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[1] Existing sediment continuity models for nonuniform sediment suffer from a number

of shortcomings, as they fail to describe vertical sorting fluxes other than through net
aggradation or degradation of the bed and are based on a discrete representation of the bed
material interacting with the flow. We present a new type of sediment continuity
model that is based on a stochastic description of the bed surface rather than discrete bed
layers. The model is aimed at conditions dominated by bed load transport wherein the
river bed is fully covered by river dunes. Application of the model should be limited to
spatial scales covering a significant number of bed forms. The resulting model, i.e., the
sorting evolution model, is suitable for unsteady conditions, as it takes into account
the time evolution of, for instance, vertical sorting in modeling net aggradation or
degradation of the river bed. The present paper lists the various submodels of a
morphodynamic model system to which the sorting evolution model is applied. We
compare the results of the morphodynamic model system to measured data from two
flume experiments. The new model shows reasonable results for the predicted time
evolution of the vertical sorting profile, as well as the time evolution of the grain size
distribution of the bed load transport. Yet the model does not properly include sorting
mechanisms associated with partial transport and the winnowing of fines from the trough
surface and subsurface. The model serves as a basis for a future simplification of the
model into a new stochastics-based bed layer type sediment continuity model in which
vertical sediment fluxes are included in a parameterized way.
Citation: Blom, A., J. S. Ribberink, and G. Parker (2008), Vertical sorting and the morphodynamics of bed form-dominated rivers:
A sorting evolution model, J. Geophys. Res., 113, F01019, doi:10.1029/2006JF000618.

1. Introduction
[2] Morphodynamic model systems are used to gain
insight into, for instance, the effects of human interventions
on a river system. A morphodynamic model system is here
defined as a system that couples modules for calculating
flow, sediment transport, and net aggradation or degradation
of the river bed. In case sediment sorting processes play a
role, the model system needs to include a sediment continuity model for nonuniform sediment, which takes into
account the effects of grain size-selective sediment transport
in modeling large-scale aggradation or degradation of the
(river) bed. Hirano [1970, 1971, 1972] was the first to
develop such a sediment continuity model for nonuniform
sediment, and proposed to represent the active part of the
bed as a distinct homogeneous surface layer. Yet, this
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commonly used Hirano active layer model and its variants
suffer from three main shortcomings. First, in most of the
Hirano-type bed layer models vertical sediment fluxes occur
through net aggradation or degradation only, whereas flume
experiments have shown that this is not true [Ribberink,
1987; Blom et al., 2003]. Ribberink [1987] and Di Silvio
[1992] introduce an additional layer below the active layer
in order to account for vertical sediment exchange due to
occasionally deep bed form troughs. Second, in certain
situations the set of equations of sediment continuity models
with discrete bed layers becomes elliptic in parts of the
space-time domain [Ribberink, 1987]. Solving the set of
equations then requires future time boundaries, which is
physically unrealistic. Finally, from a physical point of view
it is not straightforward to distinguish between the range of
bed elevations interacting with the flow regularly (i.e., the
active layer), the range interacting with the flow only
occasionally (i.e., the exchange layer in the Ribberink
[1987] two-layer model), and the range not interacting with
the flow, at all (i.e., the substrate). In morphodynamic river
models the bed layers’ thicknesses are therefore usually
simply used as calibration parameters.
[3] In reality, the active part of the bed is represented by a
probability density function (PDF) of bed surface elevations
rather than by discrete bed layers, and in most cases is not
homogeneous. Parker et al. [2000] have introduced a
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Figure 1. Longitudinal profile of bed elevations, together
with grid points in x direction of the morphodynamic model
system to which the sorting evolution model is applied.
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eters (the time evolution of the PDF of relative trough
elevations, the total rate of bed load transport), we use
measured data rather than predictive submodels, so as to
minimize the uncertainties in the model results. We have
compared the results of the morphodynamic model system
to measured data.

2. Morphodynamic Model System
framework for sediment continuity without discrete bed
layers, which allows us to take into account that relatively
deep bed elevations interact with the flow and are subject to
entrainment and deposition less frequently than higher ones.
Blom and Parker [2004] derive formulations for the grain
size-specific and bed elevation-specific entrainment and
deposition fluxes as required for the framework, for situations dominated by bed load transport wherein the river
bed is fully covered by river dunes. They apply the Einstein
[1950] formulation for step length to the stoss face of a bed
form, which relates deposition of particles over the stoss
face to entrainment. A lee sorting function describes the
grain size selective deposition of particles over the lee face.
The variability in bed form dimensions is taken into
consideration by accounting for the PDF of bed form trough
elevations. All bed forms are assumed to have a triangular
shape, and the geometric properties of an individual bed
form (e.g., bed form height and bed form length) are
assumed to be related to the trough elevation according to
simple relations. As such, the likelihood of occurrence of a
specific bed form is characterized by the PDF of relative
trough elevations. Application of the model should be
limited to spatial scales covering a significant number of
bed forms (Figure 1).
[4] Whereas Blom et al. [2006] have reduced the Blom
and Parker [2004] model to steady or equilibrium conditions, i.e., conditions in which all variables vary around
mean values, in the present paper we consider unsteady
conditions and reduce the model to a sorting evolution
model. The purpose of this new sediment continuity model
is to account for the effects of the time evolution of both the
grain size-selective transport and the vertical sorting profile
in modeling large-scale morphodynamic changes, i.e., net
aggradation or degradation, of the river bed. Application of
the sorting evolution model in a morphodynamic model
system requires a number of submodels. In section 2 we
explain what type of submodels are required and how they
are integrated in the morphodynamic model system. Among
these submodels are models for three types of vertical
sediment fluxes, which are described in section 3. In
section 4 we discuss the various timescales involved in
the application of the model.
[5] Besides its derivation, the present paper presents the
results of the application of the new sediment continuity
model to two flume experiments (section 5). The experiments are characterized by bed load transport wherein the
bed is fully covered by bed forms. Furthermore, the experiments are governed by uniform conditions and sediment
recirculation, and, as such, net aggradation or degradation
did not occur. The morphodynamic model system computes
the time evolution of both the vertical sorting profile and the
composition of the bed load transport. For the input param-

[6] Figure 2 shows an overview of the various submodels
in a morphodynamic model system to which the sorting
evolution model is applied. Submodels are required for
describing (1) the sorting evolution model, which involves
formulations for three types of vertical sediment fluxes (I,
II, and III); (2) the PDF of relative trough elevations; (3) the
mean composition of the bed surface; (4) the hydraulic
roughness; (5) the flow; (6) the total bed load transport rate;
and (7) suspended load transport. These submodels are
described in sections 2.1 –2.7.
2.1. Sorting Evolution Model
[7] The sorting evolution model is based on the Parker et
al. [2000] framework for sediment continuity. In this
framework the active part of the bed is described by a
PDF of bed surface elevations rather than a discrete and

Figure 2. Scheme of a morphodynamic model system for
nonuniform sediment to which the sorting evolution model
is applied. Gray boxes represent submodels that are part of
the sorting evolution model. Evolution of the vertical
sorting profile occurs through vertical sediment fluxes
accompanying dune migration (type I), a change in time of
the PDF of relative trough elevations (type II), and net
aggradation or degradation (type III).
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Adding up equation (3) over all grain sizes yields
cb

Figure 3. Bed form parameters and division of bed form
in stoss and lee sides with accompanying entrainment and
deposition fluxes.
homogeneous active layer of sediment. Sediment conservation of size fraction i at elevation z is now given by
i
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 i denotes the concentration of size fraction i at
where C
 i = cbP
 sF
 i), F
 i denotes the volume fraction
elevation z (C
s
content of size fraction i in the bed at elevation z, and P
denotes the probability distribution of bed surface elevations, indicating the probability that the bed surface
 ei denotes the deposition
elevation is higher than z. D
 eidxdz is the
density of size fraction i defined such that D
volume of sediment of size fraction i that is deposited in a
bed element with sides dx and dz at elevation z per unit
 ei denotes the entrainment density of size
width and time, E
fraction i defined likewise, and cb the sediment concentration within the bed (cb = 1  lb, where lb denotes the
porosity). The overbar indicates that a parameter is averaged
over some horizontal distance, e.g., a large number of bed
forms, which is indicated by the term overall. The
coordinate x denotes the horizontal coordinate on a spatial
scale of a large series of bed forms (Figure 1), z denotes the
vertical coordinate, and t denotes the time coordinate.
[8] Applying a coordinate transformation (~x = x, ~t = t, and
~z = z  ha wherein the tilde denotes a parameter is relative
to the bed surface elevation averaged over a series of bed
forms (i.e., the mean bed level), ha, and ~z denotes the
vertical coordinate relative to the mean bed level, ha), and
the chain rule yields
s @P
~s
@P
@h
¼
þ pe a
@t
@t
@t

ð2Þ

~ s denotes the probability distribution of bed surface
where P
elevations for a series of bed forms relative to the mean bed
level, ha. The PDF of bed surface elevations for a series of
bed forms, pe, expresses the probability density function of
bed surface elevations for a series of bed forms, indicating
the probability density that the bed surface elevation equals
z or the likelihood of elevation z being exposed to the flow
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 e denotes the deposition density defined such that
where D
 edxdz is the volume of sediment of all size fractions
D
deposited in a bed element withP
sides dx and dz at elevation
 ei where N denotes the
 e = Ni D
z per unit width and time (D
 e denotes the
total number of size fractions) and E
entrainment density defined likewise.
[9] Integration of equation (4) over all bed elevations
yields
cb
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 denotes the volume of deposited sediment per unit
where D
R
= 1
area and time and summed over all size fractions (D
1
 e dz), and E
 denotes volume of entrained sediment defined
D
likewise. In equation (5) we recognize the commonly
applied sediment continuity equation, where 
qa denotes
volume of bed load transport (excluding pores) per unit
width and time averaged over a series of bed forms.
[10] In the sorting evolution model, we distinguish between three types of vertical sediment fluxes (also see
Figure 2):
 ei  E
 ei ¼ ðD
 ei  E
 ei ÞjI þ ðD
 ei  E
 ei ÞjII þ ðD
 ei  E
 ei ÞjIII
D

ð6Þ

where the three types of vertical sediment fluxes are type I,
sediment fluxes through dune migration, i.e., grain sizeselective deposition down a bed form lee face and the
variability in trough elevations; type II, sediment fluxes
through a change in time of the PDF of relative trough
elevations; and type III, sediment fluxes through net
aggradation or degradation. For simplicity, we assume that
these three types of vertical sorting fluxes do not interact
with one another. This means, for instance, that when we
consider sediment fluxes through bed form migration, both
the PDF of relative trough elevations and the mean bed level
are assumed to be steady. We describe the derivation of
formulations for sediment fluxes through bed form migration (type I) in section 3.1, sediment fluxes due to time
variation of the PDF of relative trough elevations (type II) in
section 3.2, and sediment fluxes through net aggradation or
degradation (type III) in section 3.3.
2.2. PDF of Relative Trough Elevations
[11] Application of the morphodynamic model system as
presented in Figure 2 requires a submodel describing the
adapted PDF of trough elevations relative to the mean bed
level for a series of bed forms, indicating the probability
density that the trough elevation equals z, weighted by the
horizontal distance involved, ~
pb. The relative trough elevation, Db, is defined as the vertical distance between the
mean bed level and the bed form trough elevation, hb
(Figure 3). Van der Mark et al. [2005] propose a simple
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a (and
roughness; the total rate of the bed load transport, q
the volume fraction content of size fraction i in the bed load
 ai); and the volume of suspended load transport
transport, F
of size fraction i per unit width and time, 
qsuspi.
[15] When applying the Hirano [1971] active layer mod suri, is assumed to
el, the mean bed surface composition, F
be equal to the volume fraction content of size fraction i in
the active layer, Fmi:
suri ¼ Fmi
F

Figure 4. Calculating the mean composition of the bed
surface when applying (a) the Hirano [1971] active layer
model using equation (8) and (b) the sorting evolution
model using equation (9). Figure 4a (top) illustrates the part
of the bed that contributes to calculating the composition of
the active layer, whereas Figure 4a (bottom) illustrates the
positioning of the active layer. The upper elevation of the
active layer equals the mean bed level, ha, while the
elevation of the interface between the active layer and the
substrate, hI, is determined by the thickness of the active
layer, d (hI = ha  d).
model for the variation in relative trough elevations. On the
basis of a number of data sets from flume experiments, they
find that the standard deviation of the relative trough
elevation, sDb, is more or less a linear function of the
mean value of the relative trough elevation, mDb:
sDb ¼ 0:6 mDb

ð7Þ

In other words, the deeper the mean trough elevation, the
larger is the variation of the trough elevation around its
mean value. Apparently, the variation of the trough
elevation around its mean value is more or less independent
of scale.
[12] This means that the PDF of relative trough elevations
can be modeled using equation (7), in combination with a
model for the time evolution of the mean relative trough
elevation. Such a model, however, is not readily available.
For the time being, we therefore propose to use a model for
the time evolution of the bed form height averaged over a

series of bed forms (i.e., the mean bed form height), D,
using a bed form height model by, for instance, Gill [1971]
or Van Rijn [1984], while assuming the mean relative trough
 b (t) =
elevation to be equal to half the mean bed form height (D
1 
2 D (t)).
[13] Within the case study described in section 5, we use
measured data rather than a submodel for the time evolution
of the PDF of relative trough elevations.
2.3. Bed Surface Composition
[14] Being part of a morphodynamic model system, one
of the main quantities a sediment continuity model needs to
solve for is the time evolution of the mean bed surface
composition (i.e., the volume fraction content of size
fraction i at the bed surface averaged over a series of bed
 suri. This important parameter is required as input
forms), F
for calculating the following parameters: the hydraulic

ð8Þ

When applying the sorting evolution model, in principle the
 suri, is defined as
mean composition of the bed surface, F
suri ¼
F

Z

hmx

i 
F
pe dz

ð9Þ

hmn

where hmn and hmx denote the lower and upper limits of the
active part of the bed, respectively. Equation (9) implies that
 suri is defined
when applying the sorting evolution model F
as the mean volume fraction content of size fraction i at the
actual bed surface, weighted over all bed elevations exposed
to the flow. Figure 4 illustrates the fundamental difference
between equations (8) and (9). One has to realize that the
method to determine the mean composition of the bed
surface needs to suit the specific submodels applied in
calculating the hydraulic roughness, bed load and/or
suspended load transport.
2.4. Hydraulic Roughness
[16] A submodel describing the hydraulic roughness is
required for calculating its effect on the flow, as well as on
bed load and suspended load transport.
[17] The part of the hydraulic roughness that is attributed
to grains, i.e., skin friction, is obviously closely related to
some measure of the composition of the bed surface, e.g.,
 suri. Existing models
the mean bed surface composition, F
for skin friction, such as the one by Van Rijn [1984], are
based on, for instance, the d90 (i.e., the geometric grain size
for which 90% of the sediment mixture is finer) of the bed
surface, which can be determined from the mean bed
 suri.
surface composition, F
[18] The part of the hydraulic roughness that is attributed
to bed forms, i.e., form drag, seems to be closely related to
the PDF of bed surface elevations, which characterizes the
shape and irregularity of the bed forms. However, a model
relating form drag to the PDF of bed surface elevations is
not readily available.
[19] Within the case study described in this paper, we do
not need a submodel for the hydraulic roughness as we use
measured data for both the flow and the sediment transport.
2.5. Flow
[20] A submodel describing the flow is required for
calculating its effect on hydraulic roughness, as well as on
bed load and suspended load transport. To this end, one can
apply the well-known shallow water equations or a simplified equation for steady flow, such as the formulation for a
backwater curve.
[21] Within the case study described in this paper, we use
measured data rather than a submodel for the flow.
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2.6. Total Bed Load Transport Rate
[22] In the present version of the sorting evolution model,
the volume fraction content of size fractions in the bed load
transport (indicated by the term composition) is computed
by the sorting evolution model itself. This is explained in
section 3.1. This notwithstanding, a submodel for the total
rate of bed load transport averaged over a series of bed
forms, qa, is required. A submodel computing this total rate
of bed load transport usually requires information on the
skin friction, some flow parameter (e.g., the dimensionless
shear stress), and the mean bed surface composition.
[23] Within the case study described in this paper, we use
measured data rather than a submodel for the total rate of
bed load transport.
2.7. Suspended Load Transport
[24] The present version of the sorting evolution model is
aimed at conditions dominated by bed load transport. Yet,
suspended load transport may be incorporated by taking the
following steps: (1) calculate the mean composition of the
 suri, using equation (9); (2) neglect the
bed surface, F
interaction between vertical sediment fluxes through bed
load transport and suspended load transport; and (3) use a
model for the volume of suspended load transport of size
fraction i per unit width and time, qsuspi, from the mean bed
 suri, and flow parameters:
surface composition, F
suri ; flow parametersÞ

qsuspi ¼ fsusp ðF

ð10Þ

in which fsusp represents a grain size-selective model for
suspended load transport of nonuniform sediment.
[25] Suspended load transport did not occur in the case
study considered in this paper, and therefore the proposed
method is not tested.

3. Sorting Evolution Model in Detail
3.1. Sediment Fluxes Through Dune Migration
(Type I)
[26] In the derivation of formulations for sediment fluxes
through dune migration (type I), we assume the PDF of
relative trough elevations, ~pb, to be steady, as well as the
mean bed level, ha (also see section 2.1). This implies that
the probability distribution of bed surface elevations relative
~ s, and the probability distribution of
to the mean bed level, P
 s, are steady, as well. The fundabed surface elevations, P
mental sediment continuity equations, i.e., equations (3) –
(5) now reduce to

bed form, but only deposition fluxes over the lee face
(Figure 3):

ð11Þ

 e ÞjI
e  E
0 ¼ ðD

ð12Þ

 eis þ D
 eil
 ei jI ¼ D
D

ð15Þ

ð16Þ

Note that Fi at a certain elevation of the active part of the
bed z is assumed to be valid within the dunes, as well as at
the bed surface. The weighted deposition rate Dsi denotes
the volume of sediment of size fraction i locally deposited
onto the stoss face per unit area and time at x equals the
weighted entrainment rate of this size fraction one step
length upstream of x:
Dsi ð xÞ ¼ Esi ð x  Li Þ ¼ Esiu ð x  Li Þ Fi ð x  Li Þ

ð17Þ

where the Einstein [1950] step length of size fraction i, Li, is
given by Li = a di (Figure 3), where a denotes the
dimensionless step length and di denotes the geometric
grain size of size fraction i.
[29] Blom and Parker [2004] derive the following expressions for the entrainment and deposition densities averaged
over a series of irregular bed forms:
 eis ð zÞ ¼
E

Z

hbmax
hbmin

Z

ls
i ð zÞ~
pb dhb
pse ð zÞEsiu ð zÞF
l



ls
pse ð zÞEsiu z  hstepi ð zÞ
l
hbmin


i z  hstepi ð zÞ ~
pb dhb
F
Z

ð18Þ

hbmax

hbmax
hbmin

ð13Þ

[27] In the derivation of formulations for sediment
fluxes through dune migration, we consider simultaneous
entrainment and deposition fluxes over the stoss face of a

ð14Þ

Esi ð xÞ ¼ Esiu ð xÞ Fi ð xÞ

 eil ð zÞ ¼
D
 E
 ÞjI
0 ¼ ðD

 ei jI ¼ E
 eis
E

where the subscript s indicates the stoss face and the
subscript l indicates the lee face. The derivation of
formulations for the overall entrainment and deposition
 eis, and for the lee
 eis and D
densities for the stoss face, E
 eil, continues from the analysis by Blom and Parker
face, D
[2004], which is summarized here.
[28] They introduce the parameter Esiu as the volume of
sediment of size fraction i locally entrained from the stoss
face, per unit area and time. In the parameter Esiu the
subscript u indicates the case that only sediment of size
fraction i would be present, although hiding exposure
effects may be included. The weighted entrainment rate
Esi (x) denotes the volume of sediment of size fraction i
locally entrained from the stoss face, per unit area and
time:

 eis ð zÞ ¼
D


 s @ Fi ¼ ðD
 ei Þj
 ei  E
cb P
I
@t
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ll
pb dhb
ple ð zÞDl Fleeloci ð zÞ~
l

ð19Þ

ð20Þ

where l denotes the bed form length, ls and ll denote the
horizontal length of the bed form stoss and lee faces,
respectively, pse and ple denote the probability density
functions of bed surface elevations for an individual stoss
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and lee face, respectively, hstepi denotes the step length in z
direction at elevation z on the stoss face for size fraction i
(Figure 3), Dl denotes the volume of sediment deposited
onto the lee face per unit area and time (i.e., the deposition
rate at the lee face), Fleeloci denotes the volume fraction
content of size fraction i in the sediment deposited at
elevation z at the lee face, ~
pb denotes the adapted PDF of
trough elevations relative to the mean bed level for a series
of bed forms, indicating the probability density that the
trough elevation equals z, weighted by the horizontal
distance involved (i.e., PDF of relative trough elevations),
hb denotes the trough elevation, hbmax denotes the highest
bed form trough elevation, and hbmin denotes the lowest bed
form trough elevation. Note that the integral in these
equations denotes the procedure of averaging over all
trough elevations.
[30] The deposition rate at the lee face, Dl, and the
volume fraction content of size fraction i in the sediment
deposited at the lee face, Fleeloci, are given by
Dl ¼ qtop =ll

ð21Þ

Fleeloci ¼ Ftopi wi

ð22Þ

where qtop denotes the volume of bed load transport at the
bed form crest per unit width and time (excluding pores),
and Ftopi denotes the volume fraction content of size
fraction i in the bed load transport at the bed form crest
(Ftopi = qtopi/qtop). The lee sorting function, wi, specifies to
what extent a specific size fraction that is transported over
the bed form crest is deposited at a certain elevation of the
lee face (Appendix A).
[31] For simplicity, we now assume the bed forms to have
a triangular shape with varying trough elevations, so that for
each bed form the probability density that the bed surface
elevation equals z, pe, is given by
pe ¼ pse ¼ ple ¼ J =D

ð23Þ

where J is a Heaviside step function which equals 1 if
elevation z is covered by the bed form, and J equals 0 if
elevation z is outside the range of elevations covered by the
specific bed form (see Appendix A). Note that equation (23)
does not imply that the slope of the stoss face is equal to the
slope of the lee face. Also we assume the mean bed load
transport rate to be identical for each bed form in the series
qa), and we impose the composition of
of bed forms (qa = 
the sediment transported over each crest to be the same
 topi). Finally, we make no distinction in sorting
(Ftopi = F
 i).
between bed forms within one series of bed forms (Fi = F
[32] Now, in order to find a solution to the time evolution
 i,
of the vertical sorting profile of nonuniform sediment, F
we need to solve equations (11) and (12). Since the
 s, is
probability distribution of bed surface elevations, P
steady, the total amount of sediment at each elevation is
steady, as well. This is satisfied when the total amount of
sediment entrained from the bed at elevation z: (1) is
 i(z); (2) is
independent of the local bed composition F
independent of the bed surface elevation z; and (3) has a
 i(z). These
composition equal to the local bed composition F

F01019

constraints are satisfied when the following equation is met
for each individual bed form:

 

i ð zÞ ¼ Esiu ð zÞF
i z  hstepi
i ð zÞ  Esiu z  hstepi F
Esnet F

ð24Þ

where Es net denotes the net entrained volume of all size
fractions on the stoss face per unit area and time, which can
be written as
Esnet ¼ qtop =ls

ð25Þ

Herein the total bed load transport rate over the bed form
crest, qtop, is twice the overall total bed load transport rate,

qa:
qtop ¼ 
qtop ¼ 2 
qa

ð26Þ

which can be found when applying the simple wave
equation to the migration of triangular bed forms [Bagnold,
1941]. Hence, also the bed load transport rate over the bed
form crest is the same for each individual bed form.
[33] With equations (12), (14) – (15), (18) – (21), and
(23) – (26), equation (11) now reduces to a relaxation-type
sorting evolution model:
i
@F
2
qa
¼ 
@t
cb Ps

Z

hbmax

hbmin

pe
i ~
½Fleeloci  F
pb dhb
l

ð27Þ

The term relaxation here indicates that the system has an
equilibrium state and returns to its equilibrium state after a
disturbance. Equation (27) shows that equilibrium is
reached when the overall composition of the sediment
deposited at elevation z at the lee face equals the
composition of the bed at that elevation. The timescale of
the adaptation of the sorting profile is considered in section
pb in equation (27) all depend
4. Note that l, pe, Fleeloci, and ~
on the specific trough elevation hb. The geometric properties of the individual triangular dunes are described by the
following simple rules. Each crest is assumed to have the
same absolute distance to the mean bed level as its trough,
and the steepness of the lee faces is assumed to equal the
angle of repose (n). The dune length is assumed to be
proportional to the dune height and the ratio of the mean

 to the mean dune height D:
dune length l
D ¼ 2Db

ð28Þ


 D
 D
l ¼ l=

ð29Þ

ll ¼ D= tanðn Þ

ð30Þ

ls ¼ l  ll

ð31Þ

see also Figure 3. Note that equations (28) through (30) are
not supposed to be generally valid and their applicability
should be checked against data when applying them.
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[34] A solution to equation (27) wherein Fleeloci is given
by (22) requires a formulation for the volume fraction
content of size fraction i in the sediment transported over
 topi:
the bed form crest, Ftopi = F
topi ¼ 1
F
 snet
E

Z

Z

hbmax

ht

Esnet
hbmin

i pe dz~pb dhb
F

ð32Þ

hb

 snet denotes net entrained volume of all size
where E
fractions on the stoss face, per unit area and time, averaged
over a series of bed forms, and ht denotes the bed form crest
elevation. The inner integral in equation (32) expresses the
condition that the volume fraction content of size fraction i
transported over an individual crest is equal to the integral
over bed elevations of the vertical sorting profile multiplied
by its PDF of bed surface elevations, pe. This is true since
the net entrainment rate over the bed form stoss face, Esnet,
is uniform over all bed surface elevations, and the
composition of the net entrainment at elevation z is assumed
 i. To
to be equal to the bed composition at that elevation, F
find the overall composition of sediment transported over
 topi, the composition of the sediment
the bed form crest, F
transported over an individual crest is averaged over all
trough elevations while weighted by its probability density
 snet,
of occurrence, ~pb. The overall net entrainment rate, E
equals
 snet ¼
E

Z

hbmax

Esnet ~pb dhb

ð33Þ

hbmin

[35] Similar to the formulation for the overall composi topi,
tion of sediment transported over the bed form crest, F
the volume fraction content of size fraction i in the bed load
transport at the stoss face at elevation z, averaged over a
 qsi, is given by
series of bed forms, F
qsi ð zÞ ¼
F

1
^ snet ð zÞ
E

Z

hbmax

E
R z snet
h pe dz

hbmin

b

Z

z

i pe dz~pb dhb
F

ð34Þ

hb

where the net entrained volume of all size fractions on the
stoss face at elevation z, per unit area and time, averaged
^ snet, is given by
over a series of bed forms, E
^ snet ð zÞ ¼
E

Z

hbmax

J ð zÞ Esnet ~pb dhb

[36] For a series of regular bed forms, equations (27) and
(32) reduce to
i 2 
@F
qa 
pe 

¼   ½F
leeloci  Fi
@t
cb Ps l

topi ¼
F

Z

hmx

Z

qsi pe dz
F

ð36Þ

Note that in equation (36), for simplicity, the contribution of
the composition of the bed load transport over the lee face
has been neglected, as the horizontal length of the lee face is
much shorter than the length of the stoss face.

i 
F
pe dz

ð38Þ

[37] Thus, the set of equations derived in the present
section computes the time evolution of both the vertical
sorting profile and volume fraction contents of size fractions
in the bed load transport resulting from the migration of a
series of dunes. The equations require the following input
parameters: the initial sorting profile; the time evolution of
the PDF of relative trough elevations, ~
pb; the time evolution
of the total bed load transport rate, 
qa (not its composition);
and the ratio of the mean bed form length to the mean bed

 D.
form height, l/
3.2. Sediment Fluxes Through Unsteady Bed Form
Dimensions (Type II)
[38] Bed form dimensions, and therefore the PDF of
relative trough elevations, vary in time with changing
hydraulic conditions. For instance, during a flood event
the increase in bed shear stress may cause bed form crests to
become higher and troughs to become deeper, while the
mean bed level may remain steady. Such a change in time of
the PDF of relative trough elevations, ~
pb, results from net
entrainment and deposition fluxes from and to bed surface
elevations. As mentioned in section 2.1, we simply assume
these fluxes to be independent of the sediment fluxes
through both dune migration and net aggradation or degradation. In other words, when the PDF of relative trough
elevations, ~
pb, changes in time, the mean bed level is
assumed to be steady and vertical sediment fluxes through
bed form migration are assumed to be negligible.
[39] As described in section 2.2, at each time step we
need to predict the PDF of relative trough elevations, ~
pb,
using an external submodel. Having predicted ~
pb at the new
time step t2, we can determine the probability distribution of
 s (t2), from
bed surface elevations at the new time step, P
s ¼ 1 
P

hmn

ht

hb

ð35Þ

Now, the volume fraction content of size fraction i in the
bed load transport, averaged over a series of bed forms (i.e.,
 ai, is found by
the bed load transport composition), F
averaging the grain size-specific and elevation-specific bed
 qsi, over all elevations of the active
load transport rate, F
bed:

ð37Þ

and

hbmin

ai ¼
F

F01019

Z

z


pe dz

ð39Þ

1

where the PDF of bed surface elevations, 
pe, depends on the
PDF of relative trough elevations as follows:
Z

hbmax


pe ¼
hbmin

J
~
pb dhb
D

ð40Þ

 s (t2) >
[40] Figure 5 illustrates how at elevations where P
 s (t1), sediment has been deposited. At elevations where P
s
P
 s (t1), on the other hand, sediment has been
(t2) < P
entrained. We simply assume that sediment entrained from
bed surface elevation z has the same composition as what is
present at that elevation. We can now determine the volume
fraction content of size fraction i in the total amount of
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grain size-selective processes. In reality, however, grain
size-selective processes surely play a role. For instance,
the winnowing of fines from the trough surface and subsurface may cause the coarse bed layer below migrating bed
forms to subside and the range of elevations of the active
bed to gradually increase.

Figure 5. Example of how the probability distribution of
 s, can change in time.
bed surface elevations, P
sediment entrained from the bed due to a change in time of
the PDF of relative trough elevations, averaged over a series
 Pi:
of bed forms, F
R hmx

 i ðt1 Þ  C
 i ðt2 Þ dz
I ð zÞ½C
Pi ¼ R hmnP
F
hmx
N


i I ð zÞ½Ci ðt1 Þ  Ci ðt2 Þ dz
h
R hmnmx



h I ð zÞ½Ps ðt1 Þ  Ps ðt2 Þ Fi ðt1 Þdz
¼ mnR hmx
 s ðt1 Þ  P
 s ðt2 Þ dz
I ð zÞ½P

ð41Þ

hmn

3.3. Sediment Fluxes Through Net Aggradation or
Degradation (Type III)
[43] Divergences in bed load and/or suspended load
transport result in net aggradation or degradation of the
river bed. In this section, it is explained how we calculate
the net aggradation or degradation of the river bed and the
change in the vertical sorting profile through the resulting
sediment fluxes. We also refer to the type III sediment
fluxes in Figure 2.
[44] In order to include net aggradation or degradation in
the sorting evolution model, we make a number of assumptions. As mentioned in section 2.1, we neglect the interaction among vertical sediment fluxes through type I, bed
form migration; type II, a change in time of the PDF of
relative trough elevations; and type III, net aggradation or
degradation. Furthermore, we neglect the interaction between vertical sediment fluxes through divergences in bed
load transport and those through suspended load transport.
The fundamental equations (3) – (5) now yield

where hmn and hmx denote the lower and upper levels of the
active bed at either time t1 or t2, that is, when the active bed
covers the widest range of bed elevations, and where
I ð zÞ ¼

1
0

 s ðt1 Þ
 s ðt2 Þ P
if P
 s ðt2 Þ > P
 s ðt1 Þ
if P

if

 s ðt2 Þ
P

 s ðt1 Þ
P

if

 s ðt2 Þ > P
 s ðt1 Þ
P

ð43Þ

[42] Thus, the proposed method accounts for the effect of
a change in time of the PDF of relative trough elevations on
the vertical sorting profile. Note that the time evolution of
the PDF of relative trough elevations itself is computed
using an external submodel. The method described here is a
rather artificial one that simplifies the actual physical
processes. For instance, the method does not incorporate

i
@F
@
h
i 
 ei ÞjIII
 ei  E
pe a ¼ ðD
þ cb F
@t
@t

ð44Þ

@ha
 e ÞjIII
e  E
¼ ðD
@t

ð45Þ

cb 
pe

ð42Þ

where I denotes a Heaviside step function which equals 1 if
at elevation z sediment has been entrained, and as such the
amount of sediment at elevation z has decreased (repre s (t1)). Otherwise I equals 0.
 s(t2) P
sented by P
[41] At elevations where bed material is entrained (rep s (t1)), the bed composition does not
 s (t2) P
resented by P
change in time. At elevations where deposition occurs
 s (t1)), the composition of the
 s (t2) > P
(represented by P
deposited sediment is assumed to be equal to the mean
composition of the total amount of sediment entrained from
 Pi. At the new time step, the bed composition at
the bed, F
such an elevation can then be determined by weighting the
original bed material present at this elevation and the
deposited sediment. The bed composition at the new time
step thus equals
i ðt2 Þ ¼ F
i ðt1 Þ
F
 s ðt2 Þ½P
 s ðt1 ÞF
i ðt1 Þ

Fi ðt2 Þ ¼ 1=P
 s ðt1 ÞÞF
Pi
 s ðt2 Þ  P
þðP

s
cb P

cb


a þ 
@ q
qsusp
@ha
 E
 ÞjIII ¼ 
¼ ðD
@t
@x

ð46Þ

where 
qsusp denotes the volume of suspended load transport
per unit width and time, averaged over a series of bed
forms. Note that from equation (46) we can predict the
change in time of the mean bed level. We now assume the
vertical sediment fluxes through net aggradation or
degradation to be distributed over bed elevations according
to their exposure to the flow, whence the bed elevationspecific entrainment and deposition fluxes are given by
e  E
 e ÞjIII ¼ 
ðD
pe


@ 
qa þ 
qsusp
@x

ð47Þ

Furthermore, we assume the composition of the vertical
sediment fluxes through net aggradation or degradation to
be independent of bed surface elevation, so that the grain
size-specific and bed elevation-specific entrainment and
deposition fluxes are given by
 ei  E
 ei ÞjIII ¼ 
ðD
pe


ai þ 
@ q
qsuspi
@x

ð48Þ

This assumption that the composition of the vertical
sediment fluxes through net aggradation or degradation is
independent of bed surface elevation is not necessarily true.
Present research by the first author is aimed at investigating
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timescales of adaptation of dune dimensions, vertical sorting, and morphodynamic changes:
Tc

Figure 6. Timescales involved when applying the sorting
evolution model in a morphodynamic model system: (1) the
timescale of dune migration, Tc, (2) the timescale of
adaptation of dune dimensions, Tp, (3) the timescale of
vertical sorting, Tf(z), and (4) the timescale of large-scale
morphodynamic changes, Tm.

to what degree this assumption is justified. Combination of
equations (44) and (48) yields
 

i
pe @ qai þ qsuspi
@F
i @ha
¼ 
þ cb F
@t
@t
@x
cb Ps

ð49Þ

where the change in mean bed level, @ha/@t, is calculated
from equation (46).
[45] Thus, equation (49) allows us to compute the effect
of net aggradation or degradation upon the vertical sorting
profile. Please note, however, that the main purpose of the
formulations as proposed in sections 3.1—3.3 is to take into
account the effects of grain size-selective transport and
vertical sorting in the computation of net aggradation or
degradation of the river bed.

4. Timescales
[46] When applying the sorting evolution model in a
morphodynamic model system, we can distinguish the
following timescales (Figure 6) (1) timescale of dune migration, Tc; (2) timescale of adaptation of dune dimensions,
Tp; (3) timescale of vertical sorting, Tf; and (4) timescale of
large-scale morphodynamic changes, Tm.
[47] The timescale of dune migration, Tc, is defined as the
time required for a bed form to migrate over a distance

equal to its mean bed form length, l:
 c
Tc ¼ l=

ð50Þ

where, according to Bagnold’s [1941] application of the
simple wave approach to dune migration, the bed form
migration speed averaged over a series of bed forms, c, can
be written as
c ¼

qtop
2 qa
 ¼ cb D

cb D

ð51Þ

[48] Since all parameters in the sorting evolution model
are averaged over a series of bed forms, sediment deposited
at elevation z is assumed to be mixed immediately with all
material present at this elevation. This implies that, in order
to apply the sorting evolution model, it is required that the
timescale of dune migration is much smaller than the

min fTp ; Tf ; Tm g

This is consistent with the description of large-scale
morphodynamic changes in many existing morphodynamic
model systems. Namely, in order to use our common
sediment transport models, which are derived for steady
conditions, it is required that the timescale of morphodynamic changes is much larger than the one of dune
migration:
Tc

Tm

Likewise, in order to use models for hydraulic roughness,
bed form height, and bed form length, which are mostly
valid for steady conditions, it is required that the timescale
of adaptation of dune dimensions is larger than the one of
dune migration, and that the timescale of morphodynamic
changes is larger than the one of adaptation of dune
dimensions:
Tc
Tp

Tp
Tm

Let us now consider the relation between the sorting
timescale, Tf, and the timescale of adaptation of dune
dimensions, Tp. It seems that the latter is either smaller than
Tf) or of the same order of
the sorting time scale (Tp
magnitude (Tp ’ Tf). In conditions with high bed shear
stresses that are well above the critical bed shear stresses of
all grain sizes in the mixture, deeper bed layers that are
reached by the flow only occasionally slowly change in
composition. The PDF of bed surface elevations may have
Tf). This was the
reached equilibrium much faster (Tp
case in, for instance, flume experiment B2 by Blom et al.
[2003]. However, in conditions with relatively low bed
shear stresses and widely graded sediment mixtures that are
predominated by partial transport (i.e., the coarsest size
fractions are not or barely in transport), the time evolution
of the PDF of bed surface elevations is directly related to the
time evolution of the sorting profile (Tp ’ Tf). Coarse bed
layers may develop that hinder the entrainment of bed
material and thus the growth of bed forms. Fine sediment
may be winnowed from below a coarse bed layer, which
may result in a very slow adaptation of the bed form height.
This was the case in, for instance, flume experiments A1
and B1 by Blom et al. [2003].
[49] Equation (27) describes the time evolution of sorting
through dune migration for a series of irregular dunes. It is a
relaxation-type equation, but a formulation for the timescale
of the adaptation of sorting is not straightforward. This is
due to the fact that most parameters in equation (27) depend
on time and the trough elevation, hb. Yet, under the
assumptions that net aggradation or degradation is negligible, the PDF of relative trough elevations is steady, the total
bed load transport rate is steady, and the composition of the
sediment transported over the crest is steady, the timescale
of the adaptation of sorting is seen to be of the order of
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at every point in time. In these quasi-equilibrium conditions,
we may apply equilibrium similarity profiles for the PDF of
 i. In
relative trough elevations ~
pb, and the sorting profile, F
such a case, the equilibrium sorting model [Blom et al.,
2006] can be applied instead of the sorting evolution model.

5. Application of the New Model

Figure 7. Measured time evolution of the PDF of relative
trough elevations, ~phb, for experiment B2.

Tf ð zÞ ¼

 cb P
 s ð zÞ
l
2qa pe ð zÞ

ð52Þ

Equation (52) tells us that (1) the larger the relative amount
 s), the
of sediment at bed elevation z (represented by cbP
slower is the adaptation of sorting; (2) the larger the
exposure to the flow of elevation z (represented by 
pe), the
faster is the adaptation of sorting; (3) the larger the mean
 the slower is the adaptation of sorting;
bed form length, l,
 the smaller
namely, the larger the mean bed form length, l,
is the amount of bed forms over some fixed distance, and
the smaller are the entrainment and deposition rates; and (4)
the larger the total bed load transport rate, 
qa, the faster is
the adaptation of sorting.
[50] Note that the timescale of vertical sorting, Tf, is a
function of bed elevation z. At deeper elevations of the
active bed the bed composition adjusts more slowly to
changing conditions than at higher bed elevations. This is
due to (1) the very low elevations of the active bed being
reached by the flow only occasionally (represented by a
small value of pe), and (2) more bed material being present
at lower bed elevations than at higher elevations (repre s).
sented by a large value of cbP
[51] When the timescale of morphodynamic changes, Tm,
is of the same order of magnitude as the ones of adaptation
of dune dimensions, Tp and vertical sorting, Tf, we need to
take into account the time evolution of both the adaptation
of dune dimensions and the vertical sorting profile when
computing changes in morphodynamics. The sorting evolution model is particularly appropriate for this purpose.
[52] A special situation occurs when the timescale of
morphodynamic changes is much larger than the sorting
timescale and the time scale of adaptation of dune dimensions:
Tm  max fTp ; Tf g

min fTp ; Tf g  Tc

[53] The verification of the sorting evolution model is
based on a comparison between the measured and computed
grain size-selective transport and vertical sorting profiles for
flume experiments B2 and A2 by Blom et al. [2003]. Flume
experiments B2 and A2 qualify for this purpose as application of the sorting evolution model should be limited to
situations in which the bed is fully covered by bed forms.
During the experiments uniform conditions were maintained and the transported sediment was recirculated. As a
result net aggradation or degradation did not occur. The
sediment transport consisted solely of bed load transport.
5.1. Reduced Morphodynamic Model System
[54] In the flume experiments no net degradation or
degradation occurred. In other words, the mean bed level
remained steady and sediment fluxes through net aggradation or degradation (type III) were negligible.
[55] In the present case study, measured values for the
PDF of relative trough elevations are used as input. A
submodel predicting the time evolution of the PDF of
relative trough elevations (section 2.2) is therefore not
required. Figures 7 and 8 show the measured time evolution
of the PDF of trough elevations relative to the mean bed
level for a series of bed forms, indicating the probability
density that the trough elevation equals z, ~
phb, for experiments B2 and A2. The largest changes in the PDF of
relative trough elevations occur within 0 to 2 flow hours,
and after that only small changes occur. Measured trough
elevations above the mean bed level have been neglected,
because of the way bed forms are schematized (i.e., having
a triangular shape with trough elevation at the same distance
below the mean bed level as the crest elevation is located
above it). We account for the time evolution of the PDF of
relative trough elevations by following the procedure de-

ð53Þ

If, in this case, one is interested in processes at the timescale
of morphodynamic changes, Tm, we may assume that the
PDF of relative trough elevations, ~
pb, and the vertical
 i, have reached a state of quasi-equilibrium
sorting profile, F

Figure 8. Measured time evolution of the PDF of relative
trough elevations, ~
phb, for experiment A2.
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Table 1. List of Input and Output Parameters of the Morphodynamic Model System for Both a Regular
Application and This Specific Case Studya
Computation

Input Parameters

Output Parameters

regular application

total rate of bed load transport (submodel)
PDF of relative trough elevations (submodel)
initial sorting profile (measured/estimated)
ratio mean dune length to height (submodel)
net aggradation or degradation
total rate of bed load transport (measured)
PDF of relative trough elevations (measured)
initial sorting profile (measured)
ratio mean dune length to height (measured)

net aggradation or degradation
vertical sorting profile
volume fractions in bed load

this case study

vertical sorting profile
volume fractions in bed load

a

All listed parameters represent parameters averaged over a series of bed forms.

scribed in section 3.2. At each transition between the phases
shown in Figures 7 and 8, we impose a change in time of the
PDF of relative trough elevations.
[56] Table 1 shows the list of input and output parameters
for both a regular application and this case study. In the case
study we use measured values for the overall hydraulic
roughness and the overall total rate of bed load transport as
input to the model computations. Submodels predicting the
mean bed surface composition and the flow, which are
usually required for predicting hydraulic roughness and
bed load transport, are therefore not required. The method
for including suspended load transport as proposed in
section 2.7 has not been used and tested, as suspended load
transport did not occur in the flume experiments. Note that,
in a regular application, the new sediment continuity model
would be used to compute large-scale aggradation or
degradation of the river bed under the influence of grain
size selective transport and vertical sorting. In this case
study, however, net aggradation or degradation of the flume
bed did not occur. This specific circumstance enables us to
study in detail the relation between grain size-selective
transport and vertical sorting. Another characteristic of this
case study is that no submodel is required for the volume
fraction content of size fractions in the transported sediment
(fractional transport), as this parameter is computed by the
model itself.
5.2. Details of the Flume Experiments
[57] Flume experiments B2 and A2 [Blom et al., 2003]
were conducted in the Sand Flume of WL Delft Hydraulics. The length and width of the flume’s measurement
section were 50 m and 1.0 m, respectively. The sediment
mixture consisted of three well-sorted grain size fractions
(d1 = 0.68 mm, d2 = 2.1 mm, and d3 = 5.7 mm).
[58] Experiment B2 started from the final stage of experiment B1. The initial bed of B2 consisted of a coarse bed
layer on top of a substrate composed of only the fine size
fraction. Small barchan-type bed forms were present on top
of this coarse top layer (Figure 9a). Their mean bed form
 and length l
 were equal to 1.8 cm and 99 cm,
height D
respectively. Right after the start of the experiment, the
discharge was increased and the coarse layer was entrained.
After this, the underlying fine sediment became available to
the transport process and the bed form height quickly
increased. The volume fraction of the fine size fraction in
the transported material gradually increased, whereas the

proportion of the medium and coarse fractions in the transported material slowly decreased, since they were gradually
worked down to lower bed elevations. The coarse material
in the lower parts of the bed forms did not constitute a
distinct coarse bed layer over which the bed forms migrated,
but participated in the transport process. The vertical sorting
profile seemed to be primarily determined by grain size
selective deposition down the avalanche lee face. In the
equilibrium stage of experiment B2, the mean bed form
 and length l
 were equal to 12.2 cm and 1.79 m,
height D
respectively.
[59] Experiment A2 started from the final stage of experiment A1. The initial bed of A2 consisted of a coarse bed
layer on top of a substrate composed of a mixture of equal
proportions of the three size fractions. Small barchan-type
bed forms were present on top of this coarse top layer
 and length l

(Figure 9b). Their mean bed form height D
were equal to 1.7 cm and 90 cm, respectively. Right after
the start of the experiment, the discharge was increased to
the same rate as in B2. The bed form height increased and
the volume fraction of the coarse fraction in the transported
material quickly increased. The lower elevations of the
active bed showed a clear coarsening compared with the
upper ones. The vertical sorting profile seemed to be
determined by the grain size-selective deposition down the
avalanche lee face, as well as by the winnowing of fines
from the trough surface and subsurface, and partial transport. In the equilibrium stage of experiment A2, the mean
 and length l
 were equal to 4.9 cm and
bed form height D

Figure 9. Interpretation of initial and equilibrium stages of
experiments (a) B2 and (b) A2 [Blom et al., 2003].
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Table 2. Experimental Parameters, Averaged Over the Equilibrium Perioda
Exp


hm


u m/s

 Fr

iE 103

 m1/2/s
C

m
R

tb N/m2

m
l

 cm
D

 b cm
D

c m/h

qa m2/s

 a1 F

 a2 F

 a3 F

5

0.38
0.38
0.24
0.271
4.6
1.38
4.9
2.9
8.8
4.3  10
0.90
0.05
0.05
0.351
7.4
1.79
12.2
7.3
3.7
4.5  105
a
 flow velocity (u), Froude number (Fr),
 energy slope (iE), dimensional Chézy roughness
From Blom et al. [2003]. Symbols denote water depth (h),
 bed form height (l),
 relative trough elevation (D
 hydraulic radius (R),
 bed shear stress (
 b), bed form migration
coefficient (C),
t b), bed form length (l),
speed (c), volume of bed load transport per unit width and time (qa), and volume fraction contents of the fine, medium, and coarse size fractions in the bed load
 a2, and F
 a3, respectively) averaged over the equilibrium periods. The overbar indicates that a parameter is averaged over a large number of bed
 a1, F
transport (F
forms. The Chézy roughness coefficient, hydraulic radius, and bed shear stress have been corrected for sidewall roughness, using the method of Vanoni and
Brooks [1957].
A2
B2

0.320
0.389

0.83
0.69

0.47
0.35

1.8
2.2

38
25

1.38 m, respectively. Table 2 lists the main parameters
which were averaged over the equilibrium period, i.e., the
period in which all variables varied around steady mean
values.
[60] Vertical sorting profiles were measured using a core
sampling box [Blom et al., 2003]. The core samples were
cut into thin layers which were sieved separately. In addition
to the initial stage and the equilibrium stage (E stage),
samples were also taken once before equilibrium was
reached (the nonequilibrium N stage) in order to study the
time evolution of the sorting profile (see Figure 10). In each
sampling session, about 15 core samples were taken. A
remark needs to be made on the dispersive effects of the
coring method, as it may cause relatively coarse grains
located near the walls of the sampling box to be pushed
down with it. No corrections were made for it. As a
consequence, in the presented figures of the measured
vertical sorting profiles the coarse grains may be found at
elevations somewhat deeper than their real location. The
maximum error in the measured volume fraction content of
a certain size fraction at a certain elevation was found to be
as large as ±0.2, which is the deviation from a known
fraction content in a newly installed bed configuration
(stage B0). In this stage, the vertical sorting profile shows
a very sharp unnatural transition at a certain elevation of the
bed. For the more natural sorting profiles as considered in
this paper, the potential error was estimated to be much
smaller, about ±0.05, especially because the sorting profile
has been averaged over a number of core samples. The
value ±0.05 is the deviation from a known fraction content
in another newly installed bed configuration (stage A0),
which is a more natural situation.
5.3. Results
[61] In this section we show the results of applying
equations (27) and (43) to describe the time evolution of
both the vertical sorting profile and the bed load transport
composition in a situation without net aggradation or
degradation. Note that the ratio between the mean bed form
 and the total bed
 the mean bed form height, D,
length, l,
load transport rate, qa, are assumed to be steady during the
experiments. Their values have been set equal to their
equilibrium values, which are given in Tables 2 and 3 of
Blom et al. [2003]. The angle of repose of the lee faces is
assumed to be equal to 30°. The initial sorting profiles of
experiments B2 and A2 equal the measured initial sorting
profiles (final stage of experiments B1 and A1, respectively).
[62] Figure 11 shows the computed time evolution of the
vertical sorting profile, as well as the probability distribu-

 s, at the corresponding time.
tion of bed surface elevations, P
 s is derived from the
Equations (39) and (40) describe how P
measured time evolution of the PDF of relative trough
elevations. Figure 11 illustrates how the computed sorting
pattern of experiment B2 gradually develops toward its
equilibrium profile and that the range of active bed elevations over which the sorting takes place increases. The
coarse particles settle primarily to the lower lee face
elevations and the finer particles to the upper lee face
elevations. Figure 11 illustrates that at the lower elevations
of the active part of the bed the grain size distribution adapts
more slowly than at the upper ones.
[63] Note that the inflection point of the vertical sorting
profile is always located at the mean bed level. This is due
to the way of modeling grain size-selective deposition down
a lee face in combination with the way of modeling the
irregularity of bed forms. Individual stoss and lee faces are
assumed to be asymmetric around the mean bed level.
[64] In Figure 12, the computed sorting profiles are
compared to the measured ones, for the nonequilibrium
stage and the equilibrium stage of experiment B2, stages
B2N and B2E, respectively. The measured sorting profile of
phase B2E shows a top layer coarser than the material
underneath. This seems to be due to (1) the formation of a
thin mobile armor layer over the stoss face and (2) deposition of sediment that was being transported until the flow
was turned off. The computed sorting profiles do not show
such a coarse top layer, since in the sorting evolution model
it is assumed that the composition of the net entrainment
flux on the stoss face has the same composition as the bed
material at that elevation.
[65] The computed sorting profile for the nonequilibrium
stage (B2N) shows reasonable agreement with the data, as
the computed volume fraction contents of the size fractions
have the right order of magnitude. The computed sorting
profile for the equilibrium stage B2E agrees well with the

Figure 10. Times (in flow hours) of the core sampling
sessions in flume experiments A2 and B2 [Blom et al.,
2003].
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measured one, considering the large variation in the sorting
profiles from different core samples.
[66] Note that the measured range of bed elevations is
small compared to the range of elevations covered by the
computations (Figure 12). The measured range of bed
elevations shows the range covered by the core samples,
while the computed range is the range of active bed
elevations. The latter is based on the PDF of measured
trough elevations, as well as on the assumption that each
bed form crest is located at the same vertical distance from
the mean bed level as its trough. In reality, however, the
deepest bed form troughs are usually not accompanied by
the highest crests [Leclair and Blom, 2005]. This causes the
computed range of active bed elevations to be larger than
the measured one. Yet, since the probability density of these
upper elevations being exposed to the flow, 
pe, is very
small, these elevations have negligible influence on, for

Figure 11. The computed time evolution of the sorting
 i, for experiment B2. The solid line represents the
profile, F
 s, in the
probability distribution of bed surface elevations, P
corresponding phase of the experiment. (top left) The
measured vertical sorting profile at the initial stage of
experiment B2.

Figure 12. Comparison of the measured and computed
 i, for the nonequilibrium stage and the
sorting profiles, F
equilibrium stage of experiment B2. (top left) The measured
vertical sorting profile at the initial stage of experiment B2.
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mechanisms play a significant role in the formation of a
coarse bed layer.
[69] Figure 15 illustrates that the computed time evolution of the mean composition of the sediment transport lies
within the scatter of the measured data. The computed
values are fairly close to the measured composition of the
sediment transport averaged over the equilibrium period.
5.4. Approach to Equilibrium
[70] For both experiments B2 and A2, calculations have
been continued until 500 flow hours. Figure 16 shows the
computed time evolution of the bed load transport composition. Figure 16 illustrates that, at the end of the experiments (B2 at 25 flow hours, A2 at 18 flow hours), the
computed bed load transport composition is already close to
its equilibrium composition. This also applies to the sorting
Figure 13. Measured and computed time evolution of the
volume fraction content of size fractions in the bed load
 ai, for experiment B2. Note that the large
transport, F
markers on the right-hand side of the plot represent the
measured composition of the bed load transport averaged
over the equilibrium period.

instance, the composition of the sediment transported over
the crests. More important to the sorting evolution calculations than these upper elevations are the lower elevations
of the active bed. Unfortunately, these lower elevations are
not entirely covered by the core samples.
[67] Figure 13 shows the measured and computed time
evolution of the mean composition of the bed load transport
for experiment B2. The agreement between the measured
and computed time evolution of the mean transport composition is reasonably good, which implies that the physical
mechanisms are simulated rather well by the model. The
computed values are close to the measured composition of
the sediment transport averaged over the equilibrium period.
Note that the discontinuities in the computed composition
are not due to numerical problems, but to the imposed
transitions in the time evolution of the PDF of relative
trough elevations (see Figure 7).
[68] Figure 14 considers flume experiment A2. The initial
sorting profile of the experiment was the final stage of
experiment A1 (stage A1E), in which small bed forms
migrated over a coarse bed layer. During the experiment,
the downward coarsening trend remains, but covers an
increasing range of bed elevations. Comparing the computed sorting profiles with the measured ones, we can see that
the formation of a coarse bed layer in the lower parts of
migrating bed forms (between 3 and 5 cm below the mean
bed level) is not adequately described by the model. The
disagreement between the computed and measured sorting
profiles is larger for A2 than for B2, which appears to be
due to the model’s inadequate description of the formation
of a coarse bed layer. In the sorting evolution model, the
dominant sorting mechanism is the grain size-selective
deposition down a bed form lee face. The present version
of the model does not account for the mechanisms of (1) the
winnowing of fines from the trough surface and subsurface
and (2) the settling of immobile coarse grains, whereas these

Figure 14. Comparison of the measured and computed
 i, for the nonequilibrium stage and the
sorting profiles, F
equilibrium stage of experiment A2. (top left) The measured
vertical sorting profile at the initial stage of experiment A2.
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of the sorting in the upper parts of the active bed may not be
adequately described by the model.

6. Discussion and Conclusions

Figure 15. Measured and computed time evolution of the
volume fraction content of size fractions in the bed load
 ai, for experiment A2. Note that the large
transport, F
markers on the right-hand side of the plot represent the
measured composition of the bed load transport averaged
over the equilibrium period.
profiles (Figure 17). Between the end of the experiment and
500 flow hours, mainly the very low elevations of the active
bed continue adapting toward their equilibrium compositions. This slow adaptation, which reflects the infrequency
of deep scour, influences the composition of the bed load
transport only slightly (Figure 16).

[72] We have developed a new sediment continuity model
that accounts for the time evolution of grain size-selective
transport and the vertical sorting profile in the computation
of large-scale morphodynamic changes (i.e., net degradation
or aggradation) of the river bed. The resulting sediment
continuity model is called the sorting evolution model. The
model is based on a stochastic description of the bed
elevations interacting with the flow rather than on the
commonly used discrete representation of these elevations.
The sorting evolution model is a relaxation-type model
allowing specification of an appropriate timescale of sorting.
[73] The presented model has been derived for rivers
wherein the bed is fully covered by bed forms and where
the bed forms are characterized by a lee face (ripples or
dunes). Hassan and Church [1994] remark how in such
rivers the reworking or redistribution of sediment is dominated by the migrating bed forms, whereas in gravel bed
rivers with an armor layer under lower regime plane bed
conditions, the reworking is more sporadic and primarily
results from local scour and fill. This has been confirmed in
flume experiments conducted by Wong Egoavil [2006].
While the present research is aimed at conditions dominated
by river dunes, we refer to the work by Wong Egoavil
[2006] for a probabilistic formulation of sediment continuity
under plane bed conditions.
[74] The following data is required as input to the model:
the initial sorting profile; the time evolution of the PDF of

5.5. Comparison of Timescales
[71] For experiments B2 and A2, Figure 18 shows the
timescale of the adaptation of sorting, Tf, according to
equation (52), together with the timescale of dune migration, Tc, according to equation (50). In the lower parts of the
active bed, the timescale of sorting, Tf, appears to be much
larger than the timescale of dune migration, whereas in the
upper parts the timescale of sorting is smaller than the one
of dune migration. One of the constraints of the sorting
evolution model is, however, that the timescale of migration
must be smaller than the timescale of sorting. This constraint arises from the assumption that the sediment deposited at elevation z is immediately mixed with all sediment
present at this elevation. This implies that the time evolution

Figure 16. The computed composition of the bed load
transport until 500 flow hours, for experiments (a) B2 and
(b) A2. Note the log scale on the x axis.

Figure 17. The measured sorting profile at the end of the
experiment, the computed sorting profile at the end of the
experiment, and the computed sorting profile after 500 flow
hours for experiments B2 and A2.
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Figure 18. Timescale of vertical sorting, Tf (z),
according to equation (52), and the timescale of dune
migration, Tc, according to equation (50), for experiments
B2 and A2. Note the log scale on the x axis.
relative trough elevations or the probability distribution of
bed surface elevations; the time evolution of the total bed
load transport rate; and the time evolution of the ratio of the
mean dune length to the mean dune height. The model
generates as output the time evolution of the net aggradation
or degradation of the river bed, as well as the volume
fraction content of size fractions in the bed load transport. In
the present analysis we have used the measured (time
evolution of the) PDF of relative trough elevations as input
to the computations. In predictive calculations such measured data is not available, and in these cases we need to
predict the time evolution of the PDF of relative trough
elevations or the probability distribution of bed elevations
using an external submodel. A relatively simple version of
such a submodel has been proposed by Van der Mark et al.
[2005].
[75] The sorting evolution model has been verified by
comparing the computed time evolution of both the sorting
profile and volume fraction content of size fractions in the
bed load transport with measured data from experiments B2
and A2. After the calibration of the lee sorting function on
the equilibrium stages of the same flume experiments [Blom
et al., 2006], no additional parameters in the sorting
evolution model have been calibrated to force agreement
with data. The computational results agree reasonably well
with the data. Nevertheless, the formation of a coarse bed
layer in the lower parts of migrating bed forms is not
adequately described by the model. It is emphasized that
the sorting evolution model’s main sorting mechanism is the
grain size-selective deposition over the lee face. The model
does not allow for grain size-selective entrainment over the
stoss face, as all particles present at a certain elevation of the
active bed are assumed to be transported over the bed form
crest. This implies that particles that are present on the stoss
face and too coarse to be transported are not allowed to
settle down as the bed form migrates. Also the winnowing
of fines from the trough surface and subsurface is not
included in the model. The mechanisms of winnowing of
fines and the settling of immobile coarse particles need to be
incorporated in a later version of the model, so as to improve
the description of the formation of a coarse bed layer.
[76] The new sorting evolution model serves as a basis to
the authors for a future simplification of the model into a
new stochastics-based bed layer type sediment continuity
model in which vertical sediment fluxes are included in a
parameterized way. Further research is required into the
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following topics: the incorporation of suspended load transport in the morphodynamic model system for nonuniform
sediment; the derivation of a model for skin friction based
on the mean composition of the bed surface; and the derivation of a model for form drag based on the PDF of bed surface
elevations. Note that application of the sorting evolution
model in the present study is limited to conditions that vary
in vertical direction only. Blom [2008] applies the sorting
evolution model to conditions that vary also in streamwise
direction, i.e., an aggradational flume experiment.

Appendix A: Lee Sorting Function
[77] The lee sorting function, wi, describes to what extent
a specific size fraction that is transported over the bed form
crest is deposited at a certain elevation of the lee face, and is
given by Blom and Parker [2004]:
wi ¼ J ð1 þ di z*Þ

ðA1Þ

where d i is the lee sorting parameter, which is considered
below, an asterisk denotes a parameter is dimensionless, and
z* denotes the dimensionless vertical coordinate relative to
the mean bed level ha. For triangular dunes z* = (z  ha)/D,
where D denotes bed form height. The Heaviside step
function J equals 1 if elevation z is covered by the bed form.
J equals 0 if elevation z is outside the range of elevations
covered by the specific bed form:
J¼

1 if hb z
0
else

ht

ðA2Þ

where ht denotes the crest elevation of the specific bed form.
[78] As a first step toward a generic formulation, Blom et
al. [2006] derive the following expression for the lee sorting
parameter, d i:
d i ¼ 0:3

 mtop
fi  f
ðtb*Þ0:5
s
a

ðA3Þ

Although the calibration was done for steady conditions, we
assume the two constants in this equation to be generally
valid. In equation (A3), tb* denotes the overall dimensionless bed shear stress, s
 a denotes the overall arithmetic
 mtop denotes the
standard deviation of the lee deposit, and f
overall arithmetic mean grain size of the lee deposit. The
overbar indicates that a parameter is averaged over some
horizontal distance, e.g., a large number of bed forms,
which is indicated by the term overall. fi denotes the
arithmetic grain size of size fraction i:

fi ¼  log2 di =dref

ðA4Þ

where di denotes the grain size of size fraction i and in
which the geometric reference grain size, dref, equals 1 mm.
Note that equation (A4), with dref = 1 mm, equals the
conventional manner in which the arithmetic mean grain
size is calculated. Yet, equation (A4) is the mathematically
correct notation, as logarithms cannot be taken of
nondimensionless parameters. As a result, the arithmetic
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grain size (f) is correctly dimensionless. In equation (A3),
the overall arithmetic mean grain size of the lee deposit,
 mtop, is given by
f
 mtop ¼
f

N
X
topi
fi F

ðA5Þ

i

The overall arithmetic standard deviation of the lee deposit,
s
 a, is given by
s
 2a ¼

N 
X

 mtop 2 F
topi
fi  f

ðA6Þ

i

and the overall dimensionless bed shear stress, tb*, is
defined as
tb ¼ tb = ðrs  rÞ g dmtop

ðA7Þ

where rs and r denote the density of sediment and water,
respectively, g denotes the gravitational acceleration, tb
denotes the bed shear stress averaged over a series of bed
 iE where R
 denotes the overall
forms (defined as tb = r g R
hydraulic radius and iE denotes the overall energy slope),
and

dmtop ¼ dref 2fmtop

ðA8Þ

where dmtop denotes the overall geometric mean grain size
of the lee deposit.

Notation
c bed form migration speed averaged over a series
of bed forms, m s1.
cb sediment concentration within the bed (cb = 1 
lb).
 dimensional Chézy roughness coefficient averC
aged over a series of bed forms, m1/2 s1.

C i concentration of size fraction i at elevation z,
averaged over a series of bed forms.
d90 geometric grain size for which 90% of the
sediment mixture is finer, m.
di geometric grain size of size fraction i, m.
dmtop geometric mean grain size of the lee deposit,
averaged over a series of bed forms, m.
dref geometric reference grain size (dref = 1 mm).
 volume of deposited sediment per unit area and
D
time, summed over all size fractions and
averaged over a series of bed forms, m s1.

 ei but summed
De deposition density defined like D
over all size fractions, s1.
 ei deposition density of size fraction i defined
D
 ei dxdz is the volume of sediment of
such that D
size fraction i that is deposited in a bed element
with sides dx and dz at elevation z, per unit
width and time, averaged over a series of bed
forms, s1.
Dl volume of sediment deposited onto the lee face
per unit area and time (i.e., deposition rate at the
lee face), m s1.

F01019

Dsi volume of sediment of size fraction i locally
deposited onto the stoss face, per unit area and
time, m s1.
 volume of entrained sediment per unit area and
E
time, summed over all size fractions and
averaged over a series of bed forms, m s1.
 e entrainment density defined like E
 ei but
E
summed over all size fractions, s1.
 ei entrainment density of size fraction i, defined
E
 ei dxdz is the volume of sediment of
such that E
size fraction i that is entrained from a bed
element with sides dx and dz at elevation z, per
unit width and time, averaged over a series of
bed forms, s1.
Esnet net entrained volume of all size fractions on the
stoss face, per unit area and time, m s1.
^
E snet net entrained volume of all size fractions on the
stoss face at elevation z, per unit area and time,
averaged over a series of bed forms, m s1.

E snet net entrained volume of all size fractions on the
stoss face, per unit area and time, averaged over
a series of bed forms, m s1.
Esi volume of sediment of size fraction i locally
entrained from the stoss face, per unit area and
time, m s1.
Esiu volume of sediment of size fraction i locally
entrained from the stoss face, per unit area and
time, if only sediment of size fraction i would
be present, although hiding exposure effects
may be included, m s1.
fsusp grain size-selective model for suspended load
transport of nonuniform sediment.
 ai volume fraction content of size fraction i in the
F
bed load transport, averaged over a series of bed
forms (i.e., the bed load transport composition).
 i volume fraction content of size fraction i in the
F
bed at elevation z, averaged over a series of bed
forms.
Fleeloci volume fraction content of size fraction i in the
sediment deposited at elevation z at the lee face.
Fmi volume fraction content of size fraction i in the
active layer.
 Pi volume fraction content of size fraction i in the
F
total amount of sediment entrained from the bed
due to a change in time of the PDF of relative
trough elevations, averaged over a series of bed
forms.
 qsi volume fraction content of size fraction i in the
F
bed load transport at the stoss face at elevation
z, averaged over a series of bed forms.
 Froude number.
Fr
 suri volume fraction content of size fraction i at the
F
bed surface, averaged over a series of bed forms
(i.e., mean bed surface composition).
 topi volume fraction content of size fraction i in the
F
bed load transport at the bed form crest,
averaged over a series of bed forms.
g gravitational acceleration, m s2.

h water depth averaged over a series of bed forms,
m.
iE energy slope averaged over a series of bed
forms.
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I Heaviside step function which equals 1 if at
elevation z sediment has been entrained, and as
such the amount of sediment at elevation z has
 s (t1)).
 s (t2)
P
decreased (represented by P
Otherwise I equals 0.
J Heaviside step function which equals 1 if
elevation z is covered by the bed form. J equals
0 if elevation z is outside the range of elevations
covered by the specific bed form.
N total number of size fractions.
~pb adapted probability density function of trough
elevations relative to the mean bed level for a
series of bed forms, indicating the probability
density that the trough elevation equals z,
weighted by the horizontal distance involved
(i.e., PDF of relative trough elevations), m1.
pe probability density function of bed surface
elevations for a series of bed forms, indicating
the probability density that the bed surface
elevation equals z or the likelihood of elevation
z being exposed to the flow, m1.
pe probability density function of bed surface
elevations for an individual bed form, m1.
~phb probability density function of trough elevations
relative to the mean bed level for a series of bed
forms, indicating the probability density that the
trough elevation equals z, m1.

Ps probability distribution of bed surface elevations
for a series of bed forms, indicating the probability
the bed surface elevation is higher than z.
~ s probability distribution of bed surface elevaP
tions for a series of bed forms relative to the
mean bed level, ha.
qa volume of bed load transport per unit width and
time, averaged over a series of bed forms
(excluding pores), m2 s1.
qtop volume of bed load transport at the bed form
crest per unit width and time, averaged over a
series of bed forms (excluding pores), m2 s1.
qsusp volume of suspended load transport per unit
width and time, averaged over a series of bed
forms, m2 s1.
 hydraulic radius averaged over a series of bed
R
forms, m.
t time coordinate, s.
Tc timescale of dune migration, i.e., the time
required for a bed form to migrate over its
 s.
mean bed form length l,
Tp timescale of adaptation of dune dimensions, s.
Tf timescale of vertical sorting, s.
Tm timescale of large-scale morphodynamic
changes, s.
u flow velocity averaged over a series of bed
forms, m s1.
x horizontal coordinate on a spatial scale of a
large series of bed forms, m.
z vertical coordinate, m.
~z vertical coordinate relative to the mean bed
level ha, m.
z* vertical coordinate relative to the mean bed
level ha, dimensionless.
a step length, dimensionless.

d
di
D

D
Db
b
D
hI
ha
hb
hbmax
hbmin
ht
hmn
hmx
hstepi
l

l
lb
ll
ls
Li
m Db
v
r
rs
s
a
s Db
tb
tb*
fi
 mtop
f
wi
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thickness of the active layer, m.
lee sorting parameter.
bed form height, m.
bed form height averaged over a series of bed
forms (i.e., mean bed form height), m.
vertical distance between the mean bed level
and the trough (i.e., relative trough elevation),
m.
vertical distance between the mean bed level
and the trough averaged over a series of bed
forms (i.e., mean relative trough elevation), m.
elevation of the interface between the active
layer and the substrate (hI = ha  d), m.
bed surface elevation averaged over a series of
bed forms (i.e., mean bed level), m.
bed form trough elevation, m.
highest bed form trough elevation, m.
lowest bed form trough elevation, m.
bed form crest elevation, m.
lower limit of the active part of the bed, m.
upper limit of the active part of the bed, m.
step length in z direction at elevation z on the
stoss face for size fraction i, m.
bed form length, m.
bed form length averaged over a series of bed
forms (i.e., mean bed form length), m.
porosity.
horizontal length of the bed form lee face, m.
horizontal length of the bed form stoss face, m.
Einstein step length of size fraction i, m.
mean value of relative trough elevation, m.
angle of repose, °.
density of water, kg m3.
density of sediment, kg m3.
arithmetic standard deviation of the lee deposit,
averaged over a series of bed forms.
standard deviation of relative trough elevation,
m.
bed shear stress averaged over a series of bed
forms, N m2.
bed shear stress averaged over a series of bed
forms, dimensionless.
arithmetic grain size of size fraction i.
arithmetic grain size of the lee deposit, averaged
over a series of bed forms.
lee sorting function, specifying to what extent a
specific size fraction that is transported over the
bed form crest is deposited at elevation z of the
lee face.

Subscripts
i number of the size fraction.
l lee face.
s stoss face.
u case that only sediment of size fraction i would
be present, although hiding exposure effects
may be included.
An asterisk denotes a parameter is dimensionless. An overbar indicates that a parameter is
averaged over some horizontal distance, e.g., a
large number of bed forms, which is indicated
by the term overall. A tilde indicates a
parameter is relative to the mean bed level.
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