kinematic
waves do not arise (Kynch, 1952; Probstein, 1989; Russel et al., 1989; chapter 1 and 2), and

•

negligible ordinary (concentration) diffusion (Bird et al., 1960; chapter 1 and 2) and hydrodynamic (self-)diffusion (Nicolai et al., 1995).

Uniaxial centrifugal casting uses a typical laboratory centrifuge in which a test tube is placed and rotated so that a flat cylindrical substrate is formed at the bottom of the tube. The mode of rotation is
different in axisymmetric centrifugal casting where the tube is rotated around its center axis to obtain
a cylindrical tube (Nijmeijer et al., 1998; chapter 2).
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rL
Empty
Core

rm

rs

r0

rc

Supernatant Monocomponent Mixed
Suspension
Suspension

Cast

Figure 1. Overview of centrifugal casting of a bimodal particle ensemble to produce an FGM. The origin of the
coordinate system is located at the axis of rotation.

Figure 1 shows for a bidisperse suspension and for rL > 0 that four phases develop next to the empty
core after rotation begins. A supernatant is left behind while the slow particles move away from the
center. Because the faster particles move away from the center with a higher velocity, a phase consisting solely of slow particles is formed. The mixed-suspension phase still contains both particle
types and a cast is formed at the outside of the tube consisting of both particle types. After rs and rc
meet, only slow particles remain in suspension resulting in an additional monocomponent cast layer
on top of the mixed-particle cast already formed. When rm meets rc, cast formation ends.
In the mixed suspension, particle concentrations decrease with time but are not a function of location
(see equation (15)). This is contrary to the monocomponent phase, where the particle concentration
changes with time and location as a result of the continuity equation over the boundary rs (Ungarish
and Greenspan, 1984; Ungarish, 1993). As a result, the movement of rs, rm and rc (until it meets rs) is
described by ordinary differential equations, while the movement of rc during deposition from the
monocomponent phase is described by partial differential equations. This latter calculation is not performed in this work, but the final location of rc is determined by an overall mass balance.
When rL equals zero, the system simplifies to two phases. Only a cast is formed on the periphery of
the mixed-suspension phase. Cast formation does not suddenly end, but the cast formation rate gradually decreases to zero. In this situation, the gradients in the cast gradually change with location r,
which is contrary to the situation of rL > 0 in which a step change in composition occurs when rs
meets rc.

Kynch Theory
The entire derivation starts with Kynch theory (1952) for cast growth from a suspension consisting of
n types of particles. At the suspension-cast boundary, either a kinematic shock or kinematic waves
develop (Probstein, 1989; Russel et al., 1989; chapter 1 and 2). In the first case (kinematic shock), a
single, sharp discontinuity develops between suspension and cast, at which the particle volume con-
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centration jumps from φtot to φc. In the second case (kinematic waves), particles settle more slowly
into the cast while the suspension concentration φtot slowly increases to the cast concentration φc. For
reasons of simplicity, we assume that a kinematic shock develops. In this case a straightforward particle mass balance over the moving boundary can be set up which relates the particle velocity vi and
concentration φi of particles i (1..n) in the suspension to the velocity of the cast front vc and the cast
packing factor φc (Ungarish and Greenspan, 1993):
n

∑ b v i − v c gφ i = − v c φ c

(1)

i =1

After rewriting, (1) results in:
n

∑ vi φ i

drc
= vc = − i =1
φ c − φ tot
dt

(2)

The total suspension particle concentration φtot is given by:
n

φ tot = ∑ φ i

(3)

i =1

Cast Profile
The composition of the cast is described by the fraction of each particle species fi, which is the ratio
of the volumetric amount of particle type i to the total amount of particles in the cast; the summation
of all fractions equals unity. For the cast layer that is depositing (at rc), the fractions fi are given by:
fi =

b v − v gφ
∑ b v − v gφ
i

c

n

i

,

n

i =1

i

c

i

∑ fi = 1

(4)

i =1

Because fi and rc change in time, fi changes with rc. For a two-component (binary) system, Schneider
et al. (1985) also give an expression for the cast composition. To show that (4) is in accord with their
expression [5], first (4) is written out to eliminate vc. To that end, (2) is used for a binary system:
vc = −

v1φ1 + v2 φ 2
. Combination of this expression with (4) results in:
φ c − φ1 − φ 2

f2 = −

( v2 − vc ) φ 2
φ (v φ + v (φ − φ1 ))
= 2 1 1 2 c
( v1 − vc ) φ1 + (v2 − vc ) φ 2
φ c (v1φ1 + v2 φ 2 )

The expression by Schneider et al. (1985) is:

jαf
αs − α

=

(5)
jβf
βs − β

, which results in (5) using the conver-

sions in Table 2. Note that Schneider's procedure can be extended to more (n) species, but the solution
becomes progressively more difficult because a set of n equations must be solved simultaneously. In
contrast, equation (4) can be extended to any number of particles without difficulty.
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Schneider et al., 1985 This work
jαf
v1⋅φ1
jβf
v2⋅φ2
α
φ1
β
φ2
βs
φc⋅f2
αs
φc⋅(1-f2)
Table 2. Conversions between Schneider et al. (1985) and this work.
Particle velocities in suspension
Several descriptions can be found in the literature for particle velocities in a suspension consisting of
a mixture of particles, especially for the process of gravity settling. Often, the discussion is confined
to a dilute suspension consisting of two types of particles (bidisperse suspension). Two approaches
are encountered, where one is more rigorous, likewise more difficult, while the other is simple to understand and use. The first approach is based on the work of Batchelor (1982) and was extended by
Batchelor and Wen (1982) and Revay and Higdon (1992). They solve fluid flow fields around particle
ensembles and extend the results to a macroscopic level. The second approach, which is followed
here, is based on the empirical Richardson-Zaki equation and steady-state one-dimensional momentum balances. Lockett and Al-Habbooby (1973, 1974) have been the proponents of this approach and
showed that it can be used for a bidisperse suspension with an overall particle volume fraction up to
0.4. A description of particle velocity vi begins with a stationary overall mass balance for the entire
suspension phase for any surface perpendicular to the flow:
n

∑ viφ i + v L (1 − φtot ) = 0

(6)

i =1

The velocity of the liquid vL is in the opposite direction to the velocity of the fastest particle. If transport by ordinary diffusion is neglected, the relative velocity of particles and liquid (slip velocity) vi-vL
can be based on the particle velocity for infinite dilution v∞,i as given by Stokes' law for the creeping
flow regime (Re<0.1, Bird et al. (1960) p. 59):
v∞ ,i =

d

i

2rp2,i ρ p ,i − ρ L ω 2 r
9η

(7)

Here, rp,i is the radius of particle type i, ρp,i the density of particle type i, ρL the liquid density, ω the
rotational velocity (rad/s), r the radial coordinate in the centrifuge and η the Newtonian viscosity.
Equation (7) correctly describes particle movement in a centrifugal field if the modified Taylor number β = 2 9 rp2 ωρ L η−1 is much smaller than unity (Ungarish and Greenspan, 1984). A maximum β is
calculated at β = 1.8⋅10-6 from the data in Table 3; therefore equation (7) will be used in this chapter.
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A correction to the particle-liquid slip velocity to include the effect of a higher suspension concentration is implemented through the hindrance factor hi(φtot) (Masliyah, 1979):
vi − v L = v∞,i

ρ p ,i − ρ s
ρ p ,i − ρ L

hi (φ tot )

(8)

The suspension density ρs is given by:
n

ρ s = 1 − φ tot ρ L + ∑ φ i ρ p ,i

b

g

(9)

i =1

The hindrance factor hi(φtot) is given by (Masliyah, 1979):
hi (φ tot ) = (1 − φ tot ) ni − 2

(10)

The value of ni is a function of the Reynolds number and the particle to vessel size ratio (Wallis,
1969). For a monocomponent suspension, a low Reynolds number (Re < 0.2) and negligible wall effects, ni equals 4.65 (Wallis, 1969). Re = 2.5⋅10-5 for particle type 1 and Re = 1.4⋅10-4 for particle type
2 when the data from Table 3 is used with equation (7); therefore, ni = 4.65 is used for both particle
types. The particle velocity in the mixed-suspension phase vi is now given by combining equations (6)
to (10):
vi =

F d
GH

i IJK

n
2 2
rp ,i ρ p ,i − ρ s − ∑ rp2, j ρ p , j − ρ s φ j (1 − φ tot ) ni − 2 ω 2 r
9η
j =1

i

d

(11)

For particles of different size, equation (10) can be modified by the use of a local porosity instead of
the average porosity 1-φtot (Patwardhan and Tien, 1985) but this modification is not discussed here.

Particle mass balances
Values for the suspension concentrations in the mixed-suspension phase φi are obtained by solving
mass balances for each particle type:
∂φ i
1 ∂ σ
=− σ
(r J i )
∂t
r ∂r

(12)

The parameter σ denotes the mode of rotation, either uniaxial (σ = 0) or axisymmetric (σ = 1). It is
assumed in this balance that flow is purely unidirectional and that no secondary convective flow patterns develop. Especially in the uniaxial geometry, these patterns can develop because the side walls
are not parallel to the particle flowlines (Price, 1982, p. 44; Cantor and Schimmel, 1980, p. 595). The
particle concentration increases at the walls and depletion occurs in the center of the tube. This may
cause secondary flow patterns resulting in faster sedimentation and the formation of a cast layer with
a higher thickness at its edges. Ji describes the particle flux:
J i = φ i vi

(13)
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Implementation of (11) and (13) in (12) results in:

F d
GH

i IJK

n
∂φi
2 2
= − (σ + 1) φi
rp ,i ρ p ,i − ρ s − ∑ rp2, j ρ p , j − ρ s φ j (1 − φ tot ) ni − 2 ω 2
∂t
9η
j =1

F
GH

i

F d
GH

d

i IJK

n
∂
2 2
−r
φi
rp ,i ρ p ,i − ρ s − ∑ rp2, j ρ p , j − ρ s φ j (1 − φ tot ) ni − 2 ω 2
∂r
9η
j =1

i

d

I
JK

The second term on the right hand side is always zero for an initially mixed suspension (

(14)

∂φ
= 0 ),
∂r t = 0

which is analoguous to centrifugation of a one-component suspension (Probstein, 1989; chapter 2).
Therefore, (14) simplifies to:

F d
GH

i IJK

n
∂φi
2 2
= − (σ + 1) φi
rp ,i ρ p ,i − ρ s − ∑ rp2, j ρ p , j − ρ s φ j (1 − φ tot ) ni − 2 ω 2
9η
∂t
j =1

i

d

(15)

Movement of boundary rS
From here on, the derivation is based on a suspension consisting of two particle types 1 and 2 of
which type 2 is the faster particle. As particle type 2 moves from the center outward, a phase consisting only of the slower particle type 1 develops. The movement of the boundary between these phases
rs, is given by the movement of the 'last' fast particle (type 2):
∂rs
2 2
rp ,2 ρ p ,2 − ρ s 1 − φ 2 − rp2,1 ρ p ,1 − ρ s φ1 (1 − φ tot ) n2 − 2 ω 2 rs
=
∂t 9 η

ib

e d

g

d

i j

(16)

Movement of boundary rm
The movement of the boundary rm can be calculated if ordinary diffusion in the monocomponent
phase is neglected:

d

i

2
∂rm 2rp ,1 ρ p ,1 − ρ L
vm =
=
(1 − φ mono , rm ) n1 ω 2 rm
∂t
9η

(17)

The concentration in the monocomponent phase at rm, φ mono , rm , is given by:
∂φ mono , rm
∂t

= −( σ + 1)φ mono , rm (1 − φ mono , rm ) n1

d

2rp2,1 ρ p ,1 − ρ L
9η

iω

2

(18)

The initial value of φ mono , rm follows from a Kynch-balance over the boundary rs at the start of rotation
(t = 0) and is given by:
φ mono ,0 =

40

bv

2

g

− v1 φ1

v2 − vm

(19)

Overall balance
When rs reaches rc, all fast particles have reached the cast and only slow particles remain in suspension. Because the concentration of slow particles is a function of time and location, the movement of
the cast front rc can no longer be calculated easily. However, based on an overall mass balance for
particle type 1, it is possible to calculate the thickness δ1 of the additional cast layer consisting solely
of type 1:
σ = 0 δ1 =

1
(r0 − rL ) φ1,0 −
φ c ,1

σ = 1 δ1 =

rc*

{

−

rc* 2

z

r0

rc*

(1 − f 2 ) φ c ,1+ 2 dr

1
−
(r02 − rL2 )φ1,0 −
φ c ,1

{

z

}
(20)

r0

rc*

2r (1 − f 2 )φ c ,1+ 2 dr

}

Here rc*is the cast radius when rs and rc meet, φc,1 the packing factor of the monocomponent cast (the
additional cast layer solely consisting of type 1), φc,1+2 the packing factor of the mixed cast (from r0 to
rc*) and φ1,0 and φ2,0 are the initial suspension concentrations.

Results
Numerical Scheme
Until rs meets rc, the production of an FGM is described by the ordinary differential equations (2),
(15), (16), (17) and (18) and the algebraic equations (3), (11) and (19). With equation (4) the fraction
of particle 2, f2, is continuously monitored as the cast grows. The initial conditions (IC) are:
IC (t = 0) : rc = r0

, rs = rL

, rm = rL

, φ1 = φ1,0

, φ 2 = φ 2 ,0

, φ mono , rm = φ mono ,0 (21)

This set of differential and algebraic equations is solved numerically with a 3rd order semi-implicit
Runge-Kutta scheme combined with a Bulirsch-Stoer extrapolation method for step size adjustment.
Calculations are done with the BESIRK-subroutine of Maple, a computer algebra system (Schwalbe et
al., 1996). The amount of cast that forms consisting solely of the slower particle type is calculated
using (20). Results of the numerical scheme for the final cast radius rc,∞ are compared with the analytical solution for rL = 0, namely rc ,∞

F φ +φ I
= r G1 −
H φ JK
1, 0

0

2 ,0

1/ σ

. The deviation is always below one per

c ,1+ 2

million.

Comparison with experiments by Chang et al. (1991)
The model outcome is compared with the measurement results of Chang et al. (1991). These measurements are performed to show the extent of segregation after uniaxial centrifugal casting of a suspension of dispersed ZrO2 and Al2O3 particles. See Table 3 for the relevant parameters given by the
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authors and used in our simulation. Results for the density profile as a function of position within the
final cast are given in Figure 2. The x- and y-axis values are derived from the calculated parameters
by the following conversions:
Vol % of Al2 O3 = 100 ⋅ (1 − f 2 )

Normalized distance from the bottom =

r0 − r
r −r
= 0
δ∞
r0 − rc ,∞

r0
rL
φc
φ1,0
φ2,0
rp,1
rp,2
η
ρL
ρp,1
ρp,2
n1 = n2
ω

0.1524 m
0.1016 m
0.573
0.14
0.06
100 nm
150 nm
1·10-3 Pa.s
1000 kg/m3
3940 kg/m3
6050 kg/m3
4.65
354 rad/s
Table 3. Data as used by Chang et al.0 and used in the simulations. The faster particle type 2 is ZrO2, the slower
particle type 1 is Al2O3.

The model describes measurements reasonably well when using the single-component packing factor
of φc=0.573, as reported in Chang's paper. The model is in better agreement with measurements if a
lower value for the packing factor is used for the part of the cast that contains both particle types
(relative error ~ 10 %). Perhaps, this lower value can be explained by a slight form of heterogeneous
flocculation (involving different particle types) when particles arrive in the cast. It is also possible that
after sintering at 1400 °C, the monocomponent Al2O3 phase attained a higher density than the mixedparticle phase, thereby shifting the measured dimensionless location of the step-change in composition to the right in Figure 2. On the left hand side of the graph, the measurements show a decreasing
trend in Al2O3, in contrast to the model results. The increase in concentration with distance from the
bottom as predicted by the model is caused by the faster dilution of the fast ZrO2 particles in the
mixed-suspension phase, resulting in a steadily increasing fraction of slow Al2O3 particles in the layer
that deposits. We have no explanation for the experimentally found decreasing trend. On the right
hand side of the graph, the measurements indicate a gradual change in composition, whereas the
model predicts a sharp step change. The gradual transition is probably caused by a size distribution in
the powders or the influence of hydrodynamic diffusion (Nicolai et al., 1995). A size distribution is
always present in a ceramic powder fraction while hydrodynamic diffusion is important in sediment
casting (Ring, 1996) experiments at high volume fractions (φtot > 0.30) in our laboratory (chapter 4).
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Figure 2. Gradients in a cast produced by uniaxial centrifugal casting. Lines follow from the numerical model
using data from Table 3. Dots are measurements by Chang et al. (1991).

The movement of the cast radius rc, the mixed suspension/monocomponent boundary rs and the
monocomponent/supernatant boundary rm are shown in Figure 3. The velocity of the cast front vc decreases suddenly when all fast particles have deposited.

r-Coordinate (m)

0.15

rc

0.14
0.13

rs
rm

0.12
0.11
0.1
0

100

200

300

400

500

600

700

Time (s)
Figure 3. Coordinates of rc, rs and rm for uniaxial centrifugal casting. Data from Table 3. The dotted line is only
indicative for cast growth while the monocomponent phase is depositing and the horizontal line shows the final
cast radius rc,∞.
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Comparison of model results for different geometries
First, model results for the decrease in suspension concentration with time in the mixed-suspension
phase are compared for uniaxial (σ = 0) and axisymmetric centrifugal casting (σ = 1) in Figure 4. It is
clear that the suspension concentration decreases faster for an axisymmetric geometry. This is caused
by the diverging flowlines in this cylindrical geometry. The cast profile that develops for both
geometries is depicted in Figure 5 as a function of the normalized final cast thickness δ∞, which is
different for uniaxial (σ = 0, δ∞ = 1.77 cm) and axisymmetric (σ = 1, δ∞ = 1.56 cm) centrifugal casting. Although a larger part of the cast thickness consists of the mixed-particle phase for σ = 1 than for
σ = 0, the thickness of both the mixed-particle phase and the monocomponent phase are actually
higher for σ = 0 than for σ = 1. This shows up clearly when the profiles are plotted as a function of
coordinate r instead of being normalized to their final thickness.

Susp. Conc., type 1

σ=0

0.135

0.08

φ1

0.13

0.07

σ=1
σ=0

0.125
0.12

σ=1

0.115

0.06
0.05

φ2

0.04
0.03

0.11

Susp. Conc., type 2

0.09

0.14

0.02
0

50

100
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200

250

Time (s)
Figure 4. Change of suspension concentration in mixed-suspension phase in time for uniaxial (σ = 0) and axisymmetric (σ = 1) centrifugal casting. Data from Table 3.

Comparison of model results for complete and non-complete mold filling
As mentioned earlier, a smooth composition profile (gradual change) is only obtained for rL = 0; for
rL > 0, a step change will be observed somewhere within the cast. However, in practice it is difficult
to obtain a value of rL = 0 for a uniaxial geometry. One would need to fill a tube to the brim and
mount it in a laboratory centrifuge so that the top of the tube is located at the rotating center of the
centrifuge. It is much simpler to obtain a situation of rL = 0 for axisymmetric casting (e.g., chapter 2).
Model results for complete and incomplete mold filling are compared for σ = 1 in Figure 6. Note that
both graphs are scaled to their overall final thickness δ∞ which is higher for rL = 0 (namely 2.94 cm
vs. 1.56 cm for rL = 10.16 cm). If both graphs are plotted as a function of the radial coordinate r instead of being normalized, the left hand side of the graph for rL = 10.16 cm is identical to the graph
for rL = 0.
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Figure 5. Comparison of cast profiles for uniaxial (σ = 0) and axisymmetric (σ = 1) centrifugal casting, data
from Table 3.
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Figure 6. Comparison of cast profiles for axisymmetric centrifugal casting for complete mold filling (rL = 0) and
non-complete filling (in this case rL = 0.1016 m). Data from Table 3.
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Discussion
The cast profile that develops for a dispersed suspension consisting of a number of distinct particle
fractions in centrifugal casting can be controlled by changing any of the following parameters:
•

The centrifuge dimensions (mode of rotation σ, filling height rL and mold radius r0),

•

The characteristics of the particles (radius rp,i and density ρp,i) and

•

The characteristics of the suspension (initial suspension concentration φi,0 and liquid density ρL).

As seen in equations (7) and (11), a change in rotational velocity ω or liquid viscosity η influences the
particle velocities vi to the same extent and thus does not influence the cast profile that ultimately develops. The same holds for the value of the hindrance factor power ni, which, when the same for all
particle types, influences vi to the same extent. Therefore, ni does not influence the developing cast
profile. However, when the factor ni is different for the particle types, the actual value of ni does influence the cast profile. The time necessary for final cast formation is always strongly influenced by
the parameters ω, η and ni.

Conclusions
A model is set up to describe the cast profile that develops during centrifugal casting of a bimodal
particle ensemble, with particles of different size and density. The model is in fair agreement with
experiments on the extent of segregation in a cast formed by uniaxial centrifugal casting of an
Al2O3/ZrO2-mixture. The model can be used to describe the development of non-homogeneous cast
profiles in other suspension processes and can be extended or adapted to describe multimodal powder
ensembles, a variable cast packing factor or cast formation by other forming techniques.

Notation
fi
hi
Ji
ni
rc
rc,∞
rL
rm
rp,i
rs
r0
t
vc
vi
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Fraction of particle species i in cast
Hindrance factor
Volumetric particle flux in suspension
Exponent in hindrance factor
Location of cast front
Final location of cast front
Boundary between supernatant and empty core
Boundary between monocomponent suspension and supernatant
Radius of particle i
Boundary between mixed and monocomponent suspension
Distance mold wall to heart of centrifuge
Time
Velocity of cast front
Particle velocity in mixed suspension

[-]
[-]
[m/s]
[-]
[m]
[m]
[m]
[m]
[m]
[m]
[m]
[s]
[m/s]
[m/s]

vm
v∞,i
Greek letters
β
δ∞
η
ρL
ρp,i
ρs
σ
φc
φc,1
φc,1+2
φi
φi,0

Velocity of boundary rm
Particle velocity at infinite dilution

φ mono ,rm

Modified Taylor number
Final cast thickness
(Newtonian) viscosity
Liquid density
Particle density
Suspension density
Mode of rotation (σ=0: uniaxial; σ=1: axisymmetric)
Cast packing factor (unity minus porosity)
Cast packing factor of inner cast layer consisting solely of particle 1
Cast packing factor of outer cast layer consisting of both particles
Concentration particle i in suspension
Initial concentration of particle i in suspension
Volumetric concentration slow particle 1 at rm

φtot
ω

Total volumetric suspension concentration
Rotational velocity

[m/s]
[m/s]

[-]
[m]
[Pa.s]
[kg/m3]
[kg/m3]
[kg/m3]
[-]
[-]
[-]
[-]
[-]
[-]
[-]
[rad/s]
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Chapter 4. Particle Segregation during Pressure Filtration for Cast
Formation
Abstract
When pressure filtration is used to produce composite materials from a mixed suspension, segregation
of the different particle types is apt to occur due to different sedimentation velocities. This results in
an inhomogeneous, thus inferior product. To understand and reduce segregation, a model is proposed
to describe segregation due to gravitational settling during pressure filtration from a dispersed suspension consisting of two types of particles with different sizes and/or densities. The model combines the
consolidation mechanisms of sedimentation and filtration and predicts the composition profile in the
formed material. Experimentally determined cast profiles are in good agreement with model predictions.

Introduction
When several particle types are suspended in a gas or a liquid, segregation of the particles can occur
resulting in areas with different composition. This phenomenon can be observed in liquid fluidised
beds (Gibilaro et al., 1985; Seibert and Burns, 1998), the drying of liquid foods (Meerdink and Van’t
Riet, 1995), sedimentation in volcanic flows (Druitt, 1995) and in the processing of a suspension of
ceramic particles to form a ceramic product (Velamakanni and Lange, 1991; Roeder et al., 1995).
In the latter case, segregation leads to inhomogeneities in the product (cast) which are undesirable if a
homogeneous composite should be made and desirable if a Functionally Graded Material must be
produced (chapter 3). Furthermore, segregation can cause process failure (cracks, warping) as a result
of differential shrinkage during subsequent drying and sintering (Ring, 1996).
This chapter focuses on the influence of segregation on the resulting cast profile in the suspension
processing of ceramic particles. Segregation in such a process occurs in the consolidation step, during
which the particles in the suspension concentrate on the mould to form a cast. This occurs because the
liquid is removed by drying or filtration or because the particles move through the liquid because of
an external force. This consolidation mechanism is called sedimentation and the sedimentation velocity depends on the forces acting on the particles. If the driving force is of a gravitational or centrifugal
nature, particles of different sizes or densities will have different sedimentation velocities which results in particle segregation.
Segregation plays a role if the suspended particles are polydisperse or various monodisperse fractions
are present in the suspension. Polydispersity is a general phenomenon in ceramic processing, while
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various distinct fractions are used in the formation of composite materials. The focus in this chapter
will be on a suspension consisting of two distinct particle types without a size distribution. Size and
density of the two particle fractions may differ at the same time.
Several papers describe the differential sedimentation of two or more particle types (e.g. Lockett and
Al-Habbooby, 1973, 1974; Mirza and Richardson, 1979) but only seldom is the influence thereof on
the resulting cast or cake profile considered (Schneider et al., 1985; Lu et al., 1998; chapter 3).
In this chapter, segregation due to gravity during a pressure filtration experiment is described (see
Figure 1), which implies that two consolidation mechanisms, namely sedimentation and filtration,
must be combined into one model. This combination results in some distinct differences with “puresedimentation” processes (Schneider et al., 1985; chapter 3).

High pressure side

xL,0
xL
xs,1

xs,2
xc x

dm

Low pressure side
Figure 1. Overview of pressure filtration with segregation due to gravity. Particles and liquid in suspension
move downward while the cast grows upward. Liquid is drawn away through the mould. Small particles are left
behind the mixed suspension phase and will finally form a monocomponent cast layer on top of a mixed cast
layer. The coordinate system originates at the top of the mould and points upward.
Sedimentation and filtration of a single particle type were already combined into one model by Bockstal et al. (1985), Philipse et al. (1990) and Tiller et al. (1995) to describe the influence of sedimentation on the cast formation rate in a pressure filtration experiment. Segregation plays no role in these
situations. Recently, Lu et al. (1998) described combined filtration and sedimentation and the resulting cast profiles using a quite elaborate 3D-particle packing model.
Pressure filtration with segregation can be considered an intermediate situation between pure filtration
without segregation effects and sediment casting (Ring, 1996). Particles in sediment casting move
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downward without additional filtration as a result of gravity. This process is often called (batch)
sedimentation. Figure 2 shows the resulting cast profiles calculated with the model of this chapter.
The cast is homogeneous for pure filtration, while the extent of segregation is maximal for sediment
casting.

Fraction fast particles f 2

1
Sediment casting

0.8

Pressure filtration
+ segregation

0.6
Pure filtration

0.4
0.2
0
0

0.2

0.4

0.6

0.8

1

Normalised cast thickness
Figure 2. Comparison of composition profile in sediment casting and pressure filtration with and without segregation from a bimodal particle suspension. The cast location is normalised with respect to the final thickness xc,∞.
The summation of the fraction fast particles f2 and the fraction slow particles f1 is unity. Data from Table 1.
A straightforward model is described in this chapter based on several simplifying assumptions which
are stated explicitly further on. This simple model helps to clarify the influence of the most important
parameters on segregation and, therefore, to develop strategies to minimise segregation during pressure filtration. The model can be adapted to predict the composition profile in many types of suspension processes using particles of various materials (ceramic, polymer, metal) and is useful to understand multicomponent (batch) filtration processes as well.
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Theoretical background
Introduction
When segregation occurs as a result of gravity, four phases develop in a pressure filtration experiment
that uses two distinct particle types (see Figure 1). First, a cast layer grows from the mould surface
occupying the region 0 - xc. From xc to xs,2, a mixed suspension region is present with both particle
types at their original concentration. The fastest particles (by choice type 2) leave behind a monocomponent region xs,2 - xs,1 where only particle type 1 remains. This phase, in its turn, leaves behind a
supernatant phase from xs,1 to xL. The top of the suspension xL moves down with a slower speed than
either xs,1 or xs,2 as the fluid is removed through the mould. Initially, the mould is filled to xL,0. When
the process is finished, a cast results consisting of two distinct layers. The lower layer (0 - x*) contains
both particle types, while the upper layer (x* - xc,∞) only contains slower particles.
The theory of this chapter is confined to:
•

a suspension in which the density of each particle type ρp,i is larger than the suspension density ρs
(ρp,i>ρs). Else, particles first move upward and, if ρp,i>ρL, move downward only after the heavier
particles have settled (Richardson and Meikle, 1961),

•

particles that are perfectly spherical and non-agglomerated,

•

a situation of negligible ordinary diffusion (chapter 2), hydrodynamic (self-)diffusion (particle
velocity fluctuations), and convection currents (Nicolai et al., 1995),

•

a situation without lateral density gradients in the suspension (so-called "viscous fingering",
Davis and Acrivos, 1985; Batchelor and Janse Van Rensburg, 1986),

•

a situation in which only a kinematic shock separates suspension from cast and kinematic waves
do not arise (Kynch, 1952; Russel, 1989; Probstein, 1989),

•

a cast that does not densify in time (to describe densification see e.g. Willis and Tosun, 1980; Wu,
1994; Lin and Kellett, 1998), and

•

negligible wall effects (Mirza and Richardson, 1979; Tory, 1992).

Kynch Theory
The entire derivation starts with Kynch theory (1952) for cast growth from a suspension of n types of
particles. If the development of a kinematic shock is presumed, a particle mass balance over the
moving boundary xc (between cast and mixed suspension) relates the particle velocity and concentration of particles i (1..n) in the suspension (vi and φi) to the velocity of the cast vc and the cast packing
factor φc:
n

∑ dv j − vc iφ j = −vc φ c
j =1

52

(1)

In (1), it is assumed that the cast is not being compressed during the process (i.e., particle velocity in
the cast is zero). After rewriting, (1) results in:
n

∑ v jφ j

dxc
j =1
= vc = −
φ c − φ tot
dt

(2)

The total mixed suspension particle concentration φtot is given by:
n

φ tot = ∑ φ j

(3)

j =1

Cast Profile
The composition of the cast is described by the fraction of each particle species fi, which stands for
the ratio of volumetric amount of particle type i to the total amount of particles in the cast; the summation of all fractions equals unity (chapter 3):
fi =

bv − v gφ
∑ dv − v iφ
i

c

n

i

n

j =1

j

c

∑ fj =1

,

(4)

j =1

j

The fraction fi is associated with the infinitely thin layer that is being deposited at xc. Because the cast
grows in time, fi effectively changes over the cast thickness and a composition profile will develop.
Hence, the fraction fi can be considered a local parameter.

Sedimentation
A description of particle velocity vi begins with a stationary overall mass balance for the entire suspension phase for any surface perpendicular to the flow:
n

∑ v j φ j + v L (1 − φ tot ) = J L

(5)

j =1

The liquid flux JL is the amount of liquid drawn away through the mould and cast as a result of the
applied pressure difference.
The slip velocity vi-vL is a function of the Stokesian particle velocity for infinite dilution v∞,i, particle
density ρp,i, suspension density ρs, liquid density ρL and the particle hindrance function hi(φtot) (Masliyah, 1979; Lockett and Bassoon, 1979; Patwardhan and Tien, 1985):
vi − v L = v∞,i

ρ p ,i − ρ s
ρ p ,i − ρ L

hi (φ tot )

(6)

,

(7)

in which
v∞ ,i =

d

i

2rp2,i ρ p ,i − ρ L g
9η
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n

ρ s = 1 − φ tot ρ L + ∑ φ j ρ p , j

b

g

(8)

j =1

and
hi (φ tot ) = (1 − φ tot ) ni − 2

(9)

The power ni depends on the Re-number and the ratio of particle to vessel size (Wallis, 1969; Selim et
al., 1983). In equation (9) it is assumed that particle hindrance is solely determined by the total particle concentration (Lockett and Al-Habbooby, 1973, 1974). Refinements of (9) have been developed,
especially by Patwardhan and Tien (1985), to take into account the different ‘environment’ of particles of different size, but these are not employed in this work. In the above equations, a constant velocity (with respect to place and time), absence of interparticle stress (solids pressure), interparticle
friction and wall effects are furthermore assumed, as can be derived from the complete set of momentum equations (Syamlal and O’Brien, 1988).
Particle velocities in suspension vi are given by combination of (5) and (6):
vi = v∞ ,i

ρ p ,i − ρ s
ρ p ,i − ρ L

n

ρ p, j − ρs

j =1

ρ p, j − ρ L

hi φ tot − ∑ v∞ , j

b g

b g

h j φ tot φ j + J L

(10)

From this point forward, a mixture of two types of particles is considered, noted as type 1 and 2,
where type 2 is the faster particle. In order to apply the Westman-Hugill equations (17)-(18), it is necessary as well to determine a priori which particle type is larger. In the present study this is always
type 2, but the theory can be reworked so that the slower particle (type 1) is larger.
Segregation is caused by different sedimentation velocities of the two particle types, v1 and v2. Under
the assumption n1 = n2, we can write out equation (10) for both particle types and substract v1 from v2,

d

i

d

so that the expression rp2,1 ρ p ,1 − ρ s − rp2,2 ρ p ,2 − ρ s

i

is obtained. This could be called the driving

force for segregation. By adjusting the density or radius of any of the particle types, the driving force
can be minimised and segregation avoided.

Filtration
The liquid flux JL can be derived from Darcy's law for Newtonian viscous flow through a porous medium (Bird et al., 1960):
JL = −

L dP
η dx

(11)

Here, uni-directional flow is assumed and the gravity term ρL⋅g is neglected because in our experiments it is ~103 lower than the pressure gradient dP/dx. Several expressions exist to relate the permeability L to the particle size and size distribution, particle shape and cast porosity. In the present work,
the mould permeability Lm is considered constant and the permeability of the cast Lc is described by
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an expression for flow through a bidisperse packing of spherical particles (Thiess-Weesie and
Philipse, 1994):
(1 − φ c ) 3
Lc =
Cφ c2

F
GH f r

rp ,1rp ,2

2 p ,1

+ (1 − f 2 )rp ,2

I
JK

2

(12)

Equation (12) simplifies to the well-known Carman-Kozeny equation for flow through a monodisperse packing for f2=0, f2=1 or rp,1=rp,2 (Dullien, 1979). The value C=45 is used so that the equation
correctly describes these limits. Like fi, Lc is a 'local' parameter that changes over the cast thickness.
Integration of (11) always results in the general solution:
J L = − K∆P

(13)

Here, K is the conductance (m/Pa.s) and ∆P is the pressure difference over cast and mould. If the cast
permeability Lc is constant over its thickness (0 – xc), integration of (11) results in:
JL = −

FG d
HL

m
m

+

xc
Lc

IJ
K

−1

∆P
η

(14)

In the present work, however, the cast permeability Lc changes over the cast coordinate xc because the
fraction f2 varies. Therefore, (14) must be replaced by:
JL

Fd
= −G
HL

xc

m
m

z

+ Lc ( x )
0

-1

I
dx J
K

−1

∆P
η

(15)

The change of conductance K with time is now given by differentiation of (15) and implementation of
(13):
dK dK dx c
ηK 2 vc
=
=−
dt dxc dt
Lc

(16)

Cast Packing Factor
The cast packing factor φc is a function of cast composition f2 and the mono-component packing factors φc,1 and φc,2. The best tested equation to correlate the above four parameters as a function of the
ratio of particle radii rp,1/rp,2 (type 2 being the larger particle) is the Westman-Hugill relation (Yu and
Standish, 1987). First, the following parameters must be defined:

R| F r I U|
G = S1.355G
|T H r JK V|W
1.566

V1 =

φ −c ,11

V2 =

φ c−,12

p ,1

−1

X1 = 1 − f2

X 2 = f2

(17)

p,2

55

The cast packing factor φc then follows from:
φc =
A=

2A
− B + B 2 − 4 AC

FG 1 IJ
HV K

2

+

2

2G
1
+
V2 (V1 − 1) V1 − 1 2

b

g

2V X
2G
2(V2 X1 − V2 − X1 )
B = − 12 1 +
(V2 X1 − V2 − X1 − V1 X1 ) +
V2 (V1 − 1)
V2
(V1 − 1)2

F V X IJ
C=G
HV K
1

1

2

−

2

b

V X −V − X
2G
V1 X1 (V2 X1 − V2 − X1 ) + 2 1 2 2 1
V2 (V1 − 1)
V1 − 1

b

g

g

(18)

2

−1

Sedimentation of a non-agglomerated suspension of perfectly spherical particles results in the same
value of the pure component packing factors φc,i regardless of particle size. The value resulting from
sedimentation is also close to the value for a loose-random or dense-random packing (0.601-0.637,
Bordia, 1984).

Movement of Boundary xS,2
As the faster particles (type 2) move down, a phase is left behind only consisting of the slower particles (type 1). The movement of the boundary between these phases xs,2 is given by the velocity of the
faster particle (type 2):
dx s,2
dt

= v2

(19)

Movement of Boundary xS,1
From xs,2 to xs,1 a phase develops consisting solely of the slower particle type 1. The concentration and
velocity of these particles are not the same as in the mixed suspension phase xc - xs,2. Mirza and
Richardson (1979) describe the velocity of the upper boundary xs,1 as the velocity of the slower particle (type 1) in this mono-component phase:
v s,1 =

dxs ,1
dt

= v ∞ ,1 (1 − φ mono ) n1 −1

(20)

while the concentration of particle type 1 in the mono-component phase is given by:
φ mono =

bv − v gφ
2

1

1

v2 − v s,1

(21)

Movement of Boundary xL
The top of the suspension xL moves down with a velocity of:
dx L
= JL
dt
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(22)

Experimental
Material
Two types of spherical polymethylmetacrylate particles were used for the sedimentation tests. The
smaller type was obtained by using a commercial powder (Lucite 4-F, ICI Acrylics, London, UK). It
was dry-sieved twice and subsequently wet-sieved. The larger type is used as received (Cat. No.
04554, MW 75,000, atactic beads, 200 µm, Polysciences Inc., Warrington, PA, USA) and dyed black
(RIT dye, CPC Specialty Markets, Indianapolis, IN, USA) to obtain a sharp contrast with the uncolored white particles. Both size distributions are shown in Figure 3, measured by an optical particle
size analysis technique (Microtrac X-100, Leeds and Northrup, North Wales, PA, USA). The mean
radius was determined by volume as 30 µm for the smaller particles and 107.5 µm for the larger particles.
The experimental data are summarised in Table 1 unless stated otherwise. The hindrance factor power
ni was set at ni = 5 for both particle types based on the measurement of the fall velocity of the upper

Diff. volume

boundary vs,1 in a sediment casting-experiment.

0
0

50

100

150

200

Radius ( µm)

Figure 3. Particle size distributions of the powders.
∆P
Lm
dm
φc,1= φc,2
φ1
φ2
rp,1
rp,2
η
ρL
ρp,1=ρp,2
xL,0
n1=n2

Pa
2·104
1.97·10-13
m2
-3
2·10
m
0.6
0.0835
0.0997
30
µm
107.5
µm
Pa.s
8.9·10-4
1000
kg/m3
1170
kg/m3
0.102
m
5
Table 1. Data for filtration experiments and simulations.
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Sediment Casting
First, sedimentation without filtration (i.e., sediment casting) was studied. Glass flasks (height 75 mm,
inner width 23 mm) were filled with known amounts of each particle type, water and a droplet of liquid soap to prevent flotation. The inner width was low enough to avoid large convection currents
(Nicolai et al., 1995) while wall effects were negligible (ratio inner width/particle size > 100; Mirza
and Richardson, 1979). Because air was still present in the flask, its content could be shaken vigourously. This was done to mix the suspension and to break up particle lumps initially present after
adding the fluid. The final height of the interfaces x* and xc,∞ was measured by a sliding gauge with an
accuracy of 0.1 mm. Lateral inhomogeneities (at a macroscopic scale) were never observed.

Pressure filtration
The pressure filtration setup (see Figure 1) consisted of a fritted glass plate (dm = 2.0 mm,
Lm = 1.97.10-13 m2, pore size 5 - 9 µm) melted into a glass tube (height 180 mm, diameter 23 mm) at
right angles. The suspension was swirled until the point when the pressure difference was applied
with a water jet pump to ensure that sedimentation and filtration started at the same time. Again, the
height of the interfaces x* and xc,∞ was measured with a sliding gauge.

Results
In this section, the numerical scheme used in solving the model equations is explained and the model
outcome is compared with experiments on sediment casting as well as on pressure filtration with segregation. Also further model simulations are presented.

Numerical Scheme
Segregation during pressure filtration is described by the movement of the boundaries xL, xs,1, xs,2 and
xc which, together with the other relevant parameters (f2, φc, K, Lc), follow from the differential equations (2), (16), (19), (20) and (22) and the algebraic equations (3), (4), (10), (12), (13), (17), (18) and
(21). The initial conditions are:
IC : t = 0 : xc = 0 ,

x s,2 = x L ,0

, x s ,1 = x L ,0

,

x L = x L ,0

,

K=

Lm
ηd m

(23)

This set of differential and algebraic equations is solved numerically with a 3rd order semi-implicit
Runge-Kutta scheme combined with a Bulirsch-Stoer extrapolation method for step size adjustment.
Calculations were done with the BESIRK-subroutine of Maple, a computer algebra system (Schwalbe
et al., 1996). Until the moment that xs,2 and xc meet at t = t* (xs,2 = xc = x*), f2 is calculated according to
(4). When t > t*, only the slow particle, type 1, remains in suspension. The movement of xc, xs,1 and xL
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is determined by running the simulation again using the values at t* as initial conditions. This means
that f2 is set to zero, φc becomes φc,1 and cast growth is given by:
v φ
dxc
= − s,1 mono
dt
φ c − φ mono

(24)

After xs,1 meets xc, the movement of xL can be calculated from (13), now with a constant K.
Sediment casting is described by the equations (2)-(4), (10), (17)-(20) with JL = 0.

Validation
Sediment casting experiments are compared with model predictions for x* and xc,∞ in Figure 4. Up to a
small particle concentration φ1 of 0.25, the agreement is excellent. Not only is the interface x* very
sharp in accordance with the theory, but the location of x* is predicted correctly as well. At higher
concentrations, no clear interface layer x* can be determined but a smooth transition zone of up to
several mm in height develops. The location of this zone is above the theoretical prediction.

Four explanations can account for this discrepancy:
1. Hydrodynamic diffusion plays a role at higher concentrations. Indeed, Nicolai et al. (1995) found
that particle velocity fluctuations strongly increase with particle concentrations up to φtot = 0.3. This
increase can explain the transition zone at higher concentrations of slow particles φ1. Imagine a fast
particle that is still above the interface xs,2. If there would only be a few slow particles, it would settle
quickly resulting in self-sharpening of the boundary xs,2 (Lee et al., 1992). However, because of the
high concentration φ1, it experiences strong velocity fluctuations and will not readily move back into
the mixed suspension region xc - xs,2. This explanation is analoguous to Di Felice (1993) who described upper-zone penetration in a binary-solid liquid-fluidized bed.
2. Davies (1968) and Davies and Kaye (1971) measured the boundary sedimentation velocities in a
binary particle system and proposed the mechanism of 'mechanical interlocking' or 'combination' to
describe the fact that above a certain critical concentration the two velocities became equal. According to this explanation, at higher concentrations (presumably of the large particles), the interstices
between the large particles become smaller than the small particles themselves. As a result, the large
particle matrix holds the small particles within its structure. Lockett and Al-Habbooby (1973) could
not reproduce Davies' (1968) measurements and could describe similar measurements directly by a
particle transport model similar to the present work with neglect of particle interlocking. However, for
other measurements, they found that on increasing the particle concentration φtot to above 0.30, the
two boundary velocities approach each other faster than would be expected by the particle transport
model. Lockett and Al-Habbooby (1974) present measurements for which the particle transport model
suffices and critically assess the proposed interlocking model by Davies and Kaye (1971). Finally,
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Selim et al. (1983) could not reproduce Davies' (1968) results. Though clearly the concept of particle
interlocking has not yet a strong footing, the idea of interparticle forces in concentrated multispecies
suspensions, is important.
3. The experimental error in x* increases with φ1. Because the mixed cast (0 - x*) contains an increasing amount of small particles, the distinction with the upper layer (x* - xc,∞), consisting solely of small
particles becomes more difficult (e.g. in the lower layer the fraction of small particles is already
f1 = 0.40 at a suspension concentration φ1 = 0.25).
4. Air bubbles introduced during mixing did not rise fast enough out of the suspension at higher concentration, thereby influencing particle sedimentation.

Other authors also measured and modelled cast profiles in sediment casting:
1. Anestis et al. (1985) determined the cast composition and boundary velocities and used a correlation by Jeschar for the packing factor of the cast (where the Westmann-Hugill equation is used in the
present work) and an iterative procedure for the composition of the cast which is equivalent to equation (4) (chapter 3). Their experiments and model outcome are in perfect agreement with each other
and with predictions from the model in this chapter.
2. Lu et al. (1998) compare measurements with results from a 3-D particle packing simulation. Their
model outcome and measurements are compared in Figure 5 together with a prediction from the
model in this chapter. The model by Lu describes measurements better, but is also much more complicated than the model of this chapter.
1
50
40
0.6
30
0.4

20

Fraction f 2

Location (mm)

0.8

0.2

10
0

0
0

0.1

0.2

0.3

0.4

0.5

Concentration slow particles (-)
Figure 4. Location of final cast boundaries xc,∞ (upper line, squares) and x* (lower line, triangles) and fraction f2
in the lower mixed layer in a sediment casting-experiment. Data from Table 1 except for initial suspension height
xL,0 (=55.8 mm), concentration fast particles φ2 (=0.059) and slow particles φ1 (variable) and pressure difference
∆P (=0).
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Fraction fast particles

1

0.8

Sediment Casting

0.6
(Constant head)
filtration with sedimentation

0.4

0.2

0
0

0.2

0.4

x/L

0.6

0.8

1

Figure 5. Sediment Casting and constant head filtration with sedimentation. The dashed lines are model results
from Lu et al. (1998) and the solid lines predictions from the present model. Squares are measurements by Lu et
al. for sediment casting and triangles for filtration with sedimentation (rp,1=112.5 µm, rp,2=182.5 µm, n1=n2=4.65,
ρp,1=ρp,2=1070 kg/m3, ρL=924 kg/m3, xL,0=0.975 m, φ1,0=φ2,0=0.014, ∆P=8.84 kPa).
Lu et al. also describe measurements and model results for combined filtration and sedimentation for
a constant pressure difference over cast and mould (constant head). To describe their experiments
with the present model, the densities of the polystyrene and the water/ethanol mixture were estimated
and a negligible mould resistance (dm/Lm) assumed. Figure 5 shows that the present model and the
model by Lu et al. describe measurements with roughly the same accuracy.
Pressure filtration experiments carried out in our laboratory in which the pressure difference ∆P was
varied, are compared with model predictions in Figure 6. These are in fair agreement.

Simulation Results
For pressure filtration with segregation, the movement of the boundaries xc, xs,2, xs,1 and xL is depicted
in Figure 7. All of the fast particles have deposited when xs,2 and xc meet at t* ~ 21 sec. At t = t*, cast
growth vc suddenly decreases because only slow particles remain in the suspension. When xc and xs,1
meet, cast formation ends immediately and xc,∞ is reached. Only when xL reaches xc,∞, supernatant is
no longer present on top of the cast.
Simulated cast profiles for a varying suspension concentration φtot, are shown in Figure 8. The location of the step change in composition x* moves toward the top of the cast xc,∞ with an increasing suspension concentration φtot. Segregation is avoided completely if the suspension concentration equals
the corresponding cast concentration. In this case, φtot = φc = 0.6825, resulting in x* = xc,∞. The in-
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crease of x* with φtot is caused by two effects: first, by the decrease of the sedimentation velocity as a
result of a decrease in the hindrance factor h(φ), and second, by a decrease in the cast formation time
because the cast formation rate vc increases as the denominator in equation (2) φc - φtot becomes
smaller.
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Pressure difference (bar)
Figure 6. Location of x* (lower line, triangles) and xc,∞ (upper line, squares) in pressure filtration with segrega-

tion for different pressure differences ∆P. The limit of ∆P=0 is equal to the process Sediment Casting. Data from
Table 1 except for ∆P.
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Figure 7. Movement of boundaries in pressure filtration with segregation for base case (see Table 1).
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Figure 8. Segregation during pressure filtration for an overall initial suspension concentration φtot from 2 to

68.25 vol%. The ratio φ1/φ2 is always unity. The location in the cast is normalised with xc,∞ which depends on φtot.
Data from Table 1 except for φ1 and φ2.

Discussion
Parameter Influence
It is interesting to note that the sedimentation velocity (equation (7)) and the cast permeability Lc
(equation (12)) are influenced in the same manner by the particle radius rp, if a constant hindrance
factor power ni is assumed (no influence of particle size via the Reynolds number on ni). This indicates that changing both particle sizes by the same factor does not influence the extent of segregation
for a negligible mould resistance (Lm>>Lc). As can also be seen from these equations, filtration and
sedimentation respond to a change in liquid viscosity in the same manner for a constant ni; therefore
the cast profile that develops is not influenced. The influence of the liquid density ρL and the particle
size on the resulting profile is summarised in Table 2 for three cases: sediment casting and combined
filtration and sedimentation (PF+S), with and without a significant mould resistance. For each case,
results are presented for equal and different particle densities ρp,i. In all situations, simulation runs
were made except for the cases marked with a star. Here, the 'No' is based on equations (7) and (12).
Simulations were unsuccessful in this case because Lm had to be increased to values for which the initial velocities were so high that the numerical procedure did not give results.
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rp,1 (rp,1/rp,2 constant)

ρL

ρp,1=ρp,2

No

No

ρp,1≠ρp,2

No

Yes

PF+S

ρp,1=ρp,2

Yes

Yes

With mould resistance

ρp,1≠ρp,2

Yes

Yes

PF+S

ρp,1=ρp,2

No*

Yes

No mould resistance

ρp,1≠ρp,2

*

Yes

Influence on cast profile?
sediment casting

No

Table 2. Influence of particle size and liquid density on the resulting cast profile for three cases (see text, n1=n2).
Coagulation
In the present work, particles were not coagulated and, therefore, could have differential velocities.
Coagulation, however, can be used for several reasons when composites must be made out of a suspension consisting of several particle types (Roeder et al., 1995). First, coagulation allows fast and
slow particles to exchange energy and keep the same velocity, thus reducing the extent of segregation.
Second, the cast packing factor φc decreases when particles are coagulated (Roeder et al., 1995). This
results in a decrease of the denominator in equation (2) as well as an increase of the permeability Lc
(see equation (12)). The result is an increase in the cast formation rate vc and a higher contribution of
filtration in vc. These effects help to diminish segregation, which could in principle still occur if (a
significant fraction of) any of the particle types present is not coagulated.
Coagulation cannot always be used in ceramic processing because it often results in less homogeneous materials with inferior properties.

Crowd Effect
In the present study, the cast packing factor is only considered to depend on f2 and the particle radii,
not on other process conditions. However, a mechanism exists by which processing conditions influence the cast packing factor, thus, indirectly influencing segregation (see above). This is the so-called
crowd effect which predicts that when the particle flux into a cast is high, particles do not have time
and space to re-orient themselves into a dense-packed state before new particles arrive on top. These
new particles lock the former particles into their position (Tiller and Khatib, 1984). When t < t*, the
particle flux relative to the growing cast is given by Jp = (vc-v1)⋅φ1+(vc-v2)⋅φ2 and, hence, is influenced
by all process parameters. If the crowd effect applies, a higher liquid viscosity, for instance, results in
a lower particle flux, a denser cast and, therefore, more segregation.
No papers could be found which describe the crowd effect in quantitative terms (e.g. as a (φc-Jp)dependence). If this information was available, calculations could predict whether multiple steady
states exist in the pressure filtration process beside the 'normal' dense packed state at a low particle
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flux. A loose packed-high flux situation could also exist. This situation would to a certain extent resemble the two steady-states found in centrifugal adsorption technology (fluidised state and free settling state, Bisschops et al., 1996).

Waves
In the above, it is assumed that a kinematic shock separates the cast from the suspension. This results
in a suspension concentration independent of location within a certain phase. However, waves can
arise depending on the form of the flux vs. suspension concentration-curve (see e.g. Kynch, 1952). In
this case, lines of constant suspension concentration propagate from the cast into the suspension, resulting in a gradually increasing suspension concentration toward the cast. Calculation of the cast
formation rate and, especially, of the resulting composition profile, is much more difficult in this
situation. The straightforward procedure of this chapter no longer holds. No paper could be found in
literature to describe wave formation in a suspension consisting of more than one particle type. Matters are complicated by the possibility that a situation occurs in which waves are formed for one particle type but shocks are formed for the other type, dependent on the respective flux vs. concentrationcurve.

Conclusions
Segregation during pressure filtration is detrimental if a homogeneous material is to be obtained. A
model is set up to describe the extent of segregation during a pressure filtration experiment which includes two mechanisms for particle transport during the consolidation of a suspension of dispersed
particles, namely filtration and sedimentation. According to the model, the extent of segregation is
neither influenced by the liquid viscosity nor by the particle sizes as long as the particle size ratio and
the hindrance factor power are constant and the mould permeability is high. Segregation can be
avoided by any of three methods:
•

Use of a high suspension loading which decreases the cast formation time and the hindrance factor for sedimentation,

d

i

d

i

•

Minimisation of the driving force for segregation rp2,1 ρ p ,1 − ρ s − rp2,2 ρ p ,2 − ρ s , or

•

Use of a positive interparticle attraction (coagulation) which diminishes differential sedimentation
and causes the particle packing to be more porous. For a more porous packing, the contribution of
filtration increases and the cast formation time will decrease. Both effects reduce segregation.
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Notation
dm
fi
g
G
hi
JL
K
L
ni
P
rp,i
t
t*
vc
vi
v∞,i
vL
vs,1
Vi
xc
xc,∞
xL
xL,0
xs,1
xs,2
x*
Xi
∆P
η
ρL
ρp,i
φc
φc,i
φi
φmono
φtot
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Thickness of mould
Local fraction of particle type i in cast
Acceleration due to gravity = -9.81
Parameter in Westman-Hugill equation
Particle hindrance function in suspension
Liquid superficial flux in suspension, cast and mould
Conductance of mould/cast-system
Permeability of cast (c) or mould (m)
Hindrance factor power
Pressure
Particle radius
Time
Time when xs,2 and xc meet
Growth velocity of cast
Velocity of particle type i in mixed-suspension phase
Slip velocity at infinite dilution
Velocity of liquid
Velocity of slower particle (1) in mono-component suspension phase
All velocities except v∞,i are based on lab-coordinates.
Inverse of mono-component packing factor
Height of cast (upper surface)
Final height of cast
Top of supernatant = gas – liquid boundary
Initial height of suspension
Location of mono-component phase – supernatant boundary
Location of mixed-suspension – mono-component phase boundary
Location in final cast of step change in composition
Parameter in Westman-Hugill equation
Overall pressure difference
Viscosity of liquid (without particles) = filtrate viscosity
Density of liquid
Density of particle type i
Cast packing factor (unity minus cast porosity)
Cast packing factor for mono-component packing
Concentration of type i in mixed-suspension phase
Concentration of slower particle (1) in mono-component suspension phase
Summed concentration of all particles in mixed-suspension phase
All concentrations φ on a volumetric basis.

[m]
[-]
[m/s2]
[-]
[-]
[m/s]
[m/Pa.s]
[m2]
[-]
[Pa]
[m]
[s]
[s]
[m/s]
[m/s]
[m/s]
[m/s]
[m/s]
[-]
[m]
[m]
[m]
[m]
[m]
[m]
[m]
[-]
[Pa]
[Pa.s]
[kg/m3]
[kg/m3]
[-]
[-]
[-]
[-]
[-]
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Chapter 5. Theory of Cast Formation in Electrophoretic Deposition
Abstract
In electrophoretic deposition, a voltage difference is applied across a suspension and a cast layer is
formed on one of the electrodes. In this paper expressions are derived from first principles for the cast
formation rate for the case of a well-stirred suspension, a constant voltage difference across the deposition cell and a non-ionic solution. The influence of the cast thickness on the cast formation rate is
implemented. Simulation results are compared with experimental data. From the derivation, a criterion follows that predicts when a smooth cast layer is formed or when catastrophic cast growth occurs. Comparison of the model with the well-known equation by Hamaker (1940) shows that in the
latter a factor is missing which tends to unity only for diluted suspensions. After incorporation of this
factor it is possible to understand better the more-than-linear increase of cast formation with increasing suspension concentration as reported by several authors.

Introduction
In electrophoretic deposition (EPD) a layer of particles is formed on a conducting substrate under the
action of an electric field. EPD can be used for precise and easy preparation of any type of particulate
layer, ranging from a coating of a few microns to a cast of several mm’s thickness. EPD can be used
for any geometry which can be as complex as a complete car body. One of the first applications has
been the production of rubber foils from latex (de Boer et al., 1939; Hamaker, 1940; Heavens, 1990).
Nowadays, EPD is used to apply ceramic, glass or polymer materials as a coating or paint on a substrate of arbitrary shape. Especially important is the application of ceramic layers as paint on metal
components in the automotive industry. EPD is used as well to dehydrate suspensions and emulsions
(Heavens, 1990) and to remove colloidal contaminants from aquous suspensions (e.g., removal of coal
or clay in water clarification; Johnson and Davis, 1999). As most suspension-based processes, EPD
can result in a highly homogeneous cast with a high mechanical strength and a low surface roughness
if a dispersed suspension is used. Homogeneity is further improved in EPD because particle velocity
is not highly dependent on particle size or intrinsic density and thus segregation can be avoided during
deposition. Particle velocity depends on the local field strength and if the local field strength decreases with an increase in cast thickness, inhomogeneities in cast thickness can be diminished. EPD
only needs short processing times: a reduction of a factor of 100 can be accomplished when EPD is
compared with other suspension processes such as slip casting (Hector and Clasen, 1997).
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Figure 1. Schematic picture of EPD from a stirred suspension.
Despite its importance, not many papers can be found in the open literature considering the processing
aspects of EPD. Therefore, many aspects of the process are still to be investigated. The aim of this
work is to describe the growth velocity of the cast in constant voltage EPD from a stirred suspension,
including the influence of the growing cast. Both cast and suspension are regarded as dielectric media
which is a reasonable assumption for a suspension with a very low concentration of ions (e.g., organic
solvent): on the one hand, the potential drop over the electrostatic double layers that form at the electrodes decreases with decreasing ion concentration (being zero for a dielectricum), while, on the other
hand, the formation time of these double layers will increase when the ion concentration in the suspension decreases, because the ionic flux toward the double layers decreases. When the formation
time of the double layers becomes much longer than the time required for cast formation, particle
deposition can be considered to take place in a dielectricum. Further, when the ion concentration is
decreased, stirring of the suspension will increasingly inhibit net ionic movement to the electrodes
and therefore double layer formation, by the same mechanism as discussed above. These phenomena
can be quantified more thoroughly by solving the Nernst-Planck equations together with the Poisson
equation and continuity equations for each ionic species (Murphy et al., 1992) while considering macroscale mixing due to stirring using empirical expressions (e.g., Kaminoyama et al., 1994; Zlokarnik
and Judat, 1988). However, this endeavour is not part of the present work.
Reactions at the electrodes (electrolysis) are not considered either, which is reasonable for a sufficiently low voltage difference; at higher voltage differences, electrode reactions can be implemented
using the Butler-Volmer equation (Murphy et al., 1992).
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Results are presented for a planar and a cylindrical geometry of the deposition cell. From the integrated equation for the field strength, a new criterion arises that predicts under which conditions a
smooth cast layer is formed or when catastrophic cast growth occurs.

Theoretical background
Introduction
In the present paper, EPD from a well-stirred suspension consisting of one particle type is described
in a two-phase system with a planar geometry, see Figure 1. The two phases that are present in the
deposition cell are cast and suspension. The field between the two electrodes is considered unidirectional (straight fieldlines, perpendicular to the electrode surfaces); curved flowlines at the edges
of the electrodes are not considered. Though a well-stirred suspension is considered, resuspension of
particles that have moved into the cast is neglected.

Cast-suspension boundary
The cast growth rate uc is given by (chapter 1):
uc =

dδ
φs
= −vs
dt
φc − φ s

(1)

with δ the cast thickness, t time, νs the velocity of particles in the suspension at the suspension-cast
boundary, φs the volumetric particle concentration in the suspension and φc the cast packing factor
(unity minus porosity). Here, it is assumed that the cast does not densify in time, which is a reasonable assumption if a dispersed suspension is used (Bergström et al., 1992).

Particle Mass Balance
For a stirred suspension, concentration gradients ∇φs will not form and φs is given by an overall mass
balance for the particles in the suspension:

b g=φ

d φ sV
dt

s

dV
dφ
+ V s = − S uc φ c
dt
dt

(2)

Here, V is the volume of the suspension and S is the electrode surface. We have assumed that the mass
density of the liquid and the particles is constant.
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To solve (2), an overall mass balance for the entire suspension phase must be set up:
dV
= − S uc
dt

(3)

Incorporation of (3) in (2) results in:

b

dφ s
S
= − uc φ c − φ s
dt
V

g

(4)

Particle Velocity
The velocity vs of a suspended particle in an electric field E is given by (Hunter, 1987):
v s = µE

(5)

Ordinary diffusion as a means of particle transport in the suspension phase has been left out of equation (5) because gradients ∇φs will not form in the suspension. Note that the convective motion due to
the stirring of the suspension becomes parallel to the cast surface when it is approached. Therefore,
stirring does not change the component of vs that is perpendicular to the cast as considered in (5)
which is the component that adds to the cast growth. By choice a positive mobility µ and a negative
electric field E are chosen to comply with the system represented schematically in Figure 1. This results in a negative particle velocity in the suspension νs and a positive cast growth uc.

Mobility
The mobility µ of a charged colloidal particle follows from the simultaneous solution of the Poisson
equation with the Navier-Stokes equations and conservation of ions (Russel et al., 1989). For a single
particle immersed in an infinitely extended pure liquid, the analytical solution is the Henry equation
(Hunter, 1987; Probstein, 1989):
µ=

2ε r ε 0ζf 1 (κrp )
3η

(6)

Here, εr is the relative permittivity, ε0 the permittivity of vacuum (ε0=8.854⋅10-12 F/m), ζ the zetapotential (V), κ is the inverse of the Debye screening length (m-1), rp the particle radius (m) and η the
(Newtonian) viscosity (Pa.s). The function f1 varies between 1.0 at κrp = 0, (Debye-Hückel equation)
and 1.50 at κrp = ∞ (Helmholtz-Smoluchowski equation). For a concentrated suspension, an analytical
solution exists (Ohshima, 1997) in which the mobility does not depend on the permittivity of the particles. As this expression is not verified experimentally yet, we will use a more simple approach based
on qualitative arguments: if the Debye screening length is low compared to the distance between particles x (x⋅κ >> 1), the potential drops to zero before a ‘new’ particle is encountered, so the pure liquid
permittivity εL can be used. However, for x⋅κ << 1, many particles are present within the Debye length
of the particle under study so it is reasonable to use the effective permittivity of the suspension as a
whole εs. Likewise charged particles tend to maximize the interparticle distance. Therefore, they form
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cubic or hexagonal closed-packed structure. In this case, the interparticle distance x (along the line
connecting the centers of the particles) is given by:

FF π 2 I
x = 2 r GG
GH H 6φ JK

1/ 3

I
JJ
K

−1

p

s

(7)

The Debye screening length for a fully dissociated symmetrical salt is given by (Probstein, 1989):
κ

−1

F ε ε RT IJ
=G
H 2F z cK

1/ 2

r 0
2 2

(8)

Here, R is the gas constant (8.3144 J/molK), F Faraday’s constant (9.65⋅104 C/mol), z the charge
number and c the concentration of either the negative or the positive charged particles (mol/m3).

Effective Permittivity
The effective permittivity of a particle-liquid (two-phase) medium depends on the volume fraction of
particles and is different for the cast and the suspension. Here, the following equation is used, based
on Claussius-Mossotti mixing rules (Sareni et al., 1996):
ε = εh

ε f + 2 ε h + 2φ f ( ε f − ε h )
ε f + 2ε h − φ f ( ε f − ε h )

φ f < 0.45

(9)

Host h and filler f must be chosen to comply with φf < 0.45. For the suspension (e.g., φs = 0.20) this
implies that the liquid is the host (εh = εL), the particles are the filler (εf = εp) and φf = φs. For the cast
(e.g., φc = 0.6), this changes to εh = εp, εf = εL and φf = 1-φc.

Field strength
Electrostatics starts with the Maxwell equations and for the subject under study we confine ourselves
to Coulomb's law (Fromhold, 1976):
∇⋅D = ρ

(10)

Here D is the displacement vector, given by D = ε.E and ρ the charge density (C/m3). Because SIunits (rationalized or MKSA system) are used here, the factor 4π is left out of equation (10).
Together with the definition equation
∇V = − E

(11)

the electrostatics of EPD are described. V is the electrical potential. From this point forward, a onedimensional planar system with parallel electrodes and particles moving along only one axis is considered (see Figure 1). Therefore, vectors D and E can be simplified to the scalars D and E. To solve
the electric field throughout the deposition cell, (10) is used first to determine the change in field
strength E over the cast-suspension boundary. It is assumed that no charge is present in the boundary
and therefore D becomes independent of location, which results in:
ε c Ec = ε s Es

(12)
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Second, both the permittivity of the cast εc and of the suspension εs are considered independent of
place, which reduces (10) to:
∇E =

ρ
ε

(13)

Together with (11) the well-known Poisson equation is obtained:
∇2V = −

ρ
ε

(14)

A simplification of the Poisson equation can be made if the (net) charge density ρ is zero in the entire
system. This is true at the start of the process when suspended particles as well as all ions are homogeneously distributed over the entire suspension and is valid as well for a pure non-electrolyte (dielectric medium or non-ionic solution). Possibly, as a first approximation, oxidic particles in an organic solvent can be modelled as a pure non-electrolyte during the entire EPD process. The charges at
the particle surface and in the surrounding cloud are then neglected in the calculation of the field E. In
this case, both cast and suspension are regarded as dielectric media, and the Poisson equation simplifies to the Laplace equation:
∇ 2V = 0

(15)

Assuming that (15) is valid within each phase and taking into account (12) at the cast-suspension
boundary, solution for the field strength Es in the suspension at the cast-suspension boundary results
in:
Es =

− ∆V

FG ε − 1IJ δ + d
Hε K

(16)

s

c

Here ∆V denotes the voltage difference Vd – V0 over the electrode distance d and εs and εc represent
the effective permittivities of suspension and cast respectively, which are calculated using (9).

Cylindrical substrate
To describe cast formation on cylindrical substrates (e.g., on wires), the above set of equations is still
valid but equation (16) changes to E s

R| F ε F a + δ IJ + lnFG b IJ I U|V
= − ∆V Sba + δ gG lnG
T| H ε H a K H a + δ K JK W|
s

−1

. Here, a is the

c

radius of the substrate and b the radial coordinate of the counterelectrode (b > a). Furthermore, the
surface at which deposition takes place depends on the cast thickness by S = l 2π (a + δ ) with l the
length of the substrate.

Results and Discussion
Analytical expressions

74

The set of equations (1), (3), (4), (5), (6), (9) and (16) describes EPD on a flat substrate. The initial
conditions for the three differential equations are V

t = 0 = V0

φs

t =0 =

φ s ,0

δ t = 0 = 0 . For κrp << 1 and

x⋅κ << 1 (see below), the Debye-Hückel equation for particle mobility µ can be used as well as the
effective suspension permittivity εs:
2 ε sζ
3η

µ=

(17)

Only numerical solutions can be found for this coupled set of differential equations but an explicit
solution is obtained if the suspension volume V is large enough that the suspension concentration remains constant, i.e. φ s = φ s,0 . In that case, combination of (1), (5), (16) and (17) results in:
δ=

εc
εs − εc

F
GH

d2 +

b

g

4 ε s − ε c ε sζφ s ∆Vt
−d
3ε c η φ c − φ s

b

g

I
JK

(18)

A further simplification of (18) can be made if the second group in the square root is small compared
to d2 which results in:
δ=

2 ε sζφ s ∆Vt
3η φ c − φ s d

b

g

(19)

For a dilute suspension (φs<< φc; εs = εL), (19) becomes:
δ=

2ε L ζφ s ∆Vt
3ηφ c d

(20)

This equation is equivalent to Hamaker’s law (1940). An explicit expression incorporating dilution
can be obtained for low enough suspension concentrations φs. In that case, cast growth neither influences the field strength in the suspension Es nor the volume of suspension V while the permittivity of
the suspension εs equals εL. The field strength in the suspension Es now simplifies to Es = - ∆V/d and
the mobility µ becomes independent of time: µ=2εLζ/(3⋅η). Combination of (1) and (4) results in:
dφ s S
= vc φ s
dt V0

(21)

Equation (21) is integrated and the result implemented in (1). If the assumption φs<<φc is made, the
following expression is obtained:

|RS
|T

RS
T

UV|UV
W|W

δ=

V0 φ s,0
S µ∆Vt
1 − exp −
S φc
V0 d

For

S µ∆Vt
<<1, will (22) result in (20).
V0 d

(22)

Comparison with experiments
Several authors measured the decreasing cast growth in time for constant-voltage EPD (Avgustinik et
al., 1962; Malov et al., 1974; Das et al., 1979; Naβ et al., 1989; Heavens, 1990; Hirata et al., 1991;
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Zhang et al., 1994; Ishihara et al., 1996; Sarkar and Nicholson, 1996; Hector and Clasen, 1997), but
only Zhang et al. (1994) give enough information to test our equations.
0.00276
φs,0
0.60
φc
3624 kg/m3 *
ρp
300 m-1
S/V0
27.71⋅ε0
εL
10.14⋅ε0 *
εp
4.45 mV
ζ
9.24⋅10-4 Pa.s
η
50 V
∆V
0.025 m
d
Table 1. Data used by Zhang et al. (1994). * Volume averages for the components ZrO2 and SiC, based on data
from Lide (1994).

To evaluate the data in Zhang’s Figure 4 (Table I, third row), we first evaluated the value of x⋅κ and
κ⋅rp, see equations (7) and (8). To this end, the autoprotolysis constants from Coetzee and Ritchie
(1969) for methanol and 2-propanol are used (pK = 16.7 and 20.8 mol2/liter2, respectively) which results in an volume averaged concentration c of 3.44⋅10-6 mol/m3 and a value of κ-1 = 3081 nm. With
x = 436 nm, x⋅κ = 0.14 and κ⋅rp = 0.013 follows and therefore equation (17) is used. Calculations
based on the numerical model (or on eq. (22) as φs is very low) using the data from Table 1 and
Weight = S φ c ρ p δ are best fitted to the experimental data using S=520 cm2, see Figure 2. However,
the quality of the fit is moderate and this value for the surface area seems large when considering the
set-up as drawn in Figure 1 of Zhang et al. (1994). If we multiply the value for the ζ-potential by 4π
(corresponding to the conversion of the esu/emu/Gaussian/cgs-system to the SI/MKSA/rationalised
system; Jackson, 1975), measurements can be fitted much better and with a more reasonable electrode
surface area of S of 84 cm2. Note that the resulting ζ-potential (56 mV) is more in accordance with
typical ζ-potentials measured by other authors (~30 - 200 mV; Sarkar and Nicholson, 1996; Sussman
and Ward, 1981). That Zhang et al. (1994) work in a Gaussian unit system is further underpinned by
the fact that they also use a factor 4π in their expression for the cast growth.
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Figure 2. Weight increase of cast formed by EPD. Squares are measurements by Zhang et al. (1994), the dashed
line is the best fit based on ζ=4.45 mV and S= 520 cm2 (eq. 22) and solid lines are based on ζ = 55.9 mV and
S = 84 cm2. Other data from Table 1.

The numerical model and the explicit equation (22) give the same results because the suspension concentration and final cast thickness are extremely low. The explicit expressions (18)-(20) do not take
account of the dilution of the suspension and therefore violate the overall mass balance for times
above ~200 s.
To show the differences between the numerical model and the explicit expressions more clearly,
simulations were made with an 100 times increased initial suspension concentration (φs,0 = 0.276), see
Figure 3. Now the explicit solutions significantly deviate from the numerical model: the initial cast
growth rate is significantly lower for equations (20) and (22) than for the numerical model as the
equations do not properly implement the mass balance over the growing cast. For t>100 s, equations
(18)-(20) overestimate the cast thickness because they neglect the dilution of the suspension.

30

Eq. 18

Eq. 20
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Eq. 22
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Figure 3. Simulation results using data from Table 1 but φs,0 = 0.276 and ζ = 55.9 mV.
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Other authors also modelled the decrease in cast growth rate in time and attributed this to the ‘resistance’ of the cast (Sussman and Ward, 1981), to depletion of the suspension (Laubersheimer et al.,
1998; Zhang et al., 1994) or to both (Sarkar and Nicholson, 1996). These models make an error with
respect to Kynch-theory (i.e., implicitly assume that φs<<φc in equation (1)) and assume that neither
the particle mobility µ nor the suspension volume V change in time. Furthermore, it is unclear how the
concept ‘resistance’ relates to the more fundamental properties as particle and liquid permittivity and
system geometry (e.g., planar vs. cylindrical).

Comparison with Hamaker’s law
Hamaker’s law (20) is compared with the equations derived here that do not assume a dilute suspension for t=0 and with experiments, see Figure 4. The observed more-than-linear increase of cast formation rate with suspension concentration is better described by the new models than by Hamaker’s
law. However, the formation rate remains higher than expected at higher concentrations (φs>0.17).

Uniformity of cast thickness
EPD is often used because a cast with a uniform thickness can be obtained (i.e., a smooth surface).
Still, finding recipes that result in smooth cast surfaces is often more art than science and a clear explanation based on first principles is lacking. However, this phenomenon is explained by equation
(16). If we assume {εc < εs}, clearly a locally larger δ results in a decreasing magnitude of E and
therefore less deposition. This results in smoothening of the cast surface. The inequality {εc < εs}
holds for {{εp < εL} and {φc > φs}}, see equation (9), and is equivalent to {εp < εL}, because {φc > φs}

Cast Formation Rate

Hamaker (1940)
This work
Andrews (1969)
Krishna Rao and Subbarao (1979)
Krishna Rao et al. (1986)

0

0

0.05

0.1

0.15

0.2

0.25

Suspension Concentration φs
Figure 4. Initial cast formation rate in electrophoretic deposition (Biesheuvel and Verweij, 1999). The numerical model gives the same result as equations (18) and (19).
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holds by definition. However, equation (16) also predicts that for {εc > εs}, any (naturally occurring)
slight variation in cast thickness will be increased to result in an extremely rough surface with particles only depositing on the highest cast 'peaks'. The resulting structure may easily collapse with particle clumps 'dripping' (Krishna Rao and Subbarao, 1979) from the electrode due to gravity, without
forming a cast layer. The criterion for uniform deposition is therefore {εp < εL}, which can be validated by the following measurements:
•

Krishna Rao and Subbarao (1979) note that deposition of β-alumina occurs in media with permittivities εL the range of only 12 - 25 (implying that 25 is not an upper limit). The permittivity of
alumina is, according to Lide (1994), 9.34 < εp < 11.54 which is indeed just below the lower limit
for the range of appropriate εL-values.

•

In their Table 1, these authors show that magnesia (εp = 9.65; Lide, 1994) is not deposited in dichloromethane (εL =9.08) but is in benzyl alcohol (εL = 13) and liquids with higher εL.

•

Ishihara et al. (1996) report anomalous deposition of yttria-stabilized zirconia (YSZ) films from
3-pentanone (εL = 15.4) but uniform deposition in cyclohexanone (εL = 18.3) and other liquids
with higher εL, which is in agreement with the above criterion if εYSZ is in between 15.4 and 18.3.
Accurate values for εYSZ do not exist, also because they depend on the crystallinity of the powder
(Thompson et al., 1992) but for (calcium-stabilized) zirconia values between 13.5 and 26 are reported (Thompson et al., 1992). This range of values, at least, not contradicts the criterion.

Conclusions
Based on the assumption of zero charge in the entire system (as for suspensions in non-ionic liquids),
equations are derived from first principles to describe cast formation during constant voltage electrophoretic deposition on flat and cylindrical substrates. The equations describe experiments from literature on the decrease of cast formation rate with time and indicate that only if the particle permittivity εp is lower than the liquid permittivity εL (εp < εL) smooth layers are obtained. For εp > εL,
anomalous cast growth occurs without uniform deposition.
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Chapter 6. Evaluation of Instability Criterion for Bidisperse Sedimentation
Abstract
The instability criterion for bidisperse sedimentation by Batchelor and Janse van Rensburg (1986) was
evaluated using the Patwardhan and Chi Tien (1985) model for particle velocities as well as the Masliyah model (1979) and used to construct stability diagrams. These theoretical diagrams are in agreement with several experimental results that on increasing particle size ratio, stability will always be
attained and that for particles of the same size order, instabilities mainly occur if one particle type has
a density lower than that of the liquid and the other has a higher density. The model is in agreement
with measurements by Batchelor and Janse van Rensburg if we exclude so-called ‘vertical columns’,
indicating that different mechanisms can cause instability and that therefore different criteria exist.

Introduction
The stability of initially homogeneous, bidisperse suspensions during sedimentation or creaming of the
different particle species is important in several fields:
•

Industrial solid-liquid separations (e.g., thickening and clarification) in which instabilities may
result in an increased sedimentation rate (e.g., Weiland and McPherson, 1979),

•

Industrial (hydraulic) classification for the separation of solid species according to size or density
in chemical and mineral processing (Jean and Fan, 1986; Smith, 1997), in which instabilities may
result in a decreased separation quality, and

•

Material manufacturing by suspension processing (chapter 2) for which instabilities must be prevented so that a homogeneous sediment is obtained (Batchelor and Janse van Rensburg, 1986,
p. 390; from this point abbreviated as B&JR).

Furthermore, as elegantly summarized by Huppert et al. (1991): “The fluid dynamics of convecting,
particulate suspensions is of great relevance to chemical and civil engineers, geologists, metallurgists
and oceanographers. Diverse applications include the transport of soil, silt and sand in rivers and estuaries, volcanic flows of suspensions of hot air and ash, and the evolution of bodies of magma rich in
crystals and impurities.”
Whitmore (1955) first described that in bidisperse suspensions in which one of the particles is (close
to) buoyant, homogeneous sedimentation -with clear horizontal boundaries- occurs below a certain
critical volumetric concentration pair (φ1, φ2) while inhomogeneous structures are formed above this
boundary. Weiland and coworkers used this effect to increase the initial settling rate by adding buoy-
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ant particles to a suspension, starting at their 1979 paper. B&JR gave the problem a solid theoretical
footing and derived an elegant stability criterion based on vertical concentration fluctuations, given by

FG ∂φ U
H ∂φ
1

1

1

−

∂φ 2 U 2
∂φ 2

IJ
K

2

+ 4φ 1 φ 2

∂U 1 ∂U 2
<0
∂φ 2 ∂φ 1

(1)

where Ui and φi are the settling velocity and volume fraction of particle species i. If the criterion holds,
instable sedimentation is predicted with structure formation; if not, stable sedimentation occurs without the formation of lateral concentration gradients.
It is often noted that for suspensions in which one particle type sediments (settles down) and one
creams (goes up), instabilities (‘structure formation’ or ‘viscous fingering’) will occur as a rule. When
both particles sediment, B&JR also observed instable sedimentation behaviour at density ratios

b

gb

γ = ρ 2 − ρ 0 ρ1 − ρ 0

g

−1

as high as γ=0.7.

Cox (1990) derived a further criterion based on a horizontal concentration fluctuation, while Yan and
Masliyah (1993) use (1) to describe several new measurements. Like B&JR, they use equations for Ui
derived by Batchelor (1982) that are correct to the order φ1+φ2 (Batchelor, 1982, p. 381) and propor-

b

g

tional to the difference of particle density ρi with the liquid density ρ0: U i ∝ ρ i − ρ 0 , which is not
consistent with conservation of momentum. For these reasons, this expression for Ui can only be applied in the dilute limit.
In this work, we will use two different models for the particle velocities in suspensions of particles of
different size and density that are consistent with conservation of momentum in the concentrated regime. To our knowledge, no satisfactorily theoretical (microscopic) models are available for the sedimentation velocities in concentrated bidisperse suspensions. Therefore, we chose the empirical models of Masliyah (1979) and Patwardhan and Chi Thien (1985, abbreviated as P&CT) because these two
models have shown to possess predictive power in various experimental situations, as will be discussed in the next section. However, we want to emphasize that these expressions are empirical and
lack a thorough microscopic background. The Masliyah-model is considerably simpler than the
P&CT-model, but we investigated both models since there is insufficient experimental evidence in
favour of either of the two to jusitify leaving one out.
Using the models of Masliyah and P&CT, we will evaluate the criterion of eq. (1) numerically to create stability diagrams. These diagrams are clarifying because they show clearly the conditions for instability, while they can be compared with experiments. To our understanding, such diagrams were not
constructed before from theory, most probably because former authors used expressions for Ui which

b

g

are proportional to ρ i − ρ 0 . We indeed tried to construct stability diagrams based on these expressions (in particular, Yan and Masliyah (1993)’s eq. [15]), but could not find any set (φ1, φ2) for which
instability is (just) predicted.
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Theory
Simultaneous solution of the momentum equations for the liquid phase “0” and all particle phases
“1..m” (Syamlal and O’Brien, 1988) results in the following expression for the particle velocities in
multicomponent batch sedimentation (P&CT; Law et al., 1987; chapter 4)
U i = U i 0 hi

m
ρ j − ρs
ρi − ρ s
φj
− ∑ U j0h j
ρ i − ρ 0 j =1
ρ j − ρ0

(2)

For a large container (negligible wall effects) and laminar flow (Re<0.2), the particle velocity at infinite dilution Ui0 is given by Stokes’ law:
U i0 =

b

g

d i2 ρi − ρ 0 g

(3)

18η

with di the particle diameter, ρi the particle density, g gravity acceleration, η the Newtonian viscosity
of the liquid.
The suspension density ρs is given by:
m

ρ s = 1 − φ tot ρ 0 + ∑ φ j ρ j

b

g

(4)

j =1

φtot being the total particle concentration and ε the liquid fraction:
m

φ tot = ∑ φ j
j =1

, ε = 1 −φ tot

(5)

In deriving (2), the following assumptions are made:
•

One-dimensional flow in direction of gravity, i.e., no wall effects (see Tory et al., 1992) or lateral
inhomogeneities,

•

m

Zero flux through any horizontal plane

∑ φ j U j + ε U 0 = 0 (with φj the volume fraction of particle
j =1

type j, ε the liquid volume fraction and U0 the liquid velocity),
∂
φ i = 0 , ∇φ i = 0 ),
∂t

•

Incompressible flow (

•

Steady flow (

•

Absence of interparticle friction, and

•

A constant interparticle stress (solids pressure , ∇Ps = 0 ).

∂
U i = 0 , ∇U i = 0 , i=1..m),
∂t

The Masliyah-model uses the Richardson-Zaki expression for the hindrance function hi:
hi = (1 − φ tot ) ni − 2

(6)
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For low Reynolds numbers and a high vessel size to particle size ratio, ni equals 4.65 (Wallis, 1969)
and does not depend on the particle size; therefore, from this point forward, n without a subscript will
be used.

F dI
P&CT incorporate a local particle concentration G 1 + J
H dK
ε

−3

in the hindrance function instead of φtot to

i

account for the different environment of particle species of different size:
m

F F dI
h = G 1 − G1 + J
GH H d K
ε

i

i

−3

I
JJK

n−2

, dε =

∑ d jφ j
j =1

φ tot

eφ

−1/ 3
tot

−1

j

(7)

For equal particle sizes, eqs. (7) and (6) are equivalent. If all particles also have the same density (so
that in fact a monodisperse suspension is obtained), both equations reduce to the classical Richardson-

b

Zaki expression: U i = U i 0 1 − φ tot

g.
n

The above two models have been used extensively and with success to describe sedimentation and
fluidization of a binary system in various experimental situations;
•

Batch sedimentation with both particles sedimenting (chapter 4, up to φtot=0.40; P&CT, up to
φtot=0.43; Concha et al., 1992, up to φtot=0.25; Lockett and Bassoon, 1979, up to φtot=0.30),

•

Batch settling with one particle sedimenting and one creaming (Law et al., 1987, up to φtot=0.16),

•

Continuous gravity separations (P&CT, up to φtot=0.4; Biesheuvel 1999, up to φtot=0.18),

•

Centrifugation (chapter 3, φtot=0.20), and

•

Simultaneous filtration and sedimentation resulting in segregation (chapter 4, up to φtot=0.18).

Besides, these models have been applied to predict phase inversion for
•

Liquid fluidized beds (P&CT, up to φtot=0.28) and

•

Batch sedimentation (Masliyah, 1979 at φtot=0.07).

Results and Discussion
Explicit expressions for the differentials
For a bidisperse suspension, equations (1)-(7) can be implemented in (2) to give expressions for particle velocities U1, U2 in terms of φ1, φ2. To evaluate the instability criterion the four differentials in (1)
must be derived. In order to save space, only two of the four differentials are presented here, because
the other two can be derived in a straightforward manner by replacing each subscript “1” with a “2”
and vice-versa.
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For the Masliyah-model, the following expressions are obtained, when expressed in U10 and the densities ρ0, ρ1 and ρ2:

F b
GH

FG
H

IJ I ε
K JK
−ρ I
Jε
−ρ K

∂U 1
ρ − ρ2
ρ − ρs
= U 10 1 − φ 1 0
− U 20 2
− φ2
∂φ 2
ρ1 − ρ 0
ρ2 − ρ0

g

F
ρ
− (n − 2)G U b1 − φ g
ρ
H
10

1

1

1

FG
H

− ρs
ρ
− U 20 φ 2 2
− ρ0
ρ2

n−2

s

(8)
n−3

0

∂(U 1 φ 1 )
ρ − ρs
= ε n − 2 U 10 1
1 − 2φ 1 − (1 − φ 1 )( n − 2) φ 1 ε −1
∂φ 1
ρ1 − ρ 0
+ U 20

d

i

ρ − ρ0
ρ2 − ρ s
( n − 2) φ 1 φ 2 ε −1 − φ 2 − U 10 (1 − φ 1 ) φ 1 + U 20 φ 2 φ 1 1
ρ2 − ρ0
ρ2 − ρ0

d

i

(9)

IJ
K

For the P&CT-model the resulting equations are more complex:
∂U 1
ρ − ρ2
ρ − ρs
h1 + U 20 φ 2 h2 − U 20 2
h2
= U 10 1 − φ 1 0
ρ1 − ρ 0
ρ2 − ρ0
∂φ 2

b

g

b

+ 3U 10 1 − φ 1

g

FG
H

n−3

d
ρ1 − ρ s n − 2
h1 (n − 2) 1 + ε
d1
ρ1 − ρ 0

FG
H

n−3

d
ρ − ρ s n−2
h2 ( n − 2) 1 + ε
− 3U 20 φ 2 2
d2
ρ2 − ρ0

FG
H

−4

IJ F d
K GH d

−4

F
JIK GH φ φ

−1/ 3
tot

2
1

− 1/ 3
dε
d φ +d φ
−1
φ tot
−
− 1 1 7 /23 2
d 1 φ tot
φ tot
3d 1 φ tot

−1

−

tot

dε
d φ +d φ
− 1 1 7 /23 2
d 2 φ tot
3d 2 φ tot

b g IJK
F d I Fφ −1 − d
h ( n − 2)G 1 + J G
dφ
H dK H φ
F d I F d φ −1 − d
( n − 2 )G 1 + J G
d φ
H d K Hd φ

I
JK

(10)

I
JK

∂(U 1 φ 1 )
ρ − ρs
ρ − ρ1
h1 − U 20 φ 2 0
h2 − U 10 1 − φ 1 h1 φ 1
= −U 10 1
∂φ 1
ρ1 − ρ 0
ρ2 − ρ0
+ 3U 10
−

ρ − ρs
1 − φ1 φ1 1
ρ1 − ρ 0

b

g

n−3
ρ 2 − ρ s n−2
h2
3U 20 φ 2 φ 1
ρ2 − ρ0

+ U 10

−4

n− 3
n−2
1

−1/ 3
tot

ε

tot

1

−4

ε

2

ε

1

1

−1/ 3
tot

2

tot

ε

tot

2

−

tot

−

d 1φ1 + d 2 φ 2
3d 1φ 7tot/ 3

d1φ1 + d 2 φ 2
7/3
3d 2 φ tot

I
JK

I
JK

(11)

ρ − ρs
ρ − ρs
h1 − U 20 φ 2 2
h2
1 − φ1 1
ρ1 − ρ 0
ρ2 − ρ0

b

g

From this point forward, we use the following parameters to evaluate the results: the density ratio

b

gb

γ = ρ 2 − ρ 0 ρ1 − ρ 0

g

−1

and the particle size ratio λ = d 2 d 1−1 . Note that γ<0 means that one of the

particle species is lighter than the liquid and the other heavier; for γ=-1 the density differences with the
liquid are equal. As noted before, for λ=1, the outcome of the Masliyah- and the P&CT-models are the
same. The equations (8) - (11) can be expressed in γ and λ using the following conversions:
ρ2 − ρ s
ρ1 − ρ s
= 1 − φ 2 − φ 1 γ −1 ,
= 1 − φ1 − φ 2 γ
ρ2 − ρ0
ρ1 − ρ 0
dε
dε
−1
−1
φ tot −1/ 3 − 1 ,
φ tot −1/ 3 − 1
= φ 1 + λφ 2 φ tot
= λ−1 φ 1 + φ 2 φ tot
d1
d2

b

g e

j

d

i e

(12)

j
85

For the Masliyah model, the expressions in terms of γ and λ are as follows:
∂ U1
= − 1 − φ 1 γ − λ2 γ 1 − 2φ 2 − φ 1 γ −1 ε n − 2
∂φ 2 U 10

d
ij
eb g
− (n − 2)eb1 − φ gb1 − φ − φ γ g − λ γφ d1 − φ − φ γ ijε
U φ
= ε cb1 − φ − φ γ gd1 − 2φ − (1 − φ )( n − 2) φ ε i
U
+ λ γ d1 − φ − φ γ id(n − 2) φ φ ε − φ i − (1 − φ ) φ + λ φ φ i
−1

2

1

∂
∂φ 1

1

2

2

2

1

n−2

1 1

(13)

n−3

−1

1

2

1

1

1

10

−1

2

2

1

−1

1

2

(14)

2

2

1

1

2

1

Note that U10 will drop out of the criterion (1) when all four differentials are implemented. Equations
(13) and (14) cannot simply be rewritten to give

∂U 2
∂(U 2 φ 2 )
= f ( γ , λ ) and
= f ( γ , λ ) but can best be
∂φ 1
∂φ 2

obtained via (8) and (9). For the P&CT-model the four differentials in terms of γ and λ are rather
bulky and therefore not presented here.

Numerical Technique
The criterion (1) is evaluated by an iterative technique using the built-in ‘solver’ of a commercial
software package (Excel 7.0, Microsoft, Richmond, USA). The solver uses a Newton iteration scheme
and for proper convergence we used a ‘precision’ of 10-22, a tolerance of 0.1% and a convergence of
10-9.

Generality of Simulation Results
B&JR state (p. 383, 403) that each bidispersion is specified by φ1, φ2, γ and λ, which may be obvious
for their particle transport model based on Ui∝Ui0. Equations (8)-(12) show that also for the Masliyahand P&CT-model, (1) is uniquely specified by the parameters φ1, φ2, γ, λ (and n). This is important
because it implies that the results presented in the figures in this work are general for the two parameters in the captions (with n always 4.65).
In the following subsections, the results will be shown for a number of special parameter settings to
enable comparison with the available experimental data and to provide insight into the full predictive
power of the instability criterion.
Simulations and Experiments for γ= -1 and λ=1
The stability boundary for γ= -1 and λ=1 is presented in Figure 1 and compared with experiments by
B&JR. We used the data from B&JR’s Table 4, which, for the system B2, is in slight disagreement
with their Figure 6 (φ1 = 0.23 vs 0.25).
For λ=1 and γ=-1, the stability of a system (either data points or the simulated boundary) is invariant
under the exchange of φ1 and φ2, so we only need to consider the area below the 1:1-line. The rest of
the graph can be constructed using this symmetry.

86

For λ=1, γ= -1 an instability boundary exists in accordance with B&JR’s belief (p. 399) that “the condition for instability is satisfied for some values of φ1 and φ2 when λ=1, γ=-1.” The stability boundary
accurately predicts the experimentally observed stability behavior if we only consider B, BC and CB
types of instability structures, but not the type C vertical columns. This suggests that these latter instabilities are caused by another mechanism than quantified in criterion (1). This hypothesis is supported
by the observation of “streaming effects” by Whitmore (1955) –similar to B&JR’s vertical columns–
in a monocomponent suspension of φ>0.15 which are not predicted by the bidisperse criterion of eq.
(1) either (see next section).
The few observations made by Law et al. (1987) on stability in bidisperse sedimentation for γ= -1 and
λ=1 are summarized in Figure 2 and are in good agreement with both the Masliyah- and the P&CTmodel.

Instable

φ2

0.2

0.1

Stable

0
0

0.1

φ1

0.2

0.3

Figure 1. Instability diagram λ=1 and γ=-1. Measurements from B&JR’s Tables 3&4 and Figure 6; o: stable,
∆: type C instability (vertical columns); x: types B, BC and CB instabilities. Marginally stable measurements are
not shown. The stability boundary for λ=1.03 (system C) is practically the same as for λ=1.
Simulations for different γ- and λ-values
The symmetry around the 1:1-line is broken if either γ≠ -1 or λ ≠ 1 as shown in Figure 3 and Figure 4.
Figure 3a shows that for the Masliyah-model the instability region does not simply consist of the ‘upper right’-side of the diagram but that for λ-values below ~0.2 (and thus above ~5, since the indices 1
and 2 can be transposed), an instability region is obtained with stability ‘on both sides.’
For the P&CT-model (Figure 3b) and for λ≤0.2, the instability boundary shifts to higher φ1-values
than for the Masliyah-model, while the ‘vertical symmetry’ is lost completely.
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Both in Figure 3 and Figure 4, the instability boundary approaches the x-axis (φ2=0) for several values
of γ, λ and φ1, which suggests that under these conditions no stable bidisperse suspension exist.
From numerical solution of (1), we could not find out whether φ2=0 is actually reached, because convergence of (1) at low φ1-values was problematic. Therefore, we derived an analytic expression for φ1
for φ2=0 based on (1) and the Masliyah-model, which results in:
φ 1* =

n + 1 − λ2 − (n + 1 − λ2 ) 2 − 4n(1 − γλ2 )

(15)

2n

Equation (15) gives a single solution for φ 1* for each set of (γ, λ, n). The solutions for λ=0.5, 0.2 and
0.1 (n=4.65, γ=-1) are in agreement with Figure 3a (φ1=0.319, 0.229 and 0.218, respectively).
This analysis shows that a mono-component suspension is stable (LHS of (1) < 0) for all φ1 except for
φ 1* in which case stability is undefined. This conclusion is in agreement with B&JR’s remarks that (p.
398) “...all bidispersions are stable when either φ1 or φ2 is sufficiently small” and (p. 403) “We saw
that I (eq. (1)) approaches a positive limit as either φ1→0 or φ2→0, indicating stability near the φ1 and
φ2 axes in figure 6, in accordance with the data,” but note that for φ1 near φ 1* , “sufficiently small” may
indeed be very small, e.g., for γ=-1, λ=0.2 and φ1=0.235, stability is attained only for φ2<2.3⋅10-3.
0.4
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0.2

0.1
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0
0

0.1

0.2

0.3

0.4

φ1
Figure 2. Instability diagram. Measurements from Law et al. (1987) (1=PS, 2=PMMA, ρ1=1050 kg/m3, d1=241
µm, ρ2=1186 kg/m3, d2=237 µm, γ=-0.94, λ=0.98). The stability boundary is similar for both the P&CT- and the
Masliyah-model.
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0.4

φ1
Figure 3a,b. Instability diagram based for γ=-1 and different λ-values. By exchanging φ1 and φ2, the contours
for λ=2, 5 and 10 are obtained. Solid lines Masliyah-model; dashed lines P&CT-model.
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Simulations for φ1=φ
φ2
Besides the case of λ=1 and γ= -1, B&JR performed a second set of experiments based on φ1=φ2.
Therefore, this case will be evaluated next, see Figure 5. This figure –with a linear γ-axis– contains all
necessary data for the four cases evaluated (namely φ1=φ2=0.15, 0.175, 0.2 and 0.225). When compared with the Masliyah-model, the P&CT-model predicts that the region of instability extends more
toward positive γ-values but extends less from the λ=1-axis. As can be observed in Figure 5, both
models give the same result for λ=1, as is expected because for equal particle sizes the hindrance factor (7) equals (6). For γ= -1, the two λ-values are related by λ1=1/λ2 while the tangents at (γ1,λ1) and
(γ2,λ2) are parallel in a (log(λ)-γ)-diagram as noted by B&JR (p. 392) “owing to the invariance of these
systems under the interchange γ→1/γ, λ→1/λ, the stability boundary must cut the line γ=-1 at points
equidistant from λ=1 and with parallel tangents at these two points.”
To better clarify the instability boundaries, two plots are constructed with logaritmic γ-axes; Figure 6a
describes negative γ-values and Figure 6b positive γ-values. For φ1,φ2>0.137, a region of instability
exists, while the point (γ= -1, λ=1) is always within this region and is the point of symmetry for the
γ<0-part of the instability boundary (Figure 6a). For these points, one half of the boundary can be derived from the other half by using the conversions λ2=1/λ1; γ2=1/γ1. For low enough φ1,φ2 (i.e., <0.21
for the Masliyah-model and <0.18 for the P&CT-model), each instability boundary is a closed line
surrounding a single region of instability (Figure 6a). However, if the contour intersects γ=0, it will
also extend to +∞ and to - ∞ (Figure 6b), while two regions of instability are formed at the positive γaxis. The two parts of the contour at γ>0 mirror in the point (γ=1, λ=1); this point always lies outside
the instability region.
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0.4

φ1
Figure 4. Instability diagram for λ=1. γ decreases in direction of the arrow (γ=-1, -0.5, -0.1 and –0.01). By exchanging φ1 and φ2, the contours for γ=-2, -10 and -100 are obtained.
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We now compare the results of Figure 5 and Figure 6 with several experimental findings and theoretical considerations:
According to Figure 5, instabilities are predicted for systems with γ<0, which is in agreement with the
experiments by Weiland and McPherson (1979) on the increase in settling velocity if a settler is aerated (see Introduction).
Instabilities at positive γ are predicted at high concentrations (φ1,φ2 > 0.21 for the Masliyah-model and
φ1,φ2 > 0.18 for the P&CT-model) and for particles of the same size order (0.1 < λ < 10 for the Masliyah-model and 1 < λ < 10 for the P&CT-model), which is in agreement with B&JR’s tentative remark
(p. 401) that “the possibility of instability when γ>0 may exist at large values of φ1 and φ2.”
For a sufficiently high particle size ratio (e.g., λ<0.1 and λ>10), stable sedimentation is predicted by
both models (up to φtot=0.45), in agreement with B&JR’s conclusion (p. 402) that “... the dispersion is
stable when the spheres of one species are much smaller than those of the other species, for any value
of the density ratio γ and for any values of the volume fractions φ1 and φ2”
The measurements by B&JR (1986; Table 5, Figure 7) on which our Figure 5 is based show instabilities (“large scale structures,” p.390) at much higher density ratios γ than predicted by the models. A
similar discrepancy was found in Figure 1, where we have shown that the stability boundaries of the
empirical models are in good agreement with the experiments if the type C structures (vertical columns) are not considered unstable. Though B&JR do not explicitly specify the instability type for the
experiments presented in their Figure 7, an analysis of their other experimental data makes it plausible
to assume that indeed type C was the dominant structure in these experiments:
1. B&JR’s Figure 7 is based on φ1=φ2=0.15 which according to their Figure 6 is close to the region
of vertical columns.
2. B&JR remark (p. 392) that “the grains ... were ... very weakly formed” and “...some repetition and
refinement [were necessary] to determine whether a given system was stable or not” which agrees
with the observed poor contrast for vertical columns (B&JR’s Figure 6).
If this is not the case, we suppose that the observed instabilities in B&JR’s Figure 7 are caused by another mechanism than quantified in (1). Though Cox (1990) assumes that the (initial) instability of a
bidisperse suspension is described by one and only one mechanism (either by the variation of φ1, φ2 in
vertical direction, as considered by B&JR, by a variation in horizontal direction, as considered by Cox,
or by another variation), it is also possible that different instability types are caused by different
mechanisms with different criteria.
With respect to the tests with φ1=φ2=0.15, B&JR note “the observed stability of a mixture of any two
sizes of particles made of the same material when φ1=φ2=0.15 is also noteworthy from a practical
viewpoint, and it would be useful to know if the same is true at other concentrations.” Figure 6b
shows that for φ1=φ2 and φtot ≤ 0.45, sedimentation is stable in a broad region around γ=1 for all λvalues. To investigate other (φ1, φ2)-sets, we performed simulations at γ=1 (ρ1=ρ2) at λ=0.1, 1, 3 and
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10 and at φ1=0.01, 0.05, 0.1, 0.2 and 0.4 (all combinations). No φ2-values were found for which (1)
holds, suggesting that stable sedimentation always occurs for γ=1. This is in agreement with experiments by many authors who studied sedimentation of particles of the same material but with different
sizes and who never reported instabilities and often explicitly mentioned stable sedimentation with
clearly visible horizontal interfaces (Smith, 1965, number of species #=2; Smith, 1966, #=4; Davies,
1968/69, #=2, 3; Davies, and Kaye, 1971/72, #=2; Lockett and Al-Habbooby, 1973, #=2, 3; Lockett
and Bassoon, 1979; #=2; Mirza and Richardson, 1979, #=2; Schneider et al., 1985, #=2, Davis and
Hassen, 1988, #=∞; chapter 4, #=2).
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γ
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0

0.2

Figure 5. Instability diagram for Masliyah-model (solid lines) and P&CT-model (dashed lines) for increasing
φ1=φ2 in the direction of the arrow (respectively 0.15, 0.175, 0.2 and 0.225).

Though many of the above results seem curious –e.g., a stable region at high φ1 for λ<0.2, γ=-1,
Figure 3; an instable region for (φ1=φ2)>0.2, γ>13, λ~0.33, Figure 6b– we see no reason to doubt the
simulations as long as we accept (1), (2) and (6)/(7). Based on the instability diagrams, many experiments can be devised to validate or falsify the presented set of equations.

Conclusions
Combination of the criterion derived by Batchelor and Janse van Rensburg (1986) for stability in
bidisperse suspension with particle velocity models by Masliyah (1979) and Patwardhan and Chi Tien
(1985) gives valuable information on the influence of particle size ratio, density ratio and volume
fraction (ratios) on suspension stability. On increasing the particle concentration, instabilities occur
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first for suspensions in which the liquid density is intermediate between the densities of both particles,
with the particle size ratio in between 0.1 and 10. Predicted boundaries for λ=1 and γ=-1 cover ‘blob’formation (types B, BC and CB), but not ‘vertical column’-formation (type C). The predicted instability boundary is in agreement with experiments by B&JR for φ1=φ2=0.15 if the instabilities observed
for that case are also of type C or caused by another mechanism than quantified in the B&JR-criterion.
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1000

−γ
Figure 6a. Instability diagram for the Masliyah-model (solid lines) and the P&CT-model (dashed lines) for increasing φ1=φ2 (respectively 0.15 and 0.175) moving outward from the center (-γ=λ=1).
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Figure 6b. Instability diagram (accompanying Figure 5) for the Masliyah-model (solid line, φ1=φ2=0.225) and
the P&CT-model (dashed lines, φ1=φ2=0.2 (inner contour) and φ1=φ2=0.225).
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PART II

MECHANICAL AND TRANSPORT PROPERTIES

Chapter 7. Design of Ceramic Membrane Supports: Permeability,
Tensile Strength and Stress
Abstract
A membrane support provides mechanical strength to a membrane toplayer to withstand the stress induced by the pressure difference applied over the entire membrane and must simultaneously have a
low resistance to the filtrate flow. In this chapter an experimental and a theoretical approach toward
the design of a ceramic membrane support are combined. In the experimental part, the influence of the
particle size, sintering time and sintering temperature on the permeability and strength of supports
made by colloidal processing of submicron-sized alumina powders is investigated and compared with
dry-pressed samples. In the theoretical part, a condensed expert system is set up that comprises the
main relations necessary to describe the maximum filtrate flow of an incompressible fluidum through
a multilayered tubular inorganic membrane. The model can be adapted to describe other geometries
and fluida. From calculations it becomes clear that optimum values exist for the dimensions and material properties of the support. Hence, support design is not straightforward and needs a comprehensive
approach incorporating simultaneously all relevant design characteristics.

Introduction
An asymmetric ceramic membrane usually consists of a toplayer with separation properties on top of a
support. Diffusion limitations inside the toplayer can be reduced by the reduction of its thickness. In
our laboratory we study, for instance, membranes for gas separation purposes with an amorphous silica toplayer of a thickness down to ~30 nm (De Vos and Verweij, 1998) but such a toplayer alone
cannot sustain the pressure difference necessary to obtain a sufficient flux (e.g. > 1 MPa). For this reason the toplayer is deposited on a substrate material (support), which again can consist of several different layers (Zaspalis and Burggraaf, 1991). The support must have a low resistance to the filtrate
flow and a smooth surface because only then can a thin toplayer be applied without the introduction of
defects. Demands on the support are therefore a high strength, permeability and surface smoothness.
A macroporous ceramic support can be produced either by dry-pressing, paste processing or colloidal
processing and subsequent sintering of a ceramic powder, see Table 1. If a relatively inhomogeneous
particle packing is obtained, the sintered support is, in general, rather porous and permeable and neither the strength nor the surface smoothness are very high (Nijmeijer et al., 1998). For a more homogeneous packing, the contrary applies (Bergström et al., 1992).
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Inhomogeneous packing

Homogeneous packing

Dry-Pressing, Paste Processing,

Dispersed particles in

agglomerated particles in a colloidal process

a colloidal process

Permeability

+

-

Tensile strength

-

+

Surface smoothness

-

+

Example

Table 1. Influence of homogeneity on the properties of a membrane support.

It is the objective of this work to obtain more insight in the performance and design of a membrane
support. To do so, the material properties permeability and strength of typical membrane supports as
prepared in our laboratory were measured. Two common consolidation techniques were used, namely
colloidal filtration and dry-pressing. In the first technique, a dispersed suspension was always used and
therefore both classes of membrane support in Table 1 could be compared by experiment.
To describe the performance of a membrane, an expert system was set up that combines these material
properties with process parameters as maximum pressure difference and maximum filtrate flow. In the
expert system, the following six categories were distinguished:
1. Primary material properties of the support (particle size dp and porosity ε).
2. Derived material properties of the support (permeability k and tensile strength σt).
3. Primary design properties of the membrane (pressure difference ∆P, form) and of the support
(thickness δ or radii r1, r2 for a tubular structure).
4. Derived design properties of the membrane (tensile stress κ, mass flow Φm).
5. Boundary condition (tensile stress κ / tensile strength σt = Safety Factor SF).
6. Objective function for the membrane (mass flow Φm).
The scale of the expert system is set at a single membrane and the approach is a purely technical one.
The system can be extended to describe an entire membrane module and/or used in an economical
evaluation.
In the sequence of this chapter, the basic elements of the expert system and the experimental work are
arranged in the following manner:
1. A summary of relations that connect the derived material properties permeability k and tensile
strength σt with the primary material properties of the support, namely particle size dp and porosity ε.
2. A description of the relations between the design properties tensile stress κ and mass flow Φm and
the membrane geometry (form, thickness) and the permeability k.
3. A presentation of measurement results on the influence of preparation method, powder particle
size dp and sintering conditions on the material properties porosity ε, permeability k and tensile
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strength σt of a ceramic membrane support. In the experiments most supports are made by pressure filtration of a stabilised suspension resulting in a homogeneous and dense packed structure.
4. Calculations to show the influence of the primary material properties and the membrane geometry
on the maximum possible mass flow Φm. Results from the experiments are used in this section.

Theory
In this section, relations are presented for the derived material and design properties and the boundary
condition (categories 2., 4. and 5. in Introduction section).

The material property of permeability
Viscous flow of a Newtonian fluidum through a porous medium can be described by Darcy’s law
which relates the volume flux Jv (m/s) with the permeability k (m2), the liquid viscosity η and the pressure gradient, see Bird et al. (1960) and Dullien (1979):
Jv = −

k dP
η dr

(1)

Here, any force fields, such as gravity, are neglected as driving force and a uni-directional pressure
gradient is presumed. Darcy’s law is valid for compressible and incompressible media. This form of
Darcy’s law is necessary to obtain the material property permeability which solely depends on the
properties of the porous medium (e.g. porosity ε, particle size dp) and neither on the viscosity of the
permeating liquid nor on the dimensions of the membrane support such as form and thickness. Please
note that the quantity permeability differs from the quantities permeability coefficient and permeance
as described by Koros et al. (1996). These quantities can be considered process parameters and therefore do depend on the properties of the permeating fluidum and on membrane dimensions and are
therefore inadequate for the purpose of this work.
Several relations have been derived to relate the particle size (distribution), form and porosity with the
permeability of a porous medium (Dullien, 1979; Carman, 1937). Here, only the equation of CarmanKozeny is presented which is valid for a packed bed of single-sized spherical particles:
k=

ε 3d p2
180(1 − ε )2

(2)

Equation (2) only holds for values of ε above the percolation threshold εc (Sahimi, 1994). The percolation threshold for a ceramic support is very low, namely εc ~ 3 %, because support formation is a socalled diagenetic process which is a process in which particles are stacked and subsequently deformed.
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The material property of tensile strength
The general mechanical characteristics of ceramic materials are a high intrinsic strength and a low
toughness, i.e. they are very brittle. A brittle material does not deform easily when a stress is applied
and fracture therefore occurs at a relatively low applied strain. In the sequence of this chapter, the
fracture strength of a ceramic material will be discussed and simply expressed as strength. It is in this
respect that Lee and Rainforth (1994) note that ceramics have a high compressive strength and a low
tensile strength σt and fail mainly if the tensile stress κ becomes higher than the tensile strength σt. For
this reason, only the tensile strength will be discussed in the subsequent part of this chapter. The tensile strength depends on the porosity and the size of the largest flaw type present, which depends on
the incorporation of macrodefects e.g. due to dust particles from air, the extent of aggregate-formation
prior to sintering (Terpstra et al., 1995; McN. Alford et al., 1987) or the quality of surface treatment.
Only if homogeneous ceramics can be produced e.g. by the use cof a dispersed suspension and cleanroom facilities, is it possible to reduce the flaw size to the order of the particle size resulting in a
maximum tensile strength (McN. Alford et al., 1987). Such a suspension process enables the removal
of agglomerates by filtration, sedimentation or a dispersion treatment (e.g. ultrasonic vibrations) and
the controlled deposition of particles into a slowly growing cast, resulting in a homogeneous structure.
Several relations describing the tensile strength of sintered porous brittle ceramics will be given with
focus on the functional dependence on porosity and particle size. The related theory of tensile strength
of (agglomerated) powders and green bodies will not be discussed. An introduction in this theory with
appropriate references is given in the papers by Bortzmeyer (1992) and Kendall et al. (1986).
Knudsen described the tensile strength of brittle polycrystalline ceramics with (Knudsen, 1959; Carniglia, 1965; Kingery et al., 1976; Coble, 1958; Lee and Rainforth, 1994):
σ t ∝ d p− c e − bε

(3)

Here, c varies around 0.5 and b is in between 4 and 7. For c=0.5, the Knudsen equation is actually the
product of the Orowan equation σ t ∝ d p−1/ 2 and the Ryskewitch equation σ t ∝ e − bε . The Hall-Petch
equation has the same dependence on particle size as the Knudsen equation (for c=0.5) but does not
relate the tensile strength with porosity:
σ t = σ 0 + Bd p−1/ 2

(4)

Finally, Krasulin (1981) presents an elaborate equation to describe the tensile strength of coarsegrained (20-200 µm) and porous (20-40 %) ceramics:

d1 − ε ib1 − εg
σ ∝
. . ngn
b1 + 015

2/ 3

g

t

2

(5)

Here, εg is the porosity of the product in the green state and n=dp/(2.x), with x the neck radius between
particles.
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Tensile strength of 5-50 % porous alumina samples was measured by Coble and Kingery (1956) at 25,
500, 750 and 1000 °C. Only at the highest temperature a slight decrease of tensile strength was observed. This is an important result if inorganic membranes are to be applied in a high-temperature environment, e.g. in a membrane reactor. A study by Knudsen (1959) on thoria learned that the ratio of
the strength at 1000 °C to the strength at roomtemperature is roughly unity for a particle size < 5 µm
while this ratio decreases with increasing size to ~0.5 for particles as large as 30-60 µm.
The design property of mass flow
Description of viscous flow through a porous medium starts with the equation of continuity and the
equations of motion (Bird et al., 1960). We will focus on the stationary situation and thus neglect the
accumulation term in the equation of continuity which results in:
d σ
r Jm = 0
dr

d

i

(6)

Here, r is the coordinate, Jm the mass flux and σ the geometry factor which is set to zero for a planparallel geometry as for axial transport through a flat support and set to unity for a cylindrical geometry
e.g. for radial transport through a cylindrical tube (wall). Spherical geometries (σ=2) are not discussed
in this chapter. Solving the equations of motion for a porous medium is difficult and practically always
a solution based on Darcy’s law is used (Bird et al., 1960; Dullien, 1979). Also the Dusty Gas Model
(DGM; Mason and Malinauskas, 1983) will give this result for single-component flow neglecting
Knudsen diffusion. For a single component, the molar flux according to the DGM is given by:

FG
H

J molar = − DKn +

IJ FG 1 dP IJ
K H RT dr K

B0
P
η

(7)

If Knudsen diffusion is neglected and the ideal gas law applied, Darcy’s law (1) follows for B0=k. In
this chapter focus is on equations (1) and (6) which can be solved in a straightforward manner with
several additional relations and assumptions:
Mass flux Jm (kg/m2s) is related to the volume flux Jv by J m = ρ. J v . For a liquid, the dependence of
density ρ (kg/m3) and viscosity η (Pa.s) on pressure is minor and therefore neglected. For a gas, the
density can be related to the molar mass M (kg/mole) and pressure P (Pa) by the ideal gas law
ρ = PMRg−1T −1 . From kinetic gas theory it follows that the viscosity η is independent of pressure for
an ideal gas. For a real gas, η depends weakly on pressure P for P < 0.2 Pcritical (Bird et al., 1960) (e.g.
ηCO2 almost independent of P for P < 1 MPa). In the following derivations, the viscosity of a gas is
therefore considered independent of the pressure.
Equations (1) and (6) are worked out for stationary flow through a planparallel disk and a cylindrical
tube. For a planparallel geometry the area perpendicular to flow A (m2) is constant and for a cylindrical geometry the tube length H (m) is constant. Calculations are made for a compressible and an incompressible medium. Three cases are evaluated for viscous flow through a material with a constant
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permeability k throughout and consisting of a single layer. The flow through an asymmetric membrane
(consisting of several layers) is calculated likewise resulting in a “resistances-in-series”-expression.
Case I. Incompressible medium with planparallel geometry
For a liquid, integration of the equation of continuity (6) after implementation of Darcy’s law (1) results in:
Φm =

ρ k A ∆P
ηδ

(8)

Equation (8) will be used to evaluate measurements on permeability k in the Results and Discussionsection.
Case II. Compressible medium with planparallel geometry
For a gas, ρ is a function of pressure and after implementation of the ideal gas law the following result
is obtained:
Φ m = Pav

k A M ∆P
η Rg T δ

(9)

Pav is defined as the average of the pressures on both sides of the material (“1”, “2”):
Pav =

1
2

bP + P g
1

(10)

2

Case III. Incompressible medium with cylindrical geometry
Solution of (6) for a liquid that permeates through a tubular membrane, results in:
Φ m = J m 2πr H

(11)

Integration of (11) after implementation of (1) results in:
Φm =

ρ k 2πH ∆P r2
ln
η
r1

(12)

If an asymmetric membrane is used consisting of multiple layers, a “resistances-in-series” expression
results. For the geometry of Case III and a situation of a toplayer t with thickness δt at the inner side of
a support tube s with radii r1 and r2, this results in (see Figure 1):

RS
T

2πH ρ
1 r2 1
r
ln + ln 1
Φm =
∆P
η
ks r1 kt r1 − δ t

UV
W

−1

(13)

Afterthought
Many other combinations of geometry and type of medium can be derived (e.g. cylindrical/spherical
geometry, compressible medium, multilayer membrane) by combination of equations (1) and (6). For
all situations, mass flow Φm and pressure difference ∆P are linearly related.
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More elaborate situations of mass flow in a porous membrane can also be quantified. For example, in
chapter 8, we calculate the evolution in time of stress profiles in a membrane that is depressurised
incorporating Knudsen diffusion and viscous flow of a compressible medium.

P2
r1
P1

r2

δt

Figure 1. Cylindrical two-layer-in-series geometry.
The design property of tensile stress
The stress that develops in a support is described for a tubular structure as used in a membrane module
or membrane reactor and for a clamped, flat, disk-like membrane, as often used in a laboratory set-up.
The material is assumed to be isotropic elastic and stress-free if the pressure is ambient (Patm) everywhere. This latter assumption is reasonable if the material was sintered at this pressure. If the stress κ
is larger than zero, it is tensile; for κ<0, a compressive stress develops.
Tubular Structure
If a pressure difference exists between the inside (“1”) and the outside (“2”) of a tube, a longitudinal
(radial) stress κl, a circumferential (tangential) stress κc and an axial stress develop (Boresi et al.,
1978). If the tube is open on both ends and flexible connections are used (Saracco et al., 1994), the
axial stress can be reduced to zero, which is therefore not considered here. Because it is assumed that
the material is stress-free if the pressure is atmospheric throughout, the expressions for κl and κc by
Boresi (1978) were reworked from the starting differential equations with appropriate boundary conditions. If end-effects are neglected, κl and κc can be derived to be:
κ l = −( P1 − Patm ) + ( P1 − P2 )

r22 r 2 − r12
r 2 r22 − r12

r2 r2 + r2
κ c = −( P1 − Patm ) + ( P1 − P2 ) 22 12 2
r r2 − r1

(14)

The circumferential stress κc is always larger than κl and its maximum value is found at the inside radius r1:
κ c ,max = −( P1 − Patm ) + ( P1 − P2 )

2r22
r22 − r12

(15)
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If P2 equals the atmospheric pressure, (15) simplifies to:
κ c ,max = ( P1 − Patm )

r22 + r12
r22 − r12

(16)

For a thin-walled cylinder (thickness δ<< cylinder radius R), equation (16) simplifies to (Gere and Timoshenko, 1991):
κ c ,max = ( P1 − Patm )

R
δ

(17)

Here, r1 and r2 are replaced by the (average) cylinder radius R. For a thin-walled cylinder, the circumferential stress is apparently independent of the radial coordinate r.
Clamped disk
The maximum tensile stress κ in a clamped cylindrical disk develops at the outer radius R and is given
by κ = 43 R 2δ −2 ( P1 − P2 ) (Timoshenko and Woinowsky-Krieger, 1970). Here, P1 is the pressure at the
high-pressure side and only the influence of a pressure difference is implemented. Analoguous to (15),
the above equation was rewritten to implement the influence of the absolute pressure:
κ = −( P1 − Patm ) +

3R 2
( P1 − P2 )
4δ 2

(18)

The safety factor as boundary condition
The safety factor SF (Wachtman, 1996) is defined as the ratio of the mean tensile strength σt over the
maximum allowable tensile stress κallow. Because a series of samples of ceramic material show a distribution in strength with a low but finite probability to find a very low strength, fracture can never be
ruled out. The safety factor-concept quantifies this uncertainty by the analysis of the distribution of
measured strength values.
If a Weibull-distribution is presumed (see also Experimental section), the safety factor follows from:
SF =

σt

κ allow

=

Γ 1 + m −1

d

i

b− ln P g

1/ m

(19)

s

Here, Γ is the gamma-function, m the Weibull-modulus and Ps the probability of survival, which is
unity minus the probability of fracture Pf. Pf depends on the application in mind and the possible consequences of fracture, e.g. in between 10-3 and 10-7. For Pf = 10-5 and m=5 (the lowest value measured
by us, see Table 2) a value of SF~10 results which is the value used in the calculations.
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Experimental
Support Synthesis
α-Alumina powders with a mean (primary particle) size of ~175, 400 and 600 nm (respectively AKP50, -30 and -15*) were used for the colloidal filtration process. In Figure 2 the cumulative weight distribution is shown as provided by the producer. The AKP-50 powder could not be deagglomerated
though the suspension was vibrated ultrasonically† and an optical particle size analysis technique‡ was
used to measure the agglomerate size (using 10 g/l NaH2PO2⋅H2O as dispersant).

AKP-50

Cumulative Weight Fraction

1

AKP-30

0.8

CR-6

0.6

AKP-50
AKP-15

0.4

agglomerated

0.2

0
0

500

1000

1500

2000

2500

3000

Size (nm)
Figure 2. Size distribution of powders.
Materials were prepared by dispersing the powders in a 0.02 M nitric acid in distilled water solution in
a weight ratio of 1:1 of powder to liquid. To increase cohesion in the green state, 0.5 g PolyVinylAlcohol (MW=72,000 g/mole) per 120 g water is added to the AKP-15 suspensions. All suspensions
were vibrated ultrasonically to break up the agglomerates, filtered over a 200 µm filter to remove the
agglomerates and poured into 43 mm Ø cups. The bottom of these cups consists of a polymer membrane§ (thickness ~0.13 mm, pore size ~800 nm, permeability k ~3.23⋅10-16 m2) on top of a tape-cast
alumina disk** (thickness 3.3 mm, pore size ~1 µm, porosity 38 % and permeability ~1.43⋅10-12 m2). In
a vacuum casting process (pressure drop ~97 kPa), liquid is drained from the suspension for ~3 hr and

*

Sumitomo, Tokyo, Japan.
Model 250 Sonifier, Branson Ultrasonics, Danbury, CT, USA.
‡
Microtrac X-100, Leeds and Northrup, North Wales, PA, USA.
§
Type ME-27, Schleicher and Schuell, Dassel, Germany.
**
Gimex, Geldermalsen, The Netherlands.
†

103

a cast is formed on top of the filter paper after which the green compacts are dried overnight in air.
These steps are performed under class 1000 cleanroom conditions to prevent the incorporation of dust
particles into the ceramic compact. The compacts are sintered at elevated temperatures (1050-1150 °C)
for 0 - 10 hr with an upward and downward ramp of 2 °C/min. The supports are machined to a diameter of 39 mm and a thickness of ~2 mm. After cleaning by ultrasonic vibration in a bath of ethanol, the
supports are polished on one side using diamond polishing paper*. The synthesis of compacts by drypressing of a spray-dried† CR-6 powder‡ (mean size ~700 nm) is described by De Vos and Verweij
(1998).

Permeability and Porosity
Permeability is measured using flat supports and water as incompressible fluidum. The support was
placed upon a porous metal grid at the bottom of a pressure cell which was filled with distilled water
(Q2) and pressurised upto values of 2 MPa by a connected nitrogen gas bottle (Leenaars and
Burggraaf, 1985). The filtrate flow was collected at an electronic balance and the weight was recorded
every few minutes. The surface area available for flow A, the pressure difference ∆P and the support
thickness δ were measured. The mass flow Φm is derived from the weight-time data. The permeability
k is determined with equation (8). The procedure is repeated for at least three values of the pressure
difference ∆P. Porosity is measured by Archimedes’ method by submersion of a small sample in mercury.

Tensile Strength
Polished samples were cut into ~20x6x2 mm slices, annealed at 800 °C to remove the stress induced
by machining, cleaned by ultrasonic vibration in a bath of ethanol and mounted in a four-pointbending-test* (Scholten et al., 1992) in such a way that a tensile stress develops at the polished 20x6
surface. In this set-up four rods are placed in parallel, with the outer ones on the same side of the sample and the inner rods placed at the other side. The inner rods were 10 mm apart and the outer rods
located 5 mm outside of the inner rods. Because all samples broke in between the inner rods, the following equation could always be used:
σt =

3Fd
bh 2

(20)

Here, F is the total force applied when the sample fails, d the distance between the inner and outer
rods (d=5 mm), b the sample width (b~6 mm) and h the sample height (h~2 mm). Spindle velocity was
set at ~10 µm/s. Samples failed after a stress increase for ~5 s. Hence, the vertical displacement of the
inner and outer rods before the sample broke was ~50 µm. The force exerted on the rods is measured
*

Type R-10, Vos & Van Eijk Metallurgie B.V., Houten, The Netherlands.
Philips Lighting, Uden, The Netherlands.
‡
Baikowski Chimie, Annecy, France.
†
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with a load-cell and displayed on an x-t-recorder. Load-cell and recorder were calibrated from
0.4-160 N. The number of measurements per material type was ~15. The average strength σt and the
strength distribution (expressed as the Weibull modulus m) were evaluated using Weibull-statistics
(Coble and Kingery, 1956; Wachtman, 1996):
1− Pf = e − ( κ / σ t )

m

(21)

Here, Pf is the probability of fracture at a certain tensile stress κ.

Results and Discussion
In this section first measurements are discussed on the relevant material properties of α-alumina membrane supports. The strength-data from these experiments are used as an input in the second part in
which calculations are made on the maximum possible liquid flow through a membrane tube.

Measurements
Measurement results on permeability, porosity and tensile strength of sintered α-alumina supports
prepared by pressure filtration and dry-pressing are summarised in Table 2.

No.

Powder

Tsinter

Timesinter

Permeability k

Porosity ε

Tensile Strength

Weibull

(°C)

(hr)

(x10-16 m2)

(-)

σt (MPa)

Modulus m

6.99
1.90
1.35
0.766
1.35
1.37
1.26
3.89
1.14

0.400
0.349
0.286
0.237
0.315
0.284
0.273
0.297
0.299

97
109
199
146
134
201
140
144
92

10.7
9.8
12.5
5.8
5.0
6.3
5.3
12.1
9.7

3
1260
CR-6
1
1050
AKP-30
1
1100
AKP-30
1
1150
AKP-30
0
1100
AKP-30
5
1100
AKP-30
10
1100
AKP-30
1
1100
AKP-15
1
1100
AKP-50
Table 2. Overview of measurements.
1
2
3
4
5
6
7
8
9

Permeability
The Carman-Kozeny equation (2) is found to underestimate the measured permeabilities by a factor of
1.5-3 for most experiments and by a factor of 10 for the AKP-50 powder. This discrepancy is probably
caused by the fact that the powder particles are neither spherical nor monosized. Due to the sintering
process, particles are transformed into even more aspherical forms. Furthermore, interparticle attraction occurs during cast formation resulting in an inhomogeneous particle packing. These effects are
most explicit for the smallest particle AKP-50. Inhomogeneities in particle packing always lead to
higher permeabilities because liquid will flow preferentially through larger pore channels. Permeabil*

Type S220 Overdyn, Cilab Lab. Instr., Vlaardingen, The Netherlands.
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ity is highest for the dry-pressed powder and the colloidally processed AKP-15 powder and decreases
when particle size or porosity decreases.
Porosity
The porosity after sintering is higher for the dry-pressed compact than for the compacts by colloidal
processing for reasons explained in the Introduction section. The porosity decreases continuously
when the sintering time or temperature is raised for obvious reasons. For a given sintertime or
-temperature, porosities are roughly the same for the three AKP-powders, indicating that the filtration
process results in equally dense packed green compacts.
Tensile Strength
The tensile strength is highest for the AKP-30 powder sintered for 1-5 hrs at 1100 °C (no.’s 3 and 6).
The lower tensile strength for the other samples can be explained as follows:
•

Consolidation by dry-pressing results in a more inhomogeneous cast and a higher porosity (no. 1),

•

A lower sintering temperature or sintering time results in a higher final porosity and a lower interparticle contact surface (no. 2 and 5),

•

A higher sintering temperature or sintering time induces appreciable inhomogeneous particle and
void growth which results in a larger flaw in the final product (no. 4 and 7),

•

A larger particle size results directly in a larger flaw size (~particle size, no. 8), and

•

A smaller particle size introduces the formation of agglomerates in the suspension strong enough
to withstand the ultrasonic treatment. The so introduced flaws have a deleterious effect on the tensile strength (no. 9).

Model evaluation
Calculations on the maximum possible filtrate flow Φm through one membrane are made by combination of equation (2) for the support permeability ks and equations (13), (16) and (19). The maximum
tensile stress κc,max equals the allowable tensile strength κallow. An arbitrary choice is made to base the
calculations on a tubular support with a thin toplayer located at the inside surface (see Figure 1) while
a liquid flow is directed outward through the membrane wall resulting in the development of a tensile
circumferential stress. Calculations with other geometries and fluida can be made in the same manner.
The downstream pressure P2 is equated with the atmospheric pressure Patm and the pressure difference
is defined as ∆P=P1-P2. Though the presence of the thin toplayer decreases the pressure drop over the
support (which can be inferred from equation (13)), it is reasonable to assume that the support must
resist the entire pressure difference P1-Patm.
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The calculations are based on α-alumina as membrane material and the tensile strength σt is related to
the porosity ε and the particle size dp by the Knudsen equation (3) in the following form:
σ t = 3.7 ⋅ 105 d p−1/ 2 e −4 ε

(22)

This expression fits the strength-porosity measurements by Coble (1958) and describes our measurements on the (average) tensile strength σt for AKP-30 (dp=400 nm, no. 3) and AKP-15 (dp=600 nm, no.
8) with only 5 % deviation.
Starting at the base case given in Table 3, the primary material and design properties of the support (ε,
dp, r1 and r2) are varied one at a time while the pressure difference ∆P is adjusted to fulfill the boundary condition (σt/κc,max=SF), always keeping P2=Patm. In another calculation, r1 and r2 are varied simultaneously in such a way that the thickness δs (=r2-r1) remains constant. The properties of the toplayer, δt and kt are constant in all calculations. The influence of the above four parameters on the derived material properties k and σt and the maximum allowable pressure difference ∆P and the maximum filtrate flow per unit tube length Φm/H is plotted in Figures 3 to 9.
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Figure 3. Influence of inner radius of support r1 on maximum pressure difference ∆P and maximum filtrate

flow per unit tube length Φm/H while r2 is kept constant (12 mm). σt (= 144 MPa) and ks (=1.1⋅10-16 m2) are independent of r1 and r2.
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It is interesting to note that for all but one [Φm/H vs. r1, r2, dp, ε]-curve, an optimum exists. This clearly
shows that support design is not straightforward and that careful design is necessary implementing
material properties and module design. Counter-intuitive results of the calculations are that for several
situations higher fluxes are obtained if, for instance, support thickness is increased or porosity decreased.

10 mm
Support inside radius r1
Support outside radius r2
12 mm
0.30
Porosity support ε
600 nm
Support particle size dp
4 µm
Thickness toplayer δt
Permeability toplayer kt
1⋅10-19 m2
Liquid viscosity η
1⋅10-3 Pa.s
Liquid density ρ
1⋅103 kg/m3
1
Cylindrical → σ
10
Safety factor SF
Table 3. Base Case for calculations.
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Figure 9. Influence of particle size of support on maximum pressure difference ∆P and maximum filtrate flow
per unit tube length Φm/H.

Perspectives
The design of a support material with a high tensile strength and a high permeability requires inventive solutions. To decrease the flaw size and increase the surface smoothness, colloidal based techniques are necessary to de-agglomerate the powder and provide for a controlled cast formation. Using
this technique indeed strong porous materials can be produced with -however- a low permeability. To
broaden the “design window” multilayered supports can be used, as is indeed usually done in membrane science (De Vos and Verweij, 1998). Instead of discrete layers it is also possible to design a
functionally gradient membrane support by colloidal techniques (chapter 3). By the addition of large
and small inorganic particles to a suspension and the use of sedimentation as consolidation mechanism
(e.g. gravity settling or centrifugal casting), a cast is formed with the large particles present in the
larger part of the support and with a high permeability, while a thinner layer of smaller particles brings
a smooth surface on which a toplayer can be deposited (Joensson and Kieback, 1994; Moritz et al.,
1997, 1998). It is even possible to mix organic particles in the suspension which codeposit with the
inorganic material. After temperature treatment, an extra porosity is introduced at the locations of the
organic material. This extra porosity can be distributed homogeneously over the ceramic if the suspension is agglomerated or consolidation techniques as filtration or drying are used (Coble and Kingery,
1956). A gradient in porosity can again be obtained by the use of a sedimentation technique.
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Conclusions
The tensile strength and permeability of ceramic membrane supports made by colloidal processing and
dry-pressing was measured. Using colloidal techniques and a suspension of dispersed particles, a material is obtained with a higher tensile strength and a lower permeability than in the case of drypressing because of a lower final porosity and a more homogeneous particle packing, resulting in a
smaller flaw size. A condensed expert system is set up to optimise the design of a membrane support
for a given membrane toplayer that applies to planparallel and cylindrical geometries and compressible and incompressible fluida. Calculations show that to maximise the filtrate flow, the material properties and dimensions of the support must be carefully chosen.

Notation
A
b
d
dp
F
H
h
Jm
Jmolar
Jv
k
M
m
n
P
Pf
Ps
R
Rg
r1 , r2
SF
T
Γ
δ
ε
εg
η
κ
ρ
σ
σt
Φm
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Surface area
Sample width (bending test)
Distance between inner and outer rods (bending test)
Particle size
Force (bending test)
Tube length
Sample height (bending test)
Mass flux
Molar flux
Volume flux
Permeability
Molar mass
Weibull modulus
Ratio of particle radius to neck radius
Pressure
Probalitity of fracture
Probability of survival
Radius of tube or disk
Gas constant, 8.3144
Inner and outer radius of tube
Safety factor
Temperature
Gamma-function
Thickness
Porosity after sintering
Green state porosity
Viscosity
Stress (c circumferential; l longitudinal)
Density
Geometry-related parameter
(Average) tensile strength
Mass flow

[m2]
[m]
[m]
[m]
[N]
[m]
[m]
[kg.m-2s-1]
[mole.m-2s-1]
[m/s]
[m2]
[kg/mole]
[-]
[-]
[Pa]
[-]
[-]
[m]
[J.mole-1.K-1]
[m]
[-]
[K]
[m]
[-]
[-]
[Pa.s]
[Pa]
[kg/m3]
[Pa]
[kg/s]
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Appendix A. Module Optimization
In chapter 7, the maximization of the mass flow (per unit length) of a single hollow tube has been
studied. However, for industrial applications it is more important to maximize the mass flow per unit
module volume, because module volume can be the limiting factor (e.g., in household or automotive
applications or in the offshore industry) and can determine the overall costs. This objective is often
translated directly to the use of thin-walled, low-diameter (small) tubes, based on the higher available
surface area in a module with small tubes.
In this section, the optimization method of chapter 7 is applied for an entire membrane module to find
out whether it justifies the quest for small tubes.
To determine the mass flow per unit module volume –which will be called the mass flow density
MFD– first, the stacking order of the tubes must be chosen. In the following calculation, a staggered
grid is chosen in which even-sided (virtual) triangles fill the entire module cross-section with a hollow
tube at each corner of a triangle, see Figure 1.

a
Figure 1. Grid type for flux calculation in module.

For this geometry, the surface of a triangle is given by ∆ =

1
3 a . Here, a determines the distance
4

between the heart of two tubes (a > 2⋅r2) for which we choose a = 2.5⋅r2. Per surface ∆, half a tube can
be found. Therefore, MFD =

2 3
Φm
. By far the highest mass flow densities MFD were found
2
H r2 3 2.52

at the lowest admissable tube radii (in the simulation r1, min was set at 100 µm). The optimum was
further described by r2 = 147 µm, ε = 0.113 and dp = 520 nm. The (allowable) pressure difference over
each tube (wall) was ~100 bar. To conclude, the quest for small tubes in membrane module design is
underpinned by some preliminary results using the optimization method of chapter 7.
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Chapter 8. Tensile Stress in a Porous Medium due to Gas Expansion

Abstract
In a porous material stress profiles develop due to a gas phase pressure difference and subsequent gas
flow. If stresses become tensile, material failure (explosion, blistering) can occur. Stress profiles are
calculated for an asymmetric inorganic porous disk-like membrane material placed in a pressure
vessel which is depressurized. The stress that develops in the membrane material depends on the gas
phase pressure and the porosity. The gas phase pressure is a function of place, time and characteristics
of the membrane, the vessel and the valve. Two regimes are identified for membrane depressurization
and a critical initial pressure is defined below which tensile stresses cannot develop. The presented
theory combines the Dusty Gas Model with balances for mass, momentum and mechanical energy.

Introduction
The endurance of a membrane material is crucial for use under harsh conditions in industrial
separation processes or membrane reactors (Saracco et al., 1994) and is often tested in a pressure
vessel with elevated pressure and temperature with a gas phase composition simulating true process
conditions. The membrane is simply placed on a grid within this vessel, see Figure 1. In a similar
experiment the gas phase adsorption is measured to estimate to which extent surface diffusion occurs.
After the experiment, a valve is opened to depressurize the vessel.

gas out

vessel

γ-layer
α-layer
metal grid
Figure 1. Geometry of depressurization experiment.
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The membranes used in our laboratories consist of a thin mesoporous γ-alumina layer with separation
characteristics (typical pore size 2 -5 nm, thickness 4 µm) on top of a macroporous α-alumina support
layer (pore size 80 nm, thickness 2 mm) which gives strength to the membrane, see Table 1 for the
relevant material properties. After testing these membranes under steam reforming conditions at an
elevated temperature and pressure and subsequent depressurization, the γ-layers had blistered on
several occasions, see Figure 2, whereas this did not occur in other gas atmospheres.

Figure 2. Asymmetric inorganic membrane employed under steam reforming conditions, speckled areas:
substrate (α-alumina), dark areas: γ-alumina layer which clearly blistered off.

The cause of failure is the lowering of the γ-layer cohesion strength or the adhesion strength of the γlayer on the α-layer due to a reaction with one of the gas phase components in combination with a
tensile stress that develops in the material during depressurization. To estimate the decrease of the
cohesion or adhesion strength a model is set up that describes stress profiles developing during
depressurization as a function of the relevant material properties and operating conditions. In the
model the following issues are addressed:
•

First, the mass balance over the vessel is solved implementing an expression for flow through the
valve based on the steady-state macroscopic mechanical energy balance or Bernoulli equation. In
the latter, friction in the valve is implemented using a so-called friction loss factor ev,
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•

Second, the gas phase pressure profile developing in the membrane is calculated implementing
the Dusty Gas Model, and

•

Third, compressive and tensile stresses within the membrane in the direction of flow are
calculated applying the steady-state momentum balance.

The theory as presented in this chapter can be adjusted to describe several related problems in
chemical engineering, such as
•

The production of popcorn (Da Silva et al., 1993). In this process, heat is supplied to the corn
resulting in water evaporation inside the kernel and subsequent pressure build-up. When the
tensile stress in the so-called pericarp exceeds the strength, the corn pops. Here, the stress that
develops is primarily parallel to the toplayer surface, in contrary to the ‘membrane case’.

•

The production of polymer by heterogeneous catalysis, e.g. polypropylene over a Ziegler-Natta
catalyst. Due to polymer formation, a tensile stress develops within the particle and catalyst
fragmentation occurs. If this fragmentation is uncontrolled, a polymer with inferior properties can
result (Ferrero and Chiovetta, 1987; Niegisch et al., 1992). Here, failure of the rigid catalyst
particle is caused by the development of a second solid phase and not by a gas phase pressure
difference.

•

An example of a non-rigid structure that deforms under the influence of pressure gradients, is
found in the description of cake formation from a suspension or slurry as in gravity settling
(Buscall, 1990), centrifugal sedimentation or centrifugal filtration (Sambuichi et al., 1987; Tiller
and Hsyung, 1993). Here, the porous medium is often considered as a collapsing structure that
densifies irreversibly due to compressive stresses.

•

Coating of piping in process industry. Pipelines are often protected from possible corrosion by the
aggressive components in a gasstream by application of a coating. It is a common problem that
inferior coatings blister off from the pipe wall when the system is depressurized. During operation
at high pressures (e.g. up to hundreds of bars in gas transfer), gas diffuses into the coating. During
depressurization, the pressure inside the coating remains higher, creating a tensile stress and
possible subsequent blistering (Davis and Thompson, 1994). The only difference with the
‘membrane case’ is the fact that in the coating, gas can only flow out on one side.

•

In high-pressure reactions involving hydrogen (such as the production of ammonia from nitrogen
and hydrogen) hydrogen diffuses into the metal lattice of the reactor wall (when uncoated). To
prevent tensile stresses and subsequent material failure, these reactors are depressurized very
slowly (taking up to days).
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Theoretical Background
A model is set up to describe the stress that develops in a porous asymmetric membrane, consisting of
a γ-layer on top of an α-layer. The membrane is placed in a closed vessel at an initial pressure p0 (see
Figure 1). At time t=0 s a valve is opened after which the pressure in the vessel decreases with time. It
is assumed that
•

the ideal gas law can be applied,

•

the gas phase consists of one component,

•

the structural properties of the membrane are independent of stress,

•

the pressure and temperature in the vessel are homogeneous,

•

the viscosity of the gas is independent of pressure,

•

in the membrane only transport in the direction perpendicular to the α/γ-interface is of importance
and the pressure distribution perpendicular to the direction of flow is uniform, and

•

stress in the direction of flow causes failure. A stress that could develop parallel to the surface -as
in popcorn popping- is neglected, because the membrane lies freely upon the grid (see Figure 1)
and is not clamped on its outer perimeter. The difference between these forms of stress is also
noted by Strawbridge and Evans (1995) who describe “through-thickness cracking” and “cracking
along the coating substrate interface”.

In order to estimate the stress in the membrane it is necessary to describe the change in pressure in the
vessel and the mass transport phenomena inside the membrane. Consequently, the pressure profiles
inside the porous medium have to be related to stress in the material.

Pressure change in the vessel
The pressure change in the vessel can be calculated from a mass balance. If the volume of the
membrane is small compared to that of the vessel this equation becomes

FG IJ
H K

Vves M ∂ p
= − φ m,out
R ∂t T

(1)

with Vves the volume of the vessel (m3), M the mole weight of the gaseous component (kg.mole-1), R
the gas constant (8.3144 J.mole-1.K-1), T the temperature (K), p the pressure (Pa) and φm,out the mass
flow out of the vessel (kg.s-1).
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The change of temperature in time of the gas in the vessel can be calculated from the following energy
balance (e.g. Westerterp et al., 1984, eqn. VI.1)
Vves

b g

∂ ρu
= − φ m,out h + UA Tair − T
∂t

b

g

(2)

with ρ the density of the gas (kg.m-3), U the overall heat transfer coefficient (J.m-2.K-1.s-1), u and h
respectively the internal energy and enthalpy of the gas (J.kg-1) and A the heat exchange surface (m2).
It becomes clear from equation (2) that a temperature change may occur during depressurization (see
Xia et al., 1993, eqn. 28). However, in this study the temperature change is neglected for reasons of
simplicity.
For a quasi-stationary situation an expression for the mass flow out of the vessel can be obtained from
the extended Bernoulli-equation or steady-state macroscopic mechanical energy balance over the
valve. For an isothermal system containing a compressible fluid the mechanical energy balance over
the valve is (Bird et al., 1960, eqn. 7.3-2)
3
p2
1 v
$ + 1 dp + W$ + E$ = 0
∆
+ ∆Φ
v
ρ
2 v
p

z

(3)

1

$ the potential energy (J.kg-1), W$ the rate at which the system performs mechanical work on its
with Φ
surroundings (J.kg-1) and E$ v the “friction loss”, i.e. the rate at which mechanical work is irreversibly
converted to thermal energy (J.kg-1).
Due to the high flow rates through the valve the Reynolds number Re will be large and the flow
turbulent. For turbulent flow through the valve the velocity profile can be assumed flat, thus the ratio
v3
v

2

can be replaced by v . From now on, the horizontal bar above the velocity v will be omitted

$ can be discarded.
as well as the <>-sign. The gas flows in horizontal direction, so the term ∆Φ
Because no mechanical work is exerted by the gas the term W$ can be discarded as well. The friction
loss E$ v is correlated to the friction loss factor ev by (Bird et al., 1960, eqn. 7.4-5)
1
E$ v = v 2 ev
2

(4)

The value of ev depends upon the type of valve used and can be found in for instance Bird et al.
(1960, Table 7.4-1) or Perry and Green (1984, Table 5-14). A typical value is ev = 6 - 10 for a globe
valve. A differential form of equation (3) is used, because velocity v is not constant within the valve
1
1
d v 2 + dp + v 2 ev = 0
2
ρ

d i

(5)
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Mass flow φm and velocity v are related by
φ m = v. A.ρ

(6)

with A the open area of the valve (m2). Substitution of (6) in (5) and subsequent integration, with as
integration limits the pressure inside the vessel p and the atmospheric pressure outside of the vessel
patm, leads to the following expression for the mass flow

d
c b

i

2
p 2 − patm
M
φm = A
RT 2 ln p patm + ev

g h

(7)

Mass transport in the porous medium
Inside the porous membrane the pressure can be calculated from the following equation of continuity
of mass

FG IJ FG IJ
H K H K

∂N
ε i ∂p
=−
RT ∂t
∂x

(8)

The subscript i either denotes the α− or γ-layer, N (mol.m-2.s-1) the molar flux and ε the porosity. For
macro- and mesoporous media it is generally accepted (Krishna, 1987) that gas transport can be
satisfactorily described with the Dusty Gas Model (Mason and Malinauskas, 1983), which gives
expressions for the molar fluxes of components present in the membrane. The flux expression
obtained from the Dusty Gas Model is in the case of one component

FG
H

N A = − DKn +

B0
p
µ

IJ FG 1 ∂p IJ
K H RT ∂x K

(9)

This expression contains the effective Knudsen diffusion coefficient
DKn =

4
8 RT
K0
πM
3

(10)

The parameters K0 and B0 depend only on the structure of the porous medium and can be obtained
from experiment. According to Mason and Malinauskas (1983) these can be calculated directly from
the tortuosity τ (-) and the pore radius rp (m)

FG εr IJ
H 2τ K
F εr I
B =G
H 8τ JK
K0 =

p

(11)
i

2
p

(12)

0
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Relation between pressure and stress in a porous medium
From the gas phase pressure profile within the membrane, the stress profile can be calculated using
the steady-state momentum balance (Bird et al., 1960, eqn. 7.2-3)

Fv
F = − ∆G
GH v

I
JJ
K

2

w + p. Ag + mtot . g
v2

For a flat velocity profile,

v

(13)

can be replaced by v

after which the horizontal bar and the <>-

sign are again omitted. The mass flow w is given by w=Ag.ρ.v and the surface perpendicular to flow
by Ag. For a disk with a diameter of 3.6 cm and a porosity of ε=0.3, the maximum value for the
momentum flow Ag.ρ.v.v for the base case of our simulation is 0.13 N at the outside of the α-layer. A
typical value of p.Ag in the experiment would be 900 N. The weight of the disk is roughly given by
0.05 N. Therefore all terms except for the pressure term are discarded.
A gas phase pressure differential will lead to gas flow through the material and friction forces on the
pore walls. These forces are now given by the simplified form of equation (13), see Evans III et al.
(1962, eqn. 4)

d

F = −∆ p. Ag,i

i

(14)

The force exerted by the solid structure is similarly given by the sum of stress σ and solid surface As,i

c

F = −∆ σ. As,i

h

(15)

For an isotropic material the cross-sectional surface area of both the gas and solid phase are related to
the porosity εi by
Ag,i
Atot

= εi

;

As,i
= 1 − εi
Atot

(16)

After setting the sum of (14) and (15) equal to zero and implementation of (16), again assuming a
constant porosity εi, we arrive at
ε i ∆p + (1 − ε i )∆σ = 0

(17)

Rewriting (17) with ∆p = pi ( x ) − pves and ∆σ = σ i ( x ) − pves results in
σ i ( x ) = pves −

εi
pi ( x ) − pves
1 − εi

l

q

(18)

At the outside of the membrane, compressive stresses remain present while tensile stresses can
develop within the membrane. Only if the porosities of both layers are equal, the value of the stress is
continuous at the α/γ-interface; if not, a step change in stress occurs.
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Results and discussion
Numerical scheme
After substitution of (7) in (1) a non-linear differential equation is obtained for the pressure change in
the vessel, which is solved with a fourth order Runge-Kutta method. Gas transport inside the
membrane is described by equation (8), which is an instationary, non-linear, second order, parabolic,
partial differential equation. Because analytical solutions for this type of equation are not readily
found one has to resort to numerical methods. After time transformation, the equation is discretised.
The resulting set of non-linear equations is solved with a Newton-Raphson iteration procedure and the
numerical scheme is implemented in Borland Delphi code.
Simulations have been carried out for the base case as defined by the data presented in Table 1. These
data correspond to CO2 depressurization of a typical asymmetric porous membrane as used in our
laboratory. Subsequently, results will be presented for the pressure change in the vessel, the pressure
development inside the membrane and the stress in the membrane material.

p0
Vves
T
µ

initial pressure
volume vessel
temperature
viscosity
mole weight CO2
density alumina
thickness α-layer
porosity α-layer
tortuosity α-layer
pore size α-layer
thickness γ-layer
porosity γ-layer
tortuosity γ-layer
pore size γ-layer

30⋅105
10-3
873
3.74⋅10-3
44⋅10-3
4⋅103
2⋅10-3
0.30
1
80⋅10-9
4⋅10-6
0.30
1
1.25⋅10-9

M
ρα
Lα
εα
τα
rp,α
Lγ
εγ
τγ
rp,α
Table 1. Data used in simulations, base case.

(Pa)
(m3)
(K)
(Pa.s)
(kg.mole-1)
(kg.m-3)
(m)
(-)
(-)
(m)
(m)
(-)
(-)
(m)

Pressure in the vessel
In Figure 3 the pressure in a vessel of 10-3 m3 is shown for different values of A and ev as a function of
time. Both A and ev are changed over the same order of magnitude. The influence of A on the pressure
profile is most eminent: if the open area A is increased, the curves shift to the right. The time of
complete depressurization appears to depend linearly on the valve surface area A, as can be expected
from equation (7) as well. For the friction loss factor ev only two extreme cases are presented,
respectively ev = 0.1 and ev = 100, corresponding to Perry and Green (1984, p. 5-38). For a smaller
friction loss factor the curves shift to the left.
A high value of ev results in a slightly slower approach of the atmospheric pressure.
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With rapid depressurization, the system can no longer be considered isothermal, the quasi-stationary
approach for the mechanical energy balance over the valve no longer holds and one has to resort to a
more accurate description, see e.g. Xia et al. (1993). Such a refined model is beyond the scope of this
study and the error made is accepted for now.
1
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Figure 3. Pressure in a vessel of 10-3 m3 as a function of time and valve geometry for different valve
characteristics ev and A (=πr2) and an initial pressure of p0=30 bar. Base case calculation using the data presented
in Table 1.

Pressure inside the membrane
Due to mass transfer limitations pressure profiles will evolve inside the membrane. In Figure 4 typical
pressure profiles in the membrane as a function of place and time are presented. The sharp change in
pressure on the left hand side of the figure denotes the pressure drop over the γ-layer, which appears
to have a maximum at some point in time during the depressurization process. The moment at which
this maximum is observed is strongly dependent on the rate of depressurization.
In Figure 5 the maximum pressure difference over the γ-layer during depressurization is presented as
a function of the valve geometry. The pressure difference increases with valve surface area A, which
is expected because the pressure in the vessel decreases faster for larger A and the mass transport
limitations inside the membrane will then become more eminent. A smaller value of ev enhances this
effect and shifts the curves to the left.
It is possible to make a distinction between two regimes for the pressure difference over the γ-layer,
depending on the timescales of pressure decrease in the γ-layer and in the vessel (tγ and tv
respectively). For tγ < tv, the pressure in the γ-layer is able to follow the pressure decrease in the
vessel. For tγ > tv, first the pressure in the vessel decreases rapidly after which the γ-layer
depressurizes more slowly.
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Figure 4. Pressure in the membrane as a function of position at increasing (arbitrary) t. Position 0 is the outside
of the γ-layer, while the outside of the α-layer is located at position 1. The sharp change in pressure on the LHS
of the graph indicates the thin γ-layer. Base case calculation using the data presented in Table 1, A=10-2 m2 and
ev=10.
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Figure 5. Maximum pressure difference over the γ-layer during depressurization as function of valve geometry:
ev and A=πr2. Base case calculation using the data presented in Table 1.

In the first regime (tγ < tv), the pressure in the vessel decreases relatively slow and only a small driving
force, i.e. pressure gradient, is needed to overcome the mass transport limitations present in the
membrane. After a short period, the rate of change of pressure inside the membrane equals that of the
vessel. At this moment the maximum pressure difference is observed, because the curve of pves versus
time is concave. Here, the maximum pressure difference over the γ-layer is reached before the
pressure in the vessel is atmospheric. This in contrary to the second regime (tγ > tv) where the
maximum pressure difference over the γ-layer is determined by the time needed for pves to become
atmospheric. If tγ >> tv, an asymptotic pressure difference p0-patm is observed, not only at the α/γ-
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interface. The regimes coincide for tγ = tv when the maximum pressure difference is found exactly
when pves becomes atmospheric, which occurs at the transition or bending points in Figure 5. The
existence of two regimes can be generalized for any location in the membrane.

Stress
The stress that develops in the material can either have a positive value (compressive stress) or a
negative value (tensile stress). Especially when the stress becomes tensile, material failure (cracks,
blistering or explosion) may occur and therefore the maximum tensile stress -equivalent to the
minimum stress- developing in the material is of special interest in this study.
In Figure 6 typical curves of the stress in the membrane as a function of position and time σ(x,t) are
presented. Initially, at t1, σ(x,t) is compressive and equal to the pressure in the vessel. At t2, σ(x,t) has
decreased and becomes tensile (σ < 0) for the larger part of the membrane at t3. After t3, σ(x,t)
increases to atmospheric pressure in the entire membrane.
At any position xi in the membrane a minimum value for the stress σ(x,t) will be observed at a certain
point in time during the depressurization process. This minimum will be defined as σmin(x). A plot of
σmin(x) closely resembles σ(x,t3) in Figure 6 but is not exactly similar: while σ(x,t3) is a stress curve
for time t3, σmin(x) contains points from different moments in time. Two points of σmin(x) will be
discussed in more detail, namely
•

σmin,abs

: the minimum value of σmin(x) and

•

σmin,int

: the value of σmin(x) at the α/γ-interface.
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Figure 6. Stress as a function of position at increasing t. Dotted lines: stress after minimum stress has been
observed. Position 0 is the outside of the γ-layer, while the outside of the α-layer is located at position 1. The
sharp change in stress on the LHS of the graph indicates the thin γ-layer. Base case calculation using the data
presented in Table 1, A=10-2 m2 and ev=10.
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In Figure 7, σmin,abs and σmin,int are presented as a function of valve geometry, i.e. ev and A. For small A
the stress σ(x,t) remains compressive during the entire depressurization process and σmin(x) observed,
is approximately equal to the atmospheric pressure. The rate of mass transport in the membrane need
not be very high and pressure gradients in the membrane will thus be small. If A is increased, σmin(x)
decreases and at a certain A, σmin(x) becomes tensile. On increasing A, first σmin,abs starts to decrease.
At larger A, σmin,int starts to decrease as well. The sensitivity of σmin,abs on changes in valve geometry is
higher than for σmin,int, due to the additional resistance for mass transport between the position at
which σmin,abs is observed and the α/γ−interface. A smaller friction loss factor ev enhances the effect of
increasing A, shifting the curves to the left.
For large enough A the pressure in the vessel becomes atmospheric at a time scale which is small
compared to the time scale of transport inside the membrane. As a result, the pressure inside the
membrane is still almost uniform and close to p0 when the vessel pressure has become atmospheric. In
this situation σmin(x) reaches an asymptotic value, which is only dependent on the porosity and can be
calculated by substituting p(x)=p0 and pves=1.013⋅105 Pa in equation (18) yielding σmin(x)=-11.41⋅105
Pa for the base case simulations, using the data presented in Table 1.
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Figure 7. Minimum stress vs. valve geometry, dotted lines denote σmin,abs, continuous lines denote σmin,int, base
case calculation using the data presented in Table 1.

Substitution of σ=0 in equation (18) yields a simple expression for the minimum initial pressure p0
necessary to introduce a tensile stress in the porous material
p0 =

patm
εi

(19)

The porosities of both layers in Figure 6 and 7 are equal. In Figure 8 the stress close to the α/γinterface is presented for a membrane with different porosities of the layers. Now a discontinuity can
be observed at the α/γ-interface, with a higher stress at the layer with the lower porosity.
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Perspectives
In the field of membrane and coating technology, the measurement of the interface adhesion strength
of a toplayer on top of a substrate is of importance in numerous situations. A typical experiment is the
Scotch tape test (Krongelb, 1968), in which Scotch-tape* is sticked on the toplayer and drawn off with
a certain force. If the contact tape-toplayer has the highest adhesion strength, the toplayer is pealed off
from the substrate. If the tape comes off cleanly, the interface adhesion strength is higher. This
experiment has a binary character: the interface adhesion strength is only compared with a certain
standard, namely the tape-toplayer adhesion strength.
Based on the presented theory it is possible to determine more accurately the adhesion strength
between two layers of which at least one is porous. To this end, the rate of pressure decrease in the
vessel is increased in subsequent depressurization experiments until the toplayer peals off from the
substrate. In case of a multi-layered membrane, the sample can be placed in a gas permeation set-up
with the toplayer on the low pressure side. Though the stress is compressive where the sealing touches
the toplayer, it is tensile at some distance from the sealing and blistering can occur. By increasing the
pressure difference over the membrane and thus the tensile stress at the interface in subsequent
experiments, the adhesion strength can be estimated using a simplification of the model presented in
this chapter.
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Figure 8. Discontinuity in stress at the α/γ−interface for increasing t, base case calculation using the data
presented in Table 1 except for the porosities and A=10-2 m2 and ev=10.

*

ScotchTM MagicTM 810, 3M, St. Paul, MN, USA.
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Conclusions
Due to internal mass transport limitations pressure gradients evolve inside an asymmetric inorganic
membrane placed in a vessel during depressurization. Dependent on the timescales of depressurization
of both the vessel and the membrane two regimes can be distinguished for the pressure change inside
the membrane. A tensile stress may evolve in the membrane when the initial pressure p0 is larger than
patm/εi and the pressure decrease in the vessel is fast enough. When the pressure in the vessel becomes
atmospheric in an infinitely short time the maximum possible tensile stress is observed, which only
depends on porosity. If the porosities of the different layers of which the membrane exists are
different, a discontinuity of the stress is observed at the interface between the layers. The theory
presented can be used to estimate the adhesion strength of a toplayer on top of a substrate and can be
adjusted to describe similar issues in chemical engineering.
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PART III

APPLICATION IN THE OSMOTIC TENSIOMETER

Chapter 9. Response of the Osmotic Tensiometer to Varying Temperatures: Modeling and Experimental Validation

Abstract
In an osmotic tensiometer, the hydrostatic pressure of a confined polymer solution is measured to infer the soil water potential. Essential in the operation is the osmotic potential of the polymer solution.
Because the osmotic potential depends on the temperature, a significant and undesired 'pressure lag'
may develop when the osmotic tensiometer is used under conditions of varying temperature. To understand and eliminate the pressure lag, a dynamic transport model was derived that describes the time
response of the osmotic tensiometer assuming complete temperature equilibration and a resistance to
water transfer that is fully located within the filter. Essential elements of the model are the filter conductance and the sensitivity of the pressure transducer, for which submodels are set up. The transport
model is validated with measurements on an osmotic tensiometer that uses an inorganic membrane as
filter. The experiments were done for instrument-limited conditions by placing the osmotic tensiometer in free water. For these conditions, the model describes measurements with reasonable accuracy.
The new transport model clarifies the behavior of the osmotic tensiometer for changing temperatures
and can be used to design osmotic tensiometer with a lower pressure lag.

Introduction
The in-situ and direct measurement of soil water potential is still far from straightforward. Existing
methods as the gypsum block, the conventional tensiometer and the high-range suction sensor have
disadvantages of a slow response (gypsum block), a small measurement range (conventional tensiometer, Bocking and Fredlund, 1979) or a decreasing pressure in time due to evaporation from the
ceramic filter, especially in soils with a low degree of saturation (high-range suction sensor, Guan and
Fredlund, 1997). Also, cavitation occurs in a conventional tensiometer if the dry end of its range is
reached.
To obviate the disadvantages of the conventional tensiometer, Peck and Rabbidge (1966, 1969a,b)
first used a concentrated polymer solution inside the conventional tensiometer in order to measure the
soil water potential over a much increased range. This osmotic tensiometer has the additional advantage that, after reaching the dry end of the measurement range, it can be recovered completely by
bringing it into contact with free water. The osmotic tensiometer was used by Bocking and Fredlund
(1979) who concluded that many difficulties stand in the way of a routine application of the osmotic
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tensiometer. Firstly, polymer retention by the filter was not 100 % and hence the osmotic tensiometer
readings changed in time while the measurement range decreased. Secondly, the osmotic tensiometer
had a slow response on changing temperature and soil water potential. Thirdly, the influence of the
temperature on the osmotic potential of the polymer solution was supposed to limit application of the
osmotic tensiometer to temperature-controlled laboratory experiments.
We developed an osmotic tensiometer that may overcome these difficulties. In this version, a porous
inorganic filter is used consisting of a thick support layer and a thin microporous membrane. These
inorganic membranes have a high endurance in any environment (De Vos and Verweij, 1998) and for
large polymers (e.g., MW>20 kg/mole), a retention close to 100 % for a long period. The response
time can be minimized for an osmotic tensiometer by combining a permeable filter with a stiff housing, a small cell volume and a sensitive pressure transducer. Finally, the influence of temperature on
the osmotic potential can be substituted readily in the pressure transducer software used to read the
osmotic tensiometer pressure, which enables the use of the osmotic tensiometer under field conditions.
The γ-alumina membranes used in our osmotic tensiometer may prevent ions from the soil from entering the tensiometer cup (Alami-Younssi et al., 1995). If ions are indeed rejected completely by the
membrane, the tensiometer will measure the total soil water potential. However, if ions permeate the
filter freely, the tensiometer measures the matric potential of the soil. In this work, no attention is paid
to this difference because it is yet unknown to what extent ions are rejected by our membranes. Furthermore, in the experiments in this chapter, distilled water is used to simulate the soil environment
and for these experiments the total soil water potential equals the matric potential. Therefore, the term
'soil potential' is used in this chapter to describe the potential outside the osmotic tensiometer cup.
In this chapter, we focus on the influence of (diurnal) temperature changes on the performance of the
osmotic tensiometer because the osmotic potential of the polymer solution depends on the temperature. Haise and Kelley (1950) and Watson and Jackson (1967) also studied the influence of diurnal
temperature changes on conventional tensiometer performance. Haise and Kelley (1950) ascribed this
influence to the transfer of water vapor to locations of lower temperature while Watson and Jackson
(1967) attributed the pressure change to the expansion of the tubing used to connect the conventional
tensiometer to the pressure transducer. In contrast to the effects described by these authors, here only
the influence of temperature on the osmotic potential of the polymer solution will be discussed.
Because of temperatures changes (e.g., due to the diurnal cycle) and its effect on the osmotic potential
of the polymer solution inside the osmotic tensiometer, water is forced to move through the filter. As
the conductance of the filter is finite, a pressure lag is introduced in the system, which can be considered a measurement error.
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It is the objective of this work to construct and validate a transport model that describes the influence
of the important parameters (e.g., filter conductance, temperature gradients) on the magnitude of the
pressure lag. The model may be useful in the design of osmotic tensiometers with a reduced pressure
lag.

Theoretical Background
In this section, the following issues are covered. Firstly, the assumptions are summarized that are
made in the development of the transport model for the behavior of the osmotic tensiometer. Secondly, equations are developed for two important elements of the transport model, namely conductance and sensitivity. The final equation for the conductance is used in the Experimental -section and
the equations for the sensitivity are used in the Results and Discussion-section. Thirdly, expressions
are developed for the response behavior of conventional and osmotic tensiometers. Two cases are discussed for the conventional tensiometer in which the concept of pressure lag is introduced. In subsequent cases, the osmotic tensiometer is discussed for situations of increasing complexity. Calculations
based on the last case will be compared with experiments in Results and Discussion.

Constraints of the model
To describe the time response of the osmotic tensiometer, a transport model has been set up that is
based on the following assumptions:
•

Temperature equilibration (heat transfer) with the surrounding soil and within the osmotic tensiometer is fast compared to the transport of water. Temperature profiles are thus considered flat in
the entire system.

•

Differential thermal expansion of the liquid within the cell compared to the surrounding
metal/ceramic housing does not induce an extra pressure change.

•

Expansion of the cell and housing at a higher pressure or temperature is low (stiff housing, incompressible liquid) and therefore does not influence the polymer concentration in the cell (Peck
and Rabbidge, 1969a) and the amount of water that needs to be transported into or out of the cell.

•

The osmotic potential of the liquid within the cell is only a function of the initial polymer concentration, the polymer type, the temperature and the pH. The concentration of polymer in the cell
remains constant because loss of polymer through the filter is negligible.

•

The resistance to water transfer into and out of the tensiometer cell is fully located within the filter, i.e., the soil is not limiting the transport velocity. This assumption appears logical in the laboratory experiments described here but could be invalid under field conditions. In that situation, an
additional resistance can be present in the soil layer adjacent to the tensiometer or even in a small
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'air gap' between soil and tensiometer. Especially when the water phase in the soil becomes discontinuous and water transfer has to proceed by ordinary diffusion through the gas phase instead
of by pressure-driven convective flow (see e.g. Bird et al., 1960), resistance to water transfer at
the soil side may become extremely high. Inside the filter, the water is contained in a matrix of
polymer through which it must be transported, and when a layer of polymer is built up against the
filter, resistance to transport because of the polymer, may become high as well (Mulder, 1991).
•

Peck and Rabbidge (1969a) describe the detrimental effect of the development of a thin layer of
solution adjacent to the filter with a concentration different from that in the bulk of the cell. Equilibrium in the osmotic potential is then reached only when the osmotic solution has homogenized
by diffusion. These effects are neglected in the model.

The model that will be discussed for the osmotic tensiometer resembles models developed previously
for conventional tensiometers by:
•

Klute and Gardner (1962) who described tensiometer response when the soil potential changes
gradually.

•

Towner (1980) who investigated under which conditions the soil or the tensiometer resistance is
limiting to water transfer.

Filter conductance
The filter conductance K (m3s-1Pa-1) is equal to the liquid flow (Φvol, m3/s) per unit of potential difference across the filter (Pa). It depends on the intrinsic permeability Li (m2) of the filter materials used,
the dimensions of the cup (thickness, form, surface area), and the viscosity of the liquid η (Pa.s). If
more than one material is used (e.g., a membrane on top of a porous support) two resistances to flow
are in series and thus the permeability Li of each layer will come into play.
The permeability Li is a material property and several expressions exist for the relationship between
the structure of a material and its permeability. A well-known expression is the Carman-Kozeny
equation for a packed bed of equally-sized spheres (Dullien, 1979):
Li =

ε 3rp2
45(1 − ε )2

(1)

Here, ε is the porosity of the material (volume fraction available for flow), and rp the particle radius.
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The coupling of Li and K is based on Darcy's law for flow through a porous medium (Bird et al., 1960;
Dullien, 1979),
J vol = −

Li dψ
η dr

(2)

and the equation of continuity for stationary conditions:
0 = −r − σ

d σ
r J vol
dr

d

i

(3)

Here, Jvol stands for the volume flux of liquid (m/s), ψ for the potential for water transfer (e.g. pressure or osmotic potential, Pa=J/m3) and σ for the geometry (σ = 0 plan-parallel, σ = 1 cylindrical and
σ = 2 spherical); r is the space coordinate. It is assumed that within the filter liquid flows unidirectionally. K is given by the following definition (Richards et al., 1937; Richards, 1949):
K=

Φ vol
∆ψ

(4)

Here, ∆ψ is the potential difference across the filter. From solution of Eq. (2 and (3) and comparison
with Eq. (4), it follows that for a flat filter (σ = 0, plan-parallel geometry) K and Li are related by:
K=

A Li
ηδ f

(5)

Here, A stands for the surface area available for liquid transport and δf for the thickness of the filter.
Next, an example of a cylindrical cup with a rounded bottom is elaborated together with an example
of the conductance of a filter consisting of more than one layer of different materials. The first geometry is often used for tensiometer cups, while the latter is used in this chapter (see Experimental).

Conductance of a porous cup
An expression is derived for the conductance K of a cylindrical cup of one type of material with a
rounded bottom as used often in tensiometers, see Figure 1. The permeabilities of the spherical cap
and the cylindrical tube can be summed to give:
K cup = K cap + K cyl

(6)

Solution of the mass balance (3) for the half-sphere (cap) results in:
Φ vol = J vol 2πr 2

(7)

Substitution of (7) in (2, integration from ψ1 at r1 to ψ2 at r2, and substitution in (4) produces:
K cap =

FG
H

2πL 1 1
−
η r1 r2

IJ
K

−1

(8)
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A similar derivation can be made for the cylindrical part after which the total cup-conductance Kcup is
given by:
K cup

F
GH d

2πL −1 −1
=
r1 − r2
η

i + H FGH ln rr IJK
−1

2

1

−1

I
JK

(9)

r2
r1

H

Figure 1. Dimensions of typical tensiometer cup.
Conductance of two-layer filter
If a filter is used consisting of more than one layer of a different permeability Li, a typical "resistances-in-series" expression is obtained. For plan-parallel geometry and for two layers, the following
result is then obtained:

FG
H

A δ1 δ 2
K=
+
η L1 L2

IJ
K

−1

(10)

where δ1 and δ2 refer to the layer thicknesses, and L1 and L2 to the layer permeabilities.

Pressure transducer sensitivity
In this section, focus is on the sensitivity of the pressure transducer mounted in the osmotic tensiometer. Only if the expansion of the tensiometer cell by other means is low enough (e.g. by using a
stiff housing or a small cell volume), can the transducer sensitivity be related directly to the overall
tensiometer sensitivity. The sensitivity is generally defined by (Richards, 1949):
S=

dP
dV

(11)

Here, V stands for the volume of the cell and P for the pressure within the cell. A typical, sensitive
pressure transducer consists of a thin, flexible, circular, silicium wafer with a strain-gauge inserted
and glued onto a small cylindrical glass tube. The transducer is modelled as a clamped cylindrical
plate with radius R and thickness δt that deforms due to bending stresses, see Figure 2.
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R

δt

(a)

w

r

(b)
Figure 2. Pressure Transducer (a) without pressure difference and (b) flexed due to pressure difference.
The material is assumed to be isotropic and linearly elastic. For a thin disk ( δ t R < 01
. ) and a low indent ( wr = 0 δ t < 01
. ), the indent w is then given by (Vinson, 1974):
w=

3P(1 − ν2 ) 2 2 2
(R − r )
16 Eδ 3t

(12)

Here, ν stands for Poisson's ratio and P for the pressure difference between the cell and the reference
state behind the transducer (e.g. atmospheric). After integration, the overall volumetric indent ∆V is
given by:
∆V =

z

R

0

w( r )2πrdr =

πPR6 (1 − ν2 )
16 Eδ 3t

(13)

The sensitivity S is given by writing (13) in a differential form and substitution in (11):
S=

16 Eδ 3t
πR 6 (1 − ν2 )

(14)

According to (14), the transducer sensitivity S is not dependent on the actual pressure difference
which is an advantage when these transducers are used in a tensiometer.

Time response behavior
Five cases are discussed describing the behavior of the conventional and the osmotic tensiometer. In
all cases it is assumed that the conductance K and the sensitivity S are constant. The soil potential is
described as ψs and the potential in the tensiometer by ψt. For a conventional tensiometer, ψt only
consists of a (static) pressure term and is replaced by P. For the osmotic tensiometer, ψt is the sum of
the osmotic potential ψο and pressure P. In that case, Eq. (4) results in (Bocking and Fredlund, 1979):
Φ vol = K ( ψ t − ψ s ) = K ( P + ψ o − ψ s )

(15)
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Case I. Step change in potential for a conventional tensiometer
For a conventional tensiometer, Eq. (15) simplifies to:
Φ vol = K ( P − ψ s )

(16)

Flow Φvol is also given by:
Φ vol = − dV / dt

(17)

The pressure change is given by:
dP dP dV
=
dt dV dt

(18)

Substitution of (11), (16) and (17) in (18) results in:
dP
= − SK P − ψ s
dt

b

g

(19)

Integration with initial condition P t = 0 = P0 results in:
P = ψ s + ( P0 − ψ s )e − SKt

(20)

If the tensiometer is at equilibrium with the surrounding soil for t < 0, then ψs,0 = P0. If at t = 0 soil
potential is changed step-wise from ψs,0 to ψs, the change of P from P0 is described by (20). The response time is defined as the time necessary for the driving force (P-ψs) to be reduced to 1/e times the
original driving force (P0-ψs), which is according to (20) (Richards, 1949):
τ=

1
KS

(21)

For the driving force to be reduced by 99% (which could be a criterium for reaching equilibrium) time
t equals 4.6τ. This analysis clearly shows that for a step-change in soil potential, permeability K and
sensitivity S are equally important for the response time of a conventional tensiometer. The difference
between P and ψs is called the pressure lag PLCT, which is the measurement error introduced by the
lag of the conventional tensiometer (see also Klute and Gardner, 1962, eq. 7). Because a measurement
error is usually specified as a positive number, the absolute value is used. According to (20), the pressure lag for a conventional tensionmeter is given by:
PLCT = ( P0 − ψ s )e − SKt

(22)

The pressure lag PLCT decreases in time and will finally become zero.

Case II. Gradual potential change for a conventional tensiometer
If the soil potential is not constant but changes in time, Eq. (19) cannot be solved as done in Case I. If
the soil potential changes linearly in time, the following equation holds:
ψ s = ψ s,0 + δt

136

(23)

Here, the change of soil potential with time δ is given by:
δ=

dψ s
dt

(24)

Eq. (19) changes to:
dP
= − SK P − ψ s,0 − δt
dt

c

h

(25)

Integration of (25) with initial condition P t = 0 = P0 results in:
P = ψ s,0 + δt −

δ
1 − e − SKt + P0 − ψ s,0 e − SKt
SK

d

i c

h

(26)

If initially the conventional tensiometer was at equilibrium with the soil, i.e., P0 = ψs,0, the pressure lag
PLCT is given by:
PLCT =

δ
(1 − e − SKt )
SK

(27)

If Eq. (27) is compared with (22) it becomes clear that in case of a gradual change of soil potential,
the tensiometer will always lag behind and PLCT will increase in time, whereas for a step-change, PLCT
will decrease and eventually become zero.

Case III. Gradual potential change for an osmotic tensiometer
The gradual change in soil potential, as defined by δ, can easily be as low as 100 cmH2O/day (0.12
Pa/s) or less. In that case, another effect can become more pronounced for an osmotic tensiometer:
namely, the change in osmotic potential of the polymer solution in the cell because of the changing
temperature of the soil T during day and night. To calculate this, two parameters must be defined: the
rate of temperature change α [K/s]:
α=

dT
dt

(28)

and the change of osmotic potential with temperature β [Pa/K]:
β=

dψ o
dT

(29)

To determine the main cause of potential change in the system, δ must be compared with the product
αβ. For α=2.3·10-4 K/s and β= 3.75·104 Pa/K (see Results and Discussion), the product αβ has a
value of 8.6 Pa/s, which is roughly seventy times the value for δ given above.
For reasons of simplicity, the influence of temperature on the soil potential ψs is neglected in the remainder of this chapter though this influence can be significant, especially in drier soils (see e.g.,
Campbell and Gardner,1971 and Liu and Dane, 1993). If β is considered constant as well, the change
of osmotic potential with temperature follows from integration of (29):

d

ψ o = ψ *o + β T − T *

i

(30)
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Here, (T*, ψ *o ) is an arbitrary reference point chosen to linearly describe ψo, and not necessarily
similar to the initial temperature T0 or initial osmotic potential ψo,0. If temperature changes continuously (i.e., α is constant), (28) can be integrated starting from the initial temperature T0 at t=0. Substitution in (30) results in:

d

ψ o = ψ *o + β T0 + αt − T *

i

(31)

Substitution of (11), (15), (17) and (31) in (18) results in:
dP
= − SK P + ψ *o + β T0 + αt − T * − ψ s
dt

d

e

i

j

(32)

Solution of (32) with initial condition P t = 0 = P0 results in:

d

i

P = ψ s − ψ *o − β T0 − T * − αβt +

αβ
1 − e − SKt + P0 + ψ *o + β T0 − T * − ψ s e − SKt
SK

d

i e

d

i

j

(33)

For an osmotic tensiometer, the pressure lag PLOT is defined as:
PLOT = P + ψ o − ψ s

(34)

If initially the system is at equilibrium ( ψ s = P0 + ψ o, 0 ), PLOT is given by:
PLOT =

αβ
(1 − e − SKt )
SK

(35)

The response of the osmotic tensiometer to a varying temperature is thus a function of the products αβ
and SK.

Case IV. Osmotic tensiometer behavior with sinusoidally changing temperature
If α is not a constant but changes in time (e.g., due to the diurnal temperature variation), Eq. (28) cannot be solved directly. However, an analytical solution can be found if the temperature is assumed to
change sinusoidally according to:
T = T0 + a sin bt

(36)

Here, T0 is not only the initial temperature, but the average temperature as well. The diurnal cycle is
described by a value of b = 2.315⋅10-5 π s-1. The maximum temperature variation from T0 is given by
a, e.g., a = 5 °C. Substitution of (36) in (30) results in:
dP
= − SK P + ψ *o + β T0 + a sin bt − T * − ψ s
dt

d

i

(37)

Integration of (37) with initial condition P t = 0 = P0 results in:

bg

P t = P0 e − SKt − ψ *o + β T0 − T * − ψ s 1 − e − SKt −
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d

i

d

i

SKβa
b + ( SK ) 2
2

dbe

− SKt

− b cosbt + SK sin bt

i

(38)

Case V. Osmotic Tensiometer with arbitrary temperature change
If α does not depend in a straightforward manner on time, analytical solutions are hard to find and a
numerical technique is necessary to describe the evolution of the pressure P. This technique is described in Experimental. The result of laboratory measurements with fluctuating temperatures is compared with the outcome of the numerical model, see Results and Discussion.

Experimental
Osmotic Tensiometer design
The osmotic tensiometer (Type OT-0-35, Agro Research Instruments, Wageningen, The Netherlands)
consists of a ceramic filter clamped in a brass housing (Figure 3). The pressure transducer (Type P 12,
Envec Mess- und Regeltechnik GmbH, Kassel, Germany) is located parallel to the filter. The shallow
cylindrical space serving as cell can be filled with a polymer solution through the injection point 2. A
solution of 40 g polyethyleneglycol (MW 20 kg/mole; Merck, Darmstadt, Germany) per 100 ml distilled water is used to obtain an osmotic potential of ψo = -1.3 MPa at 22.4 °C, in accordance with
Peck and Rabbidge (1969a). A thermistor is located behind the pressure transducer. Measurement data
(pressure, temperature) are generated at constant time intervals (between 1 s and 1 hr) and sent to an
external data-collection unit. The pressure transducer is calibrated from 0 to 2 MPa by connecting a
gas-line and cylinder to the injection point 2. The thermistor was calibrated by submersion of the osmotic tensiometer in a thermostatic bath for the temperature range 10 to 40 ºC. The resolution of the
calibration instruments was within a few percent.

Figure 3. Construction of Osmotic Tensiometer. 1. Ceramic Filter, 2. Injection Point, 3. Brass Housing, 4. Cell
filled with polymer-water solution, 5. Pressure Transducer, 6. Data Transfer.
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Filter preparation
The filter used in the osmotic tensiometer consists of an α-alumina support (thickness 3 mm) with a
permeability L of 1.39⋅10-16 m2, a pore size of ~160 nm and a porosity ε of 40 %. This permeability is
about 2.5 times lower than calculated with Eq. (1) because the powder particles are non-spherical and
have a broad size distribution. Two membranes of γ-alumina are applied on top of this support. Each
γ-alumina layer has a thickness of ~2 µm, a permeability L of ~9.45⋅10-20 m2 and a pore size of ~2.5
nm. Details on the preparation of the filters can be found in De Vos and Verweij (1998). Water molecules can permeate the filter freely but the polyethyleneglycol used in the osmotic tensiometer has a
retention R > 99 %. The entire filter consisting of the α-alumina support and the two membranes, has
a conductance (per unit of surface area) for water flow of K/A = 1.76⋅10-11 m.(Pa.s)-1, which can be
calculated from Eq. (10) (ηwater=8.9⋅10-4 Pa.s at 298 K). The above values for conductance K and permeability L were measured in a liquid permeation set-up, in which the steady-state flow of water
through the filter material is measured as a function of the pressure difference over the filter (∆P up to
2 MPa). The retention R is measured in this apparatus as well by adding polymer to the water on the
high pressure side and measuring the polymer concentration on the high and the low pressure side
(chigh and clow). Retention is given by:

F
GH

R = 1−

I
JK

clow
⋅100 %
chigh

(39)

Laboratory Set-up
All experiments were done in a laboratory climate chamber in which the external 'soil' potential remained constant while the temperature changes of the laboratory were passed on directly to the tensiometer. This climate chamber consisted of a simple glass or plastic measurement cylinder (height
~33 cm, diameter ~4 cm) filled with ~10 ml of an aqueous solution. The osmotic tensiometer was
suspended over or placed directly in the aqueous solution without contact with the walls of the cylinder. The cylinder was sealed off from the laboratory atmosphere by an air-tight polymeric film (Parafilm, American National Can, Neenah, WI, USA) while only the data line to the computer made a
connection with the osmotic tensiometer. In this work, the aqueous solution always consisted of pure
distilled water, thereby simulating a soil potential of 0 Pa. Lower soil potentials can be simulated by
adding a salt to the water and using Van’t Hoff’s law. To prevent salts from entering the tensiometer,
it is best suspended over the salt-solution to create a gap for salt-transfer.
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Numerical Scheme
To solve the transport model for an arbitrary temperature change (Case V), the following procedure is
followed: 1. Measurement data (time t, temperature T, pressure P) are arranged column-wise in a
computer worksheet program (Excel 7.0, Microsoft, Redmond, WA, USA), 2. The osmotic potential is
determined for each time ti, using Eq. (30): ψo,i= ψ *o +β(Ti-T*), 3. A model prediction for P is generated
using

dP
= − SK ( P + ψ o − ψ s ) which is obtained after substituting (11) and (15) in (18). Because
dt

pure water was used to simulate the soil potential, ψs is set to zero. This equation can be discretized to
Pi = Pi −1 − ∆t ⋅ SK ( Pi −1 + ψ o ,i −1 ) , and solved with the initial conditions Pt=0=P0. For an accurate numerical integration, ∆t must be small enough that the term SK ( Pi + ψ o ,i ) only changes slightly be-

c

hc

tween each time-step; formally: 1 − Pi + ψ o ,i Pi −1 + ψ o ,i −1

h

−1

<< 1 . In the simulations a time-step of

∆t=60 s is used which gives a value for the criterion of ~0.002 which is much smaller than unity.

Results and Discussion
In this section the following issues are covered. Firstly, the equations describing osmotic tensiometer
behavior for an arbitrary temperature change (Case V) are compared with the experiments described
in the Experimental-section. Secondly, simulation results are presented that show the influence of the
group SK on the behavior of the tensiometer in more detail.

Model vs. Experiment
The model outcome was compared with experiments by plotting the pressure as a function of the temperature, instead of plotting both as a function of time as is usually done. In this manner the pressure
lag can be read from the graph with ease. Measured (P,T)-points for three days are given in Figure 4.
The highest temperatures correspond to measurements at the end of the afternoon while the lowest
temperatures correspond to measurements around sunrise. The (P,T)-points run clockwise around the
dashed ψ o -line.
The osmotic potential ψo is assumed to depend linearly on temperature. Because soil potential is set to
zero here, ψ o runs as a straight line through the measurement points in Figure 4. The pressure lag
PLOT can now be read from Figure 4 as the distance in vertical direction between a (P,T)-point and the
ψ o -line.
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Figure 4. Experiment (dots) vs. Model (solid line) for an osmotic tensiometer submersed in free water for three
days. Measurements and model start at T = 24 °C and P = 1.24 MPa and make three loops in clockwise direction.
The dashed line gives the absolute value of the osmotic potential.
The model described the measurements best for β = 3.75·104 Pa/K, a reference osmotic potential of
ψ *o = -1.3 MPa at T* = 22.4 °C and SK = 1·10-4 s-1. The initial value was P0 = -ψo,0 = 1.24 MPa at
T0 = 24 °C. The agreement between the measurements and the model is quantified in a parity plot,
which shows the calculated pressure from the model as a function of the measured pressure. The error
is given by the distance in vertical direction between a point and the 1:1-line and is always less than
7 kPa (relative error < 1 %).
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Figure 5. Parity plot showing the agreement between the model and the experiments of Figure 4.
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The osmotic tensiometer filter has a surface area A of 2.01⋅10-4 m2 which gives a value for the conductance of K = 3.54⋅10-15 m3/sPa (see Experimental). From the above value for SK, the sensitivity is
now calculated as S = 2.82⋅1010 Pa/m3.
This value could not be compared with separate experiments, because we have yet no means to do so
(see Concluding Remarks). However, it can be compared with other data:
•

Klute (1986) gives a value of S = 3.1012 Pa/m3 for a Validyne DP-50 pressure transducer and
Towner (1980) uses S = 1⋅1012 Pa/m3 as a typical value for a tensiometer under tensiometerlimited conditions.

•

The local indent at the center of a 800-series “Druck” pressure transducer was measured by the
manufacturer (personal communication) as wr=0 =0.665 µm for a pressure difference of 2 MPa for
a transducer made of silicium (E=1.07⋅1011 Pa, ν=0.33) with dimensions δt~178 µm and
R~1.5 mm. Eq. (12) predicts wr=0 =2.8 µm which is of the same order as the measurement which
is a satisfactory first estimate. Eq. (14) predicts a sensitivity of S = 3.0⋅1017 Pa/m3 for this transducer.

These three values are higher than the value determined in our experiments. This may be due to the
choice of transducer or to differential expansion of the brass tensiometer housing and/or ceramic filter
and/or aqueous polymer solution in the cell due to the changing pressure and temperature. Besides, it
is possible that the value for the conductance K was overestimated because other resistances to water
flow exist besides the filter resistance. In that case, the above calculation would underestimate the
sensitivity S.
By measuring the vertical distance between a measured (P,T)-point and the dashed ψ o -line, a pressure lag PLOT is found in the range of 7 to 11 kPa. For soil potentials below –100 kPa, this pressure
lag results in a measurement error of less than 10 % which may be acceptable. Note that the pressure
lag followed from a diurnal temperature change in our laboratory of only one degree. In the next section the pressure lag is modelled for an outdoor situation in which the temperature difference between
sunrise and sunset is 10 °C.

Further Evaluation of the Model
Model runs were made with a constant change of temperature during day and night
(αd=-αn=10 ºC/12 hr=2.31·10-4 K/s) for β=3.75⋅104 Pa/K, ψ *o =-1.4 MPa at T*=12 °C, a starting value
P0=1.5 MPa at T0=12 °C, a soil potential ψs of zero, and a time-step ∆t=600 s. For three values of the
product SK the results for the first three days are summarized in Figure 6. Here, the temperature starts
to increase from 12 ºC at 6 o’clock in the morning (sunrise) and reaches a maximum of 22 ºC at 6
o’clock in the evening (sunset).
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Figure 6. Influence of the group SK on the pressure response curves for the osmotic tensiometer. The absolute
value of the osmotic potential ψ o is a straight line starting at T=12 °C and P=1.4 MPa with a gradient of
-β=3.75⋅104 Pa/K.

At that moment it again starts to decrease to arrive at the value of 12 ºC the next morning. The osmotic potential changes linearly from -1.4 MPa at sunrise to -1.05 MPa at sunset.
For SK = 1·10-3 s-1 the pressure lag PLOT goes down to 3.5 kPa within 1 hr and remains at that value.
Only for a few minutes around 6 o’clock in the morning and in the evening, the pressure lag is lower.
For SK=1·10-4 s-1, the pressure lag increases during day and night until a maximum of ~80 kPa at sunrise and sunset. For SK=1·10-5 s-1, osmotic tensiometer performance is poor. After three days the pressure curve has almost come to a stationary situation around 1.24 MPa. The lowest values of the pressure lag are now found around midnight and noon. Around sunrise and sunset, the pressure lag is
~0.2 MPa.
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Conclusions
The basic features of the osmotic tensiometer are described in a transport model incorporating the filter permeability K, the sensitivity S, the differential temperature change α and the osmotic pressuretemperature gradient β. These parameters can be derived from separate experiments or auxiliary models. In the transport model, osmotic tensiometer response behavior is described by the products αβ
and SK and is described with reasonable accuracy for experiments in a laboratory climate chamber.
Further experimental validation of the model, however, is still necessary and is currently done in the
following manner:
1. Independent measurements of the influence of the temperature on the osmotic potential, e.g., by
using the osmotic tensiometer in a climate chamber at a constant temperature until equilibrium is
established to accurately determine the ψ o (T)-function.
2. Measurement of the response behavior of the osmotic tensiometer for different polymer concentrations and temperature changes.
The independent measurement of the sensitivity of the transducer remains a problem. It would be necessary to measure the indent of the transducer by some optical method while a pressure difference is
applied.
The model can be extended to describe the transfer of mass (e.g., salt movement through the filter,
polymer diffusion within the cell) and heat (e.g., heating and cooling of the osmotic tensiometer and
its influence on the expansion of the housing and the cell solution).
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Chapter 10. An osmotic tensiometer with polymeric gel grains

Abstract
An accurate field method that directly measures the entire range of relevant soil water potentials for
months to years, is not yet available. The osmotic tensiometer (OT) has the potential to fulfill these
demands but is still in a first stage of development. A novel OT-design may overcome several drawbacks of former designs by the use of cross-linked polymeric “gel” grains instead of an aqueous solution of linear chain polymers inside the porous ceramic cup. For this reason, the cup can have larger
pores without polymer leakage. This ensures an extremely high water exchange rate resulting in a
negligible pressure lag with changing temperatures, which is the most important source of systematic
measurement error of an OT. A second reason for better OT-performance might be the inherent elasticity of the grains which might inhibit cake formation at the filter, which is considered a major source
of the slow response of OTs filled with polymer solutions. To study several of the key parameters of
the new sensor, transient and stationary experiments were performed for sensor-limited conditions in a
solution whose temperature, salt type and salt concentration were varied. Under similar conditions,
swelling of the polymer was studied in more detail.

Introduction
The measurement of water potential (humidity) is important in many household, environmental and
industrial applications (Hübert, 1999). In agriculture and horticulture, soil water potential measurement is essential for optimised irrigation scheduling, especially where potable water is expensive. The
soil water potential Ψs is directly related to the soil humidity which varies between 99%
(Ψs ≅ - 1.4 MPa) and 100% (Ψs = 0 Pa) from a very dry to a very wet soil. Many direct and indirect
methods exist to determine soil water potential (Klute, 1986). One of these methods, the osmotic tensiometer (OT), has received renewed attention lately because of its potential use as a direct fieldmethod for measuring the entire range of relevant soil water potentials (chapter 9). A typical OT consists of a small rigid cup filled with a polymeric solution (Figure 1 and Figure 2). This solution is in
contact with the soil environment only through a porous filter, permeable for water but impermeable
for the polymer in the cup. Ψs is obtained by measuring the absolute pressure inside the cup. Until
now, all OT-designs employ solutions of non-crosslinked polyethyleneglycol polymers (e.g., MW = 20
kg/mole) which necessitates the use of carefully designed filters with a pore size in between the size of
water molecules and polymer molecules (Peck and Rabbidge, 1966, 1969a,b; Bocking and Fredlund,
1979; Markhart and Nomura, 1996; Nomura and Markhart, 1998). This design prescript results in fil-
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ters with a low conductance for water transfer which, in turn, results in a large pressure lag, the error
in the soil water potential measurement (chapter 9). A further complication with linear polymer solutions may be stratification of the solution (Bocking and Fredlund, 1979). In this case a deficiency or
“piling up” of polymer at the filter can occur depending on the direction of water flow. Only after subsequent polymer equilibration by ordinary diffusion processes, does a true stationary situation arise
again in which measurements can be made (Peck and Rabbidge, 1969). If polymer pile-up is irreversible (cake build-up), water transfer is retarded because of the resistance to water flow located in the
cake (chapter 9).

Figure 1. Osmotic Tensiometer.
The above disadvantages may be overcome by the use of crosslinked polymer (gel grains) in the OT
instead of linear polymers, which is the subject of this chapter. Because of their large size (up to
mm's), the grains do not permeate through even the most porous filter with very large pores. As a result, filters can be made very permeable giving rapid tensiometer response behaviour with a very small
systematic error due to pressure lag. Because of their elasticity (resistance to deformation) polymer
pile-up (and perhaps also polymer deficiency) at the filter surface may be prevented, thereby decreasing response time as well.
The soil water potential is measured directly from the osmotic potential of the gel grains. This is in
contrast with the measurement principle in inventions by Ornstein (1980), Weihe and Lion (1987) and
Jones (1994) in which the soil water potential is indirectly derived from the size of the gel grains: Ornstein used grains as a kind of actuator that can close a switch when soil water potential is too high (wet
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soil), in Weihe and Lion's invention, a magnet and a Hall's sensing device are used to measure the
growth of the gel grain while in Jones' invention a movable piston is the key element.
This chapter describes several straightforward and introductory experiments to give an insight in the
opportunities and pitfalls of the new OT-design. OT measurements are compared with measurements
of the swelling behaviour of unconfined polymer grains and similarities and differences between these
measurement types are discussed. The largest problem of each OT is salt transfer through the filter
resulting in a change of osmotic potential of the polymer. Charged nanofiltration membrane filters
(pore size ~ 2 nm; chapter 9) may prevent salt transfer into the tensiometer cup, but salt transfer is
totally unhindered by the filters discussed here (pore size ~ 0.5 µm). Therefore, the influence of salts
on polymer behaviour is discussed extensively.

Materials and methods
Osmotic tensiometer design
The osmotic tensiometer (Type OTPG-5, Agro Research Instruments, Wageningen, The Netherlands;
Figure 1 and Figure 2) is based on a conventional tensiometer and consists of a ceramic filter (Type
652X07-B5M1, Soilmoisture Equipment Corp., Santa Barbara, CA, USA ) with a bubble pressure of
0.5 MPa and in- and outside diameters of 6 and 10 mm and a length (from top to brass connection) of
25 mm. The internal volume Vcup is ~0.65 cm3. The conductance of the filter K = 5.85.10-15 m3/Pa.s as
measured by water permeation at pressures between 0.2 and 0.3 MPa.

Figure 2. Schematic drawing of the osmotic tensiometer concept. 1: Ceramic cup, 2: Polymer solution, 3:
Transfer disk, 4: plastic tube filled with water, 5: manometer.

The cup is filled with crosslinked polyacrylamide (PAM, see Figure 3) partly saturated with Na+-ions
and connected through a small thin transfer disk and a water-filled tube with a manometer (1410 Series, Farnell Electronic Components, Maarssen, the Netherlands). The manometer and tube must be
properly degassed before measurements because otherwise the disk deforms heavily with the following consequences: the disk may rupture, the response time increases, and a measurement error arises
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because a tension develops in the disk which results in a lower pressure on the tube/manometer-side
than on the cup-side.

H2
H C
C
H2N

n

C O

Figure 3. Polyacrylamide (PAM) repeating unit.
Polymer
Two types of polymer grains are used in the experiments, see Figure 3: Fluka-grains (Type 81128,
Polyacrylamide absorbent gel, Fluka Biochemica, Fluka Chemie AG, Buchs, Switzerland) with an average size of ~1 mm and 6.73 (±0.03) mass% Na+ (determined by atomic adsorption spectometry), and
Stockosorb-grains (Stockhausen, Krefeld, Germany) with sizes up to 3 mm and 0.26 (±0.005)
mass% Na+. The higher salt content for the Fluka-grains agrees with their higher water uptake (see
Figure 4), because a polyelectrolyte with a higher concentration of ionic species has a more polar
character and therefore more affinity to water. IR-spectra of the two polymers are compared with reference spectra of several polymers and are both fully in accordance with the PAM reference spectrum.
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Figure 4. Swelling factor of different types of polymer grains in NaCl solutions.
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Stationary OT experiments
Influence of polymer concentration in distilled water
The osmotic potential of the gel grains is measured by submersion of the OT at room temperature in
pure (free) water. The OT is filled with Fluka-grains with a concentration of polymer in the cup cpol
between 7 and 186 kg/m3. Ten measurements of the osmotic potential, Π, were performed that can be
described within 20 % relative error by Π (kPa) = -3.22⋅cpol. To our knowledge, this is the first time
that an osmotic potential is determined of gel grains instead of much-tested linear polymers. As expected, no marked difference can be observed with typical curves, obtained for linear polymer solutions (e.g., Peck and Rabbidge, 1969).

Influence of the temperature in distilled water
The influence of the temperature on the osmotic potential is measured for Fluka gel grains with
cpol = 186 kg/m3 for a temperature range 0 < T (°C) < 40. Nine measurements were performed that can
be described within 2 % relative error by Π (kPa) = -3.67⋅T – 510.82, which implies that the osmotic
potential becomes more negative with increasing temperature. This is contrary to what is the case for
the behaviour of aqueous solutions of polyethyleneglycol (MW 20 kg/mole, chapter 9) and polyvinylpyrolidone (MW 10 kg/mole, results not reported). The explanation of a positive or negative influence
of temperature on osmotic potential is based in thermodynamic arguments (Vink, 1971) but is not discussed here. Note that the opposite temperature dependencies of the polymer types mentioned suggests
the possiblity of an osmotic solution with an osmotic potential independent of temperature by mixing
different polymer types in the proper ratio. The use of such a solution would remove the pressure lag
(chapter 9).

Dynamic OT experiments
Distilled water
If the OT is filled with dry grains (0.12 gr, resulting in a concentration of ~186 kg/m3) and placed in
free water, the relative pressure, P, remains zero for ~5 h, see Figure 5. After that a low pressure
(10 kPa) is observed for several hours, followed by a rapid increase (0.3 MPa in 2.5 h) and a decrease
of dP/dt to zero at the final value of P~0.62 MPa. The long “dead time” before pressure starts to increase is caused by slow filling of the filter with water and the growth of the grains. Initially, the
grains do not exert forces upon each other and the wall because enough space is available. The pressure only starts to increase when a continuous polymer gel structure is formed between all walls of the
cup resulting in a pressure at the disk. Slowly more of the disk's surface comes into contact with
polymer grains resulting in an increasing pressure at the disk. The long “tail” (from 10-90 h) before
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the final pressure is reached is probably related to the rearrangement of the swollen grains into better
space-filling configurations. A similar “rearrangement tail” is observed in dynamic tests with unconfined grains (see further on). The time to reach equilibrium can be reduced significantly by topping off
the cup with water before it is attached to the plastic tube. Then, the slow stage of filling the cup with
water is not needed and polymers start to swell much earlier. In addition, less air has to be expelled
from the cup during swelling.
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Figure 5. Initial pressure rise in the OT.
Though the above processes take up to 100 h, the actual response behaviour of this OT-type is quite
fast, as shown in Figure 6. Here, the OT is removed from the distilled water at time “1” and put back
in the water at time “2”. In both cases the final pressure is reached in ~400 s, which is fast enough for
applications under most laboratory and field conditions. The observed pressure decrease is linear with
time, which indicates that the evaporation of water from the filter surface is the limiting step in the
transfer of water from the cup (constant rate period, e.g., Brinker and Scherer, 1990). The increase in
potential has an “exponential” appearance which can be understood by a slowly decreasing driving
force because the potential inside the cup approaches more and more the potential of free water. If we
apply the equations presented in chapter 9 for such a mechanism, a response time τ of ~50 s can be
calculated. In addition a value of 0.02 s-1 can be derived for the group SK (Sensitivity times Conductance). Using the measured value for the conductance K (see Materials and methods), we obtain a
value of S=3.42.1012 Pa/m3 which is of the order of values given in Klute (1986) and Towner (1980)
for several pressure transducers.
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Figure 6. Dynamic behaviour of the OT. At “1” the OT is removed from distilled water, the outside of the cup is
dried with absorbing paper and left in air. At “2” it is brought again in full contact with distilled water.

Ionic solutions
In Figure 7 the influence is shown of NaCl and CaCl2 on OT-performance. An OT is equilibrated with
free water and submerged at t = 0 in an excess of salt solution (~0.5 liter). Salt diffuses through the
filter of the cup and into the grains and reduces the magnitude of the osmotic potential. In the present
investigations, the effect of salt transport was just followed experimentally. For a theoretical description of salt diffusion through a tensiometer cup, see Riga and Charpentier (1998).
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Figure 7. Influence of NaCl (5 kg/m3) and CaCl2.2H2O (6.2 kg/m3) on OT-performance. At the times indicated
by the stars near the curves (

), the salt solution is replaced by distilled water.
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For NaCl, a stationary situation is reached at roughly half the initial pressure after ~3 days. After repeated replacement of the solution by pure water, the initial pressure is fully recovered from which we
conclude that NaCl is bound to the polymer network in a completely reversible way. Note that this
behaviour is different from what was observed by Peck and Rabbidge (1969a). In their study, an OT
that was initially in equilibrium with free water was submerged in water containing salts. First, the
pressure in the tensiometer dropped by a value equal to the osmotic potential of the salt solution. After
(slow) salt diffusion into the tensiometer, the pressure rose to the original value again because the osmotic potential of the salts was now cancelled. These results indicate that the osmotic potential of the
polymer was not influenced by the presence of salt, contrary to our results with PAM-grains.
After treatment with CaCl2 solutions, no recovery occurs after re-submersion in pure distilled water;
the pressure only increases to 80 kPa (from 50 kPa). This irreversible behaviour is observed for tests
with unconfined grains as well (see further on).

Stationary experiments with unconfined gel grains
Experimental
Direct, stationary measurements with unconfined grains are based on determining the mass of the
grains after equilibration for more than 20 h with an aqueous solution. During this period, water
evaporation is prevented by using an air-tight polymeric film (Parafilm, American National Can,
Neenah, WI, USA) to cover the beaker in which the grains and the solution are present. After equilibration, the grains are roughly separated from the solution by filtration on a fine-meshed grid (hole
size ~0.5 mm). Remaining water is removed by pressing the grid (with the grains on top of it) with
some force onto filter paper which removes any water that still adhers to the grains by capillary forces.
Water inside the grains is not removed in this way. The mass of the grains is measured with a balance
after which they are put back in the aqueous solution. The swelling factor SF is determined as the
mass of the grains in equilibrium with the solution divided by the mass of the original dry grains Mdry.
Distribution of SF for distilled water
The 17 SF measurements performed with Fluka-grains in distilled water show a rather homogeneous
distribution in the range of 400<SF<600. This might indicate that measured pressures in the OT will
also always have a certain distribution, even for a constant amount of polymer.

Relation between salt concentration inside and outside the grain at equilibrium
In one set of experiments, Fluka-grains are equilibrated with NaCl-solutions with a salt concentration
cs,l (l for liquid) in the range of 0 - 6 kg/m3 water after which they are dried in air and their dry mass
determined. The increase in (dry) mass is the mass of salt in each grain. From these data, it is possible
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to calculate the salt concentration in each grain cs,p (p for polymer) when at equilibrium with the solution. The measurements show that at equilibrium cs,p=cs,l (6 measurements, maximum deviation 13%).
This result is used implicitly and explicitly from this point forward.

Influence of temperature, salt type and salt concentration on SF of Fluka and Stockosorb grains
The swelling factor, SF, is measured of Fluka and Stockosorb grains in various NaCl and CaCl2solutions at different temperatures:
1. At room temperature and for NaCl, a comparison is made between the two grain types. The result
is depicted in Figure 4. At low salt concentrations (cs,p < 1 kg/m3), SF is larger for the Fluka grains
than for the Stockosorb grains. This is in accordance with the higher salt concentration of these grains
compared to Stockosorb grains (see Materials and methods). For cs,p > 1 kg/m3, SF for the two grain
types gradually becomes equal. The magnitude of dSF/dcs,p decreases with cs,p.
2. In Figure 8 the difference in swelling behaviour for two salt types (for Fluka grains and at room
temperature) is depicted. The unit “equivalent” stands for the molar concentration of positive charges
in the solution. Clearly CaCl2 influences the swelling behaviour more rigorously than NaCl. A possible explanation is the electrostatic interaction between a single two-valent Ca2+-ion and two different
O2--groups at different locations along the polymer chain, which results in so-called “bridging” and
therefore a lower SF. The experiments can be fitted by:
SF = a + be

− dcs , p

+ fe

− gcs , p

+ he

− kcs , p

(1)

The parameters in this equation are:
NaCl : a = 28.7, b = 276, d = 11.2, f = 177, g = 1.56, h = 69.2, k = 0.191

(2)

CaCl 2 : a = 10.9, b = 226, d = 857, f = 215, g = 856, h = 52.7, k = 67.8
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Figure 8. Swelling factor of Fluka polymer grains in different salt solutions. The lines are best fits using exponential functions (Eq. (1)).
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3. For NaCl and both grain types, the influence of temperature (30 < T (°C ) < 45) and salt concentration (0 < cs,p (kg/m3) < 30) is depicted in Figure 9. Results are presented using the “reduced” swelling factor RSF which is the ratio of SF to SF0 (swelling factor at 20 °C at the given cs,p). Best-fit lines
according to RSF=m⋅ln(cs,p)+n are drawn through the measurements for each temperature. Clearly,
dRSF/dT < 0 (for all cs,p) and dRSF/dcs,p > 0 (for all T). As RSF comes closer to unity on increasing
cs,p, the temperature influence on the swelling factor decreases. Further analysis of the data in Figure 9
shows that the influence of T on RSF is the same for Fluka and for Stockosorb grains.
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Figure 9. Influence of temperature and NaCl-concentration on the reduced swelling factor for Fluka and
Stockosorb grains (∆: 30 °C, both grain types; O: 35 °C, only Stockosorb; o: 40 °C, both; x: 45 °C, Stockosorb).
Reversibility of salt adsorption
The OT-experiments show that CaCl2 adsorbs irreversibly onto the polymer structure, while NaCl is
washed away in distilled water. To investigate whether this very contrasting behaviour occurs also
with unconfined grains, Stockosorb and Fluka grains are first brought at equilibrium (at room temperature) with distilled water to determine SF0 and then submerged in a salt solution to determine SF
(1 kg/m3 NaCl and 1.25 kg/m3 CaCl2.2H2O are used which give the same concentration of positive
charges). Finally, the salt solution is replaced several times with pure distilled water. Results for RSF
(=SF/SF0) are shown in Figure 10. The data points on the very right are obtained after the grains are
submerged in the salt solution. Each group of points to the left represents replacement of the solution
by distilled water. At the maximum salt concentration, RSF for the CaCl2-solution is lower than for
NaCl which is similar to the measurements of Figure 8. Though RSF is roughly the same for both
polymer types (for a given salt), SF for Fluka grains is always larger than for Stockosorb grains, see
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Figure 4. For NaCl, going toward distilled water, RSF goes rapidly to unity, while for the CaCl2, the
similar increase is to only about 0.25: CaCl2-addition results in irreversible shrinkage by a factor 4.
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Figure 10. Reversibility of salt addition. See text for explanation.

Dynamic experiments with unconfined gel grains
Distilled water
The transient behaviour of unconfined polymer grains was investigated because it influences the response time of the tensiometer. A certain amount of grains was added to a glass cylinder (inside diameter 11.4 mm, length 540 mm) together with distilled water. While the polymer grains swelled, they
became less and less visible. For the first ~24 h, small air bubbles inside each grain remained. Within
1 h after the start, the grains swelled to such an extent that they became vertically aligned, with each
grain spanning the entire cross-section of the cylinder. The growth velocity (swelling) of the grains
was followed by a small disk-like float located on top of the stack of grains (float diameter 10.4 mm,
height 5.4 mm, weight 0.84 g). For temperatures different from 20°C, a 55 cm high and 8 cm ID tube
with a bulb-like bottom was placed on a combined heating plate and stirrer (Figure 11). The laboratory
cylinder with the grains was hung inside this tube.
In contrast to the above measurements, it is not the weight of the polymer that is measured but the volume. This volume is converted to weight by assuming a density of the swollen grain equal to that of
water ρw which is a reasonable assumption for large SF-values, e.g., > 50. Results for SF as function of
time and temperature are depicted in Figure 12. Clearly, the growth rate dSF/dt decreases in time. The
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SF values of 300-370 at ~2⋅104 s are not maximum values. These are reached after another ~4⋅104 s
and amount to ~500 (±100) as discussed in the former section. Experiments at room temperature with
four different amounts of polymer (30 - 120 mg) give similar results as the T=20 °C-line in Figure 12
without a clear influence of the amount of polymer, indicating that intra-grain processes determine the
growth rate.

T

Figure 11. Setup for transient measurements of unconfined grains. The temperature in the tube is measured and
controlled by adjusting the power to the heating plate below. The thin cylinder in the center contains the grains, a
float and distilled water.
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Figure 12. Polymer swelling behaviour in distilled water at different temperatures. Typically 60 mg of Flukagrains was used.

Salt and water transfer in gel grains
The velocity of salt diffusion in the polymer grains influences the behaviour of the OT under field
conditions and is therefore studied. Salt diffusion is always accompanied by the simultaneous transport
of water and a grain volume change. Modeling of this multicomponent mass transfer is beyond the
scope of this work. For an in-depth treatment of this subject, see Flory, 1953 (p. 576 - 589); Pratt and
Cooney, 1973; Painter and Shenoy, 1993 and Omidian et al., 1998.
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Grains are equilibrated with a NaCl solution of ~1 kg/m3 and subsequently submerged in a stirred
beaker filled with distilled water. The electrical conductivity is measured at regular time intervals to
determine the salt concentration in the liquid cs,l. Because the magnet stirrer would destroy the polymer grains, the grains rest on a horizontal wire gauze ~3 cm above the stirrer. Besides measuring the
electrical conductivity, the mass of the swelling grain is also measured at irregular time intervals: the
grain is lifted from the beaker, dried, weighed and put back. To calculate the polymer grain volume Vp
from cs,l, we use a salt balance of the beaker:
cs,lVl + cs , pV p = cs, p ,iniV p ,ini

(3)

Here, Vl is the volume of the liquid; Vp,ini the initial volume of the polymer grain and cs,p,ini the initial
salt concentration in the polymer grain. Because the grain is equilibrated initially with a 1 kg/m3 NaCl
solution, cs,p,ini = 1 kg/m3. Vl and Vp change in time and are related by an overall water balance for the
beaker:
Vl = Vl ,ini − (V p − V p ,ini )

(4)

Though salt gradients (∇cs,p) are by definition present within the gel grain, we assume these small
enough to relate the swelling factor SF to cs,p using equation (1) which is formally only valid for a
constant (with respect to place) cs,p. Using V p = SF ⋅ M dry ⋅ ρ w−1 , Vp is calculated. The salt flux Js
through the grain/liquid surface (mol/m2.s) is given by a differential mass balance for the salt over the
polymer grain:
d (cs, pV p )
dt

= − J s Ap

(5)

Assuming a spherical particle, the surface of the polymer grain Ap is related to Vp by:
Ap = (6π1/ 2V p ) 2 / 3

(6)

Js follows from (5) using an iteration scheme based on measurements at ti and ti-1:
J s ,i = −

RS
T

1 cs, p ,iV p ,i − cs , p ,i −1V p ,i −1
Ap ,i
∆t

UV
W

(7)

The flux of water Jw into the grain is given by:
dV p
dt

= J w Ap

(8)

The iteration scheme now results in:
J w ,i =

RS
T

1 V p ,i − V p ,i −1
Ap ,i
∆t

UV
W

(9)

The set of equations (1)-(4), (6), (7) and (9) is solved by trial-and-error for each measured salt concentration cs,l giving a corresponding value for cs,p, SF, Vp, Vl, Js and Jw. For a polymer grain with initial weight Mdry=32 mg and Vl,ini=4⋅10-7 m3, results are plotted in Figure 13, Figure 14 and Figure 15.
Figure 13 depicts cs,l and cs,p together with the equilibrium condition cs,l=cs,p which is represented by
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the grey symbols at t = 1⋅105 s. Equilibrium is reached within ~20% at the end of the experiment. In
Figure 14, SF is plotted, as determined by the above procedure, by the equilibrium condition and by
direct measurement of the mass. The two different measurement types are in fair agreement. Salt and
water flux (Js and Jw) are depicted in Figure 15. Both decrease over 2 orders during the experiment.
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Figure 13. Measured salt concentrations in the liquid cs,l (o) and in polymer grain cs,p (∆) for a single Fluka
grain. White symbols are measured and calculated using the balance equation (3) and grey symbols are calculated from the equilibrium condition cs,l = cs,p.
It can be concluded that with simple laboratory equipment and two independent measurement techniques (salt bulk concentration and mass of polymer grain), the influence of a step change in salt concentration on the grain growth and related parameters can be adequately studied.
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Figure 14. Measured swelling factor SF. Squares (o) are obtained with the balance equation (3) and the grey
symbol is based on equilibrium. Triangles (∆) are determined from a direct measurement of the grain mass.
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Figure 15. Salt flux out of and water flux into the growing polymer grain. The drawn lines are trendlines based
on power law fits.

Conclusions
An osmotic tensiometer constructed by adding several polymer gel grains to the cup of a conventional
tensiometer may be useful for field applications because of its simplicity, low cost, and fast response
under sensor-limited conditions. This may be due to the high conductance of the filter and absence of
cake formation at the filter owing to the inherent elasticity of the gel grains.
The stationary and dynamic behaviour of this osmotic tensiometer was tested in aqueous solutions,
while similar experiments were conducted with unconfined grains. Each test has its specific advantage: the osmotic tensiometer gives potentials of the system directly (main objective), while tests with
unconfined grains mainly yield the swelling factor. However, these tests are much faster, easier and
more reproducible and therefore useful for quickly scanning polymer behaviour (e.g., as function of
salt concentration and type, to which osmotic potential and swelling factor respond likewise).
The major problem with this and other osmotic tensiometers is that salts change the equilibrium osmotic potential of the polymer, either reversibly as for NaCl or irreversibly as for CaCl2. Possible solutions for this problem may be found in a suitable choice of polymer type, use of a built-in vapour
gap in the filter, use of zeolites as ion-exchangers within the solution, or ion-selective membrane filters.
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Chapter 11. Tensiometer Response to a Temperature Step Change
Abstract
A model is set up to describe the pressure change in a conventional or osmotic tensiometer due to a
sudden temperature change. This model is useful to measure the tensiometer parameters such as
transducer sensitivity and filter conductance, and to understand and eliminate undesired pressure
changes which may induce failure or cavitation. The model is able to approximate measured pressure
profiles, but cannot account for the long re-adjustment time of osmotic tensiometers. This behavior is
caused by the deleterious effect of polymer on the water equilibration behavior of the tensiometer.
Three timescales have been identified in which the influence of temperature on pressure is totally different both in mechanism and effect. Simplifications to the model can be used in 'engineering' estimations for safety purposes and result in overestimating the pressure change significantly. Simulations
and experiments are in agreement in that the response to a temperature increase and decrease are
fairly symmetric.

Introduction
Sudden temperature changes in the soil may damage conventional and osmotic tensiometers because
they result in steep pressure changes. In case of a pressure increase (because of a temperature increase), the pressure transducer, ceramic filter or sealing may be damaged while in case of a pressure
decrease, especially for the conventional tensiometer, cavitation may occur resulting in failure of the
instrument and the need to open and refill. Tensiometers may be exposed deliberately to sudden temperature changes to study their dynamic behavior and to measure several instrument properties that
are not easily obtained otherwise, such as the sensor sensitivity Spt and the conductance K of the filter
system. Furthermore, such measurements may provide insight into the presence of limitations to water
equilibration other than due to the ceramic filter, such as polymer back-diffusion or cake-formation. In
case of a steep temperature change, these phenomena can be studied individually, in contrast to measurements with gradually changing temperatures due to the day-night rhythm (chapter 9). In such experiments, Spt and K are obtained as a single product Spt·K only. For the above reasons, a dynamic
transport model is constructed in this chapter to describe the effect of an arbitrary temperature change
on the space-resolved pressure response in a tensiometer as a function of the initial conditions, temperature profile, cup dimensions, Spt and K and simple physical properties of the metal housing and
the liquid. As this is the first model of this kind, simplifying assumptions are made to elucidate the
effect of the most important parameters. Comparison with experiments is made and discrepancies
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between model and experiment are discussed, resulting in recommendations for model improvements.
An analytical expression is derived that can be used for safety calculations.

Theory
I Problem statement
We consider the tensiometer cup as a finite cylinder with height h, inner radius Rw, outer radius Rs and
wall thickness δ, see Figure 1.

Pressure Transducer

δ

s w
h

Cup V,P,T
Steel
Housing

Rw
Rs

Membrane
Figure 1. Tensiometer cup.
In Part II, the dynamic equations are set up to describe tensiometer response to a temperature stepchange. We consider the entire housing to consist of stainless steel (s) and the content of the cup to
consist of pure water (w). The cylindrical part of the cup is allowed to contract and expand in r- and
h-direction because of a change in temperature and pressure, while the pressure transducer is considered to respond to a change in pressure only. We assume that the ceramic filter at the bottom of the
cylinder is stiff in the sense that it does not expand/contract in h-direction, but that it is elastic in the
sense that it does not influence the expansion/contraction of the cylindrical steel housing. In part III,
the initial pressure in the tensiometer cup is determined for the case that the water flow through the
filter equals zero. In part IV, an analytical solution is derived for zero water flux, an extremely stiff
housing and sensitive pressure transducer, taking into account the influence of temperature on the
thermal expansion coefficient and compressibility of water.
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II General equations
A mass balance over the cup for the water phase is given by:

b g = −ρ

d ρ wV
dt

w K( P

+ ψo )

(1)

In this form of the mass balance, the reference pressure is the atmospheric pressure, while the soil
water potential (or matric potential) is set to zero, describing the situation of experiments in distilled
water. The conventional tensiometer can be included by taking the osmotic potential of the polymer
solution in the cup ψo equal to zero. In (1) it is assumed that within the filter, the density of the water
ρw and the conductance K (m3/(s.Pa)) are constant. The density change of water with temperature or
pressure is very small, so using ρw for room temperature and atmospheric pressure is allowed. Note
that this approach is in contrast to the elaborate description for ρw that is used for the water in the cup,
necessary to accurately calculate the pressure change in the cup. The conductance K is inversely proportional to viscosity η (chapter 9) and therefore the following expression for K is used here:
K = K 20

η 20
995.46
= K 20
2
η(T f )
0.5505T f − 50.247T f + 1780.2

(2)

Here, Tf is the temperature of the filter (0<Tf (°C)<40) which we will assume is the average of the
water temperature in the cup Tw and the temperature of the thermostatic bath T1: T f =

1
2

bT

w

g

+ T1 in

which the tensiometer is tested. The conductance K depends not only on filter characteristics but may
include a resistance caused by polymer pile-up (cake formation) at the filter surface. The volume of
the cup is given by:
P

z

V = h ⋅ πR w2 + S pt−1dP = h ⋅ πRw2 +
0

P
S pt

(3)

The second equality holds if the transducer sensitivity Spt is independent of pressure (chapter 9).
The change in water density ρw is given by:
dρ w =

∂ρ
∂ρ w
dTw + w dP
∂T
∂P

(4)

The first term on the RHS is given by:
∂ρ w
= −ρ w ⋅ γ w
∂T

(5)

with γw the volumetric expansion coefficient of water (2.0678⋅10-4 K-1 at 20 °C). The second term:
∂ρ w
= ρw ⋅ κ T
∂P

(6)

with κT the isothermal compressibility of water (4.58⋅10-10 Pa-1 at 20 °C). Though not necessarily
true, we will assume at this point that γw and α (see further on) are independent of pressure and temperature. In reality, both γw and α depend on P and T, but the dependencies are awkward expressions.
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Some preliminary calculations showed that for temperature changes < ~5 degrees, these dependencies
can be neglected, see Part IV. For an isotropic, linearly elastic material with a constant temperature,
the steady-state change of height of a hollow cylinder with endcaps is given by (Boresi et al., 1978):

LM
MN

dh = h α dTs +

(1 − 2 ν) Rw2

d

E R s2 − R w2

OP
i PQ
dP

(7)

Here again the outside atmospheric pressure is set to zero, while the material is assumed stress-free at
atmospheric pressure. For stainless steel, the coefficient of linear expansion is α = 1.73⋅10-5 K-1, the
Poisson ratio ν=0.27 and the Young’s modulus E = 195 GPa. It is assumed that α and E are independent of temperature and pressure. The change in radius Rw -in analogy with (7)- is given by:

LM
N

(1 − 2 ν) R w2 + (1 + ν) Rs2

dRw = R w α dTs +

E ( Rs2 − Rw2 )

dP

OP
Q

(8)

To describe dynamic tensiometer behavior, the above equations have to be rewritten in the following
manner. The change in pressure P follows from differentiating (3):

FG
H

FG
H

dRw
dP
dV
dh
= S pt
− π Rw2
+ 2hRw
dt
dt
dt
dt

IJ IJ
KK

(9)

dV
follows from (1):
dt
dV
V dρ w
= − K( P + ψ o ) −
dt
ρ w dt

(10)

dρ w
follows from (4):
dt
dρ w
dT
dP
= −ρ w γ w w + ρ w κ T
dt
dt
dt

(11)

dRw
follows from (8) and (18):
dt
dR w
dT
(1 − 2 ν) Rw2 + (1 + ν) R s2 dP
= Rw α s + R w
dt
dt
dt
E ( R s2 − R w2 )

(12)

dh
follows from (7) and (23):
dt
dT
(1 − 2 ν) Rw2 dP
dh
= hα s + h
dt
dt
E Rs2 − Rw2 dt

d
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i

(13)

III Maximum pressure increase, linearization
Analytical expressions for the pressure change after a sudded temperature change can be found if it is
assumed that water transfer through the filter during this initial stage is zero (i.e., K→0). As above, γw,
κT, α and E are taken independent of temperature and pressure. Initial values are T0, P0, ρw,0, V0, h0,
Rw,0. First, (1) results in:
ρ w,0V0 = ρ wV

(14)

Equation (4) results in:
ρ w = ρ w ,0 − ρ w ,0 ⋅ γ w (Tw − T0 ) + ρ w ,0 ⋅ κ T ( P − P0 )

(15)

Equation (7) results in:
(1 − 2 ν) R w ,0
h
( P − P0 )
h = h0 + h0 ⋅ α (Ts − T0 ) + 0
E R + δ 2 − R2
w ,0
w ,0
2

c

(16)

h

and equation (8) in:
Rw = Rw ,0 + R w,0 ⋅ α (Ts − T0 ) +

R w,0 (1 − 2 ν) R w2 ,0 + (1 + ν)( Rw ,0 + δ ) 2

cR

E

w ,0

+δ

h

2

− Rw2 ,0

( P − P0 )

(17)

Together with (3), 5 equations and 5 unknowns are obtained. This set of equations can be solved
analytically. The initial T0 and P0 are based on the measurement conditions just before the stepchange; h0 and Rw,0 are known and V0 follows from (3). The actual value of ρ0 is unimportant because
it is not present in the final solution. Combination of equations (3) and (14)-(17) results in:

V0

F
G
( P − P )q ⋅ G πh R
GH

F
I
(1 − 2 ν) R ( P − P ) J
G
= l1 − γ (T − T ) + κ
GG1 + α(T − T ) + E F c R + δh − R I JJ ⋅
H
KK
H
F
I P IJ
−
+
+
+
1
2
ν
R
1
ν
R
δ
(
)
(
)(
)
GG1 + α(T − T ) +
( P − P )J +
JJ S JJ
F
I
GH
E H c R + δh − R K
K
K
w

w

T

0

0

0

2
w ,0

2
w ,0

s

0

w ,0
2

2
w ,0

s

0

0

2

2
w ,0

(18)

2

w ,0

2

w ,0

2
w,0

0

pt

This is a fourth-order expression which is solved for P by trial-and-error. An explicit expression is
obtained for an extremely stiff housing (E→∞), no linear expansion (α→0) and a sensitive pressure
transducer (Spt→∞). In that case, (18) results in:
P = P0 +

γ w (Tw − T0 )
κT

(19)

This is an important equation to estimate the pressure change in a tensiometer for an infinitely fast
temperature change. It is generally applicable for any tensiometer and does not depend on size or
choice of material. It overestimates the true pressure change so it can be used for safety and failure
calculations to determine the maximum temperature change for which damage to a tensiometer (pres-
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sure transducer, sealing or filter) is not to be expected. Equation (19) can also be derived directly from
(4) using the assumption of a constant cup volume (

dV
=0).
dt

IV Analytical solution implementing temperature influence on κT and γw
For a constant cup volume, the change of κT and γw with temperature can be implemented as follows.
Equation (4) results for that case in:
dρ w
∂ρ
∂ρ dP
dP
=0= w + w
= −ρ w ⋅ γ w + ρ w ⋅ κ T
∂T
∂P dT
dT
dT
For 10<T (°C)<50 and for water, the group

(20)

γ w (T )
can be described within 5% relative error with A⋅T
κ T (T )

with A=2.15 Pa⋅(°C)-2 (Lide, 1994). Therefore, (20) results in:
w
γ w (T )
P = P0 +
dTw = P0 + ATw dTw = P0 + A 21 (Tw2 − T02 )
κ (T )
T0 T
Tw , 0

Tw

T

z

z

(21)

In Figure 2, a comparison is made between the predictions of equation (18), (19) and (21). Clearly,
the expansion of the housing and the transducer –as implemented in (18)– is important and results in a
lower pressure increase than predicted by either (19) or (21). The engineering equation (19) can be
used instead of (21) for a temperature change up to 5 degrees.
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Figure 2. Comparison of explicit equations for pressure response due to a step-change in temperature in a tensiometer of stainless steel. Data in text, with Spt=1⋅1015 Pa/m3, h0=10 mm, Rw,0=7.5 mm, δ=3.5 mm.
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Experimental
Tensiometer
The tensiometer consists of a combined temperature sensor and pressure transducer (Type PR55/80613.3-20, Keller AG für Druckmesstechnik, Winterthur, Switzerland) with a dedicated stainless
steel housing (Agro Research Instruments, Wageningen, Netherlands) attached on top of the ‘Keller’
sensor, see Figure 3. A ceramic filter is glued in the conical front end of the housing. Between filter
and pressure transducer, a cylindrical space remains which is the pressure chamber (cup) filled with
water or an osmotic solution. Pressure and temperature data can be obtained at intervals, e.g., in between 1 s and 100 s and are sent to a data-collection unit and digitally processed. The precision of
pressure and temperature measurement is ~50 Pa and ~0.005 °C. Relevant sizes of the tensiometer
cup are h0=10 mm, Rw,0=7.5 mm, δ0=3.5 mm, Rs,0=11 mm.

Figure 3. Tensiometer. Left: frontview with filter in the center. Right: sideview. Going from left to right the sensor consists of the ceramic filter, the pressure chamber (cup), the pressure transducer, the temperature sensor and
the ‘body’ of the (commercial) transducer. The shaded area depicts the stainless steel housing of the device.

Filter Preparation
The filter (see Figure 4) consists of an α-alumina macroporous support (thickness ~2 mm) with a thin
(2µm) γ-alumina layer on top, able to retain the polymer, but permeable for water. The γ-layer is located at the inside of the filter. The α-alumina support is made by filtration of a colloidal suspension
(chapter 7) while the γ-alumina layer is formed by dipcoating (De Vos and Verweij, 1998).

Test Set-up
The osmotic tensiometer is filled with the appropriate medium and equilibrated in a bath of distilled
water of which the temperature can be controlled to within 0.05 °C. At the start of a temperature step
response experiment, the tensiometer is removed from the bath and directly submerged in an adjacent
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bath with a temperature 5 °C higher or lower (± 0.05 °C). Temperature data of the thermostatic baths
is sent together with the tensiometer data to the data-collection unit.

Results and Discussion
Temperature
Heat transfer from the environment into the tensiometer is described by:
λi
∂T
=
∇ 2 T = ai ∇ 2 T
∂t ρ i c p ,i

(22)

with T temperature, t time, λi heat conductivity (W/mK), ρi density (kg/m3), cp,i heat capacity (J/kgK)
and ai heat diffusivity (m2/s).

Figure 4. Mesoporous γ-alumina layer on top of macroporous α-alumina layer;
the latter extents for ~2 mm from the bottom-left corner of the photo.

Formally, this partial differential equation should be solved for the tensiometer cup for a twodimensional grid, taking into account the different λi, ρi and cp,i of the stainless steel housing, the (porous) ceramic filter and the polymeric aqueous solution. Additionally, a heat transfer coefficient can
be introduced in the boundary condition for the outside of the tensiometer representing a resistance to
heat transfer present outside the tensiometer.
Solution of this set of equations is difficult while its results would not be easily generalised. As the
objective of this work is to gain insight into the working of the tensiometer, reduction of the problem
to insightful equations is a prerequisite. We therefore simplified the problem to a one-dimensional
one, considering only heat transfer through the cylindrical stainless steel wall into the aqueous solution.
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Now, (22) reduces to:

FG IJ
H K

∂T a i ∂
∂T
=
r
∂t
r ∂r
∂r

(23)

Four approaches were tested in this work based on (23):
A. The measured temperature in the tensiometer is set equal to Tw and Ts.
B. A constant a for the entire system is assumed as well as a constant initial temperature T0 (dT/dr=0
at t=0), and a constant surface temperature T1 (dT1/dt=0 at the outside of the cylinder r=R) which implies an infinitely high external heat transfer rate. These assumptions result in an analytical solution
(Carslaw and Jaeger, 1959; p. 199):
T1 − T 2 ∞ − aα 2n t J 0 (rα n )
= ∑e
T1 − T0 R n =1
α n J 1 ( Rα n )

(24)

Here, αn are the positive roots of J0(αR)=0; the first six of which are given by:
r = R s = 11 mm : α 1 .. α 6 : 219, 502, 787, 1072, 1357, 1643

(25)

r = R w = 7.5 mm: α 1 .. α 6 : 321, 736, 1154, 1572, 1991, 2409

The Bessel functions (Carslaw and Jaeger, p.488) Jν(z) are given by:
∞

J ν ( z) = ∑
s=0

( −1) s ( 21 z ) ν + 2 s

(26)

s! Γ ( ν + s + 1)

Here ν designates the order of the function, e.g., for ν=1, the first order Bessel function is considered.
The gamma function Γ is given by (Jenson and Jeffreys, 1977; p.146):
Γ(n) =

z

∞ n −1 − t

0

t

e dt = (n − 1)!

(27)

For the center of the cylinder (r=0), J0=1. The average temperature of the cylinder is given by:
T1 − Tav
4
= 2
T1 − T0
R

∞

∑ α 2 e − aα t
n =1

1

2
n

(28)

n

Functions like (24) and (28) are not suitable (i.e., do not converge) for values of the Fourier number
Fo=a⋅t/R2 below 0.02.
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Figure 5. Temperature profiles in the osmotic tensiometer.
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The measured temperature in the tensiometer is considered to be the center temperature (r=0) and is
fitted with eq. (24). For a thermal diffusivity a=5.6⋅10-7 m2/s, measurements are described accurately
for tc > 3 sec, corresponding to a Fourier number of Fo=0.014. Based on this a-value, the average
temperature Tw=Ts is calculated (eq. (28)), which is used in the simulation. Approach B is validated
because the above value for a is in between as of steel (as=1.34⋅10-5 m2/s, λs=50 W/mK,
ρs=7800 kg/m3, cp,s=480 J/kgK) and of water (aw=1.44⋅10-7 m2/s, λw=0.6 W/mK, ρw=1000 kg/m3,
cp,w=4180 J/kgK).
C. To differentiate between the temperature of the steel housing and the water-filled cup, the graphical evaluation of eq. (24) on p. 200 of Carslaw and Jaeger (1959) is used to determine the average
temperature for the steel housing (7.5 < r (mm) < 11) and the water phase (r < 7.5 mm) which results
in:
.
+ 0108978
.
Ts = T0 + (T1 − T0 )(154187
Fo - 0.6487 Fo 0.5 + 0.23029 ln( Fo) - 2.349 ⋅ 10 −7 ln( Fo) Fo −2
(29)
Tw = T0 + (T1 - T0 )(-1.173647 + 2.171717 (1 +
Fo =

- Fo -0.013656
e 0.132035

))

at

(30)
(31)

Rs2

Here, the thermal diffusivity a is the one determined in B.
D. The above procedures are based on measured T(t)-data, but to find a realistic, analytic T-t relation
without the need for measured data, the following approach is used, based on the fact that as>>aw,.
This implies that the steel housing responds much faster to a temperature change than the water contained therein. Therefore Ts

t =0

can be set equal to T1 and (28) used for the average water temperature

with a=aw and R=Rw.
Procedures B, C and D cannot be used at very low timescales (~tc<2 s) because the temperature
changes with time are too fast for the numerical code to give a stable result, or because the Fourierseries are invalid. Therefore (18) is used to determine P at tc, using the appropriate equations for the
temperature. Implicitly, zero water transfer is assumed from t=0 to t=tc.

Osmotic potential
First, the influence of temperature T (°C) on the osmotic potential ψo (Pa) is derived from the equilibrium measurements for PVP polymer (PolyVinylPyrrolidone; MW=40 kg/mole; 297 kg/m3; Acros
Organics, Fischer Scientific, Hampton, NH, USA) and the PAM gel-grains (254 kg/m3; Type 81128,
Polyacrylamide absorbent gel, Fluka Biochemica, Fluka Chemie AG, Buchs, Switzerland):
ψo = A + B ⋅ T

,

A PVP = −1072
.
⋅ 10 6
A PAM = −1639
.
⋅ 10 6
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, B PVP =

8.83 ⋅ 10 3

, B PAM = −1065
.
⋅ 10 4

(32)

Numerical procedure
The 5 differential equations (9), (10), (11), (12) and (13) together with the algebraic equations (28)
and (32) can be solved simultaneously with the initial conditions given above using a 3rd order semiimplicit Runge-Kutta numerical scheme combined with a Bulirsch-Stoer extrapolation method for
step size adjustment. Calculations were done with the BESIRK-subroutine of Maple, a computer algebra system (Schwalbe et al., 1996).

Symmetry of response to temperature change
A typical result of the model is that (for K independent of temperature), the response of the tensiometer to a temperature change must be invariant to the sign of the temperature change (either upward
or downward). To test this prediction, all measurements are summarized in Figure 6, which shows

Pressure difference for temperature decrease
(bar)

that this invariance roughly holds (as a rule of thumb).
5.5

3.5

1.5

-0.5
-0.5

1.5

3.5

5.5

Pressure difference for temperature rise (bar)

Figure 6. Pressure increase and decrease at the same time after application of a temperature step change. All
measurements are shown, obtained for a solution of pure water or an aqueous solution with PVP or PAM.

Comparison of simulation results for the conventional tensiometer
The four temperature models A-D are compared in Figure 7. Clearly, a correct description of temperature profiles is of key importance to the description of the pressure changes in the tensiometer
cup. Model A –based directly on the measured temperatures– shows a slow increase of pressure with
a low maximum. This is due to the slow temperature increase implemented in the model. In model B
both temperatures Tw and Ts increase rapidly after t=0 and a high maximum is reached soon. In
model C the steel housing heats up faster than the water in the cell resulting in a high expansion of the
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housing and negative pressures initially. The same holds for model D but because Ts is set equal to T1
from t=0, the initial pressure is much lower than in model C.
From this point forward we focus on temperature model D because it is the only model that does not
require experimental data as input.

Comparison of model D and experiments with the conventional tensiometer
Measurements with the cups filled only with deaerated water are presented in Figure 8 for an initial
temperature of 20 °C with a step-change of 5 °C. The measured profile is best approximated using
values of Spt~1-2⋅1015 Pa/m3 and K20~2⋅10-16 m3/sPa, though the correspondence is not satisfactorily at
the short time-scale of this experiment. This discrepancy is most probably caused by the unclear nature of the temperature penetration into the cup.
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-0.5

Figure 7. Comparison of calculated pressure responses to temperature step-changes according to models A-D
for the conventional tensiometer. Stepchange of +5 °C from 20 °C, Spt=1⋅1015 Pa/m3, K20=3⋅10-16 m3/sPa.

Comparison of model D with experiments with the osmotic tensiometer filled with PVP
In Figure 9 experimental results for an osmotic tensiometer filled with PVP, are compared with model
predictions. Note that for optimum graphical presentation, a logarithmic x-axis is used with a time
transformation t→t+100 (s). The model is in good agreement with the experiments up to 400 s. Best
results are obtained for an Spt-value similar to that of the conventional tensiometer, which is an encouraging result and underpins the validity of the model chosen. The optimum value for K20 is 20
times lower than that of the conventional tensiometer which suggests strongly the occurence of a mass
transfer limitations other than those of the ceramic filter.
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Figure 8. Measurements and simulation results with the conventional tensiometer for a temperature rise of 5°C.
For the solid lines, Spt=1⋅1015 Pa/m3 with K20 decreasing in the direction of the arrow (resp., 3, 2 and
1.5⋅10-16 m3/sPa). For the dashed line: Spt=2⋅1015 Pa/m3 and K20=2⋅10-16 m3/sPa.
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Figure 9. Measurements and simulation results with the osmotic tensiometer, filled with PVP for a temperature
rise of 5 °C. For the solid lines, Spt=1⋅1015 Pa/m3 with K20 decreasing in the direction of the arrow (resp., 3⋅10-16,
3⋅10-17, 1⋅10-17and 3⋅10-18 m3/sPa). For the dashed line: Spt=2.3⋅1015 Pa/m3 and K20=1⋅10-17 m3/sPa. x-axis values
are 100 s higher than the true values.
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The most likely one is polymer pile-up at the filter which retards the flow of water out of the tensiometer cup. A large deviation remains at the right tip of the curve (from 4⋅102 - 104 s) where the
measured pressure decreases much slower than predicted by the model (with any set of Spt and K20).
This must be caused by the slow equilibration of the system due to the back-diffusion into the cell of
the polymer piled up at the filter. Note that the temperature change of 5 degrees results in significant
pressure lags even after significant periods of time (~1 bar after 1⋅103 s; ~0.15 bar after 1⋅104 s). This
indicates that operation of such an OT under diurnal variation of the temperature (chapter 9), will be
problematic.

Comparison of model D with experiments with the osmotic tensiometer filled with PAM gel-grains
For the osmotic tensiometer filled with PAM grains, similar behavior is observed. A somewhat higher
Spt-value is used than for the PVP solution, while the value of K20 is almost the same (1⋅10-17 vs. 1.5 –
2⋅10-17 m3/sPa for PVP). The measured pressure lag of ~0.8 bar after 1⋅103 s and ~0.1 bar after 1⋅104 s
is only slightly lower than for PVP.
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Figure 10. Measurements and simulations with the osmotic tensiometer filled with PAM grains for a temperature rise of 5 °C. Spt=5⋅1015 Pa/m3 with K20 decreasing in direction of arrow (resp., 2⋅10-17 and 1.5⋅10-17 m3/sPa).
x-axis values are 100 s higher than the true values.
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Discussion
Regimes
From the above measurements and simulations it becomes clear that depending on the time scale different T-P relationships exist.
I For a very short period (t < 10 s), the change of P is opposite to that of T, due to a faster temperature
change of the steel housing than the aqueous solution. This regime was observed in all measurements
with PVP and PAM (for either a temperature increase or decrease of 5 °C) but for pure water (conventional tensiometer) only for a temperature decrease. For the polymer solutions, the pressure peak is
~0.6 bar and for water ~0.2 bar.
II When the water in the tensiometer starts to respond to the external temperature step change, the
pressure change dP/dt becomes zero and changes sign. Now, the pressure and temperature change
have similar signs. This regime occurs at 10 < t (s) < 100 for the conventional tensiometer and at
100 < t (s) < 10,000 for the osmotic tensiometer. In experiments in the conventional tensiometer, the
maximum pressure change is ~1.3 bar for both a decrease and an increase of temperature. Thus, pressures below vacuum were measured indicating that the water had been under tension for ~20 s. Interestingly, this did not influence the subsequent tensiometer behavior, which indicates that cavities did
not form in the short period of negative pressures, or directly collapsed thereafter.
III In case of an osmotic tensiometer, due to the influence of temperature on the osmotic potential ψo,
the final, steady-state pressure may be higher (for PAM grains) or lower (for PVP polymer) than the
equilibrium pressure before the temperature step.

Model improvements
To investigate the discrepancy between model and measurement at the start of the experiment (regime I), it is most useful to use an impermeable material instead of the ceramic filter. By comparison
of the measured response with (18), much unambiguous information is obtained then on the intrinsic
material and liquid properties and on the expansion behaviour of the system. Especially the equilibrium pressure (long after the step change) may give useful information because, in this case, no ambiguity exists on the temperatures in the system (i.e., all equal to the bath temperature T1). The best feasible model improvements can be obtained with a numerical solution of (23) for the composite
metal/liquid or even (22) implementing heat transfer through the ceramic filter.
The tardy pressure equilibration for osmotic tensiometers (regime III) can be attributed fully to the
slow equilibration of the polymer concentration within the tensiometer cup. To describe this equilibration, a one-dimensional, instationary mass balance for the polymer must be solved including polymer flux due to water transfer (convection) and (concentration) diffusion. In the description of the
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latter, the high polymer concentration and the influence on concentration of the diffusion coefficient
must be implemented (see references in chapter 10 in relation to polymer swelling).

Conclusions
The measured pressure responses of a tensiometer to a temperature step change can be reproduced
theoretically by independently adjusting the sensitivity of the pressure transducer and the conductance
of the filter. For the conventional tensiometer –in which the entire response behavior only takes
~100 s– the accurate description of the temperatures in the aqueous phase and the steel tensiometer
housing is too difficult to obtain sufficient agreement with experiments. For the osmotic tensiometers,
the relatively slow equilibration observed for t > ~400 s is not predicted by the theory presented and is
probably due to polymer back-diffusion. The conductance of the system decreases with a factor 15-20
due to addition of polymer, which imposes serious limitations on the use of the osmotic tensiometer at
field conditions.
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