A BOUNDARY ELEMENT APPROACH TO
ACOUSTIC RADIATION AND SOURCE IDENTIFICATION
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Summary
Over the past few decades noise pollution has emerged as an important issue
in modern society and provides much of the impetus for the development of
noise prediction and reduction techniques. The ability to locate different sound
radiating sources and to determine their contributions to the overall sound
distribution is a first step towards solving the noise problem.
This research deals with the development of methods to compute acoustic
radiation from a stationary vibrating object and, vice versa, methods to identify the sources of sound on the surface of the object, provided a measurement
of the sound field is available.
The first type of problem is referred to as a forward problem because the
cause is known (surface vibrations) and the effect (sound field) has to be determined. In contrast herewith, the source identification technique is denoted
as an inverse problem since it deals with the opposite direction. A typical
example of an inverse problem is an engine that generates, for unclear reasons,
too much noise. In such cases source identification methods can provide a solution by approximating the regions of acoustic energy on the engine’s boundary
surface based on the observed sound field. The forward and inverse problems
are closely related in the sense that in order to solve the inverse problem, the
forward problem has to be coped with first.
This study adopts the Helmholtz integral equation as a basis for modeling
the interior (cavity) and exterior (free/half-space) acoustic radiation process.
In the latter case an additional set of equations is accounted for to ensure
a unique solution at all wave numbers. Discretization of the integral equation is realized by means of the direct boundary element method (BEM) in
combination with a collocation based solution approach. In order to obtain a
formulation suitable for efficient numerical implementation, the singular and
oscillatory behavior of the kernel functions is treated separately. The singular
parts are evaluated with a specially developed adaptive quadrature, whereas
the oscillatory parts are amenable to standard Gauss quadrature. The next
step involves the assembly of the so-called acoustic transfer matrices, which
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explicitly relate the structural vibrations at the boundary surface of the radiating object to the acoustic variables in the surrounding or enclosed fluid
domain. Once these matrices are known, the forward problem of computing
the sound field reduces to a simple multiplication of the transfer matrix with
the specified boundary condition vector(s).
Unfortunately, solving the inverse problem requires special treatment since
the transfer matrices turn out to be ill-conditioned. As a consequence, a stable
inversion of the system can only be achieved with regularization techniques.
Without these techniques the reconstructed solution will be dominated by effects resulting from modeling discrepancies and measurement noise. Several
regularization approaches are suggested and explained in detail within the
scope of this work. In all cases, the L-curve criterion proved to be a reliable
tool in determining the optimum amount of regularization.
Unlike many other studies, the present investigation is not limited to identification methods based on acoustic pressure data only, but additionally the
use of acoustic particle velocity measurements is considered. This, in combination with application of the recently developed Microflown sensor, resulted in a
new particle velocity based source identification technique that, under certain
circumstances, proved to be more robust and accurate than the conventional
type of identification techniques that depend solely on pressure data.
After the developed BEM solver and the associated source identification
techniques were successfully validated with test examples of which the analytical solutions are known, an experimental setup was built to demonstrate the
applicability in a more practical situation. The experiments were conducted on
a specially designed structure-borne sound source of which the vibro-acoustic
behavior is well understood. The comparison of numerical and experimental
results showed a good agreement in both the forward and the inverse problems. Finally, the source identification techniques were successfully applied to
a series of real-life products including a printed circuit board, a CPU cooling
fan and a hairdryer.
In conclusion, this thesis covers the full chain of development starting from
a mathematical theory, its numerical implementation, followed by a theoretical
and experimental validation process and eventually the successful employment
of the acquired tools on actual engineering applications.

Samenvatting
Geluidsoverlast is een belangrijk probleem in de hedendaagse maatschappij en
vormt daarmee een belangrijke impuls voor de ontwikkeling van technieken
om het geluid te voorspellen en te reduceren. Het vermogen om verschillende geluidsbronnen te lokaliseren en hun onderlinge bijdrage aan de algehele
geluidsafstraling te bepalen is een eerste vereiste voor het oplossen van het
probleem.
Dit proefschrift behandelt de ontwikkeling van zowel methoden om de geluidsafstraling van trillende objecten te berekenen als methoden waarmee, gegeven een gemeten geluidsveld, de verantwoordelijke trillingen op het oppervlak
van het object gereconstrueerd kunnen worden.
Het eerst genoemde probleem wordt aangeduid als een voorwaarts probleem
omdat uitgaande van de oorzaak (trillingen van het oppervlak) het effect (afgestraald geluidsveld) bepaald moet worden. Dit in tegenstelling tot een invers
probleem, waarbij op basis van het waargenomen effect de oorspronkelijke oorzaak achterhaald moet worden. Een typisch voorbeeld van een invers probleem
in de akoestiek is het identificeren van de akoestische bronnen van een product
dat teveel herrie maakt. In dergelijke gevallen wordt gebruik gemaakt van zogenoemde bronidentificatie technieken, die uitgaande van een gemeten geluidsveld de gebieden van akoestische activiteit op het oppervlak van het product
vaststellen en daarmee extra inzicht verschaffen in het afstraalmechanisme. Het
voorwaartse en het inverse probleem zijn nauw aan elkaar gerelateerd want om
het inverse probleem op te lossen is het noodzakelijk om eerst het voorwaartse
afstraalproces te kunnen beschrijven.
De huidige studie gaat uit van de Helmholtz integraalvergelijking voor het
modelleren van geluidsafstraling in omsloten en (half-)oneindige domeinen. In
het laatste geval wordt een extra vergelijking meegenomen om het zogenaamde niet-uniekheidsprobleem van de integraalformulering te vermijden. Voor het
numeriek oplossen van de vergelijkingen wordt gebruik gemaakt van een randelementen methode (BEM) in combinatie met een collocatie aanpak. Om een
formulering te verkrijgen die geschikt is voor een efficiënte numerieke imple-
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mentatie wordt het singuliere en oscillerende deel van de kern functies gesplitst
en afzonderlijk behandeld. De singuliere delen worden geëvalueerd met behulp van een speciaal ontwikkelde adaptieve integratietechniek, terwijl voor
de evaluatie van de oscillerende delen een standaard Gauss kwadratuur wordt
toegepast. Vervolgens worden met behulp van de resultaten van de integratie
de zogenoemde akoestische overdrachtsmatrices geassembleerd. Deze matrices
representeren de relatie tussen de trillingen van het afstalende oppervlak en de
akoestische grootheden in het omliggende of omsloten medium. Wanneer deze
matrices bekend zijn, wordt het voorwaartse probleem, namelijk het berekenen
van het geluidsveld, teruggebracht tot een simpele vermenigvuldiging van de
overdrachtsmatrices met de voorgeschreven oppervlaktetrilling(en).
Helaas vereist het oplossen van het inverse probleem extra aandacht omdat
de overdrachtsmatrices slecht geconditioneerd zijn. Als gevolg is een stabiele
inversie alleen mogelijk met behulp van regularisatietechnieken, waarvan een
viertal soorten wordt besproken. In alle gevallen blijkt de L-curve grafiek een
betrouwbaar hulpmiddel voor het bepalen van de optimale mate van regularisatie.
Het huidige onderzoek beperkt zich niet alleen tot methoden gebaseerd
op akoestische drukken maar richt zich ook op de toepassing van akoestische
deeltjessnelheid. In combinatie met het gebruik van de recent ontwikkelde
Microflown sensor resulteert dit in een nieuw type bronidentificatie techniek
dat, onder bepaalde omstandigheden, robuuster en nauwkeuriger blijkt te zijn
dan de conventionele op druk gebaseerde aanpak.
Het ontwikkelde randelementen algoritme en de bijbehorende bronidentificatie methode zijn gevalideerd met behulp van testvoorbeelden waarvan de
analytische oplossingen bekend zijn. Na deze numerieke validatie is een experimentele opstelling gebouwd, waarmee ook de toepasbaarheid in meer praktische
situaties gedemonstreerd kan worden. De experimenten zijn uitgevoerd op een
speciaal ontworpen geluidsbron, waarvan het trillingsgedrag goed gedefinieerd
is. Met behulp van deze geluidsbron is voor zowel het voorwaartse als het inverse probleem een goede overeenkomst tussen berekende en gemeten resultaten
aangetoond. Daarna zijn de identificatie technieken met succes toegepast op
een aantal producten uit de praktijk, waaronder een elektronische vermogens
omzetter (printplaat), een koelventilator van een processor en een haardroger.
Geconcludeerd kan worden dat dit onderzoek het volledige traject omvat
vanaf de theoretische omschrijving, de numerieke implementatie, gevolgd door
de experimentele validatie tot aan de uiteindelijke toepassing van de ontwikkelde gereedschappen voor problemen uit de dagelijkse praktijk.
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Chapter 1

Introduction
1.1

Background

Since time immemorial sound is of vital importance in many fields of our society. For example the ability of speech has proven to be extremely efficient for
communication purposes. Furthermore sound in the form of music and song
plays an important role in the amusement of people. Not only humans but
also animals produce sound to communicate or to mark out their territory, i.e.
singing birds or howling wolves.
From an engineering point of view several important applications exist. Examples are seismic tests to locate oilfields and sonar techniques for navigation
and detection of submerged submarines or to find schools of fish. Furthermore,
architects need to be able to design rooms or concert halls with good acoustical
properties. The issue of sound quality is also of importance in the design process of instruments and audio equipment. A relatively new field in acoustical
sciences is the utilization of ultrasound, which has facilitated conduction of
nonintrusive investigations of tissue inside the human body. Ultrasonics is also
widely used as a means of monitoring the performance and structural integrity
of all kinds of machinery and materials.
In spite of these numerous useful applications, sound is nowadays increasingly placed in a more negative context. This is among other things related to
the increasingly dense population in urban regions, inherently associated with
an increase in unwanted sound, commonly referred to as noise.
In the first few decades of the twentieth century, noise was considered to
be little more than a nuisance although there were some who realized that
it was a cause of deafness and campaigned for legislation to protect people
from the worst effects. It was the immense growth in aircraft traffic that drew

Introduction

2

attention to the environmental problems of noise around airports. Engine noise
was recognized as an important source of sound but solutions to the airport
noise problem were initially concentrated on the specification of flight paths to
minimize the sound reaching residential areas and less attention was given to
finding ways of reducing the sound power of the sources. When engine noise was
found to be a source of fatigue failure in aircraft fuselages it was realized that
environmental noise was not the only problem and research directed towards
noise reduction acquired increased importance. In the years that followed,
noise was increasingly more recognized as a potential source of failure in many
other types of machinery.
Apart from the issues related to health, environmental pollution and possible cause of failure, noise emission has become an important commercial asset
and design criterion for many products. This is motivated by the stricter customer demands regarding acoustic performance of the products along with the
tightening of the legislation on admissible emission levels and human exposure
to noise. However, silent does not necessarily means better, in some cases the
acoustic properties contribute to the perception of reliability or status of the
product. One can think of the sound produced when slamming a car door.
In the case of noise reduction or sound quality optimization, manufacturers
need efficient numerical and experimental tools to predict and understand the
sound field generated by their products to comply with legislation and customer
requirements.
The need to limit the radiated noise raises questions of how and where the
noise is generated. To answer these questions the emphasis in this study is
on the development of techniques to locate and identify the acoustic sources
on a product by combining experimental methods and (inverse) computational
procedures. The resulting engineering tools provide additional insight in the
physical phenomena which govern the acoustic behavior of complex real-life
products and allow a reliable evaluation of the different design alternatives.

1.2
1.2.1

Sound and vibration
Acoustic wave propagation

Sound consists of a time and spatially dependent compression and rarefaction
of the medium through which it is transmitted, see figure 1.1. Consider an
infinitesimal volume of the medium, large enough to represent the macroscopic
physical properties of the medium but small compared to the typical dimensions of the acoustic disturbance (e.g. its wavelength). This volume, referred to
as a particle, undergoes a small oscillating motion around its equilibrium posi-
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Figure 1.1: Example of a longitudinal acoustic wave traveling in a onedimensional space (e.g. a long duct). The upper part of the figure shows
the displacement of the particles (dots) as a function of position and time.
The compressions and rarefactions travel at the speed of sound c0 = arctan(ψ)
and after one period of time T they have moved a distance of one wavelength
λ. The lower part of the figure shows the corresponding spatial fluctuation of
density ρ in the medium at time t = 0.

tion, thereby elastically striking its neighboring particles which again transmit
the oscillation to the next neighbors and so on. In this way the disturbance,
or acoustic wave, propagates through the medium. Because the direction of
the particle oscillation coincides with the propagation direction of the wave,
the acoustic waves are longitudinal. Note that the particles themselves do
not travel with the wave, they only oscillate a small distance around their
equilibrium position. In fact, it is only the energy of the disturbance that is
transmitted through the medium.
The propagation speed c0 at which the wave travels depends on the elasticity of the medium1 . In air at 20◦ C and standard atmospheric conditions,
the speed of sound is about 343 m/s. Because the wave advances in space at
speed c0 , it can also be characterized by the spatial distance between two peaks
or nodes; the wavelength (see figure 1.1). The wavelength λ is related to the
frequency and propagation speed by λ = c0 /f , where the frequency f of the
wave is the number of cycles per second.
The motion of the particles is accompanied by perturbations of the steady
1

Only linear wave propagation is considered, see section 1.4.
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state pressure, temperature and density of the medium through which the
sound is transmitted. The human ear only senses the fluctuations in pressure
and cancels out the steady state level. When hearing a sound, one notices the
loudness (amplitude) and the pitch (frequency) of the pressure perturbation.
Humans are able to detect sound in the frequency range from about 20 Hz to
20 kHz. Generally, the upper limit decreases with age, whereas the lower limit
is not well-defined as it represents the transition between actual hearing and
structural vibrations of body tissue. In the extreme low frequency range the
sound is referred to as being infrasonic and for frequencies above the human
hearing range it is called ultrasonic.
In the field of acoustics, the perturbation of the pressure and the particle velocity is commonly referred to as simply the (acoustic) pressure and the
(acoustic) particle velocity. This convention is adopted throughout the remainder of this work.

1.2.2

Measurement of sound

Because of the ease of pressure measurements and the fact that the ear responds to this quantity, sound fields are often described in terms of this quantity. Acoustic pressure is measured with a microphone and expressed in Pascals, where 1 Pa denotes 1 N/m2 . Recently, a novel sensor the so-called Microflown [34] has been developed which is capable of directly measuring the
acoustic particle velocity, expressed in meters per second (m/s). As discussed
in section 2.3.3, once pressure and particle velocity are known, all secondary
acoustic quantities such as intensity and impedance can be derived.

1.2.3

Sources of sound

The basic mechanisms of sound generation can roughly be classified into the
following categories:
Structure induced sound: Sound caused by mechanical vibrations, e.g. radiation from an engine casing or the cone of a loudspeaker.
Flow induced sound: Sound induced by a disturbed flow. Examples are
vortex shedding (von Karmann vortex street) and noise from a gas jet.
Thermal induced sound: This type of sound radiation is caused by local
variations in the temperature of the fluid. One can think of noise generated by an electric discharge, e.g. lightning, which causes a sudden local
expansion of the medium.

1.3. Classifications in structural acoustics
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In some cases these mechanisms are coupled and no clear distinction can
be made. For a more detailed description of noise generation, transmission
and radiation reference is made to the works of Verheij [159], Dowling and
Williams [42] and Morse and Ingard [117]. The topic of the present study
is structure induced acoustics although under certain conditions some of the
developed tools can be applied to other types of acoustic sources as well.

1.3

Classifications in structural acoustics

Before introducing several techniques that are often applied to simulate noise
radiation, in this section a selection of classifications is provided that play an
important role in the field of acoustics. A more complete and detailed overview
is found in work of Sas [142].

1.3.1

Acousto-elastic interaction

At the contact interface between a structure and the surrounding fluid a noslip condition in the direction normal to the (impermeable) surface exists. Due
to this condition the vibrations from the structure are transmitted into the
fluid domain and, vice versa, sound from the fluid domain is transformed into
structural vibrations. In this way a mutual coupling exists between the fluid
and the structure. When the fluid is air, the backward coupling of vibrations
from the air to the structure is often negligible because the density and stiffness of air are generally several orders of magnitude lower than that of the
structure. This latter type of coupling will be referred to as one-sided coupling
whereas the other case is indicated by two-sided or fully coupled. Usually, a
fully coupled analysis is only required for lightweight, low stiffness structures
or for objects that are submerged in or contain a ‘heavy’ fluid like water or
oil. Although it should be pointed out that it is impossible to specify guidelines in a general sense, from a mathematical point of view the fluid-structure
interaction problem with one-sided coupling can be solved separately for the
two domains and consequently this type of problem is also referred to as the
uncoupled problem. The present study is restricted to such uncoupled problems. For detailed information on fully coupled analyses reference is made to
the work of Morand and Ohayon [114].

1.3.2

Forward and inverse problems

A distinction can be made between forward and inverse problems. In a forward or direct problem the solution process involves finding ‘effects’ based on
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acoustic
source

cause:
vibrating object

forward
inverse

sound field

acoustic
sensors

effect:
observed sound field

Figure 1.2: Illustration of the forward and inverse acoustic problem. In forward problems the cause is known (prescribed boundary condition) and the
effect is sought (radiated sound field). For the inverse case, the challenge is to
find the cause of the observed effect.

a complete description of their ‘causes’, see figure 1.2. This in contrast to the
corresponding inverse problem, where the solution involves the determination
of the (unknown) causes based on observation of their effects. The problem of
acoustic radiation belongs to the class of forward problems because the cause
is prescribed (i.e. a vibration of a structure) and the effects (the sound field)
have to be computed. On the other hand, finding the acoustic sources on an
object, given the measured sound field surrounding the radiating object, is a
typical example of an inverse problem. To solve the inverse acoustic problem
so-called acoustic source identification methods are applied.

1.3.3

Interior and exterior problems

In addition to the division between coupled and uncoupled problems, an important distinction is the one between interior and exterior problems, illustrated
schematically in figure 1.3. For the interior case the acoustic waves are reflected in an enclosure resulting in a sound field that is dominated by resonant
behavior (e.g. noise inside a car cabin). On the contrary, when an object radiates sound into an unconfined free space the problem is denoted as an exterior
problem (e.g. noise radiation from an aircraft).
Exterior problems can be further divided into scattering and radiation problems. In scattering problems an acoustic wave impinges on a surface with given
geometric and acoustic characteristics and the scattered sound field has to be
determined. In radiation problems a boundary condition on the source surface
is prescribed and the resulting acoustic field has to be predicted.

1.3. Classifications in structural acoustics
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fluid

infinity
fluid

vibrating
boundary

(a) Interior problem

vibrating
boundary

(b) Exterior problem

Figure 1.3: Interior and exterior problem. Sound waves are transmitted from
the vibrating boundary into the fluid domain.

1.3.4

Types of signals

Signals can be divided into deterministic and nondeterministic functions, see
for instance [84, 110, 150].
Deterministic functions have the common characteristic that their values can
be given in advance for any time t. These functions consist of harmonic, periodic and nonperiodic (transient) functions. The acoustic response to a deterministic signal is also deterministic. Examples are acoustic radiation induced
by rotating machinery and noise generated by the gear teeth interaction in
gearboxes.
Nondeterministic or random functions are used to describe phenomena whose
outcome at a future instant of time cannot be predicted. Waves in a rough
sea are a suitable example. A response to random functions is also random.
Although random signals cannot explicitly be described as a function of time,
most random phenomena do exhibit a certain repetitive pattern. Such a characteristic pattern is called a statistical regularity and if the excitation contains
such a regularity then so does the response. An efficient and meaningful way to
describe the excitation and response is in terms of these statistical regularities.
When the temporal average (one measurement averaged over time) of a process itself is independent of time, the random process is said to be stationary.
Additionally, when the temporal average equals the ensemble average (average
of multiple measurements) the process is called ergodic. It should be pointed
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out that any ergodic process by necessity is stationary, but stationarity does
not necessarily imply that the process is ergodic.
Of course, by definition, all deterministic harmonic and periodic signals are
special cases of ergodic processes. Transient signals can be described efficiently
in the time domain. Ergodic processes are more conveniently represented in
the frequency domain. The conversion between time and frequency domains
is done with the Fourier transform, see for example Ramirez [134]. Instead of
describing a process by values of some quantity as a function of time, in the
frequency domain a process is specified by giving its amplitude (generally a
complex number also indicating a phase) as a function of frequency.

1.3.5

Frequency ranges

The frequency range is also an important factor when deciding which type
of solution approach is best suited. In many applications such as engines,
the forcing frequencies are usually quite low so that a detailed deterministic
approach is meaningful. For high frequency applications, however, the detailed
information provided by the deterministic techniques is not very useful and
statistical approaches are more appropriate.

L

λ

source

kL ≪ 2π

kL ≈ 2π

kL ≫ 2π

Figure 1.4: Definition of the low, medium and high frequency ranges in terms
of the dimensionless wave number kL.

In figure 1.4 it is illustrated how the low, medium and high frequency ranges
are defined by means of the ratio between the acoustic wavelength λ and the
characteristic geometrical dimension L of the radiating object. When the wavelength λ is significantly larger than the characteristic dimension L, the problem
is referred to as a low frequency problem. In the medium frequency range λ ≈ L
and if λ ≪ L, the problem is referred to as a high frequency problem. Usually these ranges are expressed in terms of the dimensionless wave number kL,
with k the wave number (k = 2π/λ). Accordingly, the low, medium and high
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frequency ranges are then defined as the regions where kL ≪ 2π, kL ≈ 2π and
kL ≫ 2π, respectively.

1.3.6

Nearfield and farfield

For exterior radiation problems a sound field can be divided into two regions:
the nearfield and the farfield. The transition between the two regions is not
clearly defined and depends amongst other things on the dimensionless wave
number and the shape of the source. In the nearfield the geometry of the source
strongly influences the sound field and no simple relations exist between the
acoustical quantities.
high

source

low
nearfield

farfield

Figure 1.5: Instantaneous pressure distribution created by a harmonically
vibrating object. The amplitude of the vibration is uniformly distributed over
the boundary surface. The acoustic behavior in the nearfield is more complex
than in the farfield where the acoustic waves approach plane waves (kL ≈ 7π).

A few wavelengths away from the radiating boundary, see figure 1.5, the sound
field evolves into spherical waves propagating radially outwards with a constant
speed c0 . In this farfield region the pressure is proportional to the particle
velocity on condition that the fluid domain is free of reflecting objects (free
space).
The nearfield and farfield regions are often associated with two types of
acoustic waves, the so-called propagating and evanescent waves. These two
wave components are illustrated in figure 1.6 by means of a simple example.
It concerns the acoustic field generated by a transversal wave traveling from
left to right in an infinitely long strip. As long as the acoustic wavelength λ is
smaller than the structural wavelength λs , a propagating wave is emitted by
the vibrating strip. In contrast, the sound remains concentrated near the strip
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and no sound is radiated into the farfield region when λ > λs (frequency below
coincidence). In this case one speaks of an evanescent wave since its amplitude
decays exponentially with distance to the radiating boundary.

λ

strip

λs
(a) Propagating wave, λ < λs .

strip

λs
(b) Evanescent wave, λ > λs .

Figure 1.6: Acoustic radiation from a transversal wave traveling in an infinitely long strip. For frequencies above the coincidence frequency a propagating wave is emitted, whereas for frequencies below coincidence an evanescent
wave is generated (color scaling between +/− the largest magnitude).

In these terms the farfield is defined as the region where the evanescent wave
components have attenuated below a certain threshold. Often this threshold
is taken equal to the noise floor of the measurement. In the nearfield the
evanescent components usually dominate the sound field. Finally it is noted
that for propagating waves the acoustic pressure and particle velocity are in
phase, while for the evanescent wave components they are in quadrature.

1.3.7

Coherent and incoherent sound

The spatial distribution and phase of a sound field generated by a single acoustic source, e.g. a vibrating piston, can be uniquely related to the driving signal
of that piston. Hence only a single reference signal is required to describe the
phase throughout the sound field. When multiple sources are present one has
to distinguish between coherent and incoherent sound fields. Two or more
sources are called coherent if they emit sound of precisely the same frequency
with no, or a fixed, phase shift in time. The resulting sound field contains
constructive and destructive interference patterns of the sound waves.
In practice, coherent acoustic sources only occur when they are connected
in someway to a single fundamental excitation mechanism such as loudspeakers driven from the same signal generator or noise related to the ignition of
an engine. Very often however, sources are incoherent meaning that their
contributions to the total sound field are uncorrelated in the sense that their
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phase difference varies randomly in time. This random fluctuation in phase
difference prevents the formation of constructive and destructive interference
patterns between the partial sound fields. In order to lock the phase for each incoherent source contribution, acoustic measurements involving such composite
sound fields are performed with at least as many reference sensors as incoherent
sources. Usually the resulting set of reference signals is partially correlated and
needs to be transformed onto a linearly independent basis using the so-called
principle component analysis. This principle component technique effectively
creates an orthogonal set of virtual reference signals that allows the sound
field to be split up into a number of independent contributions. Each of these
virtual sound fields can be treated separately with standard computational
methods as if the sound is originating from a coherent source. Afterwards the
results based on each of the virtual fields can be added on an energy basis to
reconstruct the full composite field.

1.4

Simplifications and restrictions

In the nineteenth century, Rayleigh, inspired by work of Helmholtz and Stokes,
was among the first to mathematically formulate the principles of propagation of sound waves. In 1877 he published his major work on acoustics, The
Theory of Sound. The first volume [136] deals with the mechanics of a vibrating medium which produces sound, while the second volume [137] focuses on
acoustic wave propagation.
One of the most important results is the so-called acoustic wave equation
which still forms the basis for many methods to compute sound fields. The
wave equation is derived from the more general set of fluid dynamic equations:
the Navier Stokes equations. For standard acoustic wave propagation this
nonlinear set of equations can be drastically reduced by introduction of the
following simplifications, see for instance [10, 129]:
• Small perturbations around the mean state of the medium (linear theory).
• No mean flow of the medium.
• No heat exchange between fluid and structure.
• Equal properties throughout the fluid domain (homogeneous medium).
• No visco-thermal effects. These effects are only of importance in the
boundary layer and not in large enclosures or free field radiation.
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• Dimensions and wavelength are large compared to the mean free path
length and as a consequence only macroscopic effects play a role.
Combining the resulting linearized equation with the equation of continuity
and the equation of state, a partial differential equation, the wave equation, is
obtained in terms of acoustic pressure perturbations.
Besides the mentioned simplifications some additional limitations apply to
the scope of this thesis. For example, only ergodic sound fields are considered,
and consequently all computational and experimental results are described in
the frequency domain. The problems studied are assumed to be uncoupled,
meaning that the fluid does not influence the dynamic behavior of the radiating
structure (one-sided coupling). Finally, although the examples presented in
this study are restricted to exterior radiation problems only, the developed
techniques can be applied to interior acoustics as well.

1.5

Solution techniques for forward problems

Historically, solutions to the wave equation were sought in terms of analytical expressions or approximations. This can only be done when the boundary
surface of the radiating object has a very simple shape. For arbitrarily shaped
objects no analytical solutions are available and the application of a numerical approach is inevitable. Moreover, the drastic increase of digital computing
power has shifted the accent to numerical approaches. At present numerical
techniques enable the simulation of sound fields for complex geometries and
boundary conditions. In the low and medium frequency ranges (kL . 2π) two
popular techniques exist: the Finite Element Method (FEM) and the Boundary
Element Method (BEM). Whereas FEM is based on a numerical implementation of a differential equation (the wave equation), BEM uses a boundary
integral formulation as a basis.
Since solving the differential equation involves volumetric modeling of the
whole fluid domain, the FEM approach [180] is very suitable for the computation of sound in a bounded domain, see figure 1.7(c). In exterior radiation
problems the fluid domain is of infinite dimensions and a FEM model would
require an infinite number of finite sized elements to discretize the volume.
To partially overcome this limitation, so-called ‘infinite finite’ elements were
developed for the purpose of radiation into unconfined spaces [4, 5, 13, 177],
see figure 1.7(a). These elements should be placed at the outer border of the
fluid domain and contain a built-in amplitude decay and wavelike variation
for modeling the outgoing waves. Nowadays all major commercially available
FEM codes, e.g. Abaqus, Ansys and Sysnoise, support this type of analysis.
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fluid

infinite finite
element
(a) Exterior problem, FEM approach.
(b) Exterior problem, BEM approach.

fluid
finite
element

(c) Interior problem, FEM approach.

boundary
element

(d) Interior problem, BEM approach.

Figure 1.7: FEM is based on volumetric modeling of the fluid domain whereas
in BEM only the boundary of the radiating object is divided into elements.

The other popular technique is the BEM approach that is based on a boundary integral formulation of the wave equation [25, 38, 90]. As illustrated in
figures 1.7(b) and 1.7(d), the method requires only the modeling of the boundary surface of the radiating object rather than the entire fluid domain. For
exterior radiation problems, this integral formulation (BEM) offers several advantages compared to a direct implementation of the wave equation (FEM):
• The free field radiation condition at infinity is inherently satisfied in the
integral equation. This implies that no reflections occur at infinity.
• The integral formulation provides an explicit relation between the vibrations at the boundary surface and the acoustical quantities in the fluid
domain. Thus apart from the acoustical quantities themselves, also the
acoustic transfer functions that relate the surface vibrations to the corresponding acoustic field are obtained. These transfer functions are very
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useful in studies where the effect of many boundary conditions must be
evaluated (e.g. optimization algorithms or engine run-ups). They also
play a vital role in acoustic source identification techniques.
• The particle velocity components can be determined without additional
loss of accuracy compared to the pressure predictions.
• Since only the boundary surface is divided into elements, BEM models
are significantly smaller than corresponding FEM models.
• It is possible to compute the solution only at specific locations and not
necessarily in the entire fluid domain.
Naturally, there are also some disadvantages related to the boundary integral
representation and associated BEM approach. Although the resulting model
size is small, the system matrices appear to be densely populated, complex and
frequency dependent. Hence they cannot be handled by optimized solution
procedures which are intended for sparse and symmetric systems as obtained
by FEM. Furthermore, the integral formulation for exterior radiation is known
to suffer from non-unique solutions at certain characteristic frequencies. This
non-uniqueness problem has been studied extensively by many researchers and
a wide range of techniques is available to (partially) overcome the irregular
behavior.
In order to obtain a reasonable accuracy, both the BEM and the FEM approaches require a sufficient number of nodes per acoustic wavelength. Since
the wavelength shortens with increasing frequency, the number of elements
must increase accordingly to maintain the same level of accuracy. For this reason, these classical element based approaches are restricted to low and medium
frequency applications.
Because BEM and FEM become computationally very intensive for the
medium and high frequency ranges, the so-called equivalent source methods 1
have been developed. The basic idea of these methods consists of replacing
the vibrating object by a set of elementary sources placed in the interior of the
object. The source strength distribution of the ‘equivalent’ sources is selected
such that the resulting sound field approximately equals the one caused by
the original object. In fact, the acoustic response is described in terms of an
expansion in wave functions which have to satisfy the governing differential
equation and boundary conditions. Generally a distinction is made between
single- and multi-point methods [69, 100, 123, 124]. A major advantage of
these methods is that they no longer require an increasingly denser mesh at
1

Also known as multipole expansion or wave superposition methods.
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higher frequencies, which results in a more efficient handling of medium to high
frequency applications. A disadvantage of the single-point method is that for
complex geometries, many wave functions are required and the final system of
algebraic equations may become ill-conditioned. This drawback can be overcome by the multi-point method at the cost of introducing a new problem,
namely that of choosing the location of the equivalent sources. Despite the
problems, this expansion type of methods has been investigated successfully in
many studies [91, 37, 40, 79, 107, 113, 135, 166, 172, 172, 173].
For the high frequency range (kL ≫ 2π), two other popular methods exist.
The hybrid empirical/numerical solution method known as statistical energy
analysis [99] utilizes statistical approaches based on classical solutions and radiation efficiency concepts to model the coupling loss factors between structures
and acoustic cavities. As it depends on the assumption that the modal density
is high, it cannot reliably be used for the low and medium frequency ranges.
Secondly, in the field of room and building acoustics, ray tracing techniques
are frequently applied [93, 96, 129, 153, 154]. These techniques, based on optical theories, assume the sound to propagate in rays or beams rather than in
terms of waves. For high frequency applications where the wavelength is much
smaller than the objects under consideration the behavior of sound can indeed
be approximated as such, but for lower frequencies complicated scattering and
diffraction occurs and the ‘ray’ representation becomes less effective.
The present study is confined to the boundary integral formulation since
this representation appeared to be most appropriate for computing the acoustic
transfer functions, between the source and field quantities, required for the
source identification techniques.

1.6

Solution techniques for inverse problems

The inverse acoustic problem is aimed at finding the location and strength
of acoustic sources on the boundary surface of a noise radiating object. The
ability to produce such information is a first step towards solving the noise vibration problem. Conventional approaches involve acoustic intensity or source
wrapping techniques to characterize the regions of acoustic activity on a radiating object. Those techniques are often inaccurate, costly and time consuming.
More recent source identification approaches use a measurement of the
sound field in a large number of points to reconstruct the corresponding vibrations of the radiating boundary surface. Several methods exist to relate the
measured sound field to the vibro-acoustic quantities on the boundary surface.
The basic difference between the methods is how the relation between the vi-
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brations at the source surface (cause) and the acoustic quantities in the field
(effect) is obtained.

source grid

source
grid
field
grid
field grid

(a) Planar nearfield acoustical holography (pNAH).

(b) Inverse frequency response function
method (IFRF).

Figure 1.8: Illustration of the two types of nearfield source identification.
From the acoustic quantities measured in the field grid, the equivalent source
strengths at the source grid have to be reconstructed.

A distinction can be made between methods applicable to arbitrarily shaped
objects and methods inherently limited to primitive geometries like planes,
cylinders or spheres, see figure 1.8.
The latter type of technique is generally referred to as acoustical holography
since it computes the acoustic quantities in a three-dimensional domain from
pressure data measured on a two-dimensional surface. Conventional acoustical holography was developed simultaneously with optical holography in the
period lasers became available. In analogy with optical holography, in acoustical holography the measurements were made on a plane in the farfield of
the radiating object. Since in the farfield region only the propagating wave
components can be measured, the maximum attainable resolution of the reconstructed boundary variable is limited to half a wavelength as explained in
the work of Maynard et al. [108], Mas and Sas [104] and Williams [168].
To overcome this limitation Maynard et al. [108] introduced generalized
nearfield acoustical holography (NAH). In this case, the sound field on the
measurement plane is subjected to a spatial Fourier transform and subsequently the propagation and reconstruction process is performed efficiently
in the spatial wave number domain [108, 161]. By conducting measurements
in the nearfield of the object, the evanescent wave components can also be

1.6. Solution techniques for inverse problems

17

accounted for and hence partial sources can be distinguished which are separated at distances much less than half an acoustic wavelength. Nowadays, this
technique has been widely accepted and has proven to be successful in many
applications [59, 60, 168, 44, 104, 161]. Although the problem of limited resolution may be eliminated by introduction of NAH, still the technique is only
applicable to objects that are fairly planar, cylindrical or spherical in shape.
In order to deal with radiating objects of truly arbitrary shape, Veronesi
and Maynard [160] introduced an approach based on the inversion of an acoustic transfer matrix. This acoustic transfer matrix (ATM) explicitly relates
the (unknown) surface normal velocities at the boundary of the vibrating object to the acoustic quantities measured in a set of predefined field points
(see figure 1.8(b)). The ATM can either be composed from measured transfer
functions or be computed with BEM. Since the source identification method requires inversion of the transfer matrix, it is commonly referred to as the Inverse
Frequency Response Function (IFRF) technique [45, 104] or Inverse Boundary
Element Method (IBEM) [160, 88, 121, 103, 145], respectively. Although measuring the transfer matrix leads to an accurate model of the system, since all of
the reverberation and absorption paths of the environment are included, this
method is extremely time consuming and labor intensive. For this reason it is
generally preferred to resort to a numerical approach like BEM to determine
the matrices.
So, in agreement with the conclusions of Nelson et al. [121], there appear to
be two categories of approach to the acoustic source reconstruction problem.
The first category relies on ‘holographic’ or ‘Fourier transform’ relationships
between source and field, whilst the second uses a more ‘model based’ approach.
It is this second, more generally applicable, approach that is subject of the
present study.
At present, the source identification techniques are based on measurement
of the acoustic pressure in the field grid. The new Microflown sensor, however,
offers direct measurement of the acoustic particle velocity as well. An innovative characteristic of this study is to investigate whether and how such particle
velocity data can be accounted for in the source reconstruction process.
Finally it is remarked that since the source reconstruction process is an
inherently ill-conditioned problem, both the NAH and IFRF/IBEM approaches
are extremely sensitive to errors and therefore require regularization to obtain
a physically meaningful solution.
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1.7

Research objective

The primary objective of this study is the development and validation of efficient measurement techniques and numerical algorithms to identify the acoustic
sources on the boundary surface of a sound radiating object. A secondary objective is to investigate how to benefit from acoustic particle velocity data in
the source identification techniques.
In order to meet the objectives, the following two topics have to be considered:
• Development of an efficient boundary element solver that is capable of
computing not only the pressure and particle velocity, but also the corresponding acoustic transfer matrices. These acoustic transfer matrices are
essential for the inverse problem as they describe the relation between
the cause (vibrations of the radiating boundary surface) and the observed
effect (radiated sound field).
• Development of acoustic source identification techniques that can handle both pressure and particle velocity data. Due to the ill-conditioned
nature of the inverse problem, it is necessary to apply regularization techniques in order to find a physically meaningful solution. Several types
of regularization techniques are considered and implemented in the developed acoustic source identification techniques. Once the location and
strength of the sound sources is known, the product can be redesigned
to reduce the radiated acoustic power.

1.8

Outline

The present chapter covered general definitions in acoustics and introduced
the acoustic radiation and source identification problem. In the next chapter a
brief overview is given of the equations that govern the acoustic radiation from
a vibrating object. Because the main interest is in acoustic source identification
problems, the description is confined to the boundary integral formulation since
this representation is most appropriate for computing the acoustic transfer
matrices.
In chapter 3 the numerical implementation of the developed boundary element solver is explained. Key features of the solver include the separation
of singular and oscillatory behavior of the integral kernel and the ability to
compute both pressure and particle velocity based acoustic transfer functions.
Because of the separate treatment of the integrands, an efficient solver is obtained that is extremely suitable for computations in the acoustic nearfield of
the radiating object.
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To overcome the non-unique behavior associated with the direct boundary
element method, a new approach has been implemented that combines the
advantages of the different methods found in the literature. With this novel
technique stable and accurate solutions are obtained throughout the whole
wave number range of interest.
Chapter 4 deals with the theory and the solution procedures for discrete
ill-posed problems like the inverse acoustic problem. By means of simulated
experiments on simple examples the performance of different regularization
algorithms is compared. Furthermore, a new source identification process is
introduced that relies on the measurement of acoustic particle velocities.
Following the successful development and numerical validation of the BEM
solver and the associated source identification toolbox, the techniques were
tested on practical problems. To do so, a well understood experimental setup
was designed that could serve both for validation of the forward problem of
sound radiation as well as for the inverse problem of acoustic source localization. A detailed description of the measurement setup and the supporting
equipment is given in chapter 5. From the comparison between the acoustical
quantities predicted by the computations and the results obtained from the
experiments it is concluded that a good agreement has been reached for both
the forward problem and the inverse problem.
To conclude the investigation, the practical use of the developed tools is
demonstrated on several engineering applications as described in chapter 6.
Finally in chapter 7 the main results, conclusions and recommendations are
summarized.
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Chapter 2

Theory of Sound Radiation
2.1

Introduction

In this chapter the theory of acoustic radiation from a vibrating object with an
arbitrarily shaped boundary surface is discussed. As stated in section 1.5, when
it comes to modeling radiation into unconfined spaces, the boundary integral
formulation is superior to formulations based directly on the wave equation.
From the variety of boundary integral formulations that exist, for a brief
overview see Desmet and Sas [38, 39] or Benthien and Schenck [11], this investigation is restricted to the so-called complete direct boundary integral formulation originally proposed by Schenck [143]. By direct is meant that the problem
is expressed directly in terms of the acoustic pressure and particle velocity
rather than in terms of layer potential functions which have only an indirect
physical meaning. The formulation is complete in the sense that no approximations of the kernel functions are made and as a result the solid mathematical
background of the integral equations is preserved [94].
The basis is formed by the Helmholtz integral equation, which relates the
acoustic pressure at any point in the fluid domain to the vibro-acoustic quantities on the closed1 boundary surface of the vibrating object. Such relations
are essential for the acoustic source identification techniques to be discussed in
chapter 4. Furthermore, since one of the challenges of the present study is the
development of source identification techniques based on measurements of the
acoustic particle velocity, a boundary integral is derived that is appropriate for
this purpose. Finally, in order to obtain a formulation that is amenable to an
efficient numerical implementation, a distinction is made between the singular
and the oscillatory part of the integrands.
1

For (half-)open geometries, the indirect integral approach is more appropriate [38].
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2.2
2.2.1

Basic equations and boundary conditions
Basic equations

Figure 2.1 illustrates a sound radiating object with an arbitrarily shaped, but
closed, boundary surface S.
source or
solid domain
Vs

surface S

~vnx (~x)

~x
~v (~x)

~r

~e2

fluid domain Vf
~e1

~e3

~nx

~y

~ny

Figure 2.1: Nomenclature in the exterior acoustic problem. Source points ~y
are positioned on the boundary surface S, whereas field points ~x ∈ Vf ∪ S.

Assuming the ideal1 fluid is at rest and homogeneous throughout the domain
Vf , the corresponding acoustic wave propagation is governed by the linear wave
equation:
1 ∂ 2 p̂(~x, t)
∇2 p̂(~x, t) − 2
= 0,
(2.1)
c0 ∂t2
where p̂(~x, t) is the acoustic pressure perturbation and c0 is the propagation
speed of sound in the medium. For stationary vibrations of the source object,
the pressure field p̂(~x, t) is expressed in a sum of components each of the form:
p̂(~x, t) = p(~x, ω)eiωt ,

(2.2)

where ω is the angular frequency and p(~x, ω) represents the (complex) amplitude of the harmonic pressure perturbation. Substitution of the harmonic
expansion (2.2) into the wave equation (2.1), yields the so-called Helmholtz
differential equation (also referred to as reduced wave equation):
∇2 p(~x, ω) + k 2 p(~x, ω) = 0 ,

(2.3)

in which k = ω/c0 is called the wave number.
Another basic equation is Euler’s equation of motion, which states that the
1

Ideal implies that viscous and thermal effects are neglected.
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acoustic particle acceleration is proportional to the gradient of the pressure:
− ρ0

∂~vˆ(~x, t)
~ x, t) ,
= ∇p̂(~
∂t

(2.4)

where ρ0 and ~vˆ represent the mean fluid density and the instantaneous acoustic
particle velocity vector, respectively. Application of the harmonic expansion
leads to the reduced form of the Euler equation (2.4):
~ x, ω) .
− iωρ0~v (~x, ω) = ∇p(~

(2.5)

When only the velocity component in the direction specified by the unit length
vector ~nx has to be found, equation (2.5) can be further simplified to:
− iωρ0 vnx (~x, ω) =

∂p(~x, ω)
∂nx

with

∂p(~x, ω)
~ x, ω) · ~nx .
≡ ∇p(~
∂nx

(2.6)

From this point on all quantities will be considered in the frequency domain
and for convenience the argument ω will be omitted in the notation. For more
detailed information on the basic relations in acoustics, reference is made to
the following textbooks [25, 49, 129, 168].

2.2.2

Boundary conditions

Because the Helmholtz equation is a second order differential equation, only one
of the unknown variables has to be prescribed on the boundary S to solve the
problem. Generally three types of boundary conditions can be distinguished:
• A given surface pressure (Dirichlet condition)
• A given surface normal velocity (Neumann condition)
• A given relation between the pressure and velocity on the surface (also
known as impedance, mixed or Robin condition)
In engineering situations, the usual boundary condition on the surface S is the
Neumann condition:
¯
∂p(~y ) ¯¯
= −iωρ0 v ny (~y ) ,
(2.7)
∂ny ¯~y∈S

where v ny denotes a prescribed normal velocity obtained either from computation or measurement. Unless stated otherwise, a Neumann condition is
prescribed throughout the remainder of the present study.
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For the exterior radiation problem an additional condition at infinity has to
be satisfied. This condition is known as the Sommerfeld radiation condition:
¶¸
· µ
∂p
+ ikp
= 0,
(2.8)
lim r
r→∞
∂r
where r is a measure for the distance to the source. Basically, the Sommerfeld
condition ensures that no reflections occur at infinity.

2.3
2.3.1

Helmholtz integral formulation
Computation of acoustic pressure

In the boundary element method (BEM), the Helmholtz differential equation (2.3) governing the solution in the fluid domain is replaced by an integral equation that covers only the boundary surface S. This reduction in
dimension is achieved through application of Green’s second identity. Specific details on this transformation can be found in many other studies, for
example [22, 25, 29, 38, 136, 137, 168].
The resulting integral equation is known as the Helmholtz integral equation (HIE). It relates the acoustic pressure and normal velocity on the closed
boundary surface S of a vibrating object to the radiated pressure field in the
fluid domain:
¾
I ½
∂p(~y )
∂G(r)
dS + pin (~x) ,
(2.9)
p(~y ) − G(r)
α(~x)p(~x) =
∂n
∂n
y
y
S
where α(~x) is a geometry related coefficient, ~y is a so-called source or data
point as it is always located on the boundary surface S and ~x is a field point in
the fluid domain (see figure 2.1). The point ~x is also called the evaluation point
because the integral has to be evaluated for each point ~x. The unit normal to
the surface at source point ~y , denoted as ~ny , is pointed into the fluid domain.
Distance r is the length of vector ~r that is directed from the source point ~y to
the field point ~x: r = k~x − ~y k.
The term pin represents the incident acoustic wave in the case of a scattering
analysis. In an unbounded fluid domain without reflecting objects (free space),
Green’s function G(r), also referred to as the kernel of the integral equation,
is:
e−ikr
G(r) =
.
(2.10)
4πr
This function is the response of the inhomogeneous Helmholtz differential equation (2.3) to a Dirac pulse in space [25]. Apart from satisfying the Helmholtz
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equation, Green’s function also satisfies the Sommerfeld radiation condition
(2.8). Physically, G(r) represents the effect observed at point ~x created by
a unit source located at point ~y . Although the Green function depends on
both the wave number k and the distance r, the wave number dependence is
commonly omitted in its notation.
The derivative of the kernel with respect to the direction indicated by the
surface normal vector ~ny can be written as:
∂G(r) ∂r
∂G(r)
=
∂ny
∂r ∂ny

with

−~r · ~ny
∂r
=
.
∂ny
r

(2.11)

Note that the terminology ∂f (r)/∂ny denotes the partial derivative of function
f (r) at point ~y in the direction of the normal vector ~ny . This is a compact
equivalent of the somewhat elaborate gradient based notation:
¶
µ
∂f (r)
∂
∂
∂
~ ~y f (r) · ~ny ≡ ~e1
f (r) · ~ny .
≡∇
+ ~e2
+ ~e3
∂ny
∂y1
∂y2
∂y3

(2.12)

When the surface normal ~ny is uniquely defined at each point of the object,
the coefficient α(~x) in equation (2.9) is given by:

α(~x) =


 0
1
2



1

for points ~x in the solid domain (~x ∈ Vs , ~x ∈
/ S),
for points ~x on the boundary surface (~x ∈ S smooth),
for points ~x in the fluid domain (~x ∈ Vf , ~x ∈
/ S).

(2.13)

However, when the normal to the surface is not unique, e.g. at corners and
edges, the value of α(~x) has to be determined by evaluation of the following
surface integral:
µ ¶
I
1
1
∂
α(~x) = 1 +
dS ,
(2.14)
4π S ∂ny r
for the exterior problem and:
1
α(~x) =
4π

I

S

∂
∂ny

µ ¶
1
dS ,
r

(2.15)

when the interior problem is considered. Since α(~x) represents the fraction
of fluid (or free space) surrounding point ~x it is often referred to as the fluid
angle. As shown by Seybert [148], the integrals for non-smooth boundaries can
be deduced from the complementary Laplace problem (∇2 φ = 0) of the volume
Vs which is encapsulated by surface S.

Theory of Sound Radiation

26

Introduction of Euler’s equation of motion (2.6) into equation (2.9) results
in the final integral equation relating the acoustic pressures with the normal
velocity:
¾
I ½
∂G(r)
p(~y ) + iωρ0 G(r)vny (~y ) dS + pin (~x) .
(2.16)
α(~x)p(~x) =
∂ny
S
Evidently the pressure p(~y ) and the normal velocity component vny (~y ) on the
surface S both contribute to the pressure p(~x) at field point ~x. When the velocity is prescribed, this equation is classified as a nonhomogeneous linear Fredholm integral equation of the second kind. For simple one-dimensional integral
equations with separable kernel a closed form solution can be found, but for
more general three-dimensional configurations one has to resort to numerical
algorithms. For more information on integral equations in general, the reader
is referred to the work of Wazwaz [167], Bronshtein and Semendyayev [19],
Atkinson [6] or Press and Flannary [130].

2.3.2

Computation of acoustic particle velocity

Acoustic measurements are usually conducted with sensors that respond to
acoustic pressure fluctuations (microphones). This thesis however is also aimed
at the application of the new Microflown sensor1 that measures acoustic particle
velocity instead of pressure.
The application of particle velocity in for example source identification techniques requires the development and implementation of the relations between
the particle velocity in the fluid domain and the surface vibrations of the sound
radiating object. The formulation of the underlying theory forms the subject
of the present section.
Assuming harmonic signals in time, Euler’s equation of motion (2.6) states
that the acoustic velocity in the field is proportional to the spatial derivative
of the field pressure. As the field pressure p(~x) can be computed from the
HIE (2.9), the derivative of that equation will be proportional to the particle
velocity:
i ∂p(~x)
~nx ,
(2.17)
~vnx (~x) =
ρ0 ω ∂nx
where ~vnx is the component of the field velocity in the direction of the unit
vector ~nx at field point ~x (see figure 2.1). Contrary to the surface normal ~ny
which is defined perpendicular to the source surface, the field normal vector
can be chosen in an arbitrary direction. Usually, the field direction ~nx is chosen
1

The Microflown sensor is discussed in detail in section 5.3.2.
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along the three perpendicular coordinate directions ~e1 , ~e2 and ~e3 from which
the total particle velocity vector can be reconstructed by:
~v (~x) =

3
i X ∂p(~x)
~ei ,
ρ0 ω
∂ei

or alternatively, ~v (~x) =

i=1

i ~
∇ p(~x)
ρ0 ω

(2.18)

So, once an expression for ∂p(~x)/∂nx is known for the arbitrary direction ~nx ,
the total velocity vector is found by choosing ~nx equal to ~e1 , ~e2 and ~e3 , respectively. Taking the derivative of the HIE (2.9) with respect to the direction ~nx
gives:
¾
I ½
∂pin (~x)
∂
∂p(~y )
∂G(r)
∂
dS +
{α(~x)p(~x)} =
p(~y ) − G(r)
. (2.19)
∂nx
∂nx S
∂ny
∂ny
∂nx
If only interior or exterior field points are considered, ~x ∈
/ S, the following
simplifications can be made:
1. The geometric factor α(~x) is a constant, hence ∂α(~x)/∂nx ≡ 0.
2. In accordance with Leibniz’ rule, e.g. see Wazwaz [167], the derivative
operation ∂/∂nx can be carried out inside the integral (2.19).
With these simplifications equation (2.19) becomes:
¾
I ½ 2
∂p(~x)
∂ G(r)
∂pin (~x)
∂G(r) ∂p(~y )
α(~x)
dS +
=
p(~y ) −
,
∂nx
∂nx ∂ny
∂nx ∂ny
∂nx
S

(2.20)

where
∂ 2 G(r) ∂r ∂r
∂G(r) ∂ 2 r
∂ 2 G(r)
=
+
,
∂nx ∂ny
∂r2 ∂nx ∂ny
∂r ∂nx ∂ny
∂G(r)
∂G(r) ∂r
=
.
∂nx
∂r ∂nx

(2.21a)
(2.21b)

Each of the terms in (2.21) can be further specified as:
−~r · ~ny
∂r
~r · ~nx
∂r
=
and
=
,
∂nx
r
∂ny
r
∂2r
∂ 1 1 ∂
= −~r · ~ny
−
(~r · ~ny )
∂nx ∂ny
∂nx r r ∂nx
¾
½
1 ∂r ∂r
+ ~nx · ~ny .
=−
r ∂nx ∂ny

(2.22a)

(2.22b)
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The kernel and its derivatives for free space radiation are:
e−ikr
,
4πr
µ
¶ −ikr
∂G(r)
1
e
=−
+ ik
,
∂r
r
4πr
µ
¶ −ikr
2
2ik
∂ 2 G(r)
2 e
= 2+
−k
.
∂r2
r
r
4πr
G(r) =

(2.23a)
(2.23b)
(2.23c)

Finally, the particle velocity vector in the direction nx is obtained after substitution of equation (2.20) into (2.17):
¾
¶
µI ½ 2
i
∂pin (~x)
∂G(r) ∂p(~y )
∂ G(r)
α(~x)~vnx (~x) =
dS +
.
~nx
p(~y ) −
ρ0 ω
∂nx ∂ny
∂nx ∂ny
∂nx
S
(2.24)
Unfortunately, the kernels in integrals (2.9) and (2.24) contain singularities
that cause severe problems when standard quadrature methods are applied to
evaluate the integrals. Therefore a special treatment of the singular parts is
required to obtain accurate results. In section 2.4 the integral equations (2.9)
and (2.24) are rewritten in a form which is better suited for an efficient numerical evaluation. The actual numerical implementation of the reformulated
integral equations is described in chapter 3.

2.3.3

Acoustic power and intensity

An important secondary quantity is the time averaged acoustic power Π. It is
a measure for the amount of acoustic energy that flows through a surface per
unit of time. The acoustic power is obtained by taking the surface integral of
~
the normal component of the time averaged intensity I:
I
Π=
I~ · ~ny dS .
(2.25)
S

In the stationary and coherent sound fields, the complex intensity vector is
defined by I~ = 12 ~v H p. With superscript H indicating the complex conjugate
transpose operation.
When the normal velocity at the surface is prescribed, the pressure at
the boundary surface of the radiating structure can be calculated with equation (2.16). Once both normal velocity and pressure are known, equation (2.25)
can be written as:
I
1
v H (~y )p(~y ) dS .
(2.26)
Π=
2 S ny
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The real part of the acoustic power corresponds with the net amount of energy
radiated into the surroundings of the vibrating object per unit of time, whereas
the imaginary part can be related to the amplitude of the energy which is
pumped back and forth from the object per unit of time.
An alternative way of describing the real and imaginary part is in terms of
active and reactive acoustic power, respectively. If a sound field is built up from
propagating wave components only (pressure and particle velocity are in phase)
then the corresponding sound power is real valued and is said to be active.
When a sound field exists of standing waves only, the associated acoustic power
is purely imaginary and is denoted as reactive. For sound fields encountered in
exterior problems, the farfield mainly consists of propagating wave components,
while in the nearfield the non-propagating (evanescent) wave components tend
to dominate. For interior problems, e.g. radiation into a confined cavity with
low damping, the sound field is often highly reactive as none of the walls is
capable of absorbing energy. More details on the interpretation of intensity
and acoustic power are given in a study of Jacobsen [80].

2.4
2.4.1

Separation of singular and oscillatory behavior
Introduction

The kernel functions in the integral equations (2.9) and (2.24) contain singular
as well as oscillatory parts. The singular behavior is very localized, whereas
the oscillatory behavior is present on a more global scale. Because of the large
difference in nature between the singular and oscillatory behavior, it appears
to be efficient to treat the two parts in a different manner. Hence a logical
step is to separate the singular and the oscillatory parts of the kernel and its
associated derivatives.
The singular parts are independent of the wave number and contain a singularity at r = 0. This implies that for values of r close to zero, the integrand
cannot adequately be interpolated with polynomials and thus the standard
quadrature rules (e.g. Gauss-Legendre) become inaccurate [130]. For this reason the singular part will be evaluated with an appropriate adaptive integration procedure. A high accuracy is essential for the IBEM source localization
technique, because this technique requires a reliable prediction of the acoustic
transfer functions in the nearfield of the radiating boundary surface.
Since the oscillatory parts are free of singularities, they are evaluated with
standard Gauss-Legendre quadrature. The way in which the oscillatory and
singular parts of the original kernel are separated in order to obtain a formu-
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lation of the integral equations that is suited for efficient numerical implementation is described in the following subsections.

2.4.2

Separation of the kernel

For the three-dimensional free space kernel (2.10) it is easy to make a distinction between the singular part G0 (r) and the oscillatory part Gk (r):
G(r) = G0 (r) + Gk (r) ,

(2.27)

with
1
,
4πr
e−ikr − 1
Gk (r) =
.
4πr

(2.28a)

G0 (r) =

0.06

(2.28b)

original, eq. (2.23a)
singular, eq. (2.28a)
oscillatory, eq. (2.28b)

0.04

¡
¢
ℜ G(r)

0.02
0

−0.02
−0.04
−0.06

0
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2π

3π
r [m]

4π

5π

6π

Figure 2.2: Behavior of kernel G and the corresponding singular and oscillatory parts. The wave number k is 1 rad/m, the wavelength λ is 2π m.

Note that the singular part, G0 (r), does not depend on the wave number.
Figure 2.2 shows the behavior of the original kernel and its decomposition
into a singular and an oscillatory part. Obviously the singular part contains
the singular behavior for r → 0 and is smooth in the remaining domain. As
expected, the oscillatory part shows oscillations throughout the domain but
is free of singularities. Only the real parts have been shown since these parts
most clearly illustrate the two types of behavior.
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Separation of the first order derivatives

Of course, the mentioned separation can also be introduced for the first order
derivatives along the normal vectors ~nx and ~ny :
∂G(r)
∂G0 (r) ∂r
∂Gk (r) ∂r
=
+
,
∂nx
∂r ∂nx
∂r ∂nx
∂G0 (r) ∂r
∂Gk (r) ∂r
∂G(r)
=
+
.
∂ny
∂r ∂ny
∂r ∂ny

(2.29a)
(2.29b)

The singular and oscillatory parts are, respectively:
∂G0 (r)
1
=−
,
∂r
4πr2
µ
¶ −ikr
1
e
1
∂Gk (r)
=−
+ ik
+
.
∂r
r
4πr
4πr2

0.06

(2.30a)
(2.30b)

original, eq. (2.23b)
singular, eq. (2.30a)
oscillatory, eq. (2.30b)
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ℜ

∂r

¡ ∂G(r) ¢
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Figure 2.3: Behavior of ∂G/∂r and its decomposition in singular and oscillatory parts. Wave number k = 1.

As illustrated in figure 2.3 the behavior of the singular part ∂G0 /∂r is smooth,
whereas the oscillatory part ∂Gk /∂r shows oscillations throughout the domain.
It is noted that ∂r/∂nx and ∂r/∂ny are nonsingular and continuous functions
of r, ~nx and ~ny .

2.4.4

Separation of the second order derivative

For the calculation of the field velocities with the help of equation (2.24), it is
necessary to compute the second derivative of the kernel. Again a decomposi-
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tion of the following form is sought:

∂ 2 G(r)
∂ 2 G0 (r) ∂ 2 Gk (r)
=
+
.
∂nx ∂ny
∂nx ∂ny
∂nx ∂ny

(2.31)

In this case it is slightly more complicated to extract the singular part because
the singular behavior of the second derivative not only stems from the kernel
itself but also from the second derivative of r with respect to the normal vectors
~nx and ~ny :
¾
½
∂ 2 G(r)
∂ 2 G(r) ∂r ∂r
1 ∂G(r) ∂r ∂r
=
−
+ ~nx · ~ny ,
(2.32)
∂nx ∂ny
∂r2 ∂nx ∂ny
r ∂r
∂nx ∂ny
where
¶ −ikr
µ
1 ∂G(r)
e
1 1
−
=
+ ik
,
r ∂r
r r
4πr
¶ −ikr
µ
2
2ik
∂ 2 G(r)
2 e
=
+
−k
.
∂r2
r2
r
4πr

(2.33a)
(2.33b)

The singular parts in these two functions can be found from their Taylor expansions around r = 0:
−

1 ∂G(r)
r ∂r
∂ 2 G(r)
∂r2

1
k2
k3
k4
+
−i
−
r + O(r2 ) ,
3
4πr
8πr
12π 32π
2
k3
k4
Taylor series →
+i
+
r + O(r2 ) .
3
4πr
12π 16π

Taylor series →

(2.34a)
(2.34b)

Combining the results of equations (2.32), (2.33) and (2.34), leads to the total
singular part of the second derivative of the kernel:
∂ 2 G0 (r)
∂ 2 GI0 (r)
∂ 2 GII
0 (r)
=
+ k2
,
∂nx ∂ny
∂nx ∂ny
∂nx ∂ny

(2.35)

in which
¾
½
∂ 2 GI0 (r)
1
∂r ∂r
=
+ ~nx · ~ny ,
3
∂nx ∂ny
4πr3
∂nx ∂ny
¾
½
1
∂r ∂r
∂ 2 GII
0 (r)
=
+ ~nx · ~ny .
∂nx ∂ny
8πr ∂nx ∂ny

(2.36a)
(2.36b)

Note that the singular parts are always real valued. Moreover, except for the
second term in the right-hand side of equation (2.35), all singular parts are wave
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number independent. Fortunately, this second term is only quasi-dependent on
the wave number, because the factor k 2 can be taken outside the integral. Since
the singular parts do not depend on k the corresponding integrals have to be
calculated only once for the whole wave number range.
Once the singular behavior of (2.35) is known, the oscillatory part can
easily be found by subtracting the singular part from the original kernel:
∂ 2 Gk (r)
∂ 2 G(r)
∂ 2 G0 (r)
=
−
.
∂nx ∂ny
∂nx ∂ny
∂nx ∂ny

(2.37)

The original second derivative of the kernel and its decomposition into singular
and oscillatory parts are depicted in figure 2.4 as a function of distance r. Note
that the order of the singularity increases proportionally with the order of the
derivative: the kernel itself contains a first order singularity (1/r), whereas the
first and second derivative of the kernel show, respectively, second (1/r2 ) and
third order (1/r3 ) singular behavior.
2

0

ℜ

¡

∂ 2 G(r)
∂nx ∂ny

¢

1

−1

original, eq. (2.32)
singular, eq. (2.35)
oscillatory, eq. (2.37)

−2

0

1π

2π

3π
r [m]

4π
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6π

Figure 2.4: Second derivative of the kernel and the corresponding singular
and oscillatory parts. Wave number k = 1, ~nx = ~ny and ~r = r~ny .

In the limit r → 0, the oscillatory parts are bounded:
−ik
,
4π
∂Gk (r)
−k 2 ∂r
lim
=
,
r→0 ∂nx
8π ∂nx
−k 2 ∂r
∂Gk (r)
=
,
lim
r→0 ∂ny
8π ∂ny
∂ 2 Gk (r)
−ik 3
lim
=
~nx · ~ny ,
r→0 ∂nx ∂ny
12π
lim Gk (r) =

r→0

(2.38a)
(2.38b)
(2.38c)
(2.38d)
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which implies that the integral over the oscillatory part is regular and hence
amenable to standard Gauss-Legendre quadrature. Because these integrands
remain oscillatory, the rule of thumb to use at least 7 nodes per wavelength
should be respected when generating a boundary element mesh.
With the help of equations (2.27), (2.28), (2.29) and (2.30) the Helmholtz
integral equation (2.9) can be reformulated as:
¾
I ½
∂Gk (r)
∂p(~y )
α(~x)p(~x) =
dS
p(~y ) − Gk (r)
∂ny
∂ny
S
¾
(2.39)
I ½
∂p(~y )
∂G0 (r)
in
dS + p (~x) .
p(~y ) − G0 (r)
+
∂ny
∂ny
S
The final formulation of equation (2.24) for the acoustic particle velocity reads:
ÃI ½
¾
∂Gk (r) ∂p(~y )
i
∂ 2 Gk (r)
dS
p(~y ) −
~nx
~vnx (~x) =
ρ0 ω
∂nx ∂ny
∂nx ∂ny
S
¾
I ½ 2 I
∂ G0 (r)
∂G0 (r) ∂p(~y )
(2.40)
+
p(~y ) −
dS
∂nx ∂ny
∂nx ∂ny
S
!
I 2 II
in (~
∂p
x
)
∂
G
(r)
0
.
p(~y ) dS +
+ k2
∂nx
S ∂nx ∂ny
It is emphasized that in contrast with the singular parts (G0 ) only the oscillatory parts (Gk ) depend on the wave number and thus have to be evaluated
for each wave number. Furthermore, it is important to realize that although
the integrands in the ‘singular’ parts become singular for r = 0, the integrals
themselves do exist (regular integrals).

2.5

Half-space formulation

In the formulations of the radiation problem discussed so far, the acoustic
source is located in a reflection free environment with an exterior fluid domain
extending towards infinity. In many practical situations however, this free space
radiation is not representative because applications are frequently positioned
on some kind of foundation (e.g. a car driving on a road or machinery mounted
on a concrete floor). In such situations the fluid domain is limited to a halfinfinite space and the free space Green’s function is no longer valid because
apart from directly radiated sound waves, also reflections from the foundation
plane are present.
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When the reflecting plane is large compared to the source dimensions and
the acoustic wavelength, it can be modeled as a so-called baffle 1 . By using a
different Green’s function, these reflections can easily be included in the integral
formulations presented in the previous sections. A distinction must be made
between the situation in which the baffle and acoustic source are separated,
and the situation in which a contact interface is present between the source
and baffle. Of course, this half-space formulation only makes sense in exterior
acoustic radiation problems.

2.5.1

Reflecting plane without contact

In order to account for the reflections from the baffle the so-called Green’s
half-space function has to be used [25]:
′

e−ikr
e−ikr
+ RH
4πr
4πr′
= GD (r) + RH GR (r′ ) ,

GH (r, r′ ) =

(2.41)

where GD (r) represents the contribution of the direct radiated sound and
GR (r′ ) is associated with the reflected part. Distance r is defined from the
source point to the evaluation point (field node) and r′ is the distance from the
source point to the mirrored evaluation point (see figure 2.5). Parameter RH is
the reflection coefficient of the plane. A value RH = 1 implies an acoustically
hard plane, whereas RH = −1 represents a pressure release plane (for instance
a water-air interface).
The derivative of the half-space kernel in the direction normal to the boundary surface can be written as follows:
∂GD (r)
∂GR (r′ )
∂GH (r, r′ )
=
+ RH
∂ny
∂ny
∂ny
∂GR (r′ ) ∂r′
∂GD (r) ∂r
+ RH
.
=
∂r ∂ny
∂r′ ∂ny

(2.42)

Substitution of the half-space kernel and its derivative in the Helmholtz integral
equation (2.9) results in its half-space equivalent2 :
¾
I ½
∂GH (r, r′ )
y)
′ ∂p(~
α(~x)p(~x) =
p(~y ) − GH (r, r )
dS ,
(2.43)
∂ny
∂ny
S
1
2

A baffle is an acoustically hard plane of infinite dimensions.
Note that terms related to an incident wave field have been omitted, pin (~x) ≡ 0.
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Figure 2.5: Half-space radiation with field velocity.

which is used to calculate the surface and field pressures. According to the
guidelines of section 2.4, the kernels in the equation are also separated in
oscillatory and singular parts.
When particle velocities have to be calculated as well, the expressions for
the kernel derivatives along the field normal ~nx and its mirrored counterpart
~nx ′ are required:
∂GH (r, r′ ) ∂GD (r)
∂GR (r′ )
=
+ RH
,
∂nx
∂nx
∂nx ′
∂ 2 GR (r′ )
∂ 2 GH (r, r′ ) ∂ 2 GD (r)
.
=
+ RH
∂nx ∂ny
∂nx ∂ny
∂nx ′ ∂ny

(2.44a)
(2.44b)

One has to be aware that the reflected field normal ~nx ′ is also mirrored with
respect to the reflection plane (see figure 2.5). After some simple deductions,
the general relation between the original field normal ~nx and the mirrored field
normal ~nx ′ is found by:
~nx ′ = ~nx − 2(~nx · ~nR )~nR ,

(2.45)

where ~nR is the unit normal of the reflection plane. The terms describing the
contribution of the reflections in equations (2.44) are equal to those of the direct sound, be it that the distance r and field normal ~nx should be replaced by
the mirrored equivalents r′ and ~nx ′ .
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The expression for the particle velocity in the presence of a baffle becomes:
¶
I ½µ 2
∂ 2 GR (r′ )
i
∂ GD (r)
p(~y )
~nx
+ RH
~vnx (~x) =
ρ0 ω
∂nx ∂ny
∂nx ′ ∂ny
S
(2.46)
¾
¶
µ
∂GR (r′ ) ∂p(~y )
∂GD (r)
dS .
+ RH
−
∂nx
∂nx ′
∂ny
If field points ~x are located close to the boundary surface, the oscillatory and
singular parts of the kernels have to be separated again to make an efficient
numerical evaluation. The corresponding formulations can easily be derived in
a manner similar to that presented in section 2.4.

2.5.2

Reflecting plane with contact

The theory presented in the previous subsection is not valid for configurations
in which contact exists between the radiating object and the baffle. In many
practical situations however, the object is mounted for example on a concrete
floor. In order to model such configurations, the boundary surface is divided
into two parts [25, 149].

Fluid

Source
Sf
Sc

RH

Figure 2.6: Contact surface Sc between the radiating source surface Sf and
the reflection plane.

As shown in figure 2.6, the first part Sc represents the contact interface between source and reflection plane while the remaining part Sf is exposed to
the acoustic fluid domain. To calculate the pressures (2.43) and particle velocities (2.46), the Helmholtz integral equation and its derivative for half-space
radiation with contact reduce to:
¾
Z ½
∂GH (r, r′ )
∂p(~y )
α(~x)p(~x) =
p(~y ) − GH (r, r′ )
dS,
(2.47)
∂ny
∂ny
Sf
~vnx (~x) =

i
ρ0 ω

Z

Sf

½

∂GH (r, r′ ) ∂p(~y )
∂ 2 GH (r, r′ )
p(~y ) −
∂nx ∂ny
∂nx
∂ny

¾

dS ~nx ,

(2.48)
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where the integration is performed only over Sf rather than the total boundary
surface S = Sc ∪ Sf .
For field points the fluid angle α(~x) still equals 1 and for points on Sf
not in contact with the reflection plane, coefficient α(~x) can be evaluated by
equation (2.14). Contrary to the integrals (2.47) and (2.48), the integration
range in the evaluation of α(~x) also includes the contact surface Sc .
For surface points on the periphery of the intersection between Sf and the
contact surface Sc , the fluid angle follows from:
µ ¶
¸
· I
1
∂
1
dS .
(2.49)
αperiphery (~x) = 1 + (1 + RH )
4π S ∂ny r
This equation slightly differs from the one in the original study performed by
Seybert and Wu [149]. For an acoustically hard plane (RH = 1), identical
results are found, but for RH 6= 1 the formula reported by Seybert and Wu
yields peculiar results whereas equation (2.49) remains to work properly.
Although Sc has no contribution to equations (2.47) and (2.48), it still has
to be modeled for the calculation of the fluid angle α(~x). Because no acoustic
variables are associated with the nodes on Sc , this contact mesh is usually
referred to as the dummy mesh [149]. The dummy nodes on the periphery
do not have to coincide with the peripheral nodes of the boundary mesh at
Sf . Furthermore, since factor α(~x) is wave number independent, the dummy
mesh does not need to comply with the rule of thumb of at least 7 nodes per
wavelength. Consequently, the size of the dummy elements is not a crucial
problem as long as it is good enough to describe the shape of the contact
surface.

2.5.3

Planar symmetry

The half-space formulation including contact, as discussed in the previous subsection, is also of advantage in free space radiation analyses when the object
under consideration exhibits a plane of symmetry. By choosing an acoustically
hard reflection plane coincident with the plane of symmetry, only one-half of
the source has to be modeled, thereby effectively reducing the problem size by
approximately a factor two.

2.6

Conclusions

In the present chapter, the Helmholtz integral equation is brought in a suitable
formulation as a basis for the computation of the acoustic pressures and particle
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velocities interior or exterior of a vibrating object. Apart from the acoustic
quantities itself also the corresponding relations between the quantities in the
fluid domain and the normal velocity and pressure at the boundary surface of
the vibrating object are obtained. As becomes apparent in the next chapters,
these relations play an essential role in the source localization techniques for
arbitrarily shaped objects.
For the class of exterior problems, a distinction has been made between free
space radiation and half-space radiation. In the latter case the fluid domain
contains a reflective plane of infinite dimensions. The radiating source object
can either be positioned at a certain distance from or directly attached to the
reflection plane.
In order to obtain a formulation that is amenable to an efficient numerical
implementation, a distinction is made between the oscillatory and singular
parts of the kernel functions in the integrals. In this way the singular and
oscillatory parts can be evaluated separately, each with its own appropriate
integration algorithm as discussed at a later stage of the present work. Initially
it might seem rather cumbersome to split out the different types of behavior
but in the end it will become apparent that thanks to this separation process,
a far more efficient solver is obtained than would have been achieved with
a direct implementation of the integral equations. The resulting increase in
accuracy is most profound in the acoustic nearfield which is of importance for
the source identification methods that are presented in chapter 4.
Now that the boundary integral formulation that governs the acoustic radiation process has been described, attention is shifted to the numerical implementation of the derived expressions. This implementation is realized by
means of the direct boundary element method, which is the subject of the
following chapter.
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Chapter 3

Numerical Implementation of
a Boundary Element Solver
3.1

Introduction

This chapter deals with the numerical implementation of the direct boundary
integral equations for computing the acoustic pressure and particle velocity
in interior, exterior and scattering problems. The implementation has been
realized by adopting a direct boundary element approach based on the integrals
in a separated formulation as discussed in the preceding chapter. The solution
process of this method involves two successive steps.
First, a solution of the acoustic variables on the boundary surface itself is
sought. To perform this task, a collocation scheme is employed which transforms the original problem of determining the variables on the boundary surface
into a similar problem of determining the variables in a set of discrete points,
which correspond with the locations of the nodes in the boundary element
mesh. In this way the continuous integral problem is replaced by a system of
algebraic equations that is amenable to numerical solution procedures. Once
both the pressures and particle velocities on the boundary surface are known,
the second step is aimed at the computation of the acoustic variables in the
remaining part of the fluid domain.
In many applications, not only the acoustic pressures and particle velocities
are of interest but also the radiated acoustic power. Two methods to determine
the acoustic power are discussed. The first is based on a direct integration of
the acoustic intensity over the radiating boundary surface, whereas the second
method uses the concept of a so-called radiation mode analysis.
Apart from computing the acoustic quantities themselves, the developed
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BEM solver is capable of determining the so-called acoustic transfer matrices
(ATM). These frequency dependent matrices give the explicit relation between
the quantities prescribed on the boundary surface mesh and the unknown quantities at the field points in the fluid domain. As will become apparent in chapter 4, such relations are of vital importance in a certain class of acoustic source
localization techniques.
Once the discretization of the boundary surface and integral equations
that describe the acoustic problem has been addressed, the applied numerical integration techniques are discussed. In contrast to the oscillatory parts
of the integrals that are approximated by means of standard Gauss-Legendre
quadrature, the evaluation of the singular parts involves a specially developed
adaptive quadrature. This novel integration technique leads to a considerable
improvement in accuracy of the solution at the cost of only a small increase in
computational effort.
By means of the simple example of a uniformly pulsating sphere, the performance of the solver is demonstrated. This sample problem additionally reveals
a well-known flaw of the Helmholtz integral equation regarding the uniqueness of the solutions in the exterior radiation problem. It turns out that at
certain so-called irregular frequencies, the integral equation becomes singular
and hence no unique solution exists. After a thorough investigation of this
non-uniqueness problem, several techniques to overcome the irregular behavior are discussed. Based on a combination of findings from the literature, a
new method is implemented that ensures unique solutions throughout the frequency range of interest. The performance in terms of uniqueness, accuracy
and convergence of the proposed method is compared to the currently existing
methods.
The resulting BEM solver, named Bemsys, is implemented in the powerful
and user friendly Matlab environment. In order to increase the efficiency of
the solver, all computationally intensive routines are written in C and linked
into Matlab. A flowchart containing a simplified overview of the solver is
provided in appendix A.
Concluding, the new solver differs from standard available solvers with
respect to the following topics:
• Separate evaluation of singular and oscillatory behavior.
• Adaptive integration when necessary.
• Support for particle velocity components.
• Computation of acoustic transfer matrices for pressure and particle velocity based acoustic source identification.
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• Guaranteed uniqueness throughout the full frequency range.
• Radiation mode analysis for complex geometries and quadratic elements.
• Directly accessible and programmable in Matlab.

3.2

Discretization of the integral equations

3.2.1

Boundary elements

To evaluate the various integral equations discussed in the preceding chapter,
a discretization is made of the boundary surface S into a number of patches,
so-called boundary elements, see figure 3.1.
actual boundary
surface S
source

©N boundary nodes
ª
~y = ~y1 ~y2 · · · ~yN

M field
© points
ª
~ = ~x1 ~x2 · · · ~xM
x

~r

~e2

boundary element

~x

~e1
~e3

~y

~ny

Figure 3.1: Boundary element discretization of surface S.

In the present study, the elements are categorized by their shape, triangular
or quadrilateral, and by their order of interpolation, either linear or quadratic.
The shape of each element is defined by a number of vertices, referred to as
nodes. Figure 3.2 illustrates the four types of elements that are supported in
the solver.

TRIA3

TRIA6

QUAD4

QUAD8

Figure 3.2: Implemented boundary elements for three-dimensional configurations. From left to right: linear triangle (TRIA3), quadratic triangle (TRIA6),
linear quadrilateral (QUAD4) and quadratic quadrilateral (QUAD8).
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Each element type has its own set of prescribed shape functions that interpolate a variable (e.g. pressure or velocity) over the element surface Sm from
its values at the discrete node locations. By doing so, the problem of determining the boundary variable distributions is turned into a discrete problem
of finding the shape function contributions, which represent approximations to
the pressure and normal velocity values at the discrete node locations on the
boundary surface.
Accordingly, the pressure and its normal derivative on element m are expressed as a summation over all the nodes of the element:
X
p(~y ) =
Ni (η, ξ)pi + εam , ~y ∈ Sm ,
(3.1a)
i

∂p(~y ) X
=
Ni (η, ξ)
∂ny
i

µ

∂p
∂ny

¶

i

+ εbm ,

~y ∈ Sm ,

(3.1b)

where Ni (η, ξ) is the shape function corresponding to node i on element m.
Generally, such expansions form only an approximation to the exact distribution of the variables p and ∂p/∂n. The difference between the exact and the
interpolated variables is referred to as the discretization error, here indicated
by εam and εbm . This error depends among other things on the element type,
the element size and the distribution of the variables. Very often, this error
component determines the accuracy of the final solution.
Since an iso-parametric element formulation is employed, the surface coordinate ~y itself is also written in terms of the shape functions and nodal
coordinates ~yi :
X
~y (η, ξ) =
Ni (η, ξ) ~yi + εgm , ~y ∈ Sm .
(3.2)
i

The shape functions are defined locally within the element, in such a way that
shape function Ni has a unit value at the location of node i and is zero at all
other node locations. They are usually limited to constant, linear or quadratic
polynomial functions [25, 179, 48, 101]. These polynomials are defined in η
and ξ, the local coordinates within the element. In subsection 3.3.2 it becomes
clear that these local coordinates are particulary useful to efficiently perform
the numerical integration.
Further details on the implementation of the various types of elements and
definitions of the corresponding shape functions are provided in textbooks on
finite element methods [26, 179] and boundary element methods [25].
All types of elements employed in this thesis supply a C 0 -continuous distribution of the pressure and normal velocity over the boundary surface and
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hence they are called continuous elements. Note that piecewise constant elements belong to the category of discontinuous elements since they cannot fulfill
this continuity condition. Such elements are not regarded here but additional
information can be found in work of Marburg and Schneider [102].

3.2.2

Acoustic pressure

After dividing the surface S into boundary elements, the Helmholtz integral
equation with separated kernel (2.39) becomes:
¾
X Z ½ ∂Gk (r)
∂p(~y )
dS
p(~y ) − Gk (r)
α(~x)p(~x) =
∂ny
∂ny
Sm
m
¾
(3.3)
X Z ½ ∂G0 (r)
∂p(~y )
+
dS + pin (~x) .
p(~y ) − G0 (r)
∂ny
∂ny
Sm
m
Substitution of the polynomial expansions (3.1) into (3.3) yields:
X X Z ∂Gk (r)
α(~x)p(~x) =
Ni (η, ξ)pi dS
∂ny
Sm
m
i
µ
¶
XXZ
∂p
Gk (r)Ni (η, ξ)
dS
−
∂ny i
Sm
m
i
X X Z ∂G0 (r)
+
Ni (η, ξ)pi dS
Sm ∂ny
m
i
µ
¶
XXZ
∂p
G0 (r)Ni (η, ξ)
dS + pin (~x) + εd ,
−
∂n
y
S
m
i
m

(3.4)

i

where εd represents the cumulative discretization error. Indices m and i loop
over the number of boundary elements and the number of nodes per element,
respectively.
From equation (3.3) it follows that both the pressure p(~y ) and its derivative
at the boundary surface are required to obtain the field pressures p(~x). However, as the underlying differential equation is of second order, it suffices to
prescribe only a single acoustic variable on the boundary in order to uniquely
determine its solution. Thus when either the pressure or its derivative on the
boundary surface is known, the integral equation can be solved.
The solution procedure consists of two steps. The first step involves the
determination of the acoustic variables on the boundary surface S. Once both
the pressures and normal velocities (proportional to ∂p/∂ny ) on the boundary are known, the second step consists of finding the corresponding acoustic
quantities in the surrounding or enclosed fluid domain.
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Step 1: Solution on the boundary surface
Assuming the surface velocity in normal direction is prescribed, i.e. known from
a measurement or a FEM calculation, the corresponding surface pressures have
to be determined first. Alternatively, when the surface pressures are prescribed
the fluid velocity response in the normal direction has to be found.
~ are placed on the nodal positions ~y of
In both cases the field points x
the boundary element mesh (collocation scheme). After numerical evaluation1
~ , an algebraic system of equations of the
of integral (3.4) for each point in x
following form is obtained:
As · ps = Ds · ps − Ms ·
often written as
[Ds − As ] · ps = Ms ·

∂ps
+ pin
s ,
∂ny

∂ps
− pin
s ,
∂ny

(3.5)

(3.6)

with
Ds = Dks + D0s ,

(3.7a)

Ms = Mks + M0s .

(3.7b)

~ are
Note that the subscript index s indicates that the evaluation points x
positioned on the surface (or source). As before, the subscripts 0 and k refer
to the singular (wave number independent) and oscillatory parts, respectively.
The matrices represent discrete approximations to the exact expressions in the
following way:
I
∂G(r)
p(~y ) dS ,
(3.8a)
Ds · ps ←−
S ∂ny
I
∂ps
∂p(~y )
Ms ·
G(r)
←−
dS .
(3.8b)
∂ny
∂ny
S
Vector ps contains the nodal pressure and ∂ps /∂ny is representative for the
normal velocity response at the location of the boundary nodes. Since at
these nodes the normal of the surface is usually not uniquely defined, the fluid
angles α(~x) are calculated with help of integral (2.14) or (2.15). The resulting
coefficients are collected in the diagonal matrix As . In the case of a scattering
analysis, the vector pin
s represents the pressures of the incident wave evaluated
at the node locations of the boundary element mesh.
1

At this stage it is sufficient to mention that the evaluation of the oscillatory and singular
parts of the integrals is carried out with appropriate quadratures. Details follow in section 3.3.
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The important relation (3.6) between the surface pressure and normal velocity
is commonly referred to as the Surface Helmholtz Integral Equation Formulation (SHIEF). For the case of a prescribed surface pressure, this equation represents a discretization of a linear inhomogeneous Fredholm integral equation
of the first kind. When the surface normal velocity is prescribed a Fredholm
integral equation of the second kind has to be solved.
It is well-known that integral equations of the first kind tend to be numerically
less stable than equations of the second kind. This can be related to the shift
in the singular value spectrum introduced by the subtraction of the diagonal
matrix As . Such a shift significantly improves the conditioning, and thus invertibility, of the system of equations. Fortunately, the integral kernel and its
normal derivative contain a singularity for r = 0 which makes the matrices Ms
and Ds diagonally dominant and thus better conditioned.
In conclusion, the boundary solution for a prescribed surface normal velocity
(Neumann problem) or a prescribed surface pressure (Dirichlet problem) reads,
respectively:
ps = [Ds − As ]−1 Ms ·

∂ps
− [Ds − As ]−1 · pin
s ,
∂ny

∂ps
−1
in
=M−1
s · [Ds − As ] · ps + Ms · ps .
∂ny

(3.9a)
(3.9b)

Since in practice a prescribed surface normal velocity (3.9a) occurs much more
frequently than a prescribed pressure, the present study mainly focuses on the
first case. Of course, a similar study can be made for the second case.
Step 2: Solution in the fluid domain
Once the variables on the boundary are known, the pressure at a set of points
in the fluid domain (~
x∈
/ S) can be determined. Evaluation of equation (3.4)
for each of these points leads eventually to the following matrix equation:
Af · pf = Dkf · ps − Mkf ·

∂ps
∂ny

+ D0f · ps − M0f

∂ps
·
+ pin
f ,
∂ny

(3.10)

~ are located in the fluid
where subscript f indicates that the evaluation points x
domain. Matrix Af is a diagonal matrix containing the values of the fluid angle
α(~x). Because the points are positioned in the fluid domain, α(~x) = 1 and thus
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matrix Af equals the identity matrix. When a scattering analysis is of interest,
vector pin
f represents the incident pressures at the field grid locations.
After adding the oscillatory and singular parts of the matrices, the equation
can be written as:
∂ps
+ pin
(3.11)
pf = Df · ps − Mf ·
f .
∂ny
Matrix Df = Dkf + D0f is the transfer matrix that maps the vector with
nodal source pressures ps to the vector with field pressures pf . Matrix Mf =
Mkf + M0f represents the transfer matrix relating the surface velocities to the
field pressures. These matrices are related to the exact expression in the same
~ are now
way as given in equation (3.8), except that the evaluation points x
located in the fluid domain rather than on the boundary surface. Hence the
subscript s, denoting surface or source, is replaced by the subscript f which
refers to fluid or field.
Subsequent substitution of the surface solution (3.9a) into equation (3.11)
yields:
i ∂p
h
s
in
− Df · [Ds − As ]−1 · pin
pf = Df · [Ds − As ]−1 · Ms − Mf ·
s + pf . (3.12)
∂ny
Using relation (2.6), the pressure derivative in the normal direction to the
boundary surface is expressed in the surface normal velocity as:
∂p(~y )
= −iρ0 c0 k vny (~y ).
∂ny

(3.13)

p

Next the global transfer matrices Hvnf y between the surface velocities and the
p
field pressures and Hpfin between the incident pressures and the field pressures
s
can be composed:
p

p

in
pf = Hvnf y · vny + Hpfin · pin
s + pf ,
s

(3.14)

where
h
i
p
Hvnf y = −iρ0 c0 k Df · [Ds − As ]−1 · Ms − Mf ,
p

Hpfin = −Df · [Ds − As ]−1 .
s

(3.15a)
(3.15b)

In a similar way, for the Dirichlet problem of a prescribed surface pressure, the
following relation can be derived:
p

p

in
pf = Hpfs · ps + Ĥpfin · pin
s + pf ,
s

(3.16)
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in which
p

Hpfs = Df − Mf · M−1
s · [Ds − As ] ,

p
Ĥpfin
s

= −Mf ·

M−1
s .

(3.17a)
(3.17b)

Hence, the field pressures can either be computed from prescribed surface normal velocities (Neumann problem) or from prescribed surface pressures (Dirichlet problem). Of course it is also possible to derive a formulation where an
impedance boundary condition (Robin problem) or a mixed condition is specified, but that is beyond the scope of the present study.
Apart from computing the acoustic variables themselves, the solver also
generates the so-called acoustic transfer matrices (3.15) and (3.17) that explicitly give the relation between the quantities on the boundary surface and
the acoustic quantities in the surrounding fluid domain. These matrices are
essential in the acoustic source identification techniques that are the subject
of chapter 4.
Finally it should be remarked that for the sake of completeness, the terms
in
related to the scattering of an incident plane wave pin
s and pf have been
included in the derivation. However, in many applications scattering is not of
interest and the corresponding terms can be discarded.

3.2.3

Acoustic particle velocity

In section 2.3.2, an integral formulation (2.40) was derived to calculate the
acoustic particle velocity in a field point. This equation is discretized in the
same way as the equation for the pressure (3.3):
Ã
¾
X Z ½ ∂ 2 Gk (r)
∂Gk (r) ∂p(~y )
i
dS
~nx
p(~y ) −
~vnx (~x) =
ρ0 ω
∂nx ∂ny
∂nx ∂ny
Sm
m
¾
X Z ½ ∂ 2 GI (r)
∂G0 (r) ∂p(~y )
0
+
p(~y ) −
dS
(3.18)
∂nx ∂ny
∂nx ∂ny
Sm
m
!
¾
in (~
X Z ½ ∂ 2 GII (r)
∂p
x
)
0
+ k2
.
p(~y ) dS +
∂n
∂ny
∂nx
x
S
m
m

After approximating the acoustic variables on each element by an interpolation
from the nodal values, see equation (3.1), the numerical integration of (3.18)
is performed for each element separately. Once the system matrices have been
assembled, the following expression is obtained:
in
i
i ∂p
i h
i ∂pf
i h
s
vnx =
+
, (3.19)
Ek + EI0 + k 2 EII
N
+
N
·
p
−
·
0
s
k
0
ρ0 ω
ρ0 ω
∂ny ρ0 ω ∂nx
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where vnx is the particle velocity component in direction ~nx for each point
~ . The various matrices are related to the exact integrals
in the field grid x
according to:
Approximation ←− Exact expression

Ek · ps ←−

I

S

∂ 2 Gk (r)
p(~y ) dS ,
∂nx ∂ny

(3.20a)

∂ 2 GI,II
0 (r)
p(~y ) dS ,
S ∂nx ∂ny
I
∂Gk (r) ∂p(~y )
∂ps
←−
dS ,
Nk ·
∂ny
∂ny
S ∂nx
I
∂G0 (r) ∂p(~y )
∂ps
←−
dS .
N0 ·
∂ny
∂ny
S ∂nx

EI,II
0

· ps ←−

I

(3.20b)
(3.20c)
(3.20d)

In this notation the subscript k indicates that it concerns the wave number
dependent, oscillatory, part of the matrix. Subscript 0 means that it concerns
the singular part of the matrix. As these parts do not depend on the wave
number, the corresponding transfer matrices N0 , EI0 and EII
0 have to be calculated only once for the whole wave number range.
Combining the oscillatory and singular parts of the matrices yields:
vnx =

i
ρ0 ω

µ

Enx · ps − Nnx

in ¶
∂ps ∂pf
,
+
·
∂ny
∂nx

(3.21)

where
Enx = Ek + EI0 + k 2 EII
0 ,

(3.22a)

Nnx = Nk + N0 .

(3.22b)

The subscript nx has been added to explicitly indicate that the matrices depend
on the direction of vector ~nx (see figure 2.1).
When the surface normal velocity is prescribed, the pressures ps on the
boundary surface are obtained with help of equation (3.9a). Direct substitution
of equation (3.9a) into (3.21) and application of expression (2.5) results in the
following relation between the normal velocities on the surface and the particle
velocities in the field grid in direction ~nx :
vnx =

v
Hvnnxy

· vny +

i
ρ0 ω

µ

∂pin
f
∂nx

− Enx · [Ds − As ]

−1

·

pin
s

¶
,

(3.23)

3.2. Discretization of the integral equations

51

with the acoustic transfer matrix given by:
v

Hvnnxy = Enx · [Ds − As ]−1 · Ms − Nnx .

(3.24)

Disregarding the contributions from scattering of the incident pressure field,
in
pin
s ≡ 0 and pf ≡ 0, the total particle velocity vector vtot for a set of field
points can be written in terms of the particle velocity components along the
three coordinate directions ~e1 , ~e2 and ~e3 :
 ve 
 
Hvn1y
ve1 
 ve 
= Hvn2y  .
· vny with vtot = ve2 , Hvvtot
vtot = Hvvtot
(3.25)
ny
ny
 
ve3
ve3
Hvny

This equation gives the final relation between the full acoustic particle velocity vector in the field points and the velocity in the direction normal to the
radiating boundary surface.

3.2.4

Acoustic power and intensity

In order to numerically determine the acoustic power given by integral (2.26),
the boundary surface is divided into a number of boundary elements on which
the acoustic variables are approximated by piecewise polynomials:
Z X
X
¡ H¢ H
1X
vny i Ni (η, ξ)
Π=
Nj (η, ξ)pj dS + εd ,
(3.26)
2 m Sm
i

j

with indices i, j running over the number of nodes per element and index m
over the total number of elements. The discretization error εd is assumed to
be sufficiently small and is omitted from further notation. After numerical
evaluation, the complex acoustic power (3.26) is expressed as:
Π = vnHy · B · ps ,

(3.27)

where matrix B is a real, symmetric, frequency independent, and positive
definite matrix. This matrix contains the contributions from the numerical
integration of equation (3.26).
Equation (3.27) is often rewritten by introducing the impedance matrix
Z, which gives the relation between the surface pressures and surface normal
velocity (ps = Z · vny ). From equations (3.9a) and (3.13) it is derived that
h
i
Z = −iρ0 c0 k [Ds − As ]−1 · Ms .

(3.28)
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For BEM models containing elements with different sizes, as is quite common
in practical situations, the impedance relationship is nonreciprocal and thus
the matrix becomes asymmetric. This is due to the fact that a unit velocity
prescribed in a node of a large element has a much larger impact upon the
pressure in a node on a small element than the other way around. Substitution
of the impedance matrix into equation (3.27) yields:
Π = vnHy · B · Z · vny = vnHy · C · vny ,

(3.29)

where C represents the discretized radiation operator, often referred to as the
radiation resistance matrix. Although the impedance matrix Z is generally not
symmetric for collocation based BEM formulations, the power coupling matrix
C is found to be symmetric and positive definite. Due to this symmetry, the
active and reactive part of the power can be separated at the matrix level as:
ℜ(Π) = vnHy · ℜ(C) · vny ,

ℑ(Π) = vnHy · ℑ(C) · vny .

(3.30a)
(3.30b)

This power coupling matrix makes it possible to introduce a set of surface
normal velocity distributions which have an independent contribution to the
radiated power. Such distributions, denoted as radiation modes, were first introduced by Borgiotti [15]. Since then, a large number of studies have been
published on this topic, for instance see [8, 16, 30, 31, 33, 47, 120, 122, 128, 141].
From these studies it appeared that for problems in the low frequency range,
the use of radiation modes is attractive because of the potential savings in computational effort. A reduction in computation time is particulary attractive for
active noise and vibration control applications based on realtime control strategies [12, 122], where model reductions and minimization of computational effort
are of vital importance.
In addition, radiation modes are useful as they provide surface velocity patterns that contribute independently and in descending order of efficiency to the
radiated sound power. Furthermore, since the radiation modes depend only on
the geometry, and not on the other structural properties, they can be reused to
calculate the sound power as long as the shape of the radiating object remains
unchanged. A detailed description of the radiation mode analysis is provided
in appendix C.
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Applied quadrature rules
Introduction

In this section it is described how the numerical integration is performed at
the element level. First of all, one speaks of quadrature when an integral is
evaluated numerically rather than analytically. There are various methods
like Gauss-Legendre, Newton-Cotes, or the well-known Simpson rule. Here
only Gauss quadratures are discussed as they are the most appropriate for
implementation in the boundary element method [130].
Under the assumption that the integrand is relatively smooth on the scale
of the boundary element, standard Gauss-Legendre quadrature is superior to
most other quadrature rules. This is also the case for the oscillatory parts of
the integrals provided that the general guideline of at least seven nodes per
wavelength is obeyed. Gauss quadrature can also be applied for the singular
parts as long as the distance r between the source and evaluation point is
substantially larger than the size of the element under evaluation. However,
for evaluation points on or near the boundary surface, the singularity plays
an important role and causes the integrand to be non-smooth in the direct
vicinity of the considered point. A non-smooth function cannot accurately
be interpolated by polynomials implying that the Gauss quadrature becomes
inaccurate [130].
A straightforward solution is to generate a new mesh with a reduced element
size. Unfortunately, the application of smaller elements inevitably leads to an
increase of the model size (number of unknowns) and thus to an undesired
increase in computational effort. To avoid a severe increase in computation
times, an attempt is often made to derive tailored analytical expressions for the
integration over the elements where the singular behavior is most pronounced.
However, such specific expressions are of limited applicability.
An attractive alternative is the application of an adaptive quadrature. Basically, the initial boundary mesh can temporarily be refined in specific regions
where the original coarse elements are no longer able to describe the steep
gradients corresponding to the singularities in the kernel functions. This mesh
refinement takes place recursively until certain specified convergence criteria
are met. Once convergence is reached, the integration results at the finest level
are transferred back to the original mesh again. In this way an accurate evaluation of the singular parts is possible without increasing the number of degrees
of freedom. After some brief remarks on standard Gauss-Legendre quadrature in subsection 3.3.2, a more detailed description of the adaptive algorithm
developed is provided in subsection 3.3.3.
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Standard Gauss-Legendre quadrature

Assume a function f (~x, ~y ) which has to be integrated over the surface of the
curved element sketched in figure 3.3. Such integrals are frequently encountered
in BEM and can be casted into the following general form:
Z
g(~x) =
f (~x, ~y ) dS ,
(3.31)
S

where ~x is a field point and ~y is a point on the boundary surface S.
~x

S

~y
f (~x, ~y )

Figure 3.3: Surface integral over a curved TRIA6 element.

The idea behind Gauss quadrature is to project (map) the curved element onto
a planar equilateral element on which the numerical integration can easily be
performed by the summation:
g(~x) =

Γ
X
¡
¢
f ~x, ~y (ηi , ξi ) Ji Hi + εI ,

(3.32)

i=1

where Ji is the Jacobian evaluated at Gauss point i out of a total of Γ Gauss
points (abscissae points). Information on computing the Jacobian is found in
appendix B. Quantity Hi represents a Gauss point and element type dependent
weighting value. Both the weighting values and the locations of the abscissae
points (ηi , ξi ) are given in the textbooks of Cook et al. [26] or Zienkiewicz and
Taylor [180]. Depending on the function f and the order of the quadrature
rule, the numerical integration is associated with an error εI .
Summarizing, by application of the Gauss-Legendre quadrature the surface
integral over the curved element is reduced to a simple summation over a few
Gauss points. This standard quadrature is extremely efficient as long as the
integrand is smooth within the borders of the element, where smooth means
that it is well approximated by a polynomial. This implies that the quadrature
is suited to evaluate the oscillatory parts of the integrals appearing in the
separated BEM formulation, but for the singular integrands one has to resort
to more advanced quadratures.
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Adaptive Gauss-Legendre quadrature

As explained earlier in section 2.4 the singular parts1 in the integrals are not
amenable to standard Gauss quadrature. To overcome this difficulty an adaptive approach has been devised, based on a temporary element refinement in
regions where the kernel shows steep gradients. In regions where the kernel is smooth, standard Gauss quadrature over the original mesh is applied.
The basic idea for such a type of solution scheme originates from multilevel
multi-integration approaches as discussed in the work of Brandt, Lubrecht and
Venner [17, 18, 158].
Since the adaptive method developed for the present BEM solver is based on
a mesh refinement procedure it can be classified as an h-adaptivity algorithm2 .
However, opposed to what is common in such algorithms, in the method presented here it is not allowed to change the number and location of nodes in the
boundary element mesh. This restriction stems from the separated formulation
of the integral equations as described in section 2.4. Initially the singular and
oscillatory parts are separated in order to treat each of them with a suitable
integration technique. At a later stage, after numerical integration and composition of the corresponding system matrices representing the singular and
oscillatory parts, the matrices have to be combined again (e.g. conform equations (3.7) and (3.22)). This is only possible when these matrices refer to the
same boundary element mesh.
Despite this restriction, an accurate integration of the singular parts can
be achieved with a temporary mesh refinement that is used only to perform the
integration. In the regions near the singularities, the mesh is refined to enhance
the interpolation accuracy and thus to improve the quadrature results. As
shown in figures 3.4 and 3.5, the refinement process is continued until certain
convergence criteria are met, or a prescribed maximum number of levels of
refinement has been exceeded. As a next step, the results of the integration
are transferred back (anterpolated ) from the refined mesh to the nodes of the
original mesh.
Summarizing, a total of four stages can be identified within the algorithm:
element refinement, integration, convergence check and anterpolation. Each of
these stages is discussed in more detail in the remainder of this section.

1

Remember that ‘singular part’ refers to the integrand being singular, the integral itself
is regular.
2
A brief description of the terminology regarding adaptivity is provided in appendix D.

56

Numerical Implementation of a Boundary Element Solver

Figure 3.4: Flowchart of the adaptive quadrature.

Stage 1: Element refinement
As illustrated in figures 3.5 and 3.6, a refinement scheme has been adopted in
which each original element (parent) is divided into four new refined elements
(children). Note that the child elements have the same shape as their parent.
This has the advantage that when more than one level of refinement is used,
i.e. the children themselves will be refined again, no element distortion is
introduced. The main difference between the refinement of triangular and
quadrilateral elements is that for the latter elements an additional node at the
centroid of the parent has to be defined.
Naturally, each of the child elements can be regarded again as being a parent
element at the next level of refinement, see figure 3.5. This makes it easy to
formulate the refinement scheme in a recursive way as shown in the flowchart
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level 3

anterpolation
anterpolation

Branch converged at
level 2 (γ ≤ γmax )

anterpolation

level 2

refinement

level 1

refinement

refinement

level 0, original mesh

Branch converged at
level 3 (γ ≤ γmax )
Figure 3.5: A tree of the adaptive refinement scheme for a single element.
After convergence is reached at all branches, the integration results obtained
at the highest levels are transferred to the original mesh at level 0.

in figure 3.4. The transfer of nodal information from the parent element to the
child elements is performed by the following mapping operation:
uc = T · up ,

(3.33)

with vectors up and uc representing the nodal data at the parent and child
elements, respectively. In the process of generating the child elements, the
data consist of the global nodal coordinates. In other words, if the coordinates
of the parent nodes are collected in vector up , then the coordinates of the child
nodes are obtained in vector uc with the help of projection (3.33).
Matrix T is composed of the shape functions that are evaluated at the positions
of the child nodes,


N1 (η1 , ξ1 )
N2 (η1 , ξ1 ) · · · Nnp (η1 , ξ1 )
 N1 (η2 , ξ2 )
N2 (η2 , ξ2 ) · · · Nnp (η2 , ξ2 ) 
,
T=
(3.34)


···
···
···
···
N1 (ηnc , ξnc ) N2 (ηnc , ξnc ) · · · Nnp (ηnc , ξnc )
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(b) Quadratic elements.

(a) Linear elements.

Figure 3.6: Element refinement schemes and corresponding internal node
numbering.
3

3
interpolation T

5

6
anterpolation TT
2

1

1

parent

2
4
children

Figure 3.7: Refinement is accomplished by interpolation operator T whereas
anterpolation, the adjoint operation, is defined by the transpose of the operator.

where the natural coordinates η and ξ are defined at the level of the parent
element. The matrix has the dimensions nc ×np where nc equals the number of
child nodes and np equals the number of parent nodes, see also table 3.1. Since
operator T is based on the same interpolation functions as used to define the
shape of the elements (iso-parametric formulation), the geometrical discretization error εgm of equation (3.2) is not affected by the refinement process.
Stage 2: Integration
After generation of the new child elements in the refinement stage, the integral
is evaluated on each of these child elements by means of standard GaussElement
type

Number of parent
nodes (np )

Number of child
nodes (nc )

TRIA3
TRIA6
QUAD4
QUAD8

3
6
4
8

6
15
9
21

Table 3.1: Number of parent and child nodes for each element type.
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Legendre quadrature. The results obtained at this level of refinement are
then compared to the integration results of the parent element at the previous (coarser) level. With this information, a measure for the convergence of
the integration results within the region covered by the parent element can be
formulated.
Stage 3: Convergence
Within each element branch, see figure 3.5, it is possible to determine whether
the integration has converged within a prescribed threshold. The threshold
value γmax specifies the maximum allowable relative change between the integration results obtained over the parent element (collected in wp ) and the
integration results over its corresponding children (collected in wc ). When the
relative difference γ, defined in equation (3.35), remains within the specified
threshold the current element branch can be regarded as converged and no
further refinement is necessary within this branch:
¯ Pnp p Pnc c ¯
¯
w ¯
w −
(3.35)
γ = ¯¯ i Pi nc c i i ¯¯ .
i wi

To prevent the refinement algorithm from generating an excessive number of
temporary elements, a maximum level of refinement, M , can be prescribed.
This constrains the algorithm to refine a single parent element into a maximum
of 4M child elements.
When M and γmax are chosen properly, convergence is reached (γ ≤ γmax )
in all element branches before the refinement process is truncated at its maximum permissible level. For engineering applications a threshold value γmax of
10−4 (0.01% difference between two successive levels) is sufficient to make the
error associated with the singular parts negligible compared to the remaining
error components (e.g. the discretization error). Depending on the specific
problem, an allowed level of refinement somewhere between 4 and 8 generally leads to convergence within the permissible threshold γmax for all element
branches.
Stage 4: Anterpolation

Anterpolation, the adjoint operation of interpolation, handles the data transfer
from the refined level to the original parent level as illustrated in figure 3.7.
After reaching convergence in all branches of the refinement scheme, see figures 3.4 and 3.5, the quadrature results are anterpolated from the temporary
nodes at the finest levels to the original nodes of the parent element at level 0.
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In mathematical terms the anterpolation is performed by the transposed interpolation operator as specified before in equation (3.34):
w p = TT · w c ,

(3.36)

where vector wp represents the nodal integration data at the coarse level,
obtained from the integration data wc at the fine level. This process is repeated
until the quadrature results from all branches are transferred to the original
nodes of the parent element at level 0. In this way the number of degrees of
freedom (equals the number of nodes) remains unchanged with respect to the
initial BEM mesh, used also for the evaluation of the oscillatory parts of the
integrals.

3.3.4

Concluding remarks

In accordance with the distinction made between the oscillatory and singular
parts of the integral kernel, two different quadratures are applied. Because the
oscillatory parts are free of singularities they can be evaluated with a standard
Gauss-Legendre quadrature. For the accurate evaluation of the singular parts
an adaptive version of the Gauss quadrature has been developed. This adaptive
quadrature is required only once because the singular parts do not depend on
the wave number, as is the case for the oscillatory parts. This means that the
increase in computation time due to the new quadrature is small compared
to conventional implementations. After evaluation of both parts, the matrices
related to the oscillatory and singular behavior are assembled and added to
form the total transfer matrices.
From numerous simulations, a part of which is presented in the next section,
it becomes apparent that the accuracy of the numerical results significantly
improves when the adaptive approach is applied. This is especially true for
the results on and near the radiating boundary surface. As becomes apparent
in chapter 4, a high accuracy in the acoustic nearfield is of importance for
successful application of the source identification techniques.

3.4
3.4.1

Example of a pulsating sphere
Introduction

To illustrate the performance of the developed BEM solver and to validate the
associated adaptive quadrature, the simple example of a uniformly pulsating
sphere is considered. The numerical results obtained with and without the
adaptive algorithm are compared to analytical solutions. A brief overview
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of the various analytical expressions governing the exterior acoustic radiation
from a pulsating sphere is provided in appendix E.
In this section only a few characteristic results are shown to demonstrate the
influence of the adaptive quadrature. A more thorough investigation regarding
accuracy, convergence and uniqueness of the numerical solutions is presented
at a later stage (section 3.7).
Linear (TRIA3)

Quadratic (TRIA6)

Figure 3.8: Linear (288 elements) and quadratic (72 elements) mesh of a
sphere with a single field point (⊗) close to the surface.

3.4.2

BEM model

As shown in figure 3.8, two BEM models of the sphere were made. In the
first model, the boundary surface was divided in 288 linear triangular elements
(TRIA3) whereas the second model contained 72 parabolic triangular elements
(TRIA6). In order to make a fair comparison between the results obtained
with the linear and quadratic elements, both models were of the same size (146
nodes each). As a basis for comparison, a single field point was defined at a
relatively short distance from the sphere compared to the size of the boundary
elements. The distance between this field point and the center of the sphere
was 1.04a, where a is the radius of the sphere. The average size of an element
side was approximately 0.26a and 0.52a for the TRIA3 and TRIA6 elements,
respectively.
To clearly illustrate the influence of the adaptive integration algorithm, it is
required to minimize the error related to the oscillatory parts. This is realized
by performing the computations at a relatively low dimensionless wave number
(ka = 0.5) where the acoustic wavelength is large compared to the size of the
boundary elements. By doing so, the oscillatory parts are accurately evaluated
with the standard Gauss quadrature and the error in the numerical solution
primarily arises from evaluation of the singular parts of the integrals and from
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the piecewise polynomial approximation of the geometry.
In figure 3.9 the first derivative of the full kernel function ∂G/∂r, the separated oscillatory part ∂Gk /∂r and the singular part ∂G0 /∂r are depicted (see
equation (2.30)). From the figure it is clear to see that for the selected field
point and wave number, the oscillatory part is very smooth and the singular
behavior has a dominant contribution to the total kernel.

(a) total: ∂G/∂r

(b) oscillatory: ∂Gk /∂r

(c) singular: ∂G0 /∂r

Figure 3.9: Kernel separation of ∂G/∂r for evaluation of pressure in a field
point close to the boundary surface (note the difference in scale, ka = 0.5).

As illustrated in figure 3.10 the mesh was refined in the region where the singular, non-smooth, behavior of the kernel occurred. At level 4 the algorithm had
converged in all element branches and the integration results were anterpolated
to the original nodes at level 0, after which they were assembled in the global
system matrices.
Level 1

Level 2

Level 3

Level 4

Figure 3.10: Successive levels of refinement in the boundary mesh, generated
during the computation of the pressure in the field point (⊗).

3.4.3

Simulation results

The accuracy of the BEM solution of the pulsating sphere problem is expressed
in terms of the deviation from the exact solution given appendix E. The
analytical and numerical solutions were computed in a set of nodes with the
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results arranged in vectors u and û respectively, with û denoting the BEM
approximation to u. Both the spatially averaged error represented by ǫrms (û)
and the local maximum error ǫmax (û) can then be defined as:
ǫrms (û) =

rms (|û − u|)
urms

ǫmax (û) =

max (|û − u|)
.
urms

(3.37)

Both errors were measured relative to the spatial rms value of the continuous
analytic solution u on the boundary surface:
s I
1
|u|2 dS .
(3.38)
urms =
S S
First, to illustrate the influence of the adaptive quadrature on the error in
the BEM solution, the permissible level of refinement was varied. Second,
the error was computed as a function of the acoustic wave number. This
second simulation reveals an important shortcoming of the boundary integral
formulation: the occurrence of irregular frequencies where the solution becomes
non-unique.
Once again it is stressed that the present verification of the solver is far from
complete and a more thorough validation is presented at a later stage.
Variation of the permissible level of refinement
In this subsection the error in the numerical solution is studied as a function
of the permissible level of refinement in the adaptive quadrature. If no level of
refinement is allowed, the adaptive quadrature degenerates to a standard Gauss
quadrature and the results of the solver are directly comparable to those of a
standard implementation. Increasing the maximum level of refinement leads
to increasingly more accurate results as long as the total error in the solution
is dominated by the error component related to the evaluation of the singular
parts of the integrals. Integration is performed with a total of 13 Gauss points
per linear or quadratic element.
Figure 3.11(a) shows the influence of the adaptive quadrature on the errors
in the calculated surface pressure (3.9a) and the radiated sound power (3.29).
Especially for the results based on the quadratic elements, increasing the maximum number of levels of refinement clearly leads to a decrease of the error.
Furthermore, it can be observed that the solution errors level off within only a
few levels of refinement. This constant error consists mainly of the discretization error (e.g. geometric approximation of the sphere) which is not affected
by the adaptive quadrature. Note that the discretization error associated with
the quadratic elements is much lower than that of the linear ones.
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(a) Error in the predicted surface pressure and radiated power.
15

1000
800

10

5

600

5

400

0

Zoom

ǫmax (vtot ) [%]

ǫmax (pf ) [%]

Linear elements
Quadratic elements

200
0

0
0

1

2

3

4

5

Maximum level of refinement

0

1

2

3

4

5

Maximum level of refinement
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Figure 3.11: Influence of the adaptive quadrature on the error in the BEM
solution of the pulsating sphere example (ka = 0.5).

As shown in figure 3.11(b), for the pressure (3.14) and especially the particle
velocity (3.25) at the field point, the decrease in the error due to the adaptive
quadrature is even more pronounced. For instance when the particle velocity was computed with linear elements, the maximum error was about 200%
whereas for the quadratic model error was in the order of 1000%. When the
new solver was applied with four levels of refinement, these errors reduced
to approximately 4.1% and 0.5%, respectively. Note that the initial error at
the field point is significant because the shortest distance between the boundary surface and the evaluation point (0.04a) is substantially smaller than the
boundary element size (side length of about 0.58a). Of course, when the field
points are positioned far away from the radiating boundary (farfield), the sin-
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gular parts of the kernels reduce to rather smooth functions (if r is large then
1/r, 1/r2 and 1/r3 become smooth) and standard Gauss quadrature becomes
sufficiently accurate. However, because the aim of this study is to apply the
computed acoustic transfer matrices in nearfield source localization techniques,
it is of importance that the nearfield simulations yield accurate results as well.
So far, opposed to a standard implementation, the new solver appears to meet
this requirement.
As expected, for an equal number of DOF (and thus comparable computation times), the quadratic elements perform much better than the linear
elements, assuming the adaptive quadrature with a sufficient number of permissible levels of refinement is utilized. Normally within four up to eight levels the
error is reduced to the constant discretization error. Especially when geometries with curved surfaces are considered the quadratic elements are superior
to the linear elements because lower discretization errors can be achieved with
less elements.
Finally, it is stressed once again that the adaptive refinement algorithm
was applied only to the singular parts of the integrals for evaluation points on,
or close to the boundary surface. These parts are frequency independent and
therefore the corresponding matrices have to be assembled only once and not
for each frequency step as is the case for the oscillatory parts of the integrals.
As a consequence the additional computational effort related to the adaptive
quadrature is negligible.
Variation of the wave number
So far the results have been presented as a function of the allowed level of
refinement at a fixed dimensionless wave number. Normally, however, acoustic
simulations involve determination of the unknown variables over a range of
wave numbers. Figure 3.12 shows the numerically versus analytically obtained
acoustic power without (left) and with (right) the application of the adaptive
quadrature. Both the conventional formulation as well as the new adaptive
formulation led to accurate results for ka ≪ π, but the latter method performed
significantly better in the medium and high frequency ranges.
As expected, a well-known problem of the direct BEM formulation for exterior analyses shows up: near certain characteristic wave numbers the algorithm
fails to yield accurate solutions. At these so-called irregular wave numbers, the
Helmholtz integral equation (2.9) becomes singular and consequently the associated matrices Ms and [Ds − As ] become singular as well (see equations (3.6)
and (3.9)). This implies that the matrices cannot be inverted, hence no unique
solution of the acoustic variables on the boundary surface exists.
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Figure 3.12: Computed acoustic power as a function of the wave number.
The devastating influence of the non-uniqueness problem near the irregular
wave numbers (integer multiples of π) is evident.

After a brief introduction to the non-uniqueness problem in section 3.5, a
literature survey and a number of solutions concerning the alleviation of the
problem are presented in section 3.6. Finally, in section 3.7, the resulting solver
is validated in terms of accuracy, convergence and uniqueness behavior.

3.5
3.5.1

Non-uniqueness
Introduction

To further investigate the non-uniqueness problem of the direct boundary integral formulation (SHIEF), the two test problems shown in figure 3.13 are
considered: a sphere and a so-called cat eye source.
A comparison is made between the irregular wave numbers found in SHIEF
and the eigenfrequencies of the associated interior Dirichlet problem (prescribed pressure). For the sphere, these eigenfrequencies can be determined
analytically by the use of spherical Bessel functions. For a complicated geometry like the cat eye, the finite element method (FEM) was used to extract the
eigenvalues.
All calculations were performed in the dimensionless wave number range
ka ∈ [0, 10]. It is recalled here (see section 1.3.5) that in the low wave number
range the acoustic wavelength is much longer than the characteristic dimension
L of the radiating object (kL << 2π). In the intermediate wave number range
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sphere

cat eye

Figure 3.13: The BEM mesh of the sphere consisted of 72 quadratic triangular elements (TRIA6) with a total of 146 nodes. The cat eye geometry was
discretized in 216 TRIA6 elements with 434 nodes.

the acoustic wavelength and the source dimensions are of comparable order
(kL ≈ 2π). Finally, the high frequency range is referred to as the range where
kL >> 2π holds. For a sphere, the characteristic dimension L is often expressed
in terms of the radius a, thus L = 2a is adopted here.

3.5.2

Eigenvalues of the interior problem

The eigenvalues of the interior Dirichlet problem of a sphere can be expressed
in terms of the spherical Bessel function jn of the first kind, Williams [168].
This function is directly related to the ordinary Bessel function Jn of the first
kind as:
jn (x) =

r

π
J
(x) ,
2x n+1/2

(3.39)

where n is the order. Unlike for the Bessel functions, simple expressions exist
for the spherical Bessel functions in terms of trigonometric functions. The
spherical functions of the first kind are related to the sync function, (sin x)/x,

n

jn (x) = (−x)

µ

1 ∂
x ∂x

¶n

sin x
.
x

(3.40)
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For the first few orders this gives:
sin x
,
x
sin x cos x
,
j1 (x) = 2 −
x
x
3 sin x 3 cos x sin x
j2 (x) =
−
−
,
x3
x2
x
15 sin x 15 cos x 6 sin x cos x
j3 (x) =
−
−
+
.
x4
x3
x2
x

j0 (x) =

(3.41a)
(3.41b)
(3.41c)
(3.41d)

When these functions are plotted for x = ka, the roots represent the eigenvalues
of the interior Dirichlet problem [116].
The order n of the spherical Bessel function corresponds with the number of
nodal planes in the eigenvector of the interior problem as shown in figure 3.14.
There is a strong relation between the order n and the interior pressure distribution. Order zero represents a monopole distribution, order one a dipole
source whereas order two indicates quadrupole radiation. Higher orders are
designated as multipole modes.
Each root m of the spherical Bessel function introduces a nodal sphere in
the eigenvector. The upper part of figure 3.15 shows the first four spherical
Bessel functions as a function of the dimensionless wave number. The lower
part of figure 3.15 shows the characteristic wave numbers ordered by families
of constant root number m versus constant order n.

3.5.3

Detection of non-unique behavior

It is well-known from the literature, and also visible in figure 3.12, that the
exterior SHIEF formulation fails for a pulsating sphere of radius a when the
dimensionless wave number ka coincides with an integer multiple of π. These
values are exactly the roots of the spherical Bessel function of the first kind
of order zero, j0 (ka) = 0. Based on the findings of the previous subsection,
non-uniqueness problems are also expected at the roots of all higher orders of
the spherical Bessel function of the first kind.
To confirm this expectation, a BEM simulation was performed to compute
the condition numbers of the system matrices [Ds − As ] and Ms , see equation (3.6). Note that a matrix becomes nearly singular when at least one of its
singular values approaches zero (see appendix G). Since the condition number
is defined as the ratio of the largest over the smallest singular value, this number reaches a high value when the associated matrix is close to being singular.
Hence the condition number of the system matrix is a suitable measure to
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n=0

Figure 3.14: Schematically illustrated cross-section of the sphere showing the
interior mode shapes (eigenvectors). Gray and white areas represent low and
high pressures, respectively. The order n indicates the number of nodal planes,
the root number m represents the number of nodal spheres.
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Figure 3.15: The characteristic wave numbers of the interior Dirichlet problem of the sphere coincide with the zeros (roots) of the spherical Bessel function
of the first kind. The upper part of the figure shows the first four orders of
the function versus the dimensionless wave number. The lower part depicts the
wave numbers classified by the order n and the root number m.
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monitor uniqueness behavior. Note that because matrices Ms and Ds depend
on the wave number, so do their singular values and condition numbers.
sphere

cat eye
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Figure 3.16: Condition numbers of system matrices [Ds − As ] (prescribed
surface velocity) and Ms (prescribed surface pressure) versus exact eigenfrequencies of interior Dirichlet problem of the sphere and cat eye model.

Figure 3.16, which shows the condition numbers of the matrices as a function of
the dimensionless wave number ka, reveals that the condition number indeed
increases rapidly (note that log10 is plotted) at each eigenvalue of the associated
Dirichlet problem. The position of the peaks accurately matches the analytical
eigenvalues given by each root of all orders of the spherical Bessel function of
the first kind. So, contrary to what is often reported in the literature, the
irregular wave numbers of the sphere model occur not only at multiples of π.
Figure 3.17 shows the last few singular values of the matrix [Ds − As ] of the
sphere model for a regular (nonsingular) wave number of ka = 3.60 and an
irregular (singular) wave number of ka = 4.49 (see figure 3.16). The spectrum
at the irregular wave number clearly shows a sudden drop in its last three
singular values. Analytically the singular values are zero at the irregular wave
numbers, but due to the numerical errors inherently associated with the BEM
approach, the singular values are very small instead.
According to figures 3.14 and 3.15, the irregular wave number of ka = 4.49
belongs to an interior dipole mode shape (m = 0, n = 1). Due to point
symmetry of the sphere the multiplicity of this mode is three, which explains
why three singular values are close to zero1 .
1

For geometries that exhibit symmetry, the clustering of singular/eigenvalues is wellknown, e.g. see the work of Currey and Cunefare [33] and Elliott [47].
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Figure 3.17: Smallest 11 singular values of system matrix [Ds − As ] of the
sphere model for a regular and an irregular wave number.

As mentioned earlier, the eigenvalues of an arbitrary interior problem cannot
be determined analytically and one has to resort to numerical methods like
FEM. An example of a more complicated geometry is the cat eye shown in
figure 3.13. It is no longer point symmetric and contains a combination of
flat and curved regions and sharp edges. The eigenfrequencies of the interior
Dirichlet problem of the cat eye were computed with FEM and compared with
the irregular wave numbers found in the BEM-SHIEF model.
The results, presented on the right-hand side of figure 3.16, confirm that also
for this more complex geometry a good agreement is reached between eigenfrequencies of the interior and the irregular frequencies of the exterior problem.
Finally, it is observed that the non-uniqueness problem becomes more severe
for increasing wave number which, of course, is related to the increase in modal
density of the associated interior Dirichlet problem.
Numerical versus analytical results
In many publications the uniqueness problem is studied by comparing the
analytically and numerically obtained pressures at the surface of a pulsating
or oscillating sphere. However, from figure 3.18 it can be observed that such
an approach does not reveal all irregular wave numbers. For example, the
BEM solution of the pulsating sphere (monopole) shows only large errors at
the irregular wave numbers that are associated with a ‘monopole’ interior mode
shape (ka multiple of π). Likewise, the numerical solution of the oscillating
sphere only shows singular behavior at wave numbers that are solutions of
the transcendent equation tan(ka) = ka. These solutions concern the interior
mode shapes with a single nodal plane n = 1, which are exactly the modes
associated with dipole behavior.

Numerical Implementation of a Boundary Element Solver

72

Thus the non-uniqueness problem only shows up when the prescribed boundary
condition at least partially matches with the mode shape of the accompanying
interior Dirichlet problem. As a consequence, if solely the solutions for the
pulsating and oscillating spheres would be considered to investigate the nonuniqueness behavior, then the irregular wave numbers at for example ka = 5.76
and ka = 6.99 are easily overlooked. Although the comparison with analytical
solutions may not be suited to guarantee uniqueness, it is useful in the sense
that it provides a measure for the accuracy of the numerical solutions.
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Figure 3.18: Numerical versus analytical averaged surface pressure of a pulsating (monopole) and an oscillating (dipole) sphere.

Thus, the main conclusion is that independent of the geometry and specified
boundary conditions, the condition number is a useful indicator to detect the
occurrence of irregular wave numbers in BEM (SHIEF).

3.5.4

Concluding remarks

It has been shown that the surface HIE formulation for exterior sound radiation problems becomes non-unique at wave numbers which coincide with the
eigenvalues of the associated interior Dirichlet problem. When the intention is
to investigate non-uniqueness behavior, it is important that all irregular wave
numbers are found, independent of the spatial distribution of the prescribed
boundary variable.
Since the condition number of the matrix that has to be inverted is independent of the prescribed boundary values, this quantity is well suited to
detect non-unique behavior in BEM. Comparing numerical with analytical solutions is a less reliable method to determine the complete set of irregular wave
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numbers. So, when different methods to overcome the non-uniqueness problem
are compared, it is essential to monitor the condition number rather than the
error in the numerical solution.
Finally, as the modal density of the interior problem rapidly increases with
the wave number, so does the number of the irregular frequencies in the exterior
problem. As a consequence, the ordinary SHIEF method can only be applied
with confidence in the low wave number range (kL ≪ 2π). The subsequent
section is focused on methods to circumvent the non-uniqueness problem.

3.6
3.6.1

Dealing with non-uniqueness
Historical overview

Since the early sixties several publications have appeared in which methods
are described to (partially) overcome the problem of fictitious eigenfrequencies
in the solution of the exterior problem. Long before the era of digital computers and the corresponding advance in numerical methods, the non-uniqueness
problem was identified by Lamb [95]. Initially, the issue was circumvented in
a somewhat practical way by application of interpolation around the irregular
eigenfrequencies (e.g. see work of Chertock [23, 24]).
In order to eliminate the non-uniqueness problem Copley [27, 28] suggested
to evaluate the integral relation at interior points instead of on the surface itself as is common in the ordinary Helmholtz integral equation (SHIEF, see
figures 3.19(a) and 3.19(b)). Unfortunately, this method involves the solution
of an integral equation of the first kind, which is less stable than the Helmholtz integral equation (of the second kind, assuming the surface velocity is
prescribed).
Schenck [143] developed a way to remove the non-uniqueness by adding
zero-pressure constraints in some additional points inside the boundary surface of the acoustic source (see figure 3.19(c)). As the constraints, representing
Helmholtz integral equations of the interior problem, are solved simultaneously
with the ordinary Helmholtz integral equation for the exterior problem Schenck
named it the Combined Helmholtz Integral Equation Formulation (CHIEF).
The overdetermined set of equations can be solved in a least squares sense or
with a Lagrange multiplier technique. Due to its simplicity this technique is
still very popular in engineering applications. However, the CHIEF method
has two important shortcomings: how to select the number and the position
of the interior constraint points. It may occur that the selected points coincide with, or lie near to, a nodal plane of the corresponding interior mode
shape. At such locations, the constraint points have no effective contribution
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to the system of equations (only redundant equations are added). In order to
overcome this selection problem, Juhl [82] introduced a method to predict the
required number of constraint points and to evaluate the quality (measure of
independence) of the selected locations. Nevertheless, for higher frequencies
where the modal density of the associated interior problem rapidly increases,
the CHIEF method still is incapable of ensuring unique solutions.
Some further improvements to the conventional CHIEF method were made
by Zhao and Wang [178] and Wu and Seybert [174]. Next to the zero pressure
constraints they also took the first derivatives of the constraint equations into
account (figure 3.19(d)). This ‘Enhanced CHIEF’ method (ECHIEF) resulted
in improved results compared to the conventional CHIEF method of Schenck
but still at high frequencies non-uniqueness phenomena occurred.
In addition to the CHIEF method, Burton and Miller [21] proposed an integral
equation that is valid for all wave numbers by extension of the Helmholtz integral relation with its surface normal derivative. Although the non-uniqueness
problem is then solved for all irregular wave numbers, the numerical implementation is difficult due to the occurrence of hypersingular integrals in the
derivative equation.
Numerous investigations have been performed to efficiently evaluate the
hypersingular integral. Burton and Miller introduced two approaches to regularize these integrals. Meyer et al. [111] presented another approach for the
evaluation of the hypersingularities. Hwang [78, 77] and later Yang [175] exploited an alternative approach using the associated Laplace solution of the
interior problem to regularize the hypersingular integrals. Most of the schemes
only alleviate the highly singular behavior and leave a weak singularity in the
final formulation. The weak singularity is then locally regularized by a transformation to a cylindrical coordinate system.
The mentioned regularizations result in a significant increase in computational effort and are only valid for objects with a smooth surface in the direct
vicinity of the collocation points. This complicates the use of the linear and
quadratic continuous boundary elements that are widely accepted and supported in the industry.
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fluid Vf
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boundary
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S

(a) SHIEF, evaluation points (×) coincide with the boundary nodes (·).

p=0

(b) IHIEF, evaluation points (×) are located inside the boundary surface.

p=0
~v = ~0

(c) CHIEF, like SHIEF except that interior constraint points (◦) are added.

(d) ECHIEF, like CHIEF but with interior velocity constraints (~v = ~0) added.

(e) IBMF/CHI, evaluation points (×) lie
inside the boundary surface, both HIE
(p) and its derivative (vn ) are solved simultaneously.

(f) CIBMF, this novel method simultaneously solves SHIEF with a set of constraint points (p = 0 and vn = 0) defined at a fictitious surface inside the
actual boundary surface.

Figure 3.19: Schematic illustration of methods to alleviate the non-uniqueness
problem encountered in the exterior direct BEM formulation.
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Recently, a modification to the original Burton-Miller approach was introduced
by Liu, Cai, Zhao, Zheng and Lam [97]. The ordinary Burton-Miller formulation assumes that the normal derivative of the fluid angle α(~x) is zero on
the surface, see equation (2.13). However, this is only true in the tangential
directions of a smooth surface. Actually, the fluid angle behaves as a step
function in the normal direction of the surface. The method of Liu et al. takes
the normal derivative of the fluid angle correctly into account. It can be shown
that in this way, the hypersingular behavior of the derivative equation of the
ordinary Burton-Miller formulation is avoided. Liu mentions that although the
derivation of the equations is different from that of Hwang, in the end a similar
formulation is reached.
From a theoretical point of view the hypersingularities are eliminated in
the improved Burton-Miller formulation, but the numerical evaluation remains
cumbersome due to the remaining nearly hypersingular behavior. Moreover,
the formulation still only holds when the evaluation points are located on a
smooth part of the surface. For this reason, in most of the work on BurtonMiller formulations use is made of discontinuous elements with the evaluation
points located inside the element. By doing so the non-unique surface normal
at the nodal positions is circumvented.
In 1988 Achenbach, Kechter and Xu [2] formulated an off-boundary method
similar to the one of Copley [27], except that the interior evaluation points
were placed near the radiating surface along the normal of the elements, as
shown in figure 3.19(b). Contrary to the claim by Achenbach and some other
researchers, this method in general does not lead to unique solutions at all frequencies. A recent article of Provatidis and Zafiropoulos [131] showed that such
methods, they refer to it as an interior Helmholtz integral equation formulation
(IHIEF), only shift the spurious interior eigenfrequencies to a higher frequency
range. For some engineering purposes this can be sufficiently accurate but
again uniqueness is not guaranteed.
A comparable off-boundary method has been proposed by Cunefare, Koopmann and Brod [32]. Their approach (CHI) is based on the Burton-Miller formulation, but the evaluation points are placed in the interior well away from
the radiating boundary to circumvent the hypersingular behavior. Although
Cunefare originally named this formulation CHI, here the abbreviation IBMF1
is preferred. In essence the method is comparable to the enhanced CHIEF
method with the constrained points placed on an internal boundary geometrically similar to the boundary surface of the source (see figure 3.19(e)). The
1

IBMF stands for Interior Burton-Miller Formulation.
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difference is that the IBMF method does not use the ordinary Helmholtz integral equation on the surface in its solution. Cunefare used results from the
potential theory of Kellogg [85] to show that a unique solution is ensured when
the coupling parameter between the two sets of equations is purely imaginary.
Meyer et al. [111] also found the same coupling parameter in the ordinary
Burton-Miller formulation evaluated on the boundary surface. Unfortunately
the IBMF method is, like the IHIEF methods, based on a combination of two
sets of Fredholm integral equations of the first kind which are known to be
numerically less stable. Moreover, using interior evaluation points decreases
the diagonal dominance of the matrices, resulting in reduced accuracy of the
solution (compared to Fredholm integral equations of the second kind).
To obtain a quantitative comparison between the methods discussed above,
they have been implemented. The results of the comparison are provided in appendix H. For a more complete review on uniqueness in acoustic boundary integral formulations, reference is made to the work of Benthien and Schenck [11].

3.6.2

Combined Interior Burton-Miller Formulation

The methods discussed so far show a trade-off between uniqueness and accuracy. Based on the findings from the literature survey, a novel method
is proposed here that unites the uniqueness properties of the off-boundary
Burton-Miller approach (IBMF) with the accuracy of the SHIEF formulation.
To preserve accuracy, the new method uses the ordinary SHIEF as a starting point. To eliminate the non-unique behavior, the SHIEF is simultaneously
solved with a modified form of the IBMF method. In contrast with the original
IBMF method proposed by Cunefare, the internal constraint points are now
positioned on a geometrically similar surface S ′ , acquired by slightly shrinking
the actual boundary surface S (see figure 3.19(f)). This circumvents the problem of hypersingular integrals that appear in the ordinary Burton-Miller formulation. Since the new method is a combination of the SHIEF and the IBMF,
it is named the Combined Interior Burton-Miller Formulation (CIBMF).
Alternatively, the CIBMF technique can be interpreted as a special kind
of enhanced CHIEF method where zero-pressure (p = 0) and zero-velocity
(vn = 0) constraints are applied on the constraint points positioned on the
fictitious interior surface S ′ . In contrast with the enhanced CHIEF method,
the zero-velocity constraints are now only applied in a direction normal to the
boundary surface. Another difference with the ordinary CHIEF methods is
that this sub-surface method is valid for all wave numbers and the position
of the interior points is determined automatically from the original boundary
surface mesh.
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The final equations to be solved in CIBMF read:
¾
I ½
∂G(r)
∂p(~y )
α(~x)p(~x) =
dS + pin (~x) ,
p(~y ) − G(r)
∂n
∂n
y
y
S
¾
I ½
∂G(r)
∂ 2 G(r)
p(~y ) +
p(~y ) dS
µβ
∂nx ∂ny
∂ny
S
¾
I ½
∂p(~y )
∂G(r) ∂p(~y )
dS
+ G(r)
=
µβ
∂nx ∂ny
∂ny
S
− pin (~x) − µβ

∂pin (~x)
,
∂nx

~x ∈ S ,

(3.42a)

(3.42b)
~x ∈ S ′ ,

where equation (3.42a) corresponds to the standard Helmholtz integral equation and the equation (3.42b) is similar to the equation found in the IBMF
approach. Like in the original Burton-Miller formulation, the coupling function µβ in equation (3.42b) is chosen to be purely imaginary, which ensures
solutions for each wave number [111]. More detailed information on the coupling function and the implementation of CIBMF is given in appendix H. This
appendix also provides a comparison between the various methods in terms of
uniqueness, accuracy, convergence and computational effort. The main conclusion drawn from the investigation is that the new CIBMF method appears to
be superior when it comes to accuracy and stability.
In section 3.7 an overview concerning the uniqueness, accuracy and convergence properties of the resulting BEM solver (CIBMF) is provided.

3.6.3

Summary on preservation of uniqueness

A summary of the literature survey and its corresponding conclusions is provided in table 3.2. With respect to this table, the following remarks can be
made.
The Helmholtz Integral Equation (HIE) method with collocation points on
the boundary surface is an integral equation of the second kind, which normally leads to accurate solutions since the diagonal dominance of the matrices
is preserved. However, the formulation suffers from non-unique solutions at
irregular frequencies and hence it can only be applied with confidence in the
low frequency range.
The Burton-Miller method combines SHIEF with its derivative in the normal direction to the surface. This formulation ensures unique solutions but
involves the evaluation of hypersingular integrals which can only be solved by
application of regularization methods. Usually, these methods affect the overall
accuracy of the solution.
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Table 3.2: Literature on models to prevent the non-uniqueness problem.
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The off-boundary methods, IHIEF and IBMF, use evaluation points on
a fictitious surface inside the boundary of the source. This circumvents the
problem of the hypersingularities but introduces Fredholm integral equations of
the first kind. Uniqueness is guaranteed in the IBMF method but the accuracy
tends to be worse than that of the ordinary SHIEF method.
Finally a very popular class of methods is based on the combination of the
SHIEF and some constraints applied to interior points. These so-called CHIEF
methods are easy to implement and maintain the accuracy of the SHIEF. However, they are only appropriate for the low to intermediate frequency ranges.
Today the CHIEF and Burton-Miller methods seem to be the two most
popular methods. In engineering applications the CHIEF method is often
preferred because of its ease of implementation. This despite the fact that it
is not robust for intermediate and high wave numbers. Moreover, the criteria
for the selection of the location of the CHIEF points remain questionable.
The Burton-Miller method is often preferred in academic environments as it
leads to unique solutions for all wave numbers. However, due the hypersingular
integrals, the method does not converge for the continuous elements which are
widely accepted in practical applications.
The proposed CIBMF method combines the original SHIEF formulation
with a set of constraints applied on an interior mesh geometrically similar to
the original boundary element mesh. By doing so, the accuracy of the SHIEF
approach is effectively combined with the guaranteed stability of the IBMF.

3.7
3.7.1

Numerical validation
Introduction

The numerical validation of the developed BEM solver, based on the CIBMF
approach, involves verification of the following three issues:
Uniqueness - Given a boundary condition, is the corresponding numerical
solution unique?
Accuracy - What is the difference between the numerical solution and the
exact solution as a function of the acoustic wave number?
Convergence - How does the error in the solution respond to increasingly
higher mesh densities? What is the convergence rate of the solution?
In order to answer these questions, numerous simulations were performed on
three test problems of which the analytical solution is specified in appendix E.
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(c) Scattering on a rigid sphere, equation (E.22).

Figure 3.20: Three validation examples. The contours represent the real part
of the radiated pressure field at ka = 4.
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The examples concern the exterior sound radiation from a pulsating (monopole)
and an oscillating (dipole) sphere and the scattering of a plane wave impinging
on a rigid sphere. Figure 3.20 illustrates a typically radiated sound field for
each of the test cases.
Accuracy and especially convergence properties have been published mainly
in mathematical and numerical literature and the results do not seem to be
widely known among the acoustic community. Some rigorous mathematical
analyses of accuracy and convergence issues in BEM were presented by Amini
and Kirkup [3] and Schulz et al. [146]. A more intuitive approach regarding
these topics in the case of an axisymmetric boundary element formulation was
followed in the work of Juhl [83]. The current study is also not intended to
provide a solid mathematical background, instead it approaches the problem
from an engineering point of view. It is somewhat similar to the approach presented by Marburg [101, 102] although he mainly focused on interior acoustics,
whereas this study primarily concentrates on the exterior problem.

(a) 1920 TRIA3 elements.

(b) 480 TRIA6 elements.

Figure 3.21: BEM models of sphere, both models contain 962 nodes.

3.7.2

Uniqueness

The uniqueness behavior of the ordinary SHIEF and the new CIBMF method
was studied by means of the BEM models presented in figure 3.21. In order to
make a fair comparison between the linear and quadratic element models, the
same number of nodes was applied in each model.
As explained in section 3.5, uniqueness of the solutions can reliably be
monitored by observing the condition number of the system matrix that has to
be inverted in the solution process. A peak in the condition number indicates
that at least one of the singular values of the matrix has become very small
compared to the largest singular value, which implies that the matrix is nearly

2
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Figure 3.22: Condition numbers for the SHIEF and new CIBMF method.

singular. Figure 3.22 contains the results for a broad wave number range
ka ∈ [0, 32]. In contrast with SHIEF, the CIBMF method shows no peaks in the
condition number and consequently unique solutions are ensured throughout
the full frequency range.

3.7.3

Accuracy as a function of the wave number

Once uniqueness is ensured, the accuracy of the solution is of interest. The
difference between the numerical and the analytical solutions on the boundary
surface, referred to as the error, is used as a measure for the quality of the
(CIBMF) solver. A total of five sources of error can be identified:
1. errors in the numerical evaluation of the kernel and its derivatives;
2. errors resulting from the numerical integration;
3. solution errors arising from solving the system of equations;
4. approximation of the acoustic variables (3.1);
5. approximation of the geometry of the boundary surface by the shape
function expansion (3.2).
It is assumed that the error in the numerical evaluation of the kernel function
is limited to the machine precision and is thus negligible compared to the remaining error components. Furthermore, by using a suitable Gauss quadrature
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for evaluation of the oscillatory parts and the adaptive version for the singular parts (section 3.3) of the integrals, the error due to the quadrature is also
kept small. This assumption, however, only holds in the low to intermediate
frequency range where sufficient Gauss points per wavelength are available to
accurately integrate the oscillatory kernel functions.
Finally it is justified to assume that the system of equations can be solved up to
an accuracy comparable to that of the machine precision. Hence the accuracy
of the numerical solution is dominated by the error in the piecewise polynomial
approximation of the geometry and the acoustic variables (discretization error).
The influence of the wave number on the error in the CIBMF results was studied
using the linear and quadratic BEM models shown earlier in figure 3.21. The
accuracy of the surface pressure solution was measured by the spatial rms
error (3.37), representing an averaged error over the boundary surface. For the
three test cases, the resulting error is depicted in figure 3.23.
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Figure 3.23: Errors in the CIBMF results as a function of the dimensionless
wave number ka for the three sample problems.

Essentially, two distinct regions can be identified in the curves. In the low
frequency range (ka < π), the error is relatively constant and is mainly composed of error components arising from the polynomial approximation of the
geometry and the acoustic variables (discretization error).
In the higher wave number range (ka ≫ π) it is clear that error is dominated
by wave number dependent error components arising from the polynomial expansion of the acoustic variables and the integration of the oscillatory parts of
the kernel functions. Note that for high wave numbers the constant error com-
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ponent related to the approximation of the geometry is very small compared
to the wave number dependent error components. Furthermore, as CIBMF effectively suppresses the non-uniqueness problem, the error component related
to solving the system of equations does not show up.
example problem

linear (p = 1)

quadratic (p = 2)

pulsating sphere
oscillating sphere
scattering on sphere

1.1
1.2
1.4

2.8
3.0
3.4

Table 3.3: Estimated values of exponent ν indicating the error dependence as
a function of the wave number for the CIBMF method (ka > 8).

Finally, the dependence of the error on the wave number k can be expressed
as:
ǫrms (k) ∼ Ck (h)k ν ,
(3.43)
with Ck (h) a mesh size dependent constant. Table 3.3 provides the estimated
values of ν for the wave number range ka > 8. When comparing the performance of the linear versus the quadratic elements, it can be concluded that
quadratic elements are preferable as the error levels obtained with these element meshes are much lower than those found for the models based on linear
elements.

3.7.4

Accuracy as a function of the element size

The accuracy of the numerical solution should systematically improve as the
number of elements increases and eventually the solution must converge to the
exact solution. As shown by Zienkiewicz [179], the minimum requirements for
the shape functions in order to ensure convergence are the so-called completeness and compatibility conditions.
When the boundary element mesh is increasingly more refined, the exact
pressure and surface normal velocity eventually reach constant values on the
infinitesimally small elements. Essentially, the first condition requires that the
shape function expansion (3.1) provides support for such a constant, non-zero
pressure and normal velocity distribution over the elements. Strictly speaking,
the criterion needs only be satisfied in the limit as the size of the elements
tends to zero. However, imposing the criterion on elements of finite size leads
to improved accuracy.
The second convergence consideration concerns the element compatibility.
In order to avoid singular integrals in the direct BEM formulation, the com-
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patibility condition requires shape functions that result in pressure and normal
velocity expansions that are nonsingular within each element.
Since the applied solver uses linear and quadratic shape functions that satisfy the completeness and compatibility conditions, a consistent convergence
behavior can be expected. To confirm this expectation, a convergence analysis
was conducted for the three sample problems as a function of the element size.
Three fixed wave numbers ka = 1, 4 and 8, were considered which are representative for the low, intermediate and high wave number ranges, respectively.

Np = 4
8
16
32
64
h/a = 1.41
1.00
0.54
0.34
0.18
Figure 3.24: BEM models applied in the convergence analysis. Np indicates
the number of elements along the periphery of the sphere and h/a represents
the characteristic element size.

As shown in figure 3.24, five different BEM models were generated where the
number of boundary elements along the periphery of the sphere was varied between 4 and 64 elements. The element type can be set to either linear TRIA3
or the quadratic TRIA6 elements. Contrary to what might be concluded from
figure 3.24, the element size is certainly not uniform across the boundary surface mesh. Subsequently, the characteristic element size h is defined as the
largest length of an element side in the mesh since this length determines the
rate of convergence. The way in which the error depends on the mesh size h is
formulated according to the studies of Marburg and Schneider [101, 102] as:
ǫrms (h) ∼ Ch (k)hκ ,

(3.44)

where Ch (k) denotes a wave number dependent constant and κ the observed
rate of convergence. From a theoretical point of view the error is expected to
behave as ǫrms (h) ∼ Ch (k)hp+1 where p denotes the polynomial degree of the
shape functions. For linear and quadratic elements p equals 1 and 2, hence
κ becomes 2 and 3, respectively. For a uniform mesh in combination with a
polynomial function of even degree, an additional factor of h can be expected
in the error prediction:
ǫrms (h) ∼ Ch (k)hp+2 ,

p = 0, 2, 4, . . .

(3.45)
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Figure 3.25 contains the relative error (3.37) in the surface pressure response
as a function of the dimensionless mesh size h/a.
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(a) Low frequency range, ka = 1.
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(b) High frequency range, ka = 8.

Figure 3.25: Convergence behavior of SHIEF and CIBMF methods for the
surface pressure solution of the pulsating and oscillating sphere model with
quadratic elements (TRIA6).

Table 3.4 provides a detailed overview of the convergence rates found for the
new CIBMF method. Initially, for very coarse meshes (large h/a) the obtained
rate of convergence can be significantly different from the expected theoretical value of κ = 2 or 3 for linear and quadratic discretizations, respectively.
Most probably this is due to the coarse approximation of the geometry of the
sphere when only a few boundary elements are applied. For the higher mesh
densities, the convergence rate obtained with the linear elements approaches
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h/a
1.41
1.00
0.54
0.34
0.18

linear elements
ka = 1 ka = 4 ka = 8
3.7
2.4
2.8
2.4

1.1
1.6
2.0
2.5

0.3
1.6
2.2
2.5

quadratic elements
ka = 1 ka = 4 ka = 8
5.6
4.2
5.3
4.7

5.6
4.5
4.4
3.9

7.5
3.6
3.7
3.5

(a) Pulsating sphere (monopole radiation).

h/a
1.41
1.00
0.54
0.34
0.18

linear elements
ka = 1 ka = 4 ka = 8
2.6
2.3
2.7
2.1

5.3
0.9
1.9
1.8

1.3
2.2
1.7
1.9

quadratic elements
ka = 1 ka = 4 ka = 8
5.6
3.9
4.6
4.2

3.1
3.9
4.4
4.1

4.5
4.1
4.2
3.7

(b) Oscillating sphere (dipole radiation).

h/a
1.41
1.00
0.54
0.34
0.18

linear elements
ka = 1 ka = 4 ka = 8
2.9
2.4
2.7
2.0

2.5
1.8
2.6
2.1

0.4
1.0
2.8
2.1

quadratic elements
ka = 1 ka = 4 ka = 8
5.1
4.1
4.5
4.3

3.7
4.5
4.2
4.0

2.2
2.6
6.1
4.0

(c) Scattering of plane wave on rigid sphere.

Table 3.4: Convergence rate κ of the CIBMF method found for the different
test problems.

the expected value of κ = 2. Despite the fact that the mesh is nonuniform, the
estimated order of convergence for the quadratic elements seems to approach
the theoretical predictions of κ = 4 instead of κ = 3. However, the rate might
also be slightly overestimated because the characteristic mesh size h is defined
as the maximum element side length of the whole boundary mesh.
Summarizing, in agreement with the findings of Marburg [101], the error
dependence on the wave number k and mesh size h can be expressed as:
linear elements (p = 1) : ǫrms (k, h) ∼ Ck 2 h2

quadratic elements (p = 2) on arbitrary mesh : ǫrms (k, h) ∼ Ck 3 h3 (3.46)
quadratic elements (p = 2) on regular mesh : ǫrms (k, h) ∼ Ck 3 h4
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Finally it can be concluded that both the SHIEF and the CIBMF implementations perform satisfactorily in terms of convergence. Additionally, the CIBMF
method yields unique solutions for all wave numbers whereas SHIEF fails at the
irregular wave numbers. For this reason, CIBMF is employed for all remaining
simulations concerning exterior sound radiation or scattering.

3.8

Conclusions

Interior, exterior and scattering problems are efficiently described by the Helmholtz integral equation. To solve this equation, a direct boundary element
solver1 was developed that relies on a collocation based discretization approach.
For reasons of efficiency the wave number dependent oscillatory parts of the
integrands were separated from the wave number independent singular parts.
This formulation makes it possible to efficiently evaluate each type of behavior
with an appropriate quadrature. For the oscillatory parts a standard Gauss
quadrature was applied, whereas for the evaluation of the singular parts an
adaptive quadrature was developed. Since the singular parts do not depend
on the wave number, the computationally more intensive adaptive quadrature
needs to be applied only once and not for each wave number. As a consequence,
the increase in total computational effort due to the separated formulation is
negligible. Especially on the boundary surface and in the acoustic nearfield,
where the contribution of the singular parts is significant, a major improvement
in the accuracy of the predicted solutions was demonstrated.
The solver is not limited to computing the acoustic variables itself but is
also able to calculate the acoustic transfer matrices (ATM). Since these transfer
matrices explicitly specify the relation between the acoustic variables at the
boundary and the pressures and particle velocities in the field mesh, they are
essential for the source identification techniques to be described in chapter 4.
Also, the ATM approach proved to be extremely useful in situations where
the acoustic response to several excitations has to be determined (e.g. in
optimization or an engine run-up).
In addition, a so-called radiation mode analysis can be performed which
reveals the most efficiently radiating velocity distributions over the boundary
surface of the object. Such an analysis can be useful to gain insight in the radiation mechanism of an acoustic source and in some applications the radiation
modes provide an efficient way to approximate the radiated sound power.
In the case of the exterior radiation or scattering problem, the ordinary
Helmholtz integral equation becomes singular at certain frequencies. It was
1

A flowchart of the solver is provided in appendix A.
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shown that these irregular frequencies of the exterior problem can be associated with the eigenfrequencies of the auxiliary interior Dirichlet problem. At
these frequencies, the system of equations becomes ill-conditioned and consequently no unique solution can be found. The condition number of the associated matrix proved to be a reliable indicator for detecting the occurrence of
such uniqueness problems.
After a literature survey, several methods to prevent the non-unique behavior
were implemented and compared in terms of stability and accuracy of the obtained solution. Based on the findings, the Combined Interior Burton-Miller
Formulation (CIBMF) was introduced, combining the ordinary SHIEF method
with the interior Burton-Miller approach. Numerous simulations proved that
in contrast to many other methods, CIBMF preserves the accuracy and convergence behavior of SHIEF, but additionally guarantees uniqueness throughout
the full frequency range.
The computational effort in terms of memory and CPU usage is more intensive than for the other, less stable, methods. On the other hand, the CIBMF
method is easy to use because no interior constraint points have to be specified as they are automatically generated based on the original boundary mesh.
In conclusion, when it comes to handling the non-uniqueness problem, the
new CIBMF approach is superior to the other methods in terms of accuracy,
convergence, stability and ease of use. The only disadvantage of the proposed
approach is the increase in computational effort. However, as the solver is
mainly intended for application in the field of source identification techniques
that are normally restricted to small or medium sized problems, this increase
does not form a serious restriction. Finally, another advantage of the solver is
that it is directly accessible and programmable in the highly flexible Matlab
environment.

Chapter 4

Acoustic Source Identification
4.1

Introduction

Acoustic source identification techniques provide detailed information regarding the vibro-acoustic quantities at the boundary surface of a vibrating object.
Hence they are of great help to understand the mechanism of sound radiation.
Basically, the velocities normal to the boundary surface of the vibrating object
are indirectly determined via the sound field measured in a set of field points
located in the fluid domain surrounding or, for interior problems, enclosed by
the object (e.g. see figures 1.2, 1.3 and 1.8). In order to do so, the relation between the vibro-acoustic quantities on the boundary surface and the measured
sound field needs to be known.
As discussed in section 1.6, several methods exist to determine this relation. A distinction was made between methods applicable to arbitrarily shaped
objects and methods that are inherently limited to primitive geometries like
planes, cylinders or spheres [106]. The goal of the present study is to develop
a generally applicable method in the first mentioned category.
The relation between the variables at the boundary surface grid and the
acoustic variables in the field grid is computed by the developed BEM solver
in the form of an acoustic transfer matrix. Once the transfer matrix has been
determined, the forward problem reduces to a simple matrix-vector multiplication, e.g. see equations (3.14), (3.16) and (3.25). Logically the opposite
direction, dealt with in the inverse problem, requires some kind of inversion of
the transfer matrix.
Since the transfer matrix is derived from a discretization of a Fredholm
integral equation of the first kind, it is inherently ill-conditioned. Consequently the BEM based source identification technique involves inversion of
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an ill-conditioned matrix, which can only be performed in a robust way by
application of regularization (stabilization) techniques.
In this chapter attention is paid to the physical, and to some extent the mathematical, nature of the discrete ill-posed problem and it is explained how to
deal with it. Several numerical regularization schemes and the associated tools
such as the Singular Value Decomposition, the discrete Picard condition and
the L-curve criterion are discussed. Naturally, as the main focus of this study
is the application of the techniques in acoustic source identification problems,
it is by no means intended to provide a complete treatment of discrete ill-posed
problems in general. For more rigorous background material on this topic, reference is made to the work of Tikhonov and Goncharsky [151] or Hansen [66].
Initially in section 4.2, the main difficulties associated with discrete ill-posed
problems and the corresponding regularization are illustrated by means of a
simple problem concerning the heat diffusion from a strip. This example has
the advantage over the acoustic problem that the associated transfer matrix
is real valued and frequency independent which makes it more appropriate for
explanatory purposes.
In section 4.3 the approach presented is applied on the actual acoustic
source identification problem. First of all, the conventional BEM based identification technique that relies on measurement of acoustic pressure is discussed.
Subsequently, a novel identification technique based on the measurement of the
acoustic particle velocities is introduced. An extensive comparison between the
conventional and the proposed methods in terms of accuracy, robustness and
resolution of the reconstructed solution is provided. From the investigation
it becomes apparent that the method based on particle velocity instead of
pressures is more favorable when high resolution reconstructions are required.
Furthermore, it leads to a more reliable L-curve and hence the proposed source
identification technique based on velocities is more robust than the pressure
based approach.
Section 4.4 is devoted to a sensitivity analysis of the solutions with respect to misalignments between the source and the field meshes. Finally a few
guidelines are presented which can be useful when designing the source and
field grids.

4.2
4.2.1

Discrete ill-posed problems
Heat diffusion example

In order to explain and attribute some physical interpretation to the various
steps in the process of solving a discrete ill-posed problem, a simple example is
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introduced. As depicted in figure 4.1, a harmonically vibrating strip of length L
and width w mounted in an acoustically rigid plane of infinite dimensions (baffle) is considered. For this configuration the Helmholtz integral equation (2.9)
reduces to Rayleigh’s second integral formula [50, 168]:
1
p(~x) = −
2π

Z

S

e−ikr ∂p(~y )
dS ,
r
∂n

(4.1)

where r is the distance between a source point ~y and a field point ~x. The
unit vector ~n is directed perpendicular to the surface of the strip. To even
further simplify the example, the excitation frequency, and thus the acoustic
wave number, is set to zero. Essentially, in this way the problem of acoustic radiation is transformed into a steady state heat diffusion problem1 . This
problem has the advantage that the integral kernel is no longer complex since
only the wave number independent singular parts of the acoustic problem remain. By replacing the acoustic pressure p with the temperature potential τ
and prescribing the heat transfer rate φ = −ch ∂τ /∂n, integral (4.1) takes the
form:
Z
1
1
τ (~x) =
φ(~y ) dS ,
(4.2)
2πch S r

where constant ch represents the specific thermal conductivity of the medium.
The problem of finding the temperature distribution τ in the field for a
given heat transfer rate φ on the surface of the strip is solved by a direct
evaluation of integral (4.2). In this chapter, however, the purpose is to analyze
the inverse process, namely to reconstruct the original heat transfer rate φ at
the surface of the strip from a measurement of the temperature τ in a number
of locations in the field. Just as in acoustic source localization techniques, this
results in an extremely ill-conditioned set of equations that can only be solved
in a stable manner by application of regularization methods.
As illustrated in figure 4.1, the strip is divided into 16 boundary elements
each having a piecewise constant heat transfer rate φ(~yj ). After the discretization of integral (4.2) and accounting for the constant width of the strip the
following approximation for the temperature in field point ~xi is obtained:
16
1
wL X
φ(~yj ).
τ (~xi ) ≈
32πch
k~xi − ~yj k

(4.3)

j=1

~ 2 p + k2 p = 0 that governs
In particular, the underlying Helmholtz differential equation ∇
~ 2 p = 0,
acoustic radiation problems reduces, for k = 0, to the Laplace differential equation ∇
also known as the heat diffusion equation.
1
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i=1

field points ~xi

i = 16

prescribed
heat transfer rate φ

d
strip, source grid ~yj
insulation

insulation
L
Figure 4.1: Discretization of strip and the prescribed heat transfer rate φ.

Assuming that the temperature is measured in a grid of field points located
at a distance d above the midpoints of the boundary elements, the following
thermal transfer matrix notation can be introduced:
τ = H · φ.

(4.4)

Analogous to the acoustic transfer matrices, as defined in chapter 3, the thermal
transfer matrix relates the vector of heat transfer rates φ in the source grid to
the corresponding temperatures τ in the field grid. Once the transfer matrix
H is known and the heat transfer rate φ at the strip is prescribed, the forward
problem of calculating the corresponding temperatures τ in the field is reduced
to the simple matrix-vector product (4.4).
In the remainder of this section it is assumed that the left half of the strip
is cooled (φ < 0) and the right half side of the strip is heated (φ > 0) according
to:
¡ πx ¢ 6
¡ πx ¢
¡ 2πx ¢
¡ 2πx ¢
φ(x) = sin
− cos
+ cos
− sin
,
L
5
L
L
L

x ∈ [0, L] .

(4.5)

This specific distribution was chosen since it clearly illustrates all important
effects associated with the inverse problem.
The distribution of the heat transfer rate is visualized in figure 4.1. Application
of equation (4.4) yields the corresponding temperature distribution as depicted
by the contour levels in figure 4.2. The white line indicates the obtained
temperature distribution in the 16 field points representing the sensor locations
above the surface of the strip.
Theoretically, as long as the field temperature is known exactly, the original heat transfer rates at the surface of the strip can be obtained by inversion
of relation (4.4). Unfortunately, measurements in practical situations are inherently contaminated with noise. Apart from noise in the sensor signals, it is
inevitable to avoid errors in the transfer matrix as the underlying mathematical
model forms an idealization of reality. For the forward process, the presence
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Figure 4.2: Thermal diffusion from a strip of length L. The left half of the
strip acts as a heat sink whereas the right half side is a heat source conform to
equation (4.5). The contour lines indicate the resulting temperature distribution in the field.

of such perturbations is not really a problem since the error in the solution is
of the same order as the error in the prescribed boundary condition.
In the case of an ill-posed inverse process, however, arbitrary small perturbations in the measured field quantity result in large errors in the solution of
the quantity at the source. This is clearly illustrated in figure 4.3. Part (a)
of the figure shows the numerically obtained temperature distribution in the
field grid. This distribution corresponds exactly with the originally prescribed
heat transfer rate φ indicated in figure 4.3(b). To simulate an experiment a
small amount of uncorrelated noise (2%) was added to the exact temperatures
(figure 4.3(a)). Based on the now perturbed temperature vector τ a reconstruction was made of the heat transfer rate by a straightforward application
of φ = H−1 · τ . As shown in the lower part of figure 4.3, the reconstructed
solution is obviously worthless compared to the original one.
In conclusion, given a slightly contaminated set of temperatures τ in the
field grid, it is not possible to obtain a reasonable reconstruction of the original
input vector φ from τ = H · φ, by using a standard inversion of the transfer
matrix. Nevertheless, as will be shown in the following sections, a better
approximation to the exact solution φ can be computed when regularization
techniques are applied.

4.2.2

Problem formulation

In regularization theory the problem, like equation (4.4), is commonly written
in the discrete matrix form:
H·x=b

with H ∈ Cm×n ,

(4.6)
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(b) Reconstructed heat transfer rate φ on the surface of the strip,
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Figure 4.3: Illustration of ill-posed behavior. The reconstruction clearly fails
when only a small perturbation is added to the measured temperature data.

or as a minimization of the residual:
min kH · x − bk
x

with H ∈ Cm×n ,

(4.7)

where H represents the transfer matrix that relates an input vector x (cause)
to an output vector b (effect) of dimensions n and m, respectively. Essentially,
the matrix forms a discrete representation of the system under consideration.
In a forward problem the input vector x is known and a solution to the output b
in the field is sought. In inverse problems the challenge is to obtain a meaningful
estimate of the unknown original input x of the system given the output vector
b. This data vector b is commonly obtained from a measurement and the
transfer matrix can either be measured or computed, e.g. with BEM.
When the system (4.6) or (4.7) arises from a discretization of an ill-posed
problem, the transfer matrix is ill-conditioned and hence standard inversion
techniques fail to obtain a physically meaningful approximation to x. For the
inverse thermal diffusion problem such ill-behavior was illustrated in figure 4.3,
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which shows the useless reconstruction of the heat transfer rates φ at the
strip (unknown cause) based on a slightly contaminated measurement of the
temperatures τ in the field grid (observed effect).
As mentioned earlier, despite the system being ill-conditioned, meaningful
approximate solutions can still be obtained by the application of more sophisticated so-called regularization methods rather than naive standard solution
techniques.

4.2.3

Singular Value Decomposition

A particulary useful numerical tool for the analysis of ill-conditioned problems
is the Singular Value Decomposition (SVD) since it reveals all the difficulties associated with the ill-conditioning of matrix H, e.g. see [55, 65] and
section 3.5.
Considering the rectangular transfer matrix H ∈ Cm×n , the SVD of this
matrix is written as:
X
H = U · S · VH =
ui si viH .
(4.8)
i

In the case of an overdetermined system (m > n), matrix U is of dimensions
m × n, V is of n × n. For an underdetermined system (m < n), U is of
dimensions m × m and V of n × m. In both cases U and V are unitary
matrices, UH · U = Im and VH · V = In , with their columns representing the
left and right singular vectors ui and vi , respectively:
¤
¤
£
£
and V = v1 v2 · · · vmin (m,n) . (4.9)
U = u1 u2 · · · umin (m,n)

The nonnegative ¡and real singular values,
¢ si , are collected on the diagonal of
matrix S = diag s1 s2 · · · smin (m,n) in descending order such that s1 ≥
s2 ≥ · · · ≥ smin (m,n) ≥ 0.
The condition number of H equals the ratio of the largest and smallest
singular value s1 /smin (m,n) . This ratio is a measure for the sensitivity of the
solution to perturbation errors in matrix H or the right-hand side b. It has to
be remarked that the SVD presented in equation (4.8) is a so-called ‘economy
sized’ type of decomposition, i.e. the singular values and vectors associated
with the null-space of matrix H are intentionally left out of consideration.
In connection with discrete ill-posed problems, three characteristic features
of the SVD of H are often found [63, 65, 66, 162]:
1. The singular values si decay gradually to zero with no particular gap in
the spectrum.
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2. The condition number of H is large.

3. The left and right singular vectors ui and vi tend to have more sign
changes in their elements as index i increases. In other words, as si
decreases (index i increases) the singular vectors become more oscillatory.
These characteristics are confirmed by the decomposition of the heat transfer
matrix in equation (4.4). For example figure 4.4 clearly illustrates the gradual
decay of the singular values si . Moreover, even for such a small problem (dimensions of H are 16 × 16), the condition number already spans several orders
of magnitude.
cond (H) = 3.65 · 105

Singular value si [−]
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Figure 4.4: Singular value spectrum of the 16 × 16 heat transfer matrix H of
equation (4.4).

In figure 4.5 it is confirmed that the left and right-hand singular vectors indeed
contain more oscillations as the index of the singular value increases.
Biorgiotti [15] and Photiadis [128] were amongst the first to employ the SVD
algorithm to analyze the radiation from a vibrating structure into the farfield.
They showed that the matrix decomposition provides a ‘modal’ representation
of source strength distributions, the source modes, and distributions of an
accompanying property in the field, the field modes.
This can be easily understood by performing the SVD on the thermal diffusion
problem (4.10) presented in the previous subsection:
τ =H·φ

(4.10a)
H

= U · S · V · φ.

(4.10b)

Multiplying this expression by UH and accounting for the fact that U is unitary
yields:
UH · τ = S · VH · φ .
(4.11)
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Since the columns of both U and V are orthonormal, the pre-multiplication
with the Hermitian of these matrices can be interpreted as a projection of τ
and φ onto two linearly independent bases. The participation coefficient of
each left- and right-hand singular vector in the field distribution τ and source
quantity φ are collected in vectors τ̃ and φ̃ defined as:
τ̃ = UH · τ

and φ̃ = VH · φ .

(4.12)

Substitution of (4.12) into (4.11) results in a decoupled system of equations
that independently relates each participation factor of a source mode vi by
multiplication of the corresponding singular value si to the participation of the
field mode ui :
τ̃ = S · φ̃ ,

or componentwise

(4.13)
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Figure 4.5: Singular vectors show more oscillations for higher index i. Vectors
ui can be interpreted as field modes whereas vectors vi represent source modes.

So, regarding the heat diffusion problem, the left-hand singular vectors ui
represent mode shapes describing temperature distributions in the field grid
whereas the right-hand singular values vi are associated with spatial patterns
of the heat transfer rate on the strip. The coupling between a field and source
mode is uniquely given by the corresponding singular value. Although it might
be suggested in figure 4.5, the field and source modes are generally not identical
since the shapes of the boundary and the field grid are not necessarily the same.
Furthermore, in the case of acoustic radiation, the integral kernel and thus the
corresponding transfer matrix are much more complicated, and even for an
identically shaped source and field mesh, the field and source modes will be
different.
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Finally, the SVD also gives important insight into another aspect of illconditioned problems, namely the smoothing effect. This is typically associated
with integral kernels encountered in many physical problems [65, 66]. For
example consider the mapping b = H · x of an arbitrary vector x. Application
of the SVD yields:
b = U · S · VH · x,

or componentwise,

b=

X
i

¢
¡
si viH · x ui .

(4.14)

The product viH · x can be interpreted as a measure for the spatial matching
(or participation factor) between singular vector vi and vector x. With this
knowledge and recalling that the singular vectors ui and vi become more oscillatory as si decreases, it is obvious that the multiplication with si leads to
more damping of the high-frequency components of x and less damping of the
low-frequency components in mapping H · x. As a consequence, in forward
problems the solution b is generally smoother than the prescribed vector x.
In contrast, the inverse problem will show the opposite effect, amplifying
the high-frequency oscillations in the right-hand side b. Owing to the smoothing characteristics of the forward problem, noise often has a relatively strong
contribution to the high-frequency oscillations in b. Therefore, the noisy components especially are subjected to a large amplification in the inverse process.
Concluding, the forward operation of mapping input vector x onto output
vector b has a smoothing effect on x, whilst the opposite operation tends to
amplify oscillations in vector b. Hence, if a solution of x is required with a
limited L2 norm, then not all distributions b form a valid right-hand side. In
fact, vector b must be sufficiently smooth to ‘survive’ the inversion back to
a physically meaningful x. The mathematical formulation of this smoothness
criterion on b, given a certain kernel or transfer matrix, is known as the discrete
Picard condition [63, 66, 58].

4.2.4

Discrete Picard condition

In the remainder of this chapter the errors in the given problem H · x = b are
restricted to the right-hand side b and hence the assumption is made that the
transfer matrix forms an accurate description of the actual physical system.
As in section 4.2.1, a small amount of noise was added to the data vector in
order to make the numerical experiment a bit more ‘realistic’:
b = b̄ + eb ,

with b̄ = H · x̄ ,

(4.15)
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where b̄ represents the exact unperturbed measurement data, x̄ is the corresponding exact solution and vector eb represents the errors in the data.
According to Hansen [63], a regularized solution xreg that approximates
the exact solution x̄ is obtained if the corresponding exact right-hand side b̄
satisfies the discrete Picard condition:
The unperturbed right-hand side b̄ in a discrete ill-posed problem
satisfies¯ the discrete
Picard condition if the exact Fourier coeffi¯
¯ on the average decay faster towards zero than the
cients ¯uH
·
b̄
i
singular values si . Fulfillment of this condition ensures that the
exact, unknown, solution x̄ can be approximated by a nearby regularized solution xreg .
In practice the errors in the right-hand side arise from many sources, e.g.
measurement, rounding and approximation errors. Consequently, these errors
typically tend to have components in each left singular vector ui which implies
that the noise can be considered ‘white’ in a spatial sense. As explained by
Hansen [63], if the elements of eb are unbiased1 and uncorrelated, then the
expected value of the Fourier coefficients of eb satisfy:
¯¢
¡¯
¯ = m− 12 keb k , i = 1, . . . , min (m, n) .
(4.16)
E ¯uH
i · eb
¯
¯
¯
For this reason the perturbed Fourier coefficients ¯uH
i · b level off at approximately m−1/2 keb k even if the unperturbed right-hand side b̄ satisfies the
discrete
¯ H
¯ Picard condition, because these Fourier coefficients are dominated by
¯u · eb ¯ for large i.
i
Application of the discrete Picard condition on the inverse heat diffusion
problem H · φ = τ yields the results shown in figure 4.6. The left part of
the figure contains the Picard plot for the case of an unperturbed right-hand
side, whereas in figure 4.6(b)
° ° the temperature vector is perturbed with a small
amount of noise (keb k / °b̄° = 2%). From figure 4.6(a) the average decay of
Fourier coefficients is steeper than that of the singular values and thus the
inverse heat diffusion problem satisfies the discrete Picard condition. Figure 4.6(b) clearly shows that the Fourier coefficients level off at approximately
m−1/2 keb k, which implies that for these coefficients the contribution of the
noise vector eb is dominant. This is conform theoretical expectations regarding the effect of noise on the decay of the Fourier coefficients.
Once it is shown that the example problem satisfies the discrete Picard condition, the challenge is to obtain a physically meaningful approximate solution.
1

The mean value of the noise vector is zero.
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(a) Unperturbed right-hand side τ = τ̄ .

(b) Perturbed right-hand side τ = τ̄ +eb .

Figure 4.6: Visual inspection of the discrete Picard condition for the heat
diffusion problem. The present problem satisfies the criterion as the exact
Fourier coefficients decay faster than the singular values.

Consider again the linear system (4.6) or the least squares formulation (4.7)
and assume that the transfer matrix has no singular values being exactly zero.
With the SVD (4.8), it is easy to show that both systems share the same
solution:
X uH · b
i
vi ,
(4.17)
xLS =
si
i

where factors uH
i · b/si represent the contribution of each singular vector vi
(source mode) in the least squares solution xLS . These participation factors
clearly illustrate the difficulties which occur in the naive solution of system
¯
¯(4.6)
¯ coror (4.7). In accordance with figure 4.6(b), the Fourier components ¯uH
·
b
i
responding to the smaller singular values si do not decay as fast as the singular
values themselves and even tend to level off at a ‘noise floor’ of approximately
m−1/2 keb k. The direct consequence is that the solution xLS is dominated
by terms in the sum corresponding to the smallest singular values si ; thus,
the shape of the solution is mainly determined by the source mode shapes vi
associated with a large i. Since these mode shapes have a highly oscillatory
nature, the solution appears to be completely random as already became apparent from the reconstructed solution shown in figure 4.3. Apart from the
many oscillations, the magnitude of the solution xLS usually ends up being
extremely large owing to the division by the very small singular values.
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Concluding, application of naive solution techniques on an ill-conditioned inverse problem generally leads to solution vectors xLS which contain many sign
changes and have a very large solution norm. Both aspects are directly related
to the division of noisy Fourier components by very small singular values. This
knowledge makes it easy to understand that the purpose of regularization is
to dampen or filter out the contributions to the solution corresponding to the
small singular values.

4.2.5

Regularization techniques

This section briefly introduces the most popular direct1 and iterative regularization methods for the numerical treatment of discrete ill-posed problems.
Direct methods
The goal of the regularization methods is to prevent the solution x of a discrete
ill-posed problem H · x = b becoming dominated by contributions arising from
noise in the right-hand side vector b. In order to overcome this undesirable
behavior, a class of a regularization methods is introduced that produces a
regularized solution xreg in the form:
xreg =

X
i

fi

uH
i ·b
vi ,
si

(4.18)

where numbers fi are known as the filter factors. These filter factors must
have the important property that for decreasing values of si , the corresponding
factor fi approaches zero in such a way that the contributions (uH
i · b/si ) vi to
the solution from the smaller si are effectively filtered out.
The difference between the various regularization methods lies essentially in
the way in which these filter factors are defined. Hence, the filter factors play an
important role in connection with regularization theory, and it is worthwhile
to characterize these factors for the regularization methods. Note that by
introducing the filter factors in equation (4.18) the ill-conditioned problem
is replaced by a well-conditioned problem whose solution approximates the
desired unknown solution.
Truncated Singular Value Decomposition (TSVD)
Once it is known that the ill-behavior is related to the smallest singular values
si , the most obvious cure is to simply truncate the number of terms in the
1

Note that a direct computation may still involve some iterative procedures.
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solution xκ :
xκ =

κ
X
uH · b
i

i=1

si

vi ,

with

κ ≤ min (m, n) .

(4.19)

This truncation effectively eliminates the influence of all singular vectors vi
associated with singular values smaller than sκ . Hence, the highest spatial
frequency content of the regularized solution xκ is determined by the singular
vector vκ . In terms of the filter factor notation presented in equation (4.18),
the TSVD solution can be expressed as:
(
X uH · b
1 if i ≤ κ ,
i
(4.20)
vi , with fi =
xκ =
fi
si
0
if
κ
<
i
≤
min
(m,
n)
.
i

The parameter κ, the so-called the regularization parameter, determines the
level of filtering (regularization) applied to the least-squares solution. If κ is
chosen carefully and sufficiently small, the regularized solution will be stable
and smooth, since only the singular vectors with a low index participate in the
solution.
When too many small singular values are included (insufficient regularization),
the solution will be dominated by oscillations from the singular vectors with
a large index i. Figure 4.7 clearly illustrates the effect of the regularization
parameter κ on the sample problem of reconstructing the heat rates φ (equivalent to x) from a contaminated temperature vector τ (equivalent to b). From
left to right the solution is, respectively, over-regularized (too smooth), appropriately regularized and under-regularized (too oscillatory). How to choose the
‘optimum’ regularization parameter will be discussed in subsection 4.2.6.
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Figure 4.7: The exact solution φ̄ and the TSVD regularized solutions φκ for
three values of κ.

Essentially, the TSVD approach replaces the ill-conditioned transfer matrix H
with a new well-conditioned, but rank deficient, matrix Hκ [66, 170]. In fact,
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the original least squares problem (4.7) is replaced by:
min kHκ · x − bk
x

subject to

min kL · xk ,
x

(4.21)

which shows a trade-off between minimizing the residual and the magnitude
of the solution measured according to a discrete operator L. Basically, any
arbitrary matrix L can be applied to constrain the norm of x, but preferably
it should reflect some physical property of the solution.
Damped Singular Value Decomposition (DSVD)
A less known regularization method is the damped SVD, originally introduced
by Ekstrom and Rhodes [46]. Instead of using filter factors 0 and 1 as in TSVD,
they applied a much smoother cut-off:
fi =

si
si + ζ

for 1 ≤ i ≤ n ,

(4.22)

where ζ is an arbitrarily chosen regularization parameter, no longer restricted
to an integer value as in TSVD. These filter factors only slightly influence the
participation of the high singular values but they suppress the contribution of
the smaller singular values (si ≪ ζ) that are responsible for the ill-conditioned
behavior of the solution. Since an earlier study on the inverse acoustic problem [162] showed that this DSVD generally does not lead to sufficiently accurate
regularized solutions, little attention will be paid to it in the remaining part of
this work.
Tikhonov regularization
Tikhonov regularization [151] is probably the most popular and well developed
method to handle discrete ill-posed problems. It differs from the TSVD approach in that the initial ill-conditioned problem is solved simultaneously with
a side constraint imposed on certain properties of the solution sought [65, 171,
144]. These constraints are usually associated with smoothness properties of
the solution since ignoring contributions related to small singular values leads
to a smoother solution with a reasonable L2 norm.
In mathematical form, the Tikhonov method can be written as a minimization problem in which the object function consists of a residual norm and a
smoothing operator Ω acting on the solution vector:
n
o
min kH · x − bk2 + ζ 2 Ω2 (x) .
(4.23)
x
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Once a suitable smoothing operator has been defined, the regularization parameter ζ remains the only input variable. Note that for ζ = 0 the problem
reduces to the original least-squares problem (4.7) in which no regularization
is imposed on the solution x. Selecting a large value of ζ favors a smooth solution with a small norm at the cost of a large residual norm. Hence, ζ makes
a balance to what degree the solution x fits the measured data b and to what
degree the smoothness constraint Ω(x) is fulfilled.
In discrete problems the smoothing norm is expressed as Ω(x) = kL · xk and
the problem of Tikhonov regularization takes the form:
o
n
(4.24)
min kH · x − bk2 + ζ 2 kL · xk2 ,
x

where L represents the so-called regularization matrix.
Various aspects of choosing the smoothing operator, and thus of matrix L
are discussed in the work of Baker [7], Golub and von Matt [56] and Schuhmacher [144]. Winkler [171] demonstrated that in many cases it is effective to
place a constraint on certain functions of x such as its first or second derivative. For example, on a uniform grid the first
is approximated by
£ derivative
¤
1 −1 ¤) whilst the second order
the discrete smoothing operator L1 = diag(
£
derivative is proportional to L2 = diag( −1 2 −1 ).
As an outcome of the present study (see section 4.3) and a paper of the
current author [165], it is recommended to use the Cholesky factor of matrix B (3.27) as the discrete smoothing operator for the inverse acoustic problem. This operator was also applied in the radiation mode extraction technique
presented in appendix C. Physically, this smoothing norm implies that the solution is weighted with respect to the spatially averaged square normal velocity
on the boundary surface.
The most simple form of (4.24) is obtained with L = I, also known as
Tikhonov regularization in standard form:
n
o
min kH · x − bk2 + ζ 2 kxk2 ,
(4.25)
x

where the smoothing constraint reduces to the L2 norm of the solution. The
general Tikhonov minimization with L 6= I can be brought to standard form by
introducing a suitable coordinate transformation in the form of x̂ = L · x. Inserting this transformation into equation (4.24) yields a minimization problem
in the standard form:
°2
o
n°
°
°
(4.26)
min °Ĥ · x̂ − b° + ζ 2 kx̂k2 ,
x̂
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where Ĥ = H · L−1 . Once the standard problem (4.26) has been solved for x̂,
the regularized solution in the original domain is retrieved by application of
the backward transformation x = L−1 · x̂.
For the convenience of the reader, the notation in terms of x and H will be
maintained throughout the rest of this thesis although formally, if the problem
arises from a generalized form it should be transformed to standard form first,
solved and finally transformed back again.
After transformation to the standard form, the Tikhonov regularized solution can be written conveniently in terms of filter factors in combination with
the SVD of H [66]:
xζ =

X
i

fi

uH
i ·b
vi ,
si

with fi =

s2i
s2i + ζ 2

(4.27)

The regularization parameter ζ is usually chosen to lie between the largest
and smallest singular values. Clearly, these filter factors decay faster than the
DSVD factors of (4.22) and effective filtering sets in for singular values si < ζ.
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Figure 4.8: Typical filter factor distributions for the three direct regularization methods applied on the heat diffusion sample problem.

Figure 4.8 depicts the filter factors for the different regularization methods
applied on the heat diffusion example. The filter parameter is chosen in such
a way that about half of the singular values are suppressed. Evidently, all
regularization methods act as low-pass filters in the singular value spectrum.
The question remains how to select the optimum regularization parameter
when the exact solution is unknown. For this purpose a graphical tool, the
so-called L-curve plot, is introduced.

Acoustic Source Identification

108
Iterative methods

All methods discussed so far can be classified as direct methods, because they
are based on an explicit singular value decomposition. Although direct methods
are very accurate they have the disadvantage that their computational effort
increases excessively with the number of unknowns N , typically proportional
to O(N 3 ). For this reason they are only applicable for models containing up
to a few thousand unknowns.
Despite the fact that in practice the number of unknowns applied in acoustic
source localization methods is sufficiently small to use the SVD based regularization methods, it still can be advantageous to apply an iterative approach.
As a result of the regularization process only a limited number of the singular
values and singular vectors effectively contribute to the approximated solution.
This makes a full SVD associated with the direct methods somewhat superfluous. Moreover, as concluded in many studies [65, 127, 55], certain iterative
methods possess the interesting property that the low-frequency components
of the solution tend to converge faster than the high-frequency components.
Hence, these iterative schemes have some sort of inherent regularization effect
in which the number of iterations plays the role of the regularization parameter.
A comprehensive explanation of this behavior is given by Hansen [65].
Within the scope of the present study, two types of iterative conjugate gradient approaches were investigated. The first method, proposed by Björck [14],
concerns the conjugate gradient (CG) algorithm applied to the normal equations HH · H · x = HH · b. The other method is the LSQR Lanczos bidiagonalization algorithm of Paige and Saunders [127]. For the sake of completeness
it is mentioned here that the minimization problem solved by these iterative
approaches can be written as:
min kH · x − bk
x

subject to

¡
¢
L · x ∈ K HH · H, HH · b

(4.28)

¡
¢
where K HH · H, HH · b is the Krylov subspace associated with the normal
equations [65].
Regarding the application of the iterative methods, it is interesting to realize that only a few iteration steps are required to obtain a physically meaningful
regularized solution because the low frequency components of the solution vector converge faster then the high frequency ones. As a result, the iterative
approaches are commonly faster than the regularization methods based on a
direct solution procedure. Furthermore, the optimum number of iterations can
be found with the same technique as employed to find optimum regularization
parameters for the direct solution procedure.
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Choosing a regularization parameter

One of the main difficulties in properly solving a discrete ill-posed problem
is how to determine a suitable regularization parameter. The choice of this
parameter is a delicate subject: a small value of ζ, equivalent to a large value
of κ, gives a good approximation to the system of equations (low residual)
but the influence of the data errors causes instabilities. Conversely, a large
value of ζ, or a low value of κ, suppresses the data errors but increases the
approximation error.
This means that a trade-off between the two components in the error vector
of solution xreg has to be made:
ex = xreg − x̄
X uH · b̄
X uH · (b̄ + eb )
i
vi −
vi ,
fi i
=
si
si
=

i

(4.29b)

i

i

X

(4.29a)

X uH · eb
uH · b̄
vi +
fi i
vi .
(fi − 1) i
si
si

(4.29c)

i

The error component represented by the first summation in (4.29c) is solely
caused by the regularization method and is called the regularization error.
The second summation which finds its origin in the perturbation eb of the
right-hand side vector b, is denoted as the perturbation error. When no regularization is introduced, all filter factors equal unity and the error vector ex is
fully dominated by the perturbation error. In this case, the solution xreg is said
to be under-regularized or under-smoothed as it appears to be completely random due to the many sign changes of the oscillatory singular vectors belonging
to small singular values. On the other hand, a high degree of regularization
implies that most filter factors are small fi ≪ 1, and the error in xreg is dominated by the regularization process. Because regularization acts as a low-pass
filter in the singular value spectrum, the oscillatory components are damped
and hence an over-smoothed solution remains (e.g. see extreme left-hand curve
in figure 4.7). Obviously a regularization parameter must be found that yields
a fair balance between the regularization and the perturbation errors in the
reconstructed solution.
Methods for choosing the regularization parameter
Throughout the years a variety of strategies for choosing regularization parameters have been proposed in the literature [65]. These methods can roughly be
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divided into two classes, based on the assumption made about the perturbation
of the right-hand side vector keb k:
1. Methods based on knowledge, or an estimate of keb k.
2. Methods that do not require keb k, but instead try to extract the necessary information from the given right-hand side vector.
Unfortunately, in practical situations the behavior of the errors in the righthand side is rarely known. Thus in general neither the norm nor the distribution of eb can be used as input for a parameter-choice technique. However, in
the rare case that some prior knowledge about the perturbation is available, it
is recommended to use the discrepancy principle of Morozov [73, 65, 144, 169].
In its simplest form this principle involves choosing a regularization parameter
such that the residual norm of the regularized solution kH · xreg − bk equals
the known error norm keb k.
Most of the time however, no prior knowledge about the solution sought
or the level of contamination of the right-hand side is available. Therefore the
present study concentrates on the second class of methods that do not require
any prior knowledge of the error in vector b. Roughly speaking, two methods
that belong to the second class are most frequently utilized within the acoustic
society in connection with source identification techniques. The first method
is the generalized cross-validation (GCV) and the second one is the L-curve
approach.
In the GCV method it is assumed that if one leaves out an arbitrary element bi of the right-hand side b, the corresponding regularized solution should
predict this refrained data point well. The basic formulae and further details
on this approach are provided by Hansen [66] along with some applications
in acoustics by Nelson and Yoon [121, 176]. As also discussed by Schuhmacher [144], the outcome of references [121, 176] is that the GCV works
well as long as the noise is white, i.e. the elements of the error vector eb are
unbiased and share the same variance. In a more recent publication of Schuhmacher et al. [145] it is demonstrated that in industrial applications with actual
measurement data the L-curve criterion seems to be superior in terms of robustness compared to the more conventional generalized GCV approach. While
the GCV method may be well established for reconstruction in the presence
of unbiased spatially uncorrelated noise, in practical cases a slight degree of
spatially coherent noise is inevitable. Such noise components, for example positioning errors, severely affect the reliability of the method and make likely it
will fail to yield an appropriate regularization parameter. For this reason, the
remaining part of this thesis focuses only on the L-curve approach.
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The L-curve plot
The idea behind the L-curve is to plot the norm of the regularized solution1 :
η = kxreg k ,

(4.30)

versus the corresponding residual norm:
ρ = kH · xreg − bk ,

(4.31)

more
regularization,
smoother xreg

regularization error

Residual norm ρ (log10 )
(a) Generic shape of L-curve for a perturbed right-hand side b = b̄ + eb .

b = eb , full noise

less regularization,
more oscillations

Solution norm η (log10 )

perturbation
error

Solution norm η (log10 )

for all valid regularization parameters. Such a plot, usually on a double logarithmic scaling, clearly visualizes the compromise between minimization of
these two quantities, which according to equation (4.25) is the essence of regularization. Under the assumption that the unperturbed right-hand side b̄
satisfies the discrete Picard condition, the perturbations eb have a zero mean
value and keb k ≪ kbk, the generic shape of the L-curve is similar to the curve
sketched in figure 4.9(a).

b = b̄, no noise

Residual norm ρ (log10 )
(b) Limit situations for full noise b = eb
and for unperturbed vector b = b̄.

Figure 4.9: Illustration of the generic L-curve form, assuming that the exact
data vector b̄ satisfies the discrete Picard condition.

For discrete ill-posed problems it turns out that the L-curve, hence its name,
has a characteristic L-shaped appearance with a distinct corner separating the
vertical and horizontal parts of the curve. Each of the regions can be connected
with one of the two error components expressed in equation (4.29c).
The horizontal part of the L-curve corresponds to solutions where the regularization error dominates, i.e. at this level of filtering a very smooth solution is
produced. In this region the solution is said to be over-regularized because not
1

A generalized problem, L 6= I, has to be brought into standard form first.
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only noise but also useful information contained in the right-hand side vector
b is suppressed.
In the vertical part of the curve insufficient filtering (under-regularization) is
applied and xreg is dominated by the effects of noise. Hence, in this region the
solutions are characterized by many oscillations resulting from higher order
singular vectors.
The optimum level of regularization is found in the corner region of the L-curve
since it provides a value for the regularization parameter that minimizes both
kH · xreg − bk and kxreg k. It is in this region that the best balance is found
between fitting the solution to data (minimization of the residue) and the suppression of ill-conditioned behavior (minimization of the solution norm).
It is shown in references [67, 171] that the location of the corner coincides with
the crossing of two separate extreme L-curves as illustrated in figure 4.9(b).
The horizontal L-curve part of the is found for an exact, unperturbed righthand side that satisfies the discrete Picard condition, whereas the vertical curve
part of the curve is retrieved for a right-hand side consisting of spatially white
noise with a zero mean value.
Note that the L-curve is a continuous curve when the regularization parameter is continuous as in Tikhonov or DSVD regularization. For regularization
methods with a discrete parameter, such as in TSVD and iterative approaches,
the L-curve reduces to a collection of discrete points.
Now let us return to the original heat diffusion problem as defined in figures 4.1
and 4.2. The right-hand side b was replaced by the contaminated temperature vector τ from which the unknown heat transfer rates φ at the surface
of the strip are to be reconstructed. Since the discretization of the strip consists of equally sized constant elements, the identity matrix I1 was chosen as
the discrete smoothing operator L. Hence the generalized regularization problem (4.24) automatically reduces to its standard form.
The L-curves computed with the different regularization methods are collected in figure 4.10. As expected from results presented by Hansen [64, 65],
the L-curve based on Tikhonov regularization always results in a minimum
solution norm for a given residual norm. Especially in the corner region where
the optimum balance is found between the perturbation and the regularization error, the DSVD algorithm performed less satisfactorily than the other
three algorithms. Both the TSVD and the iterative LSQR performed about
1

In fact, for the current configuration this choice gives the same results as would be
obtained when the Cholesky factorization of matrix B is used as the discrete smoothing
operator.
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Enlarged view of corner region
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Figure 4.10: L-curves for four different regularization method applied on the
heat diffusion problem. The L-curve balances the residual norm ρ versus the
solution norm η.

the same as the Tikhonov regularization since their L-curves nearly coincide
in the corner region.
Once the L-curve was known, the Tikhonov regularized solution φζ was
computed and the result plotted in figure 4.11 for three different regularization
parameters ζ, each being representative for the distinct regions of the L-curve.
When only little regularization was employed (small ζ or large κ), the solution
was dominated by noise present in the right-hand side vector, resulting in
many oscillations and a large solution norm. Such under-regularized solutions,
dominated by the perturbation error, are typically found in the vertical branch
of the L-curve (see subplot with ζ = 1.4 · 10−6 ).
In contrast, a large amount of regularization not only effectively suppresses
the noise related components but additionally filters away useful information
contained in the right-hand side, giving rise to a large regularization error.
The resulting over-regularized solutions typically correspond to regularization
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Figure 4.11: Tikhonov L-curve for the heat diffusion example problem. The
the original φ̄ and reconstructed φreg heat transfer rates at the strip surface
for three characteristic regularization parameters ζ. It evident that the best
regularization parameter is located in the corner of the L-curve.

parameters located in the horizontal branch of the L-curve. In particular,
the shape of the solution is too smooth, see subplot with ζ = 3.2 · 10−3 , and
since they fail to satisfy the original set of equations the associated residual is
relatively large.
In the corner region, where the vertical and horizontal branches meet, a
trade-off is found between the perturbation and the regularization errors and
consequently the regularization parameters in this transition zone lead to optimal approximations to the exact solution as can be observed from the subplot
in figure 4.11 with parameter ζ = 1.1 · 10−4 .
Error components
Since the test problem concerns a ‘numerical experiment’, both the exact solution φ̄ as well as the error vector eb are known. This offers the opportunity
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to perform a more detailed study on the behavior of the perturbation and
regularization error and its relation to the L-curve.
In accordance with equation (4.29c), the total error vector ex = xreg − x̄
is composed from the regularization and the perturbation error components,
denoted by ǫreg and ǫper , respectively:
ex = ǫreg + ǫper ,

(4.32)

with
ǫreg =

X

(fi − 1)

ǫper =

X

fi

i

i

uH
i · b̄
vi ,
si

(4.33a)

uH
i · eb
vi .
si

(4.33b)

Note that the filter factors and thus the error components are a function of
the regularization parameter ζ or κ. As mentioned earlier, in the continuous
Tikhonov and DSVD methods, a low value of ζ means little regularization
while a high value implies a large amount of regularization. For the TSVD
and LSQR approaches, the regularization parameter is denoted by symbol κ,
representing the number of singular values and iterations taken into account,
respectively. Hence, for these approaches the opposite relation holds: a low κ
means a lot of truncation and thus a high degree of regularization and a high
value of κ corresponds to little regularization.
4
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Figure 4.12: Error components for Tikhonov regularization. The total error
has its minimum at the crossing of the regularization and the perturbation
errors.
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Figure 4.12 confirms that for an increasing degree of regularization, the
perturbation error diminishes and the regularization error steadily increases. In
accordance with the L-curve criterion, the best attainable regularized solution
is found in the region where both error components are of comparable size.
In order to make a reliable comparison of the accuracy obtained with the different regularization techniques, the numerical experiment was repeated 1000
times, each time with a newly generated noise vector eb . The simulation results in terms of the minimum error in the reconstructed solution are collected
in the histograms of figure 4.13. The figure confirms that the DSVD approach
DSVD

Tikhonov
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150
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Figure 4.13: Error histograms of reconstructed heat transfer rate after performing 1000 simulated experiments each having 2% noise on the measured
temperature profile (mean: mean value, std: standard deviation).

produces the least accurate solutions and for this reason it will no longer be
addressed in the remainder of this work. The discontinuous regularization
methods (TSVD, LSQR) seem to result in slightly more accurate solutions
than obtained with the continuous Tikhonov approach.
In particular for the current experiment, the norm of the noise vector eb
was set to 2% of the exact right-hand side vector b̄ (unperturbed temperature
in field grid), causing a mean error in the reconstructed solution xreg (heat
transfer rate on strip) of approximately 6%. This is an enormous improvement
compared to the standard least-squares solution that contains an error which
is several orders of magnitude larger than the error in the regularized solution.
At a later stage it is shown that for other noise levels a similar behavior of the
inverse problem is found.

4.2.7

Summary

This section addressed how to handle a discrete ill-posed problem of the form:
H·x=b

or

min kH · x − bk
x

with H ∈ Cm×n .

(4.34)
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By means of a simple example of heat diffusion from a strip, which is mathematically equivalent with the acoustic radiation problem with the frequency
set to zero, it was demonstrated that the solution x of such an inverse problem is extremely sensitive to small perturbations (noise) in the right-hand side
vector b. As a consequence, application of a naive inversion or least-squares
technique does not lead to a physically meaningful result, instead the solution
vector obtained is dominated by effects arising from the noise in the right-hand
side vector.
Nevertheless, it was shown that a representative solution can be obtained
by imposing a smoothing constraint on the solution vector x. Depending on
the regularization method, different minimization problems were solved:
o
n
(4.35a)
Tikhonov: min kH · x − bk2 + ζ 2 kL · xk2
x

TSVD:

min kHκ · x − bk

LSQR:

min kH · x − bk

x

x

subject to

subject to

min kL · xk
(4.35b)
x
¡ H
¢
L · x ∈ K H · H, HH · b
(4.35c)

With a series of simulations of the heat diffusion problem it was shown that
the Tikhonov, TSVD and LSQR regularization methods led to similar results
although the latter two yielded slightly more accurate solutions.
A general framework was presented which helps to systematically investigate and solve an ill-conditioned inverse problem by carrying out the following
steps:
1. Discretization of the problem and assembly of the transfer matrix H.
2. If applicable, choose a discrete smoothing operator L and transform the
problem into standard form.
3. Perform an SVD of the, possibly transformed, transfer matrix and check
if the singular values decrease gradually towards zero and the ratio of the
largest and the smallest singular values is large.
4. Check for the discrete Picard condition to ensure that a meaningful approximate solution exists.
5. Determine which regularization method to apply. For large-scale problems the iterative LSQR algorithm is recommended.
6. Generate the L-curve and select a regularization parameter in the corner
region of the curve.
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7. Compute the regularized solution and if applicable transform it back to
satisfy the original generalized minimization problem.
Each of these steps has been elucidated with help of the thermal diffusion
problem. However, the challenge in the present study is to solve the inverse
problem of acoustic source identification. In essence, the only substantial difference between heat diffusion and the acoustic radiation problem is that the
system becomes frequency dependent and the coefficients in the transfer matrix
turn out to be complex instead of real valued. The frequency dependence has
no influence other than that the inverse problem needs to be solved for each
frequency separately. Due to the complex kernels of the acoustic problem, the
associated system matrix and its singular vectors become complex as well. As
in the acoustic case the transfer matrix is complex and frequency dependent,
the problem becomes more elaborate. However, the difficulty of the associated
inverse solution process is not seriously affected.

4.3

Inverse acoustics based on IBEM

In forward acoustic problems, as discussed in chapters 2 and 3, the surface vibrations are used as input to compute the acoustic response in the fluid domain.
The direct BEM solver not only predicts the acoustic pressures and particle
velocities themselves, but additionally yields the acoustic transfer matrices
(ATM). These matrices explicitly relate the input variables at the boundary
surface mesh to the acoustic variables in the field mesh.
In contrast, the input in the inverse process consists of acoustic quantities
measured at the field mesh locations (see figure 1.2). In order to reconstruct the
vibrations on the surface of the sound producing object, the ATMs need to be
inverted. However, to avoid the inverse solution being spoiled by the ill-posed
nature of the underlying problem, it is essential to follow a solution approach
including regularization techniques according to the framework presented in
section 4.2. Once the original boundary data have been estimated, they can be
applied as boundary condition in the forward problem to compute all acoustic
quantities in the entire fluid domain.
Subsection 4.3.1 introduces a model problem on which the acoustic source
identification process is explained. In the first instance, in section 4.3.2 the
more or less conventional IBEM source identification based on measured acoustic pressures is studied, whereas in section 4.3.3 a new concept based on measured acoustic particle velocities is introduced.
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Acoustic sample problem

The example concerns a rigid box of dimensions 0.3 × 0.5 × 0.12 [m] mounted
on an acoustically hard baffle (RH = 1), as shown in figure 4.14. The top of
the box is covered by a simply supported flexible plate vibrating in a so-called
(2,2) mode shape. The resulting acoustic pressures, generated by the vibrating
surface, were measured in a field grid containing 425 points. These points
were positioned in a parallel plane at a distance d from the vibrating surface.
The field grid was positioned in the so-called acoustic nearfield of the box,
meaning that the distance d is much smaller than the acoustic wavelength in
the frequency range of interest (kL < 8π). Since L2 was the largest dimension
of the box, the characteristic length L was defined as L = L2 .
Lf 1
Lf 2
vibration of
top plate
S
L2

~e3

L3

box

~e2

~e1
baffle,
RH = 1

L1

Parameter

Value

L1 × L2 × L3
Lf 1 × Lf 2
d
h
ρ0
c0
RH

0.3 × 0.5 × 0.12
0.4 × 0.6
0.05
0.05
1.22
343
1

Units
[m]
[m]
[m]
[m]
[kg/m3 ]
[m/s]
[−]

Description
Size of the box
Size of the field grid
Distance between field grid and box
Characteristic element size on box
Fluid density
Speed of sound in fluid
Reflection coefficient of the baffle

Figure 4.14: Example of a box mounted on a baffle. The simply supported top
plate of the box is vibrating in a (2,2) mode shape. Simulated measurements
are performed in a planar field grid at distance d above the top plate.

For the numerical evaluation of the integral equations that govern the sound
radiation process, e.g. equation (2.47), the boundary surface S of the box was
subdivided into 222 quadratic triangular elements (TRIA6) containing a total
of 461 nodes. Conform the theory presented in subsection 2.5.2, the interface
surface between the box and the baffle was divided into a series of ‘dummy’
elements. These elements had no acoustic variables associated with them and
merely served for the computation of the fluid angle α(~x) as described by
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equations (2.14) and (2.49). All computations were performed with the new
BEM solver that handles the oscillatory and singular parts of the integrals
separately as discussed in chapters 2 and 3.

4.3.2

Pressure based IBEM

The relation between the normal velocity at the boundary surface and the corresponding acoustic pressure response in a set of field points1 can be obtained
with the help of the direct boundary element method as
p

pf = Hvnf y · vny .

(4.36)

Each entry in vector pf represents the complex pressure at a point in the field
mesh. Vector vny contains the velocity normal to the surface in each of the
nodes in the boundary mesh. The relation between these quantities is given by
p
the densely populated acoustic transfer matrix Hvnf y . Once the surface velocity
distribution is known and the ATM is computed, solving the forward radiation
problem reduces to a simple matrix-vector multiplication.
The inverse problem, finding the surface vibrations that match the observed
pressure field, requires some kind of inversion of system (4.36). As discussed
before, the system is ill-conditioned which implies that arbitrarily small perturbations in the measured pressure may result in arbitrary large errors in
the solution of the surface normal velocities. Because this is one of the main
difficulties associated with IBEM, the remaining part of this section will be
focused on analyzing this ill-posed behavior. This will be done with help of
the numerical sample problem illustrated in figure 4.14.
Choosing a smoothing operator
p

After the transfer matrix Hvnf y is computed, a suitable discrete smoothing operator L has to be selected. In the opinion of the author most studies in the
literature are restricted to uniform boundary surface meshes with constant or
linear elements, because with such a discretization one effectively circumvents
the choice of an appropriate smoothing norm. In fact in such cases the smoothing operator implicitly equals the identity matrix L = I. As a consequence,
the inverse problem is automatically in standard form and no transformation
is required.
In practical situations however, such a uniform discretization is simply not
feasible and the boundary mesh consists of elements of different sizes or even of
1

Terms associated with scattering of an incident wave are omitted, pin ≡ 0.
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a mix of different element types. Also the application of higher order elements
such as the parabolic TRIA6 elements, requires an appropriate smoothing operator. It appears that application of these elements in the source identification process always leads to reconstructions that show a zero valued surface
normal velocity at the so-called corner nodes of the elements. This problem with quadratic elements was recently reported in a paper of Valdivia and
Williams [155]. A solution to the problem was presented in a paper by the
present author [165]. The key issue is to avoid artificial mesh influences by
choosing a discrete smoothing operator L in which the reconstructed solution
is weighted with respect to the spatially averaged square normal velocity, defined as:
I
1
(4.37)
v H (~y )vny (~y ) dS ,
Q=
2S S ny
which according to equation (3.26) can be approximated in a discrete sense by:
Z
1
1
Q = vnHy · B · vny with Bij =
N H (~y )Nj (~y ) dS .
(4.38)
S
2 S i
As the discrete smoothing operator L must work on solution vector vny , it
makes good sense to take L equal to chol(B), the Cholesky factor of matrix
B = LH · L.

(a) Source mode v1 with operator L = I.

(b) Source mode v1 with operator L = chol(B).

Figure 4.15: Real part of first singular vector v1 (source mode) for the box
meshed with quadratic TRIA6 elements and different smoothing operators L.

Once the smoothing operator has been determined, the acoustic source
identification problem is brought into standard from by substitution of x̂ = L·x.
The next step is to perform a singular value decomposition (4.8) of matrix
p
Ĥ = Hvnf y · L−1 and to apply the backward transformation vi = L−1 · v̂i for
each singular vector vi .
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In figure 4.15 the first singular vector v1 , known as source mode, is plotted
for a smoothing operator of L = I and L = chol(B), respectively. The results
confirm that for the latter choice the source mode v1 indeed represents a physically meaningful distribution. Without an appropriate smoothing norm the
source modes are strongly influenced by the properties of the TRIA6 elements.
More specifically, these elements have the property that integration of the corner node related shape function over the element surface area Sm yields zero,
whereas for the mid-side nodes a value of Sm /3 is obtained:
½
Z
0,
if node i is a corner node,
(4.39)
qi =
Ni (~y ) dS with qi =
Sm /3 , if node i is a mid-side node.
Sm
This behavior shows up directly in the source mode v1 depicted in figure 4.15(a),
where only the mid-side nodes contribute to the radiation process. Since the
source modes vi span the solution space of the inverse problem, their behavior is directly reflected in the reconstructed solutions. In order to avoid this
unwanted nonphysical behavior, it is recommended to apply the smoothing
operator L = chol(B) at all times.
Source modes and field modes
Because in the acoustic problem the transfer matrix is a function of the wave
number, the corresponding singular values si and vectors ui , vi also depend on
the wave number. The effect of the wave number is illustrated in figure 4.16
with results which are representative for the low, intermediate and high frequency range, respectively.
For the conventional pressure based IBEM method, the source modes vi
represent independent surface normal velocity distributions, whereas the field
modes ui represent independent pressure patterns on the field grid. Note that
each source mode is coupled uniquely to the field mode through the associated
singular value si .
As follows from figure 4.16 the shape of the most efficient velocity distribution (v1 ) shows more oscillations for increasing wave numbers. This is due
to the fact that a structure radiates most efficiently when the structural wavelength approximately matches the acoustic wavelength (coincidence effect).
Conditioning of the system
In order to verify whether the problem is actually ill-conditioned, the condition
number and the singular value spectra of the system matrix are plotted as a
function of the dimensionless wave number in figure 4.17. As expected the
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(a) First three source (vi ) and corresponding field (ui ) modes for kL = 1.

ℜ(v1 )

ℑ(v2 )

ℜ(v3 )

ℜ(u1 )

ℑ(u2 )

ℜ(u3 )

(b) First three source (vi ) and corresponding field (ui ) modes for kL = 2π.
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(c) First three source (vi ) and corresponding field (ui ) modes for kL = 6π.

Figure 4.16: Source modes vi (surface normal velocity) and field modes ui
(pressure) as a function of the dimensionless wave number kL. Both types of
modes are complex and show more oscillations with increasing kL.
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condition number is large and decreases with increasing wave number. This
latter effect is caused by the fact that for higher frequencies the radiated sound
field becomes more focused and is less quickly smeared out in the spatial sense.
So for higher frequencies the inverse problem of source localization becomes
better conditioned and thus more accurate solutions can be expected with
increasing frequency. Additional details on this matter are provided in the
following section.
Concerning the three singular value spectra, shown in figure 4.17(b), the
following observations can be made. First of all, the singular values clearly
gradually decay towards zero, which is typical for ill-posed problems. Secondly,
the spectra start at i = 0 with a less steep slope for higher wave numbers. A
direct consequence is that the problem satisfies the discrete Picard condition
more easily as the wave number increases. This again implies that more singular values can be taken into account in the inversion process, leading to an
improvement of the spatial resolution of the inverse solution at higher wave
numbers.
6

10

4

9

10

³ p ´
cond Hvnf y

singular value si

10

kL = 6π

2

10

0

10

kL = 1
−2

10

kL = 2π

8

−4

10

10
0

1π

2π

3π

4π

5π

6π

7π

8π

kL [−]
(a) Condition number as a function of the
dimensionless wave number kL.

0

100

200

300

400

Index i
p

(b) Singular values of matrix Hvnf y for three
dimensionless wave numbers.
p

Figure 4.17: Spectral properties of the acoustic transfer matrix Hvnf y as a
function of the dimensionless wave number kL. For higher wave numbers the
problem becomes ‘better’ conditioned.

Discrete Picard condition
The next step in the evaluation is to check whether, given a right-hand side
vector b, a meaningful solution exists to the inverse problem. As discussed in
subsection 4.2.4, this check is accomplished by application of the discrete Picard
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condition. In order to do so, a boundary condition is required to simulate a
‘numerical measurement’ of the pressure field which can serve as right-hand
side vector in the inverse problem. For this purpose a so-called (2,2) structural
vibration mode shape was generated for the top plate of the box, as indicated
in figure 4.18. Both the magnitude and the shape of the structural velocity
pattern were kept constant throughout the whole wave number range. Besides
the prescribed boundary condition vny , figure 4.18 shows the pressure response
pf in the field grid for the dimensionless wave numbers kL = 1 and kL = 6π.
The field pressures pf were obtained through application of equation (4.36)
and serve as the right-hand side vector b in the inverse problem. Although the
boundary condition is the same for the two wave numbers, the resulting pressure distribution in the field grid is totally different since the transfer matrix
changes with the wave number. Of course the specified boundary condition
vny is the exact solution to the inverse problem and can be used at a later
stage to verify the reconstructed velocity patterns.

ℜ(vny )
Structural normal velocity.

ℜ(pf )
Field pressure at kL = 1.

ℜ(pf )
Field pressure at kL = 6π.

Figure 4.18: Structural (2,2) mode shape and corresponding acoustic pressure
response for two wave numbers representing the low and high frequency ranges.
Distance d between top of box and field mesh is 0.05 [m].

At this stage, where the system matrix H and the unperturbed right-hand side
vector b are known, the discrete Picard condition can be verified.
From a visual inspection of the condition presented in figure 4.19, it is obvious that for larger models like this sample problem, the Picard condition is not
as orderly as it was for the simple heat diffusion problem (e.g. see figure 4.6).
Nevertheless,
¯ the plot clearly shows that at least the first few Fourier coeffi¯
¯ fall off faster than the corresponding singular values si . This
·
b
cients ¯uH
i
means that the Picard condition is satisfied and thus from a theoretical point
of view a meaningful approximation to the prescribed (2,2) surface normal
vibration pattern should exist.
In order to make the simulated measurement more realistic, the pressure
vector b was contaminated with a complex valued Gaussian noise vector eb ,
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° °
such that keb k / °b̄° = 0.02. The effect of this small amount of noise in the
right-hand side vector b is illustrated in figure 4.19(b).
¯
¯ In accordance with
¯ approximately level
results of subsection 4.2.4, the Fourier coefficients ¯uH
·
b
i
−1/2
off at the expected noise floor of m
keb k. In contrast herewith the singular
values, which are not affected
by
the
noise,
gradually decay towards zero. As a
¯ H ¯
¯
¯
result the contributions ui · b /si associated with the smallest singular values
become extremely large, leading to a reconstructed solution that is totally
dominated by effects resulting from noise.
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Figure 4.19: Visual inspection of the discrete Picard condition for the dimensionless wave number kL = 1.

Imposing regularization
In order to obtain meaningful solutions it is necessary to apply regularization
techniques. Again, the amount of regularization, or the choice of a value for
the regularization parameter, has been determined with the help of the L-curve
plot. Figure 4.20 illustrates the continuous Tikhonov and the discontinuous
TSVD L-curve. The figure also shows the reconstructed normal velocities at
the surface as obtained by the TSVD approach where successively 9, 55 and 370
singular value components were considered in the inversion process. For κ = 9,
the regularized solution lies on the horizontal branch of the L-curve, which
implies that an excessive amount of regularization has been applied yielding an
over-smoothed solution. On the other hand, imposing too little regularization
results in a noise dominated solution as illustrated in the subplot with κ = 370.
As expected, the optimal regularized solution is found for a parameter which
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is located in or near the corner of the L-curve. In this case the error in the
solution has a minimum when 55 singular components are applied.
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Figure 4.20: L-curve for the box example with a (2,2) mode shape prescribed
at kL = 1. The deflections have been scaled.

In order to verify the outcome of the L-curve criterion, the relative error in the
reconstructed surface normal velocities xreg was computed explicitly as:
ǫ2 (xreg ) =

kex k
· 100% with
kx̄k

ex = xreg − x̄

(4.40)

for all values of the regularization parameter considered in the L-curve. The results are plotted in figure 4.21 for the four regularization techniques considered
in this study.
In accordance with the result predicted by the L-curve, the TSVD method
indeed reaches an optimum solution when only the first 55 components are
used in the regularized inversion. As experienced earlier in the example of
heat diffusion, also in the inverse acoustic problem the discontinuous regularization methods (TSVD and LSQR) result in lower error levels compared to
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the continuous Tikhonov and DSVD approaches.
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Figure 4.21: Error for four regularization methods as a function of the amount
of regularization at kL = 1.

Accuracy of the reconstructed solutions
The results in figure 4.21 are based on a single numerical experiment at a certain wave number with a only a single random perturbation vector eb . For this
reason it is somewhat premature to conclude that the TSVD and the iterative
LSQR approach yield better results than Tikhonov regularization. In order to
increase the level of confidence and to draw more reliable conclusions with respect to the preferred regularization method, a series of simulated experiments
were performed over a broad wave number range.
At each wave number step, the inverse problem was solved 50 times; with
each time a new complex Gaussian noise vector eb generated in such a way
that ǫ2 (b) = 0.02. In this way, the optimal regularization parameter and thus
the associated optimum solution was subject to change in each simulation run
since the contaminated input vector b = b̄ + eb changes from experiment
to experiment. Moreover, the unperturbed vector b̄ that contains the exact
pressures measured in the field grid, is a function of the dimensionless wave
number kL. So for each wave number 50 optimally regularized solutions are
found. After computing the error in each solution, the mean value and standard
deviation of the error distribution were determined as a function of the kL.
Figure 4.22 gives the acquired mean error curves as a function of kL for
the Tikhonov, TSVD and LSQR regularization approaches. The error levels of
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the regularized solutions obtained by the DSVD technique were significantly
higher than those of the other three approaches. For this reason they have
been omitted from the figure.
LSQR
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Figure 4.22: Mean error in reconstructed (2,2) surface normal velocity profile
as a function of the dimensionless wave number kL. The error bars indicate the
standard deviation of the reconstruction error after 50 numerical experiments.

With respect to the Tikhonov, TSVD and LSQR regularization methods it
can be concluded that they all lead to solutions with approximately the same
accuracy, although the discontinuous TSVD and LSQR approaches seem to
yield slightly better results in the low and intermediate frequency ranges.
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(a) Error distribution in high frequency range, kL = 6π.

Figure 4.23: Histograms of the L2 error in the regularized solutions at kL =
6π as a percentage of the exact solution.

The histograms in figure 4.23 show the distribution of the error at a wave
number of kL = 6π. The LSQR method performs well in terms of both mean
value and standard deviation of the error. Because LSQR is based on an
iterative approach, hence it does not rely on a singular value decomposition, it
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is much faster than the TSVD technique. For this reason especially for larger
models, the LSQR regularization method is preferred as it offers good accuracy
at a minimum computational effort. Nevertheless, the TSVD also remains very
popular since it produces an excellent physically interpretable decomposition
of the inverse problem, which is not provided by the iterative LSQR scheme.
Influence of different noise levels
So far, the results presented in this section are based on 2% noise in the righthand side vector b. This rather low value was chosen in order to illustrate that
even for such a small amount of noise, the source reconstruction procedure
definitely requires regularization techniques in order to yield a useful solution.
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Figure 4.24: Influence of different input noise levels (ǫ2 (b)) on the L-curves
and the accuracy of the reconstructed solutions (ǫ2 (xreg )). Simulations were
performed at kL = 1 for the (2,2) structural mode shape.

From the various simulations that were performed with noise levels ǫ2 (b) ranging from 1% to 100%, it was found that the amount of noise had little effect
on the global behavior of the inverse problem. The only significant changes
occurred in the shape of the L-curves. As shown in figure 4.24(a), they contain
a less distinct corner for high levels of ǫ2 (b). Furthermore, from figure 4.24(b)
it can be observed that the ratio of the error in the regularized solution and the
error in the measurement vector, ǫ2 (xreg )/ǫ2 (b) , improves for higher noise levels. For very high noise levels, the error in the reconstructed solution becomes
even smaller than the error in the measurement vector.
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Finally it is emphasized that only the effects of Gaussian distributed spatially uncorrelated noise with zero mean value were investigated here; the effect
of spatially correlated error components will be analyzed in subsection 4.4.1.

4.3.3

Particle velocity based IBEM

Recent developments in sensor technology have enabled the measurement of
acoustic particle velocity1 . As acoustic particle velocity is a vector quantity,
whereas pressure is a scalar quantity, it seems reasonable to expect that application of particle velocity in source localization methods leads to reconstructed
solutions of improved accuracy compared to the conventional pressure based
methods. Based on work partially presented earlier in papers by the present
author [163, 164], the advantage of using particle velocity instead of pressure
is confirmed by means of a series of simulations and validation experiments.
In principle, the proposed novel source identification method does not differ
much from that of the conventional pressure based IBEM technique. Depending on the acoustic quantity that is measured in the field grid, a different
acoustic transfer matrix should be applied in the source identification process.
Conform chapter 3 and subsection 4.3.2, when the field pressures are measured
and the surface normal velocity is to be reconstructed, the acoustic transfer
p
matrix Hvnf y given by equation (3.15a) must be used.
For the particle velocity based identification method however, the velocities
normal to the vibrating surface can be reconstructed in several ways by solving each of the following subsystems for vny :
ve

ve1 = Hvn1y · vny ,

ve

ve2 = Hvn2y · vny ,

ve

ve3 = Hvn3y · vny ,

(4.41)

where vei represents a vector containing the particle velocities in the field
ve
grid for the coordinate direction specified by ~ei . The matrix Hvniy denotes the
corresponding acoustic transfer matrix as specified in equation (3.24). Since the
USP2 version of the Microflown sensor is capable of simultaneously measuring
the pressure and the three perpendicular particle velocity components at a

1
2

In the present study the Microflown sensor is used to measure acoustic particle velocity.
USP stands for Ultimate Sound Probe, for details see subsection 5.3.2.
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single point in space1 , it is also possible to analyze the following systems:
 ve 
 
Hvn1y
ve1 
ve 

= Hvn2y  , (4.42a)
vtot = Hvvtot
· vny with vtot = ve2 , Hvvtot
ny
ny
 
ve
ve3
Hvn3y
 pf 
Hvny
¾
½
Hve1 
pf
p ,v
p ,v
 v 
= Hvnf y tot · vny with Hvnf y tot =  ven2y  .
(4.42b)
vtot
Hvny 
ve
Hvn3y

Each of these systems can be written in a recognizable form of H · x = b which
is amenable to the analysis scheme for ill-conditioned problems presented in
section 4.2.
The remaining part of this subsection is devoted to a comparison between
results obtained with the pressure based and the particle velocity based identification method. All simulations were performed again on the example shown
in figure 4.14.
Conditioning of the systems

After choosing the smoothing operator L = chol(B) and transforming the
acoustic identification problem to standard form, the condition number of the
transfer matrices as a function of the dimensionless wave number has been
computed for the various identification techniques. The results, presented in
figure 4.25, reveal that the matrices related to a particle velocity component
have a lower condition number than the matrix associated with pressure. As
shown in figure 4.25(a), simultaneous application of the three particle velocity components in the source identification process significantly reduces the
condition number throughout the full wave number range. For this reason, it
is expected that a source identification technique based on the total particle
velocity vector vtot should yield more accurate solutions than the technique
based on pressures.
The figure also contains the curve that represents the condition number
for the combined pressure and particle velocity vector approach as specified in
equation (4.42b). Surprisingly, the resulting condition number is very large.
Most likely, the large condition number is caused by the significant difference in
ve
ve
ve
p
the norm of the matrices Hvnf y versus Hvn1y , Hvn2y and Hvn3y . This can probably
1

Depending on the required accuracy, the ‘single point’ assumption is valid up to frequencies where the sensor dimensions no longer can be considered small compared the acoustic
wavelength.
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Figure 4.25: Condition numbers and singular value spectra for the different
transfer matrices.
p

be circumvented by scaling matrix Hvnf y but that was not investigated further
in this study. At this stage the conclusion is that one has to be careful to
combine different physical properties in a single system of equations unless
some appropriate scaling is applied.
Singular value decomposition
To further investigate the properties of the particle velocity based source localization techniques, an SVD of the corresponding transfer matrices was made.
Figure 4.25(b) depicts the singular value spectra of the pressure and total particle velocity based transfer matrices for kL = 1. Compared to the spectrum
p
of matrix Hvnf y the spectrum related to the total particle velocity shows a less
steep initial decay which indicates that a larger set of, more oscillatory, righthand side vectors b satisfies the discrete Picard condition. This again is an
indication that the particle velocity based method can provide reconstructions
with a higher spatial resolution.
Furthermore, the steep decay at the end of the spectra indicates the presence of redundant measurement points in the field grid. How to systematically
eliminate such redundant points and thus how to shorten the measurement
time will be discussed in more detail in subsection 4.4.2.
Besides the singular values themselves, the SVD provides for each of the
systems (4.41) a set of left- and right-hand side singular vectors. Similar to
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Figure 4.26: First three source modes vi (surface normal velocity) and field
modes ui (particle velocity component) for dimensionless wave number kL = 1.
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the findings in conventional pressure based IBEM, given earlier in figure 4.16,
the right-hand side singular vectors vi can be interpreted as source modes
representing independent surface normal velocity distributions. Contrary to
the pressure based method, the left-hand side singular vectors ui , the so-called
field modes, now represent distributions of the particle velocity component
in the field grid instead of pressure distributions. Figure 4.26 illustrates the
source and field modes for each of the three systems (4.41) in which the particle
velocity components ve1 , ve2 and ve3 are used as input. By virtue of the SVD,
the singular values si are a measure for the coupling strength between each
source mode vi and the corresponding field mode ui . Like the results obtained
in the pressure based IBEM approach, these modes also show a more oscillatory
pattern as their index i increases.
Discrete Picard condition
In order to perform a simulated measurement of the acoustic quantities in the
field grid, the (2,2) structural surface vibration of figure 4.18 was prescribed.
The corresponding exterior acoustic response in terms of particle velocity is
visualized in figure 4.27 for a wave number in the low frequency range.

ℜ(ve1 )

~e3
~e2

~e1

ℜ(ve2 )

ℜ(ve3 )

Figure 4.27: Particle velocity in the field points generated by the (2,2) structural vibration mode shape at kL = 1.

In figure 4.28 the associated discrete Picard plot for¯the case
¯ without and with
H
¯
noise is presented. Again, the Fourier coefficients ui · b¯ show on average a
faster initial decay than the singular values, meaning that the inverse problem
satisfies the discrete Picard condition. Hence, the existence of a physically
meaningful solution that at least approaches the true solution is ensured.
Regularization
The main issue of regularization methods concerns the selection of a value
for the regularization parameter, which controls the amount of filtering in the
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Figure 4.28: Visual inspection of the discrete Picard condition for source
localization based on the total particle velocity vector (b = vtot ), kL = 1.

inverse process. Again, the L-curve criterion is applied to select a parameter
value that optimally balances the perturbation and the regularization error.
For the source localization method based on the total particle velocity vector vtot , the L-curve and the optimal TSVD regularized solution are given in
figure 4.29(a). Since for this example the original surface vibration is known,
the performance of the L-curve could be verified by explicitly looking at the
error in the TSVD and LSQR regularized solution for each value of the regularization parameter κ.
The results in figure 4.29(b) indeed confirm that the optimal parameter again
is found in the corner of the L-curve. Whereas the TSVD technique requires
91 singular components to reach the optimum regularized solution, the LSQR
algorithm only needs a few iterations to arrive at a solution with comparable
accuracy. Compared to the pressure based IBEM method, e.g. see figure 4.21,
the method based on the complete velocity vector is preferred since more singular vectors can be accounted for, leading to solutions with a higher accuracy.
In order to obtain statistically reliable results, the experiment was repeated
50 times at each wave number for the IBEM methods based on, respectively,
the measurement of pressure pf , the particle velocity component normal to
the measurement grid ve3 and the total particle velocity vector vtot . The
results of the Tikhonov, TSVD and LSQR regularization approaches, with 2%
noise on the measurement vector b, are presented in figure 4.30. These plots
confirm that the IBEM source localization method based on the total particle
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Figure 4.29: L-curve and solution errors for the total particle velocity vector
(vtot ) based IBEM source localization technique at kL = 1.
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Figure 4.30: Mean values (lines) and standard deviation (error bars) of the
error in the optimum reconstructed distribution of the surface normal velocities
for three types of IBEM source localization and three types of regularization.

velocity vector, b = vtot , indeed yields the most accurate regularized solutions
throughout the wave number range of interest.
Concerning the choice of the regularization method, the LSQR approach is
preferred because of its low computational effort and high accuracy. For relatively small problems where computational efficiency is of minor importance,
the TSVD technique is preferred since it additionally provides a lot of physical
understanding of the inverse problem. An overview of the statistical properties
of the error in the LSQR regularized solution obtained with the various kinds
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of IBEM source localization techniques is given in table 4.1. The table confirms
the conclusion that acoustic source localization based on vtot indeed provides,
for this smooth velocity distribution, more accurate solutions than the other
types of IBEM based source localization.
Type of
IBEM
pf
v e1
v e2
v e3
vtot

kL = 1
mean std
11.3
9.6
11.0
9.5
8.9

0.24
0.19
0.13
0.13
0.14

kL = 2π
mean std
11.5
8.6
11.9
8.6
7.7

0.32
0.20
0.25
0.19
0.18

kL = 6π
mean std
9.0
9.7
10.4
8.5
7.0

0.22
0.25
0.29
0.16
0.11

Table 4.1: Statistical properties of the reconstruction error ǫ2 (xreg ) [%] in the
(2,2) structural mode shape. Regularization was performed with the LSQR
technique, the right-hand side vector was perturbed with 2% noise.

Worst case scenario - Single node vibration
Up to now, only the (2,2) structural vibration mode shape, shown in figure 4.18,
has been considered. This is a rather smooth velocity distribution, which can
be accurately captured with only a small number of singular vectors. Because
the contributions of the first few singular vectors are usually associated with
a high signal-to-noise ratio, a smooth velocity distribution forms a relatively
easy test case for the inverse acoustic problem.
The unit excitation of a single node as depicted in figure 4.31 is in sharp
contrast with this smooth velocity profile. This type of excitation is one of the
most difficult surface velocity distributions to reconstruct as it is extremely
narrowly localized in space and thus requires many singular vectors vi in order
to be described with reasonable accuracy. Generally, the higher the spatial
resolution of the boundary velocity distribution, the more problematic the
acoustic source localization process becomes and thus the larger the expected
error in the reconstructed solution will be. This expectation was confirmed by
the outcome of the simulation with single node excitation.
Part (a) of figure 4.31 contains the computed acoustic response in the field
grid corresponding to the prescribed single node excitation that is depicted
in the first subplot of figure 4.31(b). Besides the originally applied boundary
condition, part (b) of the figure additionally shows the optimum regularized
solutions computed by the conventional pressure and the novel particle velocity vector based technique. It is clear that the accuracy of the reconstructed
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(a) Computed acoustic quantities in the measurement grid at a distance d from the vibrating surface. After contaminating them artificially with 2% noise, they serve as data vector
b in the inverse problem.
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(b) Prescribed surface normal velocity and optimal TSVD reconstructed solutions based
on measurements of pf and vtot , respectively.

Figure 4.31: Worst case example of a unit surface normal velocity prescribed
at a single node for kL = 1 (values are scaled between -1 and +1).

velocity profile is not as good as found for the much smoother (2,2) vibration,
because a much larger number of singular vectors vi is required to accurately
describe this extreme velocity profile. The highly oscillatory singular vectors
(high value of index i) are associated with the evanescent waves which decay
exponentially with distance to the vibrating boundary. In order to capture
more of these evanescent waves, the distance d between the box and the measurement plane needs to be reduced.
Table 4.2 provides the error levels of the optimum regularized solutions for
different distances d for wave numbers in the low and high frequency ranges.
From the table it becomes apparent, especially when the sensors are positioned
at a distance closer to the source than the characteristic element size h, that
the particle velocity vector based identification technique becomes significantly
more accurate compared to the standard pressure based method. Although this
table only contains the results for TSVD regularization, the observation is also
valid for the other regularization techniques.
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distance
d
h/4
h/2
h
2h

IBEM−pf
kL = 1 kL = 6π
27.4
68.9
87.5
95.1

25.6
64.5
85.1
92.7

IBEM−vtot
kL = 1 kL = 6π
3.2
12.1
62.4
87.9

4.9
22.5
71.2
90.0

Table 4.2: Relative errors ǫ2 (xreg ) [%] in optimal TSVD regularized solutions of single node excitation for various distances d between top plate and
measurement plane. Again, the data vector b was polluted with 2% noise.

4.4

Considerations regarding the measurement grid

4.4.1

Misalignments of the measurement grid

Throughout this chapter so far, the contribution of noise to the measured data
vector (4.15) has been regarded as spatially uncorrelated random noise with a
zero mean value. For most types of noise this is a very acceptable assumption.
However, there are also certain error components that are correlated throughout the measurement grid. Spatially uncorrelated errors typically consist of
random positioning errors, background noise and mismatches between the different sensors or data acquisition channels in the array, whereas the spatially
correlated components are often caused by a misalignment of the measurement
grid with respect to the radiating object. Contrary to the foregoing sections,
in the present subsection the influence of these spatially correlated noise contributions is investigated.
Misalignments between the source and the measurement array are expected
to have a dominant contribution to the spatially correlated noise in the data
vector. The misalignments are divided into four categories as illustrated in
figure 4.32.

~e2

~e3

~e1

in-plane rotation
R(0, 0, X)

out-of-plane rotation
R(X, X, 0)

in-plane translation out-of-plane translation
T (X, X, 0)
T (0, 0, X)

Figure 4.32: Four categories of misalignments of the measurement grid.

The effect of the in-plane and out-of-plane rotation and translation mismatches
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on the inverse acoustic problem was investigated with the same box model that
has been applied in the previous section. The box was again subjected to the
single node excitation since this worst case velocity distribution proved to reveal
the differences between the two types of IBEM most clearly.
Once the boundary condition was prescribed, the pressures and particle
velocities in the perfectly aligned and the misaligned measurement grid could
be determined. The difference between the acoustic quantities in the aligned
and misaligned field grids represented the spatially correlated noise in the righthand side vector b of the inverse problem.
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Figure 4.33: Errors in the measurement data due to a (0, 0, 1)◦ in-plane
rotation misalignment. The field grid is positioned at a distance d = h/2 from
the top of the box. Contour plots represent the instantaneous pressure (scaled).

A representative selection of the resulting error vectors eb is plotted in figure 4.33. A rotational misalignment of 1◦ was prescribed because this lead to
error levels in the field grid that were comparable to the 2% noise levels of
the uncorrelated noise in the previous sections. In the figure it is illustrated
that for the low and intermediate frequency ranges, the rotational misalignment has a larger effect on the total particle velocity vector vtot than on the
pressure vector pf . Physically this can be understood by realizing that the
particle velocity field is more focused than the somewhat smoother pressure
field, hence the particle velocity field is more sensitive to misalignments. In
the high frequency range however, the pressure field also tends to become more
focused and consequently in this range the two methods show a comparable
sensitivity to misalignments.
The computed pressure and particle velocity in the misaligned field grid
serve as the perturbed right-hand side vectors for the acoustic source identification problem. After inversion of the model by means of TSVD and LSQR
regularization, the resulting errors in the optimally reconstructed surface solution have been collected in figure 4.34. In correspondence with the deviations found in the field grid, it is obvious that the misalignments have slightly
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Figure 4.34: Influence of the R(0, 0, 1)◦ in-plane rotation misalignment. Distance between field grid and boundary is d = h/2.

more effect on the particle velocity than pressure based source localization
techniques. Whereas in figure 4.33 a clear distinction was found between the
behavior at low and high frequencies, these findings are not reflected in the outcome of the inverse problem that is depicted in figure 4.34(a). The accuracy
of the reconstructed surface velocity profiles hardly depends on the acoustic
wave number. Again there is no noteworthy difference between the accuracy
obtained with the different regularization approaches.
Since in this example the exact surface normal velocity is known, it is
possible to verify whether the L-curve still provides a reliable estimation of the
optimum amount of regularization in situations with correlated noise in the
right-hand side vector. From figure 4.34(b) it becomes clear that the corner of
the L-curve associated with pressure data does not coincide with the location
of the optimum regularization parameter (cross). On the contrary, with the
L-curve corresponding to the total particle velocity vector based IBEM an
adequate amount of regularization is predicted (cross coincides with corner).
Although only the L-curves in the low frequency range for the in-plane rotation
misalignment are presented, similar behavior was found at other frequencies
and misalignments as well. Why the pressure based L-curve yields an undersmoothed solution in the case of a misaligned field grid is not fully understood.
Possibly it is caused by the fact that the Fourier coefficients of the correlated
noise in the particle velocity vector show a less steep decay (i.e. the noise
is more ‘white’) than that of the error in the pressure vector as shown in
figure 4.35.
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Figure 4.35: Fourier coefficients of the uncorrelated noise vector eu and the
correlated noise vector ec resulting from the in-plane rotation misalignment.
Distance d = h/2, wave number kL = 1.

When considering the effect of uncorrelated (random) versus correlated noise,
it is noticed that uncorrelated noise has more or less an equal contribution
in each field mode (hence it is referred to as spatially ‘white’ noise), whilst
the correlated errors, which are related to a distinct physical process (e.g. a
misalignment or a disturbance source), often show a decreasing contribution
with increasing mode number. For the in-plane rotation, this typical decrease
in the Fourier coefficients is clearly observable in figure 4.35.
Finally it is mentioned that the results related to the pressure based identification technique have been confirmed partially in other studies (e.g. [20, 89,
105, 118, 119, 121, 144, 145]). No similar work has been found regarding the
particle velocity based technique. Furthermore it is emphasized that this single
node excitation is a worst case example. In most engineering situations much
smoother surface velocity patterns, like structural vibration mode shapes, are
more common. In these cases the required resolution is much less and the inverse problem leads to solutions of significantly higher accuracy than obtained
for this example.

4.4.2

Optimization of sensor locations

As became apparent from the previous section, often only a fraction of the total
number of singular values is used in the inversion process. For this reason it is
unnecessary to define a number of measurement locations that greatly exceeds
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the number of singular values used in the inverse acoustic problem. However,
since the location of such ‘independently contributing’ measurement points is
unknown, the practical approach is to define many more field points than the
number of singular values applied in the source identification process. In many
studies the number of selected measurement points even exceeds the number
of nodes on the boundary surface resulting in an overdetermined system of
equations. In this way, the risk of insufficient information in the measurement
vector is minimized and as a consequence it is unlikely that the accuracy of
the regularized solution is limited by a badly chosen set of too few field points.
Nevertheless, selecting too many field points not only results in redundant information in the measurement vector, but more importantly, in an unnecessary
increase in computational effort, data acquisition and processing time.
In order to reduce the number of sensor locations without significantly
affecting the accuracy of the regularized solution on the boundary surface, Kim
and Ih [86, 87] introduced an optimization approach denoted as the effective
independence concept (EfI). The basic idea is to eliminate redundant field
points from a large set of candidate locations by means of discarding points
associated with a low EfI value µ. EfI values are defined according to:
¡
¢
µ = diag U · UH ,
(4.43)
where U represents the modal matrix containing the field modes in its columns.
Obviously, matrix U stems from the SVD of the ATM corresponding to the
measured quantity in the field grid. Physically, each entry in vector µ represents the strength in contribution of the corresponding field point to the
linear independence of the ATM. Points associated with a low EfI value do
not provide useful information for the inverse problem and can therefore be
eliminated from the field grid before actual measurements are performed. Removing a point from the field grid indirectly implies the removal of a row in the
transfer matrix and formally a new SVD has to be performed to compute the
updated vector µ before deleting another point from the grid. This repetitive
SVD operation of the ATM is disadvantageous as it makes the EfI concept
computationally rather expensive.
To demonstrate the effectiveness of the EfI optimization method, a total
number of 6985 candidate field points was chosen in the surroundings of the box
as illustrated in figure 4.36. The optimization was performed for the pressure
based source localization technique (4.36) at a dimensionless wave number of
kL = 1 and it was repeated until the number of field points equaled the number
of nodes on the boundary surface.
From the optimized sensor locations, illustrated in the second plot of figure 4.36, two important properties which are typical for a ‘good’ field grid can
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Initial set of 6985 candidate field points
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Remaining 461 optimized field points

Figure 4.36: Measurement grid optimization with EfI method for pressure
based IBEM at kL = 1.

be observed:
• The candidate points positioned at a short distance from the radiating
boundary surface clearly are in favor. Intuitively this is easy to understand because the closer the sensor is to the source, the more exponentially decaying evanescent wave components are captured. This confirms
the findings of subsection 4.3.3 where the influence of distance d on the
error in the reconstructed boundary solution was studied.
• The optimum sensor positions are found along the surface normal direction at the nodes of the boundary mesh. This is clearly shown in the top
view of the optimized grid as given in figure 4.37(a).
On the basis of these two findings, it is relatively easy to generate a field
grid that is ‘near’ the optimum one by just copying the nodes of the boundary
mesh and translating these copied nodes by a constant distance in the direction
normal to the boundary surface.
By reducing the number of sensor locations, not only the measurement and
corresponding data processing time is reduced but additionally a reduction
in the condition number of the transfer matrix can be obtained as shown in
figure 4.37(b).
As the ATM depends on the acoustic wave number a different optimum set
of field points may exist for each wave number. However, the differences between the optimum measurement grids at different wave numbers often proved
to be minimal and therefore it was justified to compute an ‘averaged optimal’
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Figure 4.37: Optimum measurement locations and the condition number of
the transfer matrix during the EfI optimization process.

field grid that performed well in a broad wave number range [k1 , k2 ] by using:
µ=

1
k2 − k1

Z

k2

k1

¡
¢
diag U · UH dk .

(4.44)

Moreover, each type of source localization method based on either pressure or
particle velocity measurements is associated with a different transfer matrix
and thus different field modes U. As a consequence, the EfI values µ and
the optimum sensor locations may differ from technique to technique and so
also does the associated optimized grid. Appendix F provides an example of
optimization in a two-dimensional field grid for the different IBEM techniques.
Concluding, the EfI grid optimization method effectively identifies the redundant sensor locations and reveals the field points that actually yield meaningful information for the source identification process.

4.5

Conclusions

This chapter dealt with the problem of locating the sources of sound on the
outer surface of a radiating object with the help of a remote measurement of
the acoustic pressures or particle velocities. This problem belongs to the class
of inverse problems since it involves an estimation of the surface normal velocities (unknown cause), based on an incomplete or imperfect measurement
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of the sound field (observed effect). Inverse problems like this one have the
general property that an arbitrary small perturbation in the input of the system results in an arbitrarily large fluctuation in the output. The properties
of discrete ill-posed problems are illustrated by means of a simple numerical
experiment. It concerned the estimation of the heat flux through the surface
of a strip via measured temperatures in a remote set of field points. By artificially contaminating the measured data with a small amount of noise, it was
demonstrated that a standard inversion process leads to a nonphysical solution
fully dominated by effects resulting from the noise. A meaningful solution can
be obtained by imposing some kind of regularization on the inversion of the
transfer matrix that explicitly relates the cause (input) to the observed effect
(output).
In this process, the singular value decomposition of the matrix proved to be
a very useful tool as it provides a clear physical and mathematical understanding of the ill-conditioned behavior. Furthermore the discrete Picard condition
was introduced which, if satisfied, guarantees the existence of a physically
meaningful regularized solution for a given right-hand side vector.
Various regularization methods (TSVD, DSVD, Tikhonov and LSQR) were
considered. Essentially all of them involve a trade-off between the error component related to amplification of the noise (perturbation error) and the error
component introduced by the regularization (regularization error).
The amount of regularization is determined by the regularization parameter
which can be chosen with the help of the so-called L-curve plot. This graphical
tool visualizes the balance between the norm of the residue and the magnitude of the regularized solution, measured according an appropriate norm. By
means of a series of experiments with regenerated noise vectors for each experiment, it was shown that the TSVD, Tikhonov and LSQR solutions lead
to regularized solutions of comparable accuracy, whereas the DSVD technique
seems to perform significantly less well. An overview of the analysis scheme
for discrete ill-posed problems was provided in subsection 4.2.7.
After explaining the main steps in the analysis with the help of the simple heat diffusion example, the analysis scheme was applied on the inverse
acoustic problem. First, the more or less conventional acoustic source identification technique based on pressures measured in the nearfield of the radiating
boundary was considered. Many publications exist on this topic, but so far
little attention has been paid to the application of higher order, e.g. quadratic,
or irregularly shaped boundary elements in such methods. As shown in the
present study, these types of elements can be successfully used in source identification methods by application of a smoothing operator based on a Cholesky
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decomposition of the matrix B that represents the surface integration over the
squared shape functions.
In addition to the ordinary IBEM technique based on pressure measurements, a new approach was introduced based on the measurement of one or
more of the particle velocity components. The effectiveness of this new method
was demonstrated with a series of numerical experiments on the sound radiation from a vibrating box mounted on a baffle. An improved quality of the
reconstructed velocity in terms of lower mean values and variances of the errors was shown. Especially for problems requiring a high spatial resolution,
the total particle velocity vector based IBEM technique offers significant improvements compared to the conventional technique.
This conclusion holds for both the case that the measured data has been
polluted with spatially uncorrelated (e.g. background noise) as well as spatially
correlated noise (e.g. due to misalignments between source and field mesh). It
was shown that the IBEM techniques are more sensitive to the uncorrelated
noise components compared to the correlated error components.
Regarding the performance of the L-curve criterion in connection with the
error introduced by misalignments, the optimal regularization parameter in the
conventional pressure based IBEM was not always positioned near the corner
of the L-curve but rather on its horizontal branch. For the IBEM based on
the total particle velocity vector, the optimal regularization parameter always
was located near the corner of the L-curve. As a consequence, the novel IBEM
technique not only leads to more accurate solutions, it is also more robust
regarding selection of the regularization parameter.
In order to fully exploit the possibilities of the nearfield source localization
methods, both field and boundary surface meshes should be chosen appropriately. With the help of EfI optimization, findings from the literature and
experience gained during many simulations, the following basic guidelines regarding grid design can be formulated
• The highest obtainable spatial resolution of the reconstructed velocity
profile is determined by the mesh density on the boundary surface of the
radiating object. For example, if one wants to discriminate between two
acoustically active regions separated by a distance H from each other, the
maximum distance between two boundary nodes in that region should
not exceed R = H/2 where R is typically called the resolution of the
mesh.
• After generation of the boundary element mesh, the field nodes can easily be defined by copying the boundary nodes and displacing the copied
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nodes by an offset d along the corresponding normal vector to the boundary surface. Preferably this distance d should be large enough to avoid
severe back-scattering between the front area of the sensor and the boundary surface of the object. At the same time in order to reach the maximum resolution in the inverse solution it is advisable not to exceed the
required resolution R.
• Finally, to capture enough evanescent wave components it is recommended to keep the dimensionless product kd ≪ 1, where k = 2π/λ
represents the acoustic wave number. Physically this means that the
measurements should be performed in the acoustic nearfield of the radiating structure.
As long as these rules of thumb are respected, the particle velocity based technique leads to regularized solutions with an accuracy within one order of magnitude compared to the noise level originally present in the measured data
vector. In the case of a smooth (low resolution) distribution of the normal
velocity on the boundary surface, an accuracy comparable to or better than
that of the measured data can be expected.
With respect to computing the relation between the source vibrations and
the sound field, it should be remarked that standard BEM solvers normally
inhibit the location of field points at a distance shorter than about one element
length h of the radiating boundary, since that causes an inaccurate evaluation
of the boundary integral resulting in a poor prediction of corresponding transfer
vectors. However, with the new solver this restriction no longer exists since
the solver automatically utilizes the adaptive quadrature routine to cope with
the nearly singular behavior associated with such field points.
So far only numerically simulated experiments have been regarded that
were artificially polluted with noise. The experimental validation in practice
of both the forward and the inverse problems is described in the following
chapter.
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Chapter 5

Experimental Validation
5.1

Introduction

So far, the numerical tools have been successfully validated with the help of
analytical and numerical reference examples. In order to demonstrate the
applicability and reliability of these engineering tools in a more practical situation, a series of validation experiments was performed. For this purpose a
test setup was built that contained an acoustic source with a well understood
vibro-acoustic behavior.
As illustrated by the flowchart in figure 5.1, the validation process combined the BEM solver, the theory on discrete ill-posed problems as well as
various aspects related to data-acquisition and the associated signal processing. In the preprocessing step a boundary element model of the object under
consideration was made which was exported to the BEM solver. Subsequently,
the BEM solver computed the acoustic transfer matrices (ATM) relating the
surface normal velocities of the vibrating object to the acoustic quantities in
the field mesh (see chapter 3). Furthermore, the solver exported the field grid
with the measurement locations to the measurement software (AMS) specially
developed for this purpose. This software package controlled both the data
acquisition via Siglab DSP analyzers and the automated positioning of the
various sensors by means of a traverse system. Once the transfer matrices had
been computed and the data in the field grid had been acquired, the IBEM
source identification module was used to reconstruct the unknown quantities
at the boundary surface mesh of the object (see chapter 4).
Finally, the whole chain of operations illustrated in the flow diagram was
implemented and fully automated in the highly flexible and powerful Matlab
environment.

Experimental Validation

152

Figure 5.1: Flowchart showing the processes involved in IBEM based acoustic
source identification techniques.

The present chapter mainly focuses on the experimental setup including the
measurement software. Section 5.2 describes the design of a well-defined acoustic source. Its dynamical behavior was studied by means of FEM computations, which afterwards was verified with vibration measurements. Details of
the applied transducers, supporting equipment and software are provided in
section 5.3.
The actual verification of the BEM solver and its associated source localization module was performed for two types of exterior sound radiation. In the
first case, discussed in section 5.4, the test object was configured as a structureborne sound source. In the second configuration, treated in section 5.5, the
sound stemmed from a vibration of air rather than a structural vibration. In
both cases an excellent agreement was reached between numerical and experimental results, hence the techniques are ready to be employed for a real-life
product.

5.2
5.2.1

The box, a well-defined sound source
Design process

To validate the numerical tools, a well-defined sound source was designed.
Because this was to be the first experimental test case, the design was kept
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as simple as possible, and yet characteristic for products encountered in real
engineering situations.
During the design process of the test object several, often conflicting, requirements had to be considered. The most important demands were:
• Suited for validation of forward and inverse problems.
• Able to serve as structure- and/or air-borne sound source.
• Useable in the low and intermediate frequency ranges.
• Applicable for both exterior and interior radiation.
• Well understood behavior, however not trivial.
• Easy to handle (operate, move and assemble the sound source).

0.27 m

In accordance with these requirements, the acoustic source shown in figure 5.2
was designed. The frame consisted of a hollow box milled out of a single piece of
aluminum. This material was chosen because of its high stiffness, low weight,
non electro-magnetic and good manufacturing properties. As illustrated in
figures 5.2(b) and 5.2(c) the box could be configured both as a structure- or
air-borne sound source.
For the case of a structure-borne sound source (configuration I) a thin
flexible plate was mounted to the front and a thick rigid plate was attached

flexible
plate
0.1

7m

0.2

hole

2m

(a) Bare frame of box

(b) Configuration I

(c) Configuration II

Figure 5.2: The sound source consists of an aluminum box with 30 mm thick
walls. To the top and front of the box either thin ‘flexible’ plates or thick ‘rigid’
plates can be attached.
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to the top of the frame. Inside the cavity of the box a loudspeaker could be
positioned to generate an interior sound field. As sketched in figure 5.3(a),
this interior sound field excited the flexible plate and the resulting structural
vibrations caused an exterior sound field around the box. To prevent direct
transmission of structural vibrations from the speaker to the frame, the speaker
was supported by a soft mount.

Exterior

Interior

(a) Configuration I, vibrating plate.

(b) Configuration II, vibrating air.

Figure 5.3: The box can be used as both structure-borne (left) and air-borne
sound source (right).

To improve the clamping of the flexible plate against the frame and to prevent
the plate from being damaged, 3 mm thick reinforcement strips were positioned
between the M10 bolts and the plate. The thick top plate was attached to the
frame with M10 socket head cap bolts. All bolts were tightened with a torque
of 20 Nm, which proved to be sufficient.
When the flexible front plate was replaced by a thick (rigid) front plate with
a small hole in it, a well localized point source was created (see figures 5.2(c)
and 5.3(b)). This time the exterior sound field was caused by the vibration
of air in the opening of the hole and the sound source could be classified as
air-borne. This air-borne setup is referred to as configuration II. Of course it is
also possible to make a combined structure-air-borne sound source by attaching
a flexible front plate and a rigid top plate containing a hole or a pattern of
holes.
The outer dimensions of the frame were 0.22×0.27×0.17 m. This was about
the minimum size that still offered enough space inside the box to position
a loudspeaker and some sensors. Larger dimensions were undesirable as this
caused a reduction in stiffness and at the same time increased mass and costs of
the frame. With the help of finite element simulations of the dynamic structural
behavior of the box, it was found that for a wall thickness of 30 mm the frame
of the box behaves ‘rigidly’ in the low and medium frequency ranges. As the
medium frequency range starts at a dimensionless wave number kL of about
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2π, it was decided to design a box which had its structural eigenfrequency
somewhere in the medium to high frequency range (kL ≫ 2π)1 . Below the
first structural eigenfrequency, the box can be regarded as rigid and therefore
no sound is transmitted through the frame of the box. It can be assumed that
all the sound is transmitted either through the flexible plate (structure-borne
sound) or through the hole in a rigid plate (air-borne sound). In this way the
origin of the radiated sound is well-defined, as long as the excitation frequency
remains below the first structural eigenfrequency of the frame.

5.2.2

Numerical prediction of dynamical behavior

In order to understand the dynamical behavior of the sound source, three finite
element models were made to compute the eigenfrequencies and corresponding
mode shapes (eigenvectors). The first model deals with the bare frame of the
box without covering plates as shown in figure 5.4(a). The second FEM model
concerns the configuration with, respectively a flexible plate clamped to the
front and a rigid top plate clamped to the top of the box (structure-borne sound
source as shown in figure 5.4(b)). Finally, the third model was used to extract
the eigenfrequencies of the configuration in which a rigid plate was clamped
to both the top and front of the box (figure 5.4(c)). To create an air-borne
sound source, a hole with a radius of 10 mm was drilled in the front plate. The
location of the hole was chosen not to coincide with a nodal line of the first
few acoustical mode shapes of the entrapped air. Table 5.1 gives an overview
of the final dimensions and material properties. Notice that the loudspeaker,
normally positioned in the cavity of the box, was not taken into account in the
FEM models. All FEM computations were performed with Abaqus 6.3 [72].
Frame of the box
The frame, see figure 5.4(a), was modeled with 4749 structural parabolic tetrahedron solid elements (C3D10). With a frequency extraction computation, the
first nonzero structural eigenfrequency of the frame was found at 1135 Hz,
which corresponds to the medium frequency range (kL ≈ 6.3).
In the actual setup an additional top and front plate were attached to the
frame which of course significantly affected the structural behavior. Consequently, the next step was to find the lowest eigenfrequencies in the configurations of the structure-borne and air-borne sound source.

1

With a characteristic size of L = 0.3 m, kL = 2π corresponds to approximately 1150 Hz.
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Parameter
Frame height×width×depth
Thickness of frame walls
Thickness of flexible front plate
Thickness of rigid front and top plate
Young’s modulus aluminum
Poisson’s ratio aluminum
Density of aluminum
Density of air
Speed of sound in air

Value

Unit

0.27 × 0.22 × 0.2
0.03
1.1 · 10−3
0.03
71
0.30
2700
1.22
343

m
m
m
m
GPa
kg/m3
kg/m3
m/s

Table 5.1: Final dimensions and material properties of the box.

(a) Frame of box

(b) Structure-borne source

(c) Air-borne source

Figure 5.4: FEM models to predict dynamical behavior of the box.

Configuration I, Structure-borne source
To configure the box as a structure-borne sound source, a 30 mm thick plate
was attached to the top of the frame and a 1.1 mm thick plate was clamped to
the front of the frame (see figures 5.2(b), 5.3(a) and 5.4(b)). In order to prevent
thermally induced deflection and tension problems caused by different thermal
expansion coefficients, all the parts of the box consisted of the same aluminum
alloy. The top plate was meshed with the same element type that was used
for the frame (C3D10). The thin plate however cannot be described efficiently
with such continuum solid elements as the ratio of the in-plane dimensions over
the thickness is very large. Therefore, instead of solid elements, quadratic shell
elements (S8R) were used to model the front plate. These shell elements were
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(a) Bare frame, 1135 Hz

157

(b) Configuration I, 1776 Hz (c) Configuration II, 3404 Hz

Figure 5.5: Mode shapes corresponding to the lowest eigenfrequencies in
which the frame shows substantial participation in the vibration (frame modes).

rigidly connected to the solid elements of the frame using a tie constraint1 .
Furthermore, the air entrapped inside the box was modeled with tetrahedral
quadratic acoustic elements (AC3D10). At the interface between the cavity
and the flexible front plate, a coupling was defined between the acoustical and
structural domain. As the influence of the air exterior of the box is of lower
order compared to the effects on the air inside the cavity, it was omitted from
the model.
Figure 5.6 shows the structural deflections of the box and the associated
pressure distributions in the cavity at the first eight eigenfrequencies. Since the
coupling between the flexible front plate and the acoustic domain proved to be
rather weak, the eigenfrequencies computed with this coupled FEM model were
classified as acoustically and structurally dominated eigenfrequencies. The capitals ‘S’ and ‘A’ indicate whether the resonance is structurally or acoustically
dominated. By convention, the numbers between the brackets indicate the
number of half wavelengths in the three coordinate directions. For the plate
modes, only two directions are possible whereas the acoustical modes are identified using three numbers. For example, a structural mode S(2,1) means that
there are 2 half periods in the first and 1 half period in the second coordinate
direction, respectively.
1

Since the solid elements only have translational degrees of freedom, the rotational degrees
of freedom of the shell elements are not constrained at the contact surface.
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Because of the flexibility of the front plate, the first few structurally dominated eigenfrequencies were much lower than those found for the bare frame
(starting at 1135 Hz). Due to the substantial difference in stiffness between the
flexible plate and the frame, the structurally dominated mode shapes could be
subdivided into local plate modes and global frame modes. For the plate modes
the deflection was limited to the plate and the frame behaved rigidly. The frame
modes however show a more global deflection where the participation of frame
and front plate is of comparable magnitude, as shown in figure 5.5(b).
Structural displacements of the box

Acoustic pressures in the cavity

S(1,1)
306 Hz

S(1,2)
508 Hz

S(2,1)
700 Hz

A(0,1,0)
739 Hz

S(1,3)
858 Hz

S(2,2)
898 Hz

A(1,0,0)
1082 Hz

A(0,0,1)
1235 Hz

Figure 5.6: Computed structural displacements and corresponding acoustic
pressure distributions at the lowest eight eigenfrequencies of the box with a
flexible front plate attached (configuration I). Capital S indicates a structurally
dominated and A indicates an acoustically dominated eigenfrequency.

In the mode shapes presented in figure 5.6 only the front plate vibrates whereas
the frame itself shows no significant participation in the vibration. By attaching
the flexible front and the rigid top plate, the eigenfrequency belonging to the
first frame mode was increased from 1135 Hz to 1776 Hz (see figure 5.5). Below
this eigenfrequency all radiated sound originates from the flexible plate and the
structural normal velocity on the remaining part of the box is negligible. The
associated dimensionless wave number was about kL ≈ 10, indicating that
the assumption of a rigid frame was justified well into the medium frequency
range. Furthermore it can be observed that the first acoustical mode shape
A(0,1,0) spatially matches the S(1,2) structural mode shape, causing the plate
to vibrate mainly in its S(1,2) mode shape at the first acoustical eigenfrequency.
At the other two acoustical eigenfrequencies the structural response of the plate
consisted of a combination of structural mode shapes.
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Configuration II, Air-borne source
When the flexible front plate of the box is replaced by a rigid front plate
containing a single hole, a well-defined acoustic point source is obtained (see
figures 5.2(c) and 5.4(c)). Up to the first structural eigenfrequency of the box,
the sound only propagates through the hole and not through the remaining
part of the frame. In an early stage of the design process FEM computations
were performed to ensure that this structural eigenfrequency was well up in the
medium frequency range. The final design with a 30 mm front plate including
a hole with a radius of 10 mm had its lowest structural eigenfrequency at
about 3404 Hz. This corresponded to a dimensionless wave number kL ≈ 19
indicating that in this configuration the box could be regarded as being rigid
well into the high frequency range. Evidently, the presence of the thick front
plate drastically increased the stiffness of the box. From figure 5.5(c) it can be
observed that the first structural eigenfrequency (3404 Hz) was almost doubled
compared to the configuration with the flexible front plate (1776 Hz).
All resonance frequencies below the first structural eigenfrequency are acoustical eigenfrequencies of the air in the cavity. As follows from table 5.2, the
acoustical behavior of the cavity was hardly affected by replacing the flexible
front plate by the rigid one. There were only very small differences in the
acoustical eigenfrequencies and the corresponding mode shapes were similar to
those of configuration I (see figure 5.6).

5.2.3

Experimental verification of dynamical behavior

After production of the box, its structural and acoustical eigenfrequencies were
verified experimentally [70, 75]. The results, collected in table 5.2, reveal a
good agreement between the numerical and experimental findings for both
configurations of the box. In order to make a fair comparison with the results of
the FEM models, the experimentally obtained eigenfrequencies were measured
without the loudspeaker inside the cavity.
To study the influence of the presence of the loudspeaker on the acoustical
eigenfrequencies, figure 5.7 provides the eigenfrequencies measured on configuration II with and without the speaker in the cavity. The depicted curves
represent the transfer functions between the excitation signal and the pressure
in an upper corner of the cavity. As expected, the presence of the speaker
inside the box significantly influenced the acoustical behavior of the cavity. All
experimental results presented in the remaining part of this thesis concern the
configuration with the speaker inside the box.
To verify the assumption that the frame itself can be regarded as rigid, the
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No.

Configuration I
computed measured difference

1
2
3
4
5
6
7
8

S-306
S-508
S-700
A-739
S-858
S-898
A-1082
A-1235

310
514
706
745
864
901
1090
1239

Configuration II
computed measured difference

-1.3
-1.2
-0.8
-0.8
-0.7
-0.3
-0.7
-0.4

A-738
A-1082
A-1242
A-1317
A-1417
A-1527
A-1648
A-1790

745
1090
1249
1329
1421
1535
1659
1798

-0.9
-0.7
-0.6
-0.9
-0.3
-0.5
-0.7
-0.4

Table 5.2: Comparison of the first eight computed (FEM) and measured eigenfrequencies [Hz] for both configurations of the box without a loudspeaker. The
relative difference [%] is defined with respect to the measured eigenfrequency.
5

No.

Transfer function [dB]
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1105
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Figure 5.7: Influence of the presence of the loudspeaker on the acoustical
eigenfrequencies of the air entrapped in the box cavity.
Setup
Bare frame
Configuration I
Configuration II

Computed [Hz]

Measured [Hz]

Difference [%]

1135
1776
3404

1128
1630
3400

0.6
8.9
0.1

Table 5.3: Eigenfrequencies corresponding to first frame modes of the box.
Up to these frequencies the frame can be considered as rigid.

eigenfrequencies of the frame modes (as shown in figure 5.5) were measured
and compared to the numerical predictions. A brief overview of the results
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is presented in table 5.3. For the bare frame and the air-borne sound source
(configuration II), excellent agreement was reached between numerically and
experimentally obtained eigenfrequencies. For configuration I, the structureborne sound source, the eigenfrequency was slightly overestimated by the numerical model. This deviation can be attributed to the simplified modeling of
the bolt connection between the flexible front plate and the frame. In the FEM
model a rigid connection was modeled across the whole interface of the front
plate and frame whereas in practice the clamping is probably only present in
the vicinity of the bolt connections.

5.2.4

Concluding remarks

An aluminum box was designed and manufactured to be applied both as a
structure-borne and an air-borne sound source. The box is suited for application in experiments to validate forward and inverse acoustic problems. The
dynamical behavior of the box is well-defined in the sense that the eigenfrequencies and corresponding mode shapes can be accurately predicted with the
help of FEM models. For the configuration of the structure-borne sound source
the first frame mode occurred at a eigenfrequency of 1776 Hz (kL ≈ 10). When
the box was applied as an air-borne sound source the first structural eigenfrequency increased to 3404 Hz (kL ≈ 19). This means that the box is suited
for tests in the low and medium frequency ranges, without being affected by
unwanted vibrations of the frame. Finally, the box can easily be operated,
moved and assembled.

5.3
5.3.1

Experimental setup
Measurement environment

Naturally, the box that serves as an acoustic source is part of a larger experimental setup. Figure 5.8 provides a schematic overview of the whole setup and
the supporting equipment.
The experiments were conducted in a quasi-anechoic room of 2.8 × 2.8 ×
2.0 m. Apart from shielding the setup from external noise sources, the walls
of the anechoic room absorb sound waves emitted by the object under consideration. Ideally, an anechoic room should simulate a (semi-)free field radiation
condition in correspondence with the Helmholtz integral equation (2.9) for exterior domains. However, this particular chamber was of limited quality since
the walls only partially absorb the incident acoustic energy. Consequently,
apart from the directly emitted waves also some reflections and reverberations
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10
SigLab

1
11

7

2

12
Polytec

4
6
3

5

13

8
NEXUS

9
B&K

No.
1
2
3
4
5
6
7
8
9
10
11
12
13

Name

Function

Anechoic room
Designed box
Speaker
Microphone
Exterior acoustic sensor
Laser vibrometer
Traverse system
B&K Nexus amplifier
B&K 2706 amplifier
Siglab DSP station
Control unit
Decoder laser vibrometer
Personal computer

Isolation and absorption
Test object
Generate interior acoustic field
Monitor pressure inside box
Measure exterior sound field
Scan surface normal velocities (focused beam)
Positioning of sensors (5, 6)
Conditioning and amplification of microphone signals
Amplify excitation signal for speaker (3)
Data acquisition and generation of driving signal
Communicate with traverse system
Decode laser doppler interference pattern
Execute AMS measurement software

Figure 5.8: The test setup to conduct validation experiments.

were present. Despite this limitation, the chamber was appropriate for experiments in the nearfield of the test object as in this region the directly radiated
part of the sound field is substantially larger than the reverberant field (see
also subsection 1.3.6).
The box described in the previous sections was used as a test object to
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validate both the forward and the inverse problems. Inside the box a loudspeaker was positioned to excite the interior air column. The interior pressures
were monitored using a small electret microphone located in a corner inside the
box. With the box configured as a structural sound source (configuration I),
the laser vibrometer was used to measure the structural vibrations of the flexible front plate. Various types of acoustic sensors were applied to measure the
acoustical quantities in the surroundings of the test object. More details on
these sensors is given in subsection 5.3.2.
The laser vibrometer and the exterior acoustic sensors were mounted on a
computer controlled traverse system with two translational degrees of freedom.
A Siglab DSP signal analyzer was used for data acquisition and generation of
the excitation signal which consisted of bandlimited white noise between 2001200 Hz with a frequency resolution of 1.25 Hz. After amplification, this signal
was fed to the speaker that excited the acoustic field. To minimize spectral
leakage resulting from the finite size of the sampling records, a Hanning filter
was applied at all times. The data was acquired with a total number of 50
averages in order to improve the signal-to-noise ratio and reproducibility of
the measurements. The Siglab station was connected via the SCSI bus to a
personal computer for further data processing. Additional equipment consists
of amplifiers, power modules, batteries, oscilloscopes, temperature, humidity
and barometers.
Supporting software was written to fully automate the positioning of the
sensors, data-acquisition and post-processing of the measurements. The measurement software, named AMS, was fully integrated with the BEM solver and
the associated source localization toolbox.

5.3.2

Applied acoustic sensors

Acoustic pressure - Microphones
In this project several types of acoustic sensors were applied. The performance
of each of the sensors was compared to a B&K 1/2”condenser microphone (type
4192), well-known for its outstanding quality up to a few kHz.
Disadvantages of the B&K microphone are its high costs and relatively large
dimensions. Owing to these disadvantages several types of cheaper and smaller
electret microphones were also applied. Generally, the electret sensors suffer
from the following unfavorable side effects with respect to the high quality
transducers:
• higher noise floor
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• smaller linear amplitude range
• smaller linear frequency range
Fortunately, these limitations only become evident in extreme situations with
either very low or high signal levels or frequencies. Such situations are not
frequently encountered in practical situations and if they occur then other
external noise sources often form larger bottlenecks for accurate measurements.
As a consequence, for most applications under normal conditions, inexpensive
electret sensors can be applied just as well as high quality microphones.
Acoustic particle velocity - Microflown
One of the main interests of this research was also the applicability of a relatively new type of sensor: the Microflown1 . Instead of acoustic pressure, it
measures acoustic particle velocity. Recall that the particle velocity is not
the same as the speed of sound at which acoustic disturbances travel through
a medium. Unlike pressure, which is a scalar quantity, particle velocity is a
three-dimensional vector quantity. As a single Microflown only provides one
component of this vector, it is necessary to position three mutually perpendicular Microflowns in order to measure the total particle velocity vector. Owing
to the extremely small dimensions of the Microflown, the sensor hardly has
any effect on the acoustic field and gives a good approximation of the actual
particle velocity at a single point instead of a spatial average as is the case
with larger sensors.
Acoustic intensity - USP
Once acoustic pressure and particle velocity were known, the acoustic intensity
was computed by a simple multiplication of the two signals conform 12 ~v H p.
Until recently the acoustic intensity had to be determined by an approximation
of the particle velocity by taking the spatial gradient between the signals of
two microphones positioned at a known distance (e.g. see B&K Technical
reviews [52, 53, 81]). This approximation technique is liable to errors and can
only be applied under special conditions [80].
With the new Microflown sensor this approximation is avoided, because
the particle velocity is measured directly. This direct approach is generally applicable and less sensitive to several kinds of error components. Furthermore,
1

The Microflown is an acoustic particle velocity sensor invented at the University of
Twente in 1994. For detailed information on the Microflown sensor, reference is made to de
Bree et al. [34, 35, 36] and www.microflown.com.
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owing to the extremely small dimensions of the Microflown, it can easily be
integrated with two additional Microflowns and a small microphone. In such
a configuration all three particle velocity components and the pressure are simultaneously measured at, approximately, a single point in space and thus the
full three-dimensional intensity vector is obtained, e.g. see work of Raangs et
al. [132, 133]. This probe, known as the ultimate sound probe (USP), is depicted together with a standard B&K 1/2”microphone in figure 5.9.

microphone

USP

zoom of USP

Figure 5.9: Standard 1/2”microphone (left) and the new USP probe (middle)
and an enlarged view of the USP’s actual sensor head (right).

5.3.3

Standard logarithmic scalings

Although pressure and particle velocity are measured in Pascals and meters
per second respectively, it is customary to express these quantities in terms
of decibels (dB) as a logarithmic scaling better suits the human perception
of sound. If the acoustical quantities are described on a decibel scale it is
common to identify them with the word level. In order to provide a convenient
scale, the rms values of the acoustical quantities are divided by a meaningful
reference value. This reference value is chosen approximately equal to the
minimum audible pressure or particle velocity at a frequency of 1000 Hz. As a
consequence, a level of 0 dB corresponds to the threshold of hearing at 1000 Hz,
whereas from 120 dB upwards the sound is so loud that it tends to hurt and
damage the human ear. Above this upper bound the sound field becomes
nonlinear which implies that the linear theory of acoustic wave propagation is
no longer valid. As nonlinear phenomena in acoustics are beyond the scope of
this study, all experiments are conducted at sound levels well below 120 dB.
Table 5.4 gives an overview of the conventions and reference values for the
different acoustical quantities. Note that a change of 20 dB corresponds to a
factor 10 change in pressure or particle velocity but a factor 100 in intensity
and power.
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Description

Formula

Reference value (rms)

Sound pressure level
Particle velocity level
Sound intensity level
Sound power level

SPL = 20 log10 (prms /pref )
PVL = 20 log10 (vrms /vref )
SIL = 10 log10 (Irms /Iref )
LW = 10 log10 (Πrms /Πref )

pref = 20 µPa
vref = 50 nm/s
Iref = 1 pW/m2
Πref = 1 pW

Table 5.4: Sound levels and corresponding reference values. Note that the reference values are valid for air under standard conditions (ρ0 c0 ≈ 400 kg/(m2 s)).

5.4

Validation with structure-borne sound source

The first step in the validation process was the verification of the numerical
results predicted in the forward acoustic problem. This problem involved the
computation with the BEM solver of the exterior sound field generated by
the vibration of the outer surface of the radiating object. Once the forward
problem was successfully validated, attention was shifted to the inverse problem
concerning acoustic source identification issues.

Figure 5.10: The test object consists of an aluminum box with a wall thickness
of 30 mm. Left: box without front plate, right: a flexible plate of thickness
1.1 mm is attached (clamped) to the front of the box (configuration I).

5.4.1

Configuration of the box

The box with the flexible front plate, shown in figure 5.10, served as the
structure-borne sound source. The plate was excited by the interior sound
field created by the speaker inside the box. In turn this structural vibration
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caused radiation of sound into the surroundings of the box. This exterior
sound field was measured and compared with numerical results obtained with
the BEM solver. To provide a boundary condition for the BEM computation, the structural vibrations of the flexible plate were measured with a laser
Doppler vibrometer. The acoustic pressures were measured with a microphone
and the acoustic particle velocities with a Microflown USP sensor.
For each measurement two reference signals were used. The first signal consisted of the driving voltage over the loudspeaker whereas the second reference
signal represented the interior acoustic pressure measured in the upper corner
inside the box as shown figure 5.8.
With the help of a principle component analysis (PCA), see appendix I,
it was confirmed that the sound originated from a single coherent source, the
speaker. As illustrated in figure 5.11(a), this resulted in a single dominant
principle component throughout the frequency range of interest. For this reason only the sound field related to this first principle component was accounted
for and the part associated with the second principle component was left out
of consideration as it has no significant contribution to the total sound field.
Principle component [dBV]

Reference signal [dBV]
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−20
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Speaker
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−80
200

400
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800
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Frequency [Hz]
(a) Reference signals consist of the speaker
driving voltage and the interior pressure.
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800
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1200

Frequency [Hz]
(b) Principle components (virtual, independent reference signals).

Figure 5.11: Original and virtual reference signals after principle component
analysis.

5.4.2

BEM model

For the computation of the sound field radiated by the flexible plate, a boundary element model was made as shown in figure 5.12. The boundary surface of
the box was meshed with 898 linear triangular elements (TRIA3) and a total
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of 463 nodes. On a plane at a distance d of 30 mm from the flexible plate, an
exterior field mesh with 256 nodes was defined.

Point of
comparison

~e2
~e1
~e3
(a) Source mesh of box with 171
laser scanning locations (dots).

(b) Field mesh consisting of 16x16
measurement points.

Figure 5.12: Boundary surface mesh of the box and a 16x16 point field grid,
defined at a distance d of 30 mm in front of the box.

In contrast with the recommendations formulated at the end of chapter 4, the
field node locations were not defined by copying and expanding the boundary
surface nodes of the box. This was done intentionally for two reasons: (1)
the applied traverse system was only capable of scanning planar surfaces (2D
system) and (2) in this way the field grid was compatible with the conventional Fourier based NAH techniques. This latter technique requires a planar
equidistant sampled grid with the number of points in each direction a power
of two. As a consequence, the field mesh was not optimized for IBEM based
source identification techniques but, as will be shown, it was still capable of
yielding accurate results.

5.4.3

Measurement of structural vibrations

The computation of the acoustical quantities requires the distribution of the
velocities normal to the outer surface of the box. A laser vibrometer was used
to measure these velocities in 171 nodes on the flexible front plate of the box as
indicated by the dots in figure 5.12(a). The laser vibrometer was successively
placed at each position in the scanning grid by means of the traverse system
depicted in figure 5.13. Both the positioning of the laser and the data acquisition with Siglab was completely operated in an automated fashion with the
AMS software (see figure 5.1).
Both the FEM simulations and exploratory experiments confirmed that for
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frequencies below the eigenfrequency of the first frame mode (about 1.7 kHz),
the vibration levels of the thick walls are negligible compared to those of the
flexible front plate. As a consequence they have no significant contribution to
the exterior acoustic field and a zero surface normal velocity can be prescribed
as a boundary condition.
When the scan and corresponding signal processing (like PCA) is completed, the measured surface normal velocities are imported into the BEM
solver. As a next step, the corresponding acoustical quantities in the field
grid are computed by multiplication of the acoustic transfer matrices with the
measured boundary condition.
80
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Figure 5.13: Left: Laser vibrometer on traverse system. Right: Spectrogram
containing measured auto-spectra of surface normal velocities at the front plate
(dB ref. 5 · 10−8 [m/s], applied frequency resolution is 1.25 [Hz]).

Figure 5.13 shows a spectrogram containing the measured auto-spectra of the
surface normal velocity at each scanning point on the front plate. A total
of eight resonance frequencies, recognizable by dark vertical lines, can be observed in the considered frequency range. Additionally figure 5.14 gives the
corresponding spatially averaged auto-spectrum Q (4.37).
From the FEM simulations, see figure 5.6, it is known which of these frequencies can be classified as structurally dominated (plate modes) and which of
them are acoustically dominated (cavity modes). The structurally dominated
eigenfrequencies, indicated by a capital S, occurred at about 310, 514, 705, 864
and 901 Hz. The acoustically dominated eigenfrequencies (A) were 729, 1040
and 1109 Hz. Apart from the spatially averaged velocity spectrum Q, the lower
part of figure 5.14 illustrates the measured velocity distributions over the front
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plate at the successive resonances. These measured velocity profiles serve as
input (vny ) for a forward BEM computation of the acoustic pressures (pf ) and
particle velocities (vtot ) in the field grid.
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Q [dB]
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Figure 5.14: Results obtained with a laser Doppler scan of the plate: spatially
averaged auto-spectrum of the velocity normal to the surface (upper) and the
velocity distributions over the plate (lower) at the eight resonance frequencies.
Capital S indicates a structurally dominated mode and A stands for acoustically
dominated mode.

As already predicted by the FEM simulations, the first acoustical mode shape
spatially matched the 1-2 structural mode shape. As a result the plate mainly
responds in its 1-2 mode shape. A similar behavior was found for the second
acoustic resonance and the 2-1 plate mode.

5.4.4

Measurement of sound field

The acoustic pressure and particle velocity components are measured simultaneously with the Microflown USP probe consisting of a 1/10”microphone and
three particle velocity sensors as shown in figure 5.9. Measurements were performed at the field grid locations as indicated in the BEM model presented in
figure 5.12(b). Figure 5.15 illustrates the measured distributions of pressure
and particle velocity at the eight successive resonance frequencies. Notice that
the distributions of the pressure and especially of the particle velocity component perpendicular through the field grid (figure 5.15) look very similar to
those of the structural velocities of the front plate measured with the laser
vibrometer (figure 5.14). Furthermore, these measurements confirm the earlier theoretical findings of section 4.3.3, that the particle velocity field remains
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longer focused in a spatial sense compared to the pressure field. The latter
field tends to smear out (blur) with increasing distance to the source.

5.4.5

Forward problem: simulation versus measurement

In this subsection the results of simulations with the BEM solver are validated
against experimental data obtained at the field point indicated in figure 5.12(b).
Usually, the acoustical quantities are expressed in terms of sound pressure level
(SPL) and particle velocity level (PVL), as defined in section 5.3.3. Recall that
to improve the quality and reproducibility, all measurements were averaged 50
times and a Hanning filter was applied to suppress spectral leakage.
A comparison between the computed and measured field pressures and
particle velocity components is given in figure 5.16. A good agreement is
reached between computed and experimental data for both amplitude and
phase. The slight deviations are, amongst other things, related to the limited
quality of the anechoic room and other effects like misalignments of the actual
sensor locations with respect to the numerical model. Generally, the computed
SPL and PVL values turn out to be slightly lower than the measured ones.

5.4.6

Inverse problem: simulation versus measurement

The next step in the validation procedure is to verify the results predicted
by the acoustic source identification technique. As mentioned earlier, in the
inverse problem the acoustical quantities in the field grid (effect) are known
and the task is to estimate the corresponding original surface normal velocities
(cause) that are responsible for the observed sound field.
As discussed in chapter 4, the inverse technique gives rise to a discrete
ill-posed problem which can only be solved with the help of regularization
techniques. Such techniques always involve choosing a parameter which balances the degree of smoothing versus the amplification of noise. The graphical
L-curve representation is used again to assist in the selection of an appropriate
regularization parameter. As a final step, the reconstructed vibration patterns
can be compared with the vibration patterns measured directly by the laser
vibrometer, as depicted in figure 5.14.
In accordance with equations (4.6), (4.36), (4.41) and (4.42a) the measured
acoustical quantities in the field grid, shown in figure 5.15, serve as the input
vector b in the source identification problem. After computing the transfer
matrices for each frequency, the regularized inversion was performed to reconstruct the original normal vibrations at the boundary surface of the box.
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(a) Field pressures (pf ).
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(b) Horizontal in-plane particle velocity component (v1 ).
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(c) Vertical in-plane particle velocity component (v2 ).
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(d) Particle velocity component perpendicular through field grid (v3 ).

Figure 5.15: Acoustic quantities measured in the field grid, located at a
distance d of 30 mm from the front plate. The white rectangle indicates the
outer contour of the box (color scaling between +/− the largest magnitude).
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(b) Particle velocity component perpendicular through the field grid (v3 ).

40

−4
−6
−8
−10

20
−12

0
200

400

600

800

Frequency [Hz]

1000

1200

−14
200

400

600

800

1000

1200

Frequency [Hz]

(c) Vertical in-plane particle velocity component (v2 ).

Figure 5.16: Comparison of measured and computed acoustical quantities
at the field point as indicated in figure 5.12. Only sound related to the first
principle component is represented.
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Figure 5.17: Picard condition and L-curves (LSQR) for the third resonance
peak at f =705 [Hz], corresponding to mode shape S(2,1).

Figure 5.17(a) provides the graphical verification of the discrete Picard condition for the inverse problem at the (2,1) structural
¯ resonance frequency. Since
¯
¯ is much steeper than that
the initial decay of the Fourier coefficients ¯uH
·
b
i
of the singular values si , the Picard condition is satisfied which ensures the
existence of a meaningful regularized solution.
The influence of measurement noise is clearly observable as the Fourier
coefficients level off at a constant ‘noise floor’ instead of gradually decreasing
towards zero. As explained before in chapter 4, the presence of such a noise
floor results in an unwanted amplification of the solution participation coefficients uH
i ·b/si associated with a high value of index i. To avoid the dominance
of the highly oscillatory modes vi in the reconstructed solution, only information associated with the first few singular values will be accounted for in the
inversion. How the filtering is applied depends on the selected regularization
method whereas the amount of filtering is determined by the regularization parameter. Figure 5.17(b) shows the L-curves obtained with the LSQR regularization approach for the source identification techniques based on measurement
of pressure and particle velocity. As predicted by the numerical simulation in
section 4.3, the L-curve associated with IBEM based on total particle velocity
shows a much more pronounced corner than the pressure based method. A
better defined corner implies an easier selection of the (near-)optimum regularization parameter and from this point of view the particle velocity based
method can be regarded as being more robust.
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Figure 5.18: Reconstructed plate vibrations by means of the IBEM based
source identification method, (upper) the conventional pressure based method
and (lower) the novel method based on particle velocity measurements (vtot ).
Technique
Laser vn
Pressure pf
Particle velocity vtot

Power LW (active) [dB]

Power LW (reactive) [dB]

50.9
52.0
51.8

59.2
60.2
59.8

Table 5.5: Comparison of the total sound power levels.

For each frequency step, the L-curves were generated and their corners selected
in an automated fashion. Once the optimum regularization parameter was
found, the regularized inversion of the ATM was relatively easy to perform.
The reconstructed patterns of the normal velocity of the front plate of the
box are visualized in figure 5.18. Notice the close correspondence between
these reconstructed vibration shapes and the profiles measured directly with
the laser vibrometer (see figure 5.14). Although the vibrations across the whole
boundary surface of the box are reconstructed, only the vibrations of the flexible plate have been plotted since the vibration levels on the remaining part of
the box are negligible.
To compare the quality of the reconstructed velocity patterns at the surface in a more quantitative sense, the associated acoustic power is evaluated
according to equation (3.30). The prediction of the acoustic power based on
the velocities measured with the laser vibrometer is considered to be the most
reliable and therefore it is used as reference for the results obtained with the
different types of source identification methods. Figure 5.19 shows the reconstructed narrow band acoustic power levels predicted by the different methods.
The total power levels based on the directly measured and the reconstructed
surface normal velocities are summarized in table 5.5. From the figure and the
table it becomes clear that a maximum deviation of about 1 [dB] is achieved
for both narrow band and total sound power, which can be considered as very
satisfactory. The results based on particle velocity measurement agree slightly
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Figure 5.19: Comparison of the acoustic power between the direct laser measurement and the IBEM method based on pressure and particle velocity data.

better with the reference solution than those based on pressure data. Overall
it can be concluded that both source identification techniques lead to accurately reconstructed velocity distributions. Once the normal velocities at the
boundary of the sound radiating object are known, they can be applied again
as boundary condition in the forward problem in order to compute desired
acoustical quantities like the acoustic power.
For the sake of completeness, the measured pressure data in the field grid
were used also in a conventional Fourier based planar NAH approach1 . With
planar NAH the velocities are reconstructed from the acoustic pressures in the
field grid to an equivalent grid on a plane coinciding with the front side of the
box. Although this simulation results in comparable vibration patterns shown
in figure 5.20, the reconstructions are obviously of a lower quality compared to
the IBEM results. Moreover, the planar NAH technique is inherently limited
to objects with a rather planar geometry, the source and field mesh must have
equal dimensions and need to be sampled equidistantly with a number of points
that is a power of two.

1

For details on Fourier based inverse acoustics, reference is made to [108, 168, 161].
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Figure 5.20: Planar NAH reconstructions based on pressure measurements.

5.5
5.5.1

Validation with air-borne sound source
Configuration of the box

For the validation process with an air-borne sound source, the flexible front
plate of the box was replaced by a 30 mm thick ‘rigid’ front plate containing a
hole of radius 10 mm. In contrast to the previous configuration, the exterior
sound no longer stems from structural vibrations of the front plate, but finds its
origin in a vibration of air in the hole as indicated in figures 5.2(c) and 5.3(b).
Compared to the smooth distributions of the normal velocity on the flexible
front plate, this distribution is much more localized in a spatial sense. Hence
many more source modes are required to describe this source accurately in the
identification process, which makes it a more challenging test case.

~e2
~e1
~e3
(a) Rigid front plate containing
a hole of radius 10 mm.

(b) BEM model, 413 nodes,
822 TRIA3 elements.

(c) Field mesh consisting of
163 measurement points.

Figure 5.21: Boundary surface mesh of the box (configuration II) and corresponding field grid.

In the case of the flexible front plate the vibration pattern could be measured
independently with the laser vibrometer. In the present configuration this is
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not possible since the laser vibrometer is incapable of measuring vibrations in
air. Hence no boundary condition is available for the validation of the forward
radiation problem.
Although the exact vibration levels of the air in the hole are unknown, the
shape and location of the hole are well-defined, and thus from this point of
view a qualitative reference solution is available against which the outcome of
the source identification techniques can be validated.
A picture of the box with the rigid front plate and the associated boundary
element model is given in figure 5.21. In order to increase the accuracy of the
results, both the boundary surface mesh as well as the field mesh are refined
in the vicinity of the hole. Because the field mesh is no longer equidistant,
the measurement data can no longer be used in the conventional Fourier based
NAH technique.

5.5.2

Measurement of the sound field

Whereas the sound radiation in the initial configuration was mainly dominated
by the structural eigenfrequencies of the clamped front plate, in the current
setup only the three acoustical eigenfrequencies (725, 1040, 1105 Hz) of the
cavity show up in the 200-1200 Hz frequency range. These resonances are
clearly visible in figure 5.22(a) which depicts, apart from the driving signal of
the loudspeaker, also the sound pressure level measured in an upper corner of
the cavity inside the box.
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Figure 5.22: Original, correlated reference signals and corresponding principle
components (independent virtual reference signals).
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Since the hole in the front plate has a diameter of 20 mm it is desirable to
achieve an apparent reconstruction resolution of at least 20 mm in order to pinpoint the exact location of the sound source (hole). From subsection 4.3.3 it is
known that the highest attainable resolution in source identification techniques
is about the same as the distance d between the field and source boundary mesh.
To verify this numerical finding, measurements of pressure and particle velocity were conducted again at a distance d of 30 mm and at a reduced distance
of 15 mm.
As can be concluded from figure 5.22(b) it is again sufficient to consider
only the first principle component. The value of the second component is
negligible and thus the sound field is related to a single coherent source at each
frequency interval.
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Figure 5.23: Spectrogram of SPL measured in the field grid defined at a
distance d=30 mm (dB ref. 2 · 10−5 Pa).

A spectrogram of the measured sound pressure level (SPL) related to the first
principle component is given in figure 5.23. The SPL, measured outside the
box, clearly shows an increase at the interior eigenfrequencies of the air in the
cavity (dark vertical lines).
The acoustic pressure and particle velocity distributions corresponding to
the first interior eigenfrequency are depicted in figure 5.24. Obviously the
highest sound levels are concentrated in the vicinity of the hole. As mentioned
before, comparing the pressure field pf with the distribution of the particle
velocity component perpendicular to the field mesh ve3 confirms that the pressure field is indeed less focused than the particle velocity field. The underlying
mathematical explanation is the higher order singularity that occurs in the
kernels of the integrals (2.24) governing the particle velocity field. It is not
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Figure 5.24: Measured acoustical quantities in the field grid at the first cavity
resonance frequency (PC=1, d=30 mm). White lines indicate the edges of the
underlying box. Color is scaled between -1 (blue) and +1 (red).

hard to imagine that source localization based on a less blurred field quantity
is likely to yield reconstructed solutions of higher accuracy.

5.5.3

Acoustic source identification

Once the acoustic transfer matrix is known and the sound field is determined
experimentally, both inputs for the inverse problem are available. It is known
that the inverse problem is more difficult to solve at lower frequencies. This
implies that the source identification process at the first interior eigenfrequency
5
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Figure 5.25: Picard plots for pressure and particle velocity based IBEM techniques at the first interior resonance frequency.
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forms a worst case scenario and for this reason only source reconstructions at
the first cavity resonance will be considered.
In order to check the existence of a physically meaningful regularized solution, a visualization of the discrete Picard condition is provided in figure 5.25
for a distance of 30 mm between the measurement grid and the front of the
box.
In the case of the IBEM technique based on particle velocity, figure 5.25(b),
the initial decay of the Fourier coefficients is clearly steeper than that of the
singular values meaning that the Picard condition is met. For the pressure
based technique, figure 5.25(a), it is less obvious whether the condition is satisfied. Nevertheless, simulation results have proven that also for pressure based
IBEM physical meaningful solutions can be found.
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Figure 5.26: L-curves at the first interior resonance frequency of 725 [Hz].

The corresponding L-curves for two distances d for the pressure and particle
velocity IBEM techniques are collected in figure 5.26. Again it can be observed
that the latter method yields sharper corners in the L-curves compared to the
technique based on pressure data. This seems to be especially true for smaller
distances between the field and boundary source mesh. After selecting the
regularization parameters corresponding to the corners of the L-curves, an
estimation of the unknown normal velocities at the boundary surface mesh of
the box can be made.
Figure 5.27 depicts a front view of the box with the reconstructed results.
Clearly the hole is reconstructed at the correct location by both the pressure
based and the particle velocity based source identification technique. However,

Experimental Validation

182

it can be noticed that for d = 30 mm the spatial resolution of the solutions is
not sufficient to describe the sharp transition from vibrating to non-vibrating
air at the edge of the hole. When distance d is reduced to 15 mm, which is
smaller than the 20 mm diameter of the hole, the resolution of the regularized
solutions becomes sufficiently high to accurately recover the edge of the hole.
Regarding the magnitude of the velocity patterns it is more difficult to judge
and compare their quality since the exact magnitude of the air vibrations in
the hole is unknown. Both source localization methods predict vibration levels
of the same order of magnitude, which is good enough for many engineering
applications.
−4

−3

x 10

x 10

2.5

10

2

8

1.5

6

1

4

0.5

2

0

0
−2

−0.5

d = 15 mm

d = 30 mm

(a) Pressure based IBEM, b = pf .
−4

−4

x 10

x 10
8

15

d = 15 mm

6

10

4

5

2

0

0

d = 30 mm

(b) Particle velocity based IBEM, b = vtot .

Figure 5.27: Reconstructed surface normal velocity at first cavity resonance,
reconstruction done with LSQR approach. White circle indicates the actual
edge of the hole.
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Summary and conclusions

For the experimental validation of the numerical tools developed in this project,
a box was designed that can be configured both as a structure-borne and an
air-borne sound source. By means of FEM analysis and associated verification
measurements, the structural dynamic behavior of the box is well understood
in the sense that both the structurally and acoustically dominated eigenfrequencies and corresponding mode shapes are known accurately. The sound
source is part of larger experimental setup which features amongst others a
traverse system, DSP platforms, a laser vibrometer and various acoustic sensors like the USP intensity probe. The whole experimental setup is controlled
by specially developed measurement software that handles the sensor positioning, data-acquisition, post-processing and exporting of the results to the BEM
solver and the associated source identification module.
With the help of this experimental setup, including the box configured with
a flexible front plate, the numerical solution of the forward problem concerning
acoustic radiation into an unconfined space was successfully validated. The
mismatch between computed and directly measured acoustic pressures and
particle velocities in the field grid proved to be of the order of about 1 dB or
even less.
Also in the inverse problem of acoustic source identification, good agreement was achieved between the direct laser Doppler measurements of the structural surface normal velocities and velocities reconstructed by means of the
IBEM techniques. A quantitative comparison of the differences between directly measured and inversely computed active and reactive acoustic power
showed that the maximum mismatch was about 1 dB.
When the box was covered with a rigid front plate containing a small hole,
it could be classified as an air-borne sound source since the emitted sound
originates from the vibrations of air in the hole instead of vibrating structure.
This configuration forms a hard test case for the source identification techniques
because the actual radiating area is small and contains a sharp transition in
vibration levels at the edges of the hole. For this reason a high spatial resolution
and thus a small distance between the field and the source mesh was required
in order to accurately reconstruct the vibrations in the direction normal to the
boundary surface of the box.
With respect to the application of the new particle velocity based IBEM
method it can be concluded that the obtained L-curves show a more pronounced corner and the resulting reconstructions are generally of a slightly
better accuracy. These findings confirm the expectations formulated in chapter 4 regarding the robustness of the pressure versus particle velocity based
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L-curves.
The acoustic measurements were conducted with the Microflown USP transducer which measures all acoustical quantities simultaneously in a small volume
of air, resulting in a complete description of the acoustic field including the flow
of energy through the field grid. A slight disadvantage of the USP sensor is
caused by its intrinsic angular directivity which makes it more difficult to align
the sensor with respect to the test object compared to an omnidirectional microphone.
Overall it can be concluded that the numerical tools for the forward and
the inverse problem have been successfully validated by means of a well-defined
acoustic source. This study will be completed with application of the techniques on a number of real-life products.

Chapter 6

Engineering Applications
6.1

Introduction

In cooperation with the industrial partners participating in this project the
new BEM solver and source localization techniques have been applied to a
number of engineering applications. To demonstrate the application of the
BEM solver in a forward problem, an example is presented related to the horn
effect in tyre-road noise problems. In the field of inverse acoustics, the source
identification tools have been utilized in various applications like printed circuit
boards, computer casings, CPU cooling fans, and several domestic products.
Sections 6.3, 6.4, and 6.5 provide a brief overview of the findings for a printed
circuit board, a cooling fan and a hairdryer, respectively.
Other examples, not presented here, range from the radiation mode analysis
of a truck engine’s oil pan [98] to the prediction of the radiated power in an
experimental setup for active noise control [122], and the estimation of the
noise levels emitted from honking silos [76]. Finally, based on the findings it
is concluded that the developed numerical and measurement techniques were
successfully applied in practical situations.

6.2
6.2.1

Horn effect in tyre-road noise
Introduction

Tyre noise is responsible for a substantial part of traffic noise. There are many
mechanisms that contribute to the sound radiated from a rolling tyre which
are not well understood. It is believed that the sound is primarily generated
near or in the contact area by the interactions between the tread blocks, the
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air in the grooves and the texture of the road surface. Owing to the horn-like
shape of the tyre-road combination, see figure 6.1, pronounced higher sound
levels occur near frequencies where the acoustic wavelength coincides with the
outer radius of the tyre. This horn effect has been described in a number of
publications [57, 92, 138, 139, 140].
Front
w

Side

h

d = 676 [mm]
h = 135 [mm]
w = 225 [mm]

d
Rim

Tyre

Horn effect

Road

Figure 6.1: Schematic front and side view of P225/60R16 tyre.

In this chapter the effect is illustrated with the help of a standard P225/60R16
tyre. This type of tyre, sketched in figure 6.1, is frequently mounted under
representative passenger cars. As the name indicates the tread width w is
225 mm, the wheel rim diameter d is 16 inches and the belt height-to-width
ratio is 60% (h/w = 0.6). By numerical simulations of the sound radiation with
and without the presence of the road, it is attempted to gain more physical
insight into the horn effect. All simulations were performed with the BEM
solver as discussed in chapters 2 and 3.

6.2.2

BEM model

In order to simulate the conditions with and without the presence of a road,
two comparable BEM models were made. In both cases the boundary surface
of the tyre was meshed with 1258 nodes and 628 TRIA6 elements. The acoustic
quantities were computed on the boundary surface itself and in a field mesh
located on the exterior of the tyre as indicated in figure 6.2. For simplicity the
road was modeled as an acoustically hard1 plane of infinite dimensions (baffle).
The contact area between the tyre and the road surface was modeled with a
‘dummy mesh’ of the type described in subsection 2.5.2. The excitation was
1

Acoustically hard implies full reflection without phase shift, reflection coefficient RH = 1.
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Figure 6.2: BEM model of tyre and road including contact interface.

simulated by means of a perturbation in the normal surface velocity (1 mm/s)
of a few nodes located on the tread near the contact interface. Although
this is a rather crude approximation to the actual excitation mechanism, it
is sufficiently accurate for demonstrating the horn effect. Note that effects
resulting from rolling and air flow are not accounted for in the BEM models.

6.2.3

Simulation results

The horn effect was studied by monitoring the acoustic power since this quantity is independent of position and represents a global measure for the total flux
of sound energy. This is in contrast with most studies found in the literature,
where the sound pressure level at a point in the neighborhood of the tyre is
monitored.
Considering the baffled situation, figure 6.3(a) illustrates that the active
(real) power has a maximum at about 1040 Hz whereas the reactive (imaginary)
power becomes zero at this frequency. This implies that the acoustic pressure
and particle velocity are exactly in phase, hence only purely propagating wave
components are emitted from the boundary surface of the tyre. Obviously
the tyre-road combination can be regarded as an ‘optimally’ efficient radiator
since a fully active sound field is generated at the horn frequency. Amplification
factors of the sound power caused by the horn effect are shown in figure 6.3(b).
Note that the frequency of maximum increase (860 Hz) does not necessarily
coincide with the frequency at which a maximum in the active power is located
(1040 Hz). This frequency mismatch is not found for the reactive part of the
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Figure 6.3: Computed acoustic power with and without the road. The horn
effect causes a maximum amplification of 6.5 times in the radiated power (corresponds to an increase of about 8 dB).

power. These findings justify the conclusion that the horn effect has its most
pronounced influence in the frequency range where the acoustic wavelength is
approximately equal to the outer radius of the tyre, λ ≈ R. In terms of the
dimensionless wave number kR, this implies a maximum increase in radiated
power near kR ≈ 2π. This indicates that the horn effect can be considered as
a low to medium frequency range phenomenon.
Figure 6.4 depicts the computed sound pressure levels at the frequency of
1040 Hz for the unbaffled (no road) and baffled (road included) situation. For
the sake of convenience, both subfigures share the same color scaling. It is
clear that the presence of the road significantly increases the SPL values on
the tyre and in its surroundings. As expected, the maximum SPL values are
found near the contact region where the excitation takes place.
Apart from pressures, also the particle velocity components in the field mesh
were calculated and, for the baffled configuration, their real part is illustrated
in figure 6.5. Again it can be observed that the field pressures smear out faster
compared to the particle velocity components.
Since the horn effect is a purely geometrical effect related to the ‘fixed’
shape of the tyre and the road surface it is hard to tackle the problem. In work
of Graf et al. [57] it was shown that rounding the edges of the tyre (shoulders)
tends to slightly decrease the amplification of the horn effect. Furthermore it
was found that decreasing the width w of the tyre also decreases the horn effect
but at the same time compromises grip, handling and safety properties.

6.3. Noise from an electronic power converter
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Figure 6.4: Sound pressure level at f =1040 Hz.
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Figure 6.5: Real part of acoustic pressure and particle velocity at f =1040 Hz
for the baffled configuration.

A most promising solution for reducing the horn effect seems to be a redesign
of the wheel arches such that they cause an out-of-phase scattered wave which
effectively cancels the propagating wave components emitted by the horn for a
particular frequency band. Such parameter studies can be performed with the
help of the BEM solver, but they are beyond the scope of this investigation.

6.3
6.3.1

Noise from an electronic power converter
Introduction

The investigation presented in this section is aimed at revealing the acoustic
sources on a printed circuit board as depicted in figure 6.6(a). For reasons of
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confidentiality, the specific function and application of the circuit board cannot
be disclosed but since its global purpose is power conversion it will be referred
to as Electronic Power Converter (EPC). Although these EPC boards work
properly, they suffer from two negative side effects. First of all, they tend to
generate a soft but audible and annoying humming noise. Secondly, a noisy
circuit board usually implies that one of the mounted components is vibrating.
This component or the corresponding solder connection is subjected to high
cycle fatigue and is likely to be the limiting factor regarding the overall lifetime
of the EPC.

(a) Picture of the EPC.

(b) Simplified BEM model.

Figure 6.6: The electronic power converter consists of a number of components mounted on a printed circuit board.

The first step in solving the problem is to analyze the frequency content of the
radiated sound in order to find the component(s) responsible for the observed
sound field. A rather simplified BEM model of the EPC its boundary surface
was defined. As illustrated in figure 6.6(b), the boundary surface mesh covered
the approximate outer contours of the circuit board with 1452 nodes and 2908
TRIA3 elements. A field mesh containing 350 measurement locations was
defined at a short distance above the highest component (capacitor) on the
EPC.

6.3.2

Measurement of the sound

During all measurements two reference microphones were applied: one was
placed at the back and the other on the left-hand side of the EPC. A third
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Principle component

microphone was used to scan the acoustic pressures in a measurement grid in
front of the EPC, as depicted in figure 6.6(b).
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(a) Principle components, averaged over all measurements.
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(b) Spatially averaged SPL values related to the first principle component.

Figure 6.7: Principle components and spatially averaged SPL values measured
in the field grid. Frequencies are normalized with respect to the base frequency
fb and values along the vertical ordinates are expressed in terms of amplitude A.

Unfortunately, the new USP sensor (see figure 5.9) which simultaneously measures the pressure and particle velocity vector was not yet available at the
time the measurements were conducted. For this reason the current study was
confined to pressure measurements only. The dimensionless wave number kL
varied from 0.1 up to about 11. This implies that the noise problem covers the
extreme low up to the medium frequency range.
Application of the principle component analysis on the reference signals
made clear that the sound field can be attributed to a single physical source as
there is a significant difference between the first and second principle component. For this reason the contribution to the sound field related to the second
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component was omitted in the analysis. Figure 6.7(a) provides the results from
the PCA and part (b) gives the SPL values averaged over the 350 field grid
locations. The large number of spectral peaks that are shifted by a constant
offset relative to each other indicates an excitation dominated response of the
printed circuit board. From a closer look at the spectrum it can be learned
that most of the peaks occur at frequencies that are an integer, odd multiple
of a certain ‘base’ frequency fb . Such a series of odd multiples is frequently
an indication that one of the components on the circuit board is generating a
block wave with a block frequency equal to fb . The observed spectrum matches
the frequency content of such a waveform quite well.

(a) Odd multiples of fb , sound is localized
around the ‘black-box’.

(b) Possible second bending mode of cooling
strip, f = 6fb .

(c) Possible third bending mode of cooling
strip, f = 12fb .

(d) Bending mode of whole board, f = 28fb .

Figure 6.8: Real part of pressure measured in the field grid. Colors are scaled
between +/− the largest magnitude.

For a selected number of frequencies the measured pressure field is visualized in
figure 6.8. At all odd multiples of fb , a pressure field similar to the one shown in
figure 6.8(a) was found. Judging the concentration of high pressure levels above
the ‘black-box’ component, it is very likely that this component is responsible
for the observed block waveform-like spectrum. At the even multiples 6fb and
12fb , given in figure 6.8(b) and 6.8(c), respectively, the cooling strip on the
side of the EPC seems to be excited in two of its mode shapes. Finally, at
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higher frequencies, e.g. f = 28fb , the radiated sound is no longer related to
the vibration of a single component but most likely the whole circuit board is
vibrating in a more complex manner (figure 6.8(d)).

6.3.3

Acoustic source identification

Based on the measured field pressures and the computed ATMs, the source
identification technique was used to estimate the original vibrations on the
boundary surface. To check the existence of a physically meaningful solution
to this ill-conditioned problem, a Picard plot was generated (figure 6.9(a)).
Approximately the first 50 Fourier coefficients were related to a useful signal
content whereas for higher indices the coefficients were clearly dominated by
contributions resulting from noise in the pressure vector (right-hand side vector). In order to determine the optimum amount of regularization, the L-curve
was plotted in figure 6.9(b). The curve shows a clear bending point where
an optimum trade-off between the perturbation and the regularization error is
found. For other frequencies also Picard and L-curve plots were made but no
significant differences in behavior were found.
Figure 6.10(a) illustrates the reconstructed velocity normal to the surface
of the EPC for the fifth multiple of frequency fb . The resulting velocity distribution confirms the expectation of the black-box being the source of the sound
field. Furthermore, parts (b) and (c) of the figure indeed show that at fre-
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Figure 6.9: Picard plot and L-curve for iterative LSQR approach at fifth odd
multiple of the base frequency (f = 5fb ).
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(a) ‘Black-box’ vibration at odd multiples
of fb .

(b) Excitation of second bending mode of
cooling strip, f = 6fb .

(c) Excitation of third bending mode of
cooling strip, f = 12fb .

(d) At higher frequencies, f = 28fb , more
complex vibration shapes are found.

Figure 6.10: Real part of the reconstructed surface normal velocities. Colors
are scaled between +/− the largest magnitude.
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quencies 6fb and 12fb the cooling strip plays a dominant role in the radiation
process.
For the higher frequency of 28fb it appears that the cooling strip, the blackbox component and the support frame of the EPC all contribute to the sound
field. It has to be remarked that the reliability of this high frequency result
may be somewhat doubtful since the BEM model might not be representative
enough for such short acoustic wavelengths. To improve the reliability of the
model and thus of the results it is recommended to use quadratic boundary
elements and conduct the experiments again with the novel USP probe. Furthermore it is advisable to define a field grid that has a geometry more similar
to the boundary surface mesh of the EPC.
Based on the findings of the present tests it can be concluded that the
black-box component is most likely responsible for the observed sound field.
At the odd multiples of the base frequency fb , both the sound field and the
reconstructed surface vibrations proved to be concentrated above or on top of
this component. Besides the odd harmonics of the base frequency, the blackbox component is believed to excite the printed circuit board indirectly causing
resonances in other components like the cooling strip. Concluding, the next
step in the solution process of the vibro-acoustic problem of the EPC should be
sought in a detailed investigation of the contents and design of the ‘black-box’
component.

6.4
6.4.1

Noise from a CPU cooling fan
Introduction

Nowadays a substantial part of the noise pollution in office environments is
generated by personal computers. The ever increasing need for faster computers is inherently associated with a higher power consumption by the CPU,
which usually leads to an increase in the production of heat. Normally, overheating is prevented by mounting a cooling fan directly on the CPU and power
supply. Very often these fans have a dominant contribution to the total sound
field emitted by the computer. The abatement of this noise problem requires
a better understanding of the radiation mechanism of such a fan. For this reason a representative CPU cooling fan was subject to the IBEM based acoustic
source identification technique.
The test object, shown in figure 6.11, consists of a ‘Thermaltake Volcano 6 Cu’ cooling fan which can be mounted on standard Athlon-XP or
Pentium-III processors. At a driving voltage of 10 V, the rotational speed
Ω is about 4100 rpm (68.6 Hz). Knowing the rotational speed and accounting
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Figure 6.11: The setup of the cooling fan contains two reference microphones
and a USP sensor to scan the sound field in a plane parallel to the front side
of the cooling fan.

for the fact the rotor contains 7 blades yields a blade passing frequency (BPF)1
of 480 Hz. With an outer diameter of the rotor of 60 mm, the tip velocity
becomes about 13 m/s.
As illustrated in figure 6.11, the measurements were conducted with two
reference microphones located in the nearfield of the cooling fan. A USP sensor
was used to determine the acoustic quantities in the 1005 field points positioned
in a plane at a distance of 10 mm in front the rotor as depicted in figure 6.12(b).
To compute the ATMs, a boundary element mesh of the cooling fan consisting
of 436 TRIA6 elements and a total of 958 nodes was generated. Finally, all
measurements were performed with a frequency resolution of 5 Hz within a
range of 60-2060 Hz. To improve the quality of the measurement data, 50 averages with an overlap of 50% were applied and spectral leakage was minimized
by application of a Hanning window.

6.4.2

Radiated sound field

Since the frequency domain approach adopted in the numerical models is valid
only for coherent sound fields, an additional analysis was required to separate the mutually dependent reference signals into a set of independent virtual
signals, the so-called principle components (see appendix I). The possibly
incoherent sound field was then decomposed into a set of independent but co1

BPF is defined as number of blades on the rotor times the rotational speed.
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~e2
~e3

~e1
(a) Boundary surface mesh.

(b) Sensor locations in the field.

Figure 6.12: BEM model of the fan consists of 436 TRIA6 elements with
958 nodes.

herent virtual sound fields on which the numerical tools can be applied. From
figure 6.13(a), where the principle components are given as a function of the
frequency, it is clear that there is only a single dominant principle component
for each spectral line in the frequency range considered.
Again, only the contributions related to the first principle component will
be considered in the present test. To provide an indication of the frequency
contents of the measured sound at the field points, the spatially averaged SPL
and PVL are shown in figure 6.13(b). The most pronounced peaks in the
spectrum correspond to the blade passing frequency and its higher harmonics.
Note that at about 1645 Hz another peak not related to the BPF appears.
At a later stage it became apparent that this peak was caused by a structural
eigenfrequency of the rotor itself. Furthermore, the significant increase in sound
levels for lower frequencies was related to the mean flow of air into the fan1 .
Apart from the tonal noise there is also a region of broadband noise between
1500 and 2000 Hz. Above 2000 Hz the sound level gradually decays and no
interesting phenomena were observed.
It is important to realize that judging noise radiation by looking at SPL
and PVL values measured in a grid very close to the cooling fan is not necessarily representative for the noise level experienced at locations further away
from the source, e.g. at the position of the person working with the com1

This is often referred to as 1/f noise.
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Figure 6.13: Virtual reference signals and spatially averaged SPL and PVL.
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Figure 6.14: Measured active and reactive power through the field grid.

puter. Fortunately, as the USP measures both pressure and particle velocity
the transmitted power through the field grid can be monitored. The real part
of the sound power (active power) is a measure for the amount of energy that
propagates towards the farfield and hence it is a good indicator to monitor
farfield noise pollution. On the contrary, the imaginary part of the power is
associated with the amount of acoustic energy that is moved periodically back
and forth by the acoustic source without having a contribution to the sound
field at a distance from the source.
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From the active and reactive power curves shown in figure 6.14(a) it can be
seen that the BPF and its second harmonic also dominate in the power spectra.
If the issue concerns noise reduction, then a further improvement can be made
by looking at the so-called A-weighted spectrum, which compensates for the
frequency dependent sensitivity of the human ear. When looking at the Aweighted active power spectrum given in figure 6.14(b) it becomes even more
clear that the sound radiation at the BPF forms the dominant peak in the
spectrum. At frequencies corresponding to three and four times the BPF there
is no noteworthy contribution to the active power, although in the SPL and
PVL curves of figure 6.13(b) clear peaks are found. Apparently these higher
order harmonics only contribute to the reactive power and are of no significance
for the noise observed in the farfield of the fan.
The conclusion is that the noise mainly stems from tonal sound at frequencies of 480 Hz (BPF), 960 Hz and 1645 Hz. Besides this narrowband noise
there is also a significant broadband contribution in the frequency range of
1500-2000 Hz.

pf

v1

v2

v3

Figure 6.15: Pressure and particle velocity distributions in field grid at BPF.
White circles indicate outer diameter of the underlying rotor. (real parts, colors
are scaled between +/− the largest magnitude in the field).

An example of the measured pressure and particle velocity distributions in the
field grid at the blade passing frequency is given in figure 6.15. As expected,
the highest values occur near the tips of the rotating fan blades. The number
of 7 high and low pressure regions of course has to do with the presence of 7
blades on the rotor.
As a next step, the measured pressure and particle velocity profiles were
used in the source localization procedure to find the regions of acoustic activity
on the boundary surface of the fan.
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6.4.3

Reconstructed surface normal velocity

After measurement of the sound field and computation of the ATMs, the source
identification software was used to determine the equivalent surface normal velocities at the boundary surface of the cooling fan. As usual the L-curve criterion was applied to estimate the optimum amount of regularization to stabilize
the inversion process without introducing a substantial regularization error.
The resulting L-curves for both the pressure and particle velocity based source
b = pf
b = vtot

−1

Solution norm η

10

−2

10

−3

10

0.5
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2

3

4 5

Residual norm ρ

Figure 6.16: L-curves of LSQR approach at BPF, cross indicates selected
regularization parameter.

identification techniques are visualized in figure 6.16. Especially the horizontal
branch of the curve associated with the particle velocity data is rather short
which either indicates a bad signal-to-noise ratio1 of the measurements or the
presence of a mismatch between the modeled and the actual sensor locations.
Since the sensor head of the USP is of comparable size as the spatial oscillations of the sound field in the measurement plane, the assumption that the USP
probe measures the pressure and three particle velocity components at a single
point in space no longer holds. Because these finite dimensions of the sensor
head are not accounted for in the numerical model, they lead to a mismatch
between the modeled ATM and the actual transfer relation. In future exercises, this problem can simply be overcome by incorporating the dimensions of
the USP in the BEM model. Nevertheless, with the current measurement data
and the original uncompensated BEM model still very interesting results have
been obtained.

1

The bad signal-to-noise ratio of the USP has to do with the mean flow component of
the air (1/f noise).
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(b) b = vtot , A = 0.25 m/s.

Figure 6.17: Real part of reconstructed equivalent surface normal velocities
at the BPF. Colors are scaled between [−A, A].

Consider for example figure 6.17 which displays the reconstructed equivalent
surface normal velocities at the blade passing frequency. These distributions
clearly reveal the number of blades on the fan and additionally show that the
radiated sound purely originates from the region with the rotating blades. Note
that in figure 6.17(b) the velocity distribution seems to have a slight offset to
the left and the amplitude appears to be underestimated which is believed
to be caused by neglecting the dimensions of the USP in the BEM model as
discussed earlier. The left-hand side picture, based on pressure data, does not
show a misalignment error as the USP sensor was aligned with respect to the
microphone located in the center of the USP head (see figure 5.9).
In figure 6.18 the reconstructed results at two higher frequencies are given.
At these frequencies only the solutions of the inverse problem based on particle
velocity data have been shown. It was not possible to obtain meaningful results
with the pressure based method. Picture 6.18(a) is obviously related to the
second harmonic of the BPF since the number of regions with negative and
positive normal velocities is doubled compared to that found for the BPF
itself (figure 6.17). Note that this reconstruction is of limited quality as the
boundary element mesh is too coarse to represent such a highly oscillatory
velocity pattern. Figure 6.18(b) shows that at a frequency of 1645 Hz, the
rotor is excited in a structural mode shape with two nodal diameters and one
nodal circle.
Once the dominating frequencies and the corresponding surface normal
distributions have been determined the subsequent logical question rises: What
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(a) Second harmonic of BPF,
f = 960 Hz, A = 0.06 m/s.

(b) Rotor mode shape, f = 1645 Hz,
A = 2 · 10−4 m/s.

Figure 6.18: Real part of reconstructed equivalent surface normal velocities
for a right-hand side vector b = vtot . Colors are scaled between [−A, A].

to do about it? Answering that question is beyond the scope of the present
investigation, but based on the findings it is clear that measures to effectively
reduce the emitted noise of the cooling fan should be aimed at eliminating the
BPF peak.

6.5
6.5.1

Noise from a hairdryer
Introduction

This section deals with sound radiation from a hairdryer. A photograph of the
hairdryer along with a schematic illustration of its working principle is given in
figure 6.19. A stator with 6 vanes guides the incoming airflow and also attaches
the electric motor to the casing of the hairdryer. The motor drives the rotor
which pushes cold air from the inlet through the heater element resulting in a
hot airflow that leaves the hairdryer at its front opening.
Since this product proved to radiate an annoying, rather tonal sound, it
was subjected to the source identification procedure. All measurements were
performed between 110 and 1100 Hz with a resolution of 5 Hz. Two reference
signals were applied for the principle component analysis, only results with
respect to the strongest virtual reference signal are presented here.
In figure 6.20 the applied BEM model as well as the spatially averaged
SPL and PVL spectra are provided. Knowing that 7 blades are attached to
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(a) Photograph of the hairdryer.

(b) Working principle.

Figure 6.19: The hairdryer as engineering application.

the rotor and that the rotational speed Ω is about 8180 rpm (136.4 Hz), yields
a blade passing frequency of approximately 955 Hz. Clearly the spectra are
dominated by a series of peaks which can be identified as integer multiples of
the rotational speed.
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(a) Source mesh with sensor locations.

(b) Spatially averaged SPL and PVL (v3 ).

Figure 6.20: BEM model and measured pressure and particle velocity spectra.
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(a) 1×Ω, 135 Hz

(b) 2×Ω, 275 Hz

(c) 3×Ω, 410 Hz

(d) 4×Ω, 545 Hz

(e) 5×Ω, 680 Hz

(f) 6×Ω, 820 Hz

(g) 7×Ω, 955 Hz

(h) 8×Ω, 1090 Hz

Figure 6.21: Magnitude of surface normal velocities reconstructed at integer
multiples of the rotational speed Ω. Results are obtained with particle velocity
based IBEM (b = vtot ).

6.5.2

Source identification results

After computing the transfer matrices with the BEM solver1 and performing
a regularized inversion of the resulting ATMs, the source vibrations at the
frequencies coinciding with a multiple of the rotational speed have been reconstructed and displayed in figure 6.21. Although comparable results were
obtained with the pressure and particle velocity based source identification
technique, the latter technique often yielded a more distinct corner in the Lcurve and a higher spatial resolution of the reconstructed vibration patterns.
From these reconstructed surface normal velocities it can be concluded that
three frequency ranges can be distinguished, each corresponding to a different
1

Note that in the boundary element model the effects resulting from the mean flow and
temperature gradients in the air have been omitted.
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radiation mechanism. Up to about 400 Hz, the noise primarily originates from
the air inlet of the hairdryer. In the medium frequency range (400 < f < 800 Hz)
the noise is correlated to the structural vibrations of the casing whereas for
higher frequencies the sound stems from the air outlet. As for the CPU cooler,
the most dominant contribution to the sound field is found again at the blade
passing frequency of the rotor. This BPF contribution is of even more importance as it occurs in a frequency range to which the human ear is quite
sensitive. Therefore, measures to reduce the noise emitted by the hairdryer
should concentrate on this frequency.

6.6

Conclusions

After the experimental validation of the numerical tools and the development of
the corresponding measurement and processing software, they were applied to
a series of real-life products. A limited selection of the considered engineering
applications has been presented in the current chapter. Clearly, the tools can
be applied in diverse fields of engineering e.g. varying from the prediction of the
horn effect in tyre-road noise to the acoustic source identification on domestic
products, printed circuit boards or engines. In essence, any product that suffers
from noise problems forms an interesting subject for the tools developed here
to arrive at a better understanding of the radiation mechanism.
Regarding the new particle velocity based source identification technique
it can be concluded that, generally it results in a more distinct L-curve that
makes it easier to select a suitable regularization parameter. Furthermore, since
particle velocity is a vector quantity that generally offers more information than
a scalar pressure, the source identification technique based on particle velocity
data is applicable to a wider range of applications, especially when a high
spatial resolution of the reconstructed surface normal velocities is desired.

206

Engineering Applications

Chapter 7

Conclusions and
Recommendations
7.1

Conclusions

This thesis describes the development, validation and application of efficient
analysis tools for acoustic radiation and source identification problems. The
topics cover a wide range of aspects in engineering, varying from the theoretical
formulation and the numerical implementation of a boundary element solver, to
the realization of a practical measurement setup including all hardware control
and signal processing issues. Essentially, three major disciplines have been
considered: implementing a boundary element solver, solving inverse problems
and conducting experiments. The conclusions arising from each of these topics
are discussed in more detail below.
Boundary element methods in acoustics
A direct boundary element solver has been developed that can be applied
in interior, exterior and scattering problems. Besides the acoustic quantities
themselves, also the acoustic transfer matrices that relate the field pressures
and particle velocity components to the surface normal velocities can be determined explicitly. It was shown that these matrices form the foundation for the
BEM based source identification techniques. Since these identification methods
rely on measurement data obtained in the acoustic nearfield of the radiating
object, the developed BEM solver has been specialized for such nearfield computations by implementing a formulation with separated behavior. In contrast
with conventional solvers, the new solver separates the wave number inde-
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pendent singular and the wave number dependent oscillatory behavior of the
underlying integral kernels. Since the singular parts are independent of the
wave number they only need to be evaluated once using a new adaptive integration scheme, whereas the resulting oscillatory parts are efficiently processed
for each wave number step with a standard Gauss quadrature. At the cost
of only a minor increase in computational effort, this novel implementation
proved to yield much more accurate results than would have been obtained
with a conventional solver.
In the case of exterior radiation or scattering problems, it was shown that
the Helmholtz integral equation becomes singular at certain irregular frequencies and hence fails to provide a unique solution. In combination with a literature survey several techniques on how to overcome this non-unique behavior
were implemented and compared with respect to their stability, accuracy and
computational effort. Based on these findings, an alternative so-called combined interior Burton-Miller formulation (CIBMF) was introduced that unifies
the ordinary SHIEF with the interior Burton-Miller approach. Numerous simulations showed that in contrast to most other formulations, CIBMF preserves
the accuracy and convergence behavior of SHIEF, but additionally guarantees
unique solutions throughout the whole frequency range.
Acoustic source identification, discrete ill-posed problems
Acoustic source identification techniques are used to locate the sources of sound
on the boundary surface of a radiating object. In order to do so, the acoustic
quantities surrounding the object are measured and an inversion of the acoustic
transfer matrices needs to be performed. Such problems belong to the class of
discrete ill-conditioned problems with the general property that an arbitrary
small perturbation in the input of the system results in an arbitrarily large
fluctuation in the output. In practice this means that a small amount of noise
in the acoustic measurement data can be responsible for a useless reconstructed
solution, dominated by effects resulting from the measurement noise.
With the help of a simple example, it was shown that this undesirable
behavior can be overcome by imposing a side constraint on the ill-behaving
inversion of the transfer matrix. Such a constrained inversion is known as regularization. Four different types of regularization (TSVD, DSVD, Tikhonov
and LSQR) were discussed and their application in the inverse acoustic problem was investigated. Regarding accuracy of the reconstructed solutions, the
DSVD technique should not be applied in connection with the acoustic problem
since it proved to yield unsatisfactory solutions compared to the other three
regularization methods. In terms of physical interpretation the TSVD method
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is preferred whereas for larger problem sizes the iterative LSQR solver is in
favor owing to its computational efficiency.
All forms of regularization inherently involve selecting a regularization parameter that controls the amount of filtering applied during the system inversion. To assist in selecting a meaningful parameter, the L-curve criterion
was employed as it requires no a priori information about measurement errors
and it provides a good physical understanding of the ill-conditioned behavior.
Furthermore, it was demonstrated that by means of the discrete Picard condition a check can be made to ensure the existence of a physically meaningful
solution to the inverse problem. These topics are dealt with separately or in
combination of a few of them in the literature on inverse problems.
Totally new in the present work is the application of these techniques in connection with acoustic source identification techniques based on particle velocity
data. Comparing this new source identification technique with the more or less
conventional pressure based technique showed that the former technique yields
a more robust behavior of the L-curve and that it is capable of reconstructing
surface normal vibrations with a higher spatial resolution.
Apart from introducing a particle velocity based IBEM technique, the
present study also concerns the application of quadratic boundary elements
and irregular meshes in the source identification techniques. This was accomplished by introducing a smoothing operator based on the spatially averaged
quadratic surface normal velocity as a side constraint in the inverse problem.
Finally, a number of guidelines regarding the design of the source and field
meshes were presented. These guidelines were formulated on the basis of a
combination of hands-on experience and the EfI grid optimization algorithm.
Experimental validation and application
After the numerical solutions obtained with the developed tools were successfully verified with the aid of simple analytical reference examples, they were
also validated in a more practical situation. In order to do so an experimental
setup was assembled including an acoustic source of which the structural and
acoustical behavior was well-defined. This latter resulted in the design of a
box that can be configured both as a structure borne sound source as well as
an air borne sound source. To control the hardware and automate the dataacquisition process a new software package was developed capable of seamlessly
transferring data between the BEM solver and the associated source identification module. The software also provides support for the USP sensor that
measures the pressure and the three particle velocity components simultaneously in a small volume of air. Before the measurement data is exported to the
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numerical tools it is separated into a set of independent data sets by means
of the principle component analysis known from the literature. The numerical
procedures can then be performed on each of the data sets separately and the
results added on an energy basis afterwards.
With the experimental setup both the forward radiation problem as well
as the inverse source identification problem were successfully validated. The
deviations between measurement and computation proved to be of the order
of 1 dB or less which is sufficiently accurate for most engineering applications.
Once the tools were experimentally validated, a number of real-life products
were analyzed. The products consisted among other things of a printed circuit board, a CPU cooling fan and a hairdryer. In all cases it was possible
to locate the sources of sound on the boundary surface resulting in a better
understanding of the radiation mechanism.
Concluding, the acoustic source identification process proves to yield a successful integration of topics from numerical mathematics, inverse problems,
digital signal processing, experimental techniques and acoustical/mechanical
engineering.

7.2

Recommendations

Naturally, like each scientific work, this study raises new questions and ideas
for further research. Although many of these ideas and suggestions have been
touched upon in each of the preceding chapters, a brief overview is provided
here:
• Make further extensions to the BEM solver, e.g. add support for different
element types within a single boundary mesh, include impedance boundary conditions, incorporate dimensions of USP sensor, include double
layer formulation to handle (half-)open shell-like structures.
• So far, in source identification techniques it has been assumed that noise
enters the system through contributions in the right-hand side vector.
However, in practice the modeled transfer matrix forms only an approximation to the actual transfer; hence it can be regarded as a perturbed
or noisy matrix. To include the effects of such a noisy transfer matrix in
the source identification analysis it is recommended to investigate application of the truncated total least squares method (TTLS) as discussed
in work of Fierro et al. [51] and Golub et al. [54].
• Development of acoustic source identification with reconstruction of boundary impedance in addition to surface normal velocities conform work of
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Hardtke and Marburg [68].
• Further analysis of acoustic source identification in cavities instead of the
exterior fluid domain.
• Application of matrix compression techniques to reduce the matrix size
before the regularized inversion takes place. Within the current project,
a promising pilot study has been performed by van der Avoort [157] in
which a compression technique based on wavelet transforms was adopted.
• Improvement of the PCA or related techniques to handle incoherent
sound fields (for example see work of Tomlinson [152]).
• Adding a third axis to the traverse system such that fully three-dimensional
field grids can be sampled most certainly leads to improvements in the
quality of the reconstructed surface normal distributions.
• Investigation of the back-scattering between the vibrating boundary surface and the field sensor in nearfield source identification methods. Some
numerical experiments regarding this back-scattering have been performed
in a study of Hendriks [71]. Moreover, a handbook of B&K [1] provides
some correction factors as compensation for close boundary measurements, but such corrections remain a poor solution to the problem.

Nomenclature
General
The symbols that are used throughout the thesis are divided into three classifications: Roman, Greek and Mathematical. Additionally, a list of abbreviations
has been included after the definition of the symbols.
The following typographic conventions are applied for the symbols. When
a symbol represents a scalar it is written in a normal mathematic font like a or
ρ. In the case of a vector, two types are distinguished: a general purpose multidimensional data vector and a geometrical three-dimensional vector. The data
vector is always symbolized with a bold character in lowercase, e.g. p, whereas
the geometric vector ~x is written in a normal mathematic font with an arrow
above the character. Symbols denoting a matrix or tensor are always written
in bold uppercase, like A or Γ. A combination of notations can also occur, for
example a data vector of which each entry again consists of a geometric vector,
is written in a bold typeface with an arrow on top of the symbol ~v.
The convention is, however, sometimes ignored in favor of the standardized notation, i.e. application of a capital I~ for the acoustic intensity vector.
Occasionally the same symbol is applied for different quantities, in such cases
the context of the symbol explains its meaning. The arrangement of the list
is as follows, first the symbol is written, then the description and finally the
dimensions if applicable.

Roman
a
A
Ain
a

Radius of the sphere
Amplitude for general purpose
Amplitude of incident plane wave
Vector with radiation mode participation factors

[m]
[Pa]
[m2 /s]
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ar
A
Af
As
b
b̄
B
C
c0
ch
C
d
D0f
Dkf
Df
D0s
Dks
Ds
~e1 , ~e2 , ~e3
eb
ec
eu
ex
EI0
EII
0
Ek
Enx
f
fβ
fi
G
GH
G0
Gk
h
hn
hn′
Hi
H

Nomenclature
Reduced subset of vector a
[m2 /s]
Matrix for general purpose
Diagonal matrix with fluid angles in field points (~
x)
[−]
Diagonal matrix with fluid angles in source points (~y )
[−]
Right-hand side vector with measured data
Unperturbed, exact right-hand side vector
Matrix with surface integrated squared shape functions
[m2 ]
Constant for general purpose
Mean propagation speed of sound
[m/s]
Specific thermal conductivity
[W/mK]
Radiation resistance matrix
[kg/s]
Distance between source and field mesh
[m]
Singular parts of field dipole matrix (independent on k)
[−]
Oscillatory parts of field dipole matrix (dependent on k)
[−]
Total field dipole transfer matrix
[−]
Singular parts of source dipole matrix (independent on k)
[−]
Oscillatory parts of source dipole matrix (dependent on k)
[−]
Total source dipole transfer matrix
[−]
Unit-length vectors defining coordinate directions 1, 2 and 3
[−]
Right-hand side error vector, b = b̄ + eb
Correlated part of right-hand side error vector
Uncorrelated part of right-hand side error vector
Solution error vector, x = x̄ + ex
Singular part of derivative field dipole matrix
[1/m]
Singular part of derivative field dipole matrix
[m]
Oscillatory part of derivative field dipole matrix
[1/m]
Derivative of field dipole transfer matrix for direction ~nx
[1/m]
Frequency (= c0 /λ)
[Hz]
Filter function for coupling parameter µβ
[−]
Filter factor associated with ith singular value
[−]
Green’s free space function
[1/m]
Green’s half-space function
[1/m]
Singular part of Green’s free space function
[1/m]
Oscillatory part of Green’s free space function
[1/m]
Characteristic size of boundary element
[m]
Spherical Hankel function of the second kind and order n
[−]
Derivative of spherical Hankel function hn
[−]
Weighting value at Gauss point i
[−]
Transfer matrix for general purpose

Nomenclature
p

Hpfin
p
Ĥpfin
p
Hpfs
ve
Hvniy
p
Hvnf y
v
Hvnnxy
Hvvtot
ny
p ,v
Hvnf y tot
jn
jn′
Jn
J
Ji
I~
k
L
Li
Lf i
LW
L
m
m
M
M
M0f
Mkf
Mf
M0s
Mks
Ms
n
nc
np
~n
~nR
~nx
~n′x
~ny
N
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Acoustic transfer matrix from pin to pf in Neumann problem [−]
Acoustic transfer matrix from pin to pf in Dirichlet problem [−]
Acoustic transfer matrix from ps to pf
[−]
[−]
Acoustic transfer matrix from vny to vei
[kg/m2 s]
Acoustic transfer matrix from vny to pf
[−]
Acoustic transfer matrix from vny to vnx
[−]
Acoustic transfer matrix from vny to vtot
Acoustic transfer matrix from vny to {pf , vtot }
Spherical Bessel function of the first kind and order n
[−]
Derivative of spherical Bessel function jn
[−]
Bessel function of the first kind and order n
[−]
Determinant of Jacobian (also referred to as the ‘Jacobian’)
[−]
Jacobian at Gauss point i
[−]
Time averaged acoustic intensity vector
[W/m2 ]
Acoustic wave number (= ω/c0 )
[1/m]
Characteristic dimension of the radiating object
[m]
Size of the box along direction ~ei
[m]
Size of the field grid along direction ~ei
[m]
Sound Power Level
[W]
Regularization matrix, often Cholesky factor of matrix B
[m]
Index of an boundary element
[−]
Root number of spherical Bessel function
[−]
Total number of elements on boundary
[−]
Allowed number of levels of refinement
[−]
Singular parts of field monopole matrix (independent on k)
[m]
Oscillatory parts of field monopole matrix (dependent on k)
[m]
Field monopole transfer matrix
[m]
Singular parts of source monopole matrix (independent on k) [m]
Oscillatory parts of source monopole matrix (dependent on k) [m]
Source monopole transfer matrix
[m]
Order of (spherical) Bessel function
[−]
Number of nodes on four child elements
[−]
Number of nodes on parent element
[−]
Unit-length normal vector
[−]
Unit-length normal vector of the reflection plane (baffle)
[−]
Unit-length vector at field point
[−]
Unit-length vector at mirrored field point
[−]
Unit-length surface normal vector at source point
[−]
Total number of nodes on boundary, equals number of DOF
[−]
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Nc
Ne
Ni
Nr
N0
Nk
Nnx
p
p
p̂
pin
psc
Pn
pf
ps
pin
f
pin
s
qi
Q
Q
r
r′
~r
~r ′
RH
si
S
S′
Sc
Sf
Sm
s
S
t
T
T
u
urms
u

Nomenclature
Number of constraint equations
[−]
Number of nodes on a single element
[−]
Shape function that belongs to node i of the element
[−]
Truncated number of radiation modes
[−]
Singular part of derivative field monopole matrix (indep. of k) [−]
Oscillatory part of derivative field monopole matrix (dep. on k)[−]
Derivative field monopole transfer matrix for direction ~nx
[−]
Acoustic pressure
[Pa]
Polynomial degree of shape functions
[−]
Instantaneous acoustic pressure
[Pa]
Incident acoustic pressure
[Pa]
Scattered acoustic pressure
[Pa]
Legendre polynomial of order n
[−]
Vector with pressures in field points (~
x)
[Pa]
Vector with pressures in source points (~y )
[Pa]
Vector with pressures of incident wave in field points (~
x)
[Pa]
Vector with pressures of incident wave in source points (~y )
[Pa]
Specific volume velocity associated with node i
[m3 /s]
Spatially averaged square normal velocity
[m2 /s2 ]
Normalized radiation resistance matrix
[kg/m2 s]
Distance from source point to field point
[m]
Distance from source point to mirrored field point
[m]
Vector from source point to field point
[m]
Vector from source point to mirrored field point
[m]
Reflection coefficient of baffle
[−]
ith singular value
Boundary surface of radiating object
[m2 ]
Fictitious interior boundary surface
[m2 ]
Part of boundary surface in contact with baffle
[m2 ]
Part of boundary surface interfacing with fluid domain
[m2 ]
Surface of boundary element m
[m2 ]
Vector with singular values
Diagonal matrix with singular values on its diagonal
Time
[s]
Time period in which one harmonic cycle takes place
[s]
Matrix that maps nodal data from parent to child elements
[−]
Analytical solution
[−]
Spatial rms value of analytical solution
[−]
Vector with analytical solution sampled in the nodes
[−]

Nomenclature
ui
U
û
uc
up
v
vny
~v
~vnx
vi
vnx
vei
vtot
vny
Vf
Vs
V
w
wc
wp
x
~x
~x ′
~
x
x
x̂
x̄
xLS
xreg
xκ , xζ
~y
~y
Z
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Left-hand side singular vector i
[−]
Matrix containing left singular vectors in its columns
[−]
Vector with numerical solution in the nodes
[−]
Vector with nodal data on four corresponding child elements
Vector with nodal data on parent elements
Velocity amplitude of oscillating sphere
[m/s]
Surface normal velocity (directed along ~ny )
[m/s]
Acoustic particle velocity vector at a single point
[m/s]
Acoustic particle velocity vector in direction ~nx
[m/s]
Right-hand side singular vector i
[−]
Vector with field particle velocities in direction ~nx
[m/s]
Vector with field particle velocities in direction ~ei
[m/s]
Total field particle velocity vector
[m/s]
Vector with surface normal velocities
[m/s]
Fluid domain
Source domain
Matrix containing right singular vectors in its columns
[−]
Width of strip
[m]
Nodal integration data at the four child elements
Nodal integration data at the parent element
Scalar variable for general purpose
[−]
Coordinate vector of field point
[m]
Coordinate vector of mirrored field point
[m]
Vector with coordinate vectors of field points
[m]
Solution vector (A · x = b)
Transformed solution vector, x̂ = L · x
Exact solution vector
Least squares solution vector
Regularized solution vector
Regularized solution vectors for regularization parameter κ or ζ
Coordinate vector of a point on the boundary surface
[m]
Vector with coordinate vectors of boundary nodes
[m]
Acoustic impedance matrix
[kg/m2 s]

Greek
α

Fluid angle (adjoint of solid angle)

[−]
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β
δ
ǫmax
ǫrms
ǫ2 (x)
ǫper
ǫreg
εd
εI
εam , εbm
εgm
η
η
γ
γmax
γi
Γ
κ
κ
λ
λi
λs
λ
Λ
µ
µβ
µ
ν
ω
Ω
φ
φ
ψi
Ψ
Π
Π0
ρ
ρ0
σ

Nomenclature
Coefficient in filter function fβ
[−]
Shrink distance to generate surface S ′ from S
[m]
Maximum relative error over boundary surface
[%]
Root mean square of relative error over boundary surface
[%]
Relative error in solution vector x, measured in L2 norm
[%]
Vector with perturbation errors
Vector with regularization errors
Cumulative discretization error
Error introduced by the numerical integration
Discretization error in the pressure and its derivative, respectively
Discretization error in the approximation of the geometry
Local (natural) coordinate within element
[−]
L2 norm of solution
Relative error between two successive levels of refinement
[%]
Maximum allowed relative error between two refinement levels [%]
Radiation mode i
[1/m]
Matrix with radiation modes
[1/m]
Rate of convergence
[−]
Discrete regularization parameter (TSVD and LSQR)
[−]
Acoustic wavelength (= c0 /f )
[m]
Eigenvalue corresponding to radiation mode i
[kg/m2 s]
Structural wavelength
[m]
Vector with eigenvalues of radiation operator
[kg/m2 s]
Diagonal matrix with eigenvalues of radiation operator
[kg/m2 s]
Coupling factor between HIE and its derivative
[1/m]
Filtered coupling factor between HIE and its derivative
[1/m]
Vector with EfI values
[−]
Exponent to indicate error dependence on the wave number
[−]
Angular frequency (= 2πf )
[rad/s]
Rotational speed
[rpm]
Heat transfer rate
[W/m2 ]
Vector with heat transfer rates
[W/m2 ]
Transformed radiation mode i
[−]
Matrix with transformed radiation modes
[−]
Time averaged acoustic power
[W]
Time averaged acoustic power of reference source
[W]
L2 norm of residual
Mean density of fluid
[kg/m3 ]
Radiation efficiency
[−]

Nomenclature
τ
τ
θ
ξ
ζ

Temperature potential
[K]
Vector with temperatures
[K]
Angle between coordinate direction ~e1 and surface normal ~ny [rad]
Local (natural) coordinate within element
[−]
Continuous regularization parameter (DSVD and Tikhonov)

Mathematical
·
×
x!
A ←− B
A−1
x∗
xH
xT
|x|
kxk
E(x)√
i = −1
I
~
∇
O
Σ
ℜ(x)
ℑ(x)
cond (A)
max(x)
min(x)
rms(x)

Inner product, first order contraction
Cross product
Factorial of x
A forms a discrete approximation to exact expression B
Inverse of matrix A
Complex conjugate of vector x
Hermitian of vector x (complex conjugated transposed)
Transpose of vector x
Absolute values of vector x
L2 norm of vector x
Expected value of x
Imaginary unit
Identity matrix
Gradient operator
Order
Summation
Real part of vector x
Imaginary part of vector x
Condition number of matrix A
Maximum absolute value in vector x (L∞ norm)
Minimum absolute value in vector x (L∞ norm)
Root mean square value of vector x

Abbreviations
AMS
ATM
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Automatic Measurement System
Acoustic Transfer Matrix
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ATV
BEM
BPF
CG
CGLS
CHIEF
CIBMF
CPU
DOF
DSP
DSVD
ECHIEF
EfI
EPC
FEM
FFT
GCV
HIE
IBEM
IBMF
IFRF
IHIEF
LSQR
NAH
PC
PCA
PVL
QUAD4
QUAD8
SHIEF
SIL
SPL
SVD
TRIA3
TRIA6
TSVD
TTLS
USP

Nomenclature
Acoustic Transfer Vector
Boundary Element Method
Blade Passing Frequency
Conjugate Gradient
Conjugate Gradient Least Squares
Combined Helmholtz Integral Equation Formulation
Combined Interior Burton-Miller Formulation
Central Processing Unit
Degree(s) Of Freedom
Digital Signal Processing
Damped Singular Value Decomposition
Enhanced Combined Helmholtz Integral Equation Formulation
Effective Independence concept
Electronic Power Converter
Finite Element Method
Fast Fourier Transform
Generalized Cross-Validation
Helmholtz Integral Equation
Inverse Boundary Element Method
Interior Burton-Miller Formulation
Inverse Frequency Response Function
Interior Helmholtz Integral Equation Formulation
Least Squares QR
Nearfield Acoustical Holography
Principle Component
Principle Component Analysis
Particle Velocity Level
Bi-linear quadrilateral element
Bi-quadratic quadrilateral element
Surface Helmholtz Integral Equation Formulation
Sound Intensity Level
Sound Pressure Level
Singular Value Decomposition
Bi-linear triangular element
Bi-quadratic triangular element
Truncated Singular Value Decomposition
Truncated Total Least Squares
Ultimate Sound Probe

Appendix A

Flowchart of the BEM Solver
The flowchart of the BEM solver (Bemsys) is given in figure A.1. A total of
four stages can be distinguished:
Pre-processing : In the pre-processing stage the boundary element mesh,
the field mesh and a boundary condition are defined.
Boundary surface solution : The first step in the actual solution process
consists of computing the relation between the unknown and the prescribed acoustic variables on the boundary surface of the radiating object.
Field solution : Once both pressure and normal surface velocity on the
boundary are known, the second step consists of computing the acoustic quantities in the fluid domain interior or exterior of the radiating
boundary. Besides the quantities themselves, also the acoustic transfer
matrices (ATM) between the boundary and field variables are computed
and stored.
Post-processing : The final stage involves visualization of the computed
quantities.
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Flowchart of the BEM Solver

Figure A.1: Flowchart of the developed boundary element solver (Bemsys).

Appendix B

Evaluation of the Jacobian
The determinant of the Jacobian, usually called the Jacobian, is important
for the transition from the global Cartesian to the local natural coordinates
defined within the element (see equation (3.32) and figure B.1).
mapping
curved

base element

J(η, ξ)

Figure B.1: Mapping a curved triangular element (6 nodes) to the equilateral
base element (7 Gauss points).

Assume an infinitesimally small surface patch dS at position ~y (η, ξ) on the
element surface. The area of this small surface can be seen as a vector quantity
~ and dξ)
~
formed by the cross-product of two tangential vectors (for instance dη
at position ~y (η, ξ):
~ y (η, ξ)) = dη(η,
~
~
dS(~
ξ) × dξ(η,
ξ).

(B.1)

These two tangential vectors can be calculated directly from the interpolated
coordinates (assuming iso-parametric formulation) on the element surface:




y1 (η, ξ)
y1 (η, ξ)


∂
∂
~
~
y2 (η, ξ) dη
y2 (η, ξ) dξ.
dξ(η,
ξ) =
(B.2)
dη(η,
ξ) =


∂η 
∂ξ 
y3 (η, ξ)
y3 (η, ξ)

Taking the L2 norm of equation (B.1) reveals the final expression for the elementary surface element:
dS = J(η, ξ) dη dξ,

(B.3)
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where J represents the Jacobian:
°
°
°
°∂
∂
°
~y (η, ξ)°
J(η, ξ) = ° ~y (η, ξ) ×
°.
∂η
∂ξ

(B.4)

With this latter equation the Jacobian can be evaluated at each Gauss point
on a boundary element.

Appendix C

Radiation Modes
C.1

Introduction

Based on the power coupling matrix C of equation (3.29), it is possible to introduce a set of surface normal velocity distributions which have an independent
contribution to the radiated power. Such distributions, denoted as radiation
modes, were first introduced by Borgiotti [15]. Since then, a large number of
studies have been published on this topic [8, 16, 30, 31, 33, 47, 120, 122, 128,
141]. From these studies it appeared that for problems in the low frequency
range, the use of radiation modes is attractive, because of the potential savings in computational effort. A reduction in computation time is particulary
attractive for active noise and vibration control applications based on realtime control strategies [12, 122], where model reductions and minimization of
computational effort are of vital importance. In addition, radiation modes are
useful as they provide surface velocity patterns that contribute independently
and in decreasing order of efficiency to the radiated sound power. In this way
they help to understand the mechanism of radiation from a product. Finally,
the radiation modes do not depend on the prescribed surface vibrations, material properties and interior aspects of the structure, but only on the frequency
and outer geometry of the vibrating object.

C.2

Radiation efficiency and radiation modes

First, the so-called radiation efficiency of a velocity distribution is introduced.
According to the ‘Dictionary of Acoustics’ [115], the radiation efficiency is
defined as a dimensionless measure of the sound power radiated by a vibrating
surface into an adjacent fluid. In symbols, the radiation efficiency σ is given
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by the ratio Π/Π0 , where Π is the power actually radiated, and Π0 is the
power that would be radiated by the same surface vibration subjected to a
ρ0 c0 loading1 :
I
Z
1
1
vnHy (~y )p(~y ) dS = ρ0 c0 vnHy ~y )vny (~y ) dS .
(C.1)
Π0 =
2 S
2
S
In the literature, the reference power Π0 is often interpreted as the power
radiated by a baffled piston vibrating at high frequency. In fact identical
results can be derived for the power radiated by a pulsating sphere as both
configurations primarily emit propagating waves in the high frequency limit.
Strictly speaking, the radiation efficiency is not limited to a value less than
or equal to one, and for this reason the alternative terms radiation factor or
radiation ratio should be preferred.
With the help of equations (3.29) and (C.1), the radiation efficiency written
in its discrete form reads:
σ=

H
1 vny · C · vny
,
ρ0 c0 vnHy · B · vny

(C.2)

leading to the following two equations for the active and reactive power, respectively:
ρ0 c0 σ vnHy · B · vny − vnHy · ℜ(C) · vny = 0
ρ0 c0 σ vnHy

· B · vny −

vnHy

· ℑ(C) · vny = 0

(C.3a)
(C.3b)

Among others, Cunefare [30] obtained the radiation modes and corresponding
efficiencies related to the active power from equation (C.3a) by solving the
generalized eigenvalue problem for the matrices B and C at each frequency:
ρ0 c0 σ B · vny = ℜ(C) · vny .

(C.4)

Alternatively, since B is a real valued, positive definite and symmetric matrix, instead of solving the full generalized eigenvalue problem it is possible
to transform it into a standard eigenvalue problem. This is accomplished by
performing a Cholesky factorization B = LT · L and subsequently introducing
the transformation q = L · vny .
As an example, only the active part of the power is considered although a similar analysis can be made for the reactive power by simply replacing operator ℜ
1

Effectively, the power is weighted with respect to an identically shaped reference source
that is assumed to emit purely propagating plane wave components, hence Euler’s equation
of motion reduces to p = ρ0 c0 vny .
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with ℑ. Substituting results from equation (3.29) and applying the Cholesky
decomposition of matrix B into equation (C.4) yields:
¡
¢
(C.5)
ρ0 c0 σ LT · L · vny − ℜ LT · L · Z · vny = 0.

Introducing vn = L−1 · q and pre-multiplication of the equation with (L−1 )T
results in a form that is recognizable as a standard eigenvalue problem:
ρ0 c0 σ I · q = ℜ (Q) · q ,

(C.6)

where matrix Q, defined as L · Z · L−1 , is named the normalized radiation
resistance matrix. Application of the eigenvalue decomposition1 :
ℜ(Q) = Ψ · Λ · ΨT ,

(C.7)

yields for each stationary value λi and corresponding eigenvector ψ i :
T
ρ 0 c0 σ i ψ T
i · q = λi ψ i · q.

(C.8)

The eigenvectors of matrix Q are called normalized radiation modes and the
corresponding eigenvalues λi are proportional to the efficiency of radiation by
the simple relation σi = λi /(ρ0 c0 ). Because the modal matrix Ψ is defined
in terms of the transformed variable q, the associated modal matrix with the
radiation modes in terms of surface normal velocities vny can be obtained from
the back-transformation Γ = L−1 · Ψ. So the solution of the eigenvalue problem (C.4) consists of a set of N real, positive eigenvalues λi and corresponding
real eigenvectors γ i stored respectively in matrices Λ and Γ:
¤
£
(C.9)
Λ = diag(λ) , Γ = γ 1 γ 2 . . . γ N .

The normalization is:

ΓT · B · Γ = I ,

ΓT · ℜ(C) · Γ = Λ .

(C.10a)
(C.10b)

One has to be aware that the eigenvalue decomposition has to be performed
for each wave number, because coupling matrix C is a function of the acoustic
wave number. As a result, the radiation modes and corresponding efficiencies
also depend on the wave number.
To illustrate the concept of radiation modes, the radiation efficiencies of the
fifty most efficient modes for a sphere in free space with radius a are shown as a
1

Due to the symmetry of Q, a singular value decomposition can be applied just as well.
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Figure C.1: Radiation efficiencies for the 50 most efficient modes of a sphere
positioned in free space (active part of power).

function of the dimensionless wave number ka in figure C.1. As first reported by
Photiadis [128] and later on discussed in more detail by Cunefare et al. [31], due
to the symmetry of the sphere, the radiation efficiencies and the corresponding
modes come in groups. The number of modes within each successive group1
is defined by the series of odd integers 1, 3, 5, 7, etc. Within a group, the
radiation efficiencies of the modes share the same frequency dependence. In
the very low frequency range (ka < 1) the modes of the first and second groups
(containing 1 and 3 modes, respectively) have a dominant efficiency, but as the
frequency rises the number modes that substantially contribute to the power
increases rapidly.
This is illustrated also in figure C.2, in which the first 20 radiation efficiencies are depicted for three values of the dimensionless wave number. At
ka = 1.5 still only 4 modes have an significant efficiency whilst for ka = 2.5 and
ka = 3.5 the number has already increased to 9 and 16 modes, respectively.
Furthermore, these pictures clearly demonstrate the grouping characteristics
of the radiation efficiencies. In the last two columns of figure C.2, the most
and seventh most efficient radiation mode shapes are depicted. Each group of
radiation modes can be associated with a set of functions known as the spherical harmonics which can be interpreted as a series of elementary radiators (e.g.
see Cunefare et al. [31] or Nelson and Kahana [120]).
At low frequencies the first acoustic radiation mode shape represents a uniform
velocity normal to the boundary surface that acts as a monopole radiator2 (e.g.
1

Mathematically, the number of duplicate eigenvalues is often indicated with the order
of multiplicity or degeneracy of the eigenvalue.
2
In the literature a monopole radiator is commonly referred to as a ’monopole’.
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Figure C.2: Radiation efficiencies and the corresponding most and seventh
most efficient radiation mode for free space radiation from a sphere at ka = 1.5,
ka = 2.5 and ka = 3.5.

mode 1 at ka=1.5 in figure C.2). The corresponding second group containing
three mode shapes is known as the dipole family because the farfield radiation
pattern is concentrated in two ‘beams’ or ‘lobes’ directed in opposite directions and phase along a line (mode 1 at ka = 2.5). Subsequently the third
group (5 modes) is referred to as quadrupoles as the associated farfield directivity pattern contains four lobes. As the mode number increases, the shape
of the corresponding radiation mode shows more spatial oscillations causing
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the presence of more lobes in the associated farfield radiation pattern. These
mode shapes are collected here under the term multipoles. In accordance with
figure C.1, up to about ka = 2 the monopole remains the most efficient shape
of radiation, but as the frequency further increases the dipoles become more
efficient followed from about ka = 2.8 by the quadrupole shapes and eventually
the higher order multipoles become most efficient. It is noted that as the radiation efficiencies are normalized with respect to a uniformly pulsating sphere
vibrating at high frequency (monopole), the efficiency of the monopole radiation mode gradually converges towards unity. In contrast with the monopole
mode, the efficiency of all other modes eventually exceeds the value of one. In
particular, high efficiencies are reached in the neighborhood of the coincidence
frequency where the acoustic wavelength matches the structural wavelength of
the radiation mode. For such frequencies the structural vibrations are known
to couple extremely efficient with the surrounding fluid domain. At higher
frequencies, ka ≫ π, a large number of modes becomes efficient and it is difficult to distinguish between ‘weak’ and ‘strong’ radiation modes, hence the
radiation mode approach no longer provides useful information.

C.3

Sound power in terms of radiation modes

In order to compute the acoustic power based on the extracted radiation modes,
the vibrations in the direction normal to the radiating boundary surface are
expanded in terms of these modes:
vny =

N
X
i=1

ai γ i = Γ · a ,

(C.11)

where a is a vector containing the participation factors. Substitution of this
equation and application of the normalization (C.10) in the expression for the
active sound power (3.29) yields:
ℜ(Π) = vnHy · ℜ(C) · vny
= aH · Λ · a

=

N
X
i=1

λi |ai |2 .

(C.12)

The last expression confirms that the radiation modes contribute independently
to the acoustic sound power. As a consequence, reducing the participation
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factor of one radiation mode, by for example modifying a design, immediately
results in a reduction of radiated power.
As remarked earlier, in the low frequency range the sound power is dominated by a small subset of most efficient radiation modes. Therefore, the sound
power can be approximated well by the summation of only a limited number
of Nr modes with high efficiency:
ℜ(Π) ≈

Nr
X
i=1

λi |ai |2 = aH
r · Λr · ar ,

(C.13)

where subscript r indicates that only a reduced set of radiation modes is accounted for. Of course, this approximation is only beneficial as long as Nr ≪ N ,
implying the reduction method is suited mainly for the low frequency range.
For a proper choice of Nr , not only the radiation efficiency is of importance
but also the extent to which the radiation mode participates in the vibration response. Since the radiation modes are normalized with respect to the
quadratic surface velocity (C.10a), the reduced set of participation factors is
computed from a given normal velocity distribution by pre-multiplication of
expansion (C.11) with ΓT
r · B resulting in:
ar = ΓT
r · B · vn .

(C.14)

It should be mentioned that the reconstructed normal velocity distribution
vny ≈ Γr · ar does not necessarily form an accurate description of the actual
distribution as it only contains those velocity components that significantly
contribute to the acoustic power.

C.4

Conclusions

A radiation mode analysis provides insight in to what extent velocity distributions on the boundary surface of a vibrating object contribute to the active
and reactive part of the acoustic power. Since the radiation modes depend only
on the geometry, and not on other structural properties, they can be reused to
calculate the sound power as long as the geometry remains unchanged.
It has been shown that in the low frequency range only a few radiation modes
have a high efficiency and as a consequence the sound power can be described
efficiently with a limited set of modes. This leads to a considerable reduction in
computational effort which can be of crucial importance in active noise control
strategies that rely on a realtime approximation to the acoustic power.
Finally, the radiation mode approach can be applied for arbitrary meshes
and is compatible with higher order elements like the quadratic TRIA6 or
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QUAD8 elements. Studies in the literature are mostly confined to radiation
modes related to the active power but it was shown here that the approach can
be applied just as well to the reactive part of the acoustic power. This latter
might be interesting for many interior problems as such configurations often
have a largely reactive field.

Appendix D

Adaptivity
Different types of adaptivity are found in many algorithms spread across a wide
range of scientific areas. In the field of spatial discretizations (for example BEM
and FEM meshes), three types of adaptive techniques can be distinguished:
h-adaptivity, p-adaptivity and r-adaptivity or a combination of these three
(e.g. [41], [74], [109], [180]).
In strategies based on h-adaptivity the size (h) of the elements is varied by
adding grid points and elements to areas where more accuracy is demanded
(enrichment of the interpolation) or by deleting them in regions where the
solution is accurate enough (degradation of the interpolation). This makes
it possible to adapt the number of degrees of freedom in the computational
domain in order to obtain some prescribed accuracy. The main advantage of
such a method is that no a priori knowledge of the problem or its solution is required when generating the initial mesh. One can start with an approximately
uniform element density and the algorithm itself decides at what locations the
grid density must be adapted to meet the accuracy requirements.
In p-adaptivity, the degree of the interpolating polynomials (shape functions) is changed in the appropriate regions of the mesh, e.g. see [9]. The
application of this method is limited because the interpolation functions are
normally restricted to zero, first, second, or third order polynomials. As a consequence the p-adaptivity method is generally not capable of satisfying certain
prescribed accuracy demands.
Finally, in the techniques based on r-adaptivity the number of nodes and
elements is fixed, but the nodes are free to move into regions where a finer
spatial discretization is required. This strategy can be particulary useful in
problems where a large domain is needed to capture a solution which has steep
slopes over only a small fraction of that domain [43].
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Appendix E

Analytical Reference
Solutions
This appendix provides analytical expressions governing the radiated sound
field of three simple test problems. Such expressions were used to validate the
numerical solutions computed by the BEM solver as described in chapters 2
and 3. Firstly, the solution for a sphere with a prescribed uniform radial velocity is considered. The second example consists of a sphere that is subjected
to an oscillating motion. Finally, the scattering problem of a plane wave impinging on a rigid sphere is investigated. All three configurations assume that
the sphere is positioned in an infinitely extended volume of fluid without the
presence of any reflecting objects.

E.1

Pulsating sphere

Figure E.1 schematically shows the definition of some symbols that describe
the configuration of the pulsating and oscillating sphere.
The analytical expression for the sound pressure generated by a pulsating sphere of radius a with a uniform radial harmonic velocity amplitude v
reads [25, 50, 69]:
iρ0 c0 ka2 v −ik(r−a)
e
.
(E.1)
p(r) =
(1 + ika)r
The acoustic wave number k is obtained from the excitation frequency f and
the speed of sound c0 by k = 2πf /c0 . The density of the fluid is represented
by the symbol ρ0 . Expression (E.1) can be used to calculate both the pressure
on the boundary surface of the sphere (r = a) as well as the pressure in the
field surrounding the sphere (r > a).
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a
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Figure E.1: Pulsating (left) and oscillating (right) sphere.

According to Euler’s equation of motion (2.5), the acoustic field velocities are
directly related to the gradient of the field pressures:
~v (r) =

i ~
∇p(r).
ρ 0 c0 k

(E.2)

Application of the chain rule for differentiation gives:
∂p(r) ~
~
∇p(r)
=
∇r,
∂r
with



x1 − y1 

~ = 1 x2 − y2 = ~r ,
∇r
 r
r
x3 − y3

(E.3)

(E.4)

supposing that r = ||~x − ~y || where ~x is the field point at radius r and point ~y is
located at the center of the sphere. The derivative ∂p(r)/∂r in equation (E.3)
can be calculated using equation: (E.1)
¶
µ
iρ0 c0 ka2 v 1
∂p(r)
=−
+ ik e−ik(r−a) .
(E.5)
∂r
(1 + ika)r r
Substituting equations (E.5), (E.4) and (E.3) into equation (E.2) yields the
velocity vector in the field at a radius r ≥ a:
¶
µ
~r
1
a2 v
+ ik e−ik(r−a) .
(E.6)
~v (r) =
(1 + ika)r r
r
As expected, equation (E.6) confirms that the acoustic velocity is point symmetric with respect to the center of the sphere (velocity vector is directed along
vector ~r ). Note that when a surface point of the sphere (r = a) is substituted
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in this equation, the normal velocity v of the source surface is found again.
This means that the stick condition in the normal direction of the surface is
satisfied.
The time averaged acoustic intensity is given by:
1
~
I(r)
= ~v H (r)p(r)
2
µ
¶
i
ρ0 c0 ka4~v H v
k+
,
= 2
2r (1 + k 2 a2 )
r

(E.7)

where it must be remarked that the intensity, unlike the pressure and velocity,
shows no oscillating behavior in terms of r.
Finally, another important acoustic quantity is the time averaged acoustic
power, indicated by the symbol Π. The real part of the acoustic power can be
identified with the net flow of energy radiated away from the source (active
part of the sound field). The imaginary part of the power is a measure for
the amplitude of the energy that is pumped towards and away from the source
(reactive part of the sound field). The power flow through a surface S is
calculated by integration of the surface normal component of the complex
conjugated velocity multiplied with the pressure:
Z
1
Π=
v ∗ (~y )p(~y ) dS.
(E.8)
2 S n
The total acoustic power emitted by the acoustic source is obtained from integration over the whole boundary surface of the source. Substituting equation (E.1) into the equation for sound power (E.8) yields for the pulsating
sphere:
2πiρ0 c0 ka4 2
Π=
v .
(E.9)
(a + ika2 )

E.2

Oscillating sphere

The analytical expression for the sound pressure p generated by a rigid sphere
of radius a performing a harmonic oscillation in the transverse direction with
velocity v reads:
µ
¶
iρ0 c0 ka3
ik
1
p(r, θ) =
+
v cos θ e−ik(r−a) ,
(E.10)
(2 + 2ika − k 2 a2 ) r2
r
where θ represents the angle between the direction of oscillation and the surface
normal on the boundary of the sphere (see figure E.1). For the oscillating sphere
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the surface normal velocity vn is related to the oscillation velocity v by a cosine
function, vn = v cos θ.
Substituting equation (E.10) into the equation for sound power (E.8) gives,
for the oscillating sphere:
Π=

E.3

2πiρ0 c0 ka5 (1 + ika) 2
v .
3a2 (2 + 2ika − k 2 a2 )

(E.11)

Scattering from a rigid sphere

The third validation problem covers the scattering of a plane wave impinging
on a rigid sphere. As illustrated in figure E.2, the formulation of the scattering
problem involves separating the total pressure field p into two parts:
p(r, θ) = pin (r, θ) + psc (r, θ)

(E.12)

where pin is the incident field associated with the impinging plane wave and
psc is the so-called scattered field. The total pressure field p represents the
field that would be measured when conducting the experiment. The incident
field simply represents the incoming plane wave without the presence of the
scattering object, whereas the scattered field only consists of the diffracted
wave components.
x2

r
θ

Incident wave
a

x1

Figure E.2: Scattering of plane wave from a rigid sphere of radius a.

For mathematical simplicity it is assumed that the incoming plane wave travels
along one of the coordinate directions; here, a wave traveling along direction
x1 is chosen:
pin (r, θ) = Ain e−ikx1 = Ain e−ikr cos θ .
(E.13)
Based on the work of Williams [168], the incident field needs to be expressed
in a series of spherical harmonics in order to analytically solve the scattering
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problem. After incorporating the knowledge that the source causing the plane
wave is of finite strength, it is positioned at infinity, and taking axial symmetry
into account, the incident field is expanded as:
pin (r, θ) = Ain

∞
X

(−i)n (2n + 1)jn (kr)Pn (cos θ),

(E.14)

n=0

where jn denotes the spherical Bessel function of the first kind and Pn represents the Legendre polynomials. The spherical Bessel function reads:
µ
¶n
sin x
n 1 ∂
jn (x) = (−x)
,
(E.15)
x ∂x
x
and the Legendre polynomials are given in concise form by Rodrigues’ formula
as:
1 ∂n 2
(x − 1)n .
(E.16)
Pn (x) = n
2 n! ∂xn
An expression for the scattered field is obtained after employment of the
following boundary condition:
´¯
∂ ³ in
¯
=0
(E.17)
p (r, θ) + psc (r, θ) ¯
∂r
r=a
that forces the total radial velocity (incident and scattered) to vanish on the
surface of a the rigid sphere. Since the scattered field only represents spherical
waves emanating from the surface of the sphere, it is described by a series of
outgoing spherical Hankel functions:
sc

p (r, θ) =

∞
X

Cn (k)h(2)
n (kr)Pn (cos θ),

(E.18)

n=0

where the spherical Hankel functions1 are defined by:
¶n −ix
µ
e
(2)
n 1 ∂
.
hn (x) = (−x)
x ∂x
−ix

(E.19)

Substituting the expressions for the incident (E.14) and scattered field (E.18)
into the boundary condition that constrains the normal surface velocity (E.17),
yields the following expression for the unknown coefficients:
Cn (k) = −Ain (−i)n (2n + 1)
1

The superscript

(2)

jn′ (ka)
,
h′n (ka)

(E.20)

of the Hankel function is omitted in the notation in the following.
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(a) Incident field pin /Ain (real part).

(b) Scattered field psc /Ain (real part).

(c) Total field p/Ain (real part).

(d) Total field p/Ain (magnitude).

Figure E.3: Scattering of an incident plane wave on a rigid sphere for dimensionless wave number ka = 4.
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and thus the scattered pressure field becomes:
sc

p (r, θ) = −A

in

∞
X

n=0

(−i)n (2n + 1)

jn′ (ka)
hn (kr)Pn (cos θ).
h′n (ka)

(E.21)

Finally the total pressure field (E.12) is then:
p(r, θ) = Ain

∞
X

n=0

µ
¶
jn′ (ka)
(−i)n (2n + 1) jn (kr) − ′
hn (kr) Pn (cos θ),
hn (ka)

(E.22)

where the following recursive relation is applied to compute the derivatives of
the spherical Bessel functions:
jn′ (x) = jn−1 (x) −

n+1
jn (x).
x

(E.23)

This relation also holds for the derivative of the spherical Hankel functions
(thus replacing jn with hn ).
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Appendix F

Optimal Measurement
Locations in a 2D Field Grid
Although sampling the sound field on a fully three-dimensional grid might be
optimal, performing measurements on a planar grid is often more of practical
interest. Hence, this appendix is focused on performing measurements in a
plane parallel to the top plate of the box, similar to what was done in section 4.3. Figure F.1(a) illustrates the new candidate points and the results
of the EfI optimization [86] for the pressure based source localization technique. Again, it can be observed that the optimal sensor locations are generally positioned directly above the nodes of the boundary mesh from which can
be concluded that the initial evenly distributed field mesh that was applied
throughout section 4.3 is close to the optimum. Part (b) of the figure shows
the optimal sensor locations for the new particle velocity based source identification methods. As in the pressure based method, the technique based on the
particle velocity component ve3 has its optimal field points directly above the
boundary surface nodes. This, however, is not true for the in-plane components
ve1 and ve2 , in fact the optimal locations now seem to be positioned in between
the nodes on the boundary of the box. The last picture illustrates the optimal
measurement grid for the source localization method based on the total particle velocity vector vtot . For this last approach the acoustic transfer matrices of
the three separate particle velocity components where added to each other and
the remaining transfer matrix was subjected to the EfI optimization routine.
As expected, the resulting field grid contains both effects from the in-plane as
well as from the out-of-plane particle velocity component.
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(a) Optimum field grids for pressure based IBEM at different wave numbers. From left to right:
Evenly distributed candidate points, optimal locations at kL = 1, at kL = 6π, averaged over
the wave number range 0 < kL ≤ 6π.

Optimized for ve1

Optimized for ve2

Optimized for ve3

Optimized for vtot

(b) Optimum field grids for particle velocity based IBEM designed for a wave number range
0 < kL ≤ 6π.

Figure F.1: Measurement grid optimization with EfI method for pressure and
particle velocity based source localization. The initial candidate grid contains
1617 points in a plane at a distance h above the top plate. After the optimization, 461 field points remain which coincide with the number of nodes in the
boundary surface mesh.

Appendix G

Background Non-Uniqueness
The Helmholtz integral equation (2.9) becomes singular at a countable set of
characteristic wave numbers. Discretization of the integral equation with the
boundary element method leads to a linear system of equations (3.6). As the
underlying integral equation becomes singular at the irregular wave numbers,
the corresponding system of equations fails to yield a unique solution. To
identify and clarify the problem of the irregular wave numbers found in BEM,
some brief background information is provided on the non-uniqueness behavior
of linear systems of equations.
The solution of a linear system of equations A·x = b becomes non-unique if
at least one row (or column) of matrix A is a linear combination of the others.
Such a set of equations, as well as its associated matrix A, is called degenerate,
rank deficient or singular [66]. Analytically a set of equations is singular when
at least one singular value (or eigenvalue) of the system matrix A is zero. In
numerical approaches, instead of becoming exactly zero, the singular values
tend to approach zero and the matrix becomes close to singular, a state that
is usually referred to as ill-conditioned.
According to the Fredholm alternative that states that an inhomogeneous
integral equation is solvable except at the eigenvalues of its homogeneous counterpart, no unique solutions of A · x = b are possible at the eigenfrequencies of
A · x = 0. The corresponding solution x is called non-unique because different
vectors x are mapped by operator A onto the null vector 0.
This can be understood from the singular value decomposition (SVD) of the
homogeneous system A · x = 0:
U · S · VH · x = 0,

(G.1)

where U and V are unitary matrices containing the left- and right-hand singular vectors of A in their columns. The diagonal matrix S contains the singular
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values in descending order on its diagonal. As U and V are unitary and S is
diagonal, the following relation must hold for each singular value si :
si viH · x = 0.

(G.2)
viH

If all singular values are nonzero (regular system) then
· x = 0 leads to
either x = 0 or x = c vj ∀ i 6= j where c is an arbitrary constant. This latter
type of solution only holds for each relation (G.2) separately but owing to
the orthogonality of V they mutually exclude each other in the total system
S · VH · x = 0. As a consequence, when all singular values are nonzero x = 0
remains as the only (unique) solution for S · VH · x = 0 and thus for A · x = 0.
In the case of a singular matrix A, however, at least one singular value
becomes zero (say sj = 0) and the solutions x = c vj also satisfy sj viH · x = 0
for i = j. Furthermore, because viH · vj = 0 ∀ i 6= j they also obey the full
system of equations S · VH · x = 0. Hence, when singular value sj becomes
zero, an infinite set of solutions built up from the corresponding right-hand
singular vector vj exists in addition to the trivial solution x = 0.
For problems containing symmetry, it is common that multiple singular
values become zero at the same time. In such cases of non-uniqueness of
higher order multiplicity, the non-unique solutions are a linear combination
of the right-hand singular vectors vj belonging to these zero valued singular
values sj . As a consequence, uniqueness of the trivial solution x = 0 is lost
when one or more of the singular values of matrix A become zero.
Each nontrivial solution x satisfying A · x = 0 is mapped into the so-called
null-space of the linear operator A. Specifically, the null-space of A is the part
of vector space x that is spanned by the left-hand singular vectors associated
with singular values with a value (close to) zero. The dimension of the nullspace is called nullity of A, which equals the number of zero valued singular
values. All information mapped into the null-space is considered lost and it
cannot be recovered in an inverse operation.
The condition number of a matrix is defined as the ratio of the largest
singular value to the smallest singular value. Analytically, when a matrix is
singular its condition number is infinite whereas in the case of a numerical approach the matrix becomes ill-conditioned and the condition number becomes
very large. So, when the detection of non-uniqueness problems is of interest,
it is recommended to look for peak values in the condition number.
The complement of null-space is the range of a matrix A, that is the subspace of vector space b which can be reached by A. It is spanned by the
right-hand singular vectors (columns in U) associated with nonzero singular
values. The rank is the dimension of the range. By definition, rank plus nullity
equals the dimension of matrix A.

Appendix H

Methods to Preserve
Uniqueness
H.1

Preservation of uniqueness

The literature survey presented in section 3.6 shows that a significant effort has
been spent on avoiding the non-uniqueness problem. In this appendix a more
quantitative comparison is made of the uniqueness behavior of the SHIEF,
CHIEF, ECHIEF, IHIEF, IBMF and the new CIBMF method.
After implementation of the various methods in the solver, the uniqueness of
the solutions computed with the various methods is measured by monitoring
the condition number of the system matrices. Once uniqueness is ensured, the
accuracy and convergence behavior of the methods will be compared in section
H.2. Unless stated otherwise, the simulations are performed on the sphere
and cat eye model presented in figure 3.13. In both cases the mesh consists of
parabolic TRIA6 elements. The numerical integration was performed with a 13
point Gauss quadrature rule and for the evaluation of the singular integrands
the permissible number of refinement levels in the adaptive quadrature was set
at eight.

H.1.1

Surface Helmholtz Integral Equation Formulation

The evaluation points in SHIEF are positioned at the nodes of the boundary
elements (collocation approach). Depending on the type of boundary condition,
either equation (3.9a) or (3.9b) has to be solved. From the results presented
earlier in figure 3.16 it follows that for both the sphere and cat eye model the
solution already suffers from non-unique behavior in the low/intermediate wave
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number range and that the problem becomes more severe for increasing wave
numbers. Irrespective of the type of boundary condition (velocity or pressure),
the peaks in the condition number are found at the same wave numbers.

H.1.2

Combined Helmholtz Integral Equation Formulation

As depicted in figure 3.19(c) the Combined Helmholtz Integral Equation Formulation (CHIEF) uses the Helmholtz integral equation (2.9) with points, the
so-called CHIEF points, inside the object as a constraint that must be satisfied along with the usual boundary integral equation (SHIEF). The additional
equation restraining the pressure in an interior point (α(~x) = 0) reads:
¾
I ½
∂p(~y )
∂G(~r)
dS + pin (~x)
~x ∈ Vs .
(H.1)
p(~y ) − G(~r)
0=
∂n
∂n
y
y
S

The constraint equations can be solved together with the SHIEF set of equations in a least squares sense or with the use of a Lagrange multiplier technique
as presented in work of Seybert and Rengarajan [147].
However, when a CHIEF point (nearly) coincides with any zero pressure
plane of the mode shape (nodal surface) of the related interior problem, the
CHIEF method fails to yield a unique answer. By placing more than one
CHIEF point, the chance that all CHIEF points lie on a nodal surface is reduced, especially for calculations in the low frequency range that are typical
for BEM. Nevertheless, the problem of selecting adequate CHIEF points remains an issue, as neither the characteristic frequencies nor the nodal surfaces
are known a priori. This problem is compounded by the fact that as the wave
number increases the eigenfrequencies and nodal surfaces of the auxiliary interior problem become more closely spaced (see figure 3.16).
In order to partially remedy the difficulty arising when a CHIEF point falls
on an interior nodal surface, apart from the pressure constraint equation (H.1)
itself, also its derivatives in the three coordinate directions are restrained to
ensure uniqueness. This so-called ‘enhanced’ CHIEF (ECHIEF) method was
originally presented by Zhao and Wang [178] and later used by Brebbia [25]
and Wu and Seybert [174]. Thus, instead of constraining only the interior
pressures to zero, also the interior particle velocities are forced to be zero
(see figures 3.19(c) and 3.19(d)). Substituting α = 0 in equation (2.9) and
taking the normal derivative in the three coordinate directions, the additional
constraint equations become:
¾
I ½ 2
∂pin (~x)
∂G(r) ∂p(~y )
∂ G(r)
dS +
p(~y ) −
0=
∂ei ∂ny
∂ei
(H.2)
S ∂ei ∂ny
for i = 1, 2, 3 and ~x ∈ Vs .
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Note that when the CHIEF points are located near the boundary surface, the
singular behavior in the constraint equations becomes dominant and the integrals must be evaluated with the adaptive quadrature for acceptable accuracy.
For the case of a single interior point at the center of the sphere, the condition numbers of the overdetermined sets of equations in the CHIEF and
ECHIEF are shown in figure H.1. As the interior point is located at the origin,
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Figure H.1: Condition number of the system matrix for CHIEF and ECHIEF
method applied on the sphere model.

it is expected to suppress all ‘monopole’ interior mode shapes associated with
irregular wave numbers at a multiple of π (roots of spherical Bessel function
of the first kind, order n = 0). The ECHIEF method also suppresses ‘dipole’
interior modes at ka = 4.49 and ka = 7.73 as it forces the particle velocity to
be zero at the origin of the sphere. The higher order interior modes (e.g. the
‘quadrupole’ mode at ka = 5.76) are not suppressed by the constraint as they
have both pressure and particle velocity zero at the location of the constraint
point.
From these findings it can be concluded that the CHIEF and ECHIEF
methods are capable of suppressing irregular wave numbers in the low to intermediate frequency ranges. However, in the high wave number range many
interior points are required to circumvent the non-uniqueness problem because
the modal density of the interior Dirichlet problem increases rapidly with increasing wave number.

H.1.3

Off boundary methods

~ in the interior of the enOff boundary methods have their evaluation points x
closure instead of on the nodes of the boundary surface mesh as is common in
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the SHIEF method (e.g. see figure 3.19). Generally, the evaluation points are
positioned on a fictitious surface S ′ geometrical similar to that of the boundary surface S as shown in figure H.2. There are different opinions on how this
surface S ′ should be defined. For example, Cunefare [32] proposed to move
the evaluation points along the normal vector at a distance δ proportional to
the area of the corresponding boundary elements. In many other studies, e.g.
Miller et al. [112] and Provatidis et al. [131], the scaling distance δ is related
to the characteristic length of the boundary surface.
Within the framework of the present work, a constant distance δ is used over
the whole surface S. From numerous simulations it has become apparent that
a choice of δ of about half the mean size of the boundary elements produces
accurate results. It was also found that relating δ to the element size instead of
the source geometry preserves the diagonal dominance of the transfer matrices
for higher mesh densities. Such diagonally dominant matrices are often reasonably well-conditioned and thus less problems are expected during inversion.
δ

S
S′
~n2

interior of source Vs
~x
~n1

~n3

~y
~ny

Figure H.2: Nomenclature in off-boundary methods. The evaluation points ~x
are positioned on a fictitious surface S ′ located at a distance δ from the actual
source boundary surface S.

Interior Helmholtz Integral Equation Formulation - IHIEF
If the evaluation points are placed on the interior surface S ′ , then the HIE (2.9)
reduces to the following Fredholm integral equation of the first kind1 ,
¾
¾
I ½
I ½
∂G(~r)
∂p(~y )
dS − pin (~x) , ~x ∈ S ′ , ~y ∈ S.
p(~y ) dS =
G(~r)
∂n
∂n
y
y
S
S
(H.3)
Provatidis et al. [131] renamed this off-boundary method the interior Helmholtz
integral equation formulation (IHIEF), which is adopted here. Achenbach et
1

Coefficient α equals zero inside the object.
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al. [2] and Hahn et al. [62] claimed that this choice of collocation points solved
the non-uniqueness problem as long as surface S ′ does not coincide with a nodal
plane of the interior Dirichlet problem. However, Benthien and Schenck [11]
showed by means of a pulsating sphere example that this is not the case. In
accordance with findings of Provatidis, Benthien showed that the irregular
wave numbers in IHIEF occur at the eigenfrequencies of the volume enclosed
by the fictitious surface S ′ . The fact that this volume is always smaller than
that confined by the boundary surface S implies that the IHIEF method shifts
the irregular wave numbers to a higher frequency range. Simulation results
presented in figure H.4 indeed confirm that the peaks in the condition number
are shifted to higher values.
Apart from the shift in irregular wave numbers, the width of the peaks in
the condition number curves is much smaller than those found in SHIEF or
CHIEF methods. Hence, the size of the wave number steps must be very small
to detect the occurrence of non-uniqueness. This might explain why some
researchers have not recognized these irregular wave numbers in the IHIEF
method.
Interior Burton-Miller Formulation - IBMF
Cunefare [32] applied this off-boundary method to a Burton-Miller approach [21]
in which both the HIE and its normal derivative equation are solved simultaneously (see figure 3.19(e)) leading to the following integral equation:
¾
I ½ 2
∂ G(r)
∂G(r)
µ
p(~y ) +
p(~y ) dS
∂nx ∂ny
∂ny
S
¾
I ½
∂p(~y )
∂G(r) ∂p(~y )
dS
+ G(r)
=
µ
∂nx ∂ny
∂ny
S
− pin (~x) − µ

(H.4)

∂pin (~x)
,
∂nx

with evaluation points ~x ∈ S ′ and source points ~y ∈ S.
By placing the evaluation points on the interior fictitious surface S ′ instead
of the actual boundary surface S on which the integration is performed, the
hypersingular behavior found in the original formulation of Burton and Miller
is circumvented. As in the original formulation, the coupling factor µ between
the HIE and its normal derivative equation must have a nonzero imaginary
part to guarantee unique solutions throughout the full wave number range.
According to the work of Meyer [111] accurate solutions are obtained for µ =
i/k, with the exception of very low wave numbers (kL ≪ 2π). To overcome this
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poor convergence in the low frequency range and at the same time to preserve
uniqueness in the medium and high wave number range, an improved coupling
function is introduced here as:
µβ (k) =

i
fβ (k)
k

with fβ (k) =

k2
.
k2 + β

(H.5)

Essentially, the original coupling function as proposed by Meyer is weighted
with a second order filter function fβ (k) that suppresses high values of µ in the
low frequency range whilst minimizing its filtering effect for medium and high
wave numbers. Figure H.3 shows the modified coupling function µβ for different
values of the filter parameter β. After numerous simulations, it was found that
good results were obtained when β is set to approximately (2π/L)2 , where L
represents the characteristic dimension of the radiating object (see figure 1.4).
For this value of β, the maximum in function µβ occurs at the dimensionless
wave number kL = 2π at which the acoustic wavelength equals the dimension
of the source L. Simulation results presented in figure H.4 confirm that the
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Figure H.3: Improved coupling function µβ for several values of the filter
parameter β.

condition number no longer shows any peaks in the considered wave number
range, meaning that the non-uniqueness problem is eliminated. Although the
IBMF results in unique solutions throughout the wave number range, it will
be shown in section H.2 that the accuracy and convergence behavior of this
method are not as good as those of the SHIEF. As a consequence a novel
method is proposed that combines the uniqueness properties from the IBMF
method with the accuracy of the SHIEF method.

H.2. Accuracy and convergence

H.1.4

253

Combined Interior Burton-Miller Formulation (CIBMF)

The novel approach forms a combination of the standard HIE evaluated on
the surface (SHIEF) with the interior Burton-Miller approach (IBMF). The
reason for this is that the SHIEF method proved to give accurate results and
good convergence behavior in the low wave number range but suffers from nonuniqueness in the intermediate and high wave number ranges. In contrast, the
interior Burton-Miller formulation (IBMF) results in unique solutions throughout the whole wave number range but suffers from poor convergence behavior
when the boundary element mesh is refined. Furthermore, as demonstrated
in section H.2, for scattering problems both IHIEF and IBMF lead to insufficiently accurate results. As the novel method combines the SHIEF with the
IBMF, it has been given the acronym CIBMF for Combined Interior BurtonMiller Formulation. The two systems of equations (H.6a) and (H.6b) are solved
simultaneously in a least squares sense:
¾
I ½
∂p(~y )
∂G(r)
p(~y ) − G(r)
dS + pin (~x) ,
~x ∈ S , (H.6a)
α(~x)p(~x) =
∂ny
∂ny
S
¾
I ½
∂G(r)
∂ 2 G(r)
p(~y ) +
p(~y ) dS
µβ
∂nx ∂ny
∂ny
S
¾
I ½
∂p(~y )
∂G(r) ∂p(~y )
(H.6b)
+ G(r)
dS
=
µβ
∂nx ∂ny
∂ny
S
− pin (~x) − µβ

∂pin (~x)
,
∂nx

~x ∈ S ′ ,

Figure H.4 confirms that the CIBMF method is stable for all considered wave
numbers. The vertical dotted lines represent the irregular wave numbers that
occur in the original SHIEF technique. For both the sphere and cat eye model,
the condition number of the system matrix in CIBMF is significantly lower
than that found in the IHIEF and IBMF methods.

H.2

Accuracy and convergence

After the investigation of the uniqueness properties of the various BEM formulations by means of monitoring the condition number, their performance in
terms of accuracy and convergence was analyzed. Accuracy and especially convergence properties have mainly been published in mathematical and numerical
literature and the results do not seem to be widely known among the acoustic
community. For example, a number of rigorous mathematical analyses of accuracy and convergence issues of BEM were presented by Amini and Kirkup [3]
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Figure H.4: Condition number of the system matrix for the IHIEF, IBMF
and CIBMF methods applied on the sphere (left) and cat eye (right) model.

and Schulz et al. [146]. A more intuitive approach regarding these topics for
an axisymmetric boundary element formulation was followed in the work of
Juhl [83]. The present study is also not intended to provide a solid mathematical background, instead it approaches the problem from an engineering point
of view.
The first part in the remainder of this appendix is devoted to the accuracy of
a predicted surface solution as a function of the acoustic wave number, whereas
the second part is focused on the convergence behavior at a fixed wave number.
From the comparison between the different approaches it becomes apparent
that the CIBMF is relatively accurate and shows good convergence behavior
throughout the wave number range of interest.

H.2.1

Accuracy

In order to compare the performance of the BEM formulations, the following
three sample problems are considered (see figure 3.20):
• Radiation from a uniformly pulsating sphere (monopole radiator).
• Radiation from an oscillating rigid sphere (dipole radiator).
• The scattering from a plane wave impinging on a rigid sphere.
A detailed description of the analytical solutions can be found in appendix E.
The difference between the numerical and the analytical solutions, referred to
as the error, is used as a measure for the quality of the formulation.
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Figure H.5 provides an overview of the relative error in the surface pressure
solution as computed by the SHIEF, CHIEF, ECHIEF, IHIEF, IBMF and
CIBMF methods. The accuracy of the surface pressure solution is measured
according the spatial rms error (3.37) that represents an averaged error over
the whole boundary surface. For the CHIEF and ECHIEF method, a single
constraint point was positioned at the center of the sphere. Again, the vertical
dotted lines represent the irregular frequencies of SHIEF (eigenfrequencies of
the interior Dirichlet problem).
Considering the SHIEF results presented in figures H.5(a) and H.5(b), it
is evident that the error rapidly increases in the vicinity of the irregular wave
numbers provided that the prescribed normal velocity distribution at least
partially matches the mode shape of the interior problem. For the case of the
scattering problem, shown in figure H.5(c), the prescribed incident pressure
field always partially matches the interior mode shapes that correspond to
the irregular wave numbers. As a consequence, the SHIEF method leads to
inaccurate solutions at every irregular frequency.
Figure H.5 also contains the solution errors of the CHIEF and ECHIEF
methods. For the pulsating sphere model, the two methods give identical
results. Due to the interior constraint, the solutions are no longer singular at
the irregular ‘monopole’ wave numbers (ka = π, 2π, 3π, . . . ). As a result the
error level is significantly reduced at those wave numbers.
For the oscillating sphere the results are given in figure H.5(b). In accordance
with the condition number shown in figure H.1, the solution errors obtained
with the CHIEF method are the same as those of the SHIEF method. This is
due to the fact that the interior constraint point only suppresses the irregular
wave numbers associated with interior ‘monopole’ mode shapes.
The ECHIEF method however additionally constrains the particle velocity at
the constraint point and thus also suppresses the interior ‘dipole’ mode shapes
resulting in a limited error at the corresponding irregular wave numbers (e.g.
ka = 4.49 and 7.73).
Finally, for the scattering problem it is clear that apart from the first two
irregular wave numbers, the CHIEF and ECHIEF methods fail to suppress
the non-uniqueness problem. However, their performance can be improved by
adding more points. Although selecting optimal locations for these constraint
points remains to be troublesome and uniqueness of the solution is not guaranteed.
From the curves on the right-hand side of figure H.5 it is observed that
within the considered frequency range the novel CIBMF is stable and the
most accurate method. Apart from the error behavior near the irregular wave
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(c) Scattering on rigid sphere

Figure H.5: Relative error in the surface pressure solution of the sample
problems as a function of the dimensionless wave number.
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numbers, each of the investigated methods shows a gradual rise in the error with
increasing wave number. This is caused by the decreasing number of boundary
elements per acoustic wavelength. For example, the applied boundary mesh
(146 nodes) only has a single TRIA6 element per acoustic wavelength at ka =
10, while the general rule is to use at least 3 quadratic (or 7 linear) elements
per wavelength in order to obtain results acceptable for engineering purposes.
A more detailed investigation regarding the wave number dependent accuracy
of the CIBMF solutions is provided in subsection 3.7.3. In conclusion, when it
comes to accuracy and stability, the CIBMF method is superior to the other
methods.

H.2.2

Convergence

The accuracy of the numerical solution should systematically improve as the
number of elements increases and the approximated solution should eventually
converge to the exact solution. This type of behavior is investigated in a socalled convergence analysis. The analysis was performed on the same three
sample problems as in the previous section and for three fixed wave numbers
ka = 1, 4 and 8, each being representative for the low, intermediate and high
wave number range, respectively. These wave numbers were chosen such that
they do not coincide with the irregular frequencies of the SHIEF and IHIEF
method. The CHIEF and ECHIEF methods are not considered any further as
their performance with respect to uniqueness has proven to be inadequate in
the intermediate and high wave number range.
As shown in section 3.7.4, figure 3.24, five different BEM models were generated where the number of boundary elements along the periphery of the
sphere is varied between 4 and 64 elements. The element type can be set to
either linear TRIA3 or the quadratic TRIA6 elements.
Figure H.6 contains the relative error (3.37) in the surface pressure response
as a function of the dimensionless mesh size h/a, where h is the characteristic
element side length and a the radius of the sphere. It can be observed that the
SHIEF and CIBMF methods yield the highest accuracy and posses the best
rate of convergence for all three test cases. Furthermore, it becomes evident
that the convergence rate associated with the off-boundary methods (IHIEF,
IBMF) tends to stagnate for very high mesh densities. This poor behavior is
most likely due to the fact that the underlying integral equations are of the
first kind. In contrast with integral equations of the second kind (e.g. SHIEF,
CIBMF), the diagonal dominance of the matrices is preserved less well during
mesh refinements resulting in an increasingly ill-conditioned set of equations
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Figure H.6: Convergence behavior of SHIEF, IHIEF, IBMF and CIBMF
method for the surface pressure solution of the pulsating (left) and oscillating
sphere (right) model with quadratic elements (TRIA6).

This undesirable behavior is not observed in solutions of the SHIEF and CIBMF
methods since these are based on integral equations of the second kind. In these
formulations the evaluation points are positioned on the nodes of the boundary
element mesh causing a singularity in the kernel. Owing to this singularity the
corresponding set of equations always results in a diagonally dominant system
matrix. As a consequence, a consistent convergence behavior is reached. From
this point of view the presence of the singularity in the integrands is rather a
blessing than a curse.
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Finally, it can be concluded that both the SHIEF and the CIBMF method perform satisfactorily in terms of convergence. Of course, for the SHIEF solutions
this conclusion is only valid when the irregular wave numbers are avoided. In
section 3.7, the results of a more thorough validation of the CIBMF based
BEM solver are provided.

H.2.3

Computational effort

The amount of work associated with an algorithm is usually expressed as a
function of the number of unknowns N . For example, multiplication of a fully
populated matrix of dimensions N ×N with a vector requires O(N 2 ) operations,
whereas the multiplication of two square matrices involves O(N 3 ) operations.
For each of the methods discussed in the previous section an estimate of the
costs is provided in table H.1. Three parts are distinguished:
• Assembly - Computing and collecting the contributions from the element integration into the system matrices, and when applicable, computation of the constraint equations.
• Transformation to normal equations - To simultaneously solve the
system of equations along with the constraint equations, the total set of
equations is transformed into the Gauss normal equations.
• Solving - Inversion of the resulting square matrix and performing some
additional multiplications yields the acoustic transfer matrix.
Because the source localization methods, discussed in chapter 4, require the
full acoustic transfer matrices, it is assumed that the inversion of the matrices
is carried out with a direct solver instead of an iterative approach. In general
the computational effort of a matrix inversion is of O(N 3 ).
Furthermore, the least squares problem is solved through application of the
Gaussian normal equations as this proved to be the most efficient approach
for the problem sizes considered in the present work. For large scale problems
(N ≫ 1000), however, this approach tends to suffer from numerical roundoff
errors and becomes ill-conditioned, e.g. see Golub and van Loan [55]. For
such cases alternative methods like the QR decomposition or the SVD based
pseudo-inversion can be applied as these methods do not explicitly require a
transformation to the normal equations.
It is evident from the table that the CIBMF method is computationally
the most expensive and that for large models the computation time can be
expected to be about three times longer than that estimated for the ordinary
SHIEF method. But as the solver is mainly intended for source localization
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BEM
formulation

Assembly
stage

Normal
equations

Solving/
inversion

Total
work

SHIEF
CHIEF
ECHIEF
IHIEF
IBMF
CIBMF

O(N 2 )
O(N 2 + N Nc )
O(N 2 + 4N Nc )
O(N 2 )
O(2N 2 )
O(3N 2 )

O(N 3 + Nc N 2 )
O(N 3 + 4Nc N 2 )
O(2N 3 )

O(N 3 )
O(N 3 )
O(N 3 )
O(N 3 )
O(N 3 )
O(N 3 )

O(N 3 + . . . )
O(2N 3 + . . . )
O(2N 3 + . . . )
O(N 3 + . . . )
O(N 3 + . . . )
O(3N 3 + . . . )

Table H.1: Estimation of computational effort for the considered BEM formulations. Value N represents the number of unknowns and Nc indicates the
number of applied constraint points (note that Nc ≡ N for CIBMF).

techniques where the number of unknowns is generally rather small (up to several hundreds or thousands), the time aspect is of minor importance compared
to the requirements regarding accuracy, convergence and uniqueness of the solution. Moreover, for large scale models which are generally not intended for
source localization methods, the solver switches from a direct to an iterative
approach1 . The iterative algorithm proved to be much more efficient than the
direct approach as it does not need the explicit representation in normal form
and no direct matrix inversion is performed. However the gain in efficiency
is only of significance for systems consisting of at least several thousands of
equations.

1

Currently Bemsys only supports the Lanczos bi-diagonalization based LSQR algorithm
as implemented by Hansen [65] according to the work of Paige and Saunders [127].

Appendix I

Principle Component Analysis
In practice the actual processing of experimental data is somewhat different
from the numerical data in the simulated environment. The numerical methods, like the discussed BEM and IBEM techniques, operate on harmonic sound
fields that are fully coherent in space, which implies that they can be described
by a spatial distribution of amplitude and phase at each frequency. For a harmonic sound field of this type, a single reference signal is sufficient to represent
the phase information of the coherent sources.
In reality however, sound fields are often composed of contributions from
several incoherent partial sound sources. For example the sound field radiated
by a personal computer contains uncorrelated contributions from cooling fans,
hard disks and optical devices (CD/DVD-players). In order to use measurement data from such a composite sound field in numerical techniques, special
techniques are required to separate the incoherent field into a set of independent
coherent fictitious fields. In this work, the decomposition was performed using
the so-called Principle Component Analysis 1 (PCA) although other techniques
are also available as indicated by Otte et al. [126] and Tomlinson [152].
The basic idea behind PCA is to use at least as many reference sensors in
the experiment as the expected number of substantially contributing partial
sources. Generally, the set of reference sensors is incapable of measuring the
contributions of the incoherent sources independently, resulting in a set of partially correlated reference signals. By means of a singular value decomposition
of the reference cross-spectral matrix, the partially correlated reference signals
are transformed to a set of independent virtual reference signals, the so-called
principle components (PC). Once the independent set of virtual references is
computed, the composite sound field can be described with respect to these
1

Also referred to as virtual coherence method.
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references, resulting in a set of independent virtual sound fields each being
fully coherent in a spatial sense. Each of these individual problems is then
processed individually with the standard numerical tools. For example in the
BEM based acoustic source identification approach, instead of a single measurement vector b, a number of measurement vectors equal to the number of
principle components is obtained. The regularized inversion is then performed
independently for each of these right-hand side vectors. Afterwards, the reconstructed surface normal velocity vectors can be added on an energy basis to
yield the total surface velocity.
For a more detailed and mathematical description of this matter, reference
is made to the work of Otte et al. [125], van der Auweraer et al. [156], Mas
and Sas [104] and Schuhmacher [144]. Information regarding an alternative
decomposition technique named the partial coherence method can be found in
work of Hallman and Bolton [61] and Tomlinson [152].
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