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A patch of cross-linkedproteinsin the fluid membraneis consideredfor the
casein which the patch is permeable(porous) for the lipid flow in the
membrane. The Bretscher flow field is studied quantitatively and the
distribution of Brownian particlesover the surfaceof the cell is given. This
leadsto a simplequantitative criterion for cap formation. Finally, explicit
expressionsfor the rotational and translational diffusion coefficientsof a
permeablepatch, as calculatedfrom hydrodynamics,are given.
1. Introduction
The concept of a fluid membrane

with laterally mobile lipid and protein
constituents has had considerable impact on membrane biophysics. An
interesting addition to this concept is due to Bretscher (1976) who assumed

that there is a continuous oriented flow of lipid molecules in the plasma

membrane. This flow is due to the insertion of lipids at certain sites of the
membrane and their removal through endocytosis at one specific site on the
membrane. As a consequence of flow, all objects in the membrane are subject
to a drag force which is directed towards one specific site. In the case of an
isolated protein the Brownian movement counteracts the sweeping action of
membrane flow and the resulting equilibrium situation does not differ much
from a density which is constant over the whole membrane. On the other
hand, in the case of a patch of cross-linked immunoglobulin
molecules in the
plasma membrane of a lymphocyte the diffusion constant is much smaller,
and membrane flow effectively sweeps all sufficiently large patches to the
vicinity of a specific site on the cell surface, i.e. capping occurs.
In this paper some hydrodynamics
and statistical consequences of
membrane flow are discussed. Section 2 is a derivation of various propertie,s
of the Bretscher flow field. We calculate the distribution
of Brownian
particles (impermeable
proteins or permeable patches of cross-linked
receptors) over the surface of the cell and derive a simple criterion for

capping

to occur. In section 3 we present explicit

0022-5193/79/060189+05

%02.00/O

189

expressions for the

% 1979AcademicPressInc. (London)Ltd.

190

F.

W.

WIEGEL

rotational and translational diffusion coefficients of a permeable patch. Some
order of magnitude estimations are the subject of the last section.
2. Hydrodynamic

Features of the Bretscher

Flow Field

Let us assume that the cell membrane is a sphere of radius R. It is
convenient to use polar co-ordinates in such a way that the specific point at
which lipids are removed from the membrane through endocytosis
corresponds to the “North Pole”. Let 8 denote the angle which measures
how far an arbitrary point of the membrane is removed from the North Pole ;
0 d tI < n. New lipids are inserted in the membrane at random positions in
such a way that in the stationary state a fraction c(of the total area is renewed
per unit of time. This leads to a flow field in which the velocity u(8) is directed
tangentially
to the membrane, in the direction of the pole, and with
magnitude
u(e)

= dql

+COS

@/sin

e.

In the stationary state the density p(B) of Brownian particles (number of
particles per unit area) will be the outcome of a competition between the drag
force which tends to sweep the particles to the pole at 0 = 0 and the
Brownian movement which tends to spread them out uniformly over the
surface. It is straightforward to show that this leads to the distribution:
p(e) = p(n)[sin (e/2)p@‘DT,
where D, denotes the translational diffusion coefficient ; and p(n) the density
at the “South Pole”.
When (2) is integrated over the whole surface of the membrane we find that
the integral diverges at 6’ = 0 if and only if 2aR2/D, 3 2. This divergence is of
course due to the idealized nature of the model in which all lipids are
removed at one point 0 = 0 (in reality endocytosis will occur in a small
vicinity of 8 = 0). In any case, the divergence of the integral of (2) over the
membrane surface implies that a Brownian particle will be found at 8 = 0
with a probability very close to unity. This gives a quantitative criterion for
cap formation :
(cap formation)

+-+ (c& L DT).

(3)

In order to complete the hydrodynamic theory of cap formation we have to
express D, in terms of the viscosity of the membrane and the dimensions of
the patches. This is the subject of the next section.
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of a Permeable Patch

Let us represent a porous patch by a rigid cylindrical disk of radius a and a
height h which equals the thickness of the membrane. It is assumed that the
disk never protrudes out of either side of the membrane. For a particle in
uniform translation with respect to the membrane the translational friction
coefficient fT is defined as the drag force per unit relative velocity. For a
particle in a state of uniform rotation the rotational friction eoefficientf, is
defined as the torque per unit angular velocity. The translational
and
rotational diffusion coefficients D, and D, are related to these friction
coefficients by the Einstein relations :

where k, denotes Boltzmann’s constant and T the absolute temperature.
For a hard (impermeable)
disk the diffusion coefficients have been
calculated by Saffman & Delbriick (1975) and by Saffman (1976). The hard
disk is an appropriate model for a single globular protein, but not for a patch
of cross-linked receptors in, for example, the lymphocyte membrane. These
receptors are immunoglobulin
molecules which are embedded in the
membrane with their Fc fragments. When such molecules are cross-linked in
a patch neighbouring Fc fragments are separated by distances of the order of
IQ0 A [cf. DeLisi (1976) for an introduction
to a.ntigen-antibody
interactions]. Because the lipids in the membrane have cross-sections with
linear dimensions of the order of 5 A these patches will be permeable to the
membrane fluid.
It is, therefore, more realistic to describe a patch by a circular disk of
constant permeability K,. Operationally
the permeability is defined by an
experiment in which the fluid flows along an infinite plane wall made of
porous material. The velocity (V) of the fluid in the permeable material will
decrease according to the relation:
WI

= WV exp (-x/,/K,)

(9
as a function of the distance (x) to the wall. It turns out that stationary flow
of a fluid under such circumstances can be described by the DebyeBrinkman--Bueche
equation :
-$P+qAd-$(q-ii)=O,
0

where P denotes the pressure in the fluid; 11the viscosity; and ? c.q. c the
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local velocity of the fluid, c.q. the porous material. A microscopic derivation
of (6) has been given by Felderhof & Deutsch (1975~) and a macroscopic
derivation by Wiegel & Mijnlieff (1976). Recent applications to the flow of a
viscous fluid through polymer coils have been published by Ooms, Mijnlieff
& Beckers (1970); Felderhof & Deutsch (1975a,b); Felderhof (1975a,b);
Wiegel & Mijnlieff (1977a,b); and Mijnlieff & Wiegel (1978).
Using the Debye-Brinkman-Bueche
equation we find for the rotational
diffusion coefficient of a patch the expression :
D = _____
bT
R

The Z,(o) denote the modified

I,(o)

4nyka2 Z,(o)

(7)

Bessel functions, and

is a dimensionless quantity which measures the ratio of the radius of the
patch and the penetration length 6.
The derivation of (7) is given
elsewhere (Wiegel, 1979~).
The calculation
of the translational
diffusion coefficient is more
complicated because of the Stokes paradox. In order to obtain finite
quantities we have to consider a porous cylinder in a sheet (thickness h) of
fluid with viscosity q which is embedded on both sides in another fluid of
much lower viscosity v]‘. For (ky/ay’) % 1 we find the asymptotic result :

where y = 0.5772 denotes Euler’s constant. The derivation of (9)” is given
elsewhere (Wiegel, 1979b). In combination with (3) this equation gives a
complete hydrodynamic theory of cap formation.
4. Discussion

It is clear from the results of the preceding section that the experimental
determination of the rotational and translational diffusion coefficient of a
patch of cross-linked immunoglobulin
molecules is of considerable interest.
To date, no such measurements have been reported in the literature.
Some order of magnitude estimations of related quantities are as follows :
The viscosity y’ is of the order of the viscosity of water: y’ % 0.01 g cm-’ s-r
at 25°C. The lipid bilayer has a thickness k r 40 A and a viscosity yeg 2
gem-l s-i at 25°C (Prives & Shinitzky, 1977). The translational diffusion
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coefficient of the lipids themselves has been estimated as D, z-2x IO-’
cm2 s- 1 at 25°C (Fahey et al., 1977). Smaller diffusion coefficients have been
reported
for rhodopsin
in the frog photoreceptor
membrane:
D, ~2335 x 10m9 cm2 s-l; D, r5 x lo4 s-l at 20°C (Poo & Cone, 1974;
Cone, 1972). This protein has a radius a ~20 !I. Even smaller diffusion
coefficients were found for integral proteins in the human erythrocyte
membrane: D, 2 3 x lo-l1 cm2 s-l at 30°C (Fowler & Branton, 1977) and
.z103s-’
at 22°C (Cherry et al., 1976). These proteins have a radius
a tz40 A.

The average velocity (u) of the flow field over the surface of the cell is
calculated from (1): (v) = QnaR. For a lymphocyte with R r5 x lo-” cm,
Bretscher (1976) estimates (2)) r5 x lo-’ cm s-l. Substituting into (3) one
expects permeable patches to form a cap if D, 5 1.6 x IO-’ cm2 s-r.
The author is indebted to Dr W. B. Goad and Dr 6. 1. Bell of the Los Alamos
Scientific Laboratory and to Dr A. S. Perelson of Brown University for discussions
and a correspondence.
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