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Mode Structure of Active Resonators
G . J. ERNST AND W. J. WITTEMAN

resonators. Comparing the estimated order of magnitude
of their influence on the mode properties, it turns out that
the most important ones with respect to beam propagation
are heat dissipation within the gas discharge (variation of
refractiveindex),inhomogeneousgaindistribution[2],
and the dispersion of the active medium(31. These interactions are, in most configurations, axially symmetric due to
either the excitation mechanism or the mutual interaction
of medium and axially symmetric field. For example, the
propagation
Gaussian
a of beam
through
a
homogeneously excitated active medium results in axially
symmetric gain variations.
The interaction can always be describedin terms of the
propagation constant (real and imaginary part)
which may
then
be
used
for
calculating
the
change
of
laser
I. INTRODUCTION
parameters. It has been shown by the theoretical work of
N designing
laser
cavities
some
problems
are
Kogelnik [4] that, if the propagation constant varies only
optical
performance,
such
as
stability
of mode quadraticallywithdistancefromthe
axis, aGaussian
structure, maximizing output power, single-mode operabeam remains Gaussian while propagating through such a
tion, and description of mode pattern. All these problems medium. This result may explain why in actual resonators
are interrelated and depend on the geometry of the cavity Gaussian distributions are still observed.
andplasmaparameters
of theactivemedium.Inmany
In the present work we shall use Kogelnik's [4] result as
cases the problems are simplified by considering only the
our starting point for
a theoreticalevaluation of beam
geometry of the cavity and not taking into account the in- parameters of a laser system with arbitrary mirror curteraction with the active medium. This is done in the well- vatures and with a quadratic gain and index profile for the
known theory of Kogelnik and Li [l]. Such a treatment is active medium. Although an exact quadratic profile
will
justified since in most practical cases of small cavities hav- not easily be realized in practice, many actual systems can
inghigh qualityfactorand
low outputpower,theinbe described approximately by such a profile. Hence, this
fluence of the active medium is negligible, in fact, it is well approach will give animproveddescription
oflaser
known that the observed mode patterns of such lasers do
systemsovertheempty-spacetheory.Infact,an
ex'not show any perceptible deviation from modes predicted
perimental example presentedbelow can be understoodby
on the basis of the empty-space resonator theory.
using this approach.
However,thesesimplificationsare
less valid forinThe present theoretical results lead to
new interesting
creasinglengthoflasertube,increasingoutputpower,
conclusions concerning stability of resonator configuraand/or increasingtransmission of outcouplingmirror.
tion, effect of gain variation on beam waist, curvature of
The theory eventually breaks down. Experimentally, it
is wavefront,etc.Someconclusionsareconflictingwith
observed that the optical performance of, for instance, a
previously published results.
CW CO, laser of 4-m length cannot be described by the
Although, as we mentioned, in experimental systems the
empty-space resonator theory. As
we shall show in this variations of propagation
constants
are
not
exactly
paper, the beam waist of the Gaussian mode deviates con- quadratic, the main terms near the optical
axis, due togain
siderably from predictions of empty-space theory. Theex- variations,dispersion,andheat
effects, arequadratic.
perimentsindicatethattheinfluence
of nonuniform Thusourtheoreticalresultscanbeappliedtoactual
active-medium parameters and outcoupling have to be in- systems.
cluded in the mode theory.
Several physical processes within the active medium can 11. GENERAL
THEORYON THE MODE STRUCTURE
FOR A
be studied in relationtowavepropagation
in optical
NONLINEAR MEDIUM
Abstract-An analysis is made of the mode structure of lasers when the
interaction with the active medium is taken into account. We consider the
combined effect of gain and refractive-index variations for arbitrary mirror
configurations. Using a dimensionless round-trip matrix for a medium with
a quadratic variation of the propagation constant with distance from the optic axis, dimensionless beam parameters are derived in terms of cavity and
medium parameters. Beam waist andradius of curvature are obtained explicitly as a function of a dimensionless parameter containing the variation
of propagation constant, wavelength, and cavity length. The spot size
depends only on the absolute value of the gain variation, whereas the deviation of theradius of curvature of thebeamfromthemirrorcurvature
changes sign whenthe sign of the gain.variation is reversed. As long as
radial gain variations are present stable oscillations can always be obtained
for any set of curved and/or flat mirrors. For large gain variations the spot
size and radius of curvature of the outcoming beam become independent
of mirrorcurvatures.
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of

For paraxial Gaussian beams[ 13 the beam width or spot
size w which measuresthedistanceatwhichthe
field
amplitude is l/e times that
the
on
axis, and
the
radius
of
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curvature R are closely related and can
combined to a complex beam parameter

be conveniently
q defined by

where z is thedirectionofpropagationand
X the
wavelength in the medium. R(z) is defined positive for a
diverging beam. Tracing a Gaussian beam through a lens
or lenslike medium the complex beam parameter q obeys
the so called ABCD law
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formally the same as those found for the paraxial rays,
except that one has, in general, a complex refractive index.
Deriving this transfer matrix in dimensionless form we obtain

where we have used for the propagation constant
form
k

k the

= k,-ikzr2

where q1 and q2 are the beam parameters at two reference with constantsk , and k,.
The dimensionless matrix corresponding to a complete
planes. A , B , C, and D are matrix elements describing the
round trip starting atz = 0 through a resonator defined by
optical system.
In the following we apply Kogelnik's ABCD law (2) to two mirrors with radius of curvature R, and R, at z = 0
calculate a complete round trip through a resonator
of and z = L , respectively, is then given by
length L and with mirrors with radius ofcurvatureR, R,.
and
However, before doing this,
we introduce dimensionless
quantities for the matrix elements as well as for the beam
parameters. The results areof course not different, but the
advantage of this,as we shall see, will be that the
beam waist
and radius of curvature explicitly
are
obtained as a function
of one or two dimensionless parameters that contain the
nonlinearity of the medium, the wavelength, and the cavity
length. The derivation thus
is general without specifying
explicitly all quantities like cavity length, mirror curvatures,
wavelength,orquadratictermsoftheactivemedium.where
u,= L / R , and uz = L/R,. The values of u, or u,
and
to anyarepositive
if the reflected beam is madeconvergent;
Hence, theresultsarecomprehensive
laser resonator and wavelength.
otherwise, they are negative.
The complex dimensionless beam parameters P ( z ) is
Starting at z = 0 with Po, the P parameter after a full
round trip becomes
(3)

pz

where

=

-.co
00

U[z) = L / R ( z )

f bop"

(4) In ordertoobtainthesteady-state
beam parameters we
apply the condition Pz = Po. Substituting (7) and (8) into
(9) we find

and

(- U,

Po2

+ dopo

4-2 U1Po-

-

u,)cos2 7 +

U , sin2 q
cos q

11

Q(z) = XL/nw2(z).

(5)

+

(y)

- -sin
u2
rl

-

q

q

sin 7 cos q

=o

)

in which

L is the length of the cavity.
v = L
*
ough
ray light
paraxial a Tracing
ko
(1 1)
by using thewell-knowndifferentialequationsforlight
rays [ 5 ] , thederivation of matrixelements is straight-Since
r] is generallycomplex, (10) is notdirectlysuitable
[4] thatfortheforcalculatingthe
beam parameters U and Q. Therefore,
forward.Further,ithas
beenshown
propagation of Gaussian beams in quite general lenslike other variables are introduced. The constants
in (7) can be
media (including gain variations) the matrix elements are split into real and imaginary parts

$i
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k

=

Po + iao + -P Y2

2

2 2

ff2

f i-r

2

(12)

&here
the
functions
X , Y , and N are
real.
The
algebraic
derivations
lengthy
are
tedious.
andTherefore,
only
we
give the results.

so that
N

=

(cosh'! 26 - cos2 2a)

4P-

U,

is small (Po >> cyo). Now

providedthegainperwavelength
follows
from it
(1 1) that

=

(COS4 sinh 2b

.(cash' b

P

We define further real parameters

p

- -2
P

x

2

x

2

-

U, (cos
--

and a

4P

+ -4U,
- (cosh2 b - cos' a)'
P

+ sin 4 sin 2 u )

cos2 a )

4 sinh 4b

(24)

+ sin $J sin 4a)

+ 4PU , {cos 24(sin 4 sin 4a - cos 4 sinh 4 b )
--

PZL
2a

- 2 sin 2@(sin4 cos 2a sinh 2b
cy =

(15 )

--ffZL
2n-

f cos $J sin 2a cosh 2 b ) ]
Ul

which aredirectdimensionlessmeasuresforthequadratic
index- and gain-profiles.
We next introduce
the
real
parameters
p and 4

u2

( 2 sin 24 sinh 2b sin 2a

7

4P-

4 sin' 4 sin2 2a

+ 4 cos' 4 sinh' 2b

f 4 cos 24(cosh2 b sin' a - sinh2 b cos2 a ) {

(16)

UZ2
{cos 2@(sinh22b - sin' 2a)
4P

--L.

+ 2 sin 24 sinh 2b sin 2al
u, U Z 2
(cos 4 sinh 2b + sin Q sin 2 a )
PP

(17)

.(coshLb -

Substituting (16) into (13) we obtain
(19)

q = ipei@.

Although ( 1 3) admits two values for 7,it turns out that
theyareequivalentandlead
to thesame final result.'
Therefore, we drop the one with the minus sign. We continue with
q=ib-a

(20)

Y =

U,(cos Cp sin 4a - sin Cp sinh 4 b )
+4P
U'
i- (sin 2Cp(sin
4P

a = p

(22)

By means of the above substitutions
for 7 we can solve(IO)
and find
Po = - U 1f i(- UI2- ( X

+ sin 2a cosh 2b)j

u
1u
2

sin +.

+ iY)/N}"'

(23)

By calculating
the
angle
I$ according
to (18). onehas to be
careful
because
most
computers
choose
an
angle
between -7r/2 and a/2, so that
for negative values of p the calculated angle C$ becomes wrong. The same
of tan-' T / S in (29)-(32).
calculation
holds
the
for

+ sin 4a - cos + sinh 4 6 )

i2 cos &(sin Cp cos 2a sinh 2b

+ --r
4P

b = p cos 4

a)

a sin 2+(cosh2 2b - cos2 2 a )

f cos

where

COS'

{ - 2 cos 24 sinh 2b sin 2a

i2 sin 2+(sinh2 b - sin2 a )
-I- 4 sin 24(cosh2 b sin2 a - sinh2 b
i-

-${sin 2+(sinh2

-2

cos 24

iP3

.(cash' b

cos2 a ) )

2b - sin2 2 a )

sinh 26 sin 2 a ]

(cos 4 sin 2a - sin + sinh 2 b )
-

COS'

a).
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The two possible solutions for Po given by (23) are not
both physically acceptable. It turns out that one solution
involves a negative Q valueandtherefore
will be discarded.Whichsolution
given by (23) hastobetaken
depends on the sign of - Y / N . For convenience we introduce S and T &en by
- U 1 2- X / N

S

T

If T

> 0 we find

= -

Y/N.

the following solution

+ + T')''~sin (3 tan-'
Q = (S2 + T2)'l4cos (4 tan-' T / S ) .
u

= -

U,

If, however, T

u=

-

Q

-(s'

=

< 0 we

ul - (

9

T/S)
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parently excluded the possibility of gettingstable
oscillations for quadratic profiles where the gain increases
with distance from the axis. Such a gain profile also leads
to stable oscillations, i.e., a finite beam waist, since it leads
to a negative radius of curvature of the wavefront. Thus,
although one might expect at first glance that a medium
whose gain increases with distance from
the axiswould
tend to broaden the beam diameter
indefinitely, the presentanalysis,which
accountsfortheassociatedphase
changes, shows that wavefront convergence and, hence, a
limited beam waist are obtained nevertheless. Before giving numericalexamplesit
is worthwhile to look at the
asymptotic behavior for large a .
Inthe limit of very large a values we obtainfrom
(231426)

get

+ T')''~ sin (4 tan-'

+ T~)"' cos (3 tan-'

T/S)

for positive a , and

T/s).

Itshouldbenotedthatthebeamparameters
given by
(29)-(32) are the values near the cavity mirror with radius
R1,after reflection.
Although in the above derivations the parameters
Q and
U are calculated
separately,
there
is fundamental
a
relationship between them analogous to stream and potentialfunctions in two-dimensionalpotentialtheory.The
two parameters Q and U are the real and imaginary parts
of a function Po given by (10). This means that lines of
constant U and lines of constant Q plotted in the a , P
plane are normal to each other.

for negative a . The asymptotic beam parameters are

or

(34)
for both positive and

negative a , and

111. EVALUATION
OF BEAMPARAMETERS

Inspecting (23)-(32) we find that as long as some radial
gain variation is present, stability of mode structure is obtained independent of mirror configuration. Thisis in contrast with thedescription of anempty-spaceresonator
whereit is foundthatstabilitydependsonmirrorconfiguration [ I ]. If we consider a mirror configuration thatis
unstable as an empty-space resonator,
we find for small
values of a the Q value to go to zero with decreasing a ,
which corresponds to an infinitely large spot size, Le., instability. Therefore, in principle, unstable oscillators may
onlyoccurformediawithnoradialgainvariation.
Further, we find from (23)-(32) thatthebeam
waist
dependsonly on theabsolute value of a , whereasthe
difference between the reciprocal values of the radius of
curvature of thewavefrontandthemirrorcurvature
changes sign when the sign of thegainvariation
is
reversed.
Thus positive and negative a give rise to stable oscillations. We wish to emphasize this conclusion becauseit
contradicts
earlier
publications.
As
an
example
of
erroneous earlier work,[3] states that stable oscillationsin
a plane-parallel resonator can only be obtained if the gain
is highest on the resonator axis. Also in [4] the author ap-

(35)
for a

=

f., or

with the minus sign for positive a.
In this limit, spot size and curvature of the wavefront
become independent of the mirror curvatures.
While the equations describing the beam parameters are
derived for laser cavities with arbitrary mirror curvatures,
we give numerical data only for configurations
with one
plane mirror. This type of cavity is often used in practice.
By this choice we limit the amountof numerical data tobe
presented,but
we still candemonstratethegeneral
behavior. For this caseU , = 0. From thegeometry it is obvious that the beam parameters at the
flat mirror can be
found from (23)-(32) by just interchanging U , and U2,and
thenletting U , = 0.
For comparison with the empty-space theory we first
calculate the stability regions of systems having only real
refractive-indexchanges. This is done inFigs. 1 and 2,
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Fig. I . The beamparameter Qc = h L / d nearthecurvedmirror
is
calculated for systems with one flat mirror having only refractive-index
variations and no gain variations. This is done for the indicated values
of U , = L / R , .

Fig. 3. The beam parameter Qc is calculated for systems with one flat
mirror having gain variations but no refractive-index variations. The
of a. Values of U , are inresults depend only on the absolute value
dicated.
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Fig. 2. The beamparameter QF neartheflatmirror
is calculatedfor
systems having only refractive-index variations. Different values of UI
are indicated. The dotted lines are the asymptotes.

Fig. 4. The beam parameter QFnear the flat mirror is plotted as a function of cy for 0 = 0. The results again depend only on the absolute value
of cy. Values of U 1 are indicated.

where the Q values at both mirrors are plotted as a function of 0 for different values ofU , and a zero valueof a . It
is seen that for a certain 0 value stable oscillations, i.e., Q
largerthanzero,canonly
be obtained'for U , values
between a lower and upper limit. Further, theU , value for
minimum spot size depends on p . I t should be noted that
in theabsence ofgainvariationsthecurvatureofthe
wavefront near a mirror
is equal to that of the mirrors.
Similarly, in Figs. 3 and 4 we plot the Q values at the two
mirrors as a function of Jal for several values of U,, but
now for 0 = 0. It is seen that the Q value increases (spot
size decreases) with increasing I a1 and that the asymptotic
value tends to be independent of Ui. In Figs. 5 and 6 we
plotthecurvature
of thewavefront
U nearthetwo
mirrors. This has been done for positive values of a . The
values of U for negative a can be easily obtained from the
fact that the deviation from the reciprocal value
of the

mirror curvature changes sign if a changes sign. This can
be formulated as follows.If a is changed into -a,the corresponding values of U are related by

u-, = -u,

- 2u,

where U - , and U, are,respectively, the U valuesfor
negative and positive a.
Of most practical use are graphs showing the combined
effect of a and fl to the beam parameters. We calculated
iso-Qandiso-Ucurvesforthe(semi)confocalsystem
described by U , = O.5'and U , = 0; they are shown in Figs.
7 and 8 , and for the case that both mirrors are flat,in Fig.
9. Fig: 9 shows most clearly the effect of changing thesign
of a. Because both mirrors are flat, the beam waist and
radius'of curvature of the wavefront must be independent
of 'positionbetweenthemirrors.Thismeansthatfor
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p=o
I
-1.0

-0.5

Fig. 7. Lines of constant Q and constant U valuesevaluatednearthe
curved mirror are shown in the cy, p plane for a system having one flat
= 0.5. It is seen that the iso-Q and iso-U lines are normal
mirror and
to each other.Theresults
for negative a aresimilar.Onlythe
parametric value of U has to be changed by U - e = - b e - 2U,. The
solid lines are iso-Q’s and the dotted lines are iso-U’s.

U,

0

a5

1.0

1.5

Fig. 5 . The graphs show the curvature of the wavefront near the curved
mirror of a system having one flat mirror as a function of gain variation
(positive values of cy). Various values of U 1 are indicated. For negative
= -Ue - 2UL.
values of the curvature is found by the equation U r n

Fig. 8. Lines of constant Q and constant U values evaluated near the flat
mirror are shown in the cy, 6 plane for U, = 0.5. The solid lines are isoQ’s and the dottedlines are iso-Us. The lines are normal to each other.
For negative a’s the U s have to be changed
by the relation L’L, =
- UCY.

Fig. 6. The curvature of the wavefront near a flat mirror is plotted as a
function of positivevalues of cy. Values of U , areindicated.For
negative a’s one uses the relation K a = -Ue.

positive CY the beam divergence by the gain is just compensated by the convergence of the wavefront, whereas for
negative CY the beam convergence by the gain is just compensated by thedivergenceofthewavefront.Forthis
special case of plane-parallel mirrors a simple relationship
between Q and U can be derived,

Fig. 9. Linesof constant Q and constant U valuesvalid at any place
between two plane-parallel mirrors are shown
in the a. 0 plane. The
solid lines are iso-Q’s and the dotted
lines are iso-Us. The lines are normal to each other. For negative a’s the U’s have to be interchanged by
therelation U = -Ue,

IV. EXPERIMENTAL EXAMPLE

In Section I11 we derived the beam parameters forgiven
values of cy and p. As mentionedbefore,thephysical
processes that contribute to their values are the heat dissipation by thegasdischarge,inhomogeneousgain
distribution, and dispersion of the medium. It is outside the
scope of the present work to give a general discussion of
these processes. Instead, we describe the experimental ex-

ample of a CO, laser of 380-cm length having a positive
column discharge. We just want to show for this example
how the parameters CY and p can be estimated from
experimentalconditions.Thephysics
of thisexample is
straightforward and requires little discussion.
We intend to show by this example that, first of all, the
beamparameter
Q indeeddeviatesconsiderablyfrom
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I

where k is a constant depending on the gas. The variation
of refractive index can be approximated by an expansion
in terms of the radial distance from the
axis,

1.5

The quadratic term,which is most important near the axis
where the beam intensity is highest, can be easily obtained
by differentiating n twice with respect to r. Doing this we
obtain
c2

Fig. 10. Experimental observation of Q parameter of a CO, laser of 380cm length and 15-mm diameter, filled with 1.5-torr CO,, 2-torr N,, and
IO-torr He. Measured values Qm are indicated. The broken horizontal
line is the Q value according to the empty-space theory. The dotted
line
(Qr) represents the value of Q that is expected if only thermal effects of
the discharge are taken into account. Both, thermal effects and dispersion. the latter caused by the indicated frequency shift
account for
the experimental observations.

IJ.

po

Bo

d
X,

T,

=

kpo2Bodi
32 I'Tc3X,

the gas density in the absence of the discharge;
theheatdissipationperunitmassdensity,perunit
volume, and per second at the axis of the tube,
which is related to the total heat dissipation;
the
tube
diameter;
theheatconductivity atthe axis;
thegastemperature at the axis;

la'2

what empty-space theory predicts; secondly,
we want to
.
discuss the respective processes; and, finally, evaluate the
numerical parameters that account for the experimental
T(r) the temperature at a distance r from the axis.
observations.
Going back to (14) we calculate @ and we find for the
In. Fig. 10 we plot experimental observations obtained
thermal
part Pt
with aCO,laser
of 380-cm lengthand 15-mm internal
diameter filled with a gas mixture of 1.5-torr COz, 2-torr
Nz, and 10-torr He. The cavity has one flat mirror and one
totally reflecting witha7-mradiusofcurvature.We
measuredthe
Q parametersattheplaneoutcoupling
Ifwe use thisthermal Pt tocompute Q by thetheory
mirror having a reflectivity of about 36 percent. The Qm
presented above, we obtain the values denoted by Qt and
parameter is measuredasafunction
of thedischarge
shown in terms of the dotted line in Fig. 10. It is seen that
current. The broken horizontal line
in the figure represents
the
thermal effect doesnot fully account for the exthe value predicted by empty-space theory. In the limit of
perimental behavior.
verysmallcurrent(about
1 mA)thisvalue
is indeed
observed. At larger currents the beam
is still Gaussian but,
B. Gain Variations
as is seen, the sizes deviate considerably from the emptyspace theory prediction. Apparently, at small currents the
In thecase
of a CO, laser we aredealingwith
influenceoftheactivemedium
is negligible.
homogeneous line-broadening. The amplitude gain
is given
by
A . Heat Dissipation of Gas Discharge

The temperature distribution in a cylindrical symmetric
tube can be easily calculated from a given heat production
per unit volume and given conductivity of the gas. For a
positive column discharge, the mean electron energy is independent of radial position and itis reasonable to assume
the heat production is proportional to the productof electron density, which according to simple theory follows a
zero-order Bessel function, and gas density. The gas density, in turn, is inversely proportional to the temperature.
Using a temperature-dependent heat conductivity for the
gasmixture of the CO, laser,thetemperaturecanbe
calculated. Further, the refractive index n is related to the
gas density by
n=l+kp

(38)

where g is the small signal intensity gain,Z is the intensity
of the beam, and I , is the saturation parameter.
Consideringagainapositivecolumndischargeanda
lowest order Gaussian beam, gain variations can also be
expressed in a power series of the radial distance from the
axis. In this expansion the most important term near the
axis(wherethebeamintensity
is highest) is quadratic.
Thus 6 = a,, + (!/2)azr2+ . . . . Substituting
L? = go(1

Z

+ 3-A

-2r>/w=

= Zoe
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into (40) we obtain

In general I,,/ios >> 1 and 4/02 > y
proximate a2 by

+ ps, so that we ap(43)

Going back to (15) we find

with R e as the intensity-reflection coefficient of the outcoupling mirror.

C. Dispersion of the Medium
Considering a Doppler profile, the variation of refractive index due to the dispersion is given by [6]
A,,

=

4;/

ck

’7,

-__~

27rVU

exp (x’) dx

(45)

* 0

where k is the gain factor at the frequency v for which An
is calculated, q 1 = 2\,/ln2 (v - v o ) / A v D ,Y, is the central
frequency, andAv, is the Doppler linewidth.2
Thederivationoftheassociatedquadratic
profile of
refractive index due to the dispersion of the medium is
straightforward. In terms of (14) we find

Using (44) we obtain for the dispersive part of p

The influenceof 01 onthe beam parameterdepends
strongly on the mirror configuration. In the case
of a confocal system its influence is negligible for say a < 0.2, as
can be seen from Figs. 7 and 8. However,foraplaneparallel resonator this influence is rather large, as seen in
Fig. 9. For the nearly confocal configuration the influence
of’a is negligible. However, the effect of Pd, as caused by a ,
is rather large and increases with Q as seen by (47). The experimentalobservationscan
be explained by taking p
equal to the sumof p t and Pd. If 7 increases with discharge
current, i.e., with inversion rate, according to the line indicated in Fig. 10, the observed Q values are explained.
However, while these numerical
data are consistent and
compatible with the experimental results, and hence, tend
Note that 9 or )I,as used in (45)-(47) and in Fig. I O should not be confused wjith JJ in ( 1 I ) .
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to support our interpretation, so far our interpretation is
not uniquely proven.
As another result of our experimental work, we found
that the oscillatingfrequency is not close to the central
frequency vo. This is surprising since we deal with a long
cavity and homogeneous line broadening and, in addition,
manyrotationaltransitions.
We intendto explainthis
behavior in a future contribution where we also plan to
show why 7 should increase with discharge current, i.e.,
with inversion rate. At this pointit may suffice to mention
that, due to mode competition between axial modes, the
favored mode has an
increasingpositivefrequencyshift
from the central frequency with increasing gain. In a long
COz lasersuch
asours,there
is alwaysapreferred
rotational transition that comes close to this shifted frequency.
V. CONCLUSION

The present theory is applicable in the design of long
high-gainsystems.
The length of thetube,duetoits
quadratic dependence, plays a more important role in the
effect than
the
gain
and
refractive-index
variations
themselves. This explains why deviations from the emptyspace theory can be observed for long laser cavities
even
with moderateindexvariations.Wehave
seen that the
effect of gain and refractive-index variations on the beam
parameters may be large so that in order to attain specified
operating
conditions
cavity parameters
have
to
be
modified. If, for instance, single-mode operations are required for a medium with gain variation and nonuniform
temperature distribution, so that the refractive index also
varies, the tube diameter (given by the beam waist) and
cavity mirrors‘formaximumoutputpower
canbe obtained from the diagrams.
Of particular interest are the iso-Q and iso-U
lines in
the a , P plane. For brevity, only data for the semiconfocal
(Fig. 8) and plane-parallel resonator (Fig. 9) were given,
but other configurations show a similar behavior. I n certain areas of the a , /3 plane, the beam parameters Q and I/
are very sensitive with respect to small variation of 01 and
p, in other areas much less so. By means of an experimental example we demonstrated the usefulness of thisapproach to systems of practical importance.Also the theory
possibly contributes to the understanding of experiments
with unstable resonators.
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