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Abstract. It is well known that a ﬁnite-dimensional output space implies limitations on the
systems properties, like observability and detectability. In this paper we extend this result for inﬁnitedimensional output spaces, under the condition that the output operator is relatively compact. We
show that if this holds, and the system is exactly observable in ﬁnite-time, then the inverse of the
inﬁnitesimal generator must be compact. By means of an example we show that this result does not
hold for exact observability in inﬁnite-time. Using the Hautus test, we obtain spectral properties
of the generator for this case. A consequence of this result is that if the system is exponentially
detectable, then the unstable part of the spectrum consists of only point spectrum with ﬁnite multiplicity.
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1. Introduction. Observability and its dual notion controllability are important system theoretic properties. However, showing that a given system processes
these properties can be a nontrivial task; see, for instance, the books of [10, 12, 23]
and the references therein. Hence it can be very useful to have simple tests for (lack
of) observability/controllability. Under the assumption that the output operator is
relatively compact we derive necessary conditions for exact and ﬁnal state observability. This paper ﬁts in a long tradition of necessary conditions for exact observability/controllability. In 1975, Triggiani [21] showed that exact controllability is not
possible when the input operator is compact. Two years later he proved the same
result for compact semigroups [22]. Thus if the range of the input operator is ﬁnitedimensional, then the system will never be exactly controllable provided the input
operator is bounded. Since the one-dimensional wave equation is exactly controllable
by boundary control [14], it is clear that this theorem does not hold for unbounded
input operators with ﬁnite-dimensional range. However, having a ﬁnite-dimensional
range, exact controllability gives conditions on the system operator; see [5, 6, 17].
Using Weyl characterization of the essential spectrum, in [3] it was shown that exact
controllability is impossible when the input operator is relatively compact and the
self-adjoint system operator has essential spectrum. For the dual notion of exact observability, we extend these results in two ways. To explain and formulate this, we
ﬁrst have to introduce some notation.
In this paper A denotes the inﬁnitesimal generator of the C0 -semigroup (T (t))t≥0
on the Hilbert space X. The domain of A is denoted by D(A). By C we denote
the linear operator from the domain of A to the Hilbert space Y . The operator C is
∗ Received by the editors March 30, 2010; accepted for publication (in revised form) December 8,
2010; published electronically March 31, 2011.
http://www.siam.org/journals/sicon/49-2/79062.html
† Department of Mathematics and Computer Sciences, TSI Team, MACS Laboratory, Faculty
of Sciences, Moulay Ismail University, B. P. 11201, Zitoune-Meknes, Morocco (fati3335@yahoo.fr,
Boutouloutali@yahoo.fr). The ﬁrst author’s work was carried out at the Department of Applied
Mathematics, University of Twente during an internship under the direction of Hans Zwart in February 2010. The visit was ﬁnanced by Hassan II Academy of Sciences and Techniques.
‡ Department of Applied Mathematics, University of Twente, P.O. Box 217, 7500 AE Enschede,
The Netherlands (h.j.zwart@math.utwente.nl).

672

SPECIAL CONDITIONS IMPLIED BY OBSERVABLILTY

673

assumed to be relatively compact with respect to A, which is equivalent to assuming
that C(rI − A)−1 is a compact operator from X to Y for some (or any) r in the
resolvent set of A.
We associate to the operators A and C the system Σ(A, −, C) as
(1)

ẋ(t) = Ax(t),

(2)

y(t) = Cx(t).

x(0) = x0 ,

Since A generates the strongly continuous semigroup (T (t))t≥0 , we have that the ﬁrst
equation possesses the unique solution x(t) = T (t)x0 . For x0 ∈ D(A), the output
y(t) is given by CT (t)x0 . If this map can be extended to a bounded map from X to
L2 ((0, tf ); Y ), then C is said to be an admissible output operator for the semigroup
(T (t))t≥0 . We denote this extended map by O. Thus if C is admissible, then there
exists an Mf > 0 such that for all x0 ∈ X
 tf
(3)
CT (t)x0 2 dt =: Ox0 2L2 (0,tf ) ≤ Mf x0 2 .
0

Using the semigroup property it is easy to show that the boundedness of the observability map is independent of tf , i.e., if (3) holds, then for any tf > 0, there exists an
M̃f > 0 such that
 tf
CT (t)x0 2 dt ≤ M̃f x0 2 .
0

The system Σ(A, −, C) is exactly observable in finite-time if there exist a tf > 0 and
an mf > 0 such that
 tf
(4)
CT (t)x0 2 dt ≥ mf x0 2 ,
x0 ∈ D(A).
0

Note that for this deﬁnition we did not assume that C is admissible.
Our ﬁrst result shows that admissibility and exact observability imply that relative
compactness of the output operator is equivalent to compactness of the inverse of A.
Theorem 1.1. If C is an admissible output operator and if Σ(A, −, C) is exactly
observable in finite-time, then C(rI − A)−1 is compact if and only if (rI − A)−1 is
compact.
Having a compact inverse implies that A can only have point spectrum. If the
output space is ﬁnite-dimensional, then C(rI − A)−1 is compact if and only if it is
bounded. For ﬁnite-dimensional output spaces and a diagonal A, admissibility and
exact observability imply that the spectrum of A, {λn } satisﬁes (see [17])
 Re(λn )
< ∞.
1 + |λn |2
n
This stronger property of the spectrum no longer holds if the output space is inﬁnitedimensional. For instance, let A be the generator of a group, and let it have a compact
resolvent. Then the identity operator is relatively compact, and the system Σ(A, −, I)
is exactly observable. Thus, in general, no extra information concerning the spectrum
and eigenvectors is possible.
It is well known that if A generates an unitary group, then A is skew-adjoint.
Thus for these generators exact observability by a relatively compact output operator

674

F.-Z. EL ALAOUI, H. ZWART, AND A. BOUTOULOUT

is possible only when A has an orthonormal basis of eigenvectors. From [4] it is
known that any generator A of a group is (similar to) a bounded perturbation of a
skew-adjoint operator. Weyl’s theorem implies that if the resolvent of this generator
is compact, so is the resolvent of the skew-adjoint operator. By the previous remark,
we know that this possesses an orthonormal basis of eigenvectors. Under very mild
conditions, this implies that A will also have a Riesz basis of eigenvectors; see [24, 26].
We remark that the above theorem does not hold if the system Σ(A, −, C) is only
e xactly observable on inﬁnite-time, i.e., when tf = ∞ is (4); see Example 4.2.
It is known that exact observability is a very strong property for a system.
Weaker properties are ﬁnal state observability or exponential detectability. For ﬁnitedimensional systems observability and detectability can be characterized via the Hautus test on some domain in C. For our system (1) we can easily deﬁne the Hautus
test.
Definition 1.2. Let Ω be a domain in C. The system Σ(A, −, C) satisfies the
Hautus test on Ω if for all s ∈ Ω there exists an ms > 0 such that for all x ∈ D(A)
the following inequality holds:
(5)

(sI − A)x2 + Cx2 ≥ ms x2 .

The Hautus test for inﬁnite-dimensional systems was introduced in [19], where
M
. In general this test is not equivalent to exact observability [7], but
ms = Re(s)
there are many situations of practical interest for which the equivalence holds; see
[6, 8, 13, 25]. It is not hard to show (see Theorem 3.2) that ﬁnal state observability and
exponential detectability imply that (5) holds for Ω = C and Ω ⊃ {s ∈ C | Re(s) ≥ 0},
respectively.
The Hautus test on Ω together with the relative compactness of C implies conditions on the spectrum of A inside Ω. Recall that λ ∈ C is an element of the
approximate point spectrum if there exists a sequence xn ∈ D(A), with xn  = 1,
and (λI − A)xn → 0.
Theorem 1.3. Let C be relatively compact. If Σ(A, −, C) satisfies the Hautus
test on Ω, then any point λ ∈ Ω in the approximate point spectrum of A lies in the
point spectrum. Moreover, it is an eigenvalue with finite multiplicity. Furthermore,
for any λ ∈ Ω the range of (λI − A) is closed.
There are some easy consequences of this result.
Since any point on the boundary of the spectrum lies in the approximate point
spectrum (see [15, Theorem 0.7]), we see that the theorem implies that the boundary
of the spectrum (in Ω) must be part of the point spectrum.
If Σ(A, −, C) is exactly observable and C is relatively compact, then by Theorem
1.1 A−1 is compact, and so the spectrum of A is countable and cannot contain residual
spectrum. Since the Hautus test is weaker than the condition of exact observability, it
is a natural question whether these properties of the spectrum still hold. Theorem 1.5
of [8] gives that the Hautus test does not imply that the residual spectrum is empty;
see also Example 4.3. Furthermore, we have that the countability of the spectrum
does not need to hold either; see Examples 4.2 and 4.3.
In Theorem 1.3 we have that the boundary of the spectrum can only be point
spectrum. However, this does not imply that the spectrum is isolated; see Example
4.2. If the spectrum can be decomposed into two parts, then the bounded part is
isolated.
Theorem 1.4. Let the system Σ(A, −, C) satisfy the Hautus test on Ω, and let
C be relatively compact. If the spectrum of A can be decomposed into two parts which
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are separable by a closed Jordan curve Γ and Γ ⊂ Ω, then the spectrum inside the
Jordan curve consists of only finitely many eigenvalues with finite multiplicity.
This theorem implies that generators A with an accumulation point in their spectrum cannot be ﬁnal state observable. An example of such a system is a homogeneous
beam with viscous damping; see [1].
Since controllability and observability are dual notions, it is clear that results
proved in this paper for observability/detectability of the system Σ(A, −, C) imply
similar results for the controllability/stabilizability of the system Σ(A∗ , C ∗ , −).
2. Compactness of CA−1 and A−1 . The operator C is relatively bounded
with respect to A if there exists positive constants α and β such that for all x0 ∈ D(A)
(6)

Cx0  ≤ αx0  + βAx0 .

The inﬁnum over all β > 0, such that (6) holds for some α, is called the relative
bound of C; see [9]. It is easy to see that C is relatively bounded with respect to A if
and only if it is relatively bounded with respect to (rI − A). Hence, without loss of
generality, we may assume that A is invertible.
Lemma 2.1. Let A−1 be a compact operator on X, and let C be a relatively
bounded operator with relative bound zero; then CA−1 is a compact operator from X
to Y .
Proof. Let (xn )n∈N be a bounded sequence. Since A−1 is a compact operator,
there exits a subsequence (x̃n )n∈N such that A−1 x̃n converges. Choose an ε > 0.
Since the relative bound is zero, there exists an α > 0 such that for all x ∈ D(A)
Cx ≤ αx + εAx.
Taking x = A−1 x̃n − A−1 x̃m , we ﬁnd
(7)

CA−1 x̃n − CA−1 x̃m  ≤ αA−1 (x̃n − x̃m ) + εx̃n − x̃m .

Since A−1 x̃n is converging, there exists Nε such that, for all n, m > Nε , we have
αA−1 (x̃n − x̃m ) ≤ ε. Combining this with (7) gives, for n, m > Nε ,
(8)

CA−1 x̃n − CA−1 x̃m  ≤ ε + 2M ε,

where M = supn x̃n . Thus CA−1 x̃n is a Cauchy sequence in the Hilbert space Y ,
and thus this sequence converges. Concluding, we see that for every bounded sequence
{xn }n∈N the sequences {CA−1 xn }n∈N has a converging subsequence, and thus CA−1
is a compact operator from X to Y .
Remark 2.2. If the relative bound is not equal to zero, then the above result does
not hold. A simple counter example is C = νA, ν > 0. For this choice CA−1 = νI,
which is a noncompact operator on an inﬁnite-dimensional space.
Corollary 2.3. If C(sI − A)−1  → 0 as s → ∞, then the relative bound of C
is zero, and thus CA−1 is compact if A−1 is compact.
Proof. We need only show that the relative bound is zero; the other assertion
follows from the previous lemma. For x ∈ D(A), we have
Cx = sC(sI − A)−1 x − C(sI − A)−1 Ax.
Thus
Cx ≤ sC(sI − A)−1 x + C(sI − A)−1 Ax.
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Since C(sI − A)−1  → 0 as s → ∞, we see that the relative bound of C is zero.
Under the assumption that C is admissible and Σ(A, −, C) is exactly observable
in ﬁnite-time, the converse of Lemma 2.1 holds. To prove this we need the following
lemma.
Lemma 2.4. If C is admissible, i.e., (3) holds, then for 0 ≤ a ≤ b ≤ tf the
following inequality holds:

2CA−1 T (·)x0 L2 (a,b) ≤ (b − a) Mf x0 
(9)

√

+ (b − a)2 Mf x0 2 + 4 b − a Mf A−1 x0 CA−1 T (b)x0 ,

b
2
where f (·)L2 (a,b) =
a f (t) dt.
Proof. Integrating by parts gives the following equality:


b

(10)
a

−1

CA

b

2

T (t)x0  dt =

−1

CA
a


−

b

a


a

t

−1

T (τ )x0 dτ, CA


T (b)x0

CA−1 T (τ )x0 dτ, CT (t)x0 dt.

Furthermore, using Cauchy–Schwarz and (3), we ﬁnd that

(11)
a

b

CA−1 T (t)x0 dt ≤



b
a

CA−1 T (t)x0 dt ≤

√

b − a Mf A−1 x0 .

Since the L2 -norm of the convolution of f and g is less than or equal to the L1 -norm
of f times the L2 -norm of g (see, e.g., [2, Lemma A.6.6]), we have
 t
CA−1 T (τ )x0 dτ
≤ (b − a)CA−1 T (·)x0 L2 (a,b) .
(12)
a

L2 (a,b)

Substituting (11) and (12) in (10), we ﬁnd that
 b
−1
2
CA−1 T (t)x0 2 dt
CA T (·)x0 L2 (a,b) =
a
√

≤ b − a Mf A−1 x0 CA−1 T (b)x0 
 t
+
CA−1 T (τ )x0 dτ
CT (·)x0 L2 (a,b)
√

(13)

a

L2 (a,b)


≤ b − a Mf A−1 x0 CA−1 T (b)x0 

+ (b − a)CA−1 T (·)x0 L2 (a,b) Mf x0 .

The above is a quadratic inequality in the L2 -norm of CA−1 T (·)x0 , and thus this
norm has to be less than the positive zero of the corresponding quadratic equality.
This gives

p + p2 + 4q
−1
,
CA T (·)x0 L2 (a,b) ≤
2
√


where p = (b − a) Mf x0  and q = b − a Mf A−1 x0 CA−1 T (b)x0 . Substituting these expressions in the above inequality gives (9).
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Now we can prove Theorem 1.1. It is easy to see if Σ(A, −, C) is admissible and/or
exactly observable in ﬁnite-time, then the same holds for Σ(A + rI, −, C), r ∈ C.
Hence, without loss of generality, we may assume that A is boundedly invertible.
Thus we prove the theorem for r = 0.
Proof of Theorem 1.1. The if-part follows from Corollary 2.3, since the admisM
for s real and suﬃciently large; see [23,
sibility implies that C(sI − A)−1  ≤ √
s
Theorem 4.3.7].
The proof of the reverse implication consists of two steps. In the ﬁrst step we
show that the mapping O−1 := x0 → CA−1 T (·)x0 is a compact linear operator from
X to L2 ((0, tf ); Y ). In the second step we prove the compactness of A−1 .
Step 1. Let {xn }n∈N be a bounded sequence with bound M1 . We show that there
exists a subsequence {x̃n }n∈N such that CA−1 T (·)x̃n converges in L2 ((0, tf ); Y ).
By induction, we ﬁrst show that there exist (sub)sequences {xn,K }n∈N such that
{xn,K }n∈N ⊂ {xn,K−1 }n∈N ⊂ {xn }n∈N and
 tf
M
(14)
CA−1 T (t)(xn,K − xm,K )2 dt ≤
,
n, m ≥ 1,
K
0
with M independent of K.
Let K ∈ N and suppose that we have constructed the subsequence {xn,K−1 }n∈N ⊂
{xn }n∈N . We deﬁne εK = tf /K, and tk = kεK , k = 0, . . . , K. Since CA−1 is compact,
the operators CA−1 T (tk ), k = 0, . . . , K, are compact as well. Hence it is possible to
choose a subsequence {xn,K }n∈N of {xn,K−1 } such that for all n, m ≥ 1
3/2

CA−1 T (tk )(xn,K − xm,K ) ≤ εK .

(15)

Substituting this in (9), we ﬁnd that

CA−1 T (·)(xn,K − xm,K )L2 (tk−1 ,tk ) ≤ εK Mf M1


+ ε2K Mf M12 + ε2K Mf 2A−1 M1 .

(16)

This implies that there exists an M2 independent of K such that
CA−1 T (·)(xn,K − xm,K )L2 (tk−1 ,tk ) ≤ M2 εK .

(17)

Hence we see that for all n, m ≥ 1 there holds

0

(18)

tf

−1

CA

2

T (t)(xn,K − xm,K ) dt =

K 

k=1

≤

K

k=1

tk

tk−1

CA−1 T (t)(xn,K − xm,K )2 dt

M22 ε2K =

M22 t2f
.
K

This proves (14).
Next we choose the subsequence {x̃n } as x̃n = xn,n . Let ε > 0; then there exists
a K such that 1/K ≤ ε. Furthermore, by the construction of our subsequences, for
n ≥ K, there exists a nK such that x̃n = xnK ,K . Hence for n, m ≥ K, we have by
(14) that
 tf
M
≤ M ε.
CA−1 T (t)(x̃n − x̃m )2 dt ≤
K
0
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Thus CA−1 T (·)x̃n is a Cauchy sequence in the Hilbert space L2 ((0, tf ); Y ), and hence
is converging.
Concluding, we see that the operator O−1 := x0 → CA−1 T (·)x0 is a compact
operator from X to L2 ((0, tf ); Y ).
Step 2. By the exact observability, we know that the mapping O : X → L2 ((0, tf ); Y )
is left-invertible; see (3) and (4). Thus there exists a bounded operator Q such that
(19)

QO = I

on X.

The operator OA−1 equals O−1 , which is compact. Thus with (19)
QO−1 = QOA−1 = A−1 ,
where on the left-hand side is the product of a bounded and a compact operator.
Thus A−1 is compact.
From the above proof, one can see that we have shown that if C is admissible
and relatively compact, then the mapping O−1 := x0 → CA−1 T (·)x0 is a compact
operator from X to L2 ((0, tf ); Y ). The exact observability is needed to transfer this
compactness to the compactness of A−1 .
3. Hautus test. In the previous section we showed that if Σ(A, −, C) is exactly
observable and if C is admissible, then the relative compactness of C implies that
A−1 is compact. The standard result in functional analysis gives that the spectrum
of A can only consist of point spectrum of ﬁnite multiplicity and does not contain an
accumulation point. However, it is known that exact observability is a very strong
property. Weaker properties are ﬁnal state observable or exponential detectable. If
the output space is ﬁnite-dimensional, then it is known that these weaker properties
imply conditions on the spectrum of A, such as pure (unstable) point spectrum; see
[18]. It is interesting to know whether the same properties on the spectrum hold if C
is relatively compact. We will prove this by using the Hautus test; see Deﬁnition 1.2.
In Theorem 3.2 we show that the Hautus is a necessary condition for several
system theoretic properties. Exact observability is deﬁned in the introduction, we
deﬁne final state observability as the existence of a tf > 0 and an mf > 0 such that

(20)
0

tf

CT (t)x0 2 dt ≥ mf T (tf )x0 2 ,

x0 ∈ D(A).

We also deﬁne the following (weak) notion of detectability; see [20, Deﬁnition 7.4.2].
To formulate this we need the concept of an operator- and of a system node. For the
precise deﬁnition, we refer the reader to [20, Deﬁnition 4.7.2].
An operator node S is a closed, densely deﬁned mapping from D(S) ⊂ X ⊕ Y to
X ⊕ Y . Thus it can be written as S = SS12 . One of the properties of an operator
node is that the main operator AS deﬁned by AS x = S1 [ x0 ] on D(AS ) = {x ∈ X |
[ x0 ] ∈ D(S)} is densely deﬁned and has a nonempty resolvent set. If S is a system
node, then AS generates a C0 -semigroup on X. To any operator node we can deﬁne
the observation operator CS on D(AS ) as CS x = S2 [ x0 ]. It is also possible to deﬁne
a BS operator. Therefore, operator nodes are normally not presented as S = SS12 ,
AS &BS
.
but as S = C
S &DS
Definition 3.1. The system Σ(A, −, C) is spectrally detectable if there exist
a system node S on (Y, X, Y ) and an operator node S I on (Y, X, Y ) satisfying the
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following:
1. S =
2. S I =

A&B
C&D



[A&B]I
[C&D]I

with main operator A and observation operator C.

with domain D(S I ).

0
maps D(S) continuously onto D(S I ). It is invertible
3. M := I0 0I − C&D
0
and S I = SM .
on X ⊕ Y with inverse I0 0I + [C&D]
I

4. The spectrum of AI lies in the open left half-plane.
This deﬁnition is an extension of detectability by a bounded output injection;
i.e., there exists a bounded K such that A − KC has only spectrum in the open left
half-plane. In that case the conditions in Deﬁnition 3.1 hold by choosing


A K
S=
, D(S) = D(A) ⊕ Y, and
C 0


A − KC K
I
S =
, D(S I ) = D(A) ⊕ Y.
C
0
Theorem 3.2. For the system Σ(A, −, C) we have the following:
1. If Σ(A, −, C) is exactly observable in finite-time, then the Hautus test holds
on C.
2. If Σ(A, −, C) is final state observable, then the Hautus test holds on C.
3. If Σ(A, −, C) is spectrally detectable, then the Hautus test holds on the resolvent set of AI , and thus on an open set including the closed right half-plane.
Proof. 1. For the ﬁrst part we refer to [19] for admissible C’s. For nonadmissible
output operators it follows from the second part.
2. If the Hautus test would not hold in s0 ∈ C, then there would exist a sequence
{xn }n∈N such that xn ∈ D(A), xn  = 1, (s0 I − A)xn → 0, and Cxn → 0. For any
x ∈ X, the following equality holds:
 t
(21)
T (t)x = es0 t x − (s0 I − A)
es0 (t−τ ) T (τ )xdτ.
0

Deﬁning zn = (s0 I − A)xn implies that
T (t)xn = es0 t xn −

(22)


0

t

es0 (t−τ ) T (τ )zn dτ.

From this we see that there exists an M2 > 0 such that
T (tf )xn − es0 tf xn  ≤ M2 zn .
Since zn → 0 and xn  = 1, we ﬁnd that T (tf )xn  → eRe(s0 )tf . In particular,
inf T (tf )xn  > 0.

(23)

n

Using (22) once more, we ﬁnd
 tf

CT (t)xn 2 dt ≤ 2
0

(24)

tf

0

|es0 t |2 dtCxn 2





tf

C

+2
0

t

e
0

s0 (t−τ )

2

T (τ )zn dτ

dt.
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Using the equality (21) with x = zn , we ﬁnd that
 t
 t
e−s0 τ T (τ )zn dτ = e−s0 t A−1 T (t)zn − A−1 zn + s0 A−1
e−s0 τ T (τ )zn dτ.
0

0

Substituting this in (24) gives
 tf
 tf
CT (t)xn 2 dt ≤ 2
|es0 t |2 dtCxn 2
0



0

tf

−1

CA

+2
0

−1 s0 t

T (t)zn − CA

e

−1

zn + s0 CA



t

e
0

s0 (t−τ )

2

T (τ )zn dτ

dt.

Since zn → 0, Cxn → 0, and CA−1 is bounded, this converges to zero. However, from
(23), we see that T (tf )xn stays bounded away from zero. Hence the system cannot
be ﬁnal state observable. Note that if C is admissible, then the second term in (24)
tends to zero.
3. By Lemma
[20] we have that s ∈ ρ(AI ), the resolvent set of AI , if and
 sI 07.4.4 of
A&B
only if Qs := [ 0 I ] − C&D is invertible. For x ∈ D(A), we have that [ x0 ] ∈ D(S),
and thus






x
x
(sI − A)x
−1
−1
= Qs Qs
= Qs
.
0
0
−Cx
Thus
(25)

x2 = Q−1
s



(sI − A)x
−Cx



2



2
≤ Q−1
(sI − A)x2 + Cx2 .
s 

Hence for all s in the resolvent set of AI , the Hautus test holds.
Next we prove that the Hautus test on Ω gives conditions on the spectrum of A
which lies in Ω. For this we need the following lemma, which is inspired by Proposition
2.2 of [3].
Lemma 3.3. Let C be relatively compact, and let Σ(A, −, C) satisfy the Hautus
test on Ω. Moreover, let λ ∈ Ω and let {xn }n∈N be a sequence such that
• {xn }n∈N is a bounded sequence with values in D(A), i.e., for all n we have
that xn ∈ D(A) and xn  ≤ M1 for some M1 independent of n, and
• Axn − λxn → z.
Then {xn }n∈N has a converging subsequence.
Proof. We ﬁrst prove that {Cxn }n∈N possesses a converging subsequence.
Let r be in the resolvent set of A. Since C(rI − A)−1 is compact, and {xn }n∈N
is a bounded sequence, we have that {C(rI − A)−1 xn }n∈N has a converging subsequence. Hence there exists a subsequence of {xn }n∈N such that {C(rI − A)−1 xn }n∈N
is converging along this subsequence. We call this sequence {x̃k }k∈N .
For this sequence, we ﬁnd that
C x̃k −C x̃ = C(rI − A)−1 (rI − A)(x̃k − x̃ )
= (r − λ)C(rI − A)−1 (x̃k − x̃ ) + C(rI − A)−1 (λI − A)(x̃k − x̃ ).
For k, → ∞, the ﬁrst term converges to zero by the choice of the subsequence,
whereas the second term converges to zero since (A − λI)xn converges to z. Thus
{C x̃n }n∈N is a Cauchy sequence, and hence converges. This proves the assertion.
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Now we show that {x̃k }k∈N is converging.
We choose x in (5) to be x̃k − x̃ , and s = λ. Hence we obtain
(26)

(λI − A)x̃k − (λI − A)x̃ 2 + C x̃k − C x̃ 2 ≥ mλ x̃k − x̃ 2 .

Since the left-hand side converges to zero, we ﬁnd that the sequence {x̃k }k∈N is converging. So {xn }k∈N has a converging subsequence. This provides the proof.
With this lemma, we obtain Theorem 1.3 as the ﬁrst consequence of the Hautus
test.
Proof of Theorem 1.3. Since λ lies in the approximate point spectrum, for all
n ∈ N there exists a xn ∈ D(A) with norm one such that
(A − λI)xn  ≤ 1/n.
By the previous lemma, we conclude that this sequence must have a (strongly) converging subsequence which we denote by {x̃n , n ∈ N}. Hence x̃n → x̃λ for n → ∞.
Since
Ax̃n − Ax̃m  ≤ λ(x̃n − x̃m ) + 1/n + 1/m,
we see that Ax̃n is converging as well. Since the operator is closed, we conclude that
x̃λ ∈ D(A) and Ax̃λ = λx̃λ . In other words, λ is an eigenvalue.
If the dimension of the kernel of A − λI is inﬁnite-dimensional, then it is possible
to ﬁnd a sequence {xn } such that xn  = 1, Axn = λxn , and xn − xm  ≥ 1. By
Lemma 3.3 this is impossible, and so the dimension of this kernel must be ﬁnite.
It remains to show that the range of λI − A is closed. We note that, without loss
of generality, we may assume that λ is not an eigenvalue. If so, then we may choose
as state space X modulo the eigenspace corresponding to λ.
Let {zn }n∈N be a converging sequence in the range of λI −A, i.e., zn = (λI −A)xn
for some xn ∈ D(A), and zn → z∞ . We ﬁrst claim that {xn }n∈N is a bounded
sequence. So suppose that {xn }n∈N is not a bounded sequence. Since {xn }n∈N is
unbounded, the sequence {xn,2 }n∈N deﬁned as xn,2 = xxnn  is a bounded sequence,
and (λI − A)xn,2 converges to zero. By Lemma 3.3, we have that {xn,2 }n∈N has a
converging subsequence which we denote by {x̃n,2 }n∈N . So x̃n,2 → x∞ and (λI −
A)x̃n,2 → 0. Since A is a closed operator, we conclude that (λI − A)x∞ = 0. Thus
x∞ is an eigenvector corresponding to the eigenvalue λ. By assumption λ is not an
eigenvalue, and so this vector must be zero. This is a contradiction to the fact that
x̃n,2  = 1 and x̃n,2 → x∞ . Hence {xn }n∈N must be a bounded sequence.
Since the sequence {xn }n∈N is bounded, Lemma 3.3 implies that there exists a
subsequence {x̃n }n∈N with x̃n → x∞ . Combining this with (λI − A)x̃n → z∞ and
the fact that A is a closed operator, we ﬁnd that (λI − A)x∞ = z∞ . Hence z∞ lies in
the range of (λI − A). Thus the range is closed.
Remark 3.4. If A is skew-adjoint and the imaginary axis is contained in Ω, then
Theorem 1.3 implies that A cannot have essential spectrum; see also [3].
Furthermore, we see that for this class of generators there cannot be an accumulation point in the spectrum. Let λ be an accumulation point in the spectrum. Since
the spectrum of A equals the boundary of the spectrum, we have by Theorem 1.3 that
there are eigenvalues λn → λ. Let xn be an eigenvector of norm one associated to the
eigenvalue λn . So the sequence {xn }n∈N satisﬁes the conditions of Lemma 3.3. However, since the eigenvectors with diﬀerent eigenvalues are orthogonal, we have that
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√
xn − xm  = 2, n = m, and so {xn }n∈N does not have a converging subsequence.
Concluding, there cannot be an accumulation point in the spectrum.
Proof of Theorem 1.4. Assume that the spectrum of A is the union of two parts,
σ + and σ − , such that Γ can be drawn so as to enclose an open set containing σ +
in its interior and σ − in its exterior. This splitting of the spectrum leads naturally
to a splitting of the state space as X = X + ⊕ X − ; see [2, Lemma 2.5.7]. The
generator restricted to X + is bounded, and we denote it by A+ . The spectrum of this
restricted operator equals σ + . We deﬁne C + as C + = C|X + . Since C is relatively
compact with respect to A, we ﬁnd that C + is relatively compact with respect to A+ .
Furthermore, since Σ(A, −, C) satisﬁes the Hautus test on Ω, it is easy to see that
Σ(A+ , −, C + ) also satisﬁes the Hautus test on Ω. Combining this with the fact that
the spectrum of A+ lies in the interior of Γ ⊂ Ω, we ﬁnd that Σ(A+ , −, C + ) satisﬁes
the Hautus test on C. Since A+ and hence C + are bounded, Theorem 1.7 of [19]
gives that Σ(A+ , −, C + ) is exactly observable. Theorem 1.1 gives that (rI − A+ )−1
is compact. This implies that
IX + = (rI − A+ )(rI − A+ )−1
is compact as well, since A+ is bounded. The identity is compact only when the space
is ﬁnite-dimensional. Thus the range of the spectral projection associated with Γ is
ﬁnite-dimensional, which proves the assertion.
4. Examples. Many PDEs on a bounded domain have a compact resolvent.
This is a consequence of the Sobolev embedding theorem. However, there are some
examples for which this does not hold. We take the following example from [16].
Example 4.1. Let O ⊂ R2 be a bounded open set with smooth boundary Γ.
This boundary consists of two parts Γ0 and Γ1 with Γ0 ∩ Γ1 = ∅. The model of the
vibration of a thin elastic plate is given by

(27)

wtt − γΔwtt + Δ2 w = 0
∂w
=0
w=
∂ν
Δw + (1 − μ)B1 w = u1

in O × [0, ∞),
on Γ0 × [0, ∞),
on Γ1 × [0, ∞),
2

∂B2 w
∂wtt
∂ wt
∂Δw
+ (1 − μ)
−γ
+
= u2
∂ν
∂τ
∂ν
∂τ 2

on Γ1 × [0, ∞),

where ν = (ν1 , ν2 ) and τ = (τ1 , τ2 ) denote the unit normal and the unit tangent
vector, respectively. Furthermore, γ > 0 and μ ∈ (0, 12 ). The boundary operators are
deﬁned as
(28)
(29)

∂2w
∂2w
∂2w
− ν12 2 − ν22 2 ,
∂ξ1 ∂ξ2
∂ξ2
∂ξ
 2 1 2 
2
∂ w ∂ w
∂ w
B2 w = (ν12 − ν22 )
+ ν1 ν2
−
,
∂ξ1 ∂ξ2
∂ξ22
∂ξ12

B1 w = 2ν1 ν2

where (ξ1 , ξ2 ) denotes the spatial coordinate. The controls u1 and u2 are chosen as
(30)
(31)

du1
∂wt
= −u1 −
dt
∂ν
du2
= −u2 + wt
dt

on Γ1 × [0, ∞),
on Γ1 × [0, ∞).
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Writing (27)–(31) as one abstract diﬀerential equation of ﬁrst order gives a generator of
a strongly continuous semigroup; see [16]. The inverse of the inﬁnitesimal generator
is noncompact. The noncompactness is caused by the fact that the inﬁnitesimal
generator of the subsystem (30)–(31) is minus the identity, and thus has noncompact
inverse on the inﬁnite-dimensional space L2 (Γ1 ); see [16, Proposition 2.2]. If the
inputs are set to zero, then the inverse of the inﬁnitesimal generator corresponding to
the system (27)–(29) is compact; see, e.g., [11].
If we deﬁne the output operator as
Cw = wt |Γ1 ,

(32)

then this is relatively compact from the domain of the generator to L2 (Γ1 ); see the
proof of Proposition 2.2 in [16]. Hence we see that with this output operator the
system cannot be exactly observable in ﬁnite-time.
In the following example we show that Theorem 1.1 does not hold if the system
Σ(A, −, C) is exactly observable in inﬁnite-time. The system Σ(A, −, C) is exactly
observable in inﬁnite-time if there exists an m∞ > 0 such that for all x0 ∈ D(A)
 ∞
(33)
CT (t)x0 2 dt ≥ m∞ x0 2 .
0

It is easy to show that if the semigroup is exponentially stable, then exact observability
in inﬁnite-time is equivalent to exact observability for some ﬁnite-time. This does not
hold, in general, as can be seen in the following example. However, the main result
in this example is that Theorem 1.1 does not hold if we replace exact observability in
ﬁnite-time by exact observability in inﬁnite-time.
Example 4.2. As the Hilbert space X, we take X = L2 (0, ∞). Furthermore, we
take
df
,
(34)
Af =
dξ
with domain
(35)


df
D(A) = f ∈ L2 (0, ∞) | f is absolutely continuous (abs. cont.), and
∈ L2 (0, ∞) .
dξ
As an output operator, we take
(36)

Cf = f (0),

f ∈ D(A).

It is well known that A is the inﬁnitesimal generator of the left-shift, i.e.,
(37)

(T (t)f ) (ξ) = f (t + ξ).

Using this we have that CT (t)f = f (t). Thus
 ∞
 ∞
2
(38)
CT (t)f  dt =
f (t)2 dt = f 2L2 (0,∞) .
0

0

This proves that C is admissible, and that Σ(A, −, C) is exactly observable in inﬁnitetime. Using (37), it is easy to see that Σ(A, −, C) is not exactly observable in ﬁnitetime. Since C is relatively bounded with respect to A and has one-dimensional range,
we have that C is relatively compact. The inverse, (rI − A)−1 , is given by
 ∞


−1
(39)
(rI − A) f (ξ) =
er(ξ−τ )f (τ )dτ,
ξ
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which is noncompact. Hence Theorem 1.1 does not hold if exact observability in
ﬁnite-time is replaced by exact observability in inﬁnite-time.
As mentioned before, exact observability is related to the Hautus test. For this
example, we show that the Hautus test does not hold on C, but only on C− ∪ C+ ,
where C− := {s ∈ C | Re(s) < 0}, C+ := {s ∈ C | Re(s) > 0}.
Since the spectrum of A is the closure of C− , the Hautus test holds trivially on
+
C . For s = r + iω ∈ C− , we have that
(sI − A)f 2 = (iωI − A)f 2 + r2 f 2 + rf (0)2 .

(40)
Thus

(sI − A)f 2 − Re(s)Cf 2 ≥ Re(s)2 f 2 .
Since the real part of s is negative, we see that the Hautus test (5) holds. It remains
to show that the Hautus test √
does not hold for s on the imaginary axis. Fix ω ∈ R
and deﬁne for r < 0, fr (ξ) = −2resξ , s = r + iω. It is easy to see that fr  = 1,
and Cfr → 0 if r → 0. Furthermore, from (40), we have that
0 = (iωI − A)fr 2 + r2 − 2r2 .
Thus (iωI − A)fr 2 → 0 for r → 0. Combining this with fr  = 1 and Cfr → 0 if
r → 0 gives that the Hautus cannot hold for s = iω.
Since the Hautus test holds on C− , we can apply Theorem 1.3 for this set. This
theorem gives that any point in the approximate point spectrum will be an eigenvalue
with ﬁnite multiplicity. For s ∈ C− , it is easy to see that esξ is the eigenfunction of
A. Note that we cannot apply Theorem 1.4 because we cannot split the spectrum.
For the above example, the spectrum contained in C− consisted only of point
spectrum. In [8] an example was given of a strongly stable semigroup for which the
Hautus test holds with C = 0. Without the assumption of strong stability, such an
example is easy to construct.
Example 4.3. In this example we take A to be the dual of the generator from the
previous example, i.e.,
Af = −

(41)
with domain
D(A) =



df
,
dξ


df
2
∈ L (0, ∞) and f (0) = 0 .
f ∈ L (0, ∞) | f is abs. cont.,
dξ
2

Similar to (40), we have that for s = r + iω ∈ C− there holds
(42)

(sI − A)f 2 = (iωI − A)f 2 + r2 f 2 .

Thus for C = 0, the Hautus test is satisﬁed on C− . From the above equation, we also
conclude that any s ∈ C− cannot be an eigenvalue of A. It is well known that the
spectrum of A in the open left half-plane is contained in the residual spectrum. Hence
in this example the point spectrum is empty, but the residual spectrum is not.
Under the assumption that A satisﬁes the Hautus test (for some relatively compact C), we see from Theorem 1.3 that the spectrum of A (contained in Ω) has some
properties in common with the spectrum of a compact operator, such as the property
that an element in the point spectrum has ﬁnite multiplicity and sI − A has closed
range. However, from the previous two examples we see that there can be diﬀerences.
For instance, the Fredholm alternative does not need to hold for A.
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