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1
Introduction

Chapter 1
1.1 Structure formation in polymer solutions by T.I.P.S.
Phase separation in polymer solutions is an important technique for the
production of a wide variety of industrially important products. For instance, the
production of controlled release systems, breathable rainwear, biodegradable
implants, and polymeric membranes can be achieved by using phase separation
techniques. For the production of membranes several techniques are commonly
used, like Diffusion Induced Phase Separation (in membrane technology
commonly referred to as D.I.P.S.) and Thermally Induced Phase Separation
(T.I.P.S.). In diffusion induced phase separation processes, it is required to have
a good solvent for the polymer and a non-solvent that sets off the phase
separation. During the process the quality of the good solvent is reduced by
diffusion of a non-solvent into a homogeneous polymer solution. This can be
realized as simple as immersing a (homogeneous) polymer solution in a bath of
non-solvent.

Because of the reduction of solvent quality, phase separation

occurs which results in a more or less rigid structure.

When for a final product a polymer is preferred, for which no good solvents at
room temperature can be found, then Thermal Induced Phase Separation can be
a remedy. In this method phase separation occurs after a homogenous polymer
solution is brought from an elevated temperature, to a lower temperature.
Lowering the temperature thus reduces the quality of the solvent. Figure 1 shows
a schematic representation of the T.I.P.S. process. The phase diagram
presented in this figure shows the different phase regions to which the
homogeneous solution can be quenched. By lowering the temperature, a
homogeneous polymer solution can be quenched into the meta-stable region
(region between the binodal and spinodal and above the fixation temperature),
the unstable region (region under the spinodal and above the fixation
temperature) or the fixation region (under the glass transition, gelation or
crystallization temperature)
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When the homogenous solution is quenched into the meta-stable region, phase
separation occurs via the so-called nucleation and growth mechanism1. In this
mechanism, first a nucleus of a minimal critical size has to be formed by random
density fluctuations in the system. If a critical nucleus is formed the reduction of
the bulk free energy exceeds the free energy penalty for the formation of
interfaces and a droplet will form by diffusion of solvent- or polymer molecules
from the bulk. Density fluctuations producing nuclei smaller than the critical size
will disappear and do not contribute to the formation of a new phase. For
membrane formation quenches into the meta-stable region to induce phase
separation are hardly used and, therefore, will be not discussed in this thesis
anymore.

Figure 1,

Schematic representation of the T.I.P.S. process in an upper critical polymer
solution. The arrow from the homogeneous to the structure fixation region
represents the performed quench.
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In membrane formation, a homogeneous polymer solution in generally quenched
in the unstable region or directly into the fixation region.

Inducing phase separation by quenching directly into the fixation region, so-called
Solid-Liquid demixing (S-L demixing), is generally applied with crystalline
polymers and/or crystalline solvent2-10. A porous structure can be obtained by the
crystallization of the solvent in a polymer matrix and after phase separation is
completed, the crystalline solvent phase is washed out. For example, Lloyd and
co-workers studied membrane formation for different systems by means of S-L
demixing.

They

studied

the

morphology

development

in

an

isotactic

polypropylene (iPP) / Hexamethylbenzene (HMB) mixture5. In this system
crystallization of the diluent (HMB) controlled the morphology of the obtained
membranes. In another system, the polymer (iPP) was the crystalline phase3, 4, 6
and influencing the crystallization kinetics of iPP controlled the final morphology.
In this thesis we do not study S-L demixing, but are completely focused on phase
separation after temperature quenches directly into the unstable region.

When a polymer solution is quenched into the unstable region, every density
fluctuation is unstable and capable of initiating phase separation. During phase
separation, a polymer-rich and polymer-poor phase is formed in a process
commonly referred to as Liquid-Liquid phase separation (L-L demixing). The
initial quench is then followed by a fixation step (for example a secondary quench
below the fixation temperature), to obtain a rigid structure, see for example11-15.

In this method, the L-L demixing is considered to be the main stage at which the
obtained (membrane) morphology is determined. To influence the morphology
different cooling rates are applied, the average polymer concentration is varied,
the polymer solution is quenched to a certain temperature and after a while a
second quench is performed to a lower temperature, etc.
For example, in several publications, a concentration gradient and/or temperature
gradient is applied for the production of anisotropic and asymmetric membranes
4
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via Liquid-Liquid phase separation16-19. Although these studies teach how to
obtain certain morphologies of a final product, and, to a certain extent, what
influence the variation of certain parameters has on the morphology, the exact
mechanism of demixing stays unclear. From these studies it is not clear whether
or not a certain parameter (e.g. the concentration) has a direct or indirect
influence on the demixing kinetics and/or the final morphology.

Therefore, to aid the interpretation of the experimental work, some theoretical
models have been used. Most frequently the macroscopic Cahn-Hilliard theory2024

has been applied. Because this theory was originally derived for metal alloys, it

does not include all the specific properties of polymer solutions, like for example
entanglements between the polymeric molecules occurring at high polymer
concentration. Recently, theories have been developed specifically for polymer
solutions25-27 and include such features.

1.2 Scope of the thesis
In this thesis the macroscopic Cahn-Hilliard description and Monte Carlo
simulations of a mesoscopic model for polymer solutions are used to study
Liquid-Liquid phase separation in the unstable region (spinodal demixing1). With
the Cahn-Hilliard description is it possible to reach time and length scales which
are comparable to the experimentally important time and length scales. The
influence of different parameters on the kinetics of demixing and morphology
development are studied and compared with existing theories and published
results. To study the influence of the polymer chain behavior after a temperature
quench, Monte Carlo simulation with a mesoscopic model of polymer solutions
are performed. Differences in phase separation kinetics, compared to the CahnHilliard description, which are introduced by the explicit inclusion of the polymer
chain properties, are studied and compared with theoretical predictions.
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1.3 Outline of the Thesis
In chapter two of this Thesis, first a general introduction to the Monte Carlo
method is given. This chapter is intended to make the reader acquainted with the
methods used in chapter 4 and 5 and to justify the choice of different simulation
models and methods.

In chapter three, the Cahn-Hilliard description is applied to study the influence of
different parameters on the structure formation in a polymer solution after a
temperature quench. The discretization scheme is described as well as theories
that are used to model polymer solutions within the Cahn-Hilliard description.
At the end of the chapter, some critical notes are mentioned, which question the
validity of the Cahn-Hilliard description for certain cases in polymer solutions.

To study the influence of chain connectivity features that are known to determine
many unique properties of polymers, in the next chapters we present simulations
in which polymers are explicitly modeled as long chain molecules. With these
studies we try to learn more about the impact of chain connectivity on the phase
separation dynamics and identify possible conditions for which the long chain
nature of polymers does or does not introduce significant deviations from the
Cahn-Hilliard description.

To look in more detail at the questions mentioned at the end of chapter three, in
the final part of this thesis, Monte Carlo simulations are applied to study different
aspects of phase separation in polymer solutions. First, the phase diagram of the
Bond-Fluctuation model invoked in this thesis is calculated in Chapter four. This
chapter describes the methods, used to calculate the binodal and spinodal of the
polymer solution. The phase diagram enables us to exactly quantify the extent of
quenching. In Chapter five, Monte Carlo simulations with short and long polymer
chains are described. The influence of the chain properties on the demixing
kinetics is studied for two systems with chain lengths below and above the
entanglement length. An ensemble of different numerical methods to determine
6
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mechanisms occurring during phase separation were invoked. Such as the
average size of the pure solvent regions and the average size of polymer rich
regions.
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2
Simulation Methods

Chapter 2
2.1 Introduction
In this chapter the computational tool – Monte Carlo simulation – which is used
throughout a large part of this thesis will be discussed. Monte Carlo (MC)
simulations are employed in computational statistical mechanics to study the
macroscopic properties of a condensed phase in terms of the properties of the
individual molecules it is composed of. Statistical Mechanics provides the
theoretical framework for these simulations and will be briefly discussed in the
second section of this chapter.

The empirical input to the simulation is a

molecular model, which we must choose such that it incorporates the essential
molecular properties in a realistic way. In Section 2.4 of this chapter a number of
models for polymers in solution will be discussed. The models of interest here
are choosen to allow studying the solution at a resolution in which the smallest
length scale is in the order of the monomeric unit. This means that in the polymer
model used, a repeat unit represents a number of monomers. Hence our model
includes only the most generic features of a polymer:

it consists of beads

connected with bonds. Because polymers are very flexible molecules, the MC
simulation must take into account the vast number of conformations the polymer
may adopt. As will be discussed in Section 2.6 this may be done by employing
Monte Carlo moves that mimic the natural dynamics of the polymer and allow to
follow conformational relaxations in “time”. If, instead of time-related properties,
average thermodynamic properties are being studied, Monte Carlo schemes that
sample a statistical representative set of polymer configurations quicker (in terms
of computer time) must be adopted. One such scheme, the Configurational
Biased Monte Carlo (C.B.M.C.) method, will be discussed in some detail in
Section 2.5. This method samples the vast number of polymer conformations
very efficiently and is used in Chapter 4 of this thesis to compute the phase
behavior of the solution. As an introduction to this study in Chapter 4, the Grand
Canonical Monte Carlo method is introduced at the end of this chapter.
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2.2 Statistical Mechanics
Statistical mechanics is the theory that bridges the gap between the properties of
individual molecules and the macroscopic thermodynamic properties of systems
containing a lot of these particles. To describe a system in full atomistic detail,
the positions r and momenta p of all particles in the system must be specified.
The microscopic state of a system containing N structure-less particles can then
be represented as a point (rN,pN) in a 6N-dimensional space. The region of this
6N-dimensional space explored by the system, is called the phase-space of the
system and contains all information regarding its (thermo)dynamic properties.
Considering a typical experimental situation where the number of particles is in
23

the order of the number of Avagadro (N∝10 ), it will be clear that a theory based
on such a full atomistic description will be unfeasible. On the other hand, we
know from thermodynamics that we only need a couple of variables, depending
on the conditions of our experiment, to completely describe the state of a system
at equilibrium. For example, the values of the number of particles N, pressure P,
and temperature T fully determine the properties of a one-component system. To
understand this dramatic reduction in the number of variables, one has to realize
that in an experiment one always measures an average value of the quantity of
interest, where the average is made over the experimental time scale.

Statistical mechanics provides us the descriptions on how to calculate the
average macroscopic quantities observed experimentally depending on the
microscopic or molecular details of the system (See e.g. 1). The theory is based
on the assumption that a system with a fixed number of particles N, volume V,
N

N

and total energy H, at equilibrium, visits all microscopic states (r ,p ) with equal
likelihood. When the temperature T, rather than the total energy H, is assumed
to have a fixed value, the above assumption of equal a priori probabilities is
expressed by the well-known Boltzmann distribution of microstates. Because
time plays no role in such equilibrium descriptions, one must assume that
average thermodynamic quantities obtained from statistical averaging using e.g.
the Boltzmann distribution are equal to the time-averaged quantities obtained
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experimentally. For an ensemble of microstates in which the number of particles
N, volume V and temperature T are fixed (the Canonical ensemble), the
statistical average <A> of a mechanical observable A is obtained by averaging
over all states (rN,pN) on the constant NVT surface in phase space

A

NVT

= ∫ ∫ A(r N , p N )PNVT (r N , p N )dr N dp N
2. 1

N

N

In this equation PNVT(r ,p ) denotes the probability distribution in the constant
NVT ensemble, and is given by the Boltzmann distribution

(

)

PNVT r N , p N =

(

(

))

exp − βH r N , p N
N
N
N
N
∫ ∫ exp − βH r , p dr dp

(

(

))

2. 2

Where β=1/kT, k is the Boltzmann constant, r and p are respectively the
positions and momenta of the particles and H is the Hamiltonian of the system.
With the help of the Hamiltonian of a system it is possible to derive the equations
of motion for the particles in the system. For most systems the Hamiltonian is
given by the sum of the kinetic energy K and the potential energy U (see e.g. 2).
Combining 2. 1 and 2. 2 gives

∫ ∫ A(r , p )exp(− βH (r , p ))dr
=
∫ ∫ exp(− βH (r , p ))dr dp
N

A

NVT

N

N

N

N

N

N

N

dp N

N

2. 3

This integral is performed over the whole phase space accessible by the system.
Assuming the observable A and the potential energy U depend only on the
positions of the molecules and not the momenta, 2. 3 reduces to
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∫ A(r )exp(− βU (r ))dr
=
∫ exp(− βU (r ))dr
N

A

NVT

N

N

N

N

2. 4

The denominator of 2. 4 is the configurational part of the partition function of the
system

(

( ))

Z ≡ ∫ exp − βU r N dr N
2. 5

and is related to the free energy A=A
1
VN

ideal gas

+A

ex

according to

Z = exp(− βAex )
2. 6

Hence, by knowing this function, one can calculate all the thermodynamic
properties of the system. Unfortunately only for very idealized and simplified
models it is possible to derive an analytical solution for the partition function. It
might be tempting to solve equation 2. 4 or 2. 5 by numerical integration, using,
for example, Simson’s rule. This is, however, unfeasible because of the large
number of degrees of freedom. For a striking example see3, pg. 20. A more
efficient way is to make use of the fact that in most cases one is interested in
calculating averages like 2. 4, rather than the complete partition function.

2.3 The Monte Carlo method
A method to estimate 2. 4 numerically, is to generate random configurations of
the system, calculate for every configuration the Boltzman factor e − βU and use

A

NVT

≈

∑ A(r )exp(− βU (r ))
i

i

i

∑ exp(− βU (r ))
i

i

2. 7
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to obtain an estimate of the average <A>. To obtain a reliable estimation, a very
large number of configurations must be generated. When configurations are
randomly generated (called simple sampling) many situations occur in which
particles overlap with others (excluded volume restrictions are violated), leading
to vanishing small Boltzmann weights of the generated configuration and
negligible contributions to the average in 2. 6. Especially at high densities it
becomes very unlikely that configurations are generated which have nonvanishing contributions. To sample phase space more efficiently, ‘importance
sampling’ was introduced by Metropolis4. The idea behind importance sampling
is not to generate configurations randomly, but with a certain weight function.
When phase space is sampled with a weight function w(r), 2. 7 becomes

A

NVT

≈

A(ri )exp(− βU (ri ))
w(r )
exp(− βU (ri ))
∑i
w( r )

∑
i

2. 8

Choosing w(r) to be the Boltzmann distribution
w(r ) = exp(− βU (r ))
2. 9

we can rewrite 2. 8 to
A

NVT

≈

1 n
∑ A(ri )
n i
2. 10

This choice of w(r) ensures that the important parts of phase space (those with
low U) are sampled more frequently. The problem is now, how to generate a
sequence of random configurations with a Boltzmann distribution? The solution
is to set up a (Markovian) chain of states Xi in which successive configurations
are linked with each other by a transition probability W.
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!

2 →X3 )
3 →X 4 )
1→X2 )
X 1 W( X

→ X 2 W( X

→ X 3 W( X

→

2. 11

In such a Markovian chain of states the chance that the system is going from an
initial configuration, XOLD, to a new configuration, XNEW, is given by the probability
WOLD→NEW. This transition probability has to be chosen in such a way, that the
resulting chain of configurations exhibits a Boltzmann distribution. One can
derive3 that at equilibrium, the average number of moves leaving a certain
configuration XOLD to a new configuration XNEW has to be compensated for with
an equal number of moves going from any configuration to configuration XOLD. A
stronger condition is the detailed balance condition. This condition states that, at
equilibrium, the average number of accepted moves from an old to a new
configuration has to be compensated by an equal number of reverse moves,
POLDWOLD → NEW = PNEWWNEW →OLD
2. 12

Where WOLD→NEW is the probability of going from the old configuration to the new
configuration (WNEW→OLD vise versa), and POLD (PNEW) the probability to find the
system in the old(new) configuration. In the NVT ensemble POLD (PNEW) is
proportional to the Boltzmann factor e − βU OLD ( e − βU NEW ), hence we may write
exp(− βU OLD )
exp(− βU NEW )
WOLD → NEW =
WNEW →OLD
C
C
2. 13

Where C is a constant. The probability WOLD→NEW can be written as the product
of the probability to generate the new configuration (αOLD→NEW), starting from the
old, and the probability of accepting this transition (accOLD→NEW). Taking

αOLD→NEW to be symmetric (αOLD→NEW=αNEW→OLD), and the condition that
accOLD→NEW or accNEW→OLD has to be smaller or equal to one, gives

17

Chapter 2
accOLD → NEW = min[1, exp(− β (U NEW − U OLD ))]
2. 14

Equation 2. 14 lies at the basis of any Monte Carlo simulation, and may be
regarded as the “rule-of-the-game”. During a simulation, a new configuration
(with energy UNEW) may be obtained by e.g. moving a particle from its position in
the old configuration (energy UOLD). The new configuration obtained by moving
this particle is accepted according to 2. 14; when UNEW is smaller then UOLD the
new configuration is always accepted. When UNEW is larger then UOLD, a random
number R, between 0 and 1, is drawn and if R < e − β (U NEW −U OLD ) the particle move is
accepted. If R > e − β (U NEW −U OLD ) , the move is rejected and the old configuration is
kept.

2.4 Microscopic models for polymers in solution
In the case of polymer / solvent systems, the microscopic model consist of large
molecules, build up of repeat units (monomers) connected via bonds. To model
polymers, one can choose between off-lattice models and lattice models. The
major difference between lattice and off-lattice models is the number of degrees
of freedom. For an off-lattice model, in principle, these are infinite. Because of
their smaller number of degrees of freedom, lattice models are computationally
more efficient than off-lattice models. Another advantage of lattice models is that
for the calculation of pair interactions, one does not need to calculate the
distances between all repeat units in the system. For these reasons, the Monte
Carlo simulations described in this thesis are based on lattice models.

Simple cubic lattice (z=6)
One of the simplest polymer models represents a walk on a simple cubic lattice.
In three dimensions the coordination number, z, of the lattice is z=6. The repeat
units (‘monomers’) of the polymer chains are located on the lattice points, and
the bonds between the repeat units can be choosen from the vectors (1,0,0) ,
(0,1,0) or (0,0,1). The length of these bonds is fixed (the spacing between the

18
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lattice points, for two dimensional example see Figure 1). Excluded volume
constraints and the effects of entanglements are assured by imposing that a
lattice site can only be occupied by one repeat unit. The thermodynamic effect of
the solvent is accounted for by assigning an energy ε<0, when nearest neighbor
non-bonded segments are in direct contact, whereas ε=0 if a segment if
surrounded by empty lattice points. The solvent particles thus are not simulated
explicitly but are assumed to occupy the empty lattice points.

Figure 1,

Two dimensional simple cubic lattice. The repeat units of a polymer chain occupy
a single lattice point and are connected by rigid bonds aligned along the lattice
direction. Periodic boundary conditions are imposed, in order to simulate bulk
conditions.

Simple cubic lattice (z=26)
A more flexible model is a three dimensional lattice with coordination number
z=26 (a two-dimensional cartoon is shown in Figure 2). In this model the repeat
units are also located on the lattice points, but now the allowed bond vectors are
no longer only along the principal axis of the lattice but also diagonal bonds are
allowed. The bonds can thus be any of the set of vectors (1,1,1), (1,1,0), (1,0,1),
(0,1,1), (1,0,0), (0,1,0) and (0,0,1). The bond length is no longer constant but can
be 1,

2 , or

3.
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Figure 2,

Two dimensional lattice where, as opposed to the z=6 lattice, also diagonal bonds
are allowed.

In the previous model (lattice with coordination number z=6), the excluded
volume restriction also assured that polymer chains cannot move through each
other (entanglement effects are accounted for). In this model the excluded
volume constraint does not automatically prevent the crossing of bond vectors
(1,1,1), (1,1,0), (1,0,1) and (0,1,1). One has to forbid these crossings explicitly to
conserve entanglements. The solvent is again not explicitly modeled but its
quality is accounted for with a interaction parameter for non-bonded polymer
contacts. For the interactions, again the nearest neighbours are choosen, but
now for the 26 possible directions.

The Bond-Fluctuation model
An even more flexible polymer-lattice model is the Bond-Fluctuation model5. In
this model the restriction of fixed bond-lengths is released, but one has still the
(computational) advantage of lattice models over off-lattice models. In the BondFluctuation model, the repeat units do not occupy one lattice site, but four (in the
two-dimensional case, see Figure 3) or eight (in three dimensions).
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Figure 3,

Two dimensional Bond-Fluctuation model. Repeat units occupy 4 lattice points
and are connected via flexible bonds. The length and orientation of these bonds
are restricted to a discrete set of values to ensure entanglements are conserved.

The length of the bond between two repeat units is restricted to the values
2, 5 , 8 ,3 and 10 in the 2-dimensional case or 2, 5 ,

6 , 3 and 10 in the 3-

dimensional case. The restriction of the bond-lengths to these values combined
with the excluded volume condition, assures that there are no crossings of bonds
and that entanglements within and between polymer chains are preserved. In the
Bond Fluctuation model used in this Thesis, non-bonded monomers interact via
nearest neighbour interactions. In practice this means that the interaction
potential between pairs of monomers is a function of the distance between the
monomers, and is given by
U (r )
k

− 1, r = 6
U (r ) 
= − 2 , r = 5
− 4 , r = 2
k


− 1, r = 5
=
− 2 , r = 2

2. 15

2. 16
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Where k is the Bolzman constant. The potentials 2. 15 and 2. 16 are normalized,
dimensionless potential energy functions for the two- and three-dimensional
Bond Fluctuation model, respectively. Throughout the whole Thesis, we will use
dimensionless quantities for the potential energy functions and the temperatures.
When using this potential function, rather than e.g. a continuous Lennard-Jones
potential, there is no need to calculate distances between non-bonded
monomers. Evaluating the occupancy of the directly neighbouring lattice sites of
all repeat units suffices to determine the potential energy of the system.

2.5 Generation of new configurations
One of the charming aspects of the Monte Carlo method is that one can use
(almost) any algorithm to generate new configurations, as long as detailed
balance is met. Sometimes, knowledge of the properties of the system or the
physics of the effect one is interested in, allows the creation of ingenious
algorithms to generate new configurations. Because of this, it is possible to
sample phase space very efficiently. For example, when the system is in a local
energy minimum it is possible, with a smart choice of generating new
configurations, to go to other minima without having to cross energy barriers. It is
essential to generate new configurations of the system such that the acceptance
ratio (equation 2.14) is as high as possible. This, to obtain with as less
computational cost as possible, statistical reliable results. The trial moves
adopted in generating new configurations can be categorized in global and local
moves. In a global move, one tries to generate a complete new chain
conformation at a complete new position, after having removed the chain from its
old position in the system. In local moves, a new conformation is generated only
for a small part of the chain. Again, the system/effect under study dictates which
type of move, or the combination of both moves, is the most efficient. One of the
simplest (global) methods for generating new configurations, is by choosing
randomly a polymer chain in the system, for which a new conformation has to be
made. The old conformation of this chain is removed from the system, and the
chain is reintroduced by placing its first repeat unit at a new, random location.
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The new chain conformation is next ‘grown’ by choosing randomly a bond vector
and placing the second repeat unit on the lattice site in that direction. This is
repeated with the third monomer and so on, but as soon as a one encounters a
lattice site which is already occupied, the growing is stopped and the old
conformation is restored. After successfully generating a new conformation of the
polymer chain, this conformation is accepted with the probability
accOLD → NEW = min[1, exp(− β (U NEW − U OLD ))] .

Unfortunately, successfully generating new configurations with this method is
very unlikely, especially for longer chains. One can derive that the chance of
growing a completely new configuration σnew for a chain length N behaves like6

σ new ∝ α N
2. 17

Where α is a constant smaller than one. From this equation one can see that the
chance of successfully growing a new configuration decays rapidly with
increasing chain length.

Configurational Bias Monte Carlo
To increase the efficiency of generating new chain configurations, compared to
the method of randomly growing a polymer chain, Configurational Bias Monte
Carlo (C.B.M.C.) was developed3. In this method chains are grown step-wise.
After a segment is placed at an unoccupied site, first, the available space for the
succeeding segment is sampled and an available site, with a bias to low energy
sites, is chosen. Succeeding segments are placed at available sites in a same
manner, until the whole chain is inserted. The sampling of available space and
the preference for low energy configurations introduces a bias which has to be
removed to obtain the appropriate statistical sampling. The complete procedure
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for inserting and accepting a new configuration with interactions, so that the
appropriate statistical distribution is sampled, consists of

1.

Calculation of the Rosenbluth factor of the old configuration of a
polymer chain, and removal this configuration from the system

2.

Generating a new configuration for the polymer chain and
computation of its Rosenbluth factor.

3.

acception of the new configuration with the probability
 W
accOLD → NEW = min 1, NEW
 WOLD




2. 18

Details, on how new configurations are generated and how to calculate of the
Rosenbluth factors WOLD and WNEW can be found in3. In the original procedures
to insert a new chain, and to calculate the Rosenbluth factor of an existing chain,
it was assumed that the number of possible bonds between succeeding
segments is finite. For off-lattice models this assumption is not true, off course,
and even for the Bond Fluctuation model the number of possible bond vectors is
so large (108) that it is computationally very expensive to sample all the possible
directions. To overcome this problem, we can take a subset of the possible
directions, and, instead of sampling all possible directions, sample only a finite,
relatively small number of random possible directions7.

Verdier-Stockmayer algorithm
An example of a method invoking local moves, is the Verdier-Stockmayer
algorithm. In the original Verdier-Stockmayer algorithm8,9, only single bead
moves were allowed. For end beads the allowed move is a 90o rotation of the
bond vector. Monomers inside polymer chains, can only move when the bond
with the previous monomer and the bond with the next monomer are
perpendicular. The allowed movement then is moving the monomer to the
opposite lattice space. For a clarification, see Figure 4a. When the bonds with
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the previous and next monomers form a straight line, the monomer cannot move,
because the maximum bond length is equal to the lattice spacing. Assuming that
all the monomers in the system suffer the same number of collisions with solvent
molecules per unit time, it is tempting to identify a physical time with the Monte
Carlo moves. After every monomer in the system has been attempted to move,
one unit of time has passed (see also Section 2.6). For polymers on a simple
lattice without excluded volume effect, the original Verdier-Stockmayer model
mimics Rouse dynamics. But as soon as the excluded volume condition is
applied an unphysical slowing down of the dynamics takes place10. Hilhorst and
Deutch10 showed that the combination of only single bead moves and the
excluded volume restriction is the cause of this slowing down. The slowing down
is caused by the fact that with only single bead moves it is not possible to
generate new bond vectors inside a polymer chain. New vectors have to be
introduced by motions of the ends of the chains. Hilhorst and Deutch suggested
the inclusion of two-bead crankshaft movements, see Figure 4b, to prevent this
slowing down and to regain Rouse dynamics.

a)
Figure 4,

b)

a) End-bond-motion and kink-jump motion b) crankshaft motion

In a study of dilute polymer solutions11-13 it was claimed that when chains
collapse and aggregate, the dynamics artificially slows down. Because of the
local high density in collapsed chains or aggregates of chains, successful
creation of new configurations with the Verdier-Stockmayer model becomes very
unlikely. Most of the new configurations will be rejected because of violation of
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the excluded volume restriction in these regions. In the more flexible BondFluctuation model this effect will be of less importance, because the number of
configurations a polymer chain can adopt is much larger than on the simple cubic
lattice with coordination number z=6.

Bond Fluctuation model
To obtain physically realistic polymer dynamics with the Bond Fluctuation model,
the method to generate new configurations is to move a randomly selected
segment in a random direction along the vectors (1,0) or (0,1) (two-dimensional
simulation) or (1,0,0), (0,1,0) or (0,0,1) (three-dimensional simulation). Provided
that excluded volume constraints are obeyed and the bond length satisfies one
of the allowed values (2, 5 , 8 ,3 and 10 in the 2-dimensional case or 2, 5 ,
6 , 3 and 10 in the 3-dimensional case), the move is accepted according to the
metropolis criterion
PO → N = min[1,exp(− β (Enew − Eold ))]

Also here the assumption that all the monomers in the system suffer the same
number of collisions with solvent molecules per unit time is used to identify a
physical time with the Monte Carlo moves. After every monomer in the system
has been given the opportunity to move, one unit of time has passed.

2.6 Dynamical interpretation of Monte Carlo
In the introduction on the Monte Carlo method, it was assumed that we wanted
to calculate equilibrium properties. It was stated that the (Markov) chain of
sampled configurations give an approximation for the equilibrium distribution
function P(x). For this to be true, one has to start sampling from configurations
that are representative for the system in equilibrium. When we look at the
generation of the Markov chain of configurations as a dynamical process and
identify the chain of configurations to represent a kind of time evolution, we can
give every generated configuration a time label
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1→X2 )
2 →X3 )

→ X 2 W( X

→ X 3
X 1 W( X

! = X → X
t

t +1


→ X t + 2

!
2. 19

Then the generation of the configurations can be seen as the numerical solution
of the master equation14
dP(X , t )
= −∑W (X → X ')P(X , t ) + ∑W (X ' → X )P(X ' , t )
dt
X
X'
2. 20

The interpretation of this equation is of course, that the change of the probability
that the system is in state X is given by the difference between the rate in which
the system comes from another state X’ to X and the rate the system leaves
state X to another state X’. For a system in equilibrium, the rate of leaving state X
per unit time is equal to the rate the system reaches state X from another state
X’, so that equation 2. 20 becomes
dP (X , t )
=0
dt
2. 21

For a canonical ensemble P(X,t) would become the Boltzmann distribution
function again. The left-hand-side of equation 2. 20, together with 2. 21, gives
again the detailed balance condition. To obtain a reliable estimate of an
equilibrium property, it is necessary to make sure the chain of configurations
obeys equation 2. 21. In general, a simulation is started by making an arbitrary
initial condition. To meet the condition that the system is in a representative state
for equilibrium one has to use a number of M.C. steps to equilibrate a system
from the initial state to an equilibrium state. After this ‘equilibration’ of the system,
sampling can be started and the equilibrium value <A> of a quantity A, calculated
with equation 2. 10, will converge to the exact equilibrium value. One can also
interpret equation 2. 20 as an expression for the rate of convergence of a system
from a non-equilibrium condition towards equilibrium. In this interpretation the
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series of Monte Carlo generated configurations represents a numerical
approximation of the time evolution of the system. It is, however, not
straightforward that the rate of convergence of a M.C. generated chain of
configurations equals a real physical rate of convergence. Only by using special
moves one can hope that MC dynamics resembles/mimics actual dynamics.

Before we continue with the dynamical interpretation of MC, we have to realize
that in the polymer models, introduced in the previous chapter, all chemical
details are absorbed into a coarse grained description of the repeat unit. This
means that a repeat unit, in general, represent more than one monomer and that
not all the atomistic details and short-time dynamic modes of polymers are
modeled, but only the more general features. In general the moves generated to
mimic the dynamics of real polymer systems are being interpreted as the
movement of single repeat units caused by collisions with solvent molecules. For
the Verdier-Stockmayer algorithm it was already mentioned that Hilhorst-Deutch
demonstrated that, with the inclusion of two-bead crankshaft movements, Rouse
dynamics is obtained. Extensive studies with the Bond-Fluctuation model have
shown that this model mimics the dynamics of polymer melts and blends very
well. In ref.15, Rouse dynamics and the transition from Rouse to reptation type
dynamics is observed. In ref.14, it is noted that although the dynamics of blends
en melts may be simulated quite effectively with Monte Carlo simulations, for
polymer solutions the situation may be quite different. In polymer solutions
hydrodynamic inter-actions can play an important role in the dynamics. In Monte
Carlo methods hydrodynamic interactions are not present and by using for
example the Bond-Fluctuation model, it is assumed that these interactions are
not important in the overall dynamics. For viscous solutions this approximation
can be justified. Also, experimental en theoretical studies of phase separation
suggest that hydrodynamic interactions only become important in the very late
stage of demixing. So for the study of initial demixing, Monte Carlo methods are
assumed to give a good representation of the dynamics.
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2.7 Monte Carlo simulations in other ensembles
Except the choice of what kind of algorithm to generate new configurations, also
the choice of ensemble has a great influence on the efficiency by which a system
can be studied. In the previous discussion about the Monte Carlo method, it was
assumed that we are interested in systems with constant temperature, volume
and number of particles (canonical ensemble). However, for some applications, it
might be better to use other ensembles. In Chapter 4, for example, the phase
behaviour of polymer/solvent systems is studied. When NVT simulations are
being used to calculate the phase behaviour, the restriction that the number of
particles is constant implies that both phases have to be simulated in one
simulation box. For a liquid at coexistence with its saturated vapor, for example,
both, the vapor phase and the liquid phase, have to be present in the same
simulation box. A disadvantage of this situation is that the interface between the
gas and the liquid phase can cause a strong influence on both phases because
of the relative large surface area. To minimize this influence one will have to use
large simulations boxes, causing a computational more expensive simulation.
Also, in NVT simulations the equality of the pressure and chemical potential in
both phases is not a priori guaranteed. To be sure equilibrium is reached this has
to be checked separately. So it may be judicious to choose other (macroscopic)
restrictions on our system, which are more natural to the situation we want to
study. One possible method is Gibbs ensemble Monte Carlo16. For a two-phase
system, this method consists of two separate simulation boxes in which the
temperature, pressure and chemical potential are kept the same (extension to
more phases is possible by using more simulation boxes). To implement this
ensemble in a simulation, three types of moves are used. First, displacement
and relaxation Monte Carlo moves inside each simulation box to equilibrate the
temperature. Second, volume is exchanged between the boxes, to equilibrate
the pressure. Finally, particles are exchanged between the boxes, so the
chemical potential in both boxes is the same. For the systems under study in this
thesis, this method is less suited, because for lattice models, the exchange of
volume between simulation boxes is very difficult to achieve with a reasonable
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acceptance ratio. Another method, in which it is also possible to sample both
phases (for a two phase system) separately, is Grand Canonical Monte Carlo
19.

16-

In this method the chemical potential, volume of the simulation box, and

temperature are specified. As opposed to the Gibbs ensemble Monte Carlo
method, this method uses only one simulation box. It is however possible to
sample both phases separately, because the number of particles in the
simulation box is allowed to fluctuate. Under the right conditions (choice of
chemical potential and temperature), the system will spend some time sampling
one phase, form a nucleus of the other phase, and then ‘jump’ to the other phase
and sample this phase some time and vise versa16,

19.

The use of this method

for predicting the phase behaviour of a polymer/solvent system is described in
more detail in Chapter 4. In the next section the G.C.M.C. method will be
described for the use in polymer/solvent systems.

Grand Canonical Monte Carlo
In Grand Canonical Monte Carlo (G.C.M.C.) simulations3,20, rather than the
Boltzmann distribution (equation 2. 2), one samples the probability distribution1

Pµ ,V ,T (U , N ) =

exp[β (− U + µN )]
∑∑ exp[β (− U + µN )]
N

U

2. 22

Where µ is the chemical potential, V is the volume of the simulation box, T is the
temperature, U is the energy and N is the number of particles. To sample this
distribution of U and N in a simulation, the volume of the simulation box, the
temperature, and chemical potential must be kept constant. To achieve this, two
types of Monte Carlo moves are used. To assure (thermal) equilibrium inside the
simulation box, displacement moves are used. Chain insertion and removal
moves are used to keep the chemical potential constant. For simple liquids the
implementation of the insertion and removal moves do not introduce new
problems. For polymer solutions, however, the insertion and displacement moves
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become more and more difficult when the polymer concentration of the system
increases. So successfully inserting and generating new configurations can
become the bottleneck in doing G.C.M.C. simulations of concentrated polymer
solution.

2OG

a) chain insertion
Figure 5

b) chain removal

1HZ

c) chain relaxation

Different Monte Carlo moves used in the Grand Canonical Monte Carlo method.

To overcome this problem and to increase the chance of successful insertion
and displacement, the Configuration Bias Monte Carlo scheme was introduced in
combination with G.C.M.C. simulations21. The insertion algorithm of new chains
now consists of generating new chain configurations according to the scheme
described in Section 2.5. After a new configuration is generated successfully,
and its Rosenbluth factor W is calculated, the insertion step is accepted with
probability:
 exp(βµ )V 
acc(N → N + 1) = min1,
W 
3
 (N + 1)Λ

2. 23

Where Λ is the De Broglie thermal wavelength. To remove a complete chain, first
the Rosenbluth factor W of its existing configuration is calculated with the
method described in Section 2.5, and next the removal is accepted with the
probability:
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NΛ3
1

acc(N → N − 1) = min1,
 exp(βµ )V W 
2. 24

Chain relaxation moves are performed using the ‘standard’ C.B.M.C. scheme
and the acceptance rules as described in Section 2.5. In a practical
implementation of the G.C.M.C. method, the chain insertion/removal steps and
relaxation moves are used alternately. The type of move is determined by using
a probability ratio. In our simulations we set the probability for relaxation moves
to 50% and the probability for insertion or removal to 25%.

2.8 Conclusions
In this chapter an introduction of the Monte Carlo method is given. Different
arguments for the usage of the Bond-Fluctuation model are presented, like the
computational efficiency of the model, the possibility to mimic polymer dynamics
and its flexibility. Furthermore, the usage of the Bond Fluctuation model to study
phase separation in polymer solutions is justified with the assumption that
hydrodynamic interactions become important only in the very late stages of
demixing.
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3
Structure Formation During
Phase Separation Modelled with
the Cahn-Hilliard Description

Chapter 3
3.1 Introduction
In this chapter we will use a macroscopic description (Cahn-Hilliard1) to study the
dynamics of pattern formation via phase separation. Sufficient cooling of a binary
polymer solution may lead to phase separation in one of two main ways. Either it
starts off by nucleation in which sufficiently large nuclei of the second phase
appear randomly and grow, or by so-called spinodal decomposition in which the
entire solution seems to nucleate at once, and a periodic structure is often seen.
Cahn-Hilliard descriptions are commonly used for the interpretation of
experimental results of phase separation by spinodal decomposition in quenched
systems2, 3. Because the description is on the level of density fluctuations that
extent over length scales much larger than molecular scales, it allows the
simulation of relatively large systems4-6, and comparison with experiments are
reasonable straightforward because of the sufficiently large length and time
scales that can be reached. Originally derived for metal alloys1, 7-10, later it was
adapted to describe phase separation in colloidal systems11, immiscible polymer
blends12, 13 and polymer solutions, see e.g.14.

McHugh et al. used the Cahn-Hilliard description to study phase separation of
different systems15-18. They modelled glassy16 and crystalline15 polymer-solvent
systems. And later they expanded the model to be able to simulate ternary
systems18. In the article describing the glassy system, they looked at the
influence of the glass transition temperature, for example by performing
secondary quenches from phase separated systems from above the glass
transition temperature to under the glass transition temperature. By performing
these secondary quenches for PMMA/cyclohexanol solutions, with 35 weight
percentage PMMA, they found a second solvent-rich phase, occurring in the
continuous polymer-rich regions. Furthermore, they studied the influence of the
thermodynamic part of the mobility function and the influence of the (kinetic) freevolume term on the late stage growth rate as a function of different quench
temperatures. When the thermodynamic term is the dominant factor in the
mobility, for example in systems far removed from the glass transition
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temperature, the growth rate increases with deeper quenches. For systems in
which the kinetics dominates, deeper quenches lead to decreasing growth rates.
Over the whole temperature range in the unstable regime, the growth rate can
thus exhibit a maximum at a certain temperature. In their study of ternary
systems18, they studied the influence of a non-solvent on the existence of the
maximum in the growth-rate.
Chan and Rey4 made use of the fact that with the Cahn-Hilliard description,
experimental time and length scales become accessible. They used non-periodic
boundary conditions to study the influence of boundaries on the structure
formation in a oligomer solution (with chain lengths N=10). Although they
simulated a system under influence of boundaries, there was no comparison with
systems in bulk conditions.
Toral, Chakrabarti and Gunton6,

19

studied the late stage growth as function of

different polymer concentrations with the help of large scale Cahn-Hilliard
simulations in two-dimensions. For all values of the polymer concentration they
found that in the late stage the growth could be described with a power law
behaviour with a power of 1/3.

To describe polymer solutions with the Cahn-Hilliard equation in this chapter, the
Flory-Huggins free energy function is used for the thermodynamics20,

21,

the

Debye approximation for the surface energy function22 and the Vrentas&Vrentas
description for the kinetics23-25. By using such a classical thermodynamic
description, much larger time and length scales are accessible than by
simulations

that

invoke

molecular models. On

the

other hand more

approximations have to be made to justify the use of this description. In the
second section of this chapter, the Cahn-Hilliard description is introduced and
emphasis is made on the assumptions needed. Details of the Vrentas&Vrentas
description are given in Section 3.3.2. The parameters, used to model a realistic
polymer solvent model (PMMA/cyclohexanol), are given in Section 3.4.
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In this chapter, we focus on influence of polymer volume fraction and quench
temperature on the structure development. Also, the free volume parameters of
the mobility function are used to model the influence of different polymer/solvent
combinations on the structure formation. Different quantities are used to describe
the demixing.

3.2 Cahn-Hilliard description

Classical Thermodynamics
The Cahn-Hilliard equation is based on a continuum model for phase transitions
in binary systems. Before introducing it, we start with presenting an equation
arising from classical thermodynamic considerations for the interdiffusion of two
components 1 and 226. For systems in which gradients of the chemical potentials
are small on molecular length scales yet significant on mesoscopic length scales,
linear phenomenological relations of thermodynamics for forces and fluxes apply.
These read,
J1 = − M 11∇µ1 − M12∇µ2
J 2 = − M 21∇µ1 − M 22∇µ2
3. 1

where the M’s are mobilities and the µ’s are chemical potentials per unit volume.
It is convenient to select a coordinate system such that the net flux J of
component 2 is equal and opposite to that of component 1, i.e. we shall use the
notation

J = J 2 − J1 , φ = φ2 =1 − φ1
3. 2

where the φ’s are volume fractions. Then, using the Gibbs-Duhem equation,

(1 − φ ) ∇µ1 + φ ∇µ2 = 0
3. 3
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one finds the net flux may be expressed as

J = − M ∇( µ2 − µ1 )
3. 4

where M, the mobility, is given by

M = (1 − φ ) ( M 22 − M12 ) + φ ( M 11 − M 21 )
3. 5

M is assumed to be positive. Since 27,

µ2 − µ1 =

∂f
∂φ
3. 6

where ƒ is the free energy per unit volume, equation 3. 4 becomes
J = −M ∇

∂f
∂φ
3. 7

Imposing mass conservation one obtains from equation 3. 7

∂φ
∂f 
= ∇ ⋅ M ∇ 
∂t
∂φ 

3. 8

Now,

if

f (φ ) = a0 +

ƒ(φ)
∂f
∂φ

is

δφ +
φ0

a

1 ∂2 f
2 ∂φ 2

function

that

opens

δφ 2 with

∂2 f
∂φ 2

> 0 and δφ=φ-φ0, and if M is a

φ0

convex

(upwards),

i.e.

φ0

constant, then equation 3. 8 reduces to the normal diffusion equation under
stable thermodynamic conditions. This means that every concentration
fluctuation that removes the system from the equilibrium concentration φ0 decays
according to equation 3. 8 to re-establish the equilibrium. Under unstable
conditions, on the other hand,

∂2 f
∂φ 2

< 0 and every concentration fluctuation is
φ0

amplified leading to a phase separation of the fluid.
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The Cahn-Hilliard equation
In classical thermodynamics, spatial non-homogeneities are not considered in
defining ƒ(φ). The free energy, broadly speaking, is defined as the heat of mixing
(per unit volume) minus the entropy (per unit volume). Consequently, all systems
with different internal phase subdivisions are energetically equivalent. This, of
course, cannot be true and motivated Cahn and Hilliard to find a generalized
potential, incorporating gradient terms, in addition to the chemical potential ∂ƒ/∂φ
used in equation 3. 8. These gradient terms should account for mass transport
processes driven by forces that act to minimize surface energies. It was argued,
that a generalized free energy per unit volume should depend both on the
concentration and its higher derivatives. Expanding such a free energy in a
(second order) Taylor series in its higher derivatives about the homogeneous
average concentration, allows constructing a generalized potential that reads
(∂ƒ/∂φ − 2κ∇2φ). In this expression, κ is a positive constant and accounts for the
energetic price associated with the formation of spatial inhomogeneities. While in
the phenomenological equation 3. 7 the flux is linear in the force −∇∂ƒ/∂φ, in the
Cahn-Hilliard model the force becomes −∇(∂ƒ/∂φ − 2κ∇2φ) and J= −M ∇(∂ƒ/∂φ −
2κ∇2φ). The Cahn-Hilliard equation is obtained by imposing mass conservation,

 ∂f (φ ( r , t ) )

∂
φ ( r , t ) = ∇ •  M (φ ( r , t )) ∇ 
− 2κ∇ 2φ ( r , t ) 


∂t
∂φ



3.9

where now explicit reference is made to the spatial coordinate r and the time t.
The Cahn-Hilliard equation 3.9 implicitly contains several assumptions with
regard to the length and time scales it is meant to describe. The gradient
operators must act on length scales much larger than the molecular size,
whereas the time scale on which φ(r,t) changes (the kinetics of demixing) is slow
compared to molecular motions. These conditions require the spatial resolution
be chosen such that a volume element at some position r in the system is large
with respect to the number of molecules it contains while still being much smaller
than the size of the wavelength of unstable density fluctuations (size of the
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structure). Thus, this volume element is large enough for its behaviour to be
approximated by equilibrium descriptions, while being small enough to equilibrate
infinitely fast on time scales in which its environment changes. Only under these
conditions it is meaningful to define a local free energy ƒ[φ(r,t)] and apply linear
relationships between fluxes and forces.

In the Cahn-Hilliard description, different stages of demixing can be identified.
These are often referred to as the initial stage, intermediate stage and the late
stage. In the initial stage of demixing, phase separation occurs at one distinct
length scale, Rinitial (see Section 3.2.1). The difference in density between the
polymer-rich and poor regions grows, and structures at the scale of Rinitial
develop. Independent of the average polymer density, the initial structure is bicontinuous. This bi-continuous structure is often said to be the fingerprint of
spinodal-decomposition. In the intermediate stage of demixing, the difference in
density between the polymer-rich and polymer-poor regions is still growing, but
now also the typical length scale of the phase separated domains grows (see
Section 3.3.2). The bi-continuous structure can already break up into separate
polymer-rich or solvent-rich clusters, depending on the average polymer
concentration. In the late stage, equilibrium densities for the polymer-rich and
poor regions have been reached, and only the size of the structures grows. In
this stage it is said that the growth of the structure is accomplished by
coalescence of individual clusters or via the so-called Lifshitz-Slyozov/Oswald
ripening mechanism (see Section 3.2.3).

3.2.1 Initial stages of demixing
In the initial stages of demixing, an analytical solution of the Cahn-Hilliard
equation can easily be found. Here we will derive this solution as it leads to
important physical insights. As discussed above, a local equilibrium can be
assumed in a phase separating system as long as the wavelengths of unstable
concentration variations are much larger than the wavelengths pertaining to fast
relaxing concentration variations that equilibrate the elementary volume
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elements. The free energy per unit volume of such a volume element can thus be
defined and exhibits a double minimum form. Such a double minimum can be
described with a 4th order polynomial in the change δφ relative to the average
system concentration. Hence, the local free energy may be written as ƒ(φ)= ƒ(φ0)
+ a1δφ + ½ a2 (δφ)2 + 1/3 a3(δφ)3 + ¼ a4(δφ)4. If this expression is substituted in
equation 3. 10, linearization with respect to δφ(r,t) and Fourier transformation with
respect to r yields,
∂
δφ (k , t ) = − Mk 2  a2 + 2κ k 2  δφ (k , t )
∂t
3. 10

Here we have assumed that M is a constant. The solution of this equation is

δφ (k , t ) = δφ (k , 0 ) exp ( − M eff ( k ) k 2t )
3. 11

where the effective mobility is defined as
M eff (k ) = M  a2 + 2κ k 2 
3. 12

Clearly, concentration waves with a wavelength 2π/k are unstable if Meff(k) < 0;
i.e. diffusion occurs from regions of low concentration to larger concentration.
Note that, since κ>0, the system can only become unstable when,
a2 =

∂2 f
∂φ 2

<0
φ0

3.13

Equation 3. 11 shows that the amplitude δφ(k,t) of the corresponding density
wave grows exponentially in time. The growth rate R(k) of this concentration
variation is R(k)≡ −Meff(k)k2. The wavevector km of the fastest growing
concentration fluctuation corresponds to the maximum value of R(k) and
becomes
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1
km =
2

 −1  ∂ 2 f

 2
 2κ  ∂φ



φ0 


1

2

3. 14

We thus find that the linearized Cahn-Hilliard equation predicts a dominant length
scale in the early stage of demixing. The size of this length scale is determined
by a balance between the preference to keep distances between regions of
opposite composition as small as possible and the preference to keep
concentration fluctuations small. The preference to keep distances small stems
from the longer times it takes for particles to displace over larger distances (this
is expressed by the k2 term in R(k). Because of the surface energy term in Meff,
there is the preference to keep concentration fluctuations small and thus to
smear these fluctuations over larger lengths. From equations 3. 11 – 3. 14, one
can derive that the size of the initial structure is proportional to1, 5
1

 T −T 
1 2
km ∝   , km ∝  S

κ 
 TC 

1

2

3. 15

Because in the initial stage the density fluctuations are very small, the densities
in the polymer-rich and polymer-poor regions are almost identical and the
morphology in this stage of demixing is bi-continuous. A bi-continuous structure
was long said to be the typical and only possible morphology for a system in
which phase separation takes place via the spinodal decomposition5. In following
sections, it will be shown that this bi-continuous structure can break up in a
droplet phase.

3.2.2 Intermediate stage of demixing
In the intermediate and late stage of demixing, the assumptions made for the
initial stage are not valid anymore and no analytical solutions of the Cahn-Hilliard
equation can be found. To be able to extract information from the Cahn-Hilliard
equation, it is thus necessary to solve equation 3.9 numerically.
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During the growth of the difference in density between the polymer-rich and
polymer-poor regions, the bi-continuous structure can break up into a droplettype morphology. For a long time, a droplet like morphology was considered to
be only possible with a nucleation and growth type of demixing and not by
spinodal demixing. But experimental and computational work showed that also in
spinodally demixing systems a droplet like morphology can be achieved5. The
droplets obtained by spinodal demixing are more homogeneous in size and
distribution compared to droplets originating from nucleation and growth.

3.2.3 Late stage of demixing
Demixing is said to have reached the late stage, when the difference in density
between the polymer-rich and polymer-poor phases has reached an equilibrium
value. In this stage, the growth of the structure is in a so-called coarsening stage.
To describe these late stages, different mechanisms of coarsening are proposed,
amongst

which

droplet

coalescence

and

the

evaporation-condensation

mechanism (Lifshitz-Slyozov/Oswald ripening) are most important.

Droplet coalescence is caused by the free diffusion of (the minority phase)
droplets. When two drops touch each other, they are pulled together due to
strong surface tension effects. The two drops coagulate and form one single
droplet. The coalescence mechanism is thus controlled by a diffusion process
and the growth rate can be described by the power law relation 28
 2k T 


R 3 (t ) ∝  B ν p t
 πη 


3. 16

Where kB is the Boltzmann constant, T is the absolute temperature, η the
viscosity and νp the volume fraction occupied by the droplets.
When coarsening is caused by the evaporation-condensation mechanism, larger
droplets grow at the expense of smaller droplets. From the smaller droplets,
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molecules migrate (evaporation) through the majority phase and condense on the
larger droplets. The larger droplets grow according to28
R 3 (t ) ∝ Dαt
3. 17

Where D is the diffusion coefficient of the minority molecules in the majority
phase and α the factor

α=

2γ
∆φ 2  ∂µ 
 ∂φ  A
3. 18

Where γ is the interface tension, ∆φ the density difference between the two
phases and  ∂µ  the gradient of the chemical potential at the binodal point.
 ∂φ  A
Because the Cahn-Hilliard description used in this chapter does not include
hydrodynamic interactions, no description of coarsening mechanisms in which
hydrodynamics is important is given. For more information about coarsening
driven by hydrodynamic interactions, see13, 29, 30.

Equations 3. 16 and 3. 17 indicate that for both coarsening mechanisms the late
stage structural growth can be described by a power law
R(t ) = R0 + [K (t − t 0 )]

1

3

3. 19

Where Ro is the structure size at the moment coarsening starts, to is the time
coarsening starts, K is a growth rate and α=1/3 is the power law exponent. From
the growth exponent is it thus impossible to conclude which of the two coarsening
mechanism occurs or (when both occur) which one is dominant.
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3.3 Modelling polymer solutions
3.3.1 Thermodynamics
To describe polymer solutions, it is necessary to have a description for the free
energy, the surface energy term and the mobility term. For the thermodynamic
behaviour the Flory-Huggins free energy function20, 21
 φ ln φ

f = RT 
+ (1 − φ ) ln (1 − φ ) + χφ (1 − φ )
N


3. 20

is used. ƒ is the mixing free energy per lattice site, φ is the polymer volume
fraction, N is the ratio between the molecular mass of the polymer and solvent
particles, and χ the Flory-Huggins interaction parameter. Based on equation
3. 20 we can determine the equilibrium thermodynamic behaviour of our
system27.

As described in Section 3.2, the homogeneous solution becomes

unstable if the second derivative of the free energy with respect to the
concentration becomes smaller than zero. In the Flory-Huggins description, the
border between the stable and unstable region is described by
1

(1 − ϕ )

+

1
Nϕ

− 2χ = 0

3. 21

This equation can be solved analytically. The densities which satisfy equation
3. 21 are called spinodal densities. At the critical point, the spinodal described by
the above equation exhibits a maximum. Since above the critical point the
second derivative of the free energy is larger than zero, at the critical point we
have
∂2 f
∂φ 2

= 0,

∂3 f
∂φ 3

=0

3. 22

So, not only condition 3. 21 has to be met, but also
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1

(1 − ϕ )2

−

1
Nϕ 2

=0

3. 23

These conditions can also be solved analytically, and the critical point is given by
2


1 
1
,
χ c = 12  1 +
, ϕc =


N
1+ N

3. 24

To determine the binodal densities at a certain temperature, one can solve the
equilibrium condition,

µ s (φ bin _ low ) = µ s (φ bin _ high )

µ p (φ bin _ low ) = µ p (φ bin _ high )
3. 25

Where µs is the chemical potential of the solvent,


1

µ S = RT ln (1 − φ ) + φ 1 −  + χ φ 2 
 N


3. 26

and µp the chemical potential per polymer segment,
1
2
1

µ P = RT  ln φ + (1 − φ )  − 1 + χ (1 − φ ) 
N

N

3. 27

Because of the shape of the chemical potential functions, and the condition that
two densities have to be found at which the values of the individual chemical
potentials are equal, it is difficult to solve equation 3. 25 numerically by means of,
for example, the Newton or Secant method31. Therefore, the common-tangent
construction is applied, which is equivalent to condition 3. 2527. To determine the
common-tangent, we search for two densities, at which the derivatives of the free
energy function are equal. Then the roots of the tangent lines at both points are
determined. When these roots are equal, the common-tangent is found. As an
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initial guess for the densities, the spinodal densities obtained from equation 3. 21
are used. The resulting phase diagram for the PMMA/cyclohexanol mixture (with
N=50), used in the simulations, is presented in Figure 1.
The surface energy term κ is estimated with Debye’s approximation22

κ = 61 RTχRG2
3. 28

in which RG is the polymer radius of gyration. Neglecting any temperature
dependence of RG, the temperature dependence of κ is very small over the
temperature range of interest in this study and can be assumed constant.

3.3.2 Kinetics
To model the dynamical behaviour of a polymer solution at different
temperatures, the free-volume description of Vrentas&Vrentas 23, 24, 32 is used. In
this description the diffusion of a molecule is described as the possibility of the
molecule to overcome the attractive forces of its environment and the probability
that a fluctuation in the surrounding medium forms a hole large enough for the
molecule to jump into. The description provides a method to predict properties for
mixtures from pure component parameters. Much of the parameters are
assumed to be independent of molecular weight. The mobility is given by23-25, 33
M =

DT

( )
∂2 f

∂φ 2

D1 =

φ (1 − φ )
α (1 − φ ) + φ (3 − 2φ )
2

D1

3. 29

Where D1 is the solvent self-diffusion coefficient, DT is a thermodynamic factor
relating D1 to the mutual diffusion coefficient, and φ the polymer fraction.
The parameter α is the ratio between the self-diffusion coefficient of the solvent
and the self-diffusion coefficient of the polymer, ND2. For polymer/solvent
mixtures, the solvent self-diffusion coefficient is given by32
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 − ω1V1* + ω 2V2*
D1 = D01 exp
V FH

γ


(

)



3. 30

Where ωi is the weight fraction of component i (1=solvent, 2=polymer) , VFH the
average hole free volume in the polymer/solvent mixture, Vi* the critical hole free
volume required for a molecule of element i to jump to a new position, γ is an
overlap factor to include the effect that the same free volume can be available to
more than one molecule and D01 a pre-exponential factor which is assumed to be
independent of temperature. The factors Vi* and D01 can be determined from the
pure solvent and polymer. In this equation, the prefactor D01 represents the
dependence of the solvent diffusion process on the probability that a solvent
molecule will overcome the attractive forces of its environment and the second
factor represents the probability that a density fluctuation produces a hole of
sufficient size, so that a molecule can jump into that position. The hole free
volume of the polymer/solvent mixture can be calculated with

VFH

γ

= ω1

K 11

γ1

(K

12

− T − Tg 1 ) + ω 2

VFH 2

γ2
3. 31

Where γ1 and γ2 are the overlap factors for the pure solvent and polymer,
respectively (both are assumed to be one). The factor K11 and K12 are free
volume parameters for the solvent, Tg1 the glass temperature of the pure solvent
and T the temperature of the mixture. The specific hole free volume of the
equilibrium liquid polymer, VFH2, is a function of the state of the mixture, i.e.
whether it is a solution, rubber of glass. Since the temperatures in this study are
below the glass transition temperature of the pure polymer (Tg2) the system is in
the rubbery state when Tgmix < T < Tg2 or in the glassy state when T < Tgmix. In
the rubbery state VFH2 is given by
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[

]

VFH 2 = V2o (Tg 2 ) f HG2 − (α 2 − α c 2 )(Tg 2 − T )

3. 32

In which Tg2 is the glass temperature of the polymer, V20 is the specific volume of
the pure liquid polymer, α2 is the thermal expansion coefficient of the pure
polymer, αc2 is the thermal expansion coefficient of the total hole free volume in
the pure polymer and ƒH2G is the fraction hole free volume of the polymer at its
glass temperature. In the glassy state VFH2 is given by

[

]

V FH 2 = V2o (Tg 2 ) f HG2 − ω 1 A(α 2 − α 2 g + α c 2 g − α c 2 ) + (α 2 g − α c 2 g )(T − Tg 2 )

3. 33

Where A is a glass transition depression parameter, expressing the ability of the
solvent to depress the glass temperature.

3.4 System under study
3.4.1 Thermodynamics
To model a PMMA/cyclohexanol mixture we have used the parameters, as
published by Barton and McHugh16. The phase behaviour has been determined
by fitting the Flory-Huggins description to the phase diagrams they obtained
experimentally. The resulting Flory-Huggins parameter, as a function of the
absolute temperature T, is given by

χ = −5.068 + 1900.6

T
3. 34

Based on this χ-parameter, we can determine the thermodynamics of our model
system. For this system, with N=50, the critical point is given by

φ c = 12 ,4 vol% , Tc = 332 ,3 K
3. 35
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The complete phase diagram has been calculated with the method described in
Section 3.3.1, and is presented in Figure 1.

Figure 1,

Phase diagram of PMMA/cyclohexanol solution, as determined with the FloryHuggins theory, with N=50. Solid line represents the binodal and dashed line the
spinodal. Above the binodal, the polymer solution is homogenous. When the
system in brought in the region between the binodal and spinodal, the system is
in a meta-stable state, and phase separation can occur via nucleation and
growth. Under the spinodal, the system becomes unstable and density
fluctuations will grow.

3.4.2 Kinetics
The dynamical behaviour of the mixture is modelled with the Vrentas & Vrentas
description

for

the

mobility

factor.

The

parameters

to

model

a

PMMA/cyclohexanol mixture are given in Table 1. A detailed description of the
methods and theories used to calculate all the parameters needed for the
Vrentas&Vrentas description is given in23-25. Using the temperature dependence
of the viscosity of the pure polymer and solvent, and the trace diffusion coefficient
of the solvent in the polymer, the parameters αc1, αc2, fH1G, fH2G, ξ, A, K11, K12,
K21, K22 and D01 can be determined23. To determine the critical hole free volumes
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V1* and V2*, the assumption is made that these volumes are approximately equal
to the specific occupied volume of the pure liquid at T=0 K25
V1* = V10 (0 )
V2* = V20 (0 )
3. 36

For the pure components the specific volume at T=0oK is related to the size of
the individual molecules or segments. To determine the specific occupied volume
at T=0oK for the pure solvent and the pure polymer, the method described by
Haward 34 is used.
V1* (cm3/g)

0.844

V2* (cm3/g)

0.788

V2o (cm3/g)

0.8696

K11 (cm3/gK)

1.029x10-3

K12 (cm3/gK)

3.05x10-4

K21 (K)

21.3

K22 (K)

80

Tg1 (K)

217

Tg2 (K)

378

ξ

0.586

D01 (cm2/s)

1.26x10-3

α

2.00x10-2

α2 (K-1)

5.80x10-4

α2g (K-1)

2.50x10-4

αc2 (K-1)

2.00x10-4

αc2g (K-1)

0.866 x10-4

fH2G

0.0464

A (K)

250

Table 1, Free volume parameters for the Vrentas&Vrentas description of the mobility factor. Data
are taken from Barton and McHugh16.
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By using the parameters from Table 1, we obtain a density dependent mobility
function as shown in Figure 2.

Figure 2,

Mobility function for the PMMA/cyclohexanol system, as described with
the Vrentas&Vrentas description.

Equation 3. 29 shows that the mobility term consists of a thermodynamical factor,
relating the solvent self-diffusion coefficient with the mutual diffusion coefficient.
By plotting these factors separately, see Figure 3, we can see that the solvent
self-diffusion

coefficient

decreases

sharply

with

increasing

polymer

concentration.

a)
Figure 3,

b)

Thermodynamical factor a) and solvent self-diffusion coefficient b) as function of
polymer concentration.
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This can be understood by the fact that with increasing polymer concentration,
the viscosity of the polymer solution increases, and therefore the self-diffusion of
the solvent molecules will decrease.

3.5 Discretization of the Cahn-Hilliard equation
To solve the Cahn-Hilliard equation numerically, we have to make a numerical
scheme, which integrates equation 3.9 in a series of small time steps. Because
the Cahn-Hilliard equation is non-linear, determining a (analytical) stability
criterion is unfeasible and instability of the numerical scheme can become an
important problem. It is also possible to take the Fourier transform of equation
3.9, and numerically solve this simple first order differential equation. However,
some important information is lost, or at least hard to obtain, by using the
description in Fourier k-space, instead of real-space. The percolation to cluster
transition, for example, will be hard to identify within the Fourier description,
because in k-space, there is no distinct fingerprint of this transition. In real-space,
the transition can be easily identified directly with the help of snap-shots of the
structure development at different times. Before we start with making a numerical
scheme for the Cahn-Hilliard equation 3.9, we write this equation in a
dimensionless form. To obtain a dimensionless expression, the time and length
scale are scaled with
x* = x

L
κ
τ =  2 M 0 4 t
L 

3. 37

Where
L = 2κ

RT

,
3. 38
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R is the gas constant and M0 is a normalization constant for the mobility function,
to make the maximum of the mobility M(M) in the order of unity. In our simulation
runs, we used
M 0 = 1 × 10 −10
3. 39

For the free energy function we use the dimensionless
F= f

RT
3. 40

Using 3. 37, 3. 38 and 3. 40 we obtain



∂f (r * ,τ )


φ (r * ,τ ) = ∇* ⋅  M * (φ (r * ,τ ))∇* 
− ∇* 2φ (r * ,τ ) 



∂τ
 ∂φ


∂

3. 41

Where
M * (φ ) =

M (φ )
M0
3.42

To integrate this equation, an explicit numerical scheme is used. To obtain a
numerical estimate of a first derivative in time, we take a first order Taylor
expansion in time, with time step ∆τ

(

)

(

(

∂f x0* ,τ 0

)

f x0* ,τ 0 + ∆τ = f x0* ,τ 0 +

∂τ

) ∆τ + O(∆τ )
2

3. 43

From this equation we obtain

(

∂f x0* ,τ 0
∂τ

) = f (x

*
0

) (

,τ 0 + ∆τ − f x0* ,τ 0

∆τ

) + O(∆τ )
2

3. 44
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For the numerical estimate of the first derivative in space we can do the same

(

)

( )

f x0* + ∆x* ,τ 0 = f x0* +

(

∂f x0* ,τ 0
∂x *

) ∆x

( )

+ O ∆x*

*

2

3. 45

Which gives
∂f (x0* ,τ 0 )
∂x*

=

f (x0* + ∆x* ,τ 0 ) − f (x0* ,τ 0 )

∆x *

( )

+ O ∆x*

2

3. 46

The second order derivative in space coordinates involves the second order
Taylor expansion in ∆x*. By taking the sum
f (x0* + ∆x* ,τ 0 ) = f (x0* ,τ 0 ) +
f (x0* − ∆x * ,τ 0 ) = f (x0* ,τ 0 ) −
2 f (x0* ,τ 0 ) +

∂f (x0* ,τ 0 )
∂x *
∂f (x0* ,τ 0 )
∂x

∆x* +
∆x* +

*

∂ f (x ,τ 0 )
2

*
0

∂x*

2

1 ∂ 2 f (x0* ,τ 0 )
2

2
∂x *
1 ∂ 2 f (x0* ,τ 0 )
2

∂x

*2

( )

2

( )

∆x* − O ∆x*

3

3

+

( )

∆x* + O ∆x*
2

2

∆x * + O ∆x*

4

3. 47

we can estimate the second order derivative by

(

∂ 2 f x0* ,τ 0
∂x

*2

) = f (x

*
0

)

(

) (

+ ∆x* ,τ 0 − 2 f x0* ,τ 0 + f x0* − ∆x* ,τ 0

∆x

*2

) + O(∆x

*4

)
3. 48

Using expressions 3. 44 and 3. 46, we obtain for the mass conservation law the
numerical approximation

56

Structure Formation During Phase Separation Modelled with ...

φ in, +j 1 − φ in, j
∆τ

=

J i+ 12 , j − J i− 12, j + J i , j+ 12 − J i , j − 12

.

∆x*
3. 49

Where i and j are the discrete positions, n is the discrete time index, ∆τ and ∆x*
the discrete time and length step and Ji,j is the total flux at point (i,j) given by
 Fi′+1, j − Fi′, j ∇*2φ i +1, j − ∇*2φ i , j
J i + 1 2 , j = M i*+ 1 2 , j 
−

*
∆x
∆x*






3. 50

Where F’ is the analytical expression for the derivative of the free energy
function, equation 3. 20, with respect to the polymer volume fraction φ. For the
mobility, we interpolated the mobility to intermediate positions
M i*+ 1 2 , j =

M i*+1, j + M i*, j

.

2
3. 51

Based on expression 3. 48 we can approximate the gradient term of equation
3. 50 with
∇* 2φ i , j =

φ i +1, j + φ i , j +1 − 4φ i +1, j + φ i −1, j + φ i , j −1
∆x*

2

3. 52

By choosing a length and time step, ∆τ and ∆x*, in the numerical scheme, one
learns which time and length scales are important in the Cahn-Hilliard
description. The values of ∆τ and ∆x* have to be chosen carefully, to avoid
discretization artefacts like mesh size dependence, artificial pinning and
instability. The important length scale in the Cahn-Hilliard description is of the
order of the radius of gyration (Rg) of the polymer chains. The length step ∆x* will
thus be in the order of Rg, which allows performing simulations with length scales
of the order of 100 Rg. To make sure the used step sizes ∆τ and ∆x* give reliable
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results, we compared different choices of ∆τ and ∆x*. When the size of ∆x* is
chosen too large, artefacts like artificial pinning can occur35. We therefore
compared different choices of ∆x* to see for which values the results were
consistent.
The choice of ∆x* also has an influence on maximum value of ∆τ, for which the
numerical scheme is stable. Because of the non-linearity of the Cahn-Hilliard
equation, no analytical derivation for a stability criterion was possible. One can
use the stability criteria for the diffusion equation31,

∆τ ∝

1

∆x*

2

3. 53

as a guideline. Experimenting with different values of ∆τ, indicated that the
primary source of instability was caused by too large values of ∆τ, which causes
densities to become negative in polymer depleted regions. Thus, the value of ∆τ
has to be chosen in such a way, that the low densities in the system approach
their equilibrium value and do not become smaller. By trial and error, a maximum
value of ∆τ could be found very quickly.
3.6 Computational methods
3.6.1 Density growth
To identify the stage of demixing, we follow the minimum and maximum value of
the local densities in the system as a function of time (c.f. Figure 4). The time
development of the density can be divided in three stages. In the first stage,
called the induction period by Caneba et al.36, 37, the initial condition, which was
randomly generated, “equilibrates” to the thermal conditions to which the solution
is quenched. In this period, phase separation does not start yet, because the
system is moving away from the artificial, unphysical, initial conditions to physical
realistic conditions.
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Figure 4,

Different stages in density development during Cahn-Hilliard simulation of a
polymer solution with a polymer concentration of 20 vol% quenched to Tq=315 K.
Under these conditions, droplets of polymer-rich phase are formed in a
continuous solvent phase.

When the initial stage begins, the density starts to grow exponentially as
predicted by the linear Cahn-Hilliard equation. At the end of the intermediate
stage, the density growth stops, and the maximum density has reached an
equilibrium value. For later times (in the late stage) there is only growth of the
structure by coarsening (coalescence of polymer-rich regions, or Oswald
ripening). The difference between the equilibrium density, as calculated with the
Flory-Huggins theory, and the maximum value of the density found in the
simulation run is caused the surface energy term, which favours diluted droplets
over dense droplets of the same size because the former ones exhibit smaller
density gradients at their boundaries. In Section 3.7.2 this observation will be
examined in more detail.
In later sections, we will identify initial, intermediate, and late stages based on
how far the densities have evolved as described above on the basis of Figure 4
When a statement is made on the stage of demixing it wil be based on this
criterion.
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3.6.2 Structure factor and radial distribution function
When one is interested in the dynamics of phase separation, one of most
frequently used quantities, is the collective scattering function
1
Scoll (k ) ∝
V

V

V

i

j

∑∑ f

ij

exp (ik ⋅ R ij )

38, 39

2

3. 54

Where V is the volume of the system, fij is a contrast factor associated with the
local refractive index at position rij 38, 39, k is scattering vector and Rij is the vector
connecting points i and j. Because of the underlying lattice of the discrete CahnHilliard equation and limited size of the simulation box, the wave vectors are
restricted to the discrete values
kx =

2π
2π
nx , k y =
ny
Lx
Ly
3. 55

Where Lx,y is the dimension of the simulation box in x and y direction in lattice
points, and n is a integer value, varying from 1 .. L. Assuming the local refraction
index is linearly proportional to the local density, the contrast factor fij can be
chosen to be
f ij = φij − φ0
3. 56

Where φ0 is the average polymer density in the system and φij the local density at
position i,j.
The Cahn-Hilliard theory predicts that after a temperature quench, there is a
dominant wavelength λm=2π/km, which amplitude grows exponentially. Because
the step size ∆x*, that was used to solve the Cahn-Hilliard equation numerically,
was relatively large (∆x*=1.0) compared to the initial size of the structure, the
possible k-values that fitted with the underlying lattice did not allow a good
estimation of the dominant k-value. A possible solution is to take the first moment
of the structure function16
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k1 =

∑ kS (k ,t )
k

∑ S (k ,t )

.

k

3. 57

The first moment k1 scales in the same manner with time as km16. Because this
quantity is determined over the whole range of possible wave vectors, this
quantity can be determined more accurate than km.
Alternatively one can calculate the correlation function, H(r), which is the Fourier
transform of the structure function of the structure function from k-space to realspace. To estimate the domain size in real-space, we calculate the correlation
function
H ( r ) = φ (r′ ) − φ  ⋅ φ (r′ + r ) − φ 
3. 58

which quantifies spatial correlations between the concentration fluctuations in the
system. From the resulting correlation function we can identify the average size
of the polymer-rich and poor regions. Because the correlation function is
calculated from the concentration fluctuations on the average density, a
homogenous solution will give H(r) = 0 for all r. For a phase separated solution,
see Figure 5, we can thus identify the first zero of H(r), R1, with the average size
of the polymer-rich region. Because, it is possible to determine the size with the
help of interpolation, this method has less hindrance of the underlying lattice.

3.7 Results
All the results presented in this section, are taken from two-dimensional CahnHilliard simulations with a simulation box consisting of 100×100 lattice sites, and
with periodic boundary conditions imposed.
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Figure 5,

Example of distribution function of homogenous solution, and phase separated
solution. Polymer concentration was 20 vol%, quenched to a temperature of
Tq=315 K, H(r) was calculated after 400,000 iteration steps. The time step size
∆τ=0.00001.

The initial conditions were generated by adding a random density fluctuation to
the average polymer concentration at each lattice site. For the ratio, N, between
the molecular mass of the (PMMA) polymer chains and the solvent molecules
(cyclohexanol) we have used N=50. For the selection of the step sizes 'x*, we
used the values

'x*=0.7 or 'x*=1.0 of Barton and McHugh16 as a guideline.

Different simulation with the same initial conditions and varying step size, 'x*=0.5
- 1.0, were performed to verify the step size dependence in our simulation runs.
In the range of step sizes 'x*, we did not find any dependence on its size, so we
choose

'x*=1.0 for all our simulations. The step size 'τ was chosen in such a

way, that the simulations were stable. When the choice of 'τ was too large, then
after a number of iteration steps, negative densities (in the polymer depleted
regions) occurred, the simulations were stopped and a smaller 'τ was chosen.
To investigate the stability of our simulation method with respect to the choice of

'τ, we performed a simulation run with a value of 'τ, for which the calculations
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were stable and a simulation run with a value for 'τ ten times smaller. Comparing
both calculations did not reveal any dependence on 'τ. So, in every simulation
we choose the largest possible value for 'τ, for which the system was stable.
3.7.1 Influence of quench temperature
From the linear Cahn-Hilliard equation, it was predicted that in the initial stage the
dominant length scale is proportional to the reciprocal value of the temperature.
So initially deeper quenches will lead to smaller structures, with a size
dependence given by1
 T
Ri ∝  C
 TS − Tq






1

2

3. 59

Where Tc is the critical temperature (Tc=332.3 K for our system), Ts the spinodal
temperature (Ts=326.8 K at φ=30 vol%) and Tq is the quench temperature. To
validate this prediction, we used the density correlation function, as described in
Section 3.6.2, to determine the size of the initial structure at different quench
temperatures. During the induction period (cf. Figure 4), the density correlation
function is practically zero for all values of r, hence Ri is zero as well. When the
initial stage of demixing starts, the time development of Ri suddenly exhibits a
jump to a value Ri >0 which remains constant until the intermediate/late stage of
demixing sets in. In Table 2 the initial size as a function of the quench
temperature is given. The values are obtained by averaging over eight
independent simulation runs. Figure 6 shows the dependence of the initial size as
function of [Tc/(Ts-Tq)]1/2, and demonstrates that a linear dependence has been
found. Noteworthy, the slope equals 1.
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Tq (K)

Rinitial

290

2.483 ± 0.009

295

2.715 ± 0.008

300

3.014 ± 0.017

305

3.473 ± 0.012

310

4.024 ± 0.020

315

4.868 ± 0.016

Table 2, Initial size of polymer-rich regions obtained at different quench temperatures. The
average polymer concentration was 30 vol%.

Figure 6,

Initial polymer-rich structure size vs. [Tc/(Ts-Tq)]

1/2

for a solution with a polymer

concentration of 30 vol%, quenched to different temperatures. For this system,
the spinodal temperature Ts=326.8 K and the critical temperature Tc=332.3 K.

The intermediate and late stages of demixing corresponding to the quenches in
Table 2 could not be reached. It turned out that at a polymer concentration of 30
vol%, and quench temperatures lower than 300 K, the time step

'τ had to be

chosen so small (∆τ=10-7 - 10-9), that it became unfeasible to reach these stages
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within reasonable computer time. Therefore, in further simulations, less deep
quench depths were performed.

3.7.2 Influence polymer density
To study the influence of the polymer concentration on the structure formation,
we performed different simulations with increasing polymer concentration. To be
able to choose a relatively large value for the time step

'τ, as opposed to the

problems mentioned in the previous section, all polymer solutions were quenched
to a temperature of Tq=315 K.
Snap shots
To get a first impression of the morphology development, we start examining
snap shots taken during the initial, intermediate, and late stage of demixing (see
Figure 7). In these pictures, the regions in which the polymer concentration was
above the average value are black and the other regions are white. The snapshots taken at the initial stage of demixing, show that in all cases the morphology
is bi-continuous. This bi-continuous structure breaks up while the density
develops further, as can be seen from the snap-shots taken in the late stage
where the density has reached a stable value. The snapshots of the late stage
were taken 50,000 iterations (∆τ=0.00001) after the end of the intermediate stage
as defined in Figure 4. From the equilibrium phase diagram, determined with the
Flory-Huggins theory, we find that the equilibrium densities for a quench to
Tq=315 K are

φ 1 = 0.0015vol%
φ 2 = 64.1942vol%
3. 60

Where φ1 is the polymer concentration in the polymer-poor region and φ2 the
polymer concentration in the polymer-rich region. With the help of the lever-rule
we can then calculate, that for a polymer concentration of approximately 32.1
vol%, there will be a 50/50 distribution of polymer-rich and polymer-poor phase.
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Above this average concentration, the polymer-rich phase will be the majority
phase, and we will obtain solvent clusters in a polymer-rich matrix. From the time
development of the maximum density (see next section), we found that the
equilibrium density is not reached, so that for lower average polymer
concentrations we can already expect a morphology characterized by solvent
clusters in a polymer-rich matrix. Figure 7 shows the morphology of polymer
solutions, with different average polymer concentrations, at different stages of
demixing. From this figure we can see that for a polymer concentration of 30
vol%, the polymer-rich phase is the majority phase. Thus, the Cahn-Hilliard
description does not confirm the rule of the thumb that in polymer solutions with
an average polymer concentration higher than the critical polymer concentration
(for our system 12.4 vol%) morphologies exhibiting solvent droplets dispersed in
a polymer-rich matrix are obtained.
Vol%

5

10

15
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25

30

Figure 7,

Morphologies of quenched polymer solutions, for different average polymer
concentrations at different time stages.

Furthermore, the snap-shots of the late stage of demixing reveal that the
structure has coarsened and that droplets grow in size at the expense of the total
number of droplets. This is what one expects when coarsening occurs by
coalescence and/or Lifschitz-Slyozov/Oswald ripening.

Density development
Figure 8 shows that for all average polymer concentrations, the value of the
maximum density in the system evolves to a similar equilibrium value.

Figure 8,

Maximum density development as function of time with different average
polymer concentrations. N=50, Tq=315 K. The time equals the number of
iterations multiplied with the step size ∆τ=0.00001. .
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As expected, there seems to be no dependence of the average polymer
concentration at which the quenches were performed on the final equilibrium
density. The figure also shows that the induction period increases with the
average polymer concentration. This is caused by the fact, that for higher
polymer concentrations, the mobility decreases significantly. Hence, it takes
longer for the system to equilibrate. The induction times are summarized in Table
3.

Table 3,

Polymer volume fraction

Induction time

M (×10-8)

5

0.92

4.62

10

0.78

3.56

15

1.44

2.38

20

1.82

1.47

25

3.77

0.86

30

10.12

0.47

Induction times at different average polymer concentrations with normalized
mobility at the average polymer concentration. The time equals the number of
iterations multiplied with the step size ∆τ=0.00001.

In Section 3.6.1, where we discussed the density evolution as function of time, it
was already mentioned that the difference between the maximum obtained
density in the system and the equilibrium density according to the Flory-Huggins
theory, could be partly explained by the energy penalty associated with density
gradients. One may argue that polymer-rich droplets in a continuous solvent
phase do not assume the equilibrium binodal density because more dilute
droplets exhibit smaller density gradients at their boundaries. Hence, further
densification of the droplet towards the equilibrium binodal density only occurs if
it succeeds to grow by Ostwald ripening or coalescence since then its dimension
increases thereby diminishing the surface-to-volume ratio. To validate this
hypothesis, we performed a simulation of a temperature quench to Tq=315 K of a
polymer solution with a polymer concentration of 10 vol% in a very small
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simulation box (40×40 lattice points) and looked for occasions in which there was
a sudden change in density developments. Because the simulation box is so
small, coalescence of polymer regions or Oswald ripening cause a relative large
surface decrease in the whole system. If there is an influence of surface area on
the maximum density in the system, then one must be able to notice the
decrease in surface area by monitoring the time development of the maximum
density.

A
C
B
1

2

3

b)
a)
Figure 9,

Density development in a small simulation box of a polymer solution with N=50,
polymer concentration of 10 vol% quenched to a temperature of 315 K. In a) the
density development is depicted with three points (1,2, and 3), before or after a
jump in density development took place (I and II). In b) the accompanying
morphologies are shown.

Figure 9a shows the density development in the small system as a function of
time. At approximately 1×105 iteration steps, the density seems to converge to a
certain value, when suddenly a jump, at I, in density development occurs. In
Figure 9b one can see that in the morphology before (1) and after (2) this jump,
in regions A and B coalescence of polymer-rich regions occurs. Later a second
jump in density, II, seems to coincide with Oswald ripening at location C. From
these results we conclude that the equilibrium binodal density is reached only
after the late stage has been reached and Ostwald ripening and coalescence has
set in.
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Structure size development
Initial stage
To study the influence of the polymer concentration on the initial structure size,
simulations conducted at different concentrations are quenched to a temperature
of Tq=315K.

Based on the density correlation function H(r), again the initial

structure size is identified. The results, presented in Table 4, are the average
values of eight independent simulation runs.

Table 4,

Polymer volume fraction

Rinitial

5

4.644 ± 0.019

10

4.059 ± 0.019

15

4.057 ± 0.024

20

4.214 ± 0.011

25

4.475 ± 0.017

30

4.868 ± 0.016

Initial size of the polymer-rich region as function of the average polymer
concentration. All the solutions are quenched to Tq=315 K.

One might expect that higher polymer concentrations lead to larger polymer
regions. For concentrations above 15 vol%, we indeed find this behaviour. But, at
a concentration of 5 vol%, the value seems to be out of line.
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Figure 10,

Initial structure size of the polymer-rich region as a function of polymer
concentration for a polymer solution with N=50, quenched to a temperature
Tq=315K.

One can explain this results, by considering the difference between the spinodal
temperature and the quench temperature. In Table 5 these values are presented,
and one can already see that the difference for concentrations higher than 15
vol% decreases, while for a concentration of 5 vol%, the difference is smaller
than for concentrations between 10-25 vol%.

Table 5,

Polymer Volume fraction

Ts-Tq

5

13.03

10

17.2

15

17.5

20

16

25

14.1

30

11.8

Difference between the spinodal and quench temperature (Tq=315 K) for different
polymer concentrations.
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This behaviour suggests, that the size of the initial structures is only indirectly
dependent on the polymer concentration φ through the relation Ts(φ) - Tq. To
validate this, we determined the temperature dependence of the initial sizes at a
polymer concentration φ, for which the spinodal temperature (Ts(φ)) is equal to
Ts(30 vol%). From the phase diagram in Figure 1 we determined that this was
true for a polymer concentration of 4.45 vol%. In Figure 11 we compare the
temperature dependence of the initial sizes, and we can see that, within the
computational errors, these are identical for both polymer concentrations. This
indicates that there is no direct influence of the average polymer concentration on
the initial structure size, but only the indirect influence via relation 3. 15.

Figure 11,

Comparing the temperature dependence of the initial size for solutions with a
polymer concentration of 4.45 vol% and 30 vol%.

Intermediate stage
In the initial stage, for all polymer concentrations, a bi-continuous structure exists.
This can be explained by the fact that in the initial stage the difference in
concentrations between the polymer-rich and polymer-poor regions is very small.
Therefore, there will be approximately a 50/50 distribution of the polymer-rich and
polymer-poor region and, hence, a bi-continuous structure. In later stages of
demixing, the difference in polymer concentration will increase, and the bicontinuous structure beaks up into a morphology with polymer-rich droplets in a
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polymer-poor matrix or visa versa, depending on the average polymer
concentration.

Late stage
In the late stage of demixing, the structure grows by coarsening and the size can
be described with a power law
R ∝ tα
3. 61

Where α the power law exponent. By plotting the logarithm of the structure size
vs. the logarithm of time, we found α to be 0.35 ± 0.07. This value for α agrees
very well with the theoretical predicted value of 1/3 for coarsening via Oswald
ripening or coalescence. We observed both coarsening mechanisms in the snapshots of the morphology presented earlier (Figure 9b shows two examples of
coarsening by coalescence and Oswald ripening). This value of α also agrees
very well with the values found in other numerical studies of (two-dimensional)
Cahn-Hilliard simulations6,16,19. For all different volume percentages, we
calculated the growth rate K by plotting the structure size R3 vs. time. The slope
of this curve equals the growth rate K as given in equation 3. 62.
R 3 = Rlate + K ⋅ (t − t late )
3

3. 62

Where tlate is the time when the late stage of demixing starts. The found growth
rate vs. concentration dependence as given in Table 6 can be understood by
looking at the trend of the growth rate vs. the quench depth Ts-Tq. With
increasing quench depth, an increase in growth rate is observed, in perfect
agreement with the results of Barton et al.16. Barton et al. demonstrated by
simulating with a temperature independent mobility function (thermodynamics
dominate) and with a temperature independent free energy function (kinetics
dominate) that for quenches in which the thermodynamics dominate (for small
values of Ts-Tq), the growth rate increases with increasing quench depth.
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Polymer volume fraction

Growth rate

Ts-Tq

5

22.5

13.03

10

44.1

17.2

15

48.1

17.5

20

34.6

16

25

27.2

14.1

30

16.2

11.8

Table 6,

Growth rate in the late stage of demixing at different average polymer
concentrations.

3.7.3 Effect of the critical hole free volume parameters
The mobility M(φ) is expected to have large influences on the pattern
development in the late stage. Because the polymer-rich regions have then
reached high polymer densities, the mobility is suppressed and structural
features may survive over long time scales or even get arrested (if quenches are
performed below Tg). To study the effects caused by changes in mobility, we
varied only the specific critical hole free volume parameters V1* and V2* and kept
all other parameters constant. For all combinations of V1* and V2*, the mobility
function was normalized such that the maximum value of M(φ) was equal to unity.
This was done, because changing the absolute value of the mobility, introduces
only a linear change in time scale, and does not introduce any ‘new physics’.
Changes in V1* over the range presented below affect the time scale with a factor
of the order 103 whereas similar changes in V2* only affect the time scale with a
factor of order 1. Figure 12 shows the influence of the parameters V1* and V2* on
the shape of the mobility function. With increasing critical hole free volume of the
polymer (V2*) the mobility diminishes to zero already at smaller values of the
polymer volume fraction. The choice of the solvent critical hole free volume
parameter (V1*) does not change this observation significantly. Thus, the
parameter V2* strongly affects the mobility at high polymer volume fractions while
not significantly changing time scales that can be reached by the simulation. The
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parameter V1* has a strong effect on the time scale while it does not affect the
mobility much over the entire range of polymer volume fractions.

Figure 12,

V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800
*

*

Mobility function for different free-volume parameters V1 and V2 for a
PMMA/cyclohexanol polymer solution, with a polymer concentration of 15 vol%,
quenched to a temperature of Tq=315 K and N=50. The maximum values of all
mobility functions are normalized to unity.

Snap shots
Initial stage
In the initial stage, there seems to be no influence of the changing mobility on the
morphology. All the initial morphologies look exactly the same, although the value
of the mobility at the average polymer concentration did vary upon changing the
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parameters V1* and V2*. In the time evolution of the density, see Figure 16, this
can be seen by the change of induction time for different V1* and V2*.

V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800

V1*=0.100

V1*=0.200

V1*=0.400

V1*=0.600

V1*=0.800

Figure 13,

Snapshots of the morphology in the initial stage of demixing for different free
*

*

volume parameters V1 and V2 . In a PMMA/cyclohexanol polymer solution, with a
polymer concentration of 15 vol%, quenched to a temperature of Tq=315 K and
N=50.

Intermediate stage
In the intermediate stage, there is already a small difference in morphologies
noticeable. Based on the average polymer concentration of 15 vol% and the
equilibrium densities mentioned in Section 3.7.2 we expect a morphology
characterized by polymer-rich droplets in a polymer-poor matrix. Looking at the
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density development, see Figure 16, one can see that the final densities
decrease by increasing values V2*. Increasing V1* does not influence the final
density as much as V2* and increases it to a small extent. For large values of V2*
the density does not reach the equilibrium value at all (for V2*=0.800 the
maximum density converges to a value of approximately 50 vol%). This
decreasing final density in the polymer-rich phase causes a development of
polymer-rich regions larger in total area, and thus a structure in which polymerrich droplets are still more connected with each other and keeping the initial
structure more intact.

V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800

V1*=0.100

V1*=0.200

V1*=0.400

V1*=0.600

V1*=0.800

Figure 14,

Snapshots of the morphology in the intermediate stage of demixing for different
*

*

free volume parameters V1 and V2 in a polymer solution, with a polymer
concentration of 15 vol%, quenched to a temperature of Tq=315 K and N=50.
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Late stage
The snap shots of the late stage of demixing are taken 50,000 iteration steps
(∆τ=0.01) after the end of the intermediate stage (defined in Figure 4). In the late
stage of demixing, the elongated polymer-rich areas of the initial bi-continuous
structure above are broken up into a droplet type structure. The free volume
parameter V2* clearly affects the ultimate morphology to largest extent. If -at
constant V1*- the value of V2* increases, the absolute time scale is not
significantly affected yet the patterns change significantly. The percolation-tocluster transition, which just occurs at V2*=0.8 in Figure 15, is thus delayed
significantly due to a significant reduction of the mobility. Hence, deviation from a
50:50 distribution of polymer-enriched and depleted regions takes longer times
and the bi-continuous morphology survives longer.
To make sure that the differences between morphologies presented in Figure 15
are not caused by this shift of time scales, we compared also the structures at
the same absolute time after the end of the intermediate stage had set in. This
showed no significant change in the trends in morphology as function of the
parameters V1* and V2*.

V2*=0.200
V1*=0.100

V1*=0.200

V1*=0.400
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V1*=0.600

V1*=0.800

Figure 15,

Snapshots of the morphology in the late stage of demixing for different free
*

*

volume parameters V1 and V2 in a polymer solution, with a polymer
concentration of 15 vol%, quenched to a temperature of Tq=315 K and N=50.

Density development
From the density developments in Figure 16, we see that for different mobility
functions, the density evolves to different maximum values. The density to which
the system ultimately evolves, decreases with increasing values of V2*. This can
be explained by the fact that the mobility drops to zero already at lower polymer
concentrations if V2* increases (see Figure 12). Because all the other
parameters, like average polymer concentration, quench temperature and
surface energy was equal for all different simulations shown in Figure 16, we can
conclude that the mobility function can have an important influence on the
densities which are reached after a temperature quench. Any further density
development

artificially

“freezes”,

because

of

the

vanishing

mobility.

Experimentally, similar effects have been observed with the help of DSC
measurements40. The freezing of the density development influences the
morphology because a larger fraction of the sample volume consists of polymerrich region, than one would expect from the equilibrium densities (see also
Section 3.7.2). Furthermore, the polymer-rich regions contain more solvent than
expected based on the equilibrium binodal value.
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Figure 16,

V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800

Density development of a polymer solution, with a polymer concentration of 15
vol%, quenched to a temperature of Tq=315 K and N=50.

This fact can be used when applying a secondary quench. In some studies, a
structure obtained after cooling down a homogenous polymer solution into the LL regime, is quenched deeper, further into the L-L regime, or under the glass
transition of crystallisation temperature. Because of this second quench, the
densities in the polymer-rich phase are no longer the equilibrium densities
belonging to this new temperature and a secondary demixing process occurs.
This demixing leads to a smaller structure inside the original structure. Because
with different mobilities the density in the polymer-rich structure varies, this will
influence the secondary morphology also.
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Structure size development
Initial stage
For all combinations of V1* and V2*, we found the same initial size for the
polymer-rich region (4.052 ± 0.008). This is in agreement with the analysis of the
initial stage of demixing, where it was found that the size of the initial structure
depends on the quench temperature and the surface energy term (see equation
3. 15). But, looking at the microscopic explanation11 for the size of the initial
structure, this result is a little counter intuitive. In the microscopic explanation, it is
argued that the initial size is a balance between the time it takes for a polymer
chain to move to a polymer-rich region and the thermodynamic driving force and,
therefore, one expects the dynamics of the system to have a influence on the
initial structure size.

Intermediate and late stage demixing
Again we can describe the growth in the late stages with the power law of
equation 3. 61. For the power law exponent α, we found from the log-log plot of
the growth of polymer-rich regions versus time, for all combinations of V1* and
V2*, a value of α=0.37±0.05. The growth rate K, see equation 3. 62, does depend
on the mobility function, and its value for the different combinations of V1* and V2*
is given in Table 7. Although it is not clear what the exact relation between the
mobility function and the growth factor K is, we can see that the growth rate
follows the trend of the value of the mobility at the equilibrium density, as shown
in Table 8.
V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800

V1*=0.100

82.6 ± 14.1

53.9 ± 6.1

45.4 ± 5.5

39.8 ± 4.8

V1*=0.200

86.6 ± 12.0

56.3 ± 6.3

48.5 ± 6.9

42.7 ± 4.4

V1*=0.400

94.2 ± 15.8

60.8 ± 8.6

47.7 ± 7.9

45.3 ± 5.7

V1*=0.600

100.6 ± 14.6

66.6 ± 9.6

50.8 ± 8.5

48.3 ± 6.8

V1*=0.800

112.1 ± 16.4

73.1 ±12.7

52.1 ± 8.7

50.3 ± 6.7

Table 7,

*

*

Late stage growth rate for different free volume parameters V1 and V2 . Tq=
315 K, vol%=15%.
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V2*=0.200

V2*=0.400

V2*=0.600

V2*=0.800

V1*=0.100

0.06611

0.00485

0.00069

0.00058

V1*=0.200

0.08633

0.00632

0.00086

0.00054

V1*=0.400

0.13638

0.01072

0.00140

0.00062

V1*=0.600

0.23437

0.01573

0.00180

0.00072

V1*=0.800

0.39857

0.02703

0.00303

0.00109

Table 8,

Mobility at equilibrium density (these densities were determined from Figure 16)

To elucidate the existence of a relation between the growth rate, and the mobility
even more, the growth rate as given in Table 7 is plotted against the value of the
mobility as given in Table 8. Figure 17 shows the growth rate as function of the
mobility. It clearly indicates that there is a relation between the growth rate and
the mobility function, but more cannot be concluded from this figure. There is no
clue about the exact nature of the relation and if there is a direct or indirect
relation.

Figure 17,

Growth rate as function of the mobility at the equilibrium density.

3.8 Conclusions
The results presented in this chapter agree very well with theoretical predictions
and results published by other authors. We find a good agreement with the
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theoretical relation for the temperature dependence of the initial structure size.
Furthermore we found no direct influence of the mobility function on the initial
morphology and the initial structure size. For the intermediate and late stage of
demixing, the morphology and structure size is influenced by the mobility
because of the freezing of the density development and the influence on the
growth rate. In all cases we found that the late stage demixing took place via the
diffusion-aggregation and evaporation-condensation (Lifshitz-Slyozov/Oswald
ripening) and that these mechanisms eventually cause the system to approach
its equilibrium binodal densities. And that the growth in the late stage could be
described with a power law growth, with a power exponent α which was very
close the theoretical value of 1/3.
It was possible to demonstrate a morphology consisting of droplets of polymerpoor phase into a polymer-rich matrix by using the lever-rule to calculate the
average polymer concentration for which the polymer-rich phase was the majority
phase. Selecting an average polymer concentration above the critical polymer
concentration was not enough to ensure a polymer-poor droplet phase.

3.9 Outlook
As already mentioned in the introduction, the Cahn-Hilliard description was
originally derived for metal alloys. The molecules of the metals in these alloys
have comparable molecular sizes, and therefore, due to the relatively simple
molecular structure, the dynamical behaviour can be approximated to be
symmetrical. In a polymer solution there is a large difference in molecular weight
of the polymer and the solvent molecules. When using a Cahn-Hilliard description
with a mobility that does not capture physical differences between the diffusion
speeds of components varying strongly in size, one implicitly assumes symmetry
in dynamics between the solvent and polymer molecules. Dynamic asymmetries
between the polymer and solvent molecules is accounted for in the
Vrentas&Vrentas description, and, as we have discussed in this chapter, causes
a delay of the percolation-to-cluster transition. The asymmetry in this description
is based on a free volume model that is not truly microscopic in nature, hence
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proper microscopic explanations of phenomena caused by large molecular size
differences are not easily obtained from it.
Different authors, see for example41 42 43, suggest that the high molecular weight
of polymers, does introduce effects, like chain conformation changes and
entanglement effects, which are not included in the Cahn-Hilliard description but
are essential for a proper description of the phase separation process in polymer
solutions. Muratov43 and Tanaka42 for example, suggest that because of the
existence of entanglements the percolation to cluster transition is slowed down
and the power law growth has a smaller exponent than 1/3. Although we have
observed that for higher values of the specific critical hole free volume of the
polymer there is a delay in the percolation to cluster transition, we did not find a
change in the power law exponent with the Cahn-Hilliard description.

To study the influence of the chain properties of the polymers, in the next
chapters we present simulations in which the polymers are explicitly modelled as
chains. With these studies we try to find the impact of the chain properties on the
phase separation dynamics and identify possible conditions for which the chain
properties do or do not introduce significant deviations from the Cahn-Hilliard
description.
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Chapter 4
Monte Carlo Simulation of the Phase
Behaviour of Polymer Solutions
The Bond-Fluctuation Model

Chapter 4
4.1 Introduction
To study the liquid-liquid phase separation in binary polymer-solvent systems by
computer simulation, it is essential to know the complete phase diagram of the
polymer-solvent model used. Because there is no phase diagram available for
the Bond-Fluctuation model with the interaction potential we used, this chapter
describes the computational methods we have implemented to obtain this
information. As mentioned in chapter 2, there are several methods available to
determine the phase behaviour, like the direct method1, the Grand-Canonical1,2,3
and the Gibbs-Ensemble3,4 ensemble technique. We have not considered the
Gibbs-Ensemble technique, because of the low-acceptance probabilities for
volume exchanges in lattice models.

In a first attempt to calculate the phase behaviour the direct method of Yan et
al.5, as originally described for lattices with coordination number z=6, was tested
for simple lattices with z=6 and z=26, as well as for the Bond Fluctuation model.
In this method, the two coexisting phases are simulated in a single simulation box
by “evaporating” chain molecules from a polymer rich pool into an initially empty
part of the box. At equilibrium, the number of molecules evaporating from the rich
phase into the lean phase balances against the number condensing from the
lean into the rich phase. The results for lattices with z=6 and z=26, were
compared with Grand Canonical Monte Carlo simulations performed by
Panagiotopoulos1. Unlike the results of Yan, the high-density branch of the phase
diagram we obtained for longer polymer chains agreed very well. Using the direct
method, however, we were unable to obtain a phase diagram for the BondFluctuation model due to possible instability of the coexisting phases.

To obtain the phase diagram for the Bond Fluctuation model, Grand Canonical
Monte Carlo (G.C.M.C.) simulations were applied. In G.C.M.C. simulations the
volume (V), temperature (T) and chemical potential (µ) are fixed to a certain
value, while their conjugate properties like the potential energy and polymer
number
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density fluctuate.

The

G.C.M.C.

simulation

involves

(amongst
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displacement moves to equilibrate the temperature) insertion of polymer chains
as well as their removal from arbitrary locations in the simulation box. Therefore,
the polymer-lean and rich phase cannot coexist in one box, instead the system
‘jumps’ back and forth between them. The fluctuations of the potential energy and
polymer density that occur during these events play an essential role in
computing the phase coexistence curve. Because, at phase coexistence, the
simulated polymer solution explores both phases, the probability distribution
function of the polymer number density exhibits a double peaked structure; a lowdensity peak representing the polymer-lean phase, and a high-density peak
representing the polymer-rich phase. Accurate sampling of both peaks is not a
trivial task as will be discussed in more detail further on in this chapter. Moreover,
if the polymer-lean as well as rich phase are sampled by some fortunate choice
of T and µ (say, T0 and µ0), these phases do not naturally represent the
equilibrium coexisting phases sought-after, because, in addition to the
temperature and chemical potential, the pressure in both phases must be
identical as well. To ensure the latter requirement, a significant demand is put on
computer time as it involves fine-tuning the value of the chemical potential, which
requires a new G.C.M.C. run at each newly chosen value. We thus see that
computing two points on the coexistence cure, which, in fact, we aspire to
compute entirely, may indeed be challenging already. The histogram reweighting
method3,4 provides an elegant solution to the computational difficulties above.
The method takes advantage of the information contained by the described
histograms and provides an analytical scheme to “reweight” this information to
what it should read at state points other than where it was originally accumulated.
Thus, a histogram of energies and densities accumulated at one state point
(T0,µ0) (e.g. the fortunate choice of T and µ at which we had found a double
peaked histogram) allows to predict (without the need of additional simulations)
the histograms at other state points (T,µ) as well. Hence, once a double peaked
histogram is found, the coexisting densities are readily obtained. Moreover,
histogram reweighting to other values of T yields the entire coexisting curve.
There are limits to how far off the originally simulated point (T0,µ0) the predicted
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behaviour is still reliable. This issue, however, will be addressed later on in this
chapter.

This chapter starts with a short description of the phase behaviour of polymer
solutions with an upper critical solution temperature (U.C.S.T.) (section 4.2). In
section 4.3, the statistical mechanical basis of histogram reweighting is
discussed. The results of the calculations on the phase behaviour of the system
are described in section 4.4. In addition to the coexistence curve obtained by
histogram reweighting G.C.M.C., the calculation of the spinodal curve is
presented. We will show that the latter can be readily obtained on the basis of an
extrapolation scheme that utilizes the fact that, on the spinodal, density
fluctuations in the µVT-ensemble diverge.
4.2 Phase diagram of polymer solutions
A general Liquid-Liquid phase diagram for polymer solutions is given by figure 1.
With Liquid-Liquid phase diagram, it is meant that the glass transition or, for
crystalline polymers, the crystallization temperature is not represented. The
phase diagram consists of a binodal line, separating the homogeneous region
and the meta-stable region. When the density and temperature are chosen, such
that the system is in the homogeneous region, the polymer chains and solvent
molecules are homogeneously mixed. It is possible to bring the system from the
homogeneous to the meta-stable region by changing the temperature or density.
In the meta-stable region the polymer chains and solvent molecules can start to
phase separate via the mechanism of ‘nucleation-and-growth’. Within this
mechanism, first a nucleus of a minimal size has to be formed (called a critical
nucleus). If the density fluctuations in the polymer solution cause the formation of
such a critical nucleus, it will grow and phase separation occurs. The spinodal
line separates the meta-stable and unstable regions of the phase diagram. In the
unstable region even the smallest density fluctuation is sufficient to start the
phase separation process. At the critical point (with critical density φc and critical
temperature Tc), the meta-stable and the unstable region intersect.
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In the homogeneous region there is a specific temperature (called the Ttemperature), at which the polymer chains exhibit ideal behaviour; i.e. average
chain conformational properties can be described by random walk statistics. For
infinite chain lengths the T-temperature is equal to the critical temperature.

Figure 1,

Polymer/solvent phase diagram. The binodal (solid curve) separates the
homogeneous region from the meta-stable region. The spinodal (dashed curve)
separates the meta-stable and unstable region.

The mean-field theory of Flory-Huggins6,7 is most commonly used theory to
describe polymer/solvent phase diagrams. From the Flory-Huggins description, it
is possible to derive some (mean field expressions of) universal scaling laws for
the critical temperature Tc, critical volume fraction φc and the shape of the binodal
curve nearby the critical point. In this chapter, however, we are interested in the
phase diagram itself and not in the universal scaling behaviour exhibited by
polymer/solvent phase diagrams. Excellent studies of this behaviour can be
found in1,2,8. We will however use this scaling behaviour to estimate the
equilibrium thermodynamic behaviour for chain lengths which are longer than the
ones for which we explicitly calculated the phase diagrams.
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4.3 Computational methods
In this chapter canonical (constant NVT) and grand canonical (constant µVT)
ensembles are employed to extract thermodynamic information of our polymer
solvent model. Monte Carlo simulations performed in these ensembles are
combined with histogram reweighting procedures. Histogram reweighting is a
powerful technique to extract, without additional computational cost, information
about the system over a certain range of thermodynamic state points from a
simulation run performed at a single state point only. Usually, in M.C. simulation,
one calculates statistical averages of fluctuating quantities at one state point of
the system. The idea of histogram reweighting is to collect a histogram of this
fluctuating quantity (e.g. the total energy of the system in a simulation at constant
N, V, and T) and treat it as an estimate of the exact probability distribution known
from statistical mechanics. This allows constructing an exact expression that
enables to reweight the distribution to a state point different from the one at which
the original distribution was accumulated. The new histogram subsequently
allows computing thermodynamic averages of the properties of interest.

4.3.1 Histogram reweighting in the canonical ensemble
During a NVT simulation at a predefined temperature T0, the total potential
energy U of the system (arising due to the interactions between the molecules it
is composed of) is fluctuating. Instead of sampling this energy during the
simulation, and calculate its average value at the end of the simulation run, we
can register it at regular intervals during the simulation and store it in a histogram
H0. With this histogram H0 we can estimate the probability P0(U;T0) to find the
system with a certain energy
P0 (U ;T0 ) =

H 0 (U )

∑ H (U )
o

U

4. 1
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The denominator in this equation is a normalization constant, and is equal to the
total number of energy samples we have taken during thbe simulation. From
statistical mechanics we know that the probability distribution function for the total
potential energy U, in the NVT ensemble, is given by

P(U ;T ) =

Ω (N ,V ,U )exp(− βU )

∑ Ω (N ,V ,U )exp(− βU )
U

4. 2

Where Ω (N ,V ,U ) is the micro-canonical partition function, with N the number of
particles (e.g. polymer chains), V the volume of the simulation box, U the
potential energy, and β = (kT ) , where k is the Boltzmann constant and T the
−1

absolute temperature. Equation 4. 1 is a numerical estimate of the exact
expression (equation 4. 2) at inverse temperature β0. Because the denominators
in 4. 1 and 4. 2 are both constants, we can derive an estimate for the microcanonical partition function,

Ω (N ,V ,U ) =

1
H 0 (U )exp(β0U )
K
4. 3

In which K is a run specific constant. The exact value of K is not important as it
cancels in subsequent manipulations. We note at this point that the function

Ω (N ,V ,U ) is independent of T. It is therefore of no importance at which value of
β0 our estimate of it is made. This fact lies at the basis of the reweighting method
used in this chapter. To visualize this, we introduce the numerical estimate of

Ω (N ,V ,U ) (equation 4. 3), accumulated at temperature β0, into equation 4. 2 to
obtain
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P(U ;T ) =

H 0 (U )exp(− (β − β 0 )U )

∑ H (U )exp(− (β − β )U )
0

0

U

4. 4

P(U;T) is the probability distribution of energy U at temperature T. Thus, the
energy distribution H0 (accumulated at T0) is corrected with the appropriate
Boltzmann-weight factor in such a way that a distribution representative for
another temperature T is obtained. Average thermodynamic values of any
function A(U) can now be estimated according to
A = ∑ A(U )P(U ;T )
U

4. 5

For example, the average energy U as a function of the temperature T is given by
U (T ) =

∑U H (U )exp(− (β − β )U )
0

0

U

∑ H (U )exp(− (β − β )U )
0

0

U

4. 6

Because no assumptions have been made in the derivation of 4. 4, reweighting
does, in principle, not introduce extra errors.

4.3.2 Reweighting single histograms in the grand canonical ensemble
In Grand Canonical Monte Carlo simulations a similar procedure can be applied if
during a µVT-simulation a histogram of the energy and density is registered. With
this histogram, determined at temperature T0, chemical potential µ0, and volume
V, it is again possible to estimate the probability distribution for the total potential
energy, U, of the system and the number of contained particles, N
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( )
P0 (N ,U ;T0 , µ0 ) = H 0 N ,U

∑∑ H (N ,U )
0

N

U

4. 7

In which H0(N,U) is the recorded histogram and the denominator is again the
number of generated system configurations, which were used to obtain the
histogram. In the Grand Canonical ensemble the probability distribution is given
by

P(N ,U ;T , µ ) =

Ω (N ,V ,U )exp(− βU + Nβµ )

∑∑ Ω (N ,V ,U )exp(− βU + Nβµ )
N

U

4. 8

Where Ω (N ,V ,U ) is the micro-canonical partition function. Combining equations
4. 7 and 4. 8, given that the denominators in eq. 4. 7 and 4. 8 are both constant,
again provides an estimate of the micro-canonical partition function

Ω (N ,V ,U ) = K ⋅ H 0 (N ,U )exp(β 0U − Nβ0 µ0 )
4. 9

Because the micro-canonical partition function neither depends on the chemical
potential µ nor on the temperature T, we can estimate the probability distribution
function for different values of µ and T using

P(N ,U ;T , µ ) =

H 0 (N ,U ) ⋅ exp(− (β − β0 )U + N (βµ − β0 µ0 ))
∑∑ H0 (N ,U )⋅ exp(− (β − β0 )U + N (βµ − β0 µ0 ))
N

U

4. 10

Thus, averages of any function of N and U at state point (T,µ) can be computed
from the histogram of N and U accumulated at state point (T0,µ0).
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4.3.3 Restrictions in using reweighting
As mentioned in section 4.3.1, the expressions for reweighting histograms,
collected at one state point, to other state points are exact. This means, in
principle, that reweighting does not introduce any new errors. One has to realize
however, that it is not possible to extrapolate endlessly. With the help of
reweighting techniques it is not possible to obtain any information on
thermodynamic state points (T, µ) whose parameter space (N,U) does not
overlap with that accumulated in the original histogram at (T0, µ0). Thus, the
range of state points for which we can obtain reliable results, is bound by the
extension of the parameter space region (N,U) sampled at state point (T0,µ0).
Trying to use the reweighting techniques to obtain information on state points
whose (N,U)-parameter space lies outside the sampled range of N and U will
lead to inaccurate or false results.

4.3.4 Combining multiple histograms in the grand canonical ensemble
Sometimes it is difficult to cover the whole parameter range (U,N) of interest in a
single simulation run. To overcome this problem, it is possible to combine
multiple histograms. Instead of reweighting a single histogram, two or more
histograms, which together cover a much broader parameter range, can be used.
When combining multiple histograms, one has to take care that all states are
linked via reversible paths. So, there should be overlap in the phase space
regions (U,N) sampled by the separate histograms. In Figure 2 we show an
example of two overlapping histograms, collected at two different state points
(P,T).
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H2
Hc

H1

Figure 2,

Area of (U,N) space sampled by the two histograms collected for polymer chains
of chain length n=20 at T=3.74 and βµ=-5.58125 (H1) and T=3.70 and βµ=-5.50
(H2). The number of polymer-polymer contacts on the vertical axis is directly
proportional to the total potential energy U. The grey areas in the histograms H1
and H2 represent regions that are only sampled by one of the two histograms.
The black area (Hc) is the region in which both histograms overlap. The
combination of both histograms spans a wider region of the (U,N) parameter
space allowing to reweight to state points (T,µ) not accessible when using one of
the two histograms only.

In this section we will discuss how to combine multiple histograms, collected with
G.C.M.C. simulations. The probability distribution P(N,U), calculated with the help
of multiple histograms is given by 9

R

P(N ,U ; µ , β ) =

∑ H (N ,U )exp(− βU + βµN )
i

i =1
R

∑K
i =1

i

exp(− β iU + β i µ i N − C i )
4. 11
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Where i denotes the run number, Ki the number is samples taken during that run,

βi is the reciprocal temperature during the run, µi the chemical potential of the
run, and R the number of distinct simulation runs. The constants Ci are obtained
self-consistently from the iterative equation
exp(C i ) = ∑∑ P(N ,U ; µ i , β i )
N

U

4. 12

Note that, unlike in single histogram reweighting, here the numerical coefficients
Ci play an important role. Figure 3 shows the convergence of the constants Ci for
a combination of two histograms and three histograms. By using different initial
guess values for the constants Ci, we found that the resulting histogram, given by
4. 11, did not depend on initial guesses of the constants and that the iterative
scheme was stable for all choices of Ci.

a)
Figure 3,

b)

Convergence of constants Ci, belonging to histograms collected for chain length
n=35, as a function of the number of iteration steps. a) Combination of two
histograms; the continuous line represents constant C1, belonging to a double
peaked histogram collected at T=3.77 and βµ=-5.80, the dashed line represents
constant C2 belonging to single peaked histogram collected at T=3.75 and βµ=5.625 b) Combination of three histograms; the continuous line represents
constant C1, belonging to a double peaked histogram collected at T=3.77 and

βµ=-5.80, the dashed line represents constant C2, belonging to a single peaked
histogram collected at T=3.75 and βµ=-5.625, and the dotted line represents C3
belonging to a single peaked histogram collected at T=3.71 and βµ=-5.00.
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4.4 Phase behaviour of the Bond Fluctuation Model
4.4.1 Calculation of the θ-temperature
To get an initial feeling for the phase behaviour of polymer solutions, the first
thing one can do is to calculate the theta temperature (θ) of the polymer/solvent
system. The theta temperature is equal to the critical temperature in the limit of
infinitely long chains. By knowing θ one thus has an upper limit above one is sure
that the solution is homogeneous. To determine θ we make use of the fact that,
at T=θ, steric repulsions and attractive interactions between monomers exactly
cancel causing polymer chain conformations to obey ideal Gaussian statistics.
For Gaussian chains we know that the end-to-end distance and the radius of
gyration scale with the square root of the number of monomer units:
Rg2 ∝ n 2ν ,

Re2− e ∝ n 2ν ;ν = 1 2
4. 13

Where n is the number of monomers, Re-e the end-to-end distance and Rg the
radius of gyration. Above θ, repulsions between monomers dominate and cause
the polymer coil to swell resulting in an exponentν = 3 5 . Below θ, attractive
interactions between monomers prevail causing the coil to collapse resulting in

ν = 1 3 . The theta temperature is thus the temperature at which the graphs of
<Rg2>/n and <Rend2>/n for different chain lengths as function of temperature
intersect.
Computational method to calculate the θ-temperature
Single chain simulations were performed at constant NVT conditions in
simulation boxes of 120×120×120 lattice points, with periodic boundary
conditions. This box size is large enough to avoid interactions between periodic
images of the chain. To generate a representative set of conformations for long
polymer chains in an efficient way, the Configurational Bias Monte Carlo
(C.B.M.C.) method was used. To calculate the temperature dependence of Rg
and Re-e for different chain lengths, histograms of H(Rg,U) and H(Re-e,U) were
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collected during the simulation runs, and these histograms were reweighted with
the relation:

∑ H (R ,U )exp(− (β − β )U )
P(R ) =
∑∑ H (R ,U )exp(− (β − β )U )
0

g

0

U

g

0

Rg

g

0

U

4. 14

Figure 4 shows an example of this reweighting procedure. A histogram of Re-e
was collected in a NVT simulation at T=3.80 during which chain conformations
were generated with C.B.M.C.. This histogram was reweighted to a higher
(T=4.48) and a lower (T=3.30) temperature. Note that these two temperatures
are above and below θ, respectively (see section 4.4.1), hence we illustrate the
reweighting procedure in a regime where the solvent conditions change
considerably. As expected, increasing the temperature causes the mean value of
the distribution to shift to larger values of Re-e; i.e. we strengthen the good solvent
condition, causing the polymer molecule to assume a more swollen conformation.
Lowering the temperature (below θ) causes the mean of the distribution to shift to
a smaller value of Re-e and the histogram to become narrower; the polymer
collapses into a dense globule. Note that reweighting the original distribution this
far below θ introduces significant statistical inaccuracies as can be observed from
the statistical scatter on the resulting distribution of Re-e.
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H

Re
Figure 4,

Reweighting histogram H of the end-to-end distance to different temperatures.
The end-to-end distance is in units of the lattice spacing. The full curve
represents the histogram for a polymer chain consisting of 50 monomers at
T=3.80. This histogram was accumulated by performing 1,000,000 C.B.M.C.
moves in the constant NVT ensemble. The other lines are reweighted to T=3.30
and T=4.48 using the histogram accumulated at T=3.80.

Results; The θ-temperature
First, the accuracy of the reweighting procedure was tested by direct comparison
of explicitly calculated values of Re-e2/n with reweighted values. Figure 5 shows
the explicitly simulated values for a chain of length n=50 at temperatures T=3.70,
3.90, 4.00, 4.10 and 4.20, compared with the values obtained by reweighting a
histogram of Rend, collected at T=3.80. As one can see, these results agree very
well, and it is concluded that the results obtained with histogram reweighting are
reliable in this temperature range. To determine θ, histograms of H(Rg,U) and
H(Re-e,U) were collected by performing 1,000,000 C.B.M.C. moves for chains
with length n=50, 100, 150 and 200 at T=3.80. Based on these histograms, Re2
e /n

and of Rg2/n was determined as a function of temperature.
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5 H H
Q
−

Figure 5,

2

Comparison of reweighted and explicitly calculated R /n for chain length n=50.
The open circles represent values obtained from explicit C.B.M.C. (NVT)
simulations. The solid line shows the prediction obtained by reweighing the
histogram accumulated at T=3.80 (filled square).

Figure 6 a) and b) show the resulting graphs. From the intersection of these
graphs the theta temperature was determined to be

θ = 3.88 ± 0.01
4. 15

5 H H
Q

5 J
Q

−

a)
Figure 6,

Temperature dependence of Rg and Re-e for different chain lengths, calculated by
reweighting histograms accumulated at T=3.80.
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All lines intersect at one point (T=θ), except the lines for chain length n=200. For
this chain length the ratio of acceptance for generating new configurations (see
Table 1) became too small. Obtaining statistical more reliable results would
require much longer simulation runs.

Table 1,

Polymer chain length n

Acceptance ratio

20

0.54

50

0.26

100

0.11

150

0.05

200

0.02

Acceptance ratio of generating new configurations for infinite dilute polymer
chains with C.B.M.C. presented as a function of the polymer chain length

4.4.2 The phase coexistence Curve: G.C.M.C. simulation methodology
In Grand Canonical Monte Carlo simulations the volume, temperature and
chemical potential are specified, while the number of particles and the total
energy are fluctuating. When the selected temperature and chemical potential
belong to a two-state phase coexistence point of the system, then, during a
G.C.M.C. simulation, the density in the simulation box fluctuates back and forth
between the densities of the two phases. By collecting a histogram H(φ) of the
polymer densities φ that are sampled during the simulation, one can determine if
the selected temperature/chemical potential belongs to the equilibrium values in
the two-phase region. Thermodynamic equilibrium dictates that the following
conditions are met
T1 = T2
P1 = P2

µi .1 = µi ,2
4. 16
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where the subscript j=1 or 2 denotes the 2 phases, Tj is the temperature in phase
j, Pj the pressure and µi,j the chemical potential of component i, in phase j. When
the selected temperature and chemical potential are the equilibrium values, then
the collected histogram will show two peaks at the equilibrium densities. The
equality of pressure in, both, the polymer poor and rich phase can be validated
by the fact that the integral under the separate peaks in the histogram H(φ) have
to be equal3, 4 (the grand-canonical partition function Ξ, which is the denominator
in equation 4.8, is related to the pressure P according to ln Ξ=βPV. As β and V
are constant by construction, equal pressures in the coexisting phases are
obtained if the integrals under the separate peaks are identical.)

One of the difficulties in determining the phase behaviour of polymer solvent
systems with G.C.M.C. simulations, is to obtain a statistical reliable histogram
H(φ). When one wants to collect a histogram at a temperature much below the
critical temperature Tc, the difference between the density of the polymer rich and
poor phase is large and a large (free) energy barrier separates the two.
Therefore, it will take a long time before the system ‘jumps’ from one phase to the
other. In this case, the initial condition can have a pronounced influence when the
number of Monte Carlo samples is too low. When the initial condition is chosen to
be the polymer poor concentration, it can take a while before the system crosses
the barrier and arrives at the high density. In this way, the system stays a long
time in the low-density state and this state is relatively ‘oversampled’ compared
to the high-density state. To minimize the influence of the initial condition of the
simulation, the system has to sample both equilibrium densities thoroughly.
Collecting a reliable histogram will therefore take a long time. One can (partly)
circumvent this problem by choosing the temperature close to Tc or to make the
volume of the simulation box very small. Close to the critical temperature of the
polymer/solvent mixture the difference between the polymer rich and the polymer
poor phase is the smallest (hence, also, the free energy barrier separating them)
and large concentration fluctuations will occur. By making the simulation box
small, the addition or removal of one chain causes large fluctuations in density
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and therefore (large) concentration differences between the two phases can be
overcome more easily. One has to realize, however, that by choosing small
simulation boxes one may introduce finite size effects.

A powerful method to overcome the problems mentioned above is to combine
multiple histograms, as described in section 4.3.4, each sampling a specific
concentration region with high statistical accuracy.

Computational details
To calculate the binodal, G.C.M.C. simulations were performed for systems with
chains lengths n=20, 25, 30, 35 and 40. Wilding et al.2 performed G.C.M.C.
simulations with the Bond-Fluctuation model based on a different choice of the
monomer-monomer interaction potential. In their article the authors studied the
influence of finite size effects and concluded that for boxes of 40x40x40 lattice
points these effects were negligible. Because the range of the potential that was
used by Wilding et al. is the same as the range of our potential, we have chosen
our simulation boxes to have the same dimensions.

During a typical simulation run first the temperature is selected. The choice of this
temperature is based on the value of θ (θ=3.88), and, in fact, should be located
not too far below Tc (its numerical value is not known at this point). Finding the
appropriate temperature is the most delicate part of the entire procedure and
consumes most of the computational time. At the appropriate temperature, short
simulation runs (≈10,000 MCs) were performed by increasing the chemical
potentials in steps of approximately βµ=0.5. During these runs, a histogram of the
number of polymer chains was recorded. When the histogram showed a
transition from a low-density state to a higher density state, the values of the
chemical potentials, µ1 and µ2, between which this transition took place were
registered. Then, longer simulation runs (≈150,000 MCs), with chemical
potentials between µ1 and µ2 were done, again recording a histogram of the
number of polymer chains. This was repeated until, at some value of the
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chemical potential µ0, a double peaked histogram with approximately equal peak
heights was obtained. Since initial conditions may still dominate the distribution at
this stage, long simulation runs (≈ 12,500,000 MCs, from which 500,000 samples
were taken) were performed in a narrow window of the chemical potential
( ∆βµ =

1
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) around µ0. From these long simulation runs a distribution was

selected, which was finally reweighted to the value of µ at which the peak heights
were exactly equal. This distribution was used to reweight to other temperatures
along the phase coexistence curve (see Figure 7).

Figure 7,

Histograms obtained after reweighting. The histogram of T=3.74 was obtained
with G.C.M.C. simulations at βµ=-5.58125. The other histograms are obtained
after reweighting the histogram of T=3.74 to different temperatures and chemical
potentials. ∆(βµ) is the deviation from the product βµ where the original histogram
was accumulated.

Figure 7 show polymer density distributions at four values of the temperature at
which equilibrium has been reached between the polymer-rich and poor phases.
The distribution at T=3.74 was accumulated during a G.C.M.C. simulation, all
other distributions are reweighted. In this figure one can see that, at higher
temperatures, the binodal density peaks approach each other and become
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broader. Also the histogram values at intermediate volume fractions increase,
and at temperatures above T=3.76 (closer to the critical point) separate peaks
could not be identified anymore. Therefore, for a chain length of n=20, it became
impossible to determine the binodal densities for temperatures above T=3.76.
For lower temperatures, the peak heights increase while the peak widths are
getting smaller and the histogram values at intermediate volume fractions
approaches zero. This can be explained by the fact that for temperatures further
away from the critical temperature, the fluctuations in the densities become
smaller. At these temperatures, it takes a long time before the system makes the
transition from the polymer poor phase to the polymer rich phase or vice versa.
Therefore, it would take a very long simulation run to obtain a reliable histogram
at these low temperatures.

The phase coexistence curve – Single histogram reweighting
Binodal lines were obtained with the method described in section 4.3.2 for chain
lengths of n=20, 25, 30, 35 and 40. The resulting coexistence curves are
presented in Figure 8.

Figure 8,

Polymer solution phase diagram of the Bond-Fluctuation model. All points in this
phase diagram are calculated by reweighting only one histogram per chain
length.
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Figure 8 shows that the high-density branches of the binodal curves lay close to
each other or even intersect. These non-physical intersections are obviously
caused by inaccuracies in determining the exact binodal concentration and
because the reweighting procedure was performed in the direction of (too high)
polymer densities that were not sampled rigorously in the original histogram. A
possible solution to this problem is to combine multiple histograms, as described
in section 2.4. Due to the inability to compute the binodal densities at
temperatures close to Tc , the critical temperature and density is difficult to
determine directly with this method 2, 10.

The phase coexistence curve – Multiple histogram reweighting
To improve the calculation of the high-density branches of the binodal curves
presented in the previous section, a combination of multiple histograms was
used. Besides the double peaked histogram, which was used for the single
histogram reweighting procedure in the previous section, single peaked
histograms at high densities were collected to expand the sampled density and
energy range. For all (combinations) of histograms, care was taken that there
was a significant overlap in energy and density between the different histograms.
Hence, the existence of a reversible path between the state points of interest was
guaranteed. The temperature and chemical potential of the used histograms are
given in Table 2. Based on these histograms, the binodal densities for chain
lengths of n=20, 25, 30, 35 and 40 were again calculated.

Because the

combination of multiple histograms expands the sampled density and energy
range, reweighting towards much lower temperatures now becomes possible.
The resulting binodal lines are given in Figure 9.
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n=20

n=25

n=30

n=35

n=40

Table 2,

T1=3.74

T2=3.70

T3=3.60

β1µ1= -5.58125

β2µ2= -5.50

β3µ3= -5.75

T1= 3.77

T2= 3.74

β1µ1= -5.58

β2µ2= -5.50

T1=3.78

T2=3.76

β1µ1=-5.62

β2µ2=-5.67

T1=3.77

T2=3.75

T3=3.71

β1µ1=-5.80

β2µ2=-5.625

β3µ3= -5.0

T1=3.80

T2=3.78

β1µ1=-5.54

β2µ2=-5.40

Parameters at which different histograms were collected.

Comparison of the binodal curves obtained by reweighting multiple histograms
with the curves obtained by reweighting a single histogram (Figure 8) shows that
the problem of intersection of the binodal curves has improved a lot.

Figure 9,

Phase diagram of the Bond-Fluctuation model for different chain lengths n,
obtained by combination of multiple histograms and histogram reweighting.

Furthermore, it was possible to obtain estimates for binodal densities over a
much larger temperature range.
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4.4.3 The spinodal curve
So far, the computational methodology to obtain the phase coexistence curve
(the binodal) of the Bond Fluctuation model polymer solution, has been
discussed. Because the methodology invoked relies on a single simulation
conducted at a clever chosen state point where both phases (the dilute and
polymer rich phase) need to be explored, it involves a significant computational
demand. It was demonstrated that, once an initial double peaked histogram of
the polymer density has been found, histogram reweighting easily allows (without
the need of additional computer time) constructing the complete coexistence
curve. The spinodal curve can be constructed by histogram reweighting methods
as well, however, the physical basis of the calculation is different. It is shortly
explained below.

Whereas in the previous section the existence of free energy barriers
complicates the calculations (a nucleus or droplet of one phase needs to be
formed in the other), such barriers are non-existent at the spinodal. The spinodal
points are defined as the ones where the free energy curve (presented versus
the polymer volume fraction) goes over from a convex (concave) into a concave
(convex) shape. Hence, at the spinodal point, 2F/φ2=0. In the concave part of
the free energy curve (the spinodal region) even the smallest concentration
fluctuation lowers the free energy, hence every fluctuation is amplified to
establish a macroscopic phase separation of the system. This behaviour can be
observed by e.g. light scattering because the exceedingly large concentration
fluctuations at the spinodal cause the scattering intensity to diverge for small
scattering wave vectors k (small-angle scattering). The light scattering intensity is
directly proportional to the structure factor S(k) of the system, which, for k=0, is
given by11, 12
S

−1

(k = 0 ) =

∂2 F

RT
∂φ 2
4. 17
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At the spinodal line of the polymer solution, the right hand side of this equation
equals zero, hence the scattering intensity S(0) diverges. One way to determine
the spinodal is to calculate the structure factor S(k) at different concentrations
and temperatures and find the conditions at which S(0) diverges. Because of the
finite box sizes in computer simulations, the wave vector k is always larger than
zero, hence S(k) needs to be extrapolated to k=0. To obtain an estimation of the
structure factor at k=0 the theoretical predicted linear dependence on k2

[

S −1 (k ) = S −1 (0 ) 1 + ξk 2 +

!]
4. 18

has been used13. This method of obtaining the spinodal is a very cumbersome
and computer time demanding task as it involves calculating a complete
spectrum of density fluctuations at a variety of temperatures and polymer volume
fractions.

Alternatively, one can attempt to calculate S(0) (rather than S at finite values of k)
in the grand canonical ensemble. The right-hand-side of equation 4.17 is
proportional to the (reciprocal) isothermal compressibility, which can be obtained
from the particle number fluctuations in the grand canonical ensemble. As a
measure of the fluctuations in the number of particles N we use the expression14

σN = N
2

2

µVT

− N

2

µVT

=

N

2

µVT

kTκ T

V
4. 19

where κ T is the isothermal compressibility. To find a spinodal point at some
polymer volume fraction one could perform a G.C.M.C. simulation (the chemical
potential serves as the control variable for the polymer volume fraction) at various
temperatures and find the temperature where S−1(0)∝1/κT approaches zero.
Histogram reweighting procedures can be used to obtain S−1(0) over a range of
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temperatures from a simulation at a single temperature in the homogeneous
region of the phase diagram. The temperature dependence of S−1(0) is then used
to extrapolate towards the spinodal temperatures where S−1(0) vanishes.

Using the Flory-Huggins free energy function and 4. 17 we obtain for the
structure factor at k=0 the expression
S (0 ) =
−1

1
1
∂2F
=
+
− 2χ
2
Nφ 1 − φ
∂φ
4. 20

in which the Flory-Huggings χ-parameter is inversely proportional to temperature.
Based on equation 4. 20 we choose to extrapolate S-1(0), calculated at different
temperatures, to temperatures at which S-1(0) becomes zero using a 1/T
dependence.

Computational method to calculate the spinodal
To calculate the spinodal, G.C.M.C. simulations were performed for systems with
chains lengths n=20,30 and 40. During a typical simulation run the temperature,
T0, is selected in the homogeneous region of the phase diagram. Subsequently a
chemical potential, P0, is selected and a single peaked histogram of the number
of polymer chains and total energy is recorded. σN2 is calculated from the
histogram H(N). To obtain σN2 at other temperatures, the histogram reweighting
method was used. Reweighting the single peaked histogram, collected at the
temperature T0, to lower temperatures broadens the peak. To obtain the same
average polymer density at the lower temperatures, we have to vary the chemical
potential to which we reweight the histogram. The broadening of the peak is
limited to regions which were sampled by the original histogram. The lowest
possible temperature to which can be reweighted is thus limited by the density
region sampled at temperature T0.
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Prediction of spinodal points
Figure 10 shows an example of the extrapolation of the reciprocal isothermal
compressibility to determine the spinodal temperatures belonging to various
polymer densities for which the compressibilities were calculated in the
homogeneous parts of the phase diagram.

Figure 10,

Extrapolation of the reciprocal isothermal compressibility to determine the
spinodal temperature for polymer chains of n=30 and volume fractions of 7.5%,
9.5%, 11.0% and 13.8%. Original histograms are collected at T=3.83 and
different values for EP; EP= -5.12 (vol%=7.5%),EP= -5.04 (vol%=9.5%),EP= -5.00
(vol%=11.0%),

EP=

-4.96

(vol%=13.8%).

Dotted

lines

represent

the

extrapolations to 1/S(0) equals zero.

Noteworthy, perfect linear dependencies S−1(0)∝ 1/T are observed over the entire
temperature range as predicted by the Flory-Huggins expression 4. 20.
Therefore, linear extrapolation to S−1(0)=0 can be performed very accurately and
the spinodal points are readily obtained. Deviations from the straight lines at
lower temperatures (for example visible for polymer concentration 7.5%) are
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caused by reweighting to too low temperatures at which the peak become so
broad, that the density region was not sampled with the original histogram. The
extrapolations were done for concentrations covering the whole density range of
the phase diagram. The resulting spinodals for chain lengths n=20, 30 and 40 are
drawn, together with the binodal lines of these chains, in Figure 11.

a)

b)

c)
Figure 11,

Complete L-L phase diagram for chain lengths a) 20, b) 30 and c) 40. Solid lines
are the coexistence curves, the open circles are the coexistence points
determined with the help of double peaked histograms, as described in section
4.4.2. Filled circles are the points for which histograms were explicitly calculated
and open circles are points obtained after reweighting. Dashed lines are spinodal
curves. The open diamonds are the spinodal points obtained by the extrapolation
scheme. Solid and dashed line is a fit based on the Flory-Huggins expression.

114

Monte Carlo Simulation of the …
In contrast to the method to determine the binodal, there is no problem in
determining the spinodal in the region around the critical point. Therefore, this
method is able to determine the value of the critical temperature and critical
polymer concentration. Also determining the spinodal at higher polymer densities
does not suffer the problems mentioned in section 4.4.2. To determine the
spinodal it is however necessary to do a number of simulations to cover the
density range one is interested in. During these simulations, histograms H(N,U)
have to be collected and with the help of reweighting and extrapolation, the
isothermal compressibility at a range of temperatures must be calculated. To
determine the binodal curve, in principle, one simulation run is sufficient, provided
that it is possible to sample the whole density and energy range.

As an indication of reliability and consistency of the obtained binodal and
spinodal densities, the Flory-Huggins interaction parameter χ was calculated
from the different binodals and spinodals. To determine χ from the binodal lines,
we used the Flory-Huggins expressions for the chemical potential of the polymer
and the solvent, together with equation 4. 16. From the expression for the
chemical potential of the polymer we obtain

χ=



log 1 − φ 2 + (1 − 1 )(φ 2 − φ 1 )
n


1
φ
−
1



(φ

2
2

− φ 12 )

4. 21

where φ1 is the polymer poor density, φ2 the polymer rich and n the polymer chain
length. From the chemical potential of the solvent we obtain

χ=



log φ 2 + (1 − n )(φ 1 − φ 2 )


φ1



[

N (1 − φ 1 ) − (1 − φ 2 )
2

2

]

4. 22
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The expression for the interaction parameter as function of the spinodal densities
is given by
2χ =

1
nφ

+

1

φ −1
4. 23

In Figure 12 the different interaction parameters χ as a function of temperature is
given.

a)

Figure 12,

b)

Flory-Huggins interaction parameter χ as function of temperature. Figure a)
presents χ as calculated from the binodal densities, The open symbols in a)
represent the results from the expression for the chemical potential of the
polymer. The filled symbols represent the results from the chemical potential of
the solvent. Figure b) presents χ calculated from the spinodal densities. The
open symbols represent χ calculated from the high-density branch, the filled
symbols represent χ calculated from the low-density branch.

One remarkable effect in Figure 12b is the systematic difference between the
value for χ calculated with the expression for the chemical potential of the
polymer and the one for the solvent. We found the same systematic difference
when using the data reported by Panagiotopoulos16 as well, but we did not find
any explanation of this phenomenon in literature. Because the different χ’s found
with the spinodal densities are in good agreement with the χ’s determined from
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the binodal, we are confident that the obtained spinodals are reliable and that the
extrapolation scheme used to determine these spinodals do not introduce large
errors.

4.5 Conclusions
In this chapter, the phase behaviour of the Bond-Fluctuation model is presented.
Comparison of the Flory-Huggins parameters, found by fitting the computed
binodal and spinodal densities with the the Flory-Huggins expressions, indicate
that the calculated spinodal densities are consistent with the calculated binodal
densities. This indicates that the extrapolation scheme, used to extrapolate the
isothermal compressibility from the homogenous region to the unstable region, is
very useful in determining the spinodal. The use of multiple histograms in the
determination of the binodal densities led to a more accurate estimation of the
binodal densities than the use of single histograms. Furthermore, reweighting
towards much lower temperatures became possible, which allowed determining
binodal densities over a wider temperature range. Still, at higher polymer
densities, the method is restricted by the probability to successfully insert new
polymer chains. Recently, J.K. Brennan and W.G. Madden15 presented a
strategy to simulate the high-density branch for an off-lattice polymer model,
allowing the calculation of the binodal densities for long polymer chains and/or at
low temperatures. In their article, the assumption that the polymer density in the
polymer poor region is equal to zero at low temperatures was adopted and a
Gibbs-Ensemble simulation, in which only the exchange of (small) solvent
particles was applied, was used to calculate the binodal densities. Unfortunately,
this method cannot be applied for the Bond-Fluctuation model, because solvent
molecules are not simulated explicitly. In addition, the success probability to
exchange volume in Gibbs-Ensemble simulations of lattice models using one
simulation box with a high polymer density (and another containing pure solvent)
will be negligibly small.
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5
Structure Formation During
Phase Separation, Modelled
with the Bond-Fluctuation
Model

Chapter 5
5.1 Introduction
Experimental results of phase separation in polymer solutions, induced by a
temperature quench, are frequently interpreted with the help of the Cahn-Hilliard
theory. Originally derived for metal alloys1, this theory was later adopted for
polymer/solvent systems2-5. In the Cahn-Hilliard equation, the structure
development after a temperature quench is described as the development of
local concentrations. The theory predicts three different time regimes during
separation. During the initial stage, phase separation occurs at a (fixed) dominant
length scale. In this stage polymer-rich and polymer-poor regions develop. The
difference in density between these two regions grows exponentially. In the
intermediate stage of demixing, both the density difference and the dominant
length scale grow. When the densities in the polymer-rich and poor regions
approach the equilibrium values, demixing switches to late stage demixing.
During late stage demixing, the difference between the densities of the polymerrich and polymer-poor phase is constant. With the Cahn-Hilliard description, only
information on the length scale of local density fluctuations is accessible. Chain
connectivity properties of polymers, like entanglement effects, are averaged out
or not included in the description. However, some authors suggest that the chain
properties of polymers in solutions cannot be neglected and that they introduce
important deviations from the Cahn-Hilliard predictions.
Tanaka6-9, for example, suggests that viscoelastic effects can play an important
role in the dynamics of phase separation, leading to the existence of network like
structures10 in the initial stage and unusual slow coarsening6 in the late stage.
Experimental results of Tanaka10 showed a power law coarsening with a power
of 0.10 – 0.15 in the intermediate/late stage.
Muratov11 presented a theoretical model for the description of phase separation,
in which the chain behaviour and the existence of entanglements were the
determining factors for the kinetics of phase separation in the initial and
intermediate stages of demixing. Muratov proposes that the polymer phase
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adopts a morphology, where chains, being located in more than one cluster,
interconnect polymer-rich clusters with each other. The kinetics in the initial and
intermediate regimes, found by this model, differ considerable from the
predictions of Cahn-Hilliard. In the intermediate stage, the polymer-rich regions
will grow by a power of 1/(d+3), where d is the spatial dimension. These
predictions are in good agreement with the results of Tanaka. For the late stage
of demixing, when the connection between the different clusters break up, the
usual

coarsening

mechanisms,

like

the

Lifshitz-Slyozov

transport

mechanism/Oswald ripening and coalescence cause the regions to grow.

To resolve the question on polymer chain behaviour after a temperature quench,
simulations can shed a light on the kinetics, chain properties, as well as their
influence on the structure development. In literature, some studies on the phase
separation with molecular and mesoscopic models are presented. Guoqiang et
al.12 presented Bond-Fluctuation model simulations of very short chains (n=5) in
a concentrated solution, with a polymer volume fraction of 50%. In their
simulations, the initial stage of demixing, deviates considerable from the
predictions of the Cahn-Hilliard theory. The dominant length scale was not found
constant during the initial stage, but grows according to a power law with an
exponent of 1/8. This behaviour was attributed to the collapse of the polymer
chains. For late stage demixing, the authors found a power law growth with
exponent 1/4, without giving any further explanation. Due to the high polymer
concentration, the bi-continuous structure of the polymer-rich regions did not
break up. However the chosen chain length of n=5 is so small, that one must
consider the chains oligomers rather than polymers having flexible chains.
Termonia13 simulated phase separation after a temperature quench of long
polymer chains (n=1000) in 10 vol% polymer solutions. The results presented in
his article focus on macroscopic quantities, like the structure of the phaseseparated regimes. Unfortunately, they are not interpreted with respect to macro
molecular properties. Instead, Termonia describes the dynamics of phase
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separation as the growth of pure solvent regions and finds a power law growth for
the late stage of demixing, with a power of 1/4. No results are presented to
elucidate the influence of the chain structure of polymers on the dynamics of
phase separation.

Dawson et al. studied the behaviour of polymer chains in infinite and very dilute
solutions14-17. The chosen polymer volume fractions were so low, that no
entanglements between different chains occurred. They found that first the
polymer chains collapsed and formed, so-called, mesoglobules. These globules
then coagulate with each other, forming larger entities. It is off course of interest
for more concentrated polymer solutions, to know whether similar phenomena
occur, or whether the polymer chains are entangled to such an extent, that chain
diffusion (by reptation) initiates the formation of polymer-rich regions. The
formation of local polymer clusters, interconnected by individual polymer chains,
would be in favour for the descriptions of Tanaka and Muratov, while the diffusion
of polymer chains would support the Cahn-Hilliard description.

Bhattacharya et al. did two- and three-dimensional Molecular Dynamics studies
on phase separation18 to study the effects of the chain behaviour of polymers on
the morphology development in the initial and intermediate stages. They found
for polymer concentrations, with values such that the polymer is the minority
phase, that in the intermediate and late stages a network-like structure is formed,
indicating that the initial stage of demixing is different than that of small molecular
mixtures. In the two-dimensional simulations they found a power law exponent of
1/3. In the three-dimensional case, there was a crossover in the growth, from a
power of 1/4 to 1/3.

In none of these studies the perturbation of the thermodynamic equilibrium, the
quench temperature, was quantified with respect to phase behaviour of the
polymer/solvent system.
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In this chapter we present simulations of phase separation in polymer solutions
with short (n=20) and long (n=1000) polymer chains. At least for the short chains,
the phase diagram is known and for the long chains we can estimate the phase
diagram from scaling laws19. Fractal dimension analysis is used to determine the
density development of polymer-rich clusters. Based on the density development,
we identify the stage of demixing. The growth of polymer-rich clusters and the
growth of pure solvent regions are used to determine the kinetics of structure
growth. The time development of the radius of gyration and the intra-molecular
distribution function is used to study the dynamics of individual polymer chains
during phase separation. Only the ensemble of all these quantities allows the
explanation of the physical phenomena governing the structure development in
detail. For short polymer chains (n=20), we will show that the initial stage of
demixing is dominated by the complete collapse of the polymer chains. In the
intermediate/late stages, the dynamics of phase separation can be explained by
the diffusion and coagulation of these collapsed polymer chains. During the
whole simulation, a percolating structure was formed. The time regime in which
the structure breaks up in polymer-rich droplets, has not been reached. In the
case of long polymers (n=1000), we observe collapsed chain parts at various
positions along the chain backbone. The collapsed chain parts are located in
different polymer-rich clusters that are connected by elongated chain ‘bridges’.
For the times reached in our simulations, these interconnections did not break up
and the late stage coarsening was not reached.

5.2 System under study
To study phase separation behaviour of polymer solutions after a temperature
quench we used the Bond-Fluctuation model, which was introduced in chapter 2.
In the simulations of polymer solutions with short polymer chains, the used
polymer chains consist of 20 repeat units. This length was chosen, since the
phase diagram is known (see Chapter 3) and short chains make relatively small
simulation volumes possible. The determination of the theta temperature in
chapter 3 has shown that these relatively short chains at T=θ behave like ideal
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coils indicating that the chains are sufficiently long to behave like flexible polymer
chains. Due to the relatively short chain length, entanglements are, however,
expected to be non-existent.

Figure 1,

Phase diagram of the Bond-Fluctuation model for a chain length of n=20, as
determined in chapter 3. Filled circles represent the binodal points, filled
diamonds represent the spinodal points. Crosses denote the different
temperatures to which a homogenous solution with chain length n=20 from an
elevated temperature of T=10 was quenched. The open circles denote the
performed quenches of a polymer solution with n=1000. The solid and dashed
lines are the extrapolated binodal and spinodal. This extrapolation was performed
with the Flory-Huggins theory and the temperature dependent Flory-Huggins
parameter, as determined in chapter 3.

Figure 1 shows the phase diagram, as determined in chapter 4, of the system
under study including the performed temperature quenches. Every cross
represents a temperature quench, of a polymer solution with n=20, from the
homogenous region at T=10, to that specific temperature. The circles represent
the quenches performed for a polymer solution with n=1000. For the volume
fraction of 13%, the volume fraction is less than the critical volume fraction. For
systems with volume fractions less than the critical fraction, theoretically, the final
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morphology is expected to consist of perfect spherical polymer-rich phases in a
sea of solvent20. At a volume fraction of 24%, the polymer volume fraction is
approximately the critical volume fraction. For the critical density the expected
final morphology is thought to be similar to the morphology obtained with the
volume fraction of 36%, which is above the critical volume fraction. For these
kinds of systems the final morphology would be spherical solvent clusters in a
polymer-rich continuum20. In this chapter the dynamics of demixing after a
temperature quench, and characterisation of the morphology are studied. To be
able to study effects of entanglements, also simulations are preformed with chain
lengths of n=1000. For this system, the exact phase diagram was not available.
However, scaling laws

19, 21

predict a slight shift of the bindodal and spinodal to

higher temperatures.

5.3 Simulation details
To simulate the dynamic evolution of a polymer solution after a temperature
quench, we used the Bond-Fluctuation model, as presented in Chapter 2. For
the short polymer chains, n=20, the size of the simulation box was selected to be
64×64×64 lattice points. All the results presented in this chapter are averages
over 5 independent simulation runs. The simulations with the long polymer
chains, n=1000, were done on lattices of size 200×200×200. Because of the long
simulation times for these systems, no averaging over independent runs was
performed. The interaction potential was chosen such, that when two nonbonded monomers are in contact with each other, the interaction energy between
these two monomers is given by


U (r ) 



− ε pp , r = 6
− 2ε pp , r = 5
− 4ε pp , r = 2
5. 1
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Where εpp is an energy parameter. Before the solution is quenched, the system is
equilibrated at a temperature T=10 (in reduced units) for 25,000 MCs with
dynamical Bond-Fluctuation model Monte Carlo moves. After this equilibration,
the temperature is reduced to Tq, where Tq is one of the quench temperatures
shown in Figure 1.

5.4 Analysis methods of the simulation results
5.4.1 Collective scattering function
Because most studies use the Cahn-Hilliard description of phase separation, one
of the obvious quantities to study is the collective scattering function22, 23
G

S coll (q ; t ) ∝

1
V

V

V

∑∑ f
i

i

( GK

G

)

f j exp iq ⋅ Rij (t )

j

5. 2

Where V is the volume of the system, fi is a contrast factor22, 23 associated with
the local refractive index at position ri, q is the scattering vector and Rij is the
vector connecting points i and j. Because of the underlying lattice of the BondFluctuation model and limited size of the simulation box, the wave vectors are
restricted to the discrete values
qx =

2π
2π
2π
nx , q y =
ny , qz =
nz
Lx
Ly
Lz
5. 3

Where Lx,y,z is the dimension of the simulation box in x, y or z direction in lattice
points, and n is an integer value, varying from 1 .. L. The Cahn-Hilliard theory
predicts that after a temperature quench, there is a dominant wave vector q, for
which the amplitude in the scattering function will grow exponentially. The value
of this dominant wave vector is an average length scale of the polymer-rich and
poor phase combined and is determined by a balance between the driving force
of demixing and the time it takes to diffuse from the polymer-poor regions to
polymer-rich regions. To obtain a reliable estimate of the scattering function 5. 2,
it is necessary to average over a number of independent simulations. The
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minimal size of the simulation boxes is dictated by the dominant wave number.
Because the exact value of the dominant wave number is not known at forehand,
a large number of simulations need to be performed, first to estimate the value of
the dominant wave number, and later to obtain a reliable estimation of the
scattering function. Because available computational power was limited, we did
not use the scattering function, but we studied the phase separation process with
the help of other quantities as indicated in the introduction.

5.4.2 Growth of polymer clusters
Another measure to determine the size of the polymer-rich phase is the average
size of clusters of monomers in direct contact with another. Two monomers are
considered to be in direct contact when there is a nearest neighbour contact
along one of the 6 principal axis of the underlying lattice. Because one monomer
occupies 8 lattice positions, there are 54 different ways two monomers can have
nearest neighbour interactions. To determine the cluster sizes a recursive
algorithm is used. First a random lattice position, which is occupied with a
polymer particle, is chosen. This position is stored in a list. A pointer N is used to
keep track of the position of the list at which the routine is. Another pointer E is
used to register the length of the list. For the position in the list where the pointer
N is pointing at, the six neighbouring lattice sites are checked for occupation by a
polymer particle. If one of the neighbouring lattice sites is occupied with a
polymer particle, which position is not yet in the list, its position is stored at the
end of the list (at the position of pointer E) and the value of pointer E is increased
with one. This procedure is repeated, until all neighbours of all positions in the list
have been checked. The complete cluster size is given by the final value of N.
Figure 2 shows a flowchart schematically representing this procedure.
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Select a random
position r which is occupied
with a polymer
Pointer E=1, N=1
List(N)=r

No

Are there
neighboring
monomers ?

Yes

Determine positions x1 .. xi
of all neighboring monomers

E=E+1

store positions x1 .. xi in list
List(N+1)=x1
.
.
List(N+i)=xi

Set position to be
r =List(E)

Increase pointers
N=N+i
E=E+1

No
Is E > N ?

Yes

Total cluster determined

Figure 2,

Flowchart of the routine to determine cluster size of monomers, which are in
direct contact with each other in polymer morphologies.
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Determining the polymer clusters in this way, allows calculating more interesting
quantities, such as the fractal dimension, which can be indicative of the stage of
phase separation the system is in.

Fractal dimension
A quantity specifying the volumetric properties of the polymer-rich structure, is
the fractal dimension df. This quantity is a measure for the dependence of the
radius of gyration of a cluster on the number of monomers13, 24
R(n ) f ∝ n
d

5. 4

To determine the fractal dimension df a monomer is selected at random. Then
from all the monomers in the cluster, which can be identified with the method
described in section 5.4.2, the distance to the selected monomer is calculated.
After calculation of all the distances, these distances are sorted, so that we
obtain the number monomers of within a certain radius for different number of
monomers. When the cluster has a self-similar structure, the log-log plot of the
radius R(n) as a function of number of particles present within that radius will be
linear with the slope being the fractal dimension. For small distances the slope is
not constant (as later shown in Figure 6). For small distances, there are only a
limited number of possible positions for neighbouring monomers available, due to
the underlying lattice. At larger distances the influence of the lattice will become
smaller and smaller. The density of a cluster with fractal dimension df is given
by13

ρ (n ) =

n
4 πR (n )d f
3
5. 5

By determining the fractal dimension and the density of the cluster with equation
5. 5 at different times during the temperature quench we can compare the density
development in the Bond-Fluctuation simulations with the predictions of the
Cahn-Hilliard description. The Cahn-Hilliard description predicts that first the
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densities in the polymer-rich and polymer-poor phases reach an equilibrium
value, and then the structure starts to grow.

5.4.3 Growth of pure solvent region
A relatively simple to determine quantity giving an indication of the demixing
kinetics, is the growth pure solvent domains. This growth is related to average
size of spheres that can be placed in pure solvent regions. To determine the
average size, a random position, which is not occupied by a polymer particle, is
chosen. Around this position a sphere is “grown” by step-wise increasing its
radius. The maximum sphere radius for which the whole interior consists of pure
solvent is determined in this way. This procedure is repeated a number of times,
and then an averaging is performed over a subset of the largest radii. Taking the
average of a subset and not of all radii of spheres that were successfully
inserted, assures that the influence of spheres with origins placed close to
polymer-rich clusters is minimized. When taking the average over all radii, and
underestimation of the size of pure solvent domains would be obtained. With the
help of the time development of the average radius, a first indication of the phase
separation dynamics is obtained. The results, presented in section 5.5, were
obtained by sampling 25,000 times the pure solvent region. The average from the
1000 largest sphere sizes was taken.

5.4.4 Monomer distribution function
To study the growth of the polymer-rich phase, we can use the monomer pair
distribution function 5. 6. It directly relates to the (relative value of the) local
density around a central monomer
h(r ) =

V
∑∑ δ (rij − r )
N 2 i j ≠i
5. 6

where δ is the Kronecker delta function, rij is the distance between monomer i
and j, V is the system volume and N is the total number of monomers in the
system. The monomer-monomer distribution function was calculated as
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described in25. Special care was taken to compensate for the influence of the
underlying lattice of the Bond-Fluctuation model. For some distinct distances,
there are only a few lattice points available. Therefore these distances occur less
frequently than in a continuous system would be the case. To compensate for
this effect, normalization was done with the number of lattice points at a certain
distance and not with the volume element25

{

4π
(r + δ r )3 − r 3
3

}
5. 7

To study the growth of the polymer-rich phase with the help of the distribution
function, we first calculate the distribution function of a homogeneous polymer
solution. Then, at distinct time intervals after a temperature quench, h(r) is
calculated and Rcl (see Figure 2) is determined.

H(r)
dcl-cl

Rcl

Rsol
r

Figure 3,

Example of a monomer-monomer pair distribution function of a homogeneous
polymer solution (dashed line) and of a solution a certain time after phase
separation has started (solid line). Vol%=13, Tq=3.10, t=40,000 MCs.

For radii < Rcl, the values of the distribution function of the phase separated
solution lie above the distribution function of the homogeneous solution. In this
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area the local density around a central monomer is higher than in the
homogeneous situation. The size of the polymer-rich cluster can then be
identified with the radius Rcl, at which the distribution function of the phase
separated system intersects the distribution function of the homogeneous
solution. Other quantities of interest that can be obtained with the distribution
function are drawn in Figure 2. Rsol is the range wherein the distribution function
lies below the distribution function of the homogeneous solution. This area is thus
identified with the polymer-poor phase, and Rsol is a measure for the size of the
polymer-poor phase. This distribution function method gives the best
approximation for the size of the polymer-rich phase, for morphologies, in which
the polymer-rich clusters are spherical. If the morphology is bi-continuous, the
quantity of interest would be the typical width of the bi-continuous structure.

r2

d2

r1

di

d1

Figure 4,

Schematic representation of bi-continuous structure, and the sampling to
determine the typical width of the polymer-rich structure. The grey area
represents polymer-rich region and the white area represents polymer-poor
region.

To determine the typical width, one would need to sample at a number of points
the diameters d1, d2 .. di, and take the average of the diameters, like in Figure 4.
By using the distribution function to determine the sizes, however, one could
obtain different measures, like r1 or r2, depending on the average density of the
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homogenous solution and the density of the polymer-rich phase. If the average
density in the volume element with radius r2 till r2+dr were higher than the
average density of the system, one would obtain the r2 for the estimation of the
size of the polymer-rich regions.

5.5 Results and discussion
5.5.1 Phase separation dynamics, n=20
Snap-shots
To obtain a qualitative idea of the phase separation process, it is instructive to
look at snapshots, taken at different times after the temperature quench. Figure 5
shows the structure development of a polymer solution with 13% (volume
percentage) polymer after a temperature quench to Tq=3.10. After 5000 Monte
Carlo time steps (MCs), one can already see the development of small polymerrich areas and solvent regions. Still, the interfaces between these regions are
very diffuse. After 50,000 MCs, the difference between polymer-rich and poor
phases becomes more distinct. Still, the underlying structure at 5000 MCs can be
identified. Some smaller regions have disappeared while the larger regions
become more visible. From 50,000 to 100,000 and to 200,000 MCs, not so much
seems to have happened, except for the sharpening of the interfaces between
the polymer-rich and polymer-poor regions.

t=5000

t=50,000
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Figure 5,

t=100,000

t=200,000

t=300,000

t=900,000

Structure development of a 13 vol% polymer solution after a temperature quench
to T=3.10

For times > 300,000 MCs, it seems that the regions have reached there final
stage and they can only grow by coalescence of different regions or the
absorption of free monomers / polymers by the large regions.

Fractal dimension analysis
One way to identify the stage of demixing is to look at the density development of
the polymer-rich regions. The fractal dimension method, described in section
5.4.2, supplies a method to calculate these densities as a function of time. Before
calculating the fractal dimension df of the polymer clusters, the clusters have to
be identified first with the help of the routine described in section 5.4.2. To
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minimize influences of the interfaces, only clusters consisting of more than 5
polymer chains are considered. In Figure 6, the log-log dependence of the radius
R(n) as function of the number of monomers is shown.

Figure 6,

Example of determination of fractal dimension. Vol%=5, Tq=3.10

For small distances the slope is not constant. For these small distances, there
are only a limited number of possible positions for neighbouring monomers
available, because of the underlying lattice. At larger distances the influence of
the lattice will become negligible. To determine the fractal dimension, the slope of
the logarithm of R(n) versus the logarithm of n between n=40 and n=75 is
determined. The lower limit of 40 is chosen, because, for smaller values, the
increase of R(n) is non-linear. To minimize influences of the finite sizes of the
clusters, the upper limit is chosen to be 75. To check if the chosen range is not
too small, results were compared with results for R(n), n=75 – 150. The density
development, determined with both ranges agreed very well, so that the range of
n=40 – 75 was used in the following calculations. With the help of Figure 7, the
method of calculating the densities is explained in more detail. For clarity the
range of the number of particles of the cluster (=n) which was used to calculate
the fractal dimension and the cluster density was taken to be n=600 – 1200.
Figure 7a shows the graph of the logarithm of the cluster size vs. the logarithm of
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number of cluster particles. From the slope of this graph we calculate the fractal
dimension, df. Then, this value for df is used to calculate with equation 5. 5 the
density ρ(n) for all cluster sizes n, see Figure 7b.

a)
Figure 7

b)

Determination of density of cluster with the help of fractal dimension analysis, for
a polymer solution with n=1000, quenched to Tq=3.40 after 50,000 MCs. In a) the
log of the cluster size as a function of the log of the number of elements of the
cluster, ranging from 600 till 1200 elements. Slope of the line is the fractal
dimension, 2.44. b) Gives the density as function of the number of elements of
the cluster as calculated with the fractal dimension, determined from a).

The graph of the density versus cluster size n shows a plateau in the range of n
which was chosen to determine df. The average value of this plateau is taken to
be the density of the clusters. Figure 8 shows the cluster density, determined with
this method, as function of time.
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a)

b)

c)
Figure 8,

Density of polymer-rich clusters as determined with the fractal dimension method.
The different average polymer densities are a) 13%, b) 24% and c) 36%

For all quench temperatures, the densities reach a maximum after approximately
200,000 to 600,000 MCs, depending on the quench temperature. For polymer
volume fractions of 24% and 36% the final densities are in good agreement with
each other. For 13% the final densities are considerably lower than for these
densities. The size of the clusters in this case may be too small to obtain reliable
bulk densities. When we compare the density development with the results of
the Cahn-Hilliard calculations (see Chapter 3) and reference7, we conclude that
we reached the intermediate/final stage of demixing with our Bond-Fluctuation
model simulations. Unfortunately, it was not possible to calculate the density
development for early stages with the help of the fractal method because of the
small cluster sizes. Hence, we are not able to verify the prediction of the Cahn-
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Hilliard theory, i.e. an exponential density growth for the polymer-rich phase.
Also, we are not able to identify the typical time scale associated with the early
stage.

Figure 9,

a)

b)

c)

d)

Time development of the average radius of gyration of the polymer chains, with
chain length of n=20, after a temperature quench as function of time in polymer
solution with different polymer concentrations, a) volume fraction polymer is 5%,
b) fraction is 13%, c) fraction is 24% and d) fraction is 36%.

Radius of gyration
Looking at the behaviour of polymer chains, we can observe that the time
development of the radius of gyration reaches a plateau value at 10,000 / 30,000
MCs. This time scale is well before the polymer-rich phase reaches its
equilibrium density, as shown in Figure 8. Based on this, a likely mechanism is
that the polymer chains collapse directly after the temperature quench and form
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with neighbouring chains poorly packed initial clusters. On much longer time
scales, the collapsed chains rearrange, causing the density of the clusters to
increase.

a)
Figure 10,

b)

Single chain in a polymer-rich environment at a) 10,000 MCs and b) 1,000,000
MCs after a temperature quench from T=10 to Tq=3.20. The crosses represent
monomers from other polymer chains, within the neighbourhood of the central
polymer chain.

The snap shots of a single chain in a polymer-rich environment in Figure 10
support this hypothesis: polymer chains first collapse into a dense globular
particle, and then, by diffusion, coagulate into larger and denser polymer-rich
regions.

Size of pure solvent regions
To study the dynamics of phase separation, we used the time development of the
size of pure solvent regions. With the help of this quantity we were able to identify
different time regimes in the dynamics of phase separation and to find an
explanation of the importance of the different length scales in these regimes.
Figure 11 presents the development of pure solvent regions after a temperature
quench for different volume fractions and different quench temperatures. As one
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can see from this figure the average size of solvent clusters increases with
deeper quenches. This can be explained by the fact that the polymer density in
the polymer-poor regions is higher for higher quench temperatures. Therefore,
the likelihood that our method (step-wise increasing sphere radii inside the
solvent) will terminate, increases because the concentration of freely floating
chains (or chain parts) increases. Also the boundaries of the polymer-rich regions
are more distinct at lower quench temperatures than at higher temperatures.

Figure 11,

a)

b)

c)

d)

Development of pure solvent regions as function of time and for different quench
temperatures. Average polymer volume fraction in polymer solution is a) 5%, b
13%, c) 24% and d) 36%

Noteworthy, at polymer volume fractions of 24% and 36%, the time development
of the solvent regions can be divided into different regimes: First, a non-powerlaw
regime appears, in which the growth of the pure solvent regions cannot be
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described with a power law exponent, followed by three regimes, A, B and C, in
which there seems to be a power law behaviour.

a)
Figure 12,

b)

Different time regimes in development of pure solvent regions. In a) the volume
fraction of polymer is equal to 24%, in b) 36%.

The fact that the position of τAB coincides with the time that the radius of gyration
of the polymer chains collapses (Figure 8), suggests that there is a relation
between the collapse of the polymer chains and the initial development of the
pure solvent regions. To further investigate this relation, we examined the
following hypothesis to explain the initial growth of the solvent regions: The initial
development of the pure solvent regions is mainly caused by

1) the collapse of the polymer chains
2) the agglomeration of polymer chains by chain diffusion, due to the
preferential energy of polymer-polymer contacts, is the main driving force
for the development of the pure solvent regions
3) the combination of hypothesis 1) and 2), the collapse of the chains and
subsequent relocation and agglomeration.
4) There is another mechanism that causes the time development of the pure
solvent regions to behave like in Figure 11.
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Hypothesis 1) was tested by placing (solid) spheres with radii equal to the
average radius of gyration of the polymer chains at the initial centers of mass of
the polymer chains. However, the spheres are immobile and remain at the initial
position of the center of masses of the polymer chains. The time dependence of
sphere radius was taken the same as the time development of the radius of
gyration of the polymer chains, as presented in Figure 9. The development of
pure solvent regions is quantified as done above, however now, with the solid
spheres substituting the polymer chains. To test hypothesis 2), solid spheres with
constant radii were placed at the different centers of masses of the polymer
chains. For every time step, the centers of masses of the polymer chains in the
Bond-Fluctuation simulations were calculated. At these positions, spheres with
constant radii were placed. At all time, the radii of the spheres was taken to be
the time average of the radius of gyration of the polymer chains. By keeping the
radii of the spheres constant and placing the spheres at the center of masses of
the polymer chains, we exclude the influence of the collapse of the polymer
chains and study only the influence of the movement of the chains. Again, the
development of pure solvent regions is quantified with the solid spheres
substituting the polymer chains. Hypothesis 3) was tested by combining the
steps, done to test 1) and 2). So, spheres with changing radii were placed at the
centers of mass of the polymer chains, determined at different times during the
Bond-Fluctuation simulations.

In Figure 13, the results of the different tests are presented. These figures reveal
that none of the hypothesis seems to explain the development of the pure solvent
regions for times smaller then τAB. Also, there is no noticeable difference between
the results of 2) and 3). For times larger then τAB the agreement between the
spherical modelling and the Monte Carlo results is remarkable well.

A possible explanation of the failure of the hypothesis can be, that in the initial
stage the structures are so small (at τAB the average sizes of the pure solvent
regions are in the order of 2 monomeric units in direct contact with each other),
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that the solvent regions inside the individual polymer coils play an important role.
Thus, details at the length scale of the monomers cannot be disregarded.

a)

b)

c)
Figure 13,

Test of Hypothesis 1), 2) and 3) to explain the growth of pure solvent regions. a)
Approximation of the pure solvent development by placing spheres with changing
radii at the initial positions of the centers of mass of polymer chains. Solid line
represents the result of the approximation, open symbols represent the results
from the Bond-Fluctuation model. In b) spheres with constant radii were placed at
the positions of the centers of mass of the polymer chains, graph c) represents
the results of placing spheres with radii equal to the radius of gyration of the
polymer chains at the positions of the centers of mass.

For times larger than τAB, the growth of the pure solvent regions is described very
well with hypothesis 2) and 3). The reason that the results of both hypotheses are
almost the same is, of course, caused by the fact that for these times the radius
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of gyration of the polymer chains remains almost constant. The good agreement
between the growth of the pure solvent regions in the Bond-Fluctuation
simulations and the approximation with spheres, indicates that for times between

τAB and τBC the phase separation occurs by the diffusion of the collapsed polymer
chains towards each other and the characteristic length scales are now in the
order of the radius of gyration of the individual polymer chains. Because of the
relatively high polymer volume fraction (24% or 36%), small clusters of 2 or 3
polymer chains are formed in the initial stage up to time τAB. These clusters
diffuse through the solvent regions. At time τBC, the initial clusters reach other
clusters and larger structures are formed. This explanation of the different stages
is confirmed by examining the overlap of the spheres in the method to test
hypothesis 3).

a)
Figure 14,

b)

Overlap between spheres placed on the center of mass of polymer chains of
actual Bond-Fluctuation model. In a) the volume% of the simulation box covered
by single spheres, the region where 2 spheres overlap and the sum of these two
as function of time is given. In b) the regions in which 3 till 6 spheres overlap is
plotted.

Figure 14 shows the volume percentage of the region of overlapping spheres, for
different number of overlapping spheres. Comparing Figure 14 a) and b), we can
state that there are almost no regions in the initial stage, in which more than two
spheres are overlapping. Hence, in this stage the polymer chains remain isolated
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(single sphere area in Figure 14a ) or form small aggregates of two chains
(double sphere area in Figure 14a ). For times < τBC the total number of single
and double aggregates decreases slowly. At times > τBC the formation of larger
aggregates becomes more and more important, and the size of the total region
covered by single and double aggregates decreases faster. Frequently, a power
law describes the late stages of demixing. For the solvent regions we can also
describe the growth by
Rsolvent ∝ t α solvent
5. 8

Where αsolvent is the power with which the solvent regions grow. For the late stage
growth (times > τBC) in our simulations we obtain an average power of

αsolvent=0.191 (st. dev.=0.036).

a)

b)

c)
Figure 15,

Growth of polymer-rich regions, a) vol%=13, b) vol%=24 and c) vol%=36.
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Distribution function analysis
To determine the growth of the polymer-rich regions, we compare the monomer
distribution functions at time t after the temperature quench with the distribution
function calculated in the homogeneous solution at temperature T=10, as
described in section 5.4.4. The growth of the polymer-rich region is presented in
Figure 14. In the homogeneous solution the chains are more extended than at
T=Tq. In the initial stage, the collapse of individual chains causes a dominant
change in the distribution function. Therefore, in the simulations with a polymer
volume percentage of 24% and 36% (Figure 14b and 14c), the region size could
not be calculated for short times with this method. The change of slope (Figure
14b and c ) for times until 10,000 MCs can also be attributed to the collapse of
chains. For times beyond 10,000 MCs, the growth of the polymer-rich regions
obeys a power law over the whole time region. Only for long simulation times the
growth seems to slow down for quench temperatures of Tq=3.30 and 3.40.
Probably this is caused by the finite size of simulation box. In the linear range of
the log-log plot of the polymer region growth, the power law
R polymer ∝ t

α polymer

5. 9

has an average exponent αpolymer=0.173 (st. dev.=0.018). For the theoretical
model presented by Muratov 11 the growth of the polymer-rich regions is given by
R ∝ t1 ( d +3 )
5. 10

Where d is the spatial dimension of the system (in our case d=3). The value of
1/(d+3) is valid for intermediate demixing times, well before the network-like
polymer structure breaks up, forming a spherical-like structure. The value we find
is comparable with the theoretical value of Muratov, however, with the short chain
length of n=20. In our simulations, the time in which the percolating structure
breaks up has not been reached yet. Because the polymer chains are already
completely collapsed at the times for which we determined the power, the
explanation given by Guoqiang et al.12, which says that slow growth of the
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polymer-rich regions is caused by the collapse of the polymer chains, does not
seem to be a plausible explanation of our results. An alternative explanation can
be, that already for short polymer chains with n=20, the elastic properties of
polymer chains cause the slow growth of polymer-rich domains. In the theory of
Muratov, the slow domain growth is caused by polymer chains having
entanglements in two (or more) polymer clusters, causing the break-up of a
network-like structure to slow down. For short polymer chains, the mechanism
might be that – if a collapsed chain is located between two polymer-rich regions
– the

break-up also slows down, because the collapsed chain cannot

discriminate between contact with its own monomers or with monomers in the
polymer-rich regions. When the polymer-rich regions move away from each
other, the chain in the middle expands as shown in the cartoon in Figure 16. This
expansion will reduce the number of monomer-monomer contacts and slow down
the movement of the polymer-rich regions.

Figure 16,

Elastic force of short polymer chains between two polymer-rich regions.

Another hypothesis to explain the value of the exponent α, can be that even for
the short chains, during the collapse of the polymer chains, some of the chains
get entangled. And, like in the theory of Muratov, these entanglements cause the
slowing down of the growth of the polymer rich regions.
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One might also suggest that the slowing down is an artefact of the used Monte
Carlo model, the Bond-Fluctuation model, comparable to the slowing down as
reported by Byrne et al.15. The simulations reported in that article, however, used
the Verdier-Stockmayer algorithm on a lattice with a coordination number of z=6,
which is by far not so flexible as the Bond-Fluctuation model. Therefore, we do
not think that the slowing down is artificially caused by the Monte Carlo algorithm.

Finite size influences
To check the influence of finite size effects in the simulations of short-chain
polymer solutions (n=20), simulations with box sizes eight times the original size
were performed. The results of the growth of pure solvent domains in these
larger simulation boxes were found comparable to the ones presented here. By
studying the growth of the polymer-rich regions, we found that for long simulation
times and quench temperatures of Tq=3.30 and Tq=3.40, the growth was affected
by the finite simulation size.

5.5.2 Phase separation dynamics, n=1000
Fractal dimension analysis
For the simulations with polymer chains of n=1000, we determined the
development of the local densities in a similar way as for the chains of n=20.
Although the sizes of the polymer-rich clusters were much larger for the n=1000
chains than for n=20, we selected again polymer clusters of size n=40 – 75 be
able to compare the results of the short polymer chains with the results of the
long polymer chains. Similar to the density development for short polymer chains,
the density reaches an equilibrium value after very short time.
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Figure 17,

Density of polymer-rich clusters as determined with the fractal dimension method
for polymer chains with n=1000, vol%=13.

Radius of gyration
The time dependence of the radius of gyration is, however, completely different
than for short chains, see Figure 18.

Figure 18,

Time dependence of the radius of gyration of polymer chains, n=1000, in a
concentrated polymer solution (vol%=13), after different temperature quenches.

The initial slow and the relatively small decrease (< 7%) of the average value of
the gyration radius over the whole time regime, indicates that the polymer chains
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in the solution experience entanglements with each other. For infinite dilute
polymer solutions it is known that long polymer chains collapse in a two-stage
process14-17. First the chain collapses locally, forming a pearl-necklace state.
Later the pearls coagulate, forming a single spherical shape. In the case of dense
polymer solutions, it is not clear if the chains also form a pearl-necklace-like
structure.

Intra-chain distribution function analysis
With the help of the intra-chain monomer-monomer distribution function we can
determine the structure of single chains in the dense polymer solutions. In Figure
19 a (non-normalized), the intra-chain distribution function is shown, together with
a snapshot of the accompanying chain structure. Because the distance between
the local clusters is different for each individual polymer chain, calculating the
average intra-monomer-monomer-distribution function would be useless. In the
average distribution function, the separate maxima of the individual distribution
functions would be averaged onto one maximum. Figure 18 clearly reveals
several distinct maxima in the intra-molecular pair distribution function. Hence,
dense globular regions (pearls) occur along the chain backbone, reminiscent to
what happens in dilute solutions.
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Figure 19,

Intra-chain monomer-monomer distribution functions and snapshots of the
corresponding chain conformation of a single chain in a 13 vol% polymer solution
quenched to Tq=3.20.

Because in our situation, the polymer coils overlap, chain entanglements prevent
or slow down the complete collapse of individual polymer chains. Dense polymer
clusters are formed consisting of pearls belonging to different chains. These
clusters are connected together via necklace parts between pearls of one chain
trapped in different clusters.

To validate that this is what really happens in our simulations, snapshots of single
chains in the polymer-rich regions have been made as presented in Figure 20.
Figure 20 shows a single chain (black) and the positions of monomers of other
chains as green dots. One can see that pearls along the chain backbone are
located in the polymer-dense regions of the phase separated polymer solution
(regions A). The polymer-rich regions are interconnected with each other by
stretched parts of the polymer chain (regions B).
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Figure 20,

Demonstration of the effect of entanglements on the behaviour of individual
polymer chains during phase separation. A single chain is plotted with
surrounding monomers (crosses). Locally, the polymer chain forms clusters
(regions A), which are located in polymer-rich areas, formed by other polymer
chains. The chain can form elongated “bridges” between these polymer-rich
clusters (regions B).

For times longer then 100,000 MCs the rate of collapse of the polymer chains
increases (Figure 17). By looking at the intra-molecular distribution function of all
individual polymer chains, we could not identify a single polymer chain, which in
the initial stage exhibited a double or multiple-peaked structure function (pearlnecklace state) and later fully collapsed into a dense globule with a single peaked
structure function.
Thus, the collapse of the average radius of gyration cannot be explained by the
disentanglement of individual polymer chains. The time development of the endto-end distance of the individual chains confirms this picture. A plausible
hypothesis could be that the collapse is cause by compaction of the polymer-rich
regions, as can be observed for the case in Figure 19.
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Size of pure solvent regions
As in the case of the short polymer chains, also for n=1000 the average size of
solvent clusters increases for deeper quenches, see Figure 21 a). Again this can
be explained by the fact that the boundaries of the polymer-rich regions are more
distinct for deep quenches than for shallow quenches. For times > 100,000 MCs
the growth of the solvent regions follows a power law with exponent αsolvent=0.16.

a)
Figure 21,

b)

Kinetics of phase separation in a quenched polymer solution with a polymer
volume fraction of 13 vol% and a chain length of n=1000, a) development of pure
solvent regions as function of time and for different quench temperatures, b)
growth of polymer-rich regions as function of time and for different quench
temperatures.

Distribution function analysis
From the growth of the polymer-rich regions (Figure 20b), we find an average
power of αpolymer=0.110 for quench temperatures of Tq=3.20 and Tq=3.30. For
Tq=3.40, we find αpolymer=0.167 for times > 400,000 MCs. This value is in
excellent agreement with the prediction of Muratov. The fact that we do not find
this value for the deeper quenches, might indicate that the quench temperatures
are too deep, causing the structure to “freeze in”. The slowing down of the
collapse of the polymer chains, as demonstrated by the time development of the
average radius of gyration in Figure 18 (for Tq=3.20 and Tq=3.30), seems to
indicate the same “freezing” of the dynamics.
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5.6 Conclusions
The simulations discussed in this chapter, demonstrate in detail how, in the initial
and intermediate stages of demixing, solvent- and polymer-rich domains develop
in quenched polymer solutions.

For short-chain (n=20) polymer solutions, the development of solvent domains
can be divided in two stages. In the first stage, this size compares to the length
scale of the monomeric units. Due to the collapse of the polymer chains, these
regions grow. In the second stage, the chains are completely collapsed and the
growth of the solvent domains is caused by the coagulation of individual polymer
chains. The relevant length scale to describe this stage is the polymer radius of
gyration.

With longer chain lengths (n=1000), the polymer cannot collapse completely
anymore, due to entanglements occurring between different polymer chains.
Rather than collapsing as a whole, several small parts of the chain collapse
independently resulting in a conformation resembling pearls connected by chain
bridges. The pearls may in fact be located in different polymer-rich clusters
developing during phase separation, while the bridges occur between such
clusters and cause a slowing down of the demixing process. The power law
exponent we find to describe the growth of the polymer-rich clusters is in
agreement with the theory of Muratov that assumes the entanglement effects
above.

In the simulations with short chain lengths (n=20) we find the same growth law
exponent as with n=1000, despite the fact that entanglement effects do not
occur. As a hypothesis, the similar growth exponent was attributed to the elastic
properties of short polymers, which are “trapped” between two polymer-rich
regions.
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Summary
This thesis describes the computational study of phase separation in polymer
solutions after a temperature quench. For the simulation of this process CahnHilliard1 simulations and Bond-Fluctuation Monte Carlo2 simulations were
performed.

Cahn-Hilliard method
In Chapter 3 of this thesis, the influence of different parameters on the initial,
intermediate and late stage of demixing was studied with the help of the CahnHilliard description. The results found in this chapter agree very well with
theoretical predictions and results, published by other authors3-5. For all systems
we found that the growth in the late stage could be described with a power law
growth, with a power exponent α that was very close to the theoretical value6 of
1/3.

The influence of the quench temperature on the intermediate and late stage
could not be studied, because of stability and computer time problems. However,
for the initial stage of demixing, we did find a good agreement with the theoretical
relation1 for the temperature dependence of the initial structure size.

By variation of the average polymer density, we found no direct influence of the
density on the initial structure size. Only by the change of the spinodal
temperature with varying polymer concentration, the initial structure size varies.
In the intermediate and late stage, the morphology development is greatly
influenced by the average polymer concentration. By knowing the equilibrium
densities at the late stage of demixing, one can calculate with the help of the
lever-rule the average polymer concentration for which the polymer-rich phase is
the majority phase and one obtains a morphology of solvent droplets in a polymer
rich matrix. The equilibrium densities in the late stage were found to be not equal
to the equilibrium densities predicted by the Flory-Huggins7,

8

description,

because of vanishing mobilities at higher polymer concentrations and the surface
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energy term. For the growth rate in the intermediate and late stage of demixing
we found again only a indirect influence of the polymer concentration on the
growth rate. In agreement with the results published by Barton et al.5, the growth
rate increases with increasing quench depth, ∆T=Ts-Tq. Where Ts is the spinodal
temperature and Tq the temperature to which the solution is quenched.
In the study of the influence of the mobility, the critical hole free volume
parameters of the solvent and polymer was varied in the Vrentas & Vrentas9-13
description for the mobility function. Varying the mobility, did not influence the
initial structure size. For the late stage of demixing, the mobility had a indirect
influence on the morphology because of its influence on the equilibrium densities
which are reached in this stage of demixing. For higher values of the critical hole
free volume for the polymer segments, the reached density decreases from
approximately 65 vol% (V2*=0.200) to approximately 50 vol% (V2*=0.800).
Furthermore, varying the critical hole free volumes had a significant influence on
the late stage growth rate.

Because the Cahn-Hilliard description is a two-fluid model, originally derived for
metal alloys, it does not include the (dynamic) asymmetries between polymer and
solvent molecules, caused by the large difference in molecular weights. Different
authors14,

15,

suggest that the large difference in molecular weight, does

introduce effects, like chain conformation changes and entanglement effects,
which are essential for a proper description of the phase separation process in
polymer solutions, but cannot be included in the Cahn-Hilliard description.

To be able to study the effects of difference in molecular weight, the BondFluctuation model description for polymer solutions was used.

Bond-Fluctuation model
First the thermodynamical properties of the used Bond-Fluctuation model were
determined in chapter 4. With the help of simulations in the Canonical Ensemble
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(constant NVT) and histogram reweighting16,

17,

first the θ-temperature was

determined. Grand Canonical Monte Carlo simulations18-20 (constant µVT),
combined with histogram reweighting techniques were performed to determine
the equilibrium densities for different temperatures. The combination of multiple
histograms, which were determined at different state points (µ,T) led to a more
accurate estimation of the binodal densities than the use of single histograms.
Furthermore, reweighting towards lower temperatures became possible, which
allowed the determination of the binodal densities over a wider temperature
range. For higher polymer densities, at lower temperatures, the method is
restricted by the probability to successfully insert new polymer chains.

To determine the spinodal, we have introduced a method which consists of
calculating the compressiblility at different temperatures in the homogenuous
region and extrapolation to the spinodal temperature at which the system
becomes unstable. The compressibility was calculated with the help of Grand
Canonical simulations, and the temperature dependence in the homogeneous
region was again determined with the help of histogram reweighting. To
extrapolate the compressibility we have used an expression which is derived with
the help of the Flory-Huggins description. The method seems to be much faster,
more accurate and easier to implement than the method used by Rodriguez and
Freire21. The fitting of the computed binodal and spinodal densities with the
Flory-Huggins expressions, indicated that the calculated spinodal densities are
consistent with the calculated binodal densities

In chapter 5, the results of dynamical Monte Carlo simulations for temperature
quenched in polymer solutions with short polymer chains (n=20) and long
polymer chains (n=1000) are presented. With the help of an ensemble of different
quantities, it is possible to determine the kinetics of demixing in detail. For both
the short and the long polymer chains, the “chain properties” of polymers seem to
have an important influence on phase separation process.
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In the case of the short-chain (n=20) polymer solutions, the development of
solvent domains can be divided in two stages. In the first stage, this size
compares to the length scale of the monomeric units. Due to the collapse of the
polymer chains, these regions grow. In the second stage, the chains are
completely collapsed and the growth of the solvent domains is caused by the
coagulation of individual polymer chains. The relevant length scale to describe
this stage is the polymer radius of gyration.

In the case of the longer polymer chain lengths (n=1000), the polymer chains
cannot collapse completely anymore, due to entanglements occurring between
different polymer chains. Rather than collapsing as a whole, several small parts
of the chain collapse independently resulting in a conformation resembling pearls
connected by chain bridges. The pearls may in fact be located in different
polymer-rich clusters developing during phase separation, while the bridges
occur between such clusters and cause a slowing down of the demixing process.
The power law exponent we find to describe the growth of the polymer-rich
clusters is in agreement with the theory of Muratov that assumes the
entanglement effects above.

In the simulations with short chain lengths (n=20) we find the same growth law
exponent as with n=1000, despite the fact that entanglement effects do not
occur. As a hypothesis, the similar growth exponent was attributed to the elastic
properties of short polymers, which are “trapped” between two polymer-rich
regions.

With the Bond-Fluctuation model simulations, the late stage of demixing was not
reached. For short polymer chains, the late stage of demixing must be in the
reach of this method, but for longer chains it takes to much computer time to do
simulations up to the late stage of demxing. The results presented in Chapter 5 of
this thesis for n=1000 took more than 3 months computer time on a SGI Origin
200, with 180 MHz. R10000 processors.
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Samenvatting in begrijpelijk Nederlands
Na deze technische hoofdstukken, wordt het mischien tijd om te proberen in
meer begrijpbare woorden uit te leggen wat ik de afgelopen vijf jaar heb gedaan
bij

de

vakgroep

promotieonderzoek

Membraan
is

Technologie.

fasescheiding

in

Het

polymeer

onderwerp
oplossingen

van

mijn

na

een

temperatuursverlaging. Mischien heb ik al een groot deel van de lezers verloren
bij het woord “fasescheiding”, dus laat ik eerst beginnen met deze term. Met
“fase” wordt de toestand waarin een bepaalde stof zich bevindt aangeduid.
Iedereen weet dat als je water kookt er waterdamp ontstaat. Waterdamp is één
van de toestanden waarin water zich kan bevinden. Bij kamertemperatuur is
water vloeibaar en bij temperaturen onder nul graden Celcius wordt water ijs
(vast). Waterdam (gas), vloeibaar en vast zijn drie fasen waarin water zich kan
bevinden. Verschillende materialen kunnen verschillende fasen aannemen. Zo
kunnen bijvoorbeeld metalen verscheidene vaste fasen aannemen. In het
onderzoek dat beschreven is in dit proefschrift wordt het fasegedrag van
polymeeroplossingen bestudeerd. Nu zal het woord polymeer niet iedereen
meteen bekend in de oren klinken. In de dagelijkse taal worden polymeren ook
wel plastics of kunststoffen genoemd. Een bekend voorbeeld is PVC, waarvan
electriciteitsbuizen worden gemaakt. Sommige van deze plastics zijn oplosbaar
in een vloeistof (oplosmiddel). De oplossingen die bestudeerd zijn in dit
proefschrift kennen verschillende vloeibare fasen. Bij verhoogde temperatuur, is
er een homogene fase waarin het polymeer en oplosmiddel gelijkmatig verdeeld
zijn. Bij lager temperaturen onstaan er ineens twee nieuwe vloeibare fasen: één
fase waarin relatief veel polymeer zit, en één fase waarin weinig polymeer in zit.

Het afkoelen van een polymeeroplossing is een van de manieren waarop in de
vakgroep Membraan Technologie membranen (filters) worden gemaakt. Door
een oplossing af te koelen kan men een structuur van polymeer-rijke en
polymeer-arme vloeistof verkrijgen die gunstige eigenschappen voor een
membraan kan vertonen. De eigenschappen van de oplossing in de
beginsituatie, zoals temperatuur en de hoeveelheid polymeer die is opgelost en
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de

manier waarop men

koelt, bijvoorbeeld de afkoelsnelheid

en

de

eindtemperatuur, bepalen de uiteindelijke structuur van het mengsel.

In dit proefschift worden twee verschillende computermodellen gebruikt voor het
bestuderen

van

de

structuurvorming

in

polymeeroplossingen

na

een

temperatuursverlaging. In hoofdstuk drie kijken we op een grove manier naar de
polymeeroplossing. De oplossing wordt gemodelleerd als een mengsel van twee
verschillende vloeistoffen: één vloeistof met weinig polymeer (het oplosmiddel)
en een vloeistof met veel polymeer (het polymeer rijke deel). Hierdoor wordt het
mogelijk om met relatief weinig (computer-) inspanning naar (relatief) grote
systemen te kijken en de fasescheiding in de oplossing een langere tijd te
volgen. De details van de polymeeroplossing zitten in deze beschrijving verwerkt
in verschillende vergelijkingen. Door met de parameters van deze vergelijkingen
te spelen kunnen er uitspraken worden gedaan over de invloed van bepaalde
grootheden, zoals bijvoorbeeld de temperatuur waarnaar de oplossing wordt
gekoeld en de gemiddelde dichtheid van de oplossing, op de uiteindelijke
structuur. Zo hebben we onder andere gevonden dat bij het afkoelen naar lagere
temperaturen, een kleinere beginstructuur ontstaat. Verder wordt er besproken
hoe men door het veranderen van de dichtheid, een structuur kan krijgen van
polymeerdruppels in een zee van oplosmiddel, of een structuur waarin er
druppels van oplosmiddel in een polymeermatrix en zijn er verschillende
parameters

besproken

die

de

snelheid

waarmee

het

mengel

scheidt

beïnvloeden. Het tweede model, beschreven in hoofdstuk vier en vijf, beschrijft
de polymeeroplossing op een manier, zoals iemand die met veel detail kijkt, een
polymeeroplossing zou beschrijven. Polymeren zijn lange, zware, moleculen die
bestaan uit een lange rij van atomen. Het model bestaat dan ook uit lange ketens
van “kralen” aan een ketting. Door met zoveel detail te kijken kunnen we een
paar interessante verschijnselen waarnemen, die experimenteel niet of moeilijk
waarneembaar zijn. Dit komt omdat deze verschijnselen op een zo kleine schaal
plaatsvinden of omdat ze zo snel gaan, dat men hier geen experimentele
methode voor heeft om deze te bekijken. Verder hebben we verschijnselen
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waargenomen, die in het ruwere model uit hoofdstuk drie niet mogelijk zijn. Dit
komt, omdat in het ruwere model niet de details van enkele polymeerketens
meegenomen worden. Dit specifieke gedrag van enkele polymeerketens blijkt
echter een belangrijke invloed te hebben op de manier waarop fasescheiding
optreedt en de structuur die onstaat.
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