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Bosonic many-body systems are prominent candidates for a quantum advantage demonstration,
with the most popular approaches being either a quantum simulation beyond the reach of current
classical computers, or a demonstration of boson sampling. It is a crucial open problem to understand how resilient such quantum advantage demonstrations are to imperfections such as boson loss
and particle distinguishability. We partially solve this problem by showing that imperfect multiboson interference can be efficiently approximated as ideal interference of groups of smaller number
of bosons, where the other particles interfere classically. Crucially, the number of bosons undergoing
interference in our approxmation only depends on the level of imperfections, but is independent of
the actual number of particles. This allows us to construct a simple but stringent benchmark for
comparing many-body bosonic technological platforms.

In recent years, interest in quantum information processing has focused onto small-scale quantum computing
machines, which could perform single tasks of scientific
or technological interest faster than classical computers,
and which can be constructed with current or near-future
technology [1, 2]. An important milestone on the way to
such a device is a demonstrtion of a quantum advantage,
i.e. a problem at which a quantum machine convincingly outperforms a classical computer [3]. Such problems could either be of practical interest (e.g. in quantum chemistry) or specifically set up for the purpose of
demonstrating a quantum advantage. The most prominent bosonic platforms for such a demonstration are cold
atoms on optical lattices [4], ion traps [5] and integrated
photonic circuits [6].
One promising candidate for the demonstration of a
quantum advantage is boson sampling, where the task is
to provide samples of the output of a system of many
bosons undergoing interference. Aaronson and Arkhipov
[7] provided strong evidence that this task cannot be simulated efficiently (i.e. in polynomial time) on a classical
computer. Boson sampling was initially proposed in the
framework of linear quantum optics, but alternative implementations for ion traps [8], one-dimensional optical
lattices [9] and superconducting qubits [10] already exist. The presence of computational hardness means that
as the system size increases, the classical computer is increasingly at a disadvantage. The point where a boson
sampler is expected to outperform a supercomputer is
around 50 bosons [11], an observation that has spurred a
range of experimental efforts [12–18].
However, a major obstacle to demonstrating a quantum advantage is our lack of understanding of the impact
of experimental imperfections. While for small imperfections, boson sampling was shown to retain its hardness
[16, 19–23], experimentalists typically have to deal with
large imperfections. In that case, there is no a priori

reason why claims of computational hardness could be
maintained.
One strategy to understand the impact of imperfections is to construct classical algorithms which make use
of an imperfection in a boson sampler to conduct an efficient simulation [25–28]. These algorithms work by disproof by counterexample: if any efficient classical simulation algorithm can be constructed for a given level of
imperfections, that rules out boson sampling with that
level of imperfections as a demonstration of quantum advantage. These algorithms therefore serve to demarcate
areas of the parameter space where a demonstration of a
quantum advantage is impossible. Similar efforts are underway in qubit-based quantum supremacy demonstrations, where the role of imperfections is also an active
topic of study [29–34].
In this work, we simultaneously address the role of the
two major imperfections in bosonic many-body interference, namely distinguishability and linear particle loss.
We achieve this goal by providing a classical simulation
algorithm for many-body bosonic interference where each
boson has a fixed probability η to be transmitted through
the experiment and may also have some degree of distinguishability x. This work extends our previous algorithm
[28], which considered only distinguishability, to a combination of losses and distinguishability.
We find that any interference of n bosons with loss
η < 1, where m bosons survive is well approximated by
polynomially many ideal coherent interference processes
of size k ≤ m, supplemented with m − k classical bosons.
Remarkably, k only depends on scale-invariant parameters such η and x. Therefore, boson sampling with losses
η is only as hard as computing a permanent of size k and
it therefore serves no purpose to construct lossy boson
samplers of size larger than k, i.e., k serves as quantifier
of the real coherence of the boson sampler.
We find that a transmission of η > 0.88 is necessary to
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Figure 1. A pictorial representation of a boson sampler with
losses. We consider a system with n input particles and m
particles at the output, where the particles are lost before they
enter the interferometer. The symbols illustrate the notation
used in this article: τ are all ways of selecting m particles from
n, and σ(τ ) are all the ways of permuting those particles. In
the figure, we give an example of both.

simulate boson sampling with 50 bosons at an accuracy
level of 10%, and that the current best boson sampling
platforms technologies are restricted to interference of 21
bosons under the same criterion. This shows that achieving a demonstration of a quantum advantage through
boson sampling requires more than the construction of
high-rate, large-scale photonic systems, as was demonstrated previously [35]: it also requires a qualitative improvement in the equipment used.
Our work answers the question of whether boson sampling with linear losses is classically simulable, which was
identified as a major open problem in the field of boson
sampling [23, 24, 40]. This result fills a gap between
two previous results. First, Aaronson and Brod showed
the classical hardness of an artificial loss model, in which
a constant number of bosons is lost, irrespective of the
number of input bosons [23]. Second, Oszmaniec and
Brod, and Patron et al. showed clasical simulability of a
loss model where the per-boson loss increases exponentially with the number of bosons [25, 26].
We begin by setting up the problem, see Figure 1. The
initial boson sampling proposal concerns the interference
of n single-boson input state over an N -mode coupling
interferometer modeled by a unitary transformation U ,
acting on the annihilation operators. At the output we
measure the particle number on each mode. A condition for its hardness proof to
 hold is that the number of
modes N obeys N = O n2 , which guarantees that the
probability of two bosons emerging from the same mode
can be neglected. In that case, and without losses, the
probability of the photons exiting the system in a particular set of modes is given by P = |Perm(M )|2 , where
M is a submatrix of the overall unitary transformation
U that is chosen by selecting the rows and columns corresponding to thePinput
Q and output modes respectively,
and Perm(M ) = σ i Mσi ,i is the permanent function
[36], where σ is a permutation and the sum runs over all

permutations.
The hardness of boson sampling ultimately stems from
the fact that for an arbitrary matrix, the permanent cannot be approximated efficiently by a classical computer
[37]. The best known algorithms for computing an arbitrary permanent are due to Ryser and Glynn [38, 39].
These algorithms scale as p2p , where p is the size of
the matrix. It was shown recently [35] that by using
a Metropolis algorithm, one can generate samples from
a probability distribution where each entry is given by a
permanent, at a cost of evaluating a constant number of
permanents. The hardness of boson sampling therefore
rests on the hardness of computing the individual output
probabilities of a boson sampler.
In this paper, we study how this hardness is compromised by loss and distinguishability. If the losses in each
path of the boson sampler are equal, which is a reasonable
approximation in experiments, the action of the interferometer is equivalent to a circuit where all losses act at the
front of the experiment followed by an ideal interferometer M [23, 26, 35]. The stochastic nature of the losses will
make m fluctuate according to a binomial distribution,
but for the purpose of keeping the presentation simple
we first present and algorithm for fixed pair m and n
and return later to the analysis of the most general case.
A second consideration is that this scenario fits a recently
suggested proposal to circumvent the losses problem in
boson sampling by enforcing specific combinations of n
and m by post-selecting, as was done recently for m = 5,
n = 7 [40]. Our result allows us to strongly constrain the
viability of this post-selection approach to boson sampling.
Without loss of generality, we will consider the probability P of an arbitrary collisionless output configuration.
As we are assuming that only m bosons are detected out
of the initial n, the detection probability at the
 output
n
results from the incoherent sum over the
different
m
ideal boson sampling terms,
X
X
P =
|Perm(Mτ )|2 =
Pτ
(1)
τ

where τ is an m-combination of n and the sum runs over
all such combinations. Each Pτ is the probability corresponding to lossless boson sampling if m bosons were
injected in the modes τ .
Our strategy is to break up equation (1) into terms
which correspond to classical transmission, two-boson interference, three-boson interference, and so on. We will
then show that boson losses reduce the weight of the highboson interference terms, to such an extent that beyond
some number k, which is only a function of η, these terms
can be neglected. We can then use our approximation as
the imput for a Metropolis sampler, which can sample efficiently from our approximate probability distribution.
Our starting point is the following expression for the
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detection probability in the lossless, fully indistinguishable case [41]:
Pτ = |Perm(Mτ )|2 =

X

∗
Perm(Mτ,1 ∗ Mσ(τ
),1 ),

(2)

previously that for large m and j, the variance is given
by Var(cj ) = m!2 /N 2m , which notably does not depend
on j [28]. We find that (see Supplemental Material) for
the case with loss, the variance is given by:

σ

where σ is a permutation of the elements of τ , the sum
runs over all permutations, ∗ denotes the elementwise
product, ∗ denotes complex conjugation, and Mσ,1 denotes permuting the rows of matrix M according to σ
and the columns according to the identity. We will use
this notation throughout. For the purpose of keeping
the mathematics simple, we shall derive our results for
perfect wave function overlap between the bosons (i.e.
perfect indistinguishability), reintroducing distinguishability at the very end.
Equation 2 can be rewritten by grouping terms according to the number of fixed points (unpermuted elements)
in each permutation σ [28]. When this is done, permanents of positive matrices arise, which can be approximated efficiently [42]. Grouping terms by the size of the
derangements j (i.e. the number of elements not corresponding to fixed points) and substituting equation (2)
into equation (1), we have:
P =

m X X X
X

Perm(Mτ,ρ ∗ Mσ∗p (τ ),ρ ) ×
j

j=0 τ

σj (τ ) ρ

Perm(|Mσju (τ ),ρ̄ |2 )
≡

m
X

(3)

cj ,

j=0

where we have made use of their independence to exchange the outer two sums, and the notation σj (τ ) denotes a permutation with m−j fixed points which is constructed from the elements of τ , σjp is the permuted part
of such a permutation σj , σju is the unpermuted part, ρ
is a j-combination of m, and ρ̄ is the complement of that
combination. It should be noted that since the size of σjp
grows with j, the sum over j serves to group terms by
computational cost, from easiest to hardest [43]. Simultaneously, one can interpret the j-th term as containing
all interference processes involving precisely j bosons.
Our goal is to show that in equation (3), terms with
large j carry less weight and can therefore be neglected
beyond some threshold value k, which depends on the
losses and the desired accuracy of the approximation.
Since the j-th term represents quantum interference of
j bosons, this amounts to showing that boson sampling
with losses can be understood as boson sampling of some
k < m number of bosons. k therefore defines the maximum size of a boson sampler which can be constructed
at a given level of losses and distinguishability.
In order to compute the error of truncating the outer
sum of equation (3) at some k, we must understand the
variance of each term. For the lossless case, we showed


Var(cj ) =

n
m




n−j
m−j



m!2 /N 2m ,

(4)


n
where the factor
arises from the sum over τ , and
m


n−j
the factor
arises from constructive interferm−j
ence between terms which have identical σ p . Crucially,
this factor is a decreasing function of j. This demonstrates the central physical intuition of our result: fluctuations at high boson number are dampened out when averaging over many possible combinations of input bosons.
We can formalize this idea by computing the expected
value of the L1 -distance between our approximation
P̃
P
and the exact distribution P , i.e., D(P, P̃ ) = s |P (s) −
P̃ (s)|, where the sum runs over all collision-free outcomes
s. As n and m go to infinity, maintaining the ratio m/n =
η, In the Supplemental Material, we provide a derivation
of the expected value of D(P, P̃ ) over the ensemble of
Haar random unitaries
h
i q
(5)
EU D(P, P̃ ) ≤ η k+1 /(1 − η).
We note that since we can only compute the expectation value of the distance our algorithm will fail for
some fraction of unitaries. However, using a standard
Markov inequality (see Supplemental Material) one can
bound the probability
P̃ ) does not satisfy a
h that D(P,
i

given bound. If EU D(P, P̃ ) ≤  one can shown that
h
i
P D(P, P̃ ) > /δ is upper-bounded by δ. We note that
numerical simulations suggest (see Supplemental Material) that the scaling in δ might actually be much better
than indicated by this bound.
Solving equation (4) for the maximum boson sampler
size k gives the number of bosons beyond which our algorithm becomes efficient, given a user-defined probability
of failure δ, error tolerance  and the value of η corresponding to the experimental setup, which scales as
k≈2

log 1/ + log 1/δ
,
log 1/η

(6)

which we note depends only logarithmically on  and δ.
To use our results for sampling, we use our approximation to equation 3 as the input for a Metropolis sampler,
that samples efficiently from our approximate probability distribution. The algorithm looks as follows: first,
given a value of probability of failure δ, error tolerance
, n and m, we compute the maximum boson sampler
size k using equation (6). Second, randomly choose a set
of candidate input and output modes, i.e. sample over
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Figure 2. Maximum number of bosons k which can be interfered before our classical algorithm becomes efficient, as a
function of the overall boson transmission η, including losses
in the sources, interferometer and detectors. The horizontal
dashed line indicates the point n = 50, which is conventionally taken as the limit of a quantum advantage. The vertical dashed line indicates the corresponding requirement of
η > 0.88 for E(D) = 0.1. Left inset: dependence of E(D) on
η for k = {10, 20, 30, 40, 50}. Right inset: dependence of k on
E(D) for η = {0.75, 0.8, 0.85, 0.9, 0.95}.

all possible choices of τ and M . Third, compute the approximate output probability by evaluating equation (3)
up to the k-th term for a fixed τ . Fourth, use this probability to compute the acceptance ratio of a Metropolis
sampler [35, 44]. Repeat steps 2-4 to generate more samples. In order to compute this approximation, we need
to evaluate permanents of size up to k, and we need to
evaluate order m2k of them. [28].
The algorithm for simulating boson sampling with
losses presented above can be used to rule out a quantum
advantage in certain areas of the parameter space. Figure 2 shows the restrictions which our algorithm places
on losses: we show parametric plots solving equation (5)
for k versus η, for  = 0.1, 0.01 and 0.001. We find that in
order to have fifty-boson interference while maintaining
an L1 -distance of 0.1 with high probability, a transmission of η > 0.88 is necessary. The higher the desired
accuracy of the classical algorithm, the higher k can be.
Losses are not the single imperfection that a boson
sampling device may suffer from. Experimental partial
distingushibability of boson, which are in principle completely indistinguishable particles, can have an important impact in the quality of an experiment. Following
the treatment of [28], our algorithm leads to a very simple treatment of both. We re-introduce a finite level of
boson distinguishability. as the wave function overlap
x = hψi |ψj i for i 6= j, where |ψi i is the wave function
of the i-th boson. As derived in the Supplementary Material, equation (5) still holds where α = ηx2 takes the
place of η. Regardless of the specific combination of η

Figure 3. Interchange between distinguishability parameter
x and the transmission probability η, for E(d) = 0.1. The
lines in this plot are contours of constant α = ηx2 , for α
corresponding to the number of photons indicated in the legend. The red shaded area in the top right is the region of the
parameter space where our algorithm cannot rule out a quantum advantage demonstration. The black points indicate the
values of η and x of various photon sources reported in the
literature.

and x used to achieve it, our algorithm can approximate
experiments with equal α equally well. Its value may
therefore be taken as a figure of merit of the ability of an
experiment to interfere large numbers of bosons.
Figure 3 shows the tradeoff between boson distinguishability and loss which is implied by equation (5).
The curves are plots of η = x2 /α, where the α correspond
to a different values of the maximum boson sampler size
k, as indicated in the legend. The black dots incidate various photon sources reported in experiments [18, 45–50].
The plot was generated for  = 0.1. This plot therefore
demarcates areas of the parameter space where interference of a given number of photons cannot be simulated
at that level of accuracy. We note that today not even
the best possible experiments meet the requirements for a
scalable demonstration of quantum advantage: considering the best interferometers (99% transmission) [40], the
best detectors (93% efficiency) [51] and the best SPDC
sources, we arrive at α = 0.755, which implies that any
scalable boson sampling experiments with more than 21
photons will be simulable with our algorithm at the 10%
accuracy level.
Finally, we consider proposals involving postselection
on those cases where (almost) all bosons make it through,
as is usually done in experiments. Wang et al.
recently proposed such an experiment, generating 50 + p
photons and detecting 50 [40]. Our results show than in
such a case, assuming the distinguishability the photons
produced by the quantum dots of that work remains at
roughly x2 ≈ 0.95, p ≤ 3 is required in order not to be
simulable by our algorithm at the 10% approximation
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level.
In real experiments, m would fluctuate according to a
binomial distribution with mean ηn and variance η(1 −
η)n. One can always efficiently simulate these fluctuations if one has an algorithm
√ for fixed pair m and n, since
there are approximately m possible outcomes which occur with high probability, and these are clustered around
m = ηn. As shown in the Supplementary Material, its
effect is only a small correction to equation (5) prefactor and a small correction to our empirical bound, which
vanishes in the limit of large n. Therefore, the classical
algorithm start by estimating a k̃, given a value of probability of failure δ, error tolerance , n. Then, we simply
need to supplement the selection of the set of candidate
output modes of the previously presented algorithm by a
preliminary step that generates a random m.
Recently, an estimate of the loss which compromises
the demonstration a quantum advantage was given by
Neville et al. [35]. Our result improves on this result in
several ways. First, we demonstrate how losses induce
a transition from exponential to polynomial scaling in
the number of photons, while their result is essential a
runtime estimate comparing an inefficient classical calculation against an inefficient experiment. Second, because
our algorithm is polynomial in the number of particles,
the bounds that we find are also much more stringent
in an absolute sense. Third, we show that the required
transmission is a monotonically increasing function of the
number of bosons which is coherently interfered; whereas
[35] was only able to show that lossy boson sampling is
at most as hard as regular boson sampling, we show that
it is in fact much easier.
Future improvement to this work could be a generalization to non uniform losses and more general disitinguishability models and replacing the Metropolis sampler by a
direct sampling algorithm, such as the one proposed by
Clifford and Clifford [52] for exact boson sampling. An
adaptation of this result to Gaussian boson sampling, an
alternative approach for quantum supremacy that has application as a subroutine in a classical-quantum hybrid
algorithm for the calculation of the vibronic spectra of
molecules and finding dense subgraphs, would be also an
interesting future research direction.
In conclusion, we have described an algorithm for simulating boson sampling with linear loss. We have shown
that this algorithm imposes a minimum requirement on
the losses of an experimental setup required in order to
demonstrate genuine interference of a given number of
bosons. Remarkably, the threshold only depends on a
scale-invariant parameter combining losses and indistinguishability, which allows us to demarcate new areas of
the parameter space where a quantum advantage is impossible. This result will therefore serves as a guide to
experimentalists aiming for such a demonstration.
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