Discrete Mathematics
North-Holland

229

124 (1994) 229-239

On dominating and spanning
circuits in graphs
H.J. Veldman
Department qf Applied Mathematics,
Netherlands

University of Twente, P.O. Box 217, 7500 AE Enschede,

Received 2 June 1990
Revised 15 April 1991

Abstract
An eulerian subgraph of a graph is called a circuit. As shown by Harary and Nash-Williams,
the
existence of a Hamilton cycle in the line graph L(G) of a graph G is equivalent to the existence of
a dominating
circuit in G, i.e., a circuit such that every edge of G is incident with a vertex of the
circuit. Important
progress in the study of the existence of spanning and dominating
circuits was
made by Catlin, who defined the reduction of a graph G and showed that G has a spanning circuit if
and only if the reduction of G has a spanning circuit. We reline Catlin’s reduction technique to
obtain a result which contains several known and new sufficient conditions
for a graph to have
a spanning or dominating
circuit in terms of degree-sums
of adjacent vertices. In particular,
the
result implies the truth of the following conjecture of Benhocine et al.: If G is a connected simple
graph of order n such that every cut edge of G is incident with a vertex of degree 1 and
d(u)+d(1;)>2(jn1) for every edge uu of G, then, for n sufficiently large, L(G) is hamiltonian.

1. Introduction
We use [2] for terminology
and notation
loopless graphs. Let G be a graph. An eulerian

not defined here and consider only
subgraph of G will be called a circuit.

A circuit may consist of a single vertex. A spanning circuit or S-circuit of G is a circuit
containing all vertices of G. A dominating circuit or D-circuit of G is a circuit such that
every edge of G is incident with at least one vertex of the circuit. G is almost bridgeless
if every cut edge of G is incident with a vertex of degree 1. If G is noncomplete,
then
a,(G) denotes
min{d(u)+d(v)luv$E(G)}.
If IE(G)(>O,

then S2(G) denotes

min {d(u) +d(u) (UEE(G)}.
As shown by Harary and Nash-Williams
[ 111, there is a close relationship
D-circuits in graphs and Hamilton cycles in line graphs.
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Theorem 1 [ll].
Let G be a graph with IE(G)133.
hamiltonian if and only if G has a D-circuit.
Various

sufficient conditions

for the existence

Then the line graph L(G) ofG

of S- and D-circuits

is

in a graph G and

the existence of Hamilton cycles in L(G) in terms of az(G) or iiz(G) have been derived.
See, e.g., [l, &7,9, lo]. The following result was independently
established by Catlin
[S] and Benhocine,

Clark, Kohler

and Veldman

[l].

Theorem 2 [l, 51. Let G be a connected simple almost bridgeless
such that C2(G)>i(2n+
1). Then L(G) is hamiltonian.

graph of order n ~4

In [l]
it was conjectured
that, for n sufficiently
large, the requirement
az(G)>t(2n+l)
in Theorem
2 could be weakened
to a,(G)>2(4n-1).
Our
main result (Theorem
7 in Section 3) implies the truth of this conjecture,
as
well as several other known and new results on D-circuits in graphs and S-circuits
in graphs of minimum degree at least 3. The proof of Theorem 7 uses a refinement
of a powerful reduction technique in the study of circuits in graphs, developed by
Catlin [3].

2. A refinement of Catlin’s reduction technique
We start with a description
of Catlin’s reduction technique. If H is a connected
subgraph of a graph G, then G/H denotes the graph obained from G by contracting H,
i.e., replacing H by a vertex uH such that the number of edges in G/H joining any
UE V(G)- V(H) to uw in G/H equals the number of edges joining u in G to H. A graph
G is contractible
to a graph G’ if G contains
pairwise vertex-disjoint
connected
subgraphs H 1, . . . , Hk with UT=, V(Hi)= V(G) such that G’ is obtained from G by
successively contracting HI, . . . , Hk. The subgraph Hi of G is called the preimage of the
vertex uHi of G’; the vertex uHi is called trivial if Hi is trivial (i = 1, . . . , k). A graph G is
collapsible if for every even subset X of V(G) there exists a spanning
connected
subgraph F of G such that X = {DE V(G) 1dr(u) is odd}. In particular, K, is collapsible.
In [3], Catlin showed that every graph G has a unique collection
of pairwise
vertex-disjoint
maximal collapsible
subgraphs
H,, . . . , Hk such that U:= 1 I
=
V(G). The reduction of G is the graph obtained from G by successively contracting
Hi, HZ, . . . . Hk. A graph is reduced if it is the reduction of some graph.
As an example,
consider
the graph
Go with
V(G,)= (vi1 1 <i< 14) and
E(Go) = {ut"2,
U9VlO> ulOvll~

~lv3,v2v3,u2v4,

v3u13, v4v5, u4+,

of Go are H,=Go[{~1,v2,v3}]
Gb of G has

u5"6> OLT~-,>u6vl> hv!3, v8v9t v8"11~

} . The nontrivial maximal collapsible subgraphs
v4, v5, v6, v,}]. Hence the reduction
and H,=G,[(

v10°12> v12"t3~ v13"14
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A number

of results in [3] are summarized

Lemma 3 [3]. Let

in the following

be a connected graph and

lemmas.

the reduction of G. Then

of the

following holds.
(a) G has an S-circuit if and only if G’ has an S-circuit.
(b) G has a D-circuit if and only tfG’ has a D-circuit containing all nontrivial vertices
of G’.
Lemma 4 [3]. Let G be a connected graph. Then each of the following holds.
(a) G is reduced zfand only tf G contains no nontrivial collapsible subgraphs.
(b) Zf G is reduced, then every subgraph of G is reduced.
(c) If G is reduced, then either GE{K~, K2} or (E(G)1 ~21 V(G)I--4.
We now describe

a refinement

of Catlin’s

reduction

method.

Let G be a simple

graph and define D(G)={uEV(G)I~(~)E{~,
2)). F or an independent
subset X of D(G),
define I,(G) as the graph obtained from G by contracting
one edge incident with each
vertex of X. In other words, Z,(G) is obtained from G by deleting the vertices in X of
degree 1 and replacing each path of length 2 whose internal vertex is a vertex in X of
degree 2 by an edge. Note that I,(G) need not be simple. We call G X-collapsible if
I,(G) is collapsible. A subgraph H of G is an X-subgraph of G if dH(x)=dc(x) for all
x~Xn V(H). An X-subgraph
H of G is called X-collapsible
if H is (XnV(H))collapsible. By R(X) we denote the set of vertices in X which are not contained in an
X-collapsible
X-subgraph
of G. Since the graph Ix(G) has a unique collection of
pairwise
vertex-disjoint
maximal
collapsible
subgraphs
F1, . . . , Fk such that
ui=, l’(Fi)= I’(I,(G)), th e graph G has a unique collection of pairwise vertex-disjoint
maximal X-collapsible
X-subgraphs
H, , . . . , Hk such that u:= 1 V(Ht)UR(X)=
V(G).
The X-reduction of G is the graph obtained from G by contracting
HI, . . . , Hk. The
graph G is X-reduced if there exists a graph G1 and an independent
subset X, of D(G,)
such that X = R(X,) and G is the X,-reduction
of Gi. An X-subgraph
H of G is called
X-reduced if H is (Xn V(H))-reduced.
As an example, again consider the graph GO defined before. Set X = D(G,) = { ul, u6,
maximal X-collapsible
X-subgraphs
of G,, are
U9>UllYu12,v14).Thenth e nontrivial
HI=GoC(~I,UZ,U~)I,

H4=GO[{u13,u14)],

Hz=GoC{uq,~g,~s,u,}l,

while

R(X)={ui,}.

Hence

H3=G~C{~s,~9,~l~,~ll}l

the X-reduction

and

G$ of GO has

V(G;;)={~H,,UH~,UH~,U~Z,~~~} and ~(G~)={~H,~~,,~~,uH~,~H,~lz,ulz~H,,
aHauH,}.
Note that a graph G is @collapsible if and only if G is collapsible, every subgraph of
G is an @subgraph, the @reduction of G equals the reduction of G, and G is O-reduced
if and only if G is reduced. Hence Lemmas 3(b), 4(a), 4(b) and 4(c) are special cases of
Lemmas 5, 6(b), 6(c) and 6(d) below, respectively.
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Lemma 5. Let G be a connected simple graph, X an independent subset of D(G), and G’
the X-redctction of G. Then G has a D-circuit ifand only iffcr’ has a D-circuit containing
all nontrivial vertices of G’.
Proof. Clearly,
vertices

if G has a D-circuit,

of G ‘. Conversely,

assume

vertices of G’. Set G;=G’[V(C’)],
Then U is an independent
subset
S-circuit

of G;. Set G,=G-(UuX*),

then G’ has a D-circuit
G’ has a D-circuit

containing

all nontrivial

C’ containing

all nontrivial

U=V(G’)-V(C’)
and X*=(xEXJdG(x)=l}.
of both V(G’) and Y(G), UnX*=Q)
and C’ is an
GT=G--U,

W=X-U,

Gz=I,(G,)

and let

G; be the reduction of GZ. Then G; is the W-reduction
of both G1 and CT. Also, by
our definitions, G; is a subdivision
of G;. Hence, since G; has an S-circuit, G; has an
S-circuit. By Lemma 3(a), Gz also has an S-circuit. Since G1 is a subdivision
of
G2 =I,(Gt)
with each edge of G2 subdivided
at most once, it follows that G1,
and hence GT also, has a D-circuit
C. We have V(GT)- V(C) -C W, hence
V(G)- V(C) c Uu W. Since Uu W is an independent
set, C is a D-circuit of G. IJ
Lemma 6. Let G be a connected simple graph and X an independent subset of D(G).
Then each of the following holds.
(a) G is X-reduced if and ony if I,(G) is reduced.
(b) G is X-reduced
if and only zf G contains no nontrivial X-collapsible
X-subgraphs.
(c) If G is X-reduced, then every X-subgraph of G is X-reduced.
(d) If G is X-reduced, then d(x)=2 for all XFX and exactly one of the following
holds.
(dl) GE(K,, K,} and X=8.
(d2) G=P,
and JXJ=l.
(d3) IE(G)Id2lV(G)I-1X1-4.
Proof. (a) Suppose G is X-reduced. Let G1 and X1 E-D(G,) be such that X=R(X,)
and G is the X,-reduction
of G,. Then our definitions imply that Ix(G) is the reduction
of Z,,(G,).
Hence I,(G) is reduced. Conversely,
assume I,(G) is reduced. By
Lemma 4(a), Ix(G) contains no nontrivial
collapsible subgraphs, whence G contains
no nontrivial X-collapsible
X-subgraphs.
Thus G coincides with the X-reduction
of G,
implying that G is X-reduced.
(b) This is an immediate consequence
of Lemmas 4(a) and 6(a).
(c) This follows immediately
from Lemma 6(b).
(d) If G is X-reduced, then by definition, X contains no vertex of degree 1. The rest
follows from Lemmas 4(c) and 6(a) and the relations

IE(~,(G>)I=IE(G)l-1x1
and

IV(~,(G))I=IV(G)l-lXl.

0
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3. Main result and consequences
Using

Lemmas

5 and 6 we now prove our main result.

Theorem 7. Let G be a connected simple graph of order n and p > 2 an integer such that
(1)

6~(G)>2(Ln/p_l--l).
If n is sufficiently

large relative to p, then
$P-4},

I UG’)l<max{p,

where G’ is the D(G)-reduction

(2)

of G. Moreover, for p < 7, (2) holds with equality only if

(1) holds with equality.
Proof. Let G be a connected simple graph of order n and p 3 2 an integer such that (1)
holds. If n is sufficiently large relative to p, henceforth abbreviated
IZ%-p, then D(G) is
an independent
set by (1) so the D(G)-reduction
G’ of G is well defined. Set c = 5p + 20
and define the following subsets of V(G’):
S=(v~V(G’)(d,(v)<c),
~L={v~V(G’)ld,(v)>c},
T= {VES 1v is trivial},
M = {VES 1v is nontrivial},
L’=LuM,
T,={v~TJd~(v)<2},

M1={v~Ml~dv)nT#O},
Mz={v~MIN,(v)nT=O}.

Set n’=lV(G’)I,

s=ISI,

l=ILI,

m2 = IM, (. We state a sequence

t=(TI,

m=IM

of assertions

1, l’=IL’(,

tI=lTII,

mI=IMII

which hold for n B p, each followed

and
by

a proof.
If H is the preimage of a vertex in M, then I V(H) I >Ln/pJ
and ( V(H)) =Ln/pJ only if (1) holds with equality.
Let H be the preimage of a vertex in M. Suppose No(x)n(V(G)XE V(H). Then I V(H)) <c and, for an arbitrary edge yz of H,

(3)
V(H))#0

for all

2(~n/pJ-l)<~~(G)~dc(y)+d&)~2(l~(H)I-1)+c~3c-2,
a contradiction
x0 is adjacent

if n Bp. Hence, if n P p, H contains a vertex x0 with Nc(xo) g V(H). If
to a vertex y, of H with Nc(yo)~ V(H), then

2(Ln/pJ--l)~~2(G)ddc(xo)+dc(yo)d2(1
WOI--1),

H. J. Veldman
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1V(H)1 aLn/pJ and 1V(H)1 =Ln/p_I only if (1) holds with equality. If
V(H))#@ for all yeNo(
then, for an arbitrary neighbor y, of x0,

implying that
N,(y)n(V(G)-

2(Ln/pJ-1)ddc(x0)+d,(~,)<c+I~(H)I-1+c,

that 1V(H)1 >Ln/pJ if n %-p. Now (3) follows.

implying

m < p and m = p only if (1) holds with equality.
This is an easy consequence

(4)

of (3) if n %-p.
of a vertex in MI, then 1V(H) I > 2Ln/pj-

If H is the preimage

Let H be the preimage of a vertex in MI. Then H contains
to a vertex y in T. By (l),

2c-

1.

(5)

a vertex x which is adjacent

2(Lnlpl-l1)~dc(x)+dc(y)<IV(H)I-l+c+c,

whence (5) follows.
ml <ip.

(6)

This is an easy consequence

of (5) if n % p.

2mI+mzdp.

(7)

BY (3) (5) and (6)

nBm,(2~n/p_l-2c-l)+m~Ln/p_l~(2m~+mz)Lnlpl-~P(2c-l)~
whence (7) follows for n + p.
S = V(G’).

(8)

Set F’= G’[L’u T,]. If n$p, then T is an independent
set by (l), so that, in
particular, F’ is a T,-subgraph
of G’. By Lemma 6(c), F’ is T,-reduced since G’ is. Thus
by Lemma

6(d),
2t,~IE(F’)I~2(1’+t,)-t,,

whence t, < 21’. From Lemma 4(c) and the fact that T is an independent
of degree at least 2 we conclude that
2n’>IE(G’)I>2tI+3(t-tI)=3t-tI>3t-2i’.
Also by Lemma

4(c) and by the definition

4n’>

c

set of vertices

(9)
of I,

dG.(u)>cl,

VEV(G’)
so

1-c

(4/c)n’. Hence by (4) and the fact that t + 1’= n’,
4
I’<-n’+p
C

and

c-4
t> --n’-p.
C

(10)

23s
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By combining (9) and (10) we obtain

or, equivalently,
c-20

-n’<
c

5p.

(11)

If we assume L # 8,then n’ > c, whence c- 20 <5p by (1 l), contradicting
Thus L = 8 and (8) follows.

c = 5p + 20.

If M1 #& then t<2m, -4 unless t= 1 and mi =2.

(12)

Assume Mi # 8. Set H’= G’[Mi u T].By (8) and the fact that T is an independent set if
n&p, H' is a Ti-subgraph of G’. By Lemma 6(c), H' is Ti-reduced. Every vertex of
T has degree at least 2, so IV(H
and lV(H’)l=3 if and only if t=tl=l
and
m, =2. If IV(H’)l>4, then by Lemma 6(d),
2t,+3(t-t,)~IE(H’)I~2(m,+t)-tl-4,
whence t <2m1 -4. This completes the proof of (12).
If M1 =0, then n’ <p and n’ =p only if (1) holds with equality.

(13)

Assume M1 = 8. Then by (8) and since G’ is connected, T= 0.Now by (8), n’ = m, so (13)
follows from (4).
If Mi #0, then n’<max(p-1,

$p-4).

If t=l and mi=2, then by (7), mz<p-4,
Assume Mi #@. By (8), n’=m,+m,+t.
that n’<p- 1. Otherwise by (12), (7) and (6),

(14)
so

n’<m,+m,+2m,-4<ml+p-4<3p-4,

proving (14).
The conclusions of the theorem now follow from (13), (14) and the observation that
p>$p-4
for p<7.
0
We now show that Theorem 7 is best possible in the sense that for every integer
pa2 there exist infinitely many connected simple graphs G with

such that

I V(G’)I=maxb L$P-~_J),
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of G. A vertex u of a graph G is said to be k-enlarged

where G’ is the D(G)-reduction

(k> 1) if k- 1 new pairwise adjacent vertices are added to ) I/(G)! and joined to u.
First assume 2<pf7.
For a positive integer k, obtain the graph Gp,k from an
arbitrary

connected

reduced

graph G, of order p by k-enlarging

every vertex of G,. If

k>4, then D(G,,,)=@ and hence the D(G,,J-reduction
G>,k of G,,, coincides
reduction of G+ which is G,. Thus for k > 4 we have

with the

I~(Gb,k)l=I~(GP)I=P=maxCP,~p-4},
while

oz(G,,k)=2k-2=2

(1;,v(c,,k),j--]).

NOW assume p > 8. Suppose first p is even, p = 2q say. Let G, be the graph obtained
from Kz,~- 2 by subdividing
each edge. If p = 8, let X, be one of the two independent
sets of cardinality 4 in G,. Otherwise, let X, be the unique maximal independent
set of
G, containing
the two vertices of degree q-2.
For a positive integer k, obtain the
graph Gp,k from G, by k-enlarging
each vertex of X,. If k>4, then the D(G,,,)reduction Gb,k of GP,L is well defined and GL,k = G,. For k 2 5 we have
P’(G;,,)l=V’(G,)l=3q-4=&44,
while
&(G,,d=k+3>k-!=2

kq+;;-4-1

4

Suppose next p is odd, say p = 2q + 1. Let up be a vertex of KZ,q- 1 of degree 2 and G,
the graph obtained from K2,q_ r by subdividing
all edges not incident with vP. Let X,
be the maximal independent
set of G, containing the two vertices of degree q - 1. For
a positive integer k, obtain the graph Ga,k from G, by k-enlarging each vertex of X,
and (L$k]+ 3)-enlarging
v,. If k2.4, then the D(G,,,)-reduction
Glp,k of Gp,k is well
defined and Gb,k= G,. For ka5 we have
1V(G;,d\=i

J’(G,)l=3q--=&-4,

while
cz(G,,,)=k+3>k--

4
2q+l

kq+tk+3+2q-4_1
2q+l

Note that if p > 8, (2) may hold with equality even if (1) does not, as shown by the
graphs Gp,k with p 2 8 and k B 5.
We mention a number of consequences
of Theorem 7, some known, some new.
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Corollary 8. Let G be a connected simple graph of order n and p > 2 an integer such that
.
If n is sujiciently

large relative to p, then either G has a D-circuit or the D(G)-reduction

G’ of G satisjies

IV(G’)IQmax{p-1,3p-4)
and G’ has no D-circuit containing

Proof. Corollary
Corollary
~?~(G)an-

all nontrivial vertices of G’.

8 is an immediate

9 [lo].
1 -E(PI),

Let

G be

where c(n)=0

consequence

a connected

of Theorem

simple

graph

7 and Lemma
of

order

5.

n such

0
that

if n is even and s(n)= 1 if n is odd. If n is suficiently

large, then L(G) is hamiltonian.

Proof. Apply Theorem
The smallest

possible

1 and the case p = 2 of Corollary
lower bound

on n in Corollary

8.

0

9 is 6 [lo].

Corollary 10. Let G be a connected almost bridgeless simple graph of order n such that
1). If n is sufticiently large, then L(G) is hamiltonian.

Cz(G)> 2(unJ-

Proof. If G is connected, simple and almost bridgeless, then the D(G)-reduction
of G is
either 2-edge-connected
or trivial. Corollary 10 now follows from Theorem 1, the case
p = 5 of Corollary 8 and the fact that every a-edge-connected
graph of order at most
4 has an S-circuit.
q
Corollary 10 settles the conjecture
the affirmative.

of Benhocine

et al. [l] mentioned

in Section

1 in

Corollary 11. Let G be a connected almost bridgeless simple graph of order n such that
r?,(G) > 2(j_fnJ- 1). Zf n is sujkiently
large, then either L(G) is hamiltonian or G is
contractible

to K2,3 in such a way that all vertices of degree

2 in K2,3 are nontrivial.

Proof. Corollary 11 follows from Theorem 1, the case p = 7 of Corollary 8 and the fact
that the only 2-edge-connected
graphs of order at most 6 without an S-circuit are
Kz, 3 and the graph obtained from K 2, 3 by subdividing
an edge, which is contractible
to Kz.3.

0

Corollary 11 is best possible in the sense that there exist infinitely many connected
almost bridgeless simple graphs G with az(G)=2(L+ 1V(G)IJ- 1) such that L(G) is

H. J. Veldman
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nonhamiltonian
found among

and G is not contractible
to Kz,3. Examples of such graphs
the graphs contractible
to K2,5 or the 3-cube minus a vertex.

can be

Corollary 12. Let G be a connected simple graph of order n and p > 2 an integer such
that d(G)33 and ~?~(G)>2(Ln/p]--l).
Zf n is sujiciently large relative to p, then either
G has an S-circuit or the reduction G’ of G satisjies

and G’ has no S-circuit.
Proof. If 6(G)>,3, then D(G)=& so that the D(G)-reduction
of G coincides with the
reduction of G. Now Corollary
12 is an immediate consequence
of Theorem 7 and
Lemma 3(a). q
Corollary 13. Let G be a 2-edge-connected simple graph of order n such that h(G)>3
and rTz(G)>2(Lin]- 1). Zf n is su@ciently large, then G has an S-circuit.
The proof of Corollary
13 is similar to the proof of Corollary
10 and is hence
omitted.
Within
the class of ‘large’ graphs with minimum
degree at least 3,
Corollary 13 improves the following best possible result of Catlin [6].
Theorem 14 [6]. Let G be a 2-edge-connected simple graph of order n such that
C2(G)a*(n+ 1). Then either G has an S-circuit or G=KZ,n-2 and n is odd.
The case d(G)>4
(without restrictions

of Corollary
on n).

13 was recently

established

by Catlin

and Li [7]

Corollary 15. Let G be a 2-edge-connected simple graph of order n such that S(G)>3
and Cz(G)>2(+n1). Zf n is sufficiently large, then either G has an S-circuit or G is
contractible to K,, 3.
The proof of Corollary

15, being similar

to the proof of Corollary

11, is omitted.

G be a 3-edge-connected simple graph of order n such that
large, then either G has an S-circuit or G is
contractible to the Petersen graph.
Corollary

16 [9].Let

C2(G)>,2(L&vJ-

1). If n is suficiently

Proof. If G is 3-edge-connected,
then the reduction of G is either 3-edge-connected
or
trivial. Chen [8] observed that the Petersen graph is the only 3-edge-connected
reduced graph of order at most 11. Combination
of these facts with Lemma 3(a) and
the case p= 10 of Theorem 7 yields the desired result.
IJ
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In [9], Corollary 16 is obtained as a consequence
mulated) result, which is closely related to Theorem

of the following
7.

(slightly

refor-

Theorem 17 [9]. Let G be a 3-edge-connected simple graph of order n and p 2 2 an even
integer such that c?Z(G) 2 2( n/p - 1). Zf n > 3p(p - 2), then the reduction G’ of G satisfies
1V(G’)( <$p-4
and a’(G’)<4p, where GI’(G’)denotes the size of a maximum matching in
G’.
We

close

Corollaries

by

mentioning

a

result

of

Catlin

[4]

which

is

analogous

to

8 and 12.

Theorem 18 [4]. Let G be a connected simple graph of order n and let ~22.
az(G) > 2(n/p - 1) and n 2 4p2, then exactly one of the following holds.
(a) G has an S-circuit.
(b) The reduction G’ of G satisfies 1V(G’)I <p and G’ has no S-circuit.
(c) p=2 and G-x=K,_lfor
some XEV(G) with d(x)=l.
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