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This article focuses on estimating rare events using multilevel splitting schemes.
The event of interest is that a Markov process enters some rare set before another
(“tabu”) set. It is known that in this setting a large deviations analysis is not always
sufﬁcient for constructing asymptotically efﬁcient importance sampling schemes;
additional modiﬁcations to the change of measure suggested by large deviations are
needed. As an alternative, we design an asymptotically efﬁcient multilevel splitting
scheme that relies on the large deviations analysis only. This property makes it more
ﬂexible and easier to implement than corresponding importance sampling schemes.
Keywords Asymptotic efﬁciency; Fast simulation techniques;
networks; Server slowdown; Splitting method; Variance reduction.

Queueing

Mathematics Subject Classiﬁcation 60K25; 60J22; 65C05.

1. Introduction
Rare event analysis has been attracting continuous and growing attention over the
past decades. It has many possible applications in different areas, e.g., queueing
theory, insurance, engineering, etc. As explicit expressions are hard to obtain, and
asymptotic approximations often lack error bounds, one often applies simulation
methods to obtain performance measures of interest.
In this article, we are interested in the rare event when a Markov process
ﬁrst enters some rare set before a “tabu” set. Obviously, using standard Monte
Carlo simulation for estimating the probability of such a rare event has an inherent
problem: it is extremely time consuming to obtain reliable estimates since the
number of samples needed to obtain an estimate of a certain predeﬁned accuracy is
inversely proportional to the probability of interest. Two important techniques to
speed up simulations are Importance Sampling (IS) and Multilevel Splitting (MS).
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IS prescribes to simulate the system under a new probability measure such that
the event of interest occurs more frequently, and corrects the simulation output by
means of likelihood ratios to retain unbiasedness. The likelihood ratios essentially
capture the likelihood of the realization under the old measure with respect to the
new measure. The choice of a “good” new measure is rather delicate; in fact only
measures that are asymptotically efﬁcient are worthwhile to consider. Usually, the
theory of large deviations is used to ﬁnd a good change of measure, but in more
complex situations this is often not enough. For instance, in the context of queueing
networks, the measure that is suggested by large deviations may lead to problems
around the boundaries of the state space, where one or more queues are empty. It
has recently been shown that this can be resolved by using a state-dependent change
of measure, which is not a trivial task, especially for larger networks, see Dupuis
et al. (2007), Dupuis and Wang (2009), and Miretskiy et al. (2010). We refer to
Heidelberger (1995) for a more general background on IS and its pitfalls.
The other technique, MS, is conceptually easier, in the sense that one can
simulate under the normal probability measure. When a sample path of the process
is simulated, this is viewed as the path of a “particle”. When the particle approaches
the target set to a certain distance, the particle splits into a number of new particles,
each of which is then simulated independently of each other and of the past. This
process may repeat itself several times, hence the term multilevel splitting. Typically,
the states where particles should be split are determined by selecting a number of
level sets of a so-called importance function. Every time a particle (sample path)
crosses the next level set of the importance function, it is split. The splitting factor
(i.e., the number of particles that replaces the original particle) may depend on the
current level.
The challenge in MS is to choose an importance function that will ensure that
the probability of reaching the target set is roughly the same for all states that
belong to the same level. Moreover, choosing the splitting factors appropriately is
also important. Sample paths will hardly ever end up in the rare set if this factor
is too small, while the number of particles (and consequently the simulation effort)
will grow fast if this factor is too large. For an overview of the MS method, see
Shahabuddin (1995).
There are not many examples of asymptotically efﬁcient MS schemes for
estimating general types of rare events in the present literature. Most articles deal
either with effective heuristics for particular (queueing) models, usually providing
good estimates without rigorous analysis; see e.g. Villén-Altamirano and VillénAltamirano (2006); or with restrictive models, see e.g. Glasserman et al. (1996).
The recent work in Dean and Dupuis (2009) does enable one to construct an
asymptotically efﬁcient MS scheme for estimating the probability of ﬁrst entrance
to a rare set, when the decay rate of the probability is known for all starting states.
The authors used control-theoretic techniques to derive and prove their results.
In this work, we also provide a simple and asymptotically efﬁcient MS scheme
for estimating the probability of ﬁrst entrance to some rare set. The scheme can be
seen as part of the class of asymptotically efﬁcient MS schemes developed in Dean
and Dupuis (2009). However, since we are only interested in easy-to-implement
(but still efﬁcient) schemes, we use a ﬁxed, pre-speciﬁed splitting factor R, to be used
for all levels. This is in contrast to the setting in Dean and Dupuis (2009) where
the splitting factor may vary between levels and is usually noninteger (which is then
implemented by using a randomization procedure). We accompany the scheme with
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a proof of its asymptotic efﬁciency which is relatively easy, in the sense that it only
uses probabilistic arguments and some simple bounds, thereby giving insight into
why the scheme works so well.
The rest of the article’s structure is as follows. In Sec. 2, we describe the general
setting of interest and, after a review of the MS method in more detail, we provide
the MS scheme itself. The proof of asymptotic efﬁciency of the scheme is given in
Sec. 3. Supporting numerical results for two speciﬁc models are presented in Sec. 4
and compared with results from IS on the same models; in fact, it turns out that
MS can be a good alternative to IS for certain parameter settings.
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2. MS Scheme
We consider a Markov process Qk  on some discrete state space DB and assume
that Qk  has a ﬁnite number of possible jump directions vi that are the same for
each state x in the interior of the state space; when the state space has boundaries,
states on the boundary share the same jump directions, with the exception of those
that point to states outside of the state space. For any value of the rarity parameter
B we are interested in the probability that Qk  hits the (rare) target set T B before
the “tabu” set AB , starting from some state s  T B ∪ AB .
To clarify the situation we provide a simple queueing example, in which Qk 
is the joint-queue length after the kth transition of the Markov chain that describes
a tandem Jackson network. Then we may be interested in the event where, starting
from some state, the queue of the second node reaches a level B before the entire
system becomes empty. Then obviously, B is the rarity parameter (in the sense that
the event becomes more rare as we choose larger values for B), and we have T B =
x ∈ DB  x2 ≥ B and AB = 0 0.
It is convenient to scale the process Qk  with the parameter B. The scaled
process Xk = Qk /B then makes jumps of size vi /B, and has state space D, which is
the scaled version1 of the state space DB of Qk . The target and tabu sets T B and
AB are scaled in the same manner, their scaled versions being given by T and A.
For such (disjoint) sets A and T and some starting state s  A ∪ T , we deﬁne
the stopping time
sB = infk > 0  Xk ∈ T Xj  A ∀j = 1     k − 1 X0 = s
where sB =  if Xk  hits the set A before the set T . The probability of interest is
now as follows:
pBs =  sB <  
Importantly, we will assume that this probability decays exponentially in B, with
decay rate
s = − lim B−1 log pBs 
B→

(1)

In fact, we will even assume that this convergence is uniform in s.
1
Formally the state space is a subset of D (namely a grid) for any ﬁnite B. As B grows
large, the grid becomes denser, leading to D itself in the limit B → 

On Efﬁciency of Multilevel Splitting

Downloaded by [Universiteit Twente] at 02:55 14 March 2013

Assumption 2.1. For any
have B−1 log pBs + s <
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> 0, some B∗ > 0 exists such that for all s  A ∪ T we
for B > B∗ .

It is often not too difﬁcult to obtain expressions for the function s, since it
is the large-deviations rate function, and can therefore often be found by exploiting
large deviations techniques; see, e.g., Dupuis and Ellis (1997). For instance, in
Miretskiy et al. (2009, 2010) we were able to ﬁnd s for the models that we will
study further in Sec. 4. What we believe is difﬁcult to prove in general is uniform
convergence (where uniformity is with respect to the starting state s of the scaled
process), for which no general guidelines can be given. It is conceivable that under
mild regularity conditions, a Laplace principle (and consequently Assumption 2.1)
for random walks holds uniformly on compacts. We refer to Theorems 6.3.3
and 7.2.3 in Dupuis and Ellis (1997) for cases with continuous and discontinuous
statistics respectively.
To apply MS one ﬁrst needs to deﬁne a family of nested sets Lk , k = 0     m
such that
T = Lm ⊂ Lm−1 ⊂ · · · ⊂ L1 ⊂ L0 ⊂ D
Here, L0 is chosen such that the starting state s lies on its boundary, i.e.,
s ∈ 0 = L0 . Furthermore, the family Lk  should be chosen such that every state
on the boundary of Lk has similar importance, i.e., the probability of reaching
T before A should be approximately equal for all states x that lie in the same
boundary k = Lk , k = 0     m. The sets Li are typically chosen as the level sets
of some function gx, which is called the importance function. Given this family,
we start at the initial state s (which belongs to 0 ) with exactly R0 particles. We
continue to simulate each of them until they either cross level 1 or hit the tabu
set A. All particles that end up in A are to be terminated without any replacement.
Every particle that crosses level 1 is to be replaced by R1 independent replicas.
We continue to simulate all the (new) particles until they cross the next level 2 or
hit the tabu set A, and so on. At stage k we start with some number of particles
in level k−1 and simulate them until they either cross k or reach A. Then each
particle that crossed k is replaced by Rk independent copies, while all particles in A
are terminated. We stop the procedure when the mth level (i.e., the target set T ) is
reached. Now we construct the estimator as follows:
p̂B =

X

R0 · R1 · · · · · Rm−1

(2)

where X is the number of particles that eventually reach the target set T before the
tabu set A. The estimate of pBs is constructed by averaging a number of independent
replications of p̂B .
We now choose the importance function to be the logarithmic decay rate in (1),
i.e., we choose gx = x and describe the Multilevel Splitting scheme as follows:
1. Choose some integer R to be the splitting factor for all levels.
2. Compute the number of levels nB = B s/ log R 


(3)
k
3. Deﬁne levels k = x ∈ D  s − x = log R  k = 0     nB 
B
4. Deﬁne R = eB s−nB log R  to be used as splitting factor at level nB only.
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The idea of the scheme is as follows: different states x in the same level have the
same decay rate for their corresponding probabilities pBx , and the different levels
are deﬁned such that the total decay rate s is “evenly spread”; in other words,
the distances between consecutive levels are equal in terms of decay rate. The
corresponding probability of crossing the next level is roughly equal to 1/R due to
the choice of nB in step 2, so that on average only one particle out of R will cross
the next level. Finally, since level nB is in general not the boundary of the target set
T (due to the rounding in step 2), and the probability to reach T from this level is
larger than 1/R, we can do with the lower splitting factor R at level nB .
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3. Asymptotic Efﬁciency
Clearly, some multilevel splitting schemes perform better than others, in terms of
the variance of the resulting estimator (2) obtained under some time constraints.
Asymptotic efﬁciency (or asymptotic optimality) of a MS scheme effectively says that
the work-normalized variance (which is the product of the variance and the expected
computational effort per simulation run; see, e.g., Glynn and Whitt, 1992) of the
estimator behaves roughly like the square of its ﬁrst moment. In other words,
the work-normalized variance is equivalent to the variance resulting from a ﬁxed
computational budget. Keeping this concept in mind, we will call an estimator
asymptotically efﬁcient if
lim inf
B→

log wBp̂B2 
≥ 2
log p̂B

(4)

where wB represents the expected computational effort per replication of p̂B
(i.e., per simulation run). Having (1) in mind, we can rewrite the deﬁnition of
asymptotic efﬁciency for an unbiased estimator (4) as follows:


lim sup B−1 log wBp̂B2 ≤ −2 s

(5)

B→

An obvious consequence of the asymptotic efﬁciency of a multilevel splitting scheme
is that the computational effort is substantially smaller compared to that of the
standard Monte Carlo scheme as B grows large.
Notice that when we replace wB by 1, we obtain the “classical” deﬁnition of
asymptotic efﬁciency (as widely used in the study of IS schemes, where we only
generate one sample path per simulation run). For the speciﬁc form of wB we
can make various choices. Here, we assume that the required time effort increases
linearly in the starting level. That is, we assume it takes k + 1 time units to simulate
a sample path of a particle starting from level k , since with high probability it will
reach A before k+1 , which takes more time when k is large; see also Glasserman
et al. (1996) for the motivation of this choice. The result is that we have

wB = 

nB −1




R × k + 1 × k + R × nB + 1 × nB  

(6)

k=0

where the random variable k is the number of paths that have crossed level
but not k+1 .

k,
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From now on, in order to simplify the notation, we omit the dependence on B
in the notation nB for the number of levels. Also we rewrite the estimator in (2) as
follows:
R
1 R
I
p̂B = n
R R i=1 i
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n

(7)

Here, we use that we have the same splitting factor R at each level, except for the
last one where we have R . Furthermore the Ii are indicator random variables for
each of the Rn R possible particles that may be simulated: Ii = 1 if the ith particle
hits the target set T before the tabu set A, and Ii = 0 otherwise. At ﬁrst sight,
it may seem that the number of particles needed to obtain this estimator grows
exponentially in n, and consequently in B. However, this is not the case, since we
only need to simulate a few of all possible Rn R particles till the end. Suppose for
instance that from the initial R particles only one crosses 1 before A is reached,
then the maximum number of possible particles to be simulated further is already
reduced from Rn R to Rn−1 R .
In order to prove that (5) holds for our scheme, we ﬁrst analyze the second
moment of the estimator, for which we have the following result.
Lemma 3.1. Under Assumption 2.1 the logarithm of the second moment of the
estimator in (7) satisﬁes:
lim

B→

1
log p̂B2 ≤ −2 s
B

Proof. We ﬁrst write
 n 2
R
R
1
1
1
1
2
log p̂B = log 2n 2 + log 
Ii 
B
B
B
R R
i=1

(8)

It is not difﬁcult to see that the ﬁrst term in the right-hand side of (8) has the
following behavior:
lim

B→

1
1
log 2n 2 = −2 s
B
R R

thanks to step 2 in (3). The second term is somewhat difﬁcult to analyze.
 n 2
 n
nR
nR
R
R
R
R
R
R
1
1
log 
Ii = log 
Ii2 +
I i Ij
B
B
i=1
i=1
i=1 j=1j=i
 n
nR
nR
R
R
R
R
1
= log
Ii +
Ii Ij
B
i=1
i=1 j=1j=i

nR
nR
R
R
1
= log Rn R pBs +
 Ii Ij = 1 pBs
B
i=1 j=1j=i



nR
R
1
n
s
= log R R pB 1 +
 Ii I1 = 1
B
i=2

(9)
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nR
R
1
1
n
s
= log R R pB  + log 1 +
 Ii I1 = 1 
B
B
i=2

(10)
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In view of (1) and step 2 of (3), it is clear that the ﬁrst term in the last line of (10)
tends to 0 as B grows to inﬁnity. For the second term, we condition on the level
where particles 1 and k had their last common ancestor. Thus, for random states
Si ∈ i , i = 1     n, and S0 ≡ s we have

nR
R
1
log 1 +
 Ii I1 = 1
B
i=2

n−1

1
S
S
= log 1 + R − 1Rn−i−1 R pBi + R − 1pBn
B
i=0

n

1
S
≤ log 1 +
Rn−i R pBi 
B
i=0

(11)

Now choose for any > 0 the value of B large enough, such that for any ﬁxed
s
realization si ∈ i of Si , we have pBi < e−B si + B ; obviously, this is possible due to
Assumption 2.1. Then, since si  = s − i/B log R (by step 3 of (3)), and also
s
R ≤ eB s−n log R (by step 4 of (3)), it is easy to see that Rn−i R pBi < e B . Therefore,
returning to (11), we ﬁnd

nR
R
1
 Ii I1 = 1
log 1 +
B
i=2

≤





1
1
log 1 + n + 1e B ≤ log 2 + ne B
B
B

=

1
log 2 + n + 
B

which converges to zero when B grows to inﬁnity (by step 2 of (3)). Thus, taking
into account expressions (8) and (9) we obtain the result.
Now let us analyze the expected computational effort.
Lemma 3.2. When Assumption 2.1 is satisﬁed the logarithm of the expected workload
(6) grows subexponentially in B, i.e.,
lim

B→

1
log wB = 0
B

Proof. We use similar arguments as in the proof of Lemma 3.1: for all
B∗ such that for any i we have that for all B > B∗ it holds that

there exists

s

 i = Ri pB i < e B 
s

where pB i is the probability that a sample path hits level i , but does not hit
level i+1 , starting from the initial state s ∈ 0 . Now for B large enough we obtain
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the following:
wB ≤ R

n−1


s

s

i + 1Ri pB i + R n + 1Rn pB

n

≤ Rn + 12 e B 

i=0

Taking the logarithm and sending B to inﬁnity we obtain the following:
lim

B→

1
log wB ≤  ∀ > 0
B

which completes the proof.
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Combining the statements of Lemmas 3.1 and 3.2 now immediately leads to the
main result.
Theorem 3.1. Under Assumption 2.1 the Multilevel Splitting algorithm (3) is
asymptotically efﬁcient.

4. Applications
In this section, we illustrate the efﬁciency of the MS scheme by applying it to
some speciﬁc queueing networks, namely to a two-node tandem Jackson network
and a system with server slowdown, also known as a system with backpressure; see
Van Foreest et al. (2005), which can be seen as a generalization of the standard
Jackson network. In both cases, the rare event that we consider is that the second
(downstream) queue ﬁlls up to a large level B before the entire system empties,
starting from an arbitrary state s. The corresponding probability is denoted by pBs .
4.1. Tandem Network
Here, we consider a standard tandem Jackson network with arrival rate , and
service rates 1 and 2 for the ﬁrst (upstream) and the second (downstream) stations,
respectively.
In Miretskiy et al. (2010) we determined the decay rate s by minimizing
certain large-deviations cost functions. When 2 < 1 , the outcome is that


if s1 ≤ 1 1 − s2 
−1 − s1 − s2  log/2 
˜
s = −s1 logs/
− 1 − s2  log˜ 2 s/2  if 1 1 − s2  < s1 < 1−1 1 − s2 


0
if s1 ≥ 1−1 1 − s2 
(12)
where

1

˜
= 1 − 2 /1 − , and s
and ˜ 2 s must be determined by solving

s1
˜


 = ˜ 1 − 1 − s ˜ 1 − ˜ 2 

2


˜ + ˜ + ˜ =  +  + 

1
2
1
2
(13)
˜ ˜ 1 ˜ 2 = 1 2





˜ ≤ ˜ 1 and ˜ 1 > ˜ 2




˜ ˜ 1  ˜ 2 > 0
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Figure 1. Splitting levels in the tandem network when 2 < 1 .

In Fig. 1, we present the level curves of s, which we use as splitting levels i
in our MS simulations. Note that this ﬁgure represent the state space of the scaled
queue-length process, i.e., x1 and x2 are the contents of the ﬁrst and second buffers,
scaled with the parameter B.
˜
As an aside, we mention that s,
˜ 1 s, and ˜ 2 s can be interpreted as the
parameter values according to which the system temporarily behaves, conditional
that overﬂow occurs, when it starts from a state s “in the middle triangle” (i.e., from
a state s with 1 1 − s2  < s1 < 1−1 1 − s2 ). The (scaled) typical path that the
process follows is then simply a straight line from state s to overﬂow at state (0,1).
Similarly, when s satisﬁes s1 ≥ 1−1 1 − s2 , the typical path just runs straight from s
to s1 − 1−1 1 − s2  1, while for s1 ≤ 1 1 − s2  the path ﬁrst runs from s to 0 s2 +
−1
1 s1 , and then continues along the vertical axis to (0,1).
When the ﬁrst server is the bottleneck, we see a rather different picture.
In this case,


if fs ≤ 0
− log/2  + s1 log/1 


˜
s = −s1 logs/
− 1 − s2  log˜ 2 s/2  if fs > 0 and s1 < 2−1 1 − s2  



if s1 ≥ 2−1 1 − s2 
−1 − s2  log1 /2 
(14)
˜
where 2 = 2 − 1 /2 −  and s
and ˜ 2 s are again found from (13).
Furthermore, the function f is given by
˜
˜ 2 s/2 
fs = − log/2  + s1 logs/
1  + 1 − s2  log
In Fig. 2, we present the level curves of s for the case 1 ≤ 2 . For states s
with fs > 0, the typical path to overﬂow is quite straightforward (namely straight
to (0,1), unless s1 ≥ 2−1 1 − s2 , in which case it runs straight to s1 − 2−1 1 −
s2  1). On the other hand, when fs < 0, the typical path is rather remarkable,
namely it ﬁrst goes straight to s1 + s2 2 − /1 −  0, i.e., emptying the second
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Figure 2. Splitting levels in the tandem network when 1 ≤ 2 .

queue, then runs along the horizontal axis to  2  0, and then straight to (0,1).
However, this behavior is not visible in Fig. 2, since the zero level curve of f (which
we did not plot) lies below the lowest level curve of , and therefore the effect
described above is not relevant for our splitting procedure (whereas the IS approach
does take this into account; see Fig. 2 in Miretskiy et al., 2010).
We now discuss Assumption 2.1 in more detail. In the case when 2 < 1 , there
is no problem, since we use the assumption only for states s that are in one of the
splitting levels k , k = 0     nB , which are all subsets of the “triangle” x ∈ +2 
x2 ≤ 1 − 1 x1 ; see Fig. 1. Since this is a compact set, the convergence in (1), which
was shown in Miretskiy et al. (2010), immediately implies uniform convergence.
On the other hand, when 1 ≤ 2 we have a different situation since the level
sets are now unbounded, see Fig. 2, so in principle we need to prove uniform
convergence on +2 , which is difﬁcult. In order to deal with this problem, we
slightly change the probability of interest by truncating the state space to be 0 1 ×
0 K, where K is some sufﬁciently large constant. Keeping in mind the structure
of the typical path to overﬂow, one may conclude that the probability almost
stays the same for the original and the truncated state spaces, when K is large
enough. This means that, although we do not have a formal proof of the validity of
Assumption 2.1 for the original system, we can still apply the scheme to the adapted
case in which compactness ensures uniform convergence.
We now provide numerical results for the tandem Jackson network. In
Tables 1–3 we present estimates of pBs obtained by the MS scheme in (3) for different
starting states s and parameter settings, accompanied by their 95% conﬁdence
intervals and relative errors. To enable comparison, we took the same parameter
settings as in the asymptotically efﬁcient IS scheme developed in Miretskiy et al.
(2009). In that article, the IS simulations were performed until the relative error of
the estimator reached a pre-speciﬁed value RE(IS)= 10−2 or RE(IS) = 5 · 10−2 . In
order to make a fair comparison we use the resulting computation times from those
IS simulations as a time budget for our current MS scheme, resulting in the relative
errors as reported in the tables; the corresponding (ﬁxed) relative error RE(IS) is
reported below the tables in the caption. (Note that the estimates of pBs themselves
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Table 1
MS for tandem network with  1  2  = 03 036 034, R = 4,
RE(IS) = 10−2
s

pBs

B

0 0

20
50
100

−2

RE
−4

598 · 10 ± 727 · 10
151 · 10−3 ± 369 · 10−5
292 · 10−6 ± 106 · 10−7

Time
−2

060 · 10
124 · 10−2
185 · 10−2

3
16
76
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Table 2
MS for tandem network with  1  2  = 01 055 035, R = 4,
RE(IS) = 10−2
B

pBs

RE

Time

20
50
100

203 · 10−5 ± 259 · 10−6
327 · 10−12 ± 525 · 10−13
186 · 10−23 ± 548 · 10−24

650 · 10−2
819 · 10−2
1509 · 10−2

03
08
15

s
06B 0

Table 3
MS for tandem network with  1  2  = 03 033 037, R = 8,
RE(IS) = 5 · 10−2
s
0 0

B

pBs

RE

Time

20
50
100

333 · 10−2 ± 367 · 10−4
716 · 10−5 ± 205 · 10−6
195 · 10−9 ± 831 · 10−11

056 · 10−2
146 · 10−2
217 · 10−2

14
103
427

that were obtained in Miretskiy et al. (2009) are not quoted here, since they highly
resemble the values we obtained here, as should be the case).
Typically, the relative errors obtained via the MS and IS methods are
comparable, especially when the parameters are such that IS is hard to apply
(see Tables 1 and 3). When B is not so large, MS can outperform IS in this respect.
4.2. Slowdown Network
We now proceed with an extension of the previous model, the slowdown network.
The slowdown mechanism is designed to offer the downstream queue some sort of
protection against frequent overﬂows and works as follows: as long as the number
of jobs in the downstream queue is smaller than some pre-speciﬁed threshold, the
server of the upstream queue works in the “normal” regime at rate 1 , but when the
number of jobs in the second queue is above the threshold, the ﬁrst server works
in a “slow” regime, at rate 1+ < 1 . This property is of signiﬁcant practical interest,
as a related mechanism has been proposed, e.g., in the design of Metro Ethernet
(Malhotra et al., 2009; Noureddine and Tobagi, 1999). Again, we are interested in
pBs , where the slowdown threshold scales with B; in all simulations we choose the
threshold to be 08B.
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Table 4
MS for slowdown network with  1  1+  2  = 01 07 015 02, R = 10,
RE(IS) = 10−2
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s

pBs

B
−7

RE
−8

Time
−2

0 0

20
50
100

373 · 10 ± 491 · 10
145 · 10−16 ± 571 · 10−17
499 · 10−32 ± 258 · 10−32

658 · 10
196 · 10−2
258 · 10−2

1
2
6

07B 0

20
50
100

609 · 10−3 ± 203 · 10−4
340 · 10−6 ± 397 · 10−7
289 · 10−11 ± 972 · 10−12

170 · 10−2
595 · 10−2
171 · 10−2

1
10
37

15B 0

20
50
100

525 · 10−1 ± 437 · 10−3
135 · 10−1 ± 237 · 10−3
105 · 10−2 ± 231 · 10−4

042 · 10−2
089 · 10−2
112 · 10−2

1
2
21

The decay rate function s, the level curves of which we use as splitting levels,
was described in Miretskiy et al. (2009). The structure of s again depends on
which buffer is the bottleneck, which in this case leads to three different possibilities:
2 < 1+ < 1 , 1+ ≤ 2 < 1 and 1+ < 1 ≤ 2 . The function has a similar form as
in (12) and (14), only there is now a different prescript for arguments s with s2 < 
and for arguments with s2 ≥ . The latter now involves quantities ˜ + , ˜ 1+ , and ˜ 2+ ,
which satisfy a system that is rather similar to (13). We do not provide further details
on the shape of s for each of the three cases here, as this would not add any
substantial insight; the interested reader can consult Miretskiy et al. (2009) for the
relevant expressions and derivations. Finally, Assumption 2.1 in the context of the
slowdown network can be treated in the same way as for the tandem Jackson network.
We present some numerical studies of the slowdown system in Tables 4–7.
Again we present estimates of pBs , accompanied by their 95% conﬁdence intervals
and relative errors. As was the case for the tandem Jackson network we compare
the outcomes of the MS scheme with the results of the (also asymptotically efﬁcient)
IS scheme developed in Miretskiy et al. (2008). Again, we use the computation time
of the IS simulations as time budget for MS. Note that the relative error obtained

Table 5
MS for slowdown network with  1  1+  2  = 03 036 032 034, R = 4,
RE(IS) = 10−2
s

pBs

B
−2

RE

Time

−4

−2

0 0

20
50
100

568 · 10 ± 907 · 10
125 · 10−3 ± 445 · 10−5
181 · 10−6 ± 191 · 10−7

081 · 10
140 · 10−2
527 · 10−2

2
18
49

035B 0

20
50
100

202 · 10−1 ± 142 · 10−3
136 · 10−2 ± 371 · 10−4
129 · 10−4 ± 701 · 10−6

035 · 10−2
139 · 10−2
277 · 10−2

2
9
25
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Table 6
MS for slowdown network with  1  1+  2  = 03 036 035 034, R = 4,
RE(IS) = 10−2
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s

pBs

B
−2

RE

Time

−4

−2

0 0

20
50
100

591 · 10 ± 935 · 10
146 · 10−3 ± 388 · 10−5
271 · 10−6 ± 717 · 10−8

080 · 10
133 · 10−2
142 · 10−2

2
21
121

035B 0

20
50
100

210 · 10−1 ± 252 · 10−3
154 · 10−2 ± 405 · 10−4
221 · 10−4 ± 889 · 10−6

054 · 10−2
134 · 10−2
205 · 10−2

2
11
35

Table 7
MS for slowdown network with  1  1+  2  = 025 035 028 04, R = 10,
RE(IS) = 5 · 10−2
B

pBs

RE

Time

0 0

20
50
100

114 · 10−4 ± 620 · 10−6
411 · 10−11 ± 715 · 10−12
780 · 10−22 ± 281 · 10−22

271 · 10−2
869 · 10−2
180 · 10−2

2
7
42

035B 0

20
50
100

635 · 10−4 ± 524 · 10−5
261 · 10−9 ± 363 · 10−10
461 · 10−18 ± 922 · 10−19

421 · 10−2
709 · 10−2
102 · 10−2

1
5
25

s

via the IS scheme is always 10−2 , with the exception of Table 6 where the relative
error is 5 · 10−2 .
Typically, the estimator has similar behavior as that observed for the case of
the (standard) tandem network, i.e., MS performs best (in terms of relative error)
when the system is highly loaded and B is not too large.

5. Discussion
In this article, we designed an asymptotically efﬁcient MS scheme for estimating the
probability of ﬁrst entering some rare set before a tabu set. The scheme is easy to
implement, and can always be used, as long as the logarithmic decay rate function of
the probability of interest is known (as will typically follow from a large deviations
analysis). We also provide a short and elegant proof of asymptotic efﬁciency of the
proposed scheme under some mild assumption on the convergence of the decay rate.
As an illustration, we applied the scheme to ﬁnd the probability of overﬂow in the
downstream buffer of a tandem Jackson network, and of a slowdown network.
We found that the scheme generally provides good estimates in reasonable time.
Therefore, it can be a good alternative to IS schemes, especially when the system has
high loads (in both nodes), or when the rarity parameter B is not extremely large,
i.e., when the event of interest is not so rare. In such cases the relative error may
even be lower than the one obtained via IS.
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However, in some other cases the relative error of MS is quite high. This
undesirable performance can be explained as follows. When the parameters of the
network (, 1 (1+ ), 2 ) are clearly distinctive (i.e., when the server loads are low)
then the IS scheme performs well, i.e., it requires a relatively small amount of time
to obtain good estimates. On the other hand, this is the toughest case for MS since
the queue-length process has a strong drift towards the origin. We argue that even
in such cases, when MS is obviously outperformed by IS, MS may still be preferred
over IS, since it is conceptually easier than IS. The main reason for this is that we
do not need to resolve technical issues around the boundaries, as often needed in IS.
This is a advantage over IS, especially when we want to simulate larger networks.
Finally, we like to mention that it may be possible to decrease the relative error
of MS by ﬁne-tuning the splitting factor R. We did not concentrate on this in the
current article, since our primary goal was to design a simple MS scheme and to
prove its asymptotic efﬁciency.
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