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Abstract
This paper proposes a model-based iterative learning control algorithm for time-varying systems with a high convergence speed. The
convergence of components of the tracking error can be controlled individually with the algorithm. The convergence speed of each error
component can be maximised unless robustness for noise or unmodelled dynamics is needed. The learning control algorithm is applied to
the industrial Stäubli RX90 robot. A linear time-varying model of the robot dynamics is obtained by linearisation of the non-linear
dynamic equations. Experiments show that the tracking error of the robot joints can be reduced to the desired level in a few iterations.
r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Laser welding has several advantages over conventional
welding, e.g., the high depth-to-width ratio of the weld, the
relatively small heat input and the high processing speed.
To obtain defect free welds, the laser beam should typically
track the weld seam with an accuracy in the order of
0.1 mm (Duley, 1998) at speeds beyond 100 mm/s. The
demands on the orientation of the laser beam with respect
to the weld seam are in the order of several degrees and not
as restrictive as the demands on the linear tracking
accuracy. Nevertheless, the required linear tracking accuracy puts high demands on the manipulator that moves the
laser beam with respect to the weld seam. The industrial
applicability of laser welding will be increased considerably
by the use of commercially available six-axes industrial
robots, as these robots can access complicated threedimensional seam geometries. However, using standard
industrial controllers the tracking accuracy of these robots
appears to be insufﬁcient for laser welding at high speeds.
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Since the (dynamic) repeatability of the robots is much
better than their tracking accuracy it is expected that the
tracking performance of these robots can be improved
considerably with iterative learning control (ILC).
ILC is a learning control technique for systems making
repetitive movements. Each trial a feedforward is computed based on measurements of the error in the previous
trials, such that the error converges to a small value. Since
the pioneering work of Arimoto, Kawamura, and Miyazaki (1984) a vast amount of applications and implementations of ILC have been proposed. An overview of the work
until 1998 is given by Moore (1998).
From the beginning ILC has been used to improve the
tracking accuracy of robotic manipulators. Two main
approaches can be distinguished. The ﬁrst approach,
applied by, e.g., Arimoto et al. (1984), Arimoto, Nguyen,
and Naniwa (2000), Elci, Longman, Phan, Juang, and
Ugoletti (2002), Guglielmo and Sadegh (1996), Longman
(2000), is to use a feedforward that is proportional to the
error in the previous run, its time derivative or its time
integral (PID-like ILC). Thus no explicit model of the
robot is used to compute the feedforward with this type
of ILC. Convergence of the error, for a certain choice of
the learning gains, is proven by, e.g., passivity analyses
(Arimoto et al., 2000) or Lyaponov analysis (Guglielmo &
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Sadegh, 1996). Although the computation of the feedforward is straightforward, the convergence speed of these
algorithms is often limited, i.e., the reduction of the
tracking error requires many iterations. The other
approach, applied by, e.g., Gunnarsson, Norrlöf, Rahic,
and Özbek (2004), Kavli (1993), Norrlöf and Gunnarsson
(2002), Poo, Lim, and Ma (1996), is to use some kind
of model of the robot dynamics in the ILC algorithm
(model-based ILC). An approximate inverse of the
dynamics is used to compute the feedforward from the
error measured in the previous run. Although the modelbased algorithms require a model of the robot, the
convergence rate of the error is generally much higher
than for the PID-like ILC algorithms.
In this paper the goal is to achieve the tracking error
required for laser welding. Furthermore, the number of
iterations to achieve this error should be limited, i.e., a high
convergence speed is required. For this reason the modelbased approach is adopted. The dynamics of an industrial
robot are non-linear and since industrial robot feedback
controllers are often simple PID-controllers, the closedloop dynamics are non-linear as well. Using a linear
time-invariant (LTI) approximation of the dynamics
(Gunnarsson et al., 2004; Kavli, 1993; Norrlöf &
Gunnarsson, 2002) or only information on the mass matrix
(Poo et al., 1996) in the ILC algorithms results in a
converging error, but it is expected that the convergence
speed can be increased by including more information on
the robot dynamics. Therefore, the well-known non-linear
equations of the rigid robot-dynamics are used for modelbased ILC in this paper. This model information is used to
increase the convergence speed of ILC. To avoid the use of
the complicated non-linear model for ILC, the model is
linearised for small deviations from a reference trajectory.
The resulting linear-time variant (LTV) robot model is
combined with the known controller dynamics to obtain an
LTV closed-loop dynamic model. These linearised equations of motion were previously used by Arimoto et al.
(1984) for convergence analyses of ILC, but to the authors
knowledge these equations have not been used for modelbased ILC so far.
The ILC algorithm proposed in this paper is formulated
in the lifted system description that is very well suited for
analyses and design of ILC for LTV systems. In the lifted
system description all time samples of a signal are stacked
into a single vector and a linear (time-varying) system is
represented by the system matrix that maps the input
vector to the output vector. Likewise ILC maps the
measured error vector to the feedforward vector in the
subsequent trial. The term ‘‘lifted’’ is taken from the work
of Dijkstra (2004), Tousain (2001). Equivalent formulations were used by many others (Elci et al., 2002;
Gunnarsson et al., 2004; Longman, 2000; Norrlöf &
Gunnarsson, 2002). The lifted system description is often
combined with an optimisation based approach to ILC
(Q-ILC). In this approach the applied feedforward minimises a weighted norm of the predicted error and the

feedforward (see, e.g., Dijkstra, 2004; Gunnarsson et al.,
2004; Kim, Chin, Lee, & Choi, 2000; Norrlöf & Gunnarsson,
2002; Tousain, 2001).
In this paper a slightly different approach is adopted.
The singular value decomposition of the system matrix
is used. The tracking error is projected on the left singular
vectors of the system matrix to decouple the system
dynamics. The evolution of each of the projected
error components from trial to trial can be controlled
individually. It is shown that the control of each error
component is a trade-off between convergence speed and
robustness for unmodelled dynamics and noise. A learning
control algorithm is proposed to maximise convergence
speed of each error component unless it has to be
reduced to guarantee robustness for noise or unmodelled
dynamics. The advantage of the approach in this paper
over Q-ILC is that the robustness needed for error
components affected by noise or unmodelled dynamics
does not limit the convergence speed of the other error
components. Kim et al. (2000) used the singular value
decomposition of the lifted system matrix to analyse the
properties of Q-ILC and to reduce the size of the
optimisation problem. However, the singular value decomposition was not used to be able to control each error
component individually.
The learning controller that is proposed in this paper is
applied to an industrial robot. The error components that
are affected by noise or unmodelled robot dynamics are not
compensated by ILC, while the remaining components are
eliminated in one trial. Experiments show reduction of the
tacking error and the convergence speed that result from
the application of the learning controller on the joint
tracking error of an industrial robot, the Stäubli RX90
robot.
In the ﬁrst section lifted system ILC is introduced,
a learning control algorithm is proposed and its
convergence and robustness properties are analysed. In
the second section a linearised model of the dynamics of
the industrial Stäubli RX90 robot is derived. Experimental
results of the application of the proposed learning
controller to the Stäubli RX90 robot are presented in the
third section.

2. Lifted system ILC
An ILC algorithm based on the lifted system description
is proposed in this section. The ﬁrst subsection introduces
the lifted system description. The second subsection
discusses lifted system ILC (LSILC) and shows the analogy
with conventional feedback control. In the third subsection
the system dynamics are decoupled using SVD and a
learning algorithm is proposed based on the decoupled
system equations. Robustness of the proposed learning
algorithm is analysed in the subsequent subsections. The
last subsection gives guidelines for tuning the proposed
ILC algorithm for speciﬁc applications.
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2.1. The lifted system description
Consider the following state space representation of a
linear time-varying (LTV) system:
xðl þ 1Þ ¼ Al xðlÞ þ B l uðlÞ,
yðlÞ ¼ C l xðlÞ þ Dl uðlÞ,

(2)

where N is the number of samples. The lifted representation of the LTV system in Eq. (1) is
ȳ ¼ H̄ ū þ ȳ0 ,

disturbance and the initial states are the same for each run.
Using superscript k to denote the trial number, Eq. (5) can
be rewritten as
ēk ¼ d̄  H̄ ūk ,

(6)

where d̄ is deﬁned as
ð1Þ

where l is the discrete time index, xðlÞ is the state vector,
uðlÞ is the input and yðlÞ the output.
In the lifted system description all samples of a (multidimensional) discrete time signal are put into a single
column vector. For example, the lifted input vector
denoted by ū is deﬁned as
ū ¼ ½uð1ÞT ; uð2ÞT ; . . . ; uðNÞT T ,

379

(3)

where the system matrix H̄ and the effect of the initial
states ȳ0 are given by

(7)

d̄ ¼ r̄  ȳ0 þ v̄,

and contains all effects that are assumed to be constant for
each trial. Note that superscript k is omitted for d̄ since d̄ is
trial independent.
ILC compensates for the effect of the trial independent
disturbance d̄ on the error ēk by an input ūk computed
from measurements of the error in the previous run(s). The
ILC design problem is to ﬁnd a suitable update equation
that computes an input from the errors in the previous
run(s). As shown by Dijkstra (2004) ILC design can be
written in a form analogous to conventional feedback
controller design using the concepts of the trial delay
operator and the trial domain. The trial delay operator Z1
is deﬁned by
ūk ¼ Z1 ūkþ1 .

(8)

The trial delay operator is the discrete delay operator in the
trial domain, in contrast to the time delay operator z1 in
the time domain that is usually considered for systems
analysis and design.
With the deﬁnition of the trial domain and trial delay
operator, the ILC update law can be written as
ūk ¼ L̄ðZÞēk ,
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The system matrix H̄ describes the effect of the lifted input
ū on the lifted output ȳ. Element H̄ði; jÞ of matrix H̄ is the
response of y at time i to an impulse of u at time j. Note
that the lifted vectors and the lifted system matrix are both
denoted with an overbar.
The tracking error ē is deﬁned as
ē ¼ r̄  ȳ þ v̄ ¼ r̄  H̄ ū  ȳ0 þ v̄,

(9)

where L̄ðZÞ is a trial domain transfer function, referred to
as the learning function. Eq. (9) and (6) form a closed-loop
system in the trial domain as depicted in Fig. 1.
The LSILC design problem can thus be formulated as
the design of a trial domain feedback controller L̄ðZÞ that
rejects the effect of disturbance d̄ on the error ē. The
internal model principle states that in order to reject a
signal of a speciﬁc class, the feedback loop should at least
include a model of a generator of that signal class. The
disturbance d̄ is trial-independent, i.e., constant in the trial
domain. A constant signal can be generated by an
integrator. Therefore, a trial domain integrator is taken

(5)

where r̄ denotes the lifted reference and v̄ denotes the effect
of all disturbances on the output.
2.2. Lifted system ILC
Suppose the system described in the previous section
makes repetitive movements (trials) and the reference, the

Fig. 1. Closed-loop system.
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Note that the error components corresponding to sðiÞ ¼ 0
cannot be affected by the input.
In line with Section 2.2 an integrating ILC update law is
proposed for each input component
k
k
ūkþ1
d ðiÞ ¼ ūd ðiÞ þ lðiÞēd ðiÞ,

(17)

where lðiÞ is the integral gain. For further discussion it is
useful to deﬁne the learning gains kðiÞ as
kðiÞ ¼ lðiÞsðiÞ.

Fig. 2. Closed-loop system, integrating update law.

for LðZÞ, resulting in the update equation
1
L̄ēk ,
Z1
or in a more conventional notation

ūk ¼

(10)

ūkþ1 ¼ ūk þ L̄ēk ,

(11)

where L̄ is the learning matrix. The resulting trial domain
feedback system is depicted in Fig. 2. The learning matrix is
analogous to the integral gain in integral feedback control.
An implementation of the learning matrix is proposed in
the next section. Combination of the update Eq. (11) with
the system Eq. (6) gives the equation for the propagation of
the error
ēkþ1 ¼ ðĪ  H̄ L̄Þēk .

(12)

Monotonic convergence of the error is guaranteed if
s ðĪ  H̄ L̄Þo1,

(13)


where the operator s returns the largest singular value
(Longman, 2000).
2.3. Decoupling
In this section an implementation of the learning matrix
L̄ is proposed. The learning matrix is based on the
decoupled system equations that are formulated using the
singular value decomposition of the system matrix H̄,
denoted by
T

H̄ ¼ Ū R̄V̄ ,

(14)

where R̄ is a diagonal matrix with the singular values sðiÞ
on its diagonal, sorted such that sðiÞXsði þ 1Þ. Matrices Ū
and V̄ are orthogonal matrices containing the left and right
singular vectors of the system matrix. Since these matrices
are orthogonal they can be used as a basis for projection of
the inputs, errors and disturbances
T

ūd ¼ V̄ ū;

T

ēd ¼ Ū ē;

T

d̄ d ¼ Ū d̄.

(15)

The elements of ūd , ēd and d̄ d are referred to as the input
components, the error components and the disturbance
components, respectively, in the remainder of this paper.
Using Eq. (14), the deﬁnitions (15) and the orthogonality
property of Ū and V̄, the system equation (6) can be
rewritten to the following decoupled system equation:
ēkd ðiÞ ¼ d̄ d  sðiÞūkd ðiÞ.

(16)

(18)

The gains kðiÞ determine the convergence and robustness
properties of the learning algorithm. The effect of the value
of kðiÞ on the convergence and robustness is analysed
hereafter. The analysis is concluded with guidelines for the
choice of kðiÞ in Section 2.6.
Using the deﬁnitions (15) it can be shown that the update
law in Eq. (17) is equivalent to the update law in Eq. (11)
where the learning matrix is of the form
T

L̄ ¼ V̄ diagðlð1Þ . . . lðNÞÞŪ .

(19)

Combining update Eq. (17) with Eq. (16) gives the
decoupled equation for the propagation of the error:
k
ēkþ1
d ðiÞ ¼ ð1  kðiÞÞēd ðiÞ.

(20)

The propagation of the error components can thus be
controlled individually by the value of kðiÞ. The error
component ēd ðiÞ converges to zero if 0okðiÞo2. Taking
kðiÞ ¼ 1 results in maximum convergence (analogous to
dead-beat control for discrete time systems). Note that this
is only possible if sðiÞa0. The error components ēd ðiÞ
corresponding to sðiÞ ¼ 0 cannot be changed by any input,
therefore, lðiÞ ¼ kðiÞ ¼ 0 for these error components to
minimise the corresponding input component.
2.4. Effect of noise
In the previous subsections it was assumed that the
reference, the disturbances and the effect of the initial
states were trial independent. All these effects were
contained in the trial independent disturbance vector d̄. It
was argued that the effect of a trial independent
disturbance vector on the error vector can be rejected
using the integrating update law of equation (11). In
practical applications the disturbance or the initial states
are often partly trial dependent due to noise. This
subsection analyses the effect of a trial dependent
disturbance vector on the error.
The effect of a trial dependent disturbance vector is
analysed by writing the system equation (6) as
k

ēk ¼ d̄  H̄ ūk ,

(21)
k

where all lifted vectors, including d̄ , are assumed to be
trial dependent. Substitution of update equation (10) in the
system equation gives


1
k
H̄ L̄ ēk ¼ d̄ .
Ī 
(22)
Z1
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between the modelled system matrix H̄ and the dynamics
of the real system H̄, i.e.,

Magnitude [dB]

10
0

(25)

-10

H̄ ¼ ðĪ þ D̄ÞH̄.

-20

Substitution in Eq. (12) gives
ēkþ1 ¼ ðĪ  H̄L̄Þēk ¼ ðĪ  ðĪ þ D̄ÞH̄ L̄Þēk .

-30
10-2

Phase[deg]

381

10-1

100

(26)

90

Substitution of the proposed learning matrix, given in
Eq. (19), the singular value decomposition of the system
matrix (14) and the deﬁnitions (15) gives

45

ēkþ1
¼ ðĪ  R̄K̄Þēkd þ Ū D̄Ū R̄K̄ēkd
d

T

T

¼ ðĪ  K̄Þēkd þ Ū DŪ K̄ ēkd ,
0
10-2

10-1

100

Substitution of the proposed learning matrix, given in
Eq. (19), the singular value decomposition of the system
matrix (14) and the deﬁnitions (15) gives
Z1
k
d̄ ðiÞ.
Z  1 þ kðiÞ d

(23)

This equation relates the error components to the disturk
bance components. Trivially kðiÞ ¼ 0 results in ēkd ðiÞ ¼ d̄ d ðiÞ.
For kðiÞ ¼ 1 Eq. (23) becomes
k

ēkd ðiÞ ¼ ð1  Z1 Þd̄ d ðiÞ.

(28)

T

Fig. 3. Trial domain Bode-plot of ð1  Z1 Þ.

ēkd ðiÞ ¼

where
K̄ ¼ diagðkð1Þ . . . kðNÞÞ.

Frequency [trial-1]

ð27Þ

(24)
k
d̄ d ðiÞ

¼
In this case a trial independent disturbance, i.e.,
k
Z1 d̄ d ðiÞ, results in ēd ðiÞ ¼ 0. The effect of trial dependent
disturbances is visualised by the Bode-plot of ð1  Z1 Þ,
shown in Fig. 3. As Z1 is a delay in the trial-domain,
the frequency-axis requires a special interpretation. The
frequency-axis of the Bode-plot corresponds to a time scale
expressed in trials, so the frequency speciﬁes how often
a signal changes per trial. The zero frequency corresponds
to a trial-independent signal and the Nyquist-frequency
(at 12 trial1 ) to a signal that changes sign each trial. Fig. 3
shows that kðiÞ ¼ 1 attenuates the effect of disturbances
that change less than 16 trial1 (e.g., slowly varying
temperature effects) but ampliﬁes the effect of signals that
change more often. The worst case is a disturbance that
change sign each trial, the effect of these disturbances is
doubled. It can be shown that disturbances that change
more than 16 trial1 are ampliﬁed less for 0pkðiÞo1. Thus
kðiÞ should be chosen smaller than 1 for the error
components that are caused by disturbances that change
more than 16 trial1 .
2.5. Effect of modelling errors
In the previous subsections it was assumed that a perfect
model of the system is available to construct a learning
matrix that decouples the propagation of the error
components. Suppose that a multiplicative error exists

In general Ū D̄Ū is not diagonal, so the propagation of the
error components is coupled by the model error. Note that
the ﬁrst term in Eq. (27) represents the propagation of the
error for the nominal model and the second term is the
contribution by the model error. The contribution of an
error component to the second term is reduced if the
corresponding value of kðiÞ close to zero. However, a small
value of kðiÞ decreases the (nominal) convergence of the
error component due to the ﬁrst term. Thus the larger the
model error, the smaller the (nominal) convergence. As in
Eq. (13) the condition for monotonic convergence is
T

s ðĪ  K̄ þ Ū DŪ K̄Þo1.

(29)

2.6. Guidelines for tuning kðiÞ
In Section 2.3 a learning matrix is proposed that
decouples the propagation of the error components. The
propagation of the error components can be controlled
individually by the choice of kðiÞ. Robustness of the
proposed learning matrix is analysed in the previous
subsections. From the convergence and robustness properties the following guidelines for tuning kðiÞ can be given:
 Convergence of ēd ðiÞ requires 0okðiÞo2, where kðiÞ ¼ 1
gives maximum convergence of the error component
(Section 2.3).
 Error components corresponding to sðiÞ ¼ 0 cannot be
controlled. The corresponding input components are
minimised by kðiÞ ¼ 0 (Section 2.3).
 The effect of disturbance components that changes more
than 16 trial1 is ampliﬁed for kðiÞ ¼ 1. The ampliﬁcation
is reduced for 0okðiÞo1 (Section 2.4).
 The effect of error components ēd ðiÞ on the growth of
the error due to unmodelled dynamics is reduced by
taking kðiÞ close to zero (Section 2.5).
The choice of kðiÞ thus depends on several properties of
controlled system. In Section 4.2 the values of kðiÞ are
tuned for the Stäubli RX90 robot.
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Fig. 4. (a) Stäubli RX90 robot and its (b) ﬁnite element model.

3. Closed-loop robot model
In this section the closed-loop dynamic equations of the
Stäubli RX90 robot are derived to be able to apply the ILC
algorithm proposed in Section 2 to the robot.
In the ﬁrst subsection the non-linear equations of
motions of the robot manipulator are formulated. For
small perturbations around a nominal trajectory, these
equations can be approximated by the linearised equations
of motion, which are derived in the second subsection. In
the third subsection the linearised equations of motion are
combined with a model of the industrial CS8-controller to
obtain a model of the closed-loop system. Finally the
model is used to formulate the closed-loop dynamic
equations in a form suitable for LSILC.

/ ¼ Tq.

Fig. 4(a) shows the six-axes Stäubli RX90 robot. A nonlinear ﬁnite element method is used to formulate the
dynamic equations of the robot mechanism. The ﬁnite
element model is illustrated in Fig. 4(b). The manipulator
arms are modelled by beam elements. The beam elements
are interconnected with cylindrical hinge elements, representing the joints of the manipulator. Finally the robot is
equipped with a gravity compensation spring that is
modelled as a slider-truss element. For a detailed description of the ﬁnite element model of the Stäubli RX90 robot
the reader is referred to Waiboer, Aarts, and Jonker
(2005a). The model yields the following well-known
equations of motion for the robot manipulator:
(30)

(31)

The drives are equipped with permanent magnet, threephase synchronous motors, yielding a linear relation
between motor current and motor torque.
The joint driving torques are expressed by
s ¼ T T C ðmÞ i  T T J ðmÞ /€  sðf Þ ,

3.1. Non-linear equations of motion

MðqÞ€q þ Nð_q; qÞ ¼ s,

where q are the joint angles, MðqÞ is the conﬁguration
dependent mass matrix of the robot, s are the joint driving
torques and Nð_q; qÞ describes the effects of the velocity
dependent virtual inertia forces, the gravity force and the
gravity compensation spring.
The robot is driven by servo motors that are connected
to the robot joints via gear transmissions. The rotation of
the servo motors / is related to the joint angles q by the
transmission matrix T:

(32)

where C ðmÞ is a diagonal matrix with the motor constants
and J ðmÞ is a diagonal matrix with rotor inertias. The
friction torque sðf Þ is described by a friction model that
relies on insights from tribological models. The friction
model consists of a viscous part sðf ;vÞ and a Stribeck part
sðf ;aÞ resulting from the asperity contacts inside the gears
and roller bearings of the robot joints. The pre-sliding
regime is not taken into account, because the effect is
expected to be small for the high joint velocities considered
in this paper. Both the viscous and the asperity part of the
friction torque are described as non-linear functions of the
joint velocities, i.e.,
sðf Þ ¼ sðf ;vÞ ð_qÞ þ sðf ;aÞ ð_qÞ.

(33)

For a detailed description of the friction model the reader
is referred to Waiboer, Aarts, and Jonker (2005b).
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Combining the models of the robot mechanism in Eq. (30),
the drives in Eq. (32) and the friction in Eq. (33) gives
M ðnÞ ðqÞ€q þ Nð_q; qÞ þ sðf ;vÞ ð_qÞ þ sðf ;aÞ ð_qÞ ¼ T T C ðmÞ i,

(34)

where
M ðnÞ ðqÞ ¼ MðqÞ þ T T J ðmÞ T.

(35)

The non-linear robot model above relates the motor
current i to the joint motion ðq; q_ ; q€ Þ. The inertia properties
of the links, parameters of the gravitation compensation
spring and the friction parameters have been estimated
with parameter identiﬁcation (Waiboer et al., 2005a). The
links of the robot are considered rigid and also ﬂexibility in
the gear transmission and the joints are not modelled.

dependent. The friction torques due to asperity contacts
sðf ;aÞ are not linearised as these are discontinuous around
zero velocity, they will be considered as a disturbance for
control. For a detailed derivation of the linearised
equations of motion the reader is referred to Jonker and
Aarts (2001).
The linearised equations of motion (38) can be transformed to the linearised state differential equation of
motion
_ ¼ Ac ðtÞxðtÞ þ B c ðtÞðds  dsðf ;aÞ Þ,
xðtÞ

q ¼ q0 þ dq,
q_ ¼ q_ 0 þ d_q,
q€ ¼ q€ 0 þ d€q,

"
xðtÞ ¼

ds

¼ ðs

ðf ;aÞ

ð_qÞ  s

ð_q0 ÞÞ,

O

I

M 1
0 K0

M 1
0 C0

#
,


O
.
M 1

(43)

(44)

where

(38)

ð39Þ
ðf ;aÞ


Bc ðtÞ ¼

(42)

ð36cÞ

where
ðf ;aÞ

Ac ðtÞ ¼

,

ð36aÞ
ð36bÞ

where the nominal motor current i 0 is deﬁned as the motor
current required to move the manipulator model along the
nominal trajectory ðq0 ; q_ 0 ; q€ 0 Þ and is computed by substituting the nominal trajectory in Eq. (34).
LTV equations are obtained by linearising the non-linear
equations off motion (34) around the nominal trajectory.
The resulting equations of motion for the perturbation of
the joint motion dq are

ds ¼ T T C ðmÞ di,

d_qðtÞ

#

Discretisation results in the following discrete state
difference equation


(45)
xðl þ 1Þ ¼ Ad ðlÞxðlÞ þ Bd ðlÞ ds  dsðf ;aÞ ,

(37)

M 0 d€q þ C 0 d_q þ K 0 dq ¼ ds  dsðf ;aÞ ,

dqðtÞ

"

where the preﬁx d denotes a perturbation and the subscript
0 refers to the (desired) nominal trajectory. The actual
motor current is of the form:
i ¼ i 0 þ di,

(41)

where

3.2. Linearised equations of motion
The non-linear dynamic equations of the robot (34) are
approximated by linear time variant equations using the
perturbation method. In this method, deviations from
the nominal motion ðq0 ; q_ 0 ; q€ 0 Þ are modelled as ﬁrst-order
perturbations ðdq0 ; d_q0 ; d€q0 Þ of the nominal motion, such
that the actual motion is of the form:
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ð40Þ

M 0 is the mass matrix, C 0 is the velocity sensitivity matrix
and K 0 is the stiffness matrix. The mass matrix M 0 is equal
to M ðnÞ ðq0 Þ in Eq. (35). Matrix C 0 includes the effect of the
viscous friction and the centrifugal and coriolis effects.
Matrix K 0 includes the dynamic and geometric stiffness
effects and the structural stiffness of the gravity compensation spring. M 0 , C 0 and K 0 depend on the nominal
position and velocity ðq0 ; q_ 0 Þ in the linearisation points.
Since the nominal position and velocity are known as a
function of time, these matrices can be considered time

Ad ðlÞ ¼ expðAc ðlÞT v Þ,
0T
1
Zv
Bd ðlÞ ¼ @ expðAc ðlÞZÞ dZABd ðlÞ,

ð46Þ
ð47Þ

0

l is the discrete time index and T v is the sample time. The
transfer function representation of the discrete state
difference Eq. (45) is denoted by Rðz; lÞ.
3.3. Closed-loop model
The Stäubli RX90 robot is controlled by the industrial
CS8-controlled. The joints of the robot are controlled
independently by six joint controllers. Apart from the
integral gains, which are set to zero, the native joint
controllers are used for this work. Conventionally position
and velocity setpoints for the six joint controllers are
generated by the trajectory generator of the CS8 controller.
For this work Stäubli provided a tool to send setpoints
for the position, velocity, torque feedforward and velocity
feedforward to the joint controllers directly. With this
tool the torque feedforward from the ILC algorithm can
be combined with the standard position and velocity
setpoints.
A block scheme of the closed-loop model is shown in
Fig. 5. The dotted lines outline the perturbation model of
the robot. The input to the robot model is the motor
current i. The nominal motor current i 0 is subtracted from
the motor current to obtain the perturbed motor current di.
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Fig. 5. Closed-loop block scheme.

Multiplication of the motor current with T T C ðmÞ gives the
perturbed torque ds. A disturbance w is added to the
torque vector. This disturbance includes the asperity part
of the friction torque dsðf ;aÞ but could also include other
torque disturbances. The sum of the perturbed torque and
the disturbance is the input of the LTV robot model Rðz; lÞ.
The output of Rðz; lÞ is the perturbed motion ðdq; d_qÞ. The
nominal trajectory ðq0 ; q_ 0 Þ is added to the perturbed motion
to obtain the actual trajectory ðq; q_ Þ.
A slightly simpliﬁed model of the joint controllers of the
CS8-controller is outlined by the dashed lines. The joint
controllers consist of three parts, the feedback part, the
feedforward part and a low-pass ﬁlter, represented by
the transfer functions KðzÞ, GðzÞ and FðzÞ, respectively. The
feedback part KðzÞ is a PID-controller. The input is
the tracking error ðe; e_ Þ, which is the difference between
the actual trajectory ðq; q_ Þ and the reference trajectory ðr; r_Þ.
The feedforward part GðzÞ generates a velocity and
acceleration feedforward current. The low-pass ﬁlter FðzÞ
ﬁlters the feedforward uðlÞ. The sum of the outputs of the
controller parts KðzÞ, GðzÞ and FðzÞ is the motor current.
The nominal trajectory ðq0 ; q_ 0 Þ, used for the linearisation
of the robot model, is taken equal to the reference
trajectory ðr; r_Þ, because the robot moves close to this
reference trajectory.
The feedforward u will be used to reduce the joint
tracking error e with LSILC. Therefore, the transfer
function from feedforward to the tracking error has to be
known. This relation is derived from the block scheme and
can be written as
e ¼ v  Hðz; lÞu,

(48)

where
Hðz; lÞ ¼ ½I 0ðI þ Rðz; lÞT T C m KðzÞÞ1 Rðz; lÞT T C m FðzÞ,
(49)

reduce the low-frequency gain of Hðz; lÞ and hence large
feedforwards would be required to compensate for lowfrequency errors.
4. Experimental results
This section shows the results of the application of the
LSILC algorithm proposed in Section 2 to the Stäubli
RX90 robot. The robot model of Section 3 is used for the
implementation of the learning controller.
The ﬁrst subsection presents the reference trajectory that
is used for the experiments. The robot is moved along this
trajectory repeatedly to test the effect of LSILC. In the ﬁrst
run no feedforward is applied and in the subsequent runs
the feedforward is updated according to Eq. (11). The
computation of the learning matrix is discussed in the
second subsection. The experimental results are presented
in the last subsection.
4.1. Reference trajectory
The goal of the application of ILC to the Stäubli RX90
robot is to be able to use the robot for laser welding.
Therefore, a weld seam trajectory is used to test the
implementation of LSILC. Fig. 6(a) shows the weld seam
that should be tracked by the focus of the laser welding
head attached to the robot. The welding head is held in a
ﬁxed orientation relative to the trajectory, so it has to turn
in the curved part of the trajectory. The velocity proﬁle is
trapezoidal with a maximum velocity of 350 mm/s that is
reached in 0.02 s. The duration of the motion is 2.044 s
(511 samples of 4 ms), including 0.5 s at the start and the
end of the trajectory where q_ 0 ¼ 0. The reference for the
joint motions is computed from the weld seam geometry,
the kinematic robot model and the geometry of the welding
head and is shown in Fig. 6(b).

v ¼  ½I 0ðI þ Rðz; lÞT T C m KðzÞÞ1 Rðz; lÞ
ðw þ T T C m ði 0 þ GðzÞ½r r_T ÞÞ.

ð50Þ

The lifted representation of Hðz; lÞ is the system matrix that
is used to implement LSILC for the Stäubli RX90 robot.
The experimental results will be shown in the next section.
Finally it is mentioned that the integral gain of the
feedback controller KðzÞ is set to zero during the
experiments with LSILC. A non-zero integral gain would

4.2. LSILC implementation for the Stäubli RX90 robot
The feedforwards for the robot are updated according to
Eq. (11). In Section 2.3 a learning matrix is proposed that
decouples the propagation of the error components.
Computation of this learning matrix requires the singular
values and vectors of the system matrix and the values
of kðiÞ.
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Fig. 6. Reference trajectory: (a) world coordinates, (b) joint coordinates.

The singular values and vectors of the system matrix
are obtained in three steps. First the closed-loop dynamic
Eq. (48) are derived for small motions around the
reference trajectory of Section 4.1. Secondly the LTV
model is rewritten in the lifted system representation
resulting in
k

ēk ¼ d̄  H̄ ūk ,

(51)
k

where H̄ is the lifted system matrix and ēk , d̄ and ūk are,
respectively, the lifted error, the lifted disturbance and the
lifted feedforward in trial k. The lifted disturbance vector
k
d̄ contains the effect of the disturbance v and the initial
states on the error. The dimension of the lifted vectors is
3066, equal to the number of samples of the trajectory
(511) times the number of joints (6). Finally numerical
SVD analyses yield the singular values and vectors of the
system matrix.
The values of kðiÞ are tuned according to the guidelines
given in Section 2.6. The values of kðiÞ corresponding to
sðiÞ ¼ 0 are set to zero and the other values of kðiÞ depend
on the expected non-repetitive disturbances and model
errors. Eq. (50) shows that the disturbance v depends on
the reference trajectory, the nominal motor current and the
disturbance w. The reference trajectory and the nominal
motor current are equal for each trial. Disturbance w
models the effect of the asperity part of the joint friction
torque and other torque disturbances. The asperity part
of the friction depends on the actual trajectory and is
thus trial dependent, although its variation is small and
will only be noticeable around joint velocity reversals.
Other low-frequency torque disturbances are expected to
be predominantly trial independent and high-frequency

disturbances (noise) to be predominantly trial dependent.
The dominant model error is probably the absence of
ﬂexibilities in the robot model that may cause highfrequency-resonant vibrations.
The observations above and the guidelines in Section 2.6
indicate that the values of kðiÞ should be small for
high-frequency error components and about 1 for
low-frequency error components. This is practically implemented by adding an additional low pass ﬁlter to FðzÞ
(see Fig. 5) and taking kðiÞ ¼ 1 for large singular values
and kðiÞ ¼ 0 for small singular values. The low-pass
ﬁlter decreases the effect of the feedforward on highfrequency error components and thus decreases the
singular values of the system matrix corresponding to
high-frequency error components. Since kðiÞ ¼ 0 for small
singular values the learning controller will not try to
compensate for high-frequency error components. The
convergence of the remaining error components is maximised by kðiÞ ¼ 1. The only tuning parameter left is the
number of singular values for which kðiÞ ¼ 1, which is
denoted by N s .
4.3. Results
Five series of experiments have been done, with an
increasing number of singular values for which kðiÞ ¼ 1,
namely N s ¼ f250; 500; 750; 1000; 1500g. These series of
experiments are denoted as experiment 1–5, respectively.
Each experiment consists of an initial trial and ﬁve learning
trials. In the initial trial (trial 0) the feedforward is zero and
in the subsequent ﬁve trials (trial 1 to 5) the feedforward is
computed according to Eq. (11) using the error measured
in the previous trial.
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Fig. 7. Angular errors of all joints without learning.

Fig. 7 shows the angular error for trial 0 (no learning
applied). Three types of errors are visible:
 A static error before the start of the motion (0.5 s) and
after the end of the motion (1.544 s). This error results
from the absence of an integrating action in the
feedback controller.
 Large low-frequency errors at the start and the end of
the motion and in the curved part of the trajectory.
These errors are caused by the high accelerations and
decelerations of the joints.
 High-frequency errors during the start and the end of
the motion. These errors are most likely caused by
resonant vibrations.
Fig. 8 shows the norm of the lifted error vector for the
six trials of each experiment. The ﬁgure shows that the
error decreases signiﬁcantly in the ﬁrst trial of each
experiment and decreases a little more in subsequent trials
for experiments 1–3 ðN s ¼ f250; 500; 750gÞ. In experiment 4
and 5 ðN s ¼ f1000; 1500gÞ the error appears to increase
after the third trial.
More detailed results are given in Fig. 9, which shows
the tracking error of joint 2 in trial 1 and 5. The error in the
ﬁrst few samples of each trial is caused by a delay in the
closed-loop system that does not allow a feedforward
correction to be applied in the ﬁrst few samples. In
experiments 1–3 the errors in trial 1 and 5 are quite similar,
only the static error that is present before the start and
after the end of the motion in trial 1, is absent in trial 5. In
experiment 1 the error after ﬁve trials is a little larger than
in experiments 2 and 3. In experiment 4 some high-

frequency error components increase slightly after 5 trials.
These high-frequency errors are even larger in trial 5 of
experiment 5 and in addition some low-frequency errors
that were not present in trial 1 appear in trial 5.
The observed behaviour can be explained by looking at
the size of the error components ēd ðiÞ. Note that these error
components are computed by projection of the error on the
left singular values of the system matrix (Eq. (15)). The
propagation of these error components is decoupled as
analysed in Section 2.3. Due to the low-pass ﬁlter FðzÞ the
error components with a low index correspond to low
frequencies, while the error components with a high index
correspond to high frequencies. The size of the error
components is plotted in Fig. 10 for the six trials of each
experiment. The vertical axis corresponds to the index of
the error component, the horizontal axis to the trial
number and the grey level indicates the size of the absolute
value of the error component. The norm of the lifted error
ē, shown in Fig. 8, is equal to the norm of the vector of
error components.
For experiments 1–3 the sizes of the error components
indexed below N s ¼ ½250; 500; 750, respectively, diminish
to zero in the ﬁrst two trials and the components indexed
above N s are constant as expected from the convergence
analyses in Section 2.3. Because part of the error
components decreases and the rest is constant, the norm
of the lifted error decreases to a non-zero value as shown
in Fig. 8.
In experiment 4 the error components indexed below 750
disappear as in the ﬁrst three experiments. This makes the
norm of the error decrease initially. However, some of the
error components indexed between 750 and 1000 increase,
which make the norm of the error increase after the third
trial. Considering the exponential growth of the diverging
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error components, the convergence condition (Eq. (13)) is
apparently not met for these error components. This could
be caused by modelling errors as discussed in Section 2.5.
The most obvious modelling error is the absence of joint or
link ﬂexibilities in the robot model. Compensation for
resonant vibrations using a model that does not include the
effect of ﬂexibilities might increase the resonance vibrations
instead of cancelling them. This suspicion is conﬁrmed by
the Fig. 9(d), which shows that indeed high-frequency
vibrations increase.
In the ﬁrst two trials the observed behaviour in
experiment 5 is equal to the behaviour in experiment 4.
However, after the second trial some of the error
components indexed below 750 and above 1500 start to
increase. As explained in Section 2.5, modelling errors can
couple the propagation of the error components. Probably
the propagation of the error components indexed between
750 and 1500 is slightly coupled to the propagation of the
other error components. Since the ﬁrst set of error
components grows very large in experiment 5, the size of
the other error components also grows (see Fig. 10(e)).
The experimental results demonstrate the high convergence speed of the proposed learning control algorithm and
the reduction of the tracking error that can be achieved
with the available robot model. The robot model is
accurate in the low-frequency range and in this range the
tracking error is reduced substantially. The model is not
accurate in the high-frequency range, since it does not
include the elasticity in the robot mechanism. The learning
algorithm should be tuned such that it does not compensate at high frequencies to prevent divergence, this means
that the value of k should be zero for the error components
corresponding to high frequencies. The inaccuracies in the
model are then handled by the algorithm by refraining
from compensation of the high frequent error components.
In practice the frequency content of the tracking error
(without ILC compensation) and the maximum tracking
error allowed by the application dictate the frequency
range in which the error should be compensated. The
algorithm requires a model that is able to describe the
robot dynamics sufﬁciently accurate in this frequency
range. In case the error should be compensated at high
frequencies as well, the model should be extended to
describe the high-frequency dynamics of the robot more
accurately, possibly by including the effect of elasticity in
the robot mechanism. Subsequently the gain kðiÞ should be
set to one for frequencies inside the validity range of the
model and to zero for frequencies outside this range to
guarantee convergence. The frequency of the error
components corresponding to each singular value of the
system matrix can be obtained from the Fourier transform
of the corresponding left singular vector of the system
matrix.
The divergence of high-frequency components of the
tracking error is encountered more often in practical
applications of ILC to industrial robots. A recent example
is given by Tayebi and Islam (2006), who presented the
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experimental results of the application of an adaptive
iterative learning control scheme to an industrial robot.
The algorithm, proposed by Tayebi (2004), iteratively
adapts the time-varying gain of a feedback controller.
The time derivative of the tracking error in the previous
trials is used for the computation of the gain and
convergence of the tracking error is guaranteed for the
application of the algorithm to a robot without elasticity.
The experimental application of the algorithm results in
divergence of high-frequency components of the tracking
error. Tayebi and Islam (2006) ascribe the divergence of
the high-frequency components to the noise ampliﬁcation
by the computation the time-derivative of the tracking
error. Another reasonable explanation for the divergence
of the high-frequency error components could be of the
elasticity in the robot mechanism, which is not considered
in the model that is used for the convergence proof of the
algorithm.
For laser welding the difference between the weld seam
and the trajectory of the laser focus is of primary
importance. This difference is denoted as the tip tracking
error. The tip tracking error is estimated from the
measured joint tracking error using the nominal kinematic
model of the Stäubli RX90 robot. Note that the real tip
tracking error probably differs from the estimate because
of ﬂexibilities of the robot and errors in the kinematic
models. The best error reduction of the joint tracking error
was achieved in experiment 3. The estimated tip tracking
error in trial 0 and 5 of experiment 3 is plotted in Fig. 11.
The estimated tip tracking error decreases considerably. In
the ﬁfth trial the tracking error along the trajectory is close
to the accuracy of 0.1 mm required for laser welding.
5. Conclusions
This paper presents a model-based iterative learning
control algorithm for time-varying systems with a high
convergence speed. The algorithm is based on the lifted
system description. Singular value decomposition of the
lifted system matrix is used to decouple the system
equations. Analyses show that robustness of the learning
controller for non-repetitive disturbances and model errors
can be created at cost of convergence speed of the error
components. A learning controller is proposed to control
the components of the error individually. The convergence
of part of the error components is limited by insufﬁcient
model knowledge or noise, while the convergence speed of
other errors can be maximised.
Using the standard industrial controller the tracking
accuracy of the Stäubli RX90 robot is insufﬁcient for laser
welding at high velocities. Therefore, it is investigated if the
performance can be increased with learning control. An
LTV model of the robot is obtained by linearising its nonlinear dynamics for small perturbations around a nominal
trajectory. Disturbances and unmodelled robot dynamics
are expected to affect the high-frequency error components.
The proposed learning scheme is implemented for the robot
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Fig. 11. Estimated tip tracking error in experiment 3: (a) trial 0 and (b)
trial 5.

such that the high-frequency components of the error are
not compensated, while the remaining components are
eliminated in one run. Experimental results show that most
of the low-frequency errors can indeed be eliminated in
one run, while the high-frequency components remain
constant. After ﬁve iterations the accuracy of the tipmotion, estimated from the joint motion, is almost
sufﬁcient for high demanding laser welding tasks. Trying
to compensate for the high-frequency error components as
well results in diverging error components, probably due to
modelling errors.
6. Discussion
The experiments show that LSILC is suitable to decrease
the joint tracking error of the Stäubli RX90 robot.
However, accurate joint motion does not necessarily imply

accurate tip motion due to joint and drive ﬂexibilities of the
robot and errors in the geometric robot model. LSILC
could be used to improve the tip motion of the robot as
well. This requires measurements of the tip motion and
extending the robot model to describe the effect of the
feedforward on the tip motion.
Drive and joint ﬂexibilities of the robot are not
modelled. This results in the inability of LSILC to
compensate for resonant vibrations. Incorporating joint
ﬂexibilities in the robot model may enable the learning
controller to compensate for these vibrations as well,
provided the model matches well with the real robot
dynamics. Incorporating the effect of ﬂexibilities could be
especially important if LSILC is used to improve the
motion of the tip of the robot.
The use of SVD of the system matrix allows the design of
an algorithm with maximum convergence speed for certain
components of the tracking error and robustness to
modelling errors and noise that affect other error
components. Furthermore, it allows clear analyses of the
convergence and robustness of the learning controller for
each of the error components. However, the disadvantage
of the SVD of the system matrix is the amount of memory
that is required to store the singular vectors and the lengthy
computation time. The memory scales with the square of
the trajectory length and the computation time grows
even faster. The required memory and computation time
are acceptable for short trajectories as used for the
experiments of this paper but could be a severe limitation
for the application of the proposed learning controller
for longer trajectories. The required computation time
and memory required for lifted ILC can possibly be
reduced by the application of the Q-ILC algorithm
proposed by Dijkstra (2004). Exploring this possibility
involves further research as this algorithm is only applicable to linear time-invariant systems whereas application
to robotics requires extension of the algorithm to linear
time-varying systems.
Non-repetitive disturbances and modelling errors are
expected to affect the high-frequency components of the
tracking error of the Stäubli RX90 robot. In this paper a
low pass ﬁlter is used to decrease the effect of the
feedforward on high-frequency components of the error
and components of the error that are hardly affected by the
feedforward are not compensated for by the learning
controller. A more fundamental approach to robustness of
LSILC requires further research.
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